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In this paper, we study the three-dimensional noncommutative Maxwell-Chern-Simons theory. In the
present analysis, a complete account for the gauge field two-point function renormalizability is presented
and physical significant quantities are carefully established. The respective form factor expressions from
the gauge field self-energy are computed at one-loop order. More importantly, an analysis of the gauge field
dispersion relation, in search of possible noncommutative anomalies and infrared finiteness, is performed
for three special cases, with particular interest in the highly noncommutative limit.
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I. INTRODUCTION

In our search for a better understanding of physical
phenomena in nature, we have faced many drawbacks in
explaining well-recognized four-dimensional problems; in
particular, it is of higher importance to understand why
physical nature dwells in four dimensions. In our attempts to
come close to answering these and other questions, we have
employed means that are sufficiently intricate so that
it has proven useful to wander into lower-dimensional
spacetime models [1]. Although our initial hope was solely
motivated by the wishful thought that we could learn useful
things in a simpler setting, the wandering into lower-
dimensional models has proven to be very fertile and has
stimulated significantly the development of our knowledge
in such a way that we are now able to explain statistical
systems and condensed matter physics by means of planar
physics—in two dimensions and three dimensions.

In recent years, we have witnessed a major advance in the
description of so many important condensed matter phe-
nomena by means of connections with high-energy theories
[2]. We can cite BCS superconductivity [3] and novel
materials such as graphene [4] and Weyl semimetals [5]
as some of the most remarkable examples where a partial or
full description is obtained by means of the use of effective
proposals of gauge field theory models [6]. In particular,
within the broad class of effective models, one can find
proposals in which the violation of Lorentz symmetry is
analyzed in some materials by means of effective low-energy
theories; e.g., a Lorentz-violating effective version of QED is
used to describe Weyl semimetals [7].

In addition to the technological advance motivated by the
development of new material and matter states, we do also
live nowadays in a thrilling era of rich high-precision

fm_ghasemkhani @sbu.ac.ir
"rbufalo @ift.unesp.br

2470-0010/2016/93(8)/085021(20)

085021-1

experiments in particle physics, testing long-dated gauge
theories, where structural pillars of theoretical gauge theories
are scrutinized, in particular the CPT theorem and Lorentz
symmetry [8], whose violation would be a sensitive signal
for unconventional underlying physics. Furthermore, if we
enlarge our scope and add to our interest the description of
the nature behavior at shortest distances [9,10], i.e., a
quantum theory of gravity, or even the so-called minimal
length scale physics, one inexorably finds that noncommu-
tative geometry is one of the highly motivated and richer
frameworks [11], including phenomenological inspirations
[12,13]. In attempts to accommodate quantum mechanics
and general relativity within a common framework [14],
one finds uncertainty principles that are compatible with
noncommuting coordinates, showing that the spacetime
noncommutativity naturally emerges at Plank scale.

It is well known that noncommutative geometry is a self-
sufficient theory, which over the past decade has found
motivation in several theoretical frameworks [15-19], but
one should highlight its prominent role in the many
phenomenological attempts to detect sensitive deviations
originated from physics at the Planck scale [9,10,12]. In
summary, in the noncommutative scenario, it is supposed
that the spacetime coordinate operators do not commute
with each other and satisfy the commutation relation

[3#, Y] = i6*, (1.1)
in which 6" is a constant antisymmetric matrix of
dimension of length squared. To construct a noncommu-
tative field theory, using the Weyl-Moyal (symbol) corre-
spondence [20], the ordinary product is replaced by the
Moyal star product defined as

F)eate) = S exp (50,3, )alo. (12
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Inserting the above star product into the Lagrangian density
of the ordinary field theory yields a highly nonlocal theory,
including higher-derivative terms which are not present in
commutative theory. Furthermore, the study of NC gauge
theories have uncovered several interesting properties. In
particular, a common feature in these theories is that the
high-momentum modes (UV) affect the physics at large
distances (IR) leading to the appearance of the so-called
UV/IR mixing [21], even in theories with massive particles.
Contrary to the initial expectation (which was that non-
commutativity could render UV finite field theories), this
mixing complicates the renormalization of the theory.
Despite the many attempts to cure it [22,23], with no
complete success, the problem has not yet been fully
understood.

In the exact same way as we have discussed above, the
noncommutative three-dimensional field theory, in particu-
lar gauge theory, can find application in the study of planar
physics in condensed matter and statistical physics [24-28].
Despite the fact that some perturbative aspects of the
noncommutative three-dimensional field theory have been
studied in the context of the Chern-Simons theory [29-33]
and QED?3 [34], to the best of our knowledge, none of the
aforementioned studies were concerned with the analysis of
the anomalies that the noncommutativity can cause in the
physical content of the field, e.g., UV/IR mixing that can be
present in the physical dispersion relation of the gauge field
due to radiative corrections [35] and, therefore, modify
significantly the behavior of the quantum field in the
description of a given phenomenon [36]. In addition, this
calculation allows also an analysis regarding the infrared
finiteness of the given cases [37].

The Maxwell-Chern-Simons theory consists of an
important model with the striking feature of allowing a
massive gauge field theory without any gauge symmetry
breaking [38], in this case we have the so-called topologi-
cally massive electrodynamics (it describes a helicity 41
mode). The presence of commutative (noncommutative)
Chern-Simons action can also be seen as resulting from
quantum effects, arising from integrating out the fermionic
fields in commutative (noncommutative) massive QEDj;
[39,40]. Moreover, we can refer to some analysis, with a
different scope than ours, in regard to the noncommutative
Maxwell-Chern-Simons theory [41,42] and its supersym-
metric extension [43,44], as well as to the higher-derivative
extensions of the Chern-Simons action (in both commu-
tative and noncommutative space) [45-47].

In this paper, we discuss the gauge field two-point
function renormalizability and physically significant quan-
tities on the one-loop order polarization tensor of the three-
dimensional noncommutative Maxwell-Chern-Simons
theory, with particular interest in analyzing the gauge field
dispersion relation in search of possible noncommutative
anomalies and infrared finiteness. We begin, at Sec. II, by
reviewing the general properties of the gauge-invariant
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noncommutative Maxwell-Chern-Simons theory as well as
its discrete symmetries. We determine the one-loop 1P/

self-energy function, and by considering a general tensor
form for it, we are able to find relations for the respective
form factors. Moreover, in Sec. III, the renormalizability for
the gauge field two-point function in this model is carefully
established and afterwards analyzed, since it can be
jeopardized by the UV/IR mixing [48]. Within this context,
a multiplicative renormalization holds, and quantities of
physical significance are readily defined. In Sec. IV, we
compute explicitly the planar and nonplanar contributions
for the form factor expressions, where the commutative
limit of the given outcome is investigated. Finally, in
Sec. V, we establish three particular physical cases of
interest. In particular, we examine the highly noncommu-
tative limit, where its physical dispersion relation is
discussed. In Sec. VI, we summarize the results and present
our final remarks.

II. GENERAL REMARKS

We start our analysis by considering the gauge-invariant
Lagrangian density of the noncommutative Maxwell-
Chern-Simons theory in a Minkowski spacetime,

1 2
L= _ZF/“/*FW +% ok <AﬂauA/1 + ;Aﬂ*A”*Al>

+ [:_g_f + Egh, (2.1)
where, the field strength tensor is F,, = d,A, —J,A,+
ie[A,.A,],. The gauge-fixing term is chosen as to the usual
Lorentz condition

L= gB*B + Bx(0,A"),

where B is the Nakanishi-Lautrup auxiliary field and the
ghost term reads

Ly, = 0'exDjc,
where the covariant derivative is defined such as Djc =
d,c¢ —ie[A,, c], . The full theory (2.1) is invariant under the

"
BRST Slavnov transformations:

sA,=Djc, sc=iecxc, stc=-B, sB=0. (2.2)
The auxiliary field B can be integrated out, since it plays no
part on the theory’s dynamics. Now, the tree-level propa-
gator for the gauge field can be readily obtained, in the

Landau gauge & = 0, as

P -

D/u/(p) = (pzrl/w — PuPv + ime/wlpi)’
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where m? is the gauge field mass originating from the
Chern-Simons term.

By completeness, in order to discuss the one-loop
structure of the polarization tensor, it is useful to review
on the discrete symmetries of parity (P), charge conjuga-
tion (C) and time reversal (T), for a three-dimensional
noncommutative spacetime [38,49]:

(i) Parity

Parity transformation in 2+ 1 dimensions is

indeed a reflection described by x; — —x; and

X, — X,. Under parity, the gauge field transforms as

A= A0 Al Al A A7 (2.4)

which leads to a P-invariant noncommutative Max-

well term if we consider that the parameter 6 is not

changed under a parity transformation. However, the
Chern-Simons kinetic term changes sign under P,

e"”AﬂayA A —eﬂ”’lAﬂa,,Aﬁ, (2.5)
whereas, for the interaction term of the Chern-
Simons part, we obtain
A XA KA, > —eHA A XA, (2.6)
It is thus concluded that the total noncommutative
Chern-Simons terms are P-odd.
(i) Charge conjugation
Under a charge conjugation transformation, the
gauge field changes as A, — —A, and consequently
the noncommutative Maxwell term 1S not
C-invariant unless we consider 8 — —0, which has
an intuitive explanation discussed in [50]. Further-
more, the Chern-Simons kinetic term transforms as
A,0,A) — e A0,A,. (2.7)
To study the C transformation of the Chern-Simons
interaction part, it is useful to rewrite it as
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1
A A xA) = Ee””AM*[A,,, Al,. (2.8)

and therefore we have that under a charge conjugation
transformation

A XA XA, — A XA KA, (2.9)
Accordingly, under the above consideration, we
see that the noncommutative Chern-Simons term is
C-even.

(i) Time reversal

Under a time reversal transformation, the gauge
field now changes as
AV A0 Al Al A2 A2 (2.10)
which yields a T-invariant noncommutative

Maxwell term, with the condition @ — —6. For

the Chern-Simons free part, we obtain

e, 0,A; > —€"*A,0,A;. (2.11)
as well as
A XA xA; — —AxAxA,. (2.12)

Therefore, the noncommutative Chern-Simons term
is also T-odd. In view of the above arguments on
discrete symmetries, we conclude that the noncom-
mutative Maxwell action is even under CP and PT,
while the noncommutative Chern-Simons action is
CP-odd and PT-even, although both of these actions
are separately CPT invariant. We expect that the
tensor structure of the photon polarization tensor,
which is induced by quantum effects, inherits
(respects) the properties, gauge and discrete sym-
metries, from the classical theory.

The one-loop contributions for the gauge field self-
energy are those from the cubic, tadpole self-interaction
and ghost loop, and these diagrams are depicted in Fig. 1.
A detailed account for each one of them can be found
at Appendix A. These contributions can be conveniently
written in the following form (A6),

______

= 2, 2, P, B, S opek o2,
“N\NANANNANANNANA~ -’\/\/V\-:‘ ,:-\/\/\/—
(@ (b) (c)
FIG. 1. One-loop Feynman diagrams in noncommutative Maxwell-Chern-Simons theory: (a) gauge loop, (b) tadpole loop, (c) ghost
loop.
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NE +2N8 420,

,(p) =

3
ez/ dk sin? pAk
(2r)3 2

(k2 =m?)(p + k) ((p + k) =m?)

(2.13)

where we have used the notation pAk = p,0"“k,. Also, the tensor quantities at the numerator are defined, respectively, by

Eq. (AS),

N/gw = (imeﬂ(lﬁ + (p + Zk);ﬂ//a/} + (p - k)/}”ya -

X (kK2n® — k*k? + ime®*k,)((p + k)* 0P — (p + k)P (p + k)° — ime?** (p + k)g),

and Egs. (A7) and (A8),

NE = m*(k,k, + k,p,) — m*(2k* + p* + 2p.k)(k,k, + k,p,) + k*(k* + 2p.k + p*)(k,k, + k,p,).

(2p + k)a”y/)’)(imey/m - (p + 2k)y’1/)o' + (k - p)n-”/)zz + (2p + k)/)rll/(i)

(2.14)

(2.15)

Ny = —m?(k* + 2p.k + p?) (K0, + k,k,) + (k* + 2k* p> + p* + 4k*(p.k) + 4p*(p.k) 4+ 4(p.k)*) (K1, + k,k,).

As a check for Eq. (2.13), we see that, apart from the
trigonometric factor sin? (pT/‘k), the remaining of the expres-
sion is exactly the same as the one appearing in [37], where
a detailed one-loop analysis of the Yang-Mills-Chern-
Simons theory is presented. The most general tensor
structure of the photon self-energy in a noncommutative

three-dimensional spacetime is given as

A

K DHHY
" = <;7"” _P f )HQ +p g I} + ill5ep,
p

+ IS (pru® + prut), (2.17)
where we had chosen u, = eﬂa/;p"[?ﬂ, with pfu, =
[)"uﬂ = 0 as our orthonormal basis. We notice, however,
that I1* in this basis has nine terms that reduce to four
terms due to the Ward identity1 (for further details, see
Appendix B). It is notable that the tensor structure of
the first and the third term in (2.17) is analogous to that
of the tree-level counterparts in commutative Maxwell-
Chern-Simons model, which is a free theory. Indeed,
the first term is even under CP and PT, while the third
term is CP-odd and PT-even, they are similar to the
commutative Maxwell and Chern-Simons actions,
respectively.

On the other hand, the second and the fourth terms
have no tree-level counterparts in commutative Maxwell-
Chern-Simons model, arising fully from quantum effects.
Furthermore, the second term in (2.17), similar to the first
term, is even under CP and PT, while the fourth term,
similar to the third term, is CP-odd and PT-even.
Consequently, the behavior of the quantum effect terms

'Since the tensor IT* is not totally symmetric, the Ward
identity must hold for both p,I1* =0 and p,II* = 0.

(2.16)

I

is the same as that of the tree-level terms, as we expected.
We observe hence that the specific decomposition appear-
ing in the tensor structure of the photon self-energy in
(2.17) is physically justified, using the aforementioned
discussion on discrete symmetries.

Besides, we see that the one-loop photon self-energy
(2.13) is invariant under € — —6, which is in agreement
with its tensor structure described by (2.17). Consequently,
all of the form factor coefficients ITZ, IT%, II4 and I13 in
(2.17) are expected to be even in 6, at least at
one-loop level, as we see in the following identities,
Egs. (B10)—~(B13),

1z =, 10 — 2D o, (2.18)
p
I = —n, 1" + 2—pg§” I, (2.19)
m = 2;2 €T, (2.20)
S 1 = =~ v
113 :—W(uﬂpy—i—uyp”)l_[ . (2.21)

With these quantities we have introduced all necessary
information on regard to our analysis. Next, we shall
proceed and write explicitly the one-loop expressions for
the form factors of the gauge field self-energy.

A. Form factors

In order to evaluate the above relations, Eqgs. (2.18)—
(2.21), we shall take the respective tensor contraction with
the one-loop expression (2.13). First, the relation (2.18)
yields the following result,
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i) e | <Zn§ (%) e e =)

k.p)2
(16(p.k)2 F10p2(pk) + p* + %

MG
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(k-p)* _

{6(p.k) +4520 _ 16m?
p

(4(p.k) —2p? + 16m?) — 26m*(p.k) — 12m*p? — 16m4>

TR <(kéﬁ2)2 (m*(8p” + 14(p.k)) = 4(p-k)* = 2p* = 8p*(p.k))

12 (k2 = m?)

—4m?p*(p.k) — 8m*(p.k)> + 3p*(p.k)* + 4(p.k)3) }

Besides, from the relation (2.19), we obtain

A . BN 1
fic ) = ie* [ @7 ( 2 ><p+k>2<<p+k>2—m2>

{2k2 +2(p.k) —4p* + 16m* -8 ];)2

(2.22)

(k-p)*

1 k.p)?
+ =) <m2(30(p.k) +7p? + 14m?) 4+ 2m* = 3p* — 10p*(p.k) + %(4]72 —8(p.k) — 32m2)>
—m P
+ ! (k-p)’ (8(p.k)> + 4p* +16p*(p.k) — 2m?[8p* + 14(p.k)])
k2(k2 _ m2) ﬁ2
+ (p.k)(m*(4p* +T(p.k)) + p*(p.k) + 4(p.k)2)] } (2.23)
Moreover, from the relation (2.20), we find the odd form factor IT% as
A (p?) = 2mie2/ &k Gin? <p/\k) 1
° p* ) (2x)’ 2 ) (p+KP((p+k)?—m?)
K) +4p2 +Tm?)p? = 5(p.k)?)  (p.k)2(2m? + 5(p.k) + 4p?
y 5p2+((5(p k) +4p ;L7m2)p 5(p-k)*)  (p-k)*( m JgS(kaH P\ (2.24)
(k* —m?) k*(k* — m*)
Finally, the form factor IT3 follows (2.21) as
i &Pk ., (prk (u.k)(p.k) 1
HSZ:ZZ/ 2 4 16m?> —2p* +4(p.k
=502 a2 ) Gk k) U ey O T2 AP
1
+ R =) (14m?(p.k) 4+ 8m?p* — 4(p.k)? = 2p* — 8p2(p.k))}. (2.25)

In order to evaluate the above momentum integration,
we can make use of the standard rules for Feynman
integrals. We shall next continue with our formal devel-
opment by providing now a detailed account for the
renormalizability of the photon two-point function, which
analysis will allow us to define properly the one-loop
dispersion relation.

III. RENORMALIZED GAUGE
PROPAGATOR AND MASS

We shall now formally establish the gauge field two-
point function renormalizability. In particular, we want to
determine the renormalized gauge propagator and mass,
which allow us to define the physical pole and, therefore,

the dispersion relation of the gauge field. We start by
writing the complete propagator expression (B9),”

> Cpr-I -0 PuPy Puby
W = R 7 2 - 72
2 * 7 h A
p =1z pupy, m+II5 ¢
+ I’gz” = °18,Mp*+?pﬂpw

(3.1)

*For a complete account of this discussion, see Appendix B.
Moreover, we take IS = 0 in Eq. (B9). This is explicitly shown
in Eqs. (4.14) and (4.15), which is expected to be true to all
orders.
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where the quantity R at the denominator is given by

R = (p* — 1) (p* ~ Iz ~ 1)
+ PP[(PII)* — (m +113)?).

It proves to be convenient for our development to make a
few replacements,

{2,115} - p? {11, 11}, (3.2)

where I, and I:[e are dimensionless form factors. With this
new definition, and also introducing the notation

IT, =TI, + II,, the exact propagator (3.1) is conveniently
rewritten as

- 1 PuPy  PuDy
le: A2 M — ; - ’: >
H (I_He)[pz_((mLO)} (ﬂ P’ 2

T-T1)(1-T1))
1 PuDy

(m~+1143)? 52
(-1 [P = i) P

+

(m+115) i€,,P"

(4114 )2 2
(1 —He)(l—né)[PQ—m} p
¢

+ prpv'

+

(3.3)

From this expression, we can readily identify the respective
renormalization functions and renormalized mass. Thus,
we introduce the wave function and mass renormalization
constants as the following,

Z=1-11, Z=1-1IL, Zo=1+m T2,
(3.4)
and we also define the renormalized mass as
MA)2 z2
m, (m +I13) =2 m? (3.5)

T (-I)(1-1)  zZ

The most significant consequence arising from the multi-
plicative property of (3.5) is that the gauge symmetry is
exactly preserved at classical (tree) and quantum (loop)
levels. Mainly because m = 0 corresponds to the non-
commutative Maxwell theory which is gauge invariant at
any order, without any mass generation. Hence, by taking
into account the above definitions, Egs. (3.4) and (3.5), we
rewrite the propagator (3.3) in the form
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. 1 ( PuPy iyin)

iDy=———|Nw— ——=
woZpP-mi, )\ pt PP

I P

2

+ = .~
Z[pz - mrzen] p

. y)
m i€,.P &
_ ren ;41/2 +_4p#py.
VZZ[p* —mg,| P p

It should be emphasized that, in view of Eq. (3.6), the
multiplicative renormalization holds for the gauge-invariant
noncommutative Maxwell-Chern-Simons theory, which is
a remarkable result. Furthermore, we should stress the fact
that the physical massive pole p?> = mZ, is found to be
naturally present at all physical terms of the complete
propagator.

Since we are working within a perturbation theory
approach, we can express the physically significant renor-
malized mass m,., (3.5) at the lowest-order in terms of the
form factors as

+ (3.6)

(m +11%)
V(1 =TL)(1 —TI)

1 1 -
= m(l +EH°A + 11, +5He - 0(a2)>. (3.7)

mren

whereas the dispersion relation p? = mZ,, the renormal-
ized mass at the lowest order is given by (3.7) and, hence,
written in a convenient form:

. 2 i
a)2 = |p|2 + mz <1 +_H()A + 2He + He + O(a2)>
m
(3.8)

With this renormalizability discussion, we conclude
our formal development for NC Maxwell-Chern-Simons
theory. We will proceed now to compute explicitly the one-
loop self-energy function, in particular its form factors.
Afterwards, we shall particularize the results by consider-
ing some physical relevant limits where analytical expres-
sions for the dispersion relation are found. In addition to
these discussions on the dispersion relation, we will
scrutinize it for an analysis of the UV/IR mixing in order
to verify whether or not it jeopardizes the theory’s renor-
malizability [48].

IV. ONE-LOOP RADIATIVE CORRECTION

In order to compute the momentum integration on the
form factors we shall make use of the standard Feynman
parametrization and dimensional regularization method.
Some relevant results for the nonplanar integration can
be found at Appendix C, also we present the complete
expression of some lengthy expression of the form factors
in Appendix D.

085021-6
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A. Transverse part 11,

In this first study we will perform the calculation by reviewing some relevant detail. We start by making use of the
Feynman parametrization to write the denominator of Eq. (2.22) in the form

IL(p?) :g / (‘;’)‘3 sin’ <pTAk> {r(z) / d@—[ T k)12 — AP <6( k) +4(kpp i 16m2>

1 (k.p)?
+F(3)/dY CEECESPE —A%]3< pe (4(p.k) = 2p* + 16m?)

+ 16(p.k)* + 10p*(p.k) + p* — 26m*(p.k) — 12m*p* — 16m4>

1
[(k+ (z+w)p)* -

+1'(4) / d=
(k.p )
P’

AT <4(p.k)3 —4m?p*(p.k) — 8m*(p.k)* + 3p>(p.k)?

_|_

(80 + 14(pk))m® — 4(p k) 2p4—8p2<p.k>>)}, (4.1)

where we have introduced the following notation for the integration measures,

/dq):/dxdyé(x—l—y—l), /dY:/dxdydzé(x+y+z—1), / E:/dxdydzdwé(x+y+z+w—1), (4.2)

and defined the following quantities as well:

A} = ym?, (4.3)
A= (x+2)m* = (y+2)(1 =y —2)p, (4.4)
A= (y+w)m? = (z+w)(l —z—w)p*. (4.5)

Next, by making a suitable change of variables on the momentum integration on the terms of (4.1), we find the expression

i 2(3—(1))62

M, (p?) = ”T {r(z) / 4o <(—6p2 — 16m?)Q(A)) + 4”;”” (A, ))
+1(3) / dY<[16(y +2)2p* = 10(y + 2)p* + (26(y + 2) — 12)m?p? + p* — 16m*]Q3(A,)
+ [16pﬂpy + f’;_é% —(4(y+2)+2)p*+ 16m2)} Qg‘”(Az)>

+T(4) / d= (p4[4(z +w)(1=2(z+w))m?> + (z+w)?(3 = 4(z + w)) p?)|Qu(A3)

i [(mz(S —14(z +w)p* =4z +w)’p* = 2p* + 8(z + w)p*) p,’%f”
v 4 . w
+ (—8m2 +3p° - 12(z + W)Pz)Pﬂpu} Q) (A;) — ?Pﬂpypﬂpﬂﬂg M(A3)> }, (4.6)

where, by convenience, we have introduced the following notation for the momentum integration:
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{Q,. @, Q) (A)

[ dQ L (prQ) {1.0"0". Q"0 Q'Q’)
= Sin
(27)® 2 (0% — A%

(4.7)

The integration from (4.7) can be readily calculated (see
Appendix C). In particular, we can separate the planar and
nonplanar contributions by using the trigonometric relation
2sin2(¥) =1—cos(pAQ). The expressions for the
planar and nonplanar contributions are explicitly given
by Egs. (D1) and (D2), respectively.

A remark is in place for the expressions Egs. (D1) and
(D2) (as well for the next ones). Since the remaining
integrals on the Feynman parameters of these expressions
are rather difficult to compute exactly (and no substantial
information would be obtained), we shall leave it only
indicated and evaluate them in some particular cases, which
|

5 iﬂ2(3—u)) &2

Me(p?) = ——>—
p
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imply some simplification on the integrand, and we can
hence discuss some interesting physical implications. We
will also do this for the remaining contributions.

In particular, one can realize that, at the commutative
limit, i.e., & — 0, the planar and nonplanar contributions,
Egs. (DI) and (D2), result as expected in

(Me)p(p?) + lim(ITe),,_,(p?) = 0. (4.8)

Furthermore, this vanishing result is in agreement with
the tree-level (propagator) structure of the commutative
Maxwell-Chern-Simons which is a free theory.

B. NC transverse part I1,

Next, in order to evaluate the integration of the con-
tribution (2.23), we follow the aforementioned steps and
write it conveniently in terms of the quantities Q4" (A;)

{r(z) / dd {(—4192 + 16m*)Q,(A}) + (2% - 8’3;‘3’23”) Qg”(Al)]

+T(3) / dY’((mz(—30(y +2)p* +7p* + 16m?) = 3p* + 10(y + 2) p*)Q3(A,)

i) i)l/ v
+ (4p + 8(y + z)p* — 32m?) #Q’B‘ (Az))

+T(4) / d= (p4[—4m2(z +w) +Tm*(z+w)* + (2 +w)*p* —4(z + w)’ p]Qy(A3)

+ [8((z +w)?2p? +4p? —16(z +w)p? —2m*[8 — 14(z + w)]) p?

v 8 ~ o~ v,
+ (Tm? + p* = 12(z + W)P2)p,,py} Q) (A3) + ?p,,pympﬂﬁﬁ M(As)) }

Once again, the planar and nonplanar contributions can be
computed separately. For convenience, the expressions for
the planar and nonplanar contributions are written in
Appendix D, given by Egs. (D3) and (D4), respectively.

In contrast with the previous case, we see from Egs. (D3)
and (D4), that the planar and nonplanar parts do not sum to
zero at the commutative limit. This equation is a manifes-
tation of UV/IR mixing3 [21]

(ﬁe)p(pz) + lim(ﬁe)n—p(pz) -

e2 11 2m
6—0 4 p2

— 20 0.
H 3]76

(4.10)

3Alth0ugh, the noncommutative Maxwell-Chern-Simons
theory in three dimensions is UV finite, we observe explicitly
a UV/IR mixing in our one-loop results.

PuPy
ﬁ2

(4.9)

[

As it will be discussed later, one should already
notice that the presence of an UV/IR mixing term here
might render the theory to be inconsistent, spoiling
hence the renormalizability of the theory. Besides, it is
worth notice that the UV/IR mixing in 2+ 1 dimen-
sions appears in a less severe degree as ‘7%', while in

3+ 1 dimensions it is given as # Furthermore, in

comparison to the form factor I, outcome, we see that

the commutative limit for the contribution ﬁe is related
to the fact that it did not have a tree-level counterpart.
So this can be traced back to a purely noncommutative
(quantum) effect.

C. CP odd part I12

Moreover, we rewrite Eq. (2.24) conveniently in terms of
the quantities Q5" (A;) such as

085021-8
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2mie?
5(p?) ==+
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20 {5p2r<2> / d4BQ,(A,) +T(3) / AY[((=6 4 15¢ = 522)0 + Tm2) Qs (&) — 5pup, 2 (A9)

_ (@) / dE(z + w{2m? = 5(z + w)p? + 4p*}Qu(As)

-T(4) / dE(2m* = 5(z +w)p* +4p* = 10(z + w) p?)p,.p, <%, (A3)}

Once again, we write down the expressions for the planar
and nonplanar contributions in Appendix D, explicitly
written in Egs. (D5) and (D6), respectively.

In agreement with our expectations, the sum of the planar
and nonplanar contributions, Egs. (D5) and (D6), at the
commutative limit, vanishes

(I3),(p?) + lim(I13),,(p?) = 0. (4.12)
Exactly as it did happened with the form factor I1; in (4.8),
this vanishing result is compatible with the free nature of
|

(4.11)

|
the commutative Maxwell-Chern-Simons theory, where the
form factor IT} has a tree-level counterpart.

D. NC odd part ITS

Finally, we shall now analyze the NC odd part IT3;
however, due to its vanishing results, we present its
final expressions here in order to discuss its conclusion.
We rewrite Eq. (2.25) in terms of the quantities Q" (A;)
such as

i ~ v v
(7?) = = u2<3-w>e2u,,pu{4 / JDQ(A,) +2T(3) / AY(8m? = p* = 2(y + 2)pP) 2 (A)

+2I°(4) / dE(=2p,ps ™ (As) + p*[Am? = 2(z + w)?p? = p> = (2 + w)(Tm? — 4p2)]QZ"(A3))}- (4.13)

Based on the results for the momentum integration, Eqgs. (C2) and (C6), it is easy to conclude that the planar contribution

vanishes
i

(M8)y(r?) = 5317

The last equality follows since u.p = 0 and u.p = 0. Now, proceeding in the same way,

(Hg)n—p(pz) =

Again we have that the resulting expression is propor-
tional to u.p = 0 and u.p = 0. These vanishing results are
in agreement with the literature, since we can think about
the Bose-Einstein symmetry on the I1**, i.e., y<>v and
p — —p, in addition to its accidental symmetry 0 — —0),
these combined facts show that the term IIS will not be
radiatively generated at higher order as well.

V. DISPERSION RELATION AND
LIMITING CASES

to establish some limits of special
we consider the scaling eA, — A, on the

In order
interest,

eu, p{nA(Ay, Ay, A3) + Py ps(0n™ + 0 + P n*)B(Ay, Ay, Az)}, = 0.

G(A;3) + <77M P + sym permutatlons> F(A3)} } =0.
P’

(4.14)

we have for the nonplanar part that

. (™ prpY
Wé’z”ﬂ?u{; C(Ay,A;) + p2 D(Ay, Ay) + papg [(ﬂ”yﬂ'{ﬁ + 0+ P E(As)

(4.15)

Lagranglan (2.1), this implies into the following
change

1
L=— " —F, *.7:"”+2€’M<A *0 «41+ A * A *-A/1>

(5.1)

“It is notable that the mass dimension of the gauge field and the
coupling constant in 2 4 1 dimensions is equal to %, hence the
mass dimension of the new gauge field .A, and k is equal to 1 and
0, respectively.
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where F,, =0,A,-0,A, +ilA, A)], and also we
have introduced a new parameter ke’ = m. Therefore,
from such Lagrangian we can immediately read three
limits of interest:
(i) The NC Chern-Simons model is obtained when
e? = oo, i.e., m*> = oo, so that the ratio x = m/e>
is kept finite;

(i1)) The NC Maxwell model is obtained when x — 0,
i.e., m*> = 0, so that e? is kept finite;

(iii)) We can consider the low-momenta limit, also known
as highly noncommutative limit, i.e., p>/m?> — 0
while p is kept finite.

These three cases will be analyzed accordingly from
our previous results in Sec. IV, allowing us to obtain
closed expression for the resulting form factors.

A. NC Chern-Simons model

This first limit is somehow laborious, and demands some
careful analysis. We can analyze the NC Chern-Simons
theory by taking directly the limit m?> — co in the expres-
sion (2.13), we obtain the following result:

m [ &k 1 1 PNk
IT =— — in? k,p,—k
;w(p) P / (27[)3 2 (p—l—k)2 Sin ( ) )[ uly l/pﬂ]

(5.2)
|

PHYSICAL REVIEW D 93, 085021 (2016)

As usual, one can put the different poles under the same
denominator, which result into a change of the type:
Q,=k,+cp,, where ¢ is some function of the
Feynman parameter(s), for instance. After this manipula-
tion, one can easily find the expression

=5 gn% (02 - oy <p2Q>

X {Qﬂpl/ - pr/t] =0. (53)

This vanishing result shows that no radiative correction
to the gauge field propagator is generated and accordingly
its exhibits the free nature of the noncommutative Chern-
Simons theory, which is in agreement with a previous
analysis [32].

B. NC Maxwell model

From either definition (2.13) or form factors, Egs. (2.22),
(2.23), and (2.24), the limit m — O follows straightfor-
wardly. In this case, the form factor IT,(p?) is obtained
from the sum of the planar and nonplanar contributions,
Egs. (D1) and (D2), respectively, and it yields to

3e? . e 1 (1 Yy -
(%) = 71+ {5 [0 (0 2+ 2432005,

16z |p| 12 (A2)3

+(16(y +2)* = 10(y + 2) + ) (p, p. Ag) = 16A35(p, . A2))

s
4 (a3

+(2+4(z+w)? = 8(z+w))ATZO (p. p. Ay) —4AZ) (p. p. A3))}’

where in order to simplify the notation we have introduced
the quantities

X(p.p.A;) = 1 — e 2ilpllpl, (5.5)
=5 (p,p. &) = 1= (1 Al pl[p|)e PP, (5.6)

=W (p,p. A) =3 = (3+ 34 pl|p| + A7 p* p*)e~2ilpliPl,
(5.7)

2@ (p, p, &) = 1= [1 + Al p||p| — A7 p?p2e~ilrliPl,
(5.8)

—3 [ (w2 =4+ )Y (p. B As) = (3= 1202+ w)ATE ) (p. . As)

(5.4)
|
here the quantities A, and Aj are given as
A =—(y+2)(1-y-2), (5.9)
Al =—(z+w)(l—z—w). (5.10)

Besides, from Eqgs. (D3) and (D4), we find for the NC
transverse part Il the following
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(7)== | 35174 [ i (1002 = ED (. 82) =401 20+ ). 7 )

|p|p? (A2)3
1 [ d=

2J (a3

—4(142(z+w)? —4(z +w))AIZ@ (p, p, As) + 8ALZ) (P,IN%A3))}-

Finally, for the CP odd form factor 1%, Egs. (D5) and (D6),
we find as expected a vanishing result:

I (p?) = (Iy),(p*) + (115),_,(p*) = 0. (5.12)

1. Dispersion relation

In the NC Maxwell theory we take the limit m — 0.
Thus, we can write the complete propagator (3.6) as the
following

. 1 ( PuPy ﬁ,ih)

iD,, = M — =3 — =

uv nv 2 2
(P2 = |pIn" (p2)] p p

| .
+ ~ 1) P,:fy + %p,,pw
[p* = [pMl’(p?)] P~ P

where the form factor expressions are defined so that

{Hél),f[g)} = |p[{I.10.}, with II, and II. given by
Egs. (5.4) and (5.11), respectively.
In particular, the poles obtained above in Eq. (5.13),

(5.13)

i.e., p> —|pIIM" (p?), reproduce a similar profile as those
found on the three-dimensional Yang-Mills theory [37,51],
which allow us to (partially) discuss the infrared finiteness
of the model.

In order to illustrate the pole behavior, we can take small
perturbations around p?p?, so that at the leading-order the
form factor expressions are reduced to

13ie?

2
) Te ~ 2~2
I = — = p2pt (514
e (P%) 24ﬂlpllpl s;p PP (5.14)

2
m
He(p2> )

p

1 do
167k \ /A%

[6 +4(4—y) 2]2(’"’13’A1> T

((z+wP[1 =4(z + W)=V (p. p. As) + (12(z +w) = ATZH (p. p, As)

(5.11)

[
and

1 3ie?

-+ p?p? 5.15
Plp 256 P P 1)

2 2
N(l) 2 e ~ e
HC = - P
(p*) 12ﬂlpllpl yp

These equations at the commutative limit change to the
following:

timr1{"(p?) =0, (5.16)
2
- 1
mi) (p2) = — &~ 5.17
i R G.17)

We note that (5.16) is consistent with the commutative
Maxwell action, which is a free theory, however (5.17),
similar to (4.10), exhibits the UV/IR mixing effect in 2 4 1
dimensions and does not correspond to any counterpart
term in commutative Maxwell theory. The presence of the
UV/IR mixing in the NC Maxwell theory emphasize the
fact that this theory is not infrared finite.

C. Highly noncommutative
Maxwell-Chern-Simons model

We now study the third limiting case, which describes
the low-momentum (or highly noncommutative) behavior
of NC Maxwell-Chern-Simons model. For the highly
noncommutative case, i.e., considering the limit p*/m? —
0 while p? is kept finite, we can proceed in the exactly same
way as before. In this scenario, the complete form factor
I,(p?) is obtained from Egs. (D1) and (D2), this
results into

2

_/d_Y ({2(13@ +2)—6)— 16%] =) (m. p. Ay)

(83)2

+ 2((2<y +2)+1)A3 - 8’;1—22A§ +8(y+z)(1-y-— z)>2<—>(m, 2 A2)>

1 d=

4) (a3

2

<8z<+> (m, P, Az) = (8 = 14(z + w))Z® (m, p, A3) — 4A3ZC) (m, p, A3)) } + 0<%) (5.18)

where the functions X/ (m, p,A;) are those defined before, Egs. (5.5)—(5.8), but now the quantities A; are given by
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Al =y, A?=@+w%+0(

PHYSICAL REVIEW D 93, 085021 (2016)

2 2
P ) P
L A2 = 2.
m2>, = +w+ O<m2)

(5.19)

Moreover, we find for the NC transverse part ﬁe, the sum of the Eqs. (D3) and (D4), the following expression

2

1 <2{2+(y—8)%]2(’”’1~”m)

~ dd
I,(p?) = Torx {

VAT

dYy

i[5

3 — +y:| e_\/ymi’>
p* m|p|

1 m2
_ mwo (+) ~
+2/ (A2)3 <{7 + ]6p2 3O(Y+Z)}2 (m, p,A)

2

—4[<1 +2(y+2z) —8’;’j>A§ +8(y+2)(1 —y—z)]z<—>(m,1’3,Az)>

1 d=

4) (a3

= (4(4 =7z +w)EH(m, p. Ay) =7

2
) (m, p, A3) + 8AZ) (m, p, A3)> } + (’)<512>, (5.20)

At last, for the CP odd form factor I3, Egs. (D5) and (D6), we get

1 m dd - 1
H?(Pz)z—g;{ \/—A—%Z(m,P,AO—E
1 d=
—> [ === (m, p. A }+0<
2/(A§)3 ( P 3)

An important check of our results for the low-momenta
limit is needed. On one hand, in the commutative limit,
Egs. (4.8), (4.10), and (4.12), we have considered p — O,
but this is explicitly read as & — 0 when p is kept finite. On
the other hand, however, we can equally consider p — 0 as
given by p — 0 with € = finite. We can immediately
conclude from the low-momenta limit expressions,
Egs. (5.18), (5.20), and (5.21), that the latter limit is in
agreement with the (former) commutative limit. Moreover,
in order to understand this point consider the scale § = ﬁ
hence, the commutative limit can be interpreted as % < 1,
where p is the external momentum. The condition % <1
can then happen in two distinct cases:

A - o0, p = finite
{ p — 0, 6= finite (5-22)

1

{39600+ 39720
1207k (m2p2)° 39600+ 39

—240(m2p2): + 131(m*p?)? — 5(7920 + 24

2
= TU4(m2 )+ 32(m2 5 + 26(m2 7)1 + 72 p2)% eV | 4 0<%>

r
m2'

ay

/ Y 56 m, pAy) + SAIE(m. . Ay))

(83)2

(5.21)

|

Hence, we see that these two limits are indeed the same
and our results are correct. In possess of the above explicit
results we can proceed to the analysis the dispersion
relation behavior for this case, and discuss the UV/IR mixing
issue.

1. Dispersion relation

The remaining integration on the Egs. (5.18), (5.20), and
(5.21) can be computed analytically without further com-
plication thanks to the simplification due to the limit
p*/m? — 0. We, thus, obtain for the transverse form factor
the explicit expression

m2p? 4+ (m2p2)2 4 (48 + 424/ m2p* + 18m2p2 + 5(m2p*)2) e~V ’”zf’z}

m2p? 4 250m2p® 4 570(m2p2)2

m?p? — 2800m? p?

(5.23)
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and next, for the NC transverse form factor, we find the result

3 11 . - ) o
e(pz) = —MW [—24 -+ (m2p2)% + (24 -+ 24 m2p2 + 13m2p2 + 4(m2p2)5)e_ mp :|
1 | .
- |22 252 22 2~2=_4 252)\2
ST (m2;72)%{ 6880 -+ 3060m?p? + 229(m>p?)} — 465(m? p?)
+5 (5376(1 o /m? ;32> +2076m2p? + 284(m> )}
2
11 (m2pR)? — 10(m2,32)%) e_\/’"Zﬁz} + O(p—2). (5.24)
m

Finally, for the CP odd form factor, we get

m 1

2
Al 2\ — 2%2 2=2\3y 22 2~2 252\3) —/m?p? 4
M (p%) = 24ﬂK(m2[32)%[2(3+9mp +(mp7)) 3<2+2 mep +Tmp +7(mp)2>e p}—‘_o(m)'

(5.25)
We can analyze the modifications caused into the dispersion relation by the noncommutativity from examining first the

formula (3.7). By simplicity, we shall consider the contribution up to the lowest order in @ = e?/4z. This implies into the
following expression for the renormalized mass

Myen = m + I (5.26)
where we have defined IT") = 12 + mIl, + %l:Ie, so that its expression reads
1
m_"_° [3(—64 16 252 252 2)
8nk m?p? p* + mep o+ (m7p7)

(192 144y /m2p2 + 48(mp2) + 7 (m2p2)} = 42 7)) e V|
%W {—31680 + 52804/ m2p* + 2016m2p* — 180(m?p?):
—171(m2p2)} + 51(m2p?)? + (31680 + 264001/ m2p? + 8544m? p?* + 804(m2p?)?
—388(m2p?)? — 31(m2 )} + 66(m? p2)3) e—\/mz_i’z} + o(%) + o(@) (5.27)
In order to illustrate our result, we can consider small perturbation in powers of m?p?, and we find at the leading-order that

1 m®  m[ 317 - p| m’p? m’|p|
o =—— 4+ — |- \/m?p*> + - |+ O = | + O —— | + O : 5.28
87k p?|p| L [ 12602 V"7 T ] ) T e )" 528)

kp?

|
Finally, substituting (5.28) into (3.8), we obtain the  In particular, we see from this expression that the highly
following dispersion relation noncommutative behavior has an UV/IR instability in the
NC momentum and consequently the theory is not infrared
finite. These facts can be seen as originating from the

1 md Ip| m|p| general result in Eq. (4.10).
" dnk e 7| o (ﬂ) + O( p ) Furthermore, the insertion of the form factor expressions
- (5.23), (5.24), and (5.25) into the relation (3.6) gives us the
+ O(’" P |> (5.29) one-loop photon propagator in the low-energy limit of the
kp? noncommutative Maxwell-Chern-Simons theory. One of

w? = p*+m?
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the main physical consequences of this corrected propa-
gator is that we can determine the noncommutative one-
loop corrections to the electrostatic potential energy of the
Maxwell-Chern-Simons model. By taking into account
the time-like photons from the above result, we find the

.5
expression
/ dxg

&*p 1 o
% e~iPTHiPox [ 41T ],
/ (271')3 p2 - mrzen [ e]

(5.30)

Vl—loop(r) = ¢2

that by setting II, = 0, the free part of the potential is given
by Vie(r) = —£ Ko(mr) — S1In (mr) as mr < 1. Now,
considering only the noncommutative contribution, i.e., by
taking into account the leading contribution in Egs. (5.23)
and (5.28), we obtain the following deviation for the
potential

5vl—loop(r) — _

[d /p3dp 1
201607° p3(p2+mz)_$%
x [4009p? +4284m?]Jo(pr).
_a9|e41/°° p*(p?+bm*r?)

71'2 rjo

p3(p +m }") 2 ‘215 0(p)

(5.31)

in which @ = 0.198 and b = 1.068. By means of a simple
analysis, we see that the denominator of the above
integrand has one real positive root and four complex
roots, named here as p, and p;, respectively. Due to its pole
structure, the integrand can be written as a pseudo function
plus a delta function. Hence, after some computation [52],
we finally arrive at

sV (r) = — Jo(po)+1

T r

mwﬁ%m@d
2 B(po)

+3 e [Katein) + 5wt -]

J=1

(5.32)

2 02
). B = pi(pg +mr?) — e

and H is the Struve function. Also, the coefficient c¢; arises
from the fraction decomposition which is given by

where A = pi(p§ + bm*r?

5Here, by means of clarity, we have restored the usual notation
in terms of e? = m/«.
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A(p)
— =1+ (5.33)
B(p) ; P—PDj
with ¢; 2}( m Furthermore, by means of illustration, we

consider the behavior of the above expression again at
mr < 1, so that we can compare it with the usual free
result. Hence, by using the asymptotic expansion of the
Bessel and Struve functions [52], we find

A (- ).

It is important to emphasize the strong departure due to the
noncommutativity of the leading radial dependence of the
above expression, §V!"°°P o 1, when compared to the usual
Maxwell-Chern-Simons (confining) static potential energy
viee  Inr, at mr < 1.

It is worth noticing that an investigation of the Lamb
shift effect in noncommutative QED, was carried out in
[53]. Since a complete discussion for this physical process
requires us to take into account the charge renormalization,
this will be considered further in the forthcoming
paper [54].

SVHoop (1) = (5.34)

VI. CONCLUDING REMARKS

In this paper, we have studied in complete detail the
gauge field complete propagator at one-loop order in the
NC Maxwell-Chern-Simons theory. A careful account
covering all the renormalizability aspects of this two-point
function has been presented, in particular by establishing
the respective renormalization constants and subsequently
the gauge field renormalized mass. It is worth mentioning
that, as expected from a gauge theory, a multiplicative
renormalization holds for the theory.

We first discussed in detail the tensor structure of the
gauge field self-energy at one-loop order. This has been
supplemented by a full account on the discrete symmetries
for a three-dimensional noncommutative spacetime. The
explicit expressions of the form factor were calculated by
following the standard rules of Feynman integration. In
particular, we found that the commutative limit of the

complete form factor I, displays a manifestation of IR/UV
mixing, since the planar and nonplanar contributions sum
to a nonvanishing result. Besides, we explicitly showed that
the NC CP-odd form factor II} identically vanishes.

In order to discuss some physical consequences of the
considered model, we have scrutinized some particular
limits: (i) the NC Chern-Simons theory; (ii) the NC
Maxwell theory; and (iii) the low-momenta limit, highly
noncommutative Maxwell-Chern-Simons theory. First, we
found that, as expected, the NC Chern-Simons theory is
actually a free theory. Next, we showed that the massless
limit, m = 0, is well behaved in this context, and that the
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dispersion relation for the NC Maxwell theory displays the
same profile as in the three-dimensional Yang-Mills theory,
with no radiative mass generation, but with an UV/IR
mixing instability.

Finally, the highly noncommutative limit was consid-
ered, and analytical expressions have been obtained for the
form factors. Within this context, we examined its
dispersion relation and found that it is not infrared finite,
more precisely an UV/IR mixing instability due to the NC
momentum. Besides, using the one-loop expressions of the
form factors, we have determined the noncommutative
corrections to the photon propagator in the low-momenta
limit. As a physical outcome of the one-loop gauge field
propagator, we have discussed the noncommutative cor-
rections to the electrostatic potential. In particular, the
low-momenta limit of the Maxwell-Chern-Simons theory
(when coupled to matter fields) is of major interest for
physical application in planar materials, in particular to the
description of new materials in the framework of condensed
matter physics [6,55], which allows the use of effective
low-energy models.

It is worth mentioning that a complete account of the
noncommutative Maxwell-Chern-Simons theory renorma-
lizability must contain an analysis of the vertex functions.
This complementary study is now under scrutiny [54]. The
analysis takes into account the renormalization of the 3-
point vertex function and ghost sector, as well other vertex
functions, allowing us then to fully discuss the renormal-
ization of the gauge coupling, determining the theory’s beta
function, as well as the presence of the UV/IR mixing and
infrared finiteness.
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where we have conveniently introduced the new tensor
quantities:
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APPENDIX A: ONE-LOOP ANALYSIS OF
THE PHOTON SELF-ENERGY

We shall now write down the full contribution one-loop
expression for the photon self-energy; see Fig. 1. This
contribution has the following form,

h
H#y = H%I/ + Hﬁl/ + H;“n

(A1)

where the explicit expression for the ghost, cubic, and
quartic self-interacting diagrams are given by

Pk 1 1
@n) 12 (p + b)?

. Nk
() =26 [ s (225 0+ ),

(A2)

A’k pAk 1
IS, (p) = e? 2
w(p)=e /(27;)351“ ( 2 >k2<k2—m2)

1

g
o TR T R =] (A3)
. Pk [(pAK\ 1,k + Kk,
Hﬂy(p) :262/(2”)3 Sln2< 2 > kﬂz(kz_n;;z) ’ (A4)

and the tensor at the numerator of Eq. (A3) is defined as

(imeﬂaﬁ + (p + 2k)ﬂ77(xﬁ + (p - k)ﬁn/m - (2[7 + k)anﬂﬁ)(imeupa - (p + Zk)yrlpa + (k - p)anpu + (2p + k)pr/uo)
x (K0 — kK + ime?*k;) ((p + k)1 = (p + k) (p + k)7 — ime?™ (p + k);).

(AS)
[
NE = m(k,k, + k,p,)
—m*(2k* + p* + 2p.k)(k,k, + k,p,)
+ k(K> 4 2p.k + p*)(k,k, + k,p,), (A7)
N/Ew = _m2(k2 + 2pk =+ Pz)(kzﬂm + k/,tku)
+ (k* 4 2k*p* + p* + 4K*(p.k) + 4p*(p.k)
+4(p.k)?) (K1, + k k). (A8)
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APPENDIX B: TENSOR STRUCTURE OF THE
PHOTON SELF-ENERGY

In order to discuss the tensor structure of the complete
photon propagator, we shall introduce and consider the
following vectors, p,, p, = 6,,p" and u, = €,,3p* PP, as
an orthogonal basis. In particular, it is easy to see that

p.p" =0, ptu, =0, pru, =0 (Bl)
and that the completeness relation is also satisfied:
Puby | P P
T T = e (B2)
p P’
The polarization tensor in this basis is written as
H/u/ = (alp/t + 0227;4 + a3uﬂ)py
+ (blpy + bZﬁu + b3uﬂ)ﬁl/
+ (Clp/l + CZZ)y + C3uu)uv (B3)
Applying the Ward identity p#I1,, = 0 and p“I1,, = 0, this

directly leads to a; = a, = a3 = by = ¢; = 0. Hence, we
are left with the expression

H;w = (bZﬁﬂ + b3uu)ﬁy + (CZﬁﬂ + C3Mﬂ)l/ty
= bZi)Mﬁu + dl (uﬂﬁl/ + uvﬁﬂ)

+d2(1~7yuu _ﬁuuu) —|—c3uﬂu,,, (B4)
in which, by convenience, we have rewritten the terms
bsu,p, + cyp,u, as symmetric and antisymmetric parts.
Furthermore, it is easy to show that the antisymmetric part
can be revised as
Dy, — P U, = A p? (B5)
PulUy — Py €uiP" D"
Using this result and also the completeness relation (B2),
we can write the photon self-energy in a clear and
appropriated form; see (B8). Now, at this step, we construct
the general form for the 1PI function I',, for the NC
Maxwell-Chern-Simons theory using the defined basis

= (B6)

tree-level + Hloop level

where the 1PI two-point function and the polarization
tensor are, respectively, given by

1
Ffrlée level — _pZHﬂu +({1-= pﬂpv + imeﬂyﬂpl <B7)
¢
p/‘p * i’”ﬁy STk .
Hﬁfop level — <77ﬂy p )H + [32 He + ZGMDAPAHOA

+ (P'u” + pru I, (B8)
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with which the tensor structure is in agreement [43]. We can
obtain the complete propagator expression by means of the
standard functional relation I'*D,, = is}. After some
laborious calculation, we find that the complete propagator
has the following general expression,

Z_H*_l:[* —_n2 I ﬁ*
ip, = eI, p-+1k +1I 52 Puby
R R p°) p
I p,p, I3 . om4+TII2

“r‘ﬁ ]..72 + = R (pﬂuy + uﬂpl/) +T0i8/,wlp2v

(B9)

where R =
(m + T12)2).

In order to conclude this discussion, we shall now
determine the coefficients appearing in the expression
(B8) for the 1PI form factors IIf, IIZ, 14 and IIS.
These are found from the following identities:

(p> = T3)(p? — I = II%) + p?[(P115)>~

el 73 (B10)

. o Pubu
He —nﬂvnﬂ - ﬁz

I1; ——nﬂbH“”+2%Hﬂ”, (B11)
T2 = e, p T, (B12)

(B13)

APPENDIX C: NONPLANAR INTEGRAL

Throughout the paper, we have made use of some
known results involving momentum integration. We shall
recall some of these results, in particular those involving a
nonplanar factor. The simplest integration reads

J S ——
(2”)(1; (‘]2 _ S2)a

o L N S (LA PR
() Ketio @)

Next, we have the integration

dwq quv 0 ) ];;47(1/
/(271)&)@6 Aq :;1/4 Fa +7Gu,

where we have introduced the following quantities,

(€2)
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i(=)at 1 1
F ,Ga - 7] o as Ya S C3
o o) =" T@ eyt Yot ()
with
s[k[\ -
fa={—" Ko1-s(lkls), (C4)
s|k\ ¢ .
- Ga=2-) (W) "k
s|k[\ ;
2( B kst (©3)
Finally, we have
/d‘”q qﬂquﬂqﬂ oikng
(27)” (¢* = s*)°
KKk
= O+ ) Ho + = Ja
[N TN G P
+<iyﬁﬁ = + B + 2 + pE
Kk K'kP
+ P + pH 7) 1, (Co)

where the quantities H,, I, and J, are defined as the
following,

(= 11 .
Hyl,J,} = ———% 7575 Nariar Jats
{ a } (477.')2F(a)(82)a_2_2s2k2{ 1 ]}
(C7)
|
(). (p?) 62{ 1/d ! (6p2 + 16m> — 4A3) —
ep\P7) = —7-—"Y""3 p m- =
p 167 p? \/A%

+(26(y + z) — 12)m?
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with

s|k[\ 4172 ~
b= 2a=2-0)("F) " Kos(ll9

s|l~c| a3 ~
_2<T> Kqs(|k]s),

=2a-4-w)[(2a-2-w)(2a-6—-w)
7 a—l——
#208) (F) T Kcglll)
sk

-2(2(2a -4 - w)+s2k2)<7> K,s(|kls).
(C10)

APPENDIX D: ONE-LOOP FORM FACTORS

In this section, we write down explicitly some lengthy
expressions from the planar and nonplanar parts from the
self-energy form factors, discussed in Sec. I'V. First, for the
planar contribution of the transverse part (I1.), Eq. (4.6),
we immediately find

1

1
5 2/dY'(A2) (16(y +2)°p* = 10(y + z)p* + p*

p? —16m* = 2[(7 = 2(y + 2)) p* + 8m?|A})

+i/dE(A13)% (Bp*a(z+w)(1 =2(z+w))m?* + (z + w)*(3 = 4(z +w)) p?]

{14+ w)m? 4+ 4z + w) + 4z + w) — 1)p2]AT - 4Ag‘>},

while for the nonplanar contribution of (4.6), we obtain

e~ Milpl

\/7

2
M0 (0?) = 5 { = [
e—Az‘P‘

>/
—— [ dx
2p° (A3)}

[(6p* + 16m?) — 4A7]

(—[16p* + ((4(y + 2) +2)p* — 16m*)[-1 + | p|A,]] A
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+[16(y + 2)*p* = 10(y + 2)p* + (26(y + z) — 12)m*p? + p* — 16m*|(1 + A, |p]))
e~2slpl
= (—=[3p* —8m* = 12(z 4+ w)p*](1 + A3|p|) A3 + 4A%(As|p| - 1)
3
+ 4z +w)(1 =2(z +w)m* + (z +w)*(3 = 4(z + w))p?] (3 + 343|p| + A3p*) p?

+
N
—

Q

1]

—((8=14(z+w))m* —4(z+w)*p? = 2p* + 8(z + w)p?)[1 + As|p| - ﬁzAg]Aﬁ)}- (D2)

Moreover, similar expressions follow for the NC transverse part (I:[e), Eq. (4.9). Without any complication, the planar

contribution results in

~ ez
(M), (p?) = = 16”{ 1/ \/IA—%((16m2—4P2)—ZA%)—T;/dY(AI%)%(mZ(—%(y+z)p2+7p2—|—16m2)

=3p* +10(y + 2)p* = 2(2p* + 4(y + z) p*> — 16m?)A3)

1 1
+ Z/ d= o) Bp*[—4m?(z+w) + Tm?*(z+w)* + (z + w)?p? — 4(z + w)* p?]
3 2

—[8(z +w)?*p? + 5p* — 28(z + w)p? — m*[9 — 28(z + w)]|]A3 + SAQ‘)}, (D3)

and the nonplanar contribution reads

~ 5 2 1 e~ A11Pl ) , 1 .
(e )n—p(p )_E{? AT [ —4p* + 16m )—4mAl —6A1}

1 e_AZ‘P‘ 5 ) ) _ 5

gy | O g a8 2t w1 e

+ [m2(=30(y + z)p> + Tp? + 16m?) = 3p* + 10(y + 2)p*](1 + A5 |p]))

—A3|P‘
g [ g O P w1+ AR+ 84 - A

+ p*[-4 (Z—I-w) + Tm?(z +w)? + (2 + w)2p* = 4(z + w)*p?|(3 + 3A;|p| + A%p?)

[

—[8(z +w)?2p? + 4p> — 16(z + w) p? — 2m>[8 — 14(z + w)]](1 + As|p| — ,32A§)A§)}. (D4)

Finally, for the CP odd part (T1%), Eq. (4.11), we find the planar part of the expression,

(), (p*) = {/ \/_% 2/dY 1)%((( 6 + 15x — 5x2) p? + Tm?) + 5A3)

—%/dE@B(Z +w)2{2m? = 5(z +w)p? +4p>} p* — (2m? + 4p? —15(z + w)pz)Ag)}, (D5)

whereas, for the nonplanar part, we obtain the following contribution:
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m62
(HOA)n—p(pz) - E {5

(a3

—(2m?* +4p* = 15(z +w)p?)(1 + A3|[7|)A§)}.

e_AZ‘ijl
¢ (6 = 15x 4 5x%) p* = Tm?) (1 + A, |p|) — 5A3)

e_Alli)‘ 1
d<I>—2+—/ dY
VAT 2 (42)

1 e_AS‘i]‘ - -
- —/ d= ((z+w)*{2m? + (4 = 52 = 5w)p*} (3 + 3A3|p| + A3p?) p?
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