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We study parameter degeneracies that can occur in long-baseline neutrino appearance experiments
due to nonstandard interactions (NSI) in neutrino propagation. For a single off-diagonal NSI
parameter, and neutrino and antineutrino measurements at a single L=E, there exists a continuous
four-fold degeneracy (related to the mass hierarchy and θ23 octant) that renders the mass hierarchy,
octant, and CP phase unknowable. Even with a combination of NOνA and T2K data, which in
principle can resolve the degeneracy, both NSI and the CP phase remain unconstrained because of
experimental uncertainties. A wide-band beam experiment like DUNE will resolve this degeneracy if
the nonzero off-diagonal NSI parameter is ϵeμ. If ϵeτ is nonzero, or the diagonal NSI parameter ϵee is
Oð1Þ, a wrong determination of the mass hierarchy and of CP violation can occur at DUNE. The
octant degeneracy can be further complicated by ϵeτ, but is not affected by ϵee.
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After decades of neutrino oscillation experiments, the
standard model (SM) with massive neutrinos is well
established and the study of neutrino oscillations has
entered the precision era [1]. Next generation neutrino
oscillation experiments will be sensitive to physics
beyond the SM, which is often described in a model-
independent manner by nonstandard interactions (NSI);
for a recent review see Ref. [2]. In general, NSI not only
affect neutrino propagation in matter via neutral-current
interactions, but also affect neutrino production and
detection via charged-current interactions. Model-
independent bounds on the production and detection
NSI are generally an order of magnitude stronger than
the matter NSI [3]. Therefore, we neglect production and
detection NSI in this work, and focus on matter NSI,
which can be described by dimension-six four-fermion
operators of the form [4]

LNSI ¼ 2
ffiffiffi

2
p

GFϵ
fC
αβ½ν̄αγρPLνβ�½f̄γρPCf� þ H:c:; ð1Þ

where α, β ¼ e, μ, τ, C ¼ L, R, f ¼ u, d, e, and ϵfCαβ
are dimensionless parameters that quantify the strength
of the new interaction relative to the SM. Since
neutral-current interactions affect neutrino propagation
coherently, the matter NSI potentially have a large effect
on the long-baseline neutrino oscillation experiments,
T2K [5], NOνA [6], and DUNE [7]. Previous studies
of matter NSI in these experiments can be found in
Refs. [8,9].
In this paper, we use biprobability plots and num-

erical simulations to analyze parameter degeneracies in

long-baseline neutrino appearance experiments that arise
from matter NSI. We specifically study how well the
NOνA, T2K and DUNE experiments will resolve these
degeneracies for the cases of one and two off-diagonal NSI,
and diagonal NSI.

I. OSCILLATION PROBABILITIES

The Hamiltonian for neutrino propagation in the flavor
basis may be written as

H ¼ 1

2E
½Udiagð0; δm2

21; δm
2
31ÞU† þ V�; ð2Þ

whereU is the Pontecorvo-Maki-Nakagawa-Sakata mixing
matrix [1], δm2

ij ¼ m2
i −m2

j , and V represents the potential
arising from interactions of neutrinos in matter,

V ¼ A

0

B
B
@

1þ ϵee ϵeμeiϕeμ ϵeτeiϕeτ

ϵeμe−iϕeμ ϵμμ ϵμτeiϕμτ

ϵeτe−iϕeτ ϵμτe−iϕμτ ϵττ

1

C
C
A
: ð3Þ

Here, A≡ 2
ffiffiffi

2
p

GFNeE and ϵαβeiϕαβ ≡P

f;Cϵ
fC
αβ

Nf

Ne
, with Nf

the number density of fermion f. The ϵαβ are real, and
ϕαβ ¼ 0 for α ¼ β. The unit contribution to the ee element
of the matrix is due to the standard charged-current
interaction.
Expanding the νμ → νe oscillation probability for the

normal hierarchy (NH) in the small quantities s13, r, and the
nondiagonal ϵ, we find (with cjk ≡ cos θjk, sjk ≡ sin θjk)
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Pðνμ → νeÞ ¼ x2f2 þ 2xyfg cosðΔþ δÞ þ y2g2 þ 4Âϵeμfxf½s223f cosðϕeμ þ δÞ þ c223g cosðΔþ δþ ϕeμÞ�
þyg½c223g cosϕeμ þ s223f cosðΔ − ϕeμÞ�g þ 4Âϵeτs23c23fxf½f cosðϕeτ þ δÞ − g cosðΔþ δþ ϕeτÞ�
−yg½g cosϕeτ − f cosðΔ − ϕeτÞ�g þ 4Â2g2c223jc23ϵeμ − s23ϵeτj2 þ 4Â2f2s223js23ϵeμ þ c23ϵeτj2
þ 8Â2fgs23c23fc23 cosΔ½s23ðϵ2eμ − ϵ2eτÞþ2c23ϵeμϵeτ cosðϕeμ − ϕeτÞ�−ϵeμϵeτ cosðΔ − ϕeμ þ ϕeτÞg
þOðs213ϵ; s13ϵ2; ϵ3Þ; ð4Þ

where following Ref. [10],

x≡2s13s23; y≡2rs12c12c23; r¼jδm2
21=δm

2
31j;

f;f̄≡sin½Δð1∓ Âð1þϵeeÞÞ�
ð1∓ Âð1þϵeeÞÞ

; g≡sinðÂð1þϵeeÞΔÞ
Âð1þϵeeÞ

;

Δ≡
�
�
�
�

δm2
31L
4E

�
�
�
�; Â≡

�
�
�
�

A
δm2

31

�
�
�
�: ð5Þ

Note that our definitions of f, f̄, and g here include ϵee,
which is not treated as a small parameter. We have set
c13 → 1, which is accurate up to first order in θ13. The
antineutrino probability P̄≡ Pðν̄e → ν̄μÞ, is given by
Eq. (4) with Â → −Â (and hence f → f̄), δ → −δ, and
ϕαβ → −ϕαβ. For the inverted hierarchy (IH), Δ → −Δ,
y → −y, Â → −Â (i.e., f ↔ −f̄, and g → −g). Since s13
and r are small, so are x (≈0.2) and y (≈0.02). Furthermore,
Â≲ 0.3 for L ≤ 1300 km. Our result agrees with the OðϵÞ
expression of Ref. [11]. The 90% C.L. limits on the NSI
parameters that appear in Eq. (4) are ϵee < 4.2, ϵeμ < 0.33,
and ϵeτ < 3.0 [3]. The other ϵαβ do not appear in Eq. (4)
up to second order in ϵ. Since Eq. (4) is only valid for
small nondiagonal ϵ, in our simulations the oscillation
probabilities are evaluated numerically without approxi-
mation.

II. ONE OFF-DIAGONAL NSI

If ϵee ¼ 0, and only one off-diagonal NSI in Eq. (4) (i.e.,
ϵeμ or ϵeτ) is nonzero, and a measurement of the neutrino
and antineutrino oscillation probability is made at one
particular L and E (which is approximately true for a
narrow-band beam experiment), then a parameter degen-
eracy between the SM and a model with NSI will
occur when PSMðδÞ ¼ PNSIðδ0; ϵ;ϕÞ and P̄SMðδÞ ¼
P̄NSIðδ0; ϵ;ϕÞ, where δ0 is the Dirac CP phase in the model
with NSI. Assuming the three mixing angles and two
mass-squared differences are well-measured by other
experiments, for each value of δ in the SM there are
three unknowns to be determined that give an off-diagonal
NSI degeneracy: δ0, the magnitude ϵ and the phase ϕ. With
only two constraining equations, in general there will
be a continuum of solutions that can give a parameter

degeneracy; i.e., for each value of δ, a solution for ϵ and ϕ
will exist for any value of δ0.
Therefore, in the context of one off-diagonal NSI, any

CP phase value is allowed with a single measurement of P
and P̄. This may be demonstrated via a biprobability plot,
which shows P̄ versus P (see Fig. 1). The solid ellipses in
Fig. 1 represent possible P̄ and P values for the SM with
fixed mixing angles and varying δ. The four ellipses are for
NH and first θ23 octant, NH and second octant, IH and first
octant, and IH and second octant, corresponding to the
usual four-fold degeneracy that remains now that the
oscillation amplitudes and mass-squared differences have
been measured.
The nonsolid contours in Fig. 1 represent the proba-

bilities for the same mixing angles for the NH and first
octant including NSI with δ0 ¼ 0, fixed ϵ and varying ϕ.
The center of the nonsolid contours is located at the δ ¼ 0
point of the NH-first octant solid ellipse. Clearly any point
on any of the solid ellipses (i.e., any δ, either hierarchy, and
either octant) can be obtained by centering the nonsolid
contours on any other point of the NH-first octant solid
ellipse (i.e., any δ0) with an appropriate value of ϵ and ϕ. In
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FIG. 1. Biprobability plots (Pðν̄μ → ν̄eÞ versus Pðνμ → νeÞ) for
L ¼ 1300 km and E ¼ 3 GeV. The solid curves show the SM
values for fixed mixing angles and varying δ (one curve for each
combination of hierarchy and θ23 octant); the dashed (dotted)
[dotdashed] curves show the values assuming NSI with ϵeμ ¼
0.05 (0.10) [0.15], and varying ϕeμ for the NH and first octant
with δ0 ¼ 0. The mixing angles and mass-squared differences are
set at their best-fit values from Ref. [12].
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the limit where the ϵ2 terms can be ignored, the nonsolid
contours are simple ellipses, the sizes of which are
determined by the magnitude ϵ; when ϵ is larger, the
ellipses become distorted, their range increasing with ϵ.
NSI with the IH and/or second octant can be obtained
similarly by centering the nonsolid contours on the points
of the corresponding solid ellipse.
Figure 2 shows the values of ϵ versus δ0 that have a

degeneracywith the SMwith δ ¼ 0 andNH, for either ϵeμ or
ϵeτ, for the baseline and approximate position of the
spectrumpeak in theNOνAandT2Kexperiments, assuming
NSI solutions with a NH or IH. For NOνA, these values are
within the corresponding experimental constraints for all δ0.
Thevalues of ϵ that give a degeneracy are larger in T2K since
the relative size of thematter effect is smaller there due to the
lower average density and shorter distance. Similar curves
exist for other values of δ for theNH; in all cases, ϵ ¼ 0when
δ0 ¼ δ, but ϵ > 0when δ0 ≠ δ, i.e., degenerate NSI solutions
only exist when δ0 ≠ δ. For the IH, the values of ϵ that give a
degeneracy at δ0 ¼ 270° are smaller than those at δ0 ¼ 90°.
This can be understood from the biprobability plot in Fig. 1:
the IH with δ ¼ 270° is closest to the NH.
Approximate formulas for the curves in the left panels of

Fig. 2 can be obtained by dropping the rϵ and ϵ2 terms
in Eq. (4):

tanðϕeμ þ δ0Þ ¼ s223ðf − f̄Þ
2c223g sinΔ

þ cosΔðcos δ − cos δ0Þ½2c223g cosΔþ s223ðf þ f̄Þ�
2c223gsin

2Δðsin δ − sin δ0Þ ;

ϵeμ ¼
yg½cosðΔþ δÞ − cosðΔþ δ0Þ�

2Â½c223g cosðΔþ ϕeμ þ δ0Þ þ s223f cosðϕeμ þ δ0Þ� ; ð6Þ

and

tanðϕeτ þ δ0Þ ¼ ðf̄ − fÞ
2g sinΔ

þ cosΔðcos δ − cos δ0Þ½2g cosΔ − f − f̄�
2gsin2Δðsin δ − sin δ0Þ ;

ϵeτ ¼
−yg½cosðΔþ δÞ − cosðΔþ δ0Þ�

2Âs23c23½g cosðΔþ ϕeτ þ δ0Þ − f cosðϕeτ þ δ0Þ� : ð7Þ

ϵeμ and ϵeτ are obtained by first solving Eqs. (6) and (7) for
ϕeμ and ϕeτ. Similar equations exist for each of the other
possibilities, i.e., NSI with any δ0, either hierarchy and
either octant can mimic the SM with any δ, either hierarchy
and either octant.
To remove the NSI degeneracies, additional measure-

ments must be made. Since there are degeneracies through-
out the two-dimensional δ − δ0 space, one additional
measurement (such as a neutrino probability at a different
L and/or E) will reduce the dimensionality of the degen-
eracies by one, i.e., to lines in δ − δ0 space. Thus for each
value of δ there will only be one δ0 that will be degenerate
(or perhaps a finite number of δ0 if there are multiple
solutions). Two additional measurements at a different L

and/or E will remove the degeneracies; the only solutions
then are δ0 ¼ δ and ϵ ¼ 0.

III. SIMULATIONS

In practice, even narrow-band beams have a spread of
energies, although the energy resolution and uncertainties
may not allow the degeneracies to be resolved. We simulate
the long-baseline experiments using the GLoBES software
[13], supplemented with the new physics tools developed in
Refs. [11,14]. We use the experimental setup for NOνA and
T2K as in Ref. [15], in which T2K collects data for 5 years
each in the neutrino and antineutrino mode, while NOνA
runs for 3 years in each mode. For DUNE, we consider a

FIG. 2. Values of a single nonzero ϵ as a function of δ0 that give
Pðνμ → νeÞ and Pðν̄μ → ν̄eÞ degenerate with the SM with δ ¼ 0

and NH, at NOνA (L ¼ 810 km, E ¼ 2 GeV) and T2K
(L ¼ 295 km, E ¼ 0.6 GeV). The mixing angles and mass-
squared differences are the best-fit values in Ref. [12].
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34 kiloton liquid argon detector with a 1.2 MW beam, and
running for 3 years in each mode. We checked that our
measurement precision is comparable to the projected
results in Ref. [7], and the expected sensitivity for the
mixing angles and mass-squared differences in our simu-
lation match Fig. 8 of Ref. [16]. The Preliminary Reference
Earth Model density profile [17] is implemented in
GLoBES, and we use a conservative 5% uncertainty for
the matter density [18]. Also, to be conservative, we adopt
the central values and priors on the mixing angles and
mass-squared differences, and the sizes of the NSI param-
eters in our simulation from the global-fit with NSI
in Ref. [12].
In Fig. 3 we show the expected allowed regions (defined

by Δχ2 for two degrees of freedom assuming the param-
eters are Gaussian distributed) in the δ0 − ϵeμ space and
δ0 − ϵeτ space from the neutrino and antineutrino appear-
ance channels from NOνA and T2K combined, and from
DUNE. We assume that the data are consistent with the SM
with δ ¼ 0, the first octant, and the NH. We scan over all
octant and hierarchy combinations. Even with the NOνA
and T2K data combined, there are regions near δ0 ¼ 0 or
180° where NSI solutions are allowed at less than 1σ; see
the left panels of Fig. 3. So, although theoretically the
degeneracies with NSI solutions should be resolved, the
experimental uncertainties are large enough that large NSI
regions are not excluded. Using the wide-band beam at
DUNE, which effectively measures probabilities at a
variety of energies, puts severe restrictions on NSI: jδ0j ≲
50° and ϵ≲ 0.1 at 3σ for ϵeμ; see the top-right panel of
Fig. 3. However, some small degenerate regions in δ0 − ϵeτ

space are allowed at less than 2σ due to the mass hierarchy
degeneracy; see the bottom-right panel of Fig. 3. This can
be understood from the oscillation probabilities shown in
Fig. 4. The dashed curves almost overlap the SM curves in
both the neutrino and antineutrino channels. This could
lead to a wrong determination of the mass hierarchy and
CP phase. Also, in parts of the allowed parameter-space,
θ23 lies in the second octant which could lead to a wrong
determination of the octant. We see that DUNE alone
cannot completely resolve these degeneracies for non-
zero ϵeτ.

IV. TWO OFF-DIAGONAL NSI

If both ϵeμ and ϵeτ are nonzero, then there are five free
NSI parameters: δ0, two magnitudes, and two phases.
Therefore, two ϵ’s and P and P̄ measurements at two
different L and E combinations (four equations and five
unknowns) will have potential NSI degeneracies for any δ
and δ0 (just as with one ϵ and P and P̄ measurements at just
one L=E). The corresponding allowed regions of ϵeμ and
ϵeτ from combining the NOνA and T2K experiments are
shown in Fig. 5; any value of δ0 is allowed at less than 2σ.

FIG. 3. 1σ, 2σ and 3σ allowed regions for ϵeμ and ϵeτ (when
only one of them is nonzero) from combined NOνA and T2K
data, and from DUNE.
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FIG. 4. νμ → νe and ν̄μ → ν̄e oscillation probabilities at DUNE.
The mixing angles and mass-squared differences are the best-fit
values in Ref. [12].

FIG. 5. Same as Fig. 3, except both ϵeμ and ϵeτ are nonzero.
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Therefore P and P̄ measurements at a third L=E
are in principle required to resolve the degeneracies.
Alternatively, a wide-band beam experiment can be used.
Figure 5 shows expected allowed regions from DUNE. As
expected, DUNE cannot resolve all the degeneracies.

V. ONE DIAGONAL NSI (ϵee)

In this case, the oscillation probability to second order is
simply the first line of Eq. (4). Since ϕee ¼ 0, there is a
simple two-fold degeneracy between the SM and NSI, i.e.,
for measurement of P and P̄ at one L=E, each value of δ is
degenerate with a point ðδ0; ϵeeÞ in NSI space (although in
some cases, due to the nonlinear nature of the equations,
there are multiple, but finite number of degenerate sol-
utions). In principle, a narrow-band beam experiment
should be able to pinpoint both the SM value of δ and
the degenerate NSI values of δ0 and ϵee. In practice, for
NOνA and T2K, the uncertainties are too large and no value
of δ0 is strongly preferred; see Fig. 6. DUNE will put
stronger constraints on NSI and δ0. The islands in the right
panel of Fig. 6 can be understood from the dotted curves in
Fig. 4. DUNE alone cannot resolve the mass hierarchy
degeneracy, and it could also lead to a wrong determination
of CP violation if ϵee is Oð1Þ. Note that ϵee does not affect
the octant degeneracy.

VI. SUMMARY

In summary, we studied parameter degeneracies that
occur in long-baseline neutrino appearance experiments
due to matter NSI. We derived the oscillation probabilities
for the appearance channels to second order in ϵ. We found
that there is a continuous four-fold degeneracy for an off-
diagonal NSI in narrow-band beam experiments like NOνA
and T2K. A combination of their data would in principle
break the degeneracy, but in practice, large regions of NSI
parameter space remain allowed due to large experimental

uncertainties. We also discussed degeneracies that occur for
diagonal NSI, and for more than one off-diagonal NSI at a
time. While the DUNE experiment can resolve most of the
degeneracies, for nonzero ϵeτ or ϵee, there are some
parameter regions in which DUNE could lead to a wrong
determination of the mass hierarchy and of CP violation.
Additionally, for nonzero ϵeτ an incorrect conclusion about
the octant of θ23 may be drawn. Nonzero ϵee does not
impact a resolution of the octant degeneracy. We conclude
that DUNE alone cannot resolve all the degeneracies
arising from NSI. (We did not consider the possibility of
diagonal and off-diagonal NSI parameters being nonzero
simultaneously, which leads to degeneracies between NSI
parameters [9]. Clearly, this will further hinder the inter-
pretation of DUNE data.) In this work we focused on how
NSI may mimic the SM with CP conservation. In future
work we consider degeneracies as a function of the CP
phase [19].
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