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A comprehensive account of a new structured algorithm for obtaining nonrelativistic diffeomorphism
invariances in both space and spacetime by gauging the Galilean symmetry in a generic nonrelativistic field
theoretical model is provided. Various applications like the obtention of nonrelativistic diffeomorphism
invariance, the introduction of the Chern-Simons term and its role in fractional quantum Hall effect, the
induction of diffeomorphism in the irrotational fluid model, the abstraction of Newton-Cartan geometry,
and the emergence of Horava-Lifshitz gravity are discussed in details.
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I. INTRODUCTION

Recently, there has been renewed interest in nonrelativ-
istic diffeomorphism invariance (NRDI), both from the
physical and mathematical aspects. This interest was
triggered by the papers [1,2] where the role of NRDI to
analyze the motion of two dimensional trapped electrons,
which is directly connected with the theory of the fractional
quantum Hall effect (FQHE), was discussed. The relevant
field theories involve some variant of the Schrodinger
theory on a 3D manifold with universal time.
Interestingly, this effective field theory description of the
FQHE [3-9] found an alternative interpretation in terms of
the Newton-Cartan geometry [3,10]. However, this intro-
duction of NRDI was ad hoc,' i.e. not following from any
systematic prescription or from any geometrical back-
ground either. The shortcomings are manifested in various
ways. Thus, we find that the spacetime transformations
become noncanonical when one considers time-dependent
spatial diffeomorphism. It seems that time-dependent and
time-independent diffeomorphisms are completely dispa-
rate and cannot be presented in a unified manner. A more
serious discrepancy occurs when attempting to recover
Galilean symmetry back in the flat limit. We find, surpris-
ingly, that a certain relation between the U(1) gauge
parameter and the Galilean boost parameter must hold [1].

NRDI has certain distinct features that sets it apart from
usual (i.e. relativistic) diffeomorphism invariance that is so
fundamental in understanding the metric formulation of
Einstein gravity. For Einstein gravity, the vielbein formu-
lation is related directly with the metric formulation
because the spacetime manifold is endowed with a non-
degenerate metric. In the case of the Galilean space and
universal time, there is no such structure. Space is relative,

frabin@bose.res.in
1 mukhpradip @ gmail.com
'As the authors themselves admitted [1].

2470-0010/2016/93(8)/085020(30)

085020-1

but time is absolute. In this context, it is useful to recall that,
following the footsteps of Einstein gravity, spacetime
formulation of Newtonian gravity was worked out by
Elie Cartan [11,12] and subsequently developed by many
stalwarts [13-20]. The current requirement, however, is a
formulation based on the vielbeins which will be an analog
of the Cartan formulation of Einstein’s gravity. One may
think that a suitable algorithm may be obtained from
relativistic theories by contraction. However, note that
the types of theories that are used, particularly in the
FQHE, require spatial diffeomorphism which is difficult to
obtain by taking a nonrelativistic limit of some appropriate
relativistic theory. Moreover, sometimes such nonrelativ-
istic limits are found to be problematic [10].

A way out follows from the example of an alternative
approach to theories of gravitation, which was pioneered by
Utiyama, Kibble, and Sciama [21-24]. They utilized the
localization of the Poincaré symmetry of a generic field
theory. The resulting theory is called Poincaré gauge theory
(PGT). The starting point is a matter theory invariant under
global Poincaré transformations. The invariance is violated
when the parameters of the Poincaré transformations are
localized by making them functions of spacetime. This
invariance may be restored by replacing the ordinary
derivatives by suitable covariant derivatives. Theories
invariant under local Poincaré transformations can be
identified with diffeomorphism invariant theories in
Riemann-Cartan spacetime.

Inspired by the Utiyama approach, we have developed
[25-28] a field theoretic method of localizing the Galilean
symmetry of a generic field theory. Geometrical interpre-
tation of such a localization or gauging gives nonrelativistic
diffeomorphism invariant spacetime. Since the develop-
ment of the method has reached a stage of finality, a
comprehensive account of the method is due. This is all the
more necessary because the field theoretic method devel-
oped by us is fundamentally different from and is capable
of yielding results more general than the method of gauging
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the centrally extended Galilean algebra [29], which has
been in vogue for quite some time. Also, apart from the
existing applications given in Refs. [25-27], several new
ones have been found. In the present paper, we first trace
the ontology of the two different methods (gauging the
algebra vis a vis with gauging the symmetry) in the context
of relativistic theories. This is useful for making a transition
to the nonrelativistic theory where we give a detailed
account of the field theoretic method developed by us.
New applications have been given from the fields of the
FQHE and geometry, as well as fluid dynamics.
Specifically, we focus on the Chern-Simons theories used
in the FQHE, regarding which there is some confusion in
the literature [2,30]. A significant achievement of our
method is to elucidate the nonrelativistic origin of the
projectable version of the Horava gravity [31] and to show
its difference with Newton-Cartan gravity with particular
reference to the boost operation. Also, we consider the
hydrodynamic version of Schroidinger theory which is
equivalent to an irrotational isentropic fluid [32,33]. A new
symmetry related to spatial NRDI is discussed.

The Utiyama approach of constructing PGT may be
compared with the approach of gauging the Poincaré
algebra [34], mimicking the properties of a non-Abelian
gauge theory. This gauging prescription introduces gauge
fields which can be utilized to define a connection on the
tangent bundle. No correspondence can be established
between the gauge field transformations with those due
to spacetime diffeomorphism at this level. One requires a
prescription for connecting the translation in the tangent
space with the general coordinate transformation. This can
be done by a constraint on the curvature corresponding to
the translation in the group space manifold. The price one
has to pay is that the spin connection becomes dependent
on the vielbeins and the torsion vanishes. Thus, a con-
nection with relativistic diffeomorphism is established in
the perspective of Riemannian spacetime. Note that when
PGT is obtained by gauging the Poincaré symmetry of a
generic field theory the Riemann-Cartan spacetime is
obtained naturally with or without torsion. The general
result involves torsion, but one can easily invoke a
torsionless connection by symmetrization. Also, PGT gives
a complete prescription of coupling a theory, which had
Poincaré symmetry in the Minkowski space, with curved
spacetime. The procedure of gauging the Poincaré algebra
falls far short of this.

It is thus no wonder that eventually the main trends of the
theoretical formulation of NRDI should emerge from
aspects of gauging the symmetry rather than gauging the
algebra. In a series of papers [25-27], the present authors
have shown how one can obtain nonrelativistic diffeo-
morphism invariance by localizing the extended Galilean
symmetry of a model. The original theory is assumed to
have invariance under extended Galilean algebra in flat
(Eucledian) space with time running universally. We make
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the transformation parameters spacetime dependent.
Naturally, the theory is no longer invariant. To restore
the invariance, partial derivatives of the fields need to be
replaced by covariant derivatives. New fields are introduced
in the process, and these become instrumental for the
geometric interpretation. The method is therefore similar in
spirit to the Utiyama formulation of PGT. Of course there
are nontrivial differences that are ultimately connected with
the different roles of time in relativistic and nonrelativistic
theories. The approach developed by us has proven to be
readily useful in obtaining the most general form of the
spatial diffeomorphism.

For the sake of comparison, let us briefly consider the
approach of obtaining nonrelativistic diffeomorphism
invariance by gauging the extended Galilean algebra
(Bargmann algebra)[29,35-39]. Here, several curvature
constraints were imposed to connect the translation param-
eter of the non-Abelian gauge group with the diffeomor-
phism parameter. As a result, the spin connection ceases to
be independent. It is expressed in terms of the vierbein
leading to a torsionless theory. It should also be stressed
that this is a strictly algebraic approach without reference to
any action. The dynamical content of the underlying theory
becomes somewhat obscure. Thus, this formalism is not
particularly suitable to couple Galilee invariant theory with
curved space or curved spacetime.

The paper is organized as follows. In Sec. II, the method
of gauging (or localizing) the spacetime symmetry of a field
theory is contrasted with the gauging of the symmetry
group taking the Poincaré transformations as an example.
The discussion in this section clearly reveals the generality
of the localization of symmetry approach. In Sec. III, we
discuss the methodology developed recently by us for
localizing the (extended) Galilean symmetry of a model.
A step by step algorithm is prescribed. The inclusion of the
U(1) gauge symmetric model is also considered. We find
that the same general method of localization works.
Initially, an external gauge field is considered. Making
the gauge field dynamical did not pose any problems. In
particular, the topological Chern-Simons (CS) interaction
fits in the general scheme without any loss of invariance. In
Sec. IV, we discuss several applications of our methodol-
ogy. The very important issue of diffeomorphism of space
[1-3,10] is addressed here by taking the vanishing time
translation. However, the spatial diffeomorhism parameter
is in general time dependent though time-independent
parameters have also been considered in the literature
[1]. The unique feature is that, starting from the same
formalism, we can discuss both time-independent and time-
dependent spatial diffeomorphisms. Comparison with other
approaches is discussed here. Especially, for the time-
dependent spatial diffomorphism, the difficulties and/or
ambiguities reported in the literature [1,2] are easily
bypassed. The implication of Chern-Simons theory in
the FQHE is well known. We show how to systematically
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incorporate such a term within our formalism. Its applica-
tion to the FQHE is then discussed. The covariant deriva-
tive that replaces the ordinary derivative in the localization
process reproduces the Hall viscosity and the Wen-Zee
term [30]. Our approach finds an interesting application in
the context of an irrotational and isentropic fluid obtained
by a change of variables in the Schrodinger theory. A new
form of spatial NRDI is revealed here. When the complete
space and time diffeomorphism invariance is considered,
the beauty and versatility of our method is fully bloomed.
We find that the same general transformations hold well. A
(4 x4) matrix structure evolves which completely
describes the nonrelativistic spacetime geometry. For
applications, we consider the construction of the
Newton-Cartan geometry and the formulation of Horava-
Lifsitz gravity. All the structures of the Newton-Cartan
space are reproduced. Contrary to approaches based on
gauging the Bargmann algebra (instead of the symmetry),
inclusion of torsion is possible. Our results are valid with or
without torsion. For the Horava-Lifshitz gravity, its project-
able version is obtained. We are able to define the
appropriate metric and the physical variables. Their trans-
formations reproduce the known structures. Our analysis
provides an important insight into the difference between
Newtonian gravity and Horava-Lifshitz gravity which is
related to the presence (or absence) of the boost parameter.
Concluding remarks are given in Sec. V.

II. POINCARE GAUGE THEORY OF GRAVITY

The history of the PGT is long. Utiyama [21] first
introduced the idea of gauging the Poincaré symmetry of a
field theory in Minkowski space. Later on, the theory was
developed by many reseachers [22—-24]. The essence of the
procedure is the observation that by gauging the Poincaré
symmetry in Minkowski space one arrives at a diffeo-
morphism (diff) invariant theory in the Riemann-Cartan
space. This connection has been recently examined by an
element to element transformation under diff and Poincaré
gauge theory transformations [40] and shown to hold for
higher derivative matter theories in general [41].

Though nobody was doubtful about the Utiyama pro-
cedure, some physicists were not happy to identify the diff
parameter as a combination of the translation and rotation
parameters of the Poincaré group. As a result, a different
approach to PGT emerged. This approach is more similar to
the one first introduced by Stelle and West [42] for the
SO(3,2) group spontaneously broken to the Lorentz group,
successively reexamined by Pagels [43] for the O(5) group
and also used by Kawai [44] following the lines of the
standard geometrical formulation of gauge theories. In this
framework, one considers the Poincaré gauge theory as
closely as possible to any ordinary non-Abelian gauge
theory, without discarding the translational part of the
Poincaré symmetry in favor of general coordinate trans-
formations. However, this purely algebraic approach is
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found to be inadequate [34], and an extra Poincaré trans-
lation vector has to be introduced. Although the criticisms
of the Utiyama approach have been consistently refuted
[24] and the method has found wide applicability [4], the
algebraic approach still remains important, particularly in
the context of NRDI [29].

Since our path to the construction of NRDI rests heavily
on the localization of Galilean symmetry, it will be
appropriate to review both the approaches in the beginning.

A. Lie algebraic approach to Poincaré gauge theory

The Poincaré group is a ten parameter group. Four of
them (¢ a=0,1,2,3) refer to translations and six to
Lorentz transformations (/1“1’ , antisymmetric 1% = —1b4).
The corresponding generators are P, and M, respectively.
These generators satisfy the following algebra:

[PavPb] =0
[MavaC] = nach _’/IbcPa
[Malecd] = nachd - nadec + nbdMac _nbcMad' (1)

A global symmetry under the Poincaré group means
symmetry with constant {¢ and A%’. If the parameters
are now considered as functions of spacetime, the global
symmetry is converted to a local symmetry. New gauge
fields are introduced in the process. These are associated
with the gauge degrees of freedom, and their transforma-
tions are worked out in the framework of non-Abelian
gauge theory. A connection with general coordinate invari-
ance is established via the translation parameter {<.
Different techniques have been adopted to find this con-
nection. We will try to highlight the essence of the problem
in our own way.
A Lie algebra valued gauge potential is introduced:

1

Ay =Pue," +3

" M a ba)zb . (2)
The gauge field e, is associated with translations, while
the gauge field a)ﬁh is associated with Lorentz transforma-
tions. Under the usual non-Abelian gauge transformations,
the potential A, transforms as

SA, = DA = d,A + [A,. Al (3)

where the gauge parameter A is expressed in terms of the
Poincaré group parameters as

1
A= CaPa + EﬂabMab (4)
analogous to (2). From (2), (3), and (4), the transformation

rules for e, and a),‘jb are obtained by exploiting the
Poincaré algebra (1),
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— aﬂCa _ ﬂabz:b +lab€b
5wzb — aﬂlab _|_/1a eb +/1b ae (5)

The Lie algebra valued field strength F',,, which transforms

covariantly under the non-Abelian gauge transformation is
defined as,

Fu =Dy, D) = [0, + A, 0, +A)]
= P Fy 3 M, (©
where
F=0,e) -0 —w,° e, +m,e,f
Fab,, = 0,0%, — 0,0", -0, o’ + o, (7)

Our objective is to relate the transformations (5) with
those appropriate to spacetime diffeomorphism and local
Lorentz transformations. A close look at the gauge trans-
formations reveals that the variation 5602” is entirely
determined by the local Lorentz rotations, whereas trans-
lation and rotations are both involved in the transforma-
tion of ey;. This suggests the possibility that the connection
with diffeomorphism can be made through the translation
parameter (¢ in this gauge approach. For this, we define
the diffeomorphism parameter,

&= eyl (8)

The “geometrical object” e; will be assumed to be
invertible,

d,A _ <d.
€) €, = 5e7

e;lely =8, )
and is a candidate for the vielbein that transforms the flat
Minkowski spacetime to the curved spacetime. However,
we still have to show that it satisfies the correct trans-
formation rules under general coordinate transformations.
Looking back at the gauge transformations (5), we can
easily see that the transformation of e;¢ contains w,“,,
whereas the contrary is not true. The connection proposed
between the diff and translation gauge parameters [see
Eq. (8)] indicates the possibility of relating e,¢ and @, to
preserve the internal consistency of the construction. This
relation is established by the translation part of the field
tensor F,,“ [see Eq. (7)]. This tensor is a curvature in the
gauge space. If we impose the curvature constraint [29]
F,*=0, (10)
then @,  can be solved in terms of e,°. That (10) is
allowed by the local gauge transformations (5) can be
checked directly from (7).
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To solve for a)ﬂ , we multiply (7), subject to (10), by ¢/;e%
on both sides. This gives

0 =éeso,el —eeydes —w, ey +w, e (11)
Changing d, b, and a cyclically, we obtain
0=¢éje ”ae —ehe "86 ,,daﬂ—f-Wﬂ Lo (12)

and

0 = eheyd, eb — e, e -w, dea—|—w” ae’;. (13)

Subtracting (13) from the sum of (11) and (12), we obtain
after a few steps

1
Wil = 3 [~ (0} = Dyef) + (D05 — Dyef)
+ ec ’“‘eﬂb(@e,ﬁ - 8/,65)]. (14)

Substitution of a)ﬁb in de,” should give the appropriate
diffeomorphism transformation of ej. To follow the der-
ivation clearly, we will simplify the second term of the
right-hand side of the first equation of (5) separately. After
some steps, we get from (14)

abz:b C fiaie
+ 5 [gllayela -

5‘”5’16,1“
E0,el + e 0,0, + (P Dse,”
+€heﬂcaﬂe/1c'(epaeﬂb _ eﬂue/)b)]. (15)
Note that if we substitute this in (5) we find
oey = 5’18,16#“ + 8145’16,1“ + /I”beﬁ
Cb
+ E [(e’l"a,le,/’
—ese’(e0,e, + e, 0,e)]. (16)

+ €50,6*) + (e* 0,4 + €40,e™)

The expected transformation is reproduced modulo the
term in the parenthesis. This term, however, does not vanish
by algebraic means. One way to obtain the correct trans-
formation relations is to invoke flat geometry in the tangent
space and introduce the basis vectors e(,) along with the
basis one forms @(®). Then, the Lie derivative of @ along
e(p) must vanish. Thus, in the coordinate bases [45],

e"9,e,” + €,70,e" = 0. (17)

This ensures that ej; transforms correctly under diff. Two
points are to be noted:
(1) a)#“b is determined in terms of the vielbein. From the
vielbein postulate, it can be shown that this leads to a
symmetric Christoffel connection, i.e. torsionless
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geometry. This is a limitation of the approach. Re-
member that the Utiyama method leads to Riemann-
Cartan geometry with both curvature and torsion.

(2) Only setting the gauge curvature to zero does not
ensure identification of the translation gauge field
with the vielbein. One needs a geometrical input.2
We have assumed that the Poincaré group of trans-
formations acts in a Minkowski space which can be
identified with the tangent space at a point in the
curved spacetime. This gives a direct connection
with the Utiyama approach.

B. Connection with gauging the Poincaré symmetry

The method elaborated above is usually known as a
gauging of the Poincaré algebra. It is a strictly algebraic
approach. Curved space objects like the vierbein or the
metric may be appropriately defined, subject to certain
restrictions. It is difficult to obtain a dynamical insight
through this approach. Indeed, it is not clear what ram-
ifications occur if the Poincaré symmetry transformations
are gauged. It might be recalled that the invariance of an
action is checked by considering the Poincaré symmetry
transformations, and hence they are important for dynami-
cal considerations. Below, we carry out a simple exercise
that illuminates a connection between the algebraic and
dynamical approaches.

The infinitesimal form of the usual (global) Poincaré
transformations are

8q" = 1%q" +{°. (18)

If the parameters {“ and 4¢;, are functions of spacetime, then
an action previously invariant under (18) would no longer
preserve that feature. This happens due to the presence of
derivatives in the action. In order to restore the invariance
under the local transformations, the ordinary derivatives have
to be replaced by suitable covariant derivatives. We now
observe that two types of such derivatives may be defined.
The first one D,q“ is such that it transforms inhomoge-
neously like ¢ itself. It is given by

D”qa = aﬂqa + Qahﬂqb (19)
and satisfies the transformation (18),
8(D,q") = 2*yD,q" + D, . (20)

Here, Q% , 1s a new gauge field. The rule (20) is obtained
provided Q¢ , transforms as

5Qabﬂ — aﬂlab _|_/1aeerﬂ +/1beQaeﬂ_ (21)

*The necessity of the geometrical input was understood much
earlier [34].
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Itis clear that the new field 0%, may be identified with w*?,
introduced earlier since both have the same transformation
properties [see Eq. (5)].

We may, however, recall that restoration of the invariance
of the action under gauging happens provided the covariant
derivative transforms homogeneously. Thus, we define
another covariant derivative,

D,q" = D,q" + O;. (22)
such that
5(Dﬂq“) = ﬂahpyqbv (23)

where Q“, is a new gauge field like Q‘”’M introduced in
(19). The rule (23) is satisfied provided

50, = 0,0 = 0%, ¢" + 2, 0",, (24)

where use has been made of (21). It is now easy to observe
that the new gauge field O, may be identified with e,
used previously. Both have the same transformation
properties.

C. Gauging the Poincaré symmetry

In discussing Poincaré symmetry, we have to consider
infinitesimal transformations of both fields ¢(x) and the
coordinates x*. It is thus useful to consider two distinct
variations. These are form variations “0,” that change
the functional form at the same coordinates, Syp(x) =
¢@'(x) —¢(x) and total variations which account for
changes in both the functional form and the coordi-
nates, 5¢p(x) = ¢'(x') — ¢p(x).

Consider a flat Minkowski space in any dimensions with
metric 7,,. The Poincaré group generators are composed of
the angular momentum L,, = —x,0, + x,0,, the spin X,
of which the representation depends on the species of the
field being acted upon and the translations P, = —0,,. The
first two are generally expressed in a combined form as
M,, =L, +Z,, which is the total angular momentum.

Under the Poincaré group, both coordinates and fields
are transformed. The coordinates transform as

1
50x” = <§01DLAD - €”Pv>x" = H”yx’“ + €M = fﬂ, (25)
while the fields transform as
1 1
Sop = — 59 "M, —€'P, | = —5‘9 "2 +EP, .

(26)

The total variation of the fields is given by
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o = S + 6x*0,¢

1
=5 O, (27)

obtained using (25) and (26). Here, 8**(= —0"*) and ¢* are
the infinitesimal parameters corresponding to Lorentz
transformations and translations, respectively.

Now, observe that, while the derivatives commute with
the form variations, 6,0, = 9,6, they fail for the total
variations. Using (27), we find

5aﬂ¢ = 508ﬂ¢ + 5x’18,18”¢
= aﬂ (6¢) — aﬂ(éxl)aﬂ¢
1
- —Eeaﬂzaﬂ(?”qﬁ - 0’1”(914), (28)

while

80(0,) = 9,(50¢)
_ —%eaﬂzaﬂw ~&0,0, ~ "0, (29)

For checking the invariance of the action under the
Poincaré group of transformations, we have to take
into account the change in the measure under x* — x'#
because the coordinates also change. This is given by the

Jacobian g((’;; =1+ 0,0x".

Then, the condition of invariance of the action implies
that

AL = 8yL + 6%, L + (0,05") L (30)

vanishes, modulo surface terms.
For global Poincaré transformations, Eq. (25) implies
that

8ﬂ5x” = (9# H =0 (31)
so that the invariance condition becomes
AL = 6oL + f”aﬂﬁ =0. (32)

Let us consider the localization of the Poincaré symmetry
by making the parameters 0 and €* functions of
spacetime. We may separate coordinate and field trans-
formations by choosing & in ox* =& = 6" x* + ¢t as
the independent parameter instead of €. This gives the
freedom of considering generalized transformations with
& =0 but having nonzero 6. We next index the field
transformations through " in Latin and the coordinate
change through & in Greek. The localized Poincaré
transformations are now defined as

PHYSICAL REVIEW D 93, 085020 (2016)

5 =~ 0%(x)
Sxt = EH(x). (33)

This segregation and separate notation will help to define
the local coordinate frame (x') that supports matter fields
and the global (possibly curved) coordinates (x*).

For local parameters, obviously the original invariance of
the action is lost. There are two reasons. First, the condition
(31) no longer holds. Second, the transformation of the
field derivatives given in (29) now changes to

S0 (018) = ~ 3075, 040~ 3 (405 — E0,0,

— W& (34)
Poincaré gauge theory emerges from the attempt to modify
the matter action so as to obtain invariance under the local
Poincaré transformations. The process of gauging the
global Poincaré transformations culminates in the replace-
ment of the ordinary derivatives by appropriate covariant
derivatives, such that the latter transform as (29). This
is a two step process which is reminiscent of the simple
model discussed in the earlier subsection. To begin with,

the O-covariant derivative is introduced which eliminates
the 9,07 term from (34),

-
V.p=0,¢+ Ew’/ﬂZUqb. (35)
We require this derivative to transform as

1 ..
50(V,.p) = _Egljzijvygb - (0,EMV,p - 0,V ., (36)
which fixes the transformation of the new fields w"/, as

Sow'l, = 0,0 — (9, 0", — £0,0",

+0"w,!, — 0w, (37)

The total variation of (V,¢) is easily obtained from its form
variation (36),

5(V,p) = 60(V,p) + E0,V .0
= —EH’JZUV,M - (8y§/1)v/1¢ (38)

—

The presence of the last term spoils the covariant trans-
formation for V,¢. This is exactly similar to the simple
example considered in Sec. II. A. Proceeding analogously,
we have to define another covariant derivative that will
transform covariantly. This is unlike the case of usual gauge
theory where one covariant derivative suffices. It is a
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special feature of taking translations along with Lorentz
transformations.
The new derivative is defined as

Vi = bV, (39)

which is covariant under Poincaré transformations,
1 .. .
(Vi) = - 56’” Vi — 0V (40)

Observe that it satisfies the old (global) rule (28) which is
mandatory for establishing invariance under local Poincaré
transformations.

Exploiting the earlier results (38), (39), (40), the trans-
formation rule for the new fields b;* may be obtained as

5bk” = gkibi” + bk’laﬁ”. (41)

Having achieved the covariance of derivatives, we are now

ready to define an invariant Lagrangian density L so that
the action is invariant. For this, we multiply £ by some
function of the new fields such that the discrepancy caused
by a nonvanishing 9,5 [see Egs. (30) and (31)] is
eliminated. A suitable choice is b = det(b',) where b',
is the inverse of b/ defined by b’ Wbt = 5, and
b',bj" = &,. It may readily be checked that

&b + (9,6 = 0. (42)

All these arguments eventually lead to a general form of the
Poincaré gauge theory invariant Lagrangian as

L =bL($.Vigh). (43)

It is possible to develop a geometric interpretation of this
Lagrangian that effectively connects it to a theory of
gravity. The prefactor b represents the measure (i.e. the

square root of the determinant of the metric), while L
characterizes the Lagrangian density. The details are
provided in Ref. [40].

III. NONRELATIVISTIC DIFFEOMORPHISM
INVARIANCE

Lest the digressions in the above do not obscure one of the
main themes of the paper, let us remember that it is to present
an algorithm to obtain an invariant theory under nonrelativ-
istic diffeomorphisms which will smoothly reach the
Galilean symmetry in the flat limit. This is achieved in
space [25,27] as well as in spacetime for the most general
coordinate transformations, consistent with the nature of
Galileo-Newton concept of relative space and absolute time.
The basic methodology is to localize the Galilean symmetry
of anonrelativistic theory in flat space. In other words, it may
also be called as gauging the Galilean symmetry.

PHYSICAL REVIEW D 93, 085020 (2016)

In the last section, we have elaborately reviewed and
compared the different approaches to gauging relativistic
Poincaré symmetries. The methods of gauging the sym-
metry group and then connecting to curved spacetime have
been shown to be limited to zero torsion spacetime.
Moreover, being devoid of any dynamical structure, it is
of little use in the direct construction of a diffeomorphic
system from a known theory with Poincaré symmetry in the
Minkowski spacetime. This is precisely obtainable in the
localization of symmetry approach discussed in Sec. II. B.
In fact, appeal to an underlying dynamical system can be
traced in the algebraic approach also, as we have seen.

The above discussion clearly shows that the approach
based on gauging the Bargman (i.e. extended Galilean)
algebra [29] is not suitable for our purpose. We thus follow
the approach of gauging the Galilean symmetry of non-
relativistic field theories. Of course, there will be funda-
mental differences due to the different concepts of space
and time in nonrelativistic theories as compared with
relativistic theories. It will hence be useful to present
the method elaborately, so as to be comprehensive.
Accordingly, we divide the analysis in several subsections
where localization of Galilean symmetry, inclusion of
gauge fields and geometric interpretation leading to the
nonrelativistic diffeomorphism are discussed separately.

A. Gauging the (extended) Galilean symmetry

The principle of Galilean relativity states that the out-
come of the physical experiments does not change if the
system is translated, rotated or boosted in space as a whole
or the origin of time is shifted. Stated from the point of view
of field theory, the action will remain the same under the
infinitesimal global Galilean transformations,

X0 —¢
x' = x =it (44)
with
n'=e +Ax. (45)

The constant prameters e, €', AV and v', respectively,
represent time and space translation, spatial rotations and
Galilean boosts. AV are antisymmetric under the inter-
change of the indices.” The transformations (44) can be
formally written as

Xt — xH 4 (46)

with & given by & = —¢ and & = 5’ — v'. Note that &,
cannot be treated as independent diffeomorphisms at this

3Here, zero as usual represents the time index, while letters
from the middle of the Latin alphabet (i, j, .....) represent spatial
indices. When required, they will be represented collectively by
uv, etc.
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stage. The equation (46) is just a shorthand way of writing
the transformations (44).
Now, assume that the action

s:/@m%a¢a@ﬁm) (47)

is invariant under global Galilean transformations (44).
Here, we have also assumed that ¢ is a scalar under the
Galilean transformations. Our model is otherwise general.

In order to understand the mechanism of localization, it
will be helpful to see how the theory (47) remains invariant
under (44). Under the general coordinate transformation
X — x* + & where ¥ = (t,x,y,z) and & = (&9, &), the
action (47) changes by

AS = /dtd3xA£ (48)
and
AL = 6L+ &0,L+0,8L. (49)

Here, 6,L denotes the form variation of the Lagrangian.
Note the formal semblance with (30). However, one should
not forget that this similarity is a formal one only. This is
because of the very different structures of &. For invari-
ance, we require

AL = 8oL + 8D,L + ,8L = 0. (50)

Under global Galilean transformation, Eq. (50) is ensured
by two conditions. First, now 9,5 = 0, which may be
explicitly checked using (44). So (50) reduces to

AL = 5oL+ E9,L = 0. (51)

Next, this reduced condition is satisfied by the specific
form variations of the field and its derivatives given below.
The transformation of the field is given by

Sotp = —E10,p — imv'x;¢p. (52)

Note that we are considering symmetry under the infini-
tesimal transformations of the extended Galilean group.
The corresponding boost generator is [32,46]

Kt4ﬁ+m/mm@w, (53)

where P! is the translation generator. For m = 0, the boost
generator for usual Galilean transformation is obtained.
The infinitesimal transformation of ¢ is then given by

Sogp = v'{p(x'). K'}. (54)

Exploiting the fact that the momentum canonically con-
jugate to ¢ is i¢p*, we obtain

PHYSICAL REVIEW D 93, 085020 (2016)
Sotp = v't0;p — imv'x;¢p. (55)

This reproduces (52) for the particular case of infinitesi-
mal boost.

Differentiating (52) and utilizing the commutative prop-
erty of differentiation and form variation, we get

503k¢ = —5”8”(8,(45) — imvixiakd) - /Imkam¢ -_ imvk¢
5060¢ = —5“6” (80¢> - imUiX[80¢ + vi0i¢. (56)

The variations (52) and (56) satisfy the condition (51), and
hence these transformations ensure the invariance of (47).
Note that it is the particular form of the transformations that
ensures the invariance of the generic theory (47) under (44).
Understanding the last point is crucial for later discus-
sion. So it will be useful to consider a specific example. We
chose the Schrodinger field theory as an example of a
nonrelativistic model, where the action is given by

s= [[ar [ x| 0o~ g0u) -5 0 0ua.
(57)

The next step will be to prove that this model is invariant
under the global Galilean transformations (44). The varia-
tion of £ under (44) is

SoL =L —L

: 1
= |5((50")00 + & (50008)) = 5, (6691 ) s
+eoc. (58)
Now, we analyze the individual terms in (58),
S (Go)0up = 5 (Ot = n'0"
+ 0 (x°0;¢* + imx;p*))0pp  (59)

N

%¢*(503z¢) = %45*(580(5’045) - nié‘i(ﬁoqb)
+ (V't0; — imv'x;) 0y + v'0;p)  (60)

1 1 )
“om (508k¢*>8k¢ = - m [680(8k¢*) - ﬂ’ai(akfﬁ*)
+ (V't0; + imv'x;)Opd* + O’ 0,9

From (58) and using (59), (60) and (61), we find that the
independent transformation parameters all appear in the
expression of the quantity §,L. So the explicit calculation
can be performed taking the parameters nonzero one at a
time. If we take the rotation parameter nonzero, the
contribution is (taking ¢ = A’;x)
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PHYSICAL REVIEW D 93, 085020 (2016)

SoL = % [=('0,¢" 0o — {' 000" + ' 0,pOop* — L' p* 0,0, — m [£'0,01* O + {0010 p”]

AR 1
= 2 [-C0(¢" 00 = O] — 5|

- —é‘lalﬁ

Ciai(ak¢ak¢*)

(62)

Similarly, we can treat the other parameters. In particular, let us consider the boost related calculations because,
apart from the invariance issue, it will clarify another aspect. For the contribution of the boost part of the global Galilean

transformation, Eq. (58) gives [using (59), (60) and (61)]

SoL = % (V110" Dyp + imv'x;p* Oogp + P*v'10,;00p — imv' x;p* Dyp + Pp*v'0;¢p
— 0'x00,00p* + imx v pOyp* — Pv't0;00* — imv'x;pOoP* — Ppv'0:¢p*]

1 . . 1 . .
~ 5 [(v'10; + imv'x;)Opp*™ + imvi*|Orp — - [(v'10; — imv'x;)0rp — imvP|Oy ™. (63)

After a little calculation, Eq. (63) simplifies to
SoL = v'td;L. (64)

Note that this denotes the form variation of the Lagrangian.
The total variation, in which we are interested, is given by
(49), where its last term drops out since global trans-
formations are considered. Thus, the total variation under
boost is given by

AL = 8yL — vitd,L = 0. (65)

This shows the invariance of the Schrodinger Lagrangian
under boost. The other parts of the global Galilean trans-
formation also render the action invariant in a similar way.
So it can be concluded that the action (57) is invariant under
the global Galilean transformation.

The last example exhibits how the definite forms of the
transformations of the first derivatives of the fields (56)
together ensure global Galilean invariance. Note that here the
transformation parameters are constants. If instead the trans-
formation parameters are functions of space and time, the
transformations contain local Galilean parameters.
Localization of (44) will naturally depend on the Galileo-
Newton concept of spacetime. Since space is relative and
time is absolute, the time translation may be generalized as
some function of time, whereas spatial transformations are
functions of both time and space [47]. This is also consistent
with Cartan’s construction of the four-dimensional spacetime
manifold in terms of an affine connection compatible with the
temporal flow 7, and a rank-3 spatial metric 7. Thus, the
localized form of (44) is

& =—e(x).  &=n("r) -0 (1), (66)
where 77 = ¢/(x%,r) + 4;(x°, r)x/. Note the difference of
this localization from the localization of Poincaré

transformation parameters. Thus, the localization of the
Galilean symmetry will have difficulties of its own, making
it altogether a new theory. This process will eventually yield
an algorithm to construct a diffeomorphic theory from a
nonrelativistic field theory.

Let us first note that the transformations (66) can be
identified with Galilean transformations only in the neigh-
borhood of a point. Hence, we will introduce local
coordinates x“ at each point of space for the local
Galilean symmetry group. The local basis e“ corresponding
to local coordinates is assumed to be connected with the
global basis e,

el = 5lek. (67)

Note that if one basis is orthogonal then the other is also, so
on account of (67),4

e“.eb = 5ak5blek.el
= 505,/5}
= 5. (68)

At first sight, the separation of local coordinates from the
global one may appear trivial. However, without the local
coordinates, the parameters of the local Galilean trans-
formations could not be referred, and the transformations of
the fields cannot be asserted. Note also that, as we proceed,
the distinction between local and global coordinates will
become nontrivial. Thus, the field ¢ will be defined in the
local frame. The form variation will be given by

“The vectors in the local basis are labeled by the initial Latin
alphabets, whereas those of the global (coordinate) basis are
labeled using Latin alphabets from the middle. The time
coordinate in the local system will be denoted by 0. Collectively,
the local coordinates will be denoted by the initial letters of the
Greek alphabet (i.e. a, f, etc.).
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Sop = —&'0,p — imvx . (69)

Note the indices of the last term which come from the phase
rotation of ¢ due to the Galilean boost in the local frame.

When the Galilean transformation parameters are a
function of spacetime, the partial derivatives Oy¢p and
0,¢ no longer transform as (56). Following the gauge
procedure, one needs to introduce covariant derivatives
which will transform as (56). Our experience with PGT
indicates that this covariant derivative has to be constructed
in two steps. The first step in the process of localization is
to convert the ordinary derivatives into covariant derivatives
with respect to the global coordinates. Let us introduce the
gauge fields By and Bj such that

Dy = Op + iBigp
Do = Oy + iByg. (70)

The gauge fields B, and Bj correspond to gauging the
rotations and Galilean boosts. They have the structures

_l ab a0
Bk = 2Bk a)ab+Bk @,

Bo = 3 Bilwuy + B, )
where w,, and w, are, respectively, the generators of
rotations and Galileo boosts. Since we consider scalar
fields only, w,, = 0. However, an important exception
occurs in two space dimensions where the rotation gen-
erator is a scalar. This allows coupling with a scalar field, a
fact crucial in the study of the FQHE as we will see. For the
sake of generality, we will keep the form (71).

Taking the form variations of (70) and using (69), we get

SoDop = _gﬂaﬂD0¢ - 505”[)#45 —imv?x,Doh

+ l¢(5OB0 + 5"5},30 + aofyBﬂ - mb“xa)
60Dyp = —&'0,Dyp — 04E"Dyyp — imv“x, Dyp

+ip(80By + &0, By + 0" B, — mvy, — mOv°x,,).

(72)

Note that the variations §,B, and B, are undetermined at
this stage. They can be chosen so as to make the terms in
the parentheses vanish. But still the variations given by (72)
differ from the required structure (56). This is expected as a
similar situation happens in the case of PGT also. In the
case of PGT, we choose the variations of the A fields at this
stage. Now, PGT is primarily a gauge theory formulated in
the Minkowski space which is a (3 + 1)-dimensional
manifold with a nondegenerate metric. But here we are
localizing in R? x R. So a difference of methodology in
gauging is likely as has been mentioned earlier. Thus, here
we retain the freedom of choosing the transformation rules
of By and B, at a later stage.

PHYSICAL REVIEW D 93, 085020 (2016)

The covariant derivatives with respect to the local
coordinates are constructed using the intermediate covar-
iant derivatives (70). We start from the covariant derivative
with respect to the local spatial coordinates denoted by V,.
It is defined by

va¢ = Zaka¢' (73)

The new fields X,*(z,r) carry two indices: The lower one
refers to the local coordinates, and the upper one corre-
sponds to the global coordinates. After some algebra, we
find that

50va¢ = _éﬂaﬂ(va(ﬁ) - imvabva¢ - imva¢ - labqus
+ Dk¢(502ak =+ gﬂaﬂzlé - z“aiaié:k + 111172‘1)]()
+ ip[Z,* (6B + &9,By + 0, &'B;

— moyvx, — muy) + mu,). (74)

To ensure that the transformation of V, ¢ is of the same
form as Oy¢, we impose

5OBk = —éﬂaﬂBk - 3k§iBl- + m@kv“xa + mvk —_ mAkbvb
502ak = _gﬂauzlcg + Zaiaigk - j'abz‘bk’ (75)

where A% is the inverse of X%,
TN = 8k (76)
This ensures the cherished transformation of V¢,
8o Vap = =£'0,(Vap) — imv*x,V yp — imvyp — 2,°V .
(77)
It is easy to show that
O\ = =&0, A — APOE — A0 NS (78)

The particular form of localized Galilean transformations
(66) indicates that there may be an arbitrary scaling along
the time arrow. From the form of §,D ¢, it is evident that
the local covariant derivative V¢ will be a combination of
Dy¢ and D;¢. So we propose

Vi = 0(Dogp + D). (79)
0(t) and Wk(r, t) are additional fields, the transformations
of which will be chosen along with that of B such that V¢
transforms covariantly,

60V = =0, (Vo) — imv”xbv(—)qﬁ + 0PV, . (80)

Calculation leads to the following results:
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5030 = mi}ixi - éﬂaﬂBO - aoéﬂBﬂ + mAk“\Ilkva
500 = —0¢ + €0

. 1
50‘1’1{ = —éﬂa”\pk + \I/’a,fk + €\Ijk —_ 57)1721;

+§0(’7k_x0 k. (81)

The first stage of localization of the Galilean symmetry
(44) is now over. One now substitutes dy¢, Jyp by Vi,
V,¢ in the Lagrangian L(¢, 0y, Orp). As a result, the
Lagrangian becomes L' (¢, Vi, V).

Observe that when the Galilean transformations are
localized 9,&" # 0, and so the condition for invariance is
given by (50) instead of (51). What has, however, been
achieved is (51),

SoL! + E0,L = 0. (82)

Thus, the modified Lagrangian L’ is still not invariant under
local Galilean transformations. We remember that the
factor 0,8 arises from the Jacobian of the coordinate
transformations. This suggests a correction factor A so that
the corrected Lagrangian is

L=AL. (83)

Using (82) and (83), we obtain a condition on A following
from (50),

So\ + rf”(‘?,,A + Gﬂé"A =0. (84)
The ansatz
M
A=—, 85
- (85)
where
M = det\;* (86)

does the trick, as is explicitly shown below,

SoA + &0,A + 0,8'A
Lo+ Laar) - (2)
0 = oA, <%> (= By — ') (%)
(87)
But the transformation of M is given by
SoM = —MA5,Z K. (88)

PHYSICAL REVIEW D 93, 085020 (2016)

The transformation rule of  is obtained from (81), and 6, M
can be calculated using (75).
Analyzing individual terms in (87), we see

oA 1 . :
oA 1
8—M50M - (—gMAka502ak> (90)
M M M.

(' = vi1)0; (%) =(n' = v'1)O,;M (é)
= (ff = V') ME SO, A (é) (92)

Adding all terms, we get back the condition (84). Hence, it
is proved that the Lagrangian is invariant under local
Galilean transformation.

We thus derive the rules of localizing the Galilean
symmetry of a nonrelativistic model. The algorithm is as
follows. Introduce local coordinates at each point of 3D
space. The local basis is connected to the coordinate basis
by (67). If the original theory is given by the action (47)
which is invariant under the global Galilean transformation

X xt 4 & (93)

where & is defined in (44), then

- M
S = / A& x 2L (. Vi, Vo) (94)

is invariant under the corresponding local Galilean trans-
formations (66).

To illustrate the algorithm of localizing the Galilean
symmetry, we consider the Schrodinger field theory (57)
which was shown to be invariant under the global Galilean
transformation. The localized version that follows from our
algorithm is obtained in two steps. First, the Lagrangian
corresponding to (57) is modified by substituting the partial
derivatives by the corresponding covariant derivatives.
Next, the measure is corrected. The modified Lagrangian
including the measure is given by

M
:A /: !/
L L —eﬁ
M|i 1
=—|=(¢*Vap —pV-0*) ——V _ *V ¢ | . 5
Under the local Galilean transformations, the modified

Lagrangian L’ satisfies (82) as can be shown by the
following calculation. First,
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i

SoL! =
0 2

Expanding the individual terms, we get as follows:

PHYSICAL REVIEW D 93, 085020 (2016)

1
((B0") Vb + ¢*(50V59)) = 5 (30Vid") Vi | +c.c. (96)

L")V = (e D+ (D" imx )V, 97)
§¢*<5ovz¢> = égb*(e@,(vtqﬁ) —7'0:(V,p) + (v'10; — imv'x; )V, p + 0"V ,b) (98)
—ﬁ (60Vigp*)Vip = —ﬁ [€0,(Vidp*) = '0;(Vip*) + (0'10; + imv'x;)Vip* = 22, Vyp* + imv* ¢*|Vip.  (99)

Considering only the contribution of the boost part of the local Galilean transformation, we obtain, from (96),

605/ :é[

v'10,*V,p + imv'x;p*V,p + ¢*v'tO,V ,p — imv'x;p*V,p + p* 1PV b

—0't0;pV . p* + imx v PV ,p* — pv't0,V " — imvix;pV,p* — pv°V "]

1 . ) 1 : )
— % [(Ultai + imv’xi)vkgb* + imvkcﬁ*]vkd) - ﬁ [(Ulfai - imv’xi)vkcﬁ — imﬂk¢]vk¢*,

which simplifies to

8oL = v't0, L' (100)
Also, for the boost part,
&o,L = —v't0, L. (101)
Thus, from (100) and (101),
6oL +&0,L = 0. (102)

Inclusion of A as done in (83) now ensures the invariance
condition (50). Therefore, our Lagrangian (95) is invariant
under local Galilean transformation.

A particularly important point about the localization of
the Galilean symmetry is the “peculiarity” of transforma-
tions of different types of fields. While the transformations
in spatial rotation can be categorized easily by the repre-
sentations of the rotation group, the behavior under boost
does not fall in such categories. Concerning gauge fields in
the nonrelativistic case, there is a certain amount of
confusion in the literature [1,2,30]. Thus, for instance, it
was reported [1] that when the Galilean symmetries of a
model with U(1) symmetry was modified to a spatially
diffeomorphic model the Galilean boost symmetry could
only be retrieved if a certain relation between the gauge
parameter and the boost parameter is assumed. Clearly,
such a relationship can hardly be motivated. Again, in
(2 + 1)-dimensional nonrelativistic theories, the dynamics
of the gauge field may be dictated by the topological CS
term. The CS dynamics is of immense importance from a
practical point of view. In this scenario, it is remarkable that

some authors reported that the CS dynamics cannot be
included as such in the spatially diffeomorphic theory [2].
Note that there is no general consensus about this result
also. Thus, the CS dynamics has been successfully intro-
duced in Ref. [30]. However, in this work, much labor is
expended to justify the coupling of a scalar field with the
spin connection. In our view, all these confusions can be
traced to the lack of a consistent method of coupling a
gauge theory with the curvature of the space. It is therefore
reassuring to know that in our scheme gauge fields are
naturally accommodated as per the same general program
which was used for a scalar field theory. This will be
discussed now.

B. Inclusion of gauge field

We have explained how global Galilean symmetry is
localized taking the simplest example of a scalar field
theory. We will now include interaction with a U(1) gauge
field, keeping one of the most significant areas of appli-
cation to the theory of the FQHE [1] in mind. The starting
action with global Galilean symmetry is

S = / dXOPxL(p, D¢, A,,D,A,).  (103)

Apart from the invariance of the action (103) under global
Galilean transformations (44), it is assumed to be sym-
metric under local Abelian gauge transformations

¢ —¢+ilg

A, = A, — DA (104)
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This additional symmetry poses a challenge to our
localization procedure. The localization of the Galilean
invariance and its subsequent geometric interpretation
should not disturb the U(1) gauge invariance of the original
model.

We now discuss the issue of global Galilean trans-
formations of the gauge fields in some details. Under these
transformations (44), the complex scalar field ¢ and its
derivatives Jy¢p and 0y¢ transform as in Eq. (56). The
transformations of A, and its various derivatives are
required as new input. As we mentioned earlier, due to
the intricacies of nonrelativistic spacetime, the transforma-
tion of various fields (under boost) must be determined
|

PHYSICAL REVIEW D 93, 085020 (2016)

from case to case. The transformations of the gauge
potential were obtained in Ref. [48]. Of course, A; trans-
forms as a vector under rotation, while A, transforms as a
scalar under the same. Combining these, the transforma-
tions of A, under global Galilean transformations are
written as

50A0 = 680A0 - r]lale + tvlale + UZA[

SoA; = €0pA; — ' 0,A; + t'0,A; + A'A,. (105)

Then, the transformations of their derivatives can be shown
to be

800rAg = €0p(0;Ag) — (' — x°v")0,(04A0) + W' D1Ag + V' 04A,

8000A¢ = €0y(DpAg) — (' — x°v")9;(DpAg) + v'D,Ag + 1'DpA,

and

(106)

800kA; = €0y(04A;) — (' — x"0")0,(0kA;) + 4/ D1A; + A9, A,

5060Ak = 680(60Ak) — (7’]1 — Xol)l)al(aoAk) + UlalAk + ﬂklaoAl.

These are the transformations that ensure

L +&9,L=0. (108)
Also, 0,&" = 0. Together they keep 6S =0 under the
global Galilean transformations, where S is given by (103).

Now, we make the transformations local by invoking
(66). One should remember that after localization these
transformations can be viewed as Galilean transformations
only locally. The final form of the local Galilean invariant
theory will thus refer to the local coordinates. This explains
the introduction of the local coordinates x* [see Eq. (67)],
notwithstanding the fact that in flat Euclidean space they
are trivially connected with the global coordinates.

Once the parameters of the transformations are local, the
partial derivatives of ¢, Aq, A; with respect to space and
time will no longer transform as (56), (106) and (107).
Following the gauge procedure, one needs to introduce
covariant derivatives which will transform covariantly as
(56), (106) and (107) with respect to the local coordinates.
As we have shown above, the first step in the process of
localization is to convert the ordinary derivatives into
covariant derivatives with respect to the global coordinates.
To begin with, introduce the gauge fields B, to define
covariant derivatives of the complex scalar field ¢ with
respect to space and time in global coordinate as

D, =0, + iB,¢. (109)

(107)

|
Similarly, new gauge fields C,, F, will be introduced to
define global covariant derivatives for the fields A, as

D,Ay = 9,Ay +iC,A,

D,A; = 0,A; +iF,A,. (110)
Note that different sets of gauge fields are introduced for A
and A;, a typical signature of Galilean spacetime. Also, note
the structural similarity of the global covariant derivatives
in each case.

In the next step, the global covariant derivatives are
converted to covariant derivatives with respect to space and
time in local coordinates. For the complex scalar field,
these local covariant derivatives were already defined (73).
We found that the local covariant derivatives transform
covariantly (134) provided the additional fields trans-
formed as (75) and (81).

The new feature of the present model is the inclusion of
the gauge fields A, in the original action. We follow a
similar procedure to construct the appropriate local covar-
iant derivatives for these fields

V. A5 = X, DiAg
V6A6 == H(D()AO + \IlkaAo)
VA = (2, D)8,

VA, = 0(DoA; + T*DA,) S, (111)
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Plugging in the expressions of §,X,*
Egs. (106) and (107)],

80(VaAg) = €do(VoAg) — (' — v'x

30(VAg) = €0o(V5Ag) — (n' — v'x°)
80(VaAp) = €0y(VoAp) = (' = v'x°
80(VgA,) = €do(V5A,) — (' = v'x)

provided the newly introduced fields transform as

50Co = €Cy + eCy — (it — V'x°)C; —
80Cy = €Cy — O (n' — v'x®)C; = ('
8oFy = €Fy + éFy— (i — 'x0)F, —
8oFy = €Fy — 0 (' — v'x°)F, —

Certain interesting features in the construction of the
local covariant derivatives for the gauge fields are to be
noted. First, we assume the same basic structure for
constructing the corresponding global covariant deriva-
tives as was done for the complex scalar field earlier.
Second, it is remarkable that the same basic fields are
employed to convert global to local covariant derivatives
with the same set of transformation rules. This explains
why these fields are connected with the geometry of the
nonrelativistic spacetime [26]. Indeed, this is the genesis
of the obtention of Newton-Cartan space-time, as elab-
orated in Sec. IV. H.

The localization of Galilean transformation and sym-
metry restoration for the action is now straightforward.
Following the same approach stated above, the action will
be modified, replacing the partial derivatives by the local
covariant derivatives. We will now have to amend for the
fact that 9,&" is no longer zero. But we know how to do it.
Invoke the correction factor (86) in the measure of
integration. This prescription leads to the action

= (M
S:/dx0d2x<§>£(¢, V. A VoAg),  (114)

where a, =0, a. The action (114) is invariant under the
local Galilean transformations (66). The structure of the
action where the derivatives are replaced by covariant
derivatives indicates that the U(1) gauge symmetry of
the flat space model (103) is preserved. In the following, we
will address this issue in connection with specific models.
We will now discuss various applications of the formal-
ism developed in this section. The keynote is that the theory
(114) can be reinterpreted as a geometric theory where the
connection between the global and the local coordinates
will be nontrivial. This will lead naturally to diffeomor-
phism invariant theories in a nonrelativistic setting.

08[
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, 60Uk, 8,0, the local covariant derivatives will transform as the usual ones [see

(V. Ap) + 4,"V A + vV A,
0,(V545) + 1"V, A5 + v° VA,
01(V,Ap) + 4,V Ay + 1,V A,
01(V5Ap) + 17V, Ay + 1, VA, (112)
(n' = v'x9)0,Cy + v'C; + iAy~ A,
—v'x9)9;Cr + iAg 10k (V)A,
(' = v'x0)0,Fy + v'F,
(' = v'x%)0,Fy. (113)

|
IV. APPLICATIONS

As we have repeatedly emphasized, the motivation of the
Galilean gauge theory discovered in Refs. [25,27] came
from the requirements of the theory of the FQHE [1,2]. In
the theory of the FQHE, trapped electrons moving on a
plane are considered. The most general symmetry, that goes
beyond the usual Galilean symmetry, in this context, is the
spatial diffeomorphism symmetry [1]. So we begin with the
abstraction of spatial diffeomorphism. The approach is
valid for general D-dimensional space where D will be
taken to be 2 in the study of the FQHE.

A. Emergence of spatial diffeomorphism

We will now show that our formalism leads to diffeo-
morphism invariant theory in space. Since the goal is
diffeomorphism in space, we take the time translation in
(66) vanishing,

e(x%) =0. (115)

Using (115) and the second equation of (81) we can show

that @ = constant. Without any loss of generality, it can be

taken to be 1. The local Galilean transformations (66) with
€ = 0 are then equivalent to

xk = xk 4 gk, (116)

where £F is an arbitrary function of space and time defined

in (66). To give these the sense of local Galilean trans-

formations, we have to refer them to the local coordinates.

We know how to write the corresponding locally Galilean
invariant theory discussed in the last section. The action is

S = / AOPIML(P. Vo, Ar VaAy).  (117)
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which is obtained from the action (114) by substituting
0 = 1. Also note that

V6¢ — 260D0¢ + zakaQ’J

We have interpreted the action (117) to be a theory
invariant under Galilean transformations in x? with W*, 3£,
B, as new fields that are functions of x* and ¢. But due to
the trivial nature of the transformations (67), they can as
well be considered as fields that are functions of global flat
coordinates x* and time. However, the form of the action
(117) indicates that it can be given a much more elegant
interpretation. Forget about the triviality of the local spatial
coordinates, and elevate it to the status of locally inertial
coordinates in the tangent space at x*. In this new
interpretation, the coordinates labeled by ‘a’ define an
orthogonal basis with origin at the point of contact, and the
local and global coordinates agree on a patch of curved
space containing the origin. In this scheme, XX and its
inverse act as vielbeins that transform from locally inertial
coordinates to global ones and vice versa. This indicates the
possibility of reinterpreting the invariance of (114) under
(66) as diffeomorphism invariance under (116) in curved
space. The coordinates labeled by u define the coordinate
basis in the curved space. That this interpretation is
consistent will be shown below.

Let us reexamine the structure of the transformation of
¥.K, which is obtained from (75) under the condition e = 0 as

602ak = Zaiaié:k - Siaizak + Aabzbk' (1 19)
Note the dual aspects of the transformation. With respect to
the coordinates x, it satisfies the transformation rules of a
contravariant vector under the general coordinate transfor-
mation (116), whereas with respect to the coordinates x?, it is
alocal rotation. From the transformation of A given by (78),
we find to our delight that it transforms as a covariant vector
under diffeomorphism (116) corresponding to its lower tier
index k while as a Euclidean vector under rotation corre-
sponding to its local index a. It will thus be reasonable to
propose the following connection between local and global
coordinates in the overlapping patch,

dx, = 2, *dx, (120)

and

dx® = A dxk, (121)
where A, is the inverse of £,¥. In the above relations (120)
and (121), dx* is the differential increment of the general
curved space coordinate. Note that, contrary to (67), the above
connections have become nontrivial.
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We will next show that we can construct a metric (and its
inverse) for the manifold from the fields X,* and its inverse
A 4. Let us define

9ij = 5chiCAjd (122)
as “the metric.” From the transformation rules for A;¢, we
can prove that under (116) g;; transforms as a covariant
tensor,

809ij = —fkakgij - gikajfk - gkjasz- (123)
This buttresses the claim of g;; to be a metric. However, the
most important role of the metric is to give the invariant
distance between two points. Here, in local coordinates, the

distance between two points is given by dx,dx,. Using
(120) and the definition (122), we obtain

dx®dx® = A dx* A4 dx!
= 5“bAk”dxkAlbdxl

= gy dx*dx’. (124)

Indeed, g;; is nondegerate as it admits the following inverse,

g =8"Z) % Mg =5 (125)
which can be checked explicitly.
Now, following (122), a scintillating result follows:

M = det A = \/g. (126)

We can therefore propose the replacement, recalling 0 = 1,

- M
/ x0T / dxOdx /g (127)

in (114). Note that the action (114) is invariant under
certain transformations in flat space in the global flat
coordinates where the new fields 6, ¥,, X" appear.
These transformations could be identified with Galilean
transformations only in local coordinates which are defined
by (67). It was gratifying to observe that the new fields may
be interpreted as geometric objects that transform from the
global curved space to the local tangent space. The trans-
formation of the measure given in (127) is thus interpreted
as a change of measure from local inertial coordinates to the
coordinates that chart globally curved space. The emer-
gence of the required measure to be compatible with
general coordinate transformation (116) is delightful to
observe. By this reinterpretation of the fields, we get curved
geometry. The idea of spatial diffeomorphism that has
surfaced in the theory of the FQHE [1,2] from an empirical
point of view is thus shown to have a deep connection with
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the localization of Galilean symmetry. In Sec. I'V. B, we will
elaborate on the FQHE.

Now, events happen not only in space but at a certain time
instant also. Though we are working with vanishing time
translation, the appearance of time in the diffeomorphism
parameter £ makes the time arrow relative at different points
of curved space. The time component of the vectors in the
local flat coordinates will not be simply equal to the time
component of the vectors in the curved space. That is why we
have distinguished the corresponding indices from the
beginning. To relate the time components, we will use the
remaining field WX and its transformation rule from (81).
Naturally, this transformation rule does not show obvious
geometric interpretation (spacetime is not a single manifold).
However, it fits with the concept of emergent spatial diffeo-
morphism, as we will see. In the following, when we discuss
spacetime invariance, both @ and WU* will play crucial roles.

From a practical point of view, our theory gives a
structured algorithm of constructing spatially diffeomorphic
theory from Galilean symmetric theories with the general
structure of (103). To establish this algorithm, we have to see
how the transformations of the fields and the covariant
derivatives obtained from the gauge approach in the previous
section can be written in the backdrop of curved space.

The local coordinates map the tangent space at a space
point. Geometric quantities are defined in the tangent space
and allow arbitrary rotations. However, since the local
system is tied to a point in the curved space, Galilean boost
is now no longer included in the local transformations. It is
now absorbed in the spatial diffeomorphism. With this
picture in mind, the transformations of the physical fields
have to be investigated.

The fields ¢ and Ay, A, are at our disposal. Using
Egs. (52) and (105), we can write these rules in the local
coordinates as

Sop = —EXOrp — imv x4
5014(—) = —§k8kA6 + ’UbA;7

SoA, = —EKOLA, + APA,. (128)
In terms of these, we will define the appropriate fields in the
curved space. Remember in this context that this mapping
can only be achieved in the overlap of the two systems i.e in
the neighborhood of the origin of the local system.

We start with the scalar field ¢b. The transformation of the
scalar field in the curved space is obtained from (128) as

op = —£'0i.

Note that in the new interpretation the two descriptions
match in the neighborhood of the origin of the local
coordinate system. This is why the last term of the
corresponding equation of (128) does not appear in (129).

Components of the vector field A are connected by a
relation similar to (120),

(129)

PHYSICAL REVIEW D 93, 085020 (2016)
A, = 3, FA,. (130)

The transformation of A, is the Galilean transformation
given in (128), and that of X,f is given by (119). The
resulting transformation of A; in the curved basis is
obtained by equating the form variations of both sides
of (130). A straightforward calculation yields

SoAy = —~E0iA, — DEA,. (131)
This is the required transformation for a covariant vector.

Particular care is needed for discussing the time com-
ponents of the fields. As has been already emphasized,
though there is no time translation but time is involved in
the spatial diffeomorphism parameters. The time compo-
nent with respect to the local coordinates (denoted by an
overbar on zero) is to be related to the time component in
curved coordinates by the following ansatz:

Ag = Ay + TFA,. (132)
Exploiting (128), the transformation rule for A, is then
worked out as
Bodg = ~£10:Ag — E'A;. (133)
The structure of the above transformation is to be noted.
The second term is dependent on the time variation of the
diffeomorphism parameter which can only be avoided if we
consider time-independent transformations. The structure
of (133) is the paradigm of the transformation of time
components in the curved space, as will be subsequently
observed.

After obtaining the transformations for the basic fields,
the geometric interpretation is established on a firm ground.
However, the issue of substituting the covariant derivatives
Vi, Vi, V,Ap, V5A,, V,Ag and VA by appropriate
derivatives with respect to the curved coordinates still
remains. We denote these, respectively, by D¢, D¢,
DA;, DyA;, D;Ag and DyA,. The following definitions are
proposed:

Vap =2, Dyop

V5= Dop+ U*Dygp
VoA =25,/ DiA,
V5A, =2, (DA +V'D/A))
V, A5 =Z,5(DiAg+ V' DA))

V5A5=DyAy+ W DA+ UEDyA, + TRUID A, (134)

Note that the construction of the time component of the
covariant derivatives mimics our prescription (132).

Furthermore, there is a structural similarity of the above
relations with those covariant derivatives defined in the
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global and local coordinates. For instance, the first relation
in (134) matches with (73). However, whereas X% in (73) is
just a field, it is a vielbein in (134). Also, there are other
subtle differences in interpretation which will slowly
unfold.

The transformation laws of the new derivatives in curved
space are once again obtained from the transformations
rules (131), (133) and (112). To illustrate our method, we
take the transformation of D;¢ and show the calculation
explicitly. Taking the form variation of both sides of the
first equation of (134), we get

So(Va) = (802, )Drp + 2,5 (5oDip).  (135)
From (77), we write
50(Vapp) = —5bab(va¢) —imv’V, (xp) +2."V . (136)

The penultimate term of the above expression will have a
vanishing contribution because in the overlap of the two
coordinate systems x,¢ must be smoothly vanishing.
Substituting this result on the left-hand side of (135) and
using the transformation of X%, we get the transformation
0oDy¢p. Working in an analogous way, we get the trans-
formation rules of the other curved space derivatives. The
results are summarized as

8D = —=£'0,(Dr) — 045’ Dy
8oDop = —E'0;(Dyp) — EDyp
8oDiA; = —=E'0;(DiA)) = 0kE" Dy A; — D1E" DA,
SoDoAy = —£'9;(DoAy) = &' DoA; — E'DiA
80Dy Ay = —E'0;(DiAy) — 5k§l Ao — E DA
8oDoAg = —£9;(DyAg) — E'(DiAg + DoAy). (137)

Note that all the curved space derivatives defined by (137)
transform canonically, following the transformations cor-
responding to their component labels established for the
field components. For example, the expression for 6y(Dy¢)
shows that D¢ transforms as A;, [see Eq. (131)]. Similarly,
D¢ transforms as A, [see Eq. (133)]. The higher rank
tensors like D;A; transform appropriately.

For explicit calculations, we will require expressions for
the derivatives D¢, Do, DA, DoAy, DAy in terms of the
basic fields with well-defined transformations. These expres-
sions are obtained by requiring consistency with (137).
Following this, we define the derivatives D¢ and D¢ as

Do = Oop + iBotp

where the transformation rules for the newly introduced
fields B, and B, are given by

PHYSICAL REVIEW D 93, 085020 (2016)
80By = ~&'0,8y — €'B;

5oBy = —E10,B, — 0,5 B;. (139)
We observe that B, transforms as a covariant spatial vector
[see Eq. (131)] and BB, transforms in the same way as the time
component of vectors are expected to transform in our
formalism [see Eq. (133)]. It is also gratifying to see that
the transformations 3, as given by (139) are nothing but the
transformations of B,, which were introduced during gauging
Galilean symmetry in the limit of spatial diffeomorphism, i.e.
no time translation symmetry and exclusion of the Galilean
boost from the local transformations [see Egs. (75) and (81)].
This not only shows the internal consistency of our con-
struction but also indicates a larger geometric implication of
the method. Later, in the following, we explore this
elaborately.

A word about the introduction of the new field B is
useful. Observe that the set of vector fields A was present in
the original model. The new vector fields 3 emerge from
the localization prescription that leads to our formulation in
curved space.

Similarly, we define the other derivatives acting on As in
the following way,

DAy = (0;Ar — OkA;) + i(B;Ay — BiA;)
DoAy = (00Ax — 0rAg) + i(ByAr — BiAg)

DiAg = (0rAg — 00Ax) + i(BrAg — BoAy). (140)
such that they satisfy the transformation rules (137).

The algorithm for the construction of the spatially
diffeomorphic nonrelativistic theories can now be
summarized:

(1) Assume a nonrelativistic matter field theory in space
which is Galilean invariant. For simplicity and
priority, we consider a complex scalar field, but
otherwise the action is generic. The theory may be
endowed with other (internal) symmetries. In this
paper, we have taken U(1) symmetry as the addi-
tional symmetry, obviously keeping an eye out for
applications to the FQHE.

(2) Gauge the Galilean symmetry by replacing the
derivatives of the field by the corresponding local
covariant derivatives. Also, correct the measure
appropriately as in (114). The resulting theory is
now locally Galilean invariant theory.

(3) Take time translation vanishing. The local Galilean
transformations are then equivalent to general coor-
dinate transformations in curved space.

(4) Formulate the theory as a theory invariant under
general coordinate transformations in a curved space
by the substitution (127) and by replacements of
the covariant derivatives in the action (114) by the
covariant derivatives in the curved space. Use the
definitions (134).
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(5) The diffeomorphic theory obtained in the above
procedure will contain the fields X,* and W*. The
fields XX will be grouped to give rise to tensors in
the curved space, e.g. the metric tensor. The fields
Uk are independent fields in the theory without any
kinetic term. Later in this paper, we will relate ¥* to
the Newton-Cartan geometry.

Following this algorithm, the spatial diffeomorphism
invariant action corresponding to the Galilean invariant
theory (103) is given by

S = / dxOdPx\/=gL(¢, D, A, D,A,).  (141)

B. Fractional quantum Hall effect

The concept of spatial diffeomorphism invariance finds
application in the theory of the FQHE [1,2]. We therefore
|
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start from an example which models a nonrelativistic electron
moving in an external gauge field, given by the action

] 1
5= [ a0 [ @50 a0 - 40 - 5 0 Aua.
(142)

where

Ao = O + iAgp
Avp = Ok + Ak

and A, is the external gauge field. The theory (142) is
invariant under global Galilean transformations (44) as can
be checked explicitly. Note that the theory is also invariant
under U(1) gauge transformation (104).

Simplifying (142), we can get

(143)

0 2 i * * * 1 * Ak2 p I * *
S= [ @ [ @@ 00b = 40u) — o =5 O =T BB A D= B0 | (1)

The corresponding theory invariant under local Galilean transformations (66), according to our algorithm, is

- j 1 A
S = /dxo / sza% B (¢* Vs — pV50*) — %va¢*va¢ — ¢ PAG —

In the following, we will consider spatial diffeomorphism
(e = 0) where 0 = 1. We can then transform our results in a
geometric setting following the algorithm presented earlier.

Let us first consider the special case when &, the spatial
diffeomorphism parameter, is time independent. From the
definition of & (66), we find » = 0. Then, the third equation
of (81) shows that, along with the time independence of &,
U, = 0 may be chosen. Under this condition, V¢ = Dyp.
After some algebra, the action (145) reduces to

S— / dx0 / Px(deth,) B (6" Do — $pDod)
1
— ¢ PAy — T2, (ﬁ Dk¢*Dl¢>
3t (iAkAng*qs)
2m
Y (iAk(¢*Dl¢ - ¢Dl¢*)>} .

2m

Using the definition of the metric (125), this is reduced to a
generally covariant theory in the curved space

S—/dxodzx(detAk“) E(Qﬁ*(Do+iAo)¢—¢(Do—iAo)¢*))

(DA (D1 i) (146)

2
a

2m

POt AT 0V (149

The action (146) can now be written as a nonrelativistic
diffeomorphism invariant action,

_— B L
S:/dxodzx\/f] B(fﬁ*Dod)—ébDoéb*)—gkl%Dkqb*szﬁ],

(147)
where
Do = Dy + iAgp = Do + i(Ag + By)
Dy = Dy + iAyp = Orp + i(Ar + By)o. (148)

So, we can interpret from the result that the localization of
Galilean symmetry for the nonrelativistic field theoretic
model of complex scalar fields interacting with a vector
field in flat space gives a theory with an action invariant
under general coordinate transformation in curved space.
Note that we have considered the spatial diffeomorphism
parameter as time independent, and there is no time
translation.

It may be mentioned that, in the absence of the gauge
field, the diffeomorphism invariant action would be given
by (147) with A, = 0. The flat space limit of that action
would correspond to the theory of complex scalars (142)
without any gauge interaction. In the presence of gauge
fields, the action (147) involves the fields A, and B, in the
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combination (A, + B,). Also, A, and B, have identical
transformation pr()perties.5 Effectively, therefore, by
a field redefinition, there is only one field—say A,—and

we may write the diffeomorphism invariant action
as (147) with

Do = Do + iAg
Dyp = Oxp + iArg.

Indeed, this feature [having A, and B,, in the specific
combination (A, + B,)] is not a general characteristic and

(149)

would not hold if the gauge field A, was dynamical. This
has been illustrated (see Secs. IV.D and IV.F) for the
specific example where complex scalars were coupled to a
gauge field of which the dynamics was governed by the
Chern-Simons term. The corresponding general coordinate
invariant form for the Chern-Simons piece contains a
correction that does not involve the B field (170). The B
field now has a geometric role since it gets related to the
spin connection (183) that is useful in understanding the
geometry of the FQHE.

Keeping the above observations in mind, let us now
compare our results with that of Ref. [1]. This will
be done in some details. Apart from showing the con-
nection of our approach with Ref. [1], it will also illustrate
how some of the shortcomings or pitfalls there are avoided
in the present context. The authors of Ref. [1] obtained
spatial diffeomorphism by applying the minimal coupling
prescription to a theory of complex scalars leading to the
action

s= [ aaeyg E (1 0op — W) — Ao’

(0" — iA") (0,0 + iA;0) | (150)

.
g .]
2m
which is invariant under infinitesimal transformations,

xf = x =X (x),
P(x".x) = p(x". x') = p(x%, x),
Ap(x%, x) = Ay’ (X%, x) = Ay(x°, x),

Ox!

A0 3) = A 0,) = A0, )
ox' Ox/
(0 a0 ) = 2 g (xO
gl](x ’x) - gl] ()C ,)C) axi/ axj/ gl](x ,X), (151)

>This is true for general coordinate transformations. If gauge
transformations are also included, then A, and BM have different
transformations.
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when the fields transform as®

5p =~ g,

8Ag = —E O, A,.

59ij = —§kakgij - gikajfk - gkjai‘fk»
5Ai — —§kakA,- —Akaiék. (152)
Theaction (150)agrees with (147) withthe covariantderivative
defined as (149). In the time-independent case, the trans-
formations of basic fields given above become identical with
that obtained here in (129), (133), (131) and (139).

When the diffeomorphism parameter &' is time depen-
dent, the real difference comes up. The action (150) is no
longer invariant. Lacking a systematic algorithm, the
authors of Ref. [1] found, “by trial and error,” that the
invariance is restored by modifying the transformation of
the gauge field as

SAg = —E 0 Ay — EA,

BA; = —E01A; — AdiE + mgyE'. (153)
The other transformations in (152) are preserved.

In our approach, on the other hand, we have a systematic
algorithm. The transformations of all the fields are canoni-
cal in the sense that these are the standard ones found under
general coordinate transformations. No trial and error
approach is needed. Thus, our transformations are given
by (152) for ¢, g;; and A;, while it is given by (153) for A,.
Also, one has to remember that for time-dependent trans-
formations the variable WX # 0 and the correct diffeo-
morphism invariant action is given by

S S48y = / dOPx\/G [% (¢* Dot — $Dodr)
- gkl ziﬁk¢*51¢:|
m

+ / dxodzx\/g |:% \I/k(qs*ﬁkqb - ¢5k¢*) .
(154)

Expectedly, the new field WX has an important role in
discussing the complete spacetime transformation and is
used in the construction of the basic elements of the
Newton-Cartan geometry (Sec. I'V. H). _

It is instructive to see how the invariance of S is attained.
Under the (canonical) set of transformations that we
employ, the usual action S changes as

Note that, to make a comparison, we have set the gauge
parameter in Ref. [1] to zero, since we consider only diffeo-
morphism symmetry.
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58 = —% / dX'dx\JgE " (D)p.  (155)
To compute 6Sy, one has to specify the transformation
property of WK, This is easily read off from (81) by putting
&0 = 0 (vanishing temporal translation) and recalling that
the boost parameter v' vanishes in the local frame, so that

U =~ Uk U9,k + & (156)
We then find
5Sy = %/dxoa’zx\/g_}e..tkqlﬁ*(Ek)ql5 (157)

which exactly cancels (155).

In the approach of Ref. [1], the usual (minimally
coupled) action S is retained. Then, the change (155) is
canceled by modifying the variation of A; by an additional

(noncanonical) piece mgikék in (153). To sum up, note that
we do not demand any special transformation for the time-
dependent case. Identical transformation laws for the basic
fields ensure the invariance of the action (154). This is to be
contrasted with Ref. [1] where the same action is retained
but the transformation rules of the basic fields change in a
noncanonical way.7 This is not surprising because the
results of Ref. [1] are obtained in an ad hoc manner. On
the other hand, our analysis does not distinguish between
time-dependent and time-independent cases, both of which
can be obtained in a holistic manner following our
localization procedure.

Before finishing this comparison, we would like to draw
attention to a crucial point. This concerns the abstraction of
the flat limit. In our case, we just replace the covariant
derivatives by the ordinary ones and set the metric flat. The
flat limit is smoothly recovered and does not depend on
the time dependence (or independence) of &. A simple
inspection of (154) and (142) confirms the above state-
ment.® In the approach of Ref. [1], however, taking the flat
limit is problematic due to the presence of the noncanonical
piece mgy & in (153). Its flat limit would be md;E-.
Obviously, such a term does not exist. The way out of this
impasse was to include gauge transformations also so that

5Ai = 8,~a - §k8kA,~ - Akaiék + mg,-k?;gk. (158)

The flat space Galilean transformations are then recovered
with a specific choice [1],

a = mv'xt,

(159)

"These are given in (153) and correspond to Eq. (17) of
Ref. [1].

8Note that WX vanishes when the covariant derivative is
replaced by the ordinary derivative.
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so that

0A; = -tk O A,, (160)
yielding the expected transformation. Note that, to cancel the
unwanted term in (158), it is essential to assume a particular
relation between the gauge parameter and the boost param-
eter. This can hardly be motivated on fundamental premises.
Such a shortcoming is avoided in our systematic approach.
Of course, we can also easily implement gauge transforma-
tions which is discussed in the next section.

C. Gauge invariance for complex Schrodinger field
theory in the presence of an external vector field

The original action (103) had a gauge invariance (104).

The process of localization, eventually leading to the
diffeomorphism invariant action (154), preserves this
invariance. An explicit demonstration of the gauge invari-
ance of the action (154) is straightforward. Let us first
consider the structure of the derivatives appearing in (148).
Then, under the gauge transformation (104), it is easy to
show that these derivatives transform covariantly,
Do — (1 + iA)Dy, Dy — (1 +iN)Dyp. (161)
Note that the new fields (B) do not transform under the
gauge transformation. Indeed, if B changes under gauge
transformation, then the above covariant property is lost.
The point is that the introduction of B was a consequence of
the localization of spacetime symmetry. So, 3 changes
under general coordinate transformation but not under the
gauge transformation. It may be recalled that the original
gauge symmetry of the model is preserved by the process of
localization [see for instance the discussion below (94)].

Using the covariant property of the derivatives (161), it is
easy to show that the action (154) is invariant under the
gauge transformation (104).

D. Inclusion of the Chern-Simons term in the action

Another landmark problem is the inclusion of the CS term
in the action [2,3] because, as we mentioned earlier, there is a
certain confusion about the possibility of coupling the CS
action with curved two-dimensional space [2,30]. The CS
action, due to its topological origin, is known to be metric
independent. So, the confusion has a surprise element.
However, in our method, the CS action is smoothly included.
We will see this in the following analysis.

The CS action is given by

Ses = / d3x§€"”Aﬂ8UA,1 (162)

and can be coupled with both relativistic and nonrelativistic
models. It will be convenient to break the action in spatial
and temporal parts,

085020-20



NEW APPROACH TO NONRELATIVISTIC ...
K ..
SCS = /dxo / dzxkEGZJ(AoaiAj —A,-@OA]- +A18]A0)
(163)

It can be shown that (163) is invariant under the global
Galilean transformation using the variations (105).
Following the method to localize the Galilean transforma-
tion stated in the previous section, we can get the
corresponding action invariant under the local Galilean
transformations as

5 Mx
S:/dxo/dzxagieab(onaAb—AaVOAb —I—AaVbA6)
(164)

By our construction, this action (164) is invariant under
(66). This can also be checked explicitly.

Now, our algorithm given in Sec. III allows us to
construct the spatially diffeomorphic action as follows:

S:/dxodzx gge"hzakﬁhl[(AoDkAl—AkDOAl—i-AleAO)

+VU"A,, DA+ V" A (DA, —D,,A))]. (165)
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Note that €*’ is a tensor under local (orthogonal) trans-
formations. Thus,
2, lett = eM, (166)

where é¥ is the LeviCivit4 tensor in the curved space. It is
related to the numerical tensor e¥ by

s (167)

Then, the CS action in curved space is obtained from the
above equations as

S = / dXOdZXgE‘kZ[(A()DkAI — AkDOAl + AkDZAO)

+ \I]mAkaAl + \I]mAk(DlAm - DmAl)]' (168)

Now, the derivatives D,A, are substituted from (140):

S = /dxodzxgekl[(AO(akAl - (9,Ak + inAl - lBlAk) - Ak(aoA[ - 81A0 + igoAl - ZBIA())

+A(01Ag — OpA; + iBA) — iByA;)) + V™A, (A — OA + iBLA; — iBAy)

+Ak (alAm - 8mAl + iBlAm - leAl) - Ak (8mAl - 81Am + iBmAl - lBlAm)H

(169)

Exploiting the antisymmetric property of ¥/, Eq. (169) further reduces to

S = /dx0d2xgekl[2(AoakAl - AkaoAl + Aka[A()) + 2\:[]}71 [AmakAl + Ak(alAm - 8,1114[)]]

= / dx’d®xx[e"*A,0,A; + V"M A, 00A; + Ar(D1A,, — D,A))]].

Note that the 5 field has dropped out from the above
expression. Effectively, therefore, the Chern-Simons inter-
action receives a correction to its original form. At first
sight, one may wonder about the correction term in view of
the metric independence of the CS action. But there is no
surprise because we have implemented only diffeomor-
phism in the coordinate space. There is no spacetime
diffeomorphism. The correction term in (170) rather owes
its existence to the metric independence of the CS action.

The correction term is in fart no hindrance to the general
coordinate transformations. It may be shown that the action
(170), under the general coordinate transformations (131),
(133) and (137), changes as

oS = /dxodzxxai[é‘iekl(AoakAl - AkaoAl + Akale)].

(171)

(170)

I
The integrand is a total derivative and drops to zero

when integrated over space. This proves that the
action is invariant under the general coordinate
transformations.

The Chern-Simons action has proven to be very useful in
the study of the fractional quantum Hall effect. In this
context, it may be noted that the Chern-Simons action is
reported [2] to break the diffeomorphism symmetry. This
has been a major obstacle in applying theories with a
Chern-Simons term in curved space. To recover the lost
invariance, it is essential to introduce correction fields. In
our opinion, these features are manifestations of the ad hoc
prescription used to achieve nonrelativistic diffeomorphism
invariance from a theory defined in flat space. Our
approach, on the other hand, naturally leads to an appro-
priate Chern-Simons theory in curved space, without any
ad hoc assumptions.
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E. Question of gauge invariance in
Chern-Simons interaction

Under the gauge transformation (104), the action (170)
can be shown to be invariant. The first piece is identically
the Chern-Simons term of which the gauge invariance is
well known. The terms in the second set of parentheses give
a correction to the Chern-Simons action which will vary
under the gauge transformation as

oL = Z‘I’mekl[(amA)(akAl) + (akA) (alAm - amAl)
= 2€kl[8m(\I/mA8kAl) + 0k (I"A(D,A,, — 0,,A)))
= M0 ¥"™)(0A)) + (V") (01Am = OwA))]]-
(172)

The second term proportional to A vanishes identically.
Thus, 6L is a pure boundary so that the action (170)
remains invariant.

Note that U which appears in the above example is
actually related to the Newton-Cartan data as will be seen
below [26].

F. Applications of Chern-Simons theory in the FQHE

We will now demonstrate that there are no particular
difficulties in using the Chern-Simons theory in the non-
relativistic diffeomorphism invariant space. Recently, such
theories were used by casting the flat space version of CS
gauge theories to a sheared space where the deformation is
independent of time [30]. They used a scalar field theory
interacting with the CS field. Much effort was needed to
explain the coupling of the scalar field with curved space-
time. We will find that in our formalism the scalar field is
most naturally coupled to the spin connection. The form of
the covariant derivative agrees with that of Ref. [30].

In two space dimensions, there is only one component of
angular momentum that generates rotation in space. The
rotation group is therefore Abelian. This is the simplest way
one can understand why the excitations can have arbitrary
(fractional) spin. The spin statistics connection then shows
that the statistics is also arbitrary. This fractional spin can
be attributed to a nonrelativistic electron by attaching flux-
charge composites to the particle which are vortices of the
CS theory [49]. Thereby one can view the particle as a
composite fermion or a composite boson [30]. In flat space,
the particle action is given by the Lagrangian

j 1
5= [ a0 [ @x |30 800 - g0 - 5 0000
+ /dxodzxk[ef‘”aﬂayal], (173)
where

Ay =0,p+iAp: A=A +a,. (174)
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The gauge field A, contains the external field which
produces the constant magnetic field in the z direction
and the topological Chern-Simons field (a,,) that gives rise
to the flux tube attachment with the electron. Now, the
above theory is invariant under global Galilean trans-
formations (44).

Following our algorithm, it is an easy exercise to couple
(173) with curved spacetime. As a first step, the partial
derivatives should be replaced by covariant derivatives. For
convenience, we will rename

20:9 and Zkzqfk
0 0

This nomenclature will be useful in the subsequent analy-
sis. The covariant derivatives are now given by

(175)

Vop =Z}D,¢. (176)
where D¢ is expressed as
D,p=0,¢+iB,. (177)

The measure of the volume of integration transforms to [25]

/d3x—>/d3deéxk.
Zo

B, is a new gauge field introduced in the localization
process, and A is the inverse of X, /. Substituting these
changes, the action (173) can be reinterpreted as a theory in
the curved space. Note that for this interpretation to be valid
with the canonical transformation of the fields the spatial
deformation & must be time independent, so that £ = 1
and Zf =0 [27].

The action of the CS coupled nonrelativistic electron
theory in curved space can be written immediately from the
above algorithm. It is given by

(178)

S = /dxo/dzxk\/?[% (¢*Dogp — pDop*)

1 -
——glekgb*qub] —|—/dx0d2x1<[€””’1aﬂ8yal], (179)

2m
where
D,p =D,p+iA,p =0, +iA,+ iB,¢p (180)
and g is the determinant of g;; with
gij = Ni*A"6ab, (181)

where a, b are local coordinate labels on the tangent space.
The theory (179) can easily be interpreted as a theory in
curved space with metric g;;. From the transformation rules
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of XX, it can be easily shown that g;j transforms as a
second rank tensor under spatial diffeomorphism.

In this geometric backdrop, B, is related to the spin
connection. Recalling (71) and the fact that the diffeo-
morphism parameter is independent of time, we write

1
B¢ = EBﬁ”a)abqb, (182)
where w,,, is the spin part of the rotation generator. Since
we are working in two space dimensions, the right-hand
side of (182) is equal to B}?w;,. For the vortices of (173),
the angular momentum operator @, = K, where K is the
topological spin [49]. The single component spin connec-
tion thus may be written without the local indices, and
B,p = Kco,'fgb. (183)
The structure of the covariant derivative (5”) found in
(180) with B, defined as (183) is identical to the form
suggested in Ref. [30]. This form of the covariant derivative
reproduces the Hall viscosity and Wen-Zee shift, as shown
in Ref. [30]. Though our results agree with that of Ref. [30],
there is a significant difference. In Ref. [30], there is a long
discussion followed by elaborate deductions on to justify
how the scalar field couples with the background geometry.
In our theory, it follows simply from geometry.

G. Hydrodynamical form of Schriodinger theory

An interesting and novel application of our approach is
revealed in the context of fluid dynamics. We start with the
Schrodinger Lagrangian with a potential term,

s= [ ar [ @x[5wos-g04)
o O 0= V). (184)

This is just the action (57), augmented by a self-interaction.
If we express the complex field ¢ in polar variables,

b = e, (185)
then the action (184) takes the form
S = /dt/d3x —pa — L (Or)?
2m
1 ) _
o (0) - V(). (156

where

_ B 1 )

Vip) =Vip) + S (Orp)*. (187)

PHYSICAL REVIEW D 93, 085020 (2016)

This is usually referred to as the hydrodynamical version of
Schrodinger theory. The fluid variables are the density p
(which is now the analog of the matter density ¢*¢) and the
velocity v, that is related to a by

Vi = 8k(l.

(188)

Incidentally, the above relation is the Clebsch decomposition

of the velocity for an irrotational fluid (V x © = 0). Since the
Lagrangian (186) is already in the first order form, (p, @) is
the canonical pair in the Hamiltonian formulation. The
Hamiltonian for the fluid is also easily read off from
(186). It involves a corrected potential term V even if the
original Schrodinger theory (184) did not have any such term
[i.e. V(p) = 0]. Furthermore, since entropy is not involved,
the hydrodynamics emanating from the Schrédinger theory
is an example of irrotational and isentropic fluid.

Let us next consider the symmetries of the model (186).
It is obvious that it possesses a Galilean symmetry. This is
easily manifested by considering the symmetry in the
original model (184). Using the variable change (185),
the form variation of the fluid variables comes out as

Sop = —E"0,p

Soa = =& 0,a —mV'x;. (189)
The inhomogeneous contribution in dpar is the familiar
Galileo 1-cocycle corresponding to the boost algebra.

Apart from the Galilean symmetry, a nontrivial sym-
metry connected to a field-dependent diffeomorphism
transformation was reported in Ref. [32]. However, its
interpretation or geometric meaning was unclear. We,
however, can easily provide the diffeomorphic form of
(186) in space from the systematic approach of obtaining
nonrelativistic diffeomorphism in space, which has been
developed above.

As we know, the algorithm to incorporate spatial NRDI
in (184) contains two steps. First, we get a local Galilean
invariant theory in flat space by replacing the partial
derivatives by appropriate covariant derivatives and, fur-
thermore, suitably altering the measure. This yields, from
(141), the theory

S = / dxd / dea% B (¢*Vgh — pVs¢")

1 * *

Vot V= V). (190)
where V¢ and V¢ are given by (79) and (73), respec-
tively. Equation (145) is an action which is invariant in flat
space under the transformations (69), (75) and (81).

It has been discussed that the transformation equa-
tions (75) and (81) point toward a geometrical interpreta-
tion. Instead of viewing the fields X defined in flat space,
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we can consider them to be the vielbeins connecting the
coordinate basis with the local orthogonal basis in the patch
containing a spatial point. Thus, the locally Galilean
symmetric theory (190) can again be interpreted as having
a symmetry under general coordinate invariance in space.
The appropriate extension of (184) to a theory with non-
relativistic invariance in curved space is then given by the
action

1 1
= / dx’dx\/g B (¢"Dogp — pDodp*) — ¢ =— Dy "Dy

2m

U D~ pDu) - V() . (191)

where D¢ and D¢ are defined in (138).

Now, substituting ¢ = ,/pe™® in (191) and recalling that
for discussing spatial NRDI 0 = 1, we get after some
calculations

5= [ @r/Fa[5 00+ B + Vip(oua+ By)

1 _
- %gkl(aka + B) (0 + B;) = V(p) |, (192)

which is the NRDI fluid model corresponding to (186). It
can be easily shown from (128) and (56) that both p and «
transform as scalar with respect to nonrelativistic spatial
diffeomorhism symmetry.

Note that the passage to the flat limit of (192) is trivial.
One just has to substitute g;; by §;; and put the new fields
By, B, and ¥, to be zero. Remarkably, this prescription of
going to the flat limit is universal in our method of
obtention of NRDI in space. This is a welcome feature
in view of the confusion prevalent in the literature.

H. Spacetime transformations

The obtention of the nonrelativistic diffeomorphism
invariance algorithm developed in Refs. [25,27] is com-
pletely general. In the above, we have considered a subset
where the time translation parameter ¢ = 0. Naturally, a
question arises as to how our algorithm corresponds to the
Galileo-Newton spacetime, the metric formulation of
which was done by E. Cartan [11,12] and perfected over
the years [13-20] by many stalwarts. We will show that the
Newton-Cartan geometry in the most general form (torsion
or without torsion) is directly obtained by our method. The
story does not end here. In the course of this discussion, we
will see that the perspective of the nonrelativistic diffeo-
morphism developed in our formalism can be used to
obtain another nonrelativistic geometry—the much dis-
cussed Horava-Lifshitz [31] geometry. Interestingly but not
accidentally, the flat limit symmetries of the Horava-
Lifshitz geometry comes out to be the Galilean algebra
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without boost, unlike the Newton-Cartan which has full
Galilean symmetry.

In the present section, we will consider the geometric
interpretation of the localization of Galilean symmetry in its
full glory. We define a four-dimensional manifold, the
“coordinates” of which are denoted by x, x1, x5, x3. We set
up local and global frames. Redefining the new fields
introduced in the previous section as in (175) and putting
¥,% =0, we can construct the 4 x 4 invertible matrix,

(9 eq/k>
T = ,
0 T

where X% has already been introduced in (73). The inverse
matrix A,* satisfies

(193)

LANS =8 A =6 (194)
The spatial part A, is the inverse of £, as may be seen in
(76). Note that we are denoting the local coordinates by the
initial Greek letters, i.e. a, B, etc., whereas the global
coordinates are denoted by letters from the middle of the
Greek alphabet, i.e. p, v, etc. From the definitions of X *
and A,* and the transformations of the various fields
involved, we can obtain the corresponding transformation
laws. Thus,

5020k = Gi(]; + Zoiai(l’]k — tUk) - ﬂiaizok + tviaiZOk
+ 9y(n* — tk)0 + vP Tk
SoZ K = eXk + 3, 10k — 12,i0,0% — 1b3, K

— niaizak + tUiaiZak. (195)

Using the definition of & from (66), the above equations
can be simplified to

SoZok = —£0,2oF 4+ v 0, &k — vPZ,k

502ak = _éyayzak + Zayayfk - /‘Lubzbk' (196)
Similarly we can work out
SoNo? = —E0, Ny — A, 0p&" — UaAoo
50Aka = _gbauAak - Abaakfu - lcaAkC- (197)

The matrix (193) has been derived totally from a non-
relativistic perspective. Their elements transform from flat
tangent space to a global spacetime manifold in the
neighborhood of a point on the manifold. In the flat space,
the spacetime symmetries are the local Galilean sym-
metries. In the following, we will first obtain the
Newton-Cartan geometry by appropriately constructing
two degenerate metrics in correspondence with Cartan’s
prescription. This leads to the most general Newton-Cartan

085020-24



NEW APPROACH TO NONRELATIVISTIC ...

(NC) geometry with torsion. If we impose torsion free
condition by symmetrizing the connection, then the stan-
dard NC geometry emerges.

Interestingly, if we impose a nondegenerate metric
structure in spacetime, we get a metric theory with
NRDI. Since we have introduced a single nondegenerate
metric, the full Galilean symmetry cannot hold in the
tangent space. Specifically, the Galilean boost ceases to be
a symmetry. Remarkably, the geometric structure of the
resulting spacetime is identical with the projectable version
of the Horava-Lifshitz geometry. The nonrelativistic origin
of the Horava-Lifshitz geometry and limitations of its
symmetries are revealed with hitherto unachieved clarity.
The present section will demonstrate the validity of these
assertions.

I. Newton-Cartan spacetime

Before beginning the actual construction, it will be
useful to review the salient features of the Newton-
Cartan spacetime [18]. It is a four-dimensional manifold
M endowed with two degenerate metrics of rank 3 and
rank 1, respectively. It is convenient to take a degenerate
spatial metric #* of rank 3 and a degenerate temporal
vielbein 7, of rank 1. A connection [ is assumed with
respect to which the following metricity conditions hold:

V=0,  V,z,=0.

u

(198)

To get an explicit form of the connection I'),, we also
require the introduction of the covariant quantities 4, and
the contravariant ones 7*. These are defined by the
following properties:

h*h,,
hz, =0,

T, =1,

_ sh
=0, —1't,, u

P

hy, e = 0. (199)

Using these, the connection can be written as
1
e, =101, + Eh"/’ <8yh/,ﬂ +9,h,, — 8,,hw,>. (200)

But the connection I, is not uniquely determined by the
metric compatibility conditions (198). These conditions are
also preserved under the shift,

FZ,J d FZU + hle/l(llTW’ (201)
where K, is an arbitrary 2-form [18]. Now, it is possible to
write the most general form of the metric compatible

symmetric connection using this arbitrary 2-form and
(200) as [18,29]

PHYSICAL REVIEW D 93, 085020 (2016)

1
FU”U - r"@(ﬂry) + Ehﬂp <8thﬂ + aﬂhpu - aph/“,)

+ h*K 7). (202)
Our next task is to show that the four-dimensional
spacetime manifold endowed with the matrix X, and its
inverse A,/’ has the features of the Newton-Cartan geom-
etry provided all the (extended) Galilean symmetry ele-
ments are retained in the tangent space. With this point of
view, we write down a degenerate spatial metric #** of rank
3 and a degenerate temporal vielbein 7, of rank 1 in the
following way:

W =3 H T (203)
and
7, = Aﬂo. (204)

From the form variations of the basic fields [see Eqgs. (75),
(195) and (78)], we get

Sohtt = —fﬂﬁph"” + h””@,,é" + h°o,E0. (205)
Similar results can be obtained for dy7,,
507” = 50A”0 = (SoAOO = —Aooaogo + anOAOO. (206)

Using these relations, it is easy to show that they have
correct tensorial properties,

Ox™ Ox"
MY () — PO
() = S () (207)
and
ox’
Tﬂ(x/) = WT/)(X)' (208)

The quantities %,* and A,* can be considered as a direct

and inverse vielbein, and the fields BZ/} (71) may be
interpreted as the spin connection. The affine connection
'), is introduced through the vielbein postulate [18],

VA%, = 9,A%, —TU, A, + B% 4\, =0.  (209)
For a = 0 from (209), we can get
vﬂAuo = aﬂAyO - FgﬂApO + BOM;Ayﬂ =0. (210)

Since Bo”ﬂ vanishes for a Galilean transformation,
Eq. (210) implies

9N TN =0.

(211)
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Now, using (204), we find

V,z,=0. (212)
This proves the metricity condition (198) for z,.

The proof of the metricity condition for #** is a little bit
involved. From (209), using (194), it can be shown that

0,Zs% — Bﬂ/’éZﬂ” =Ty, 25" (213)
Considering 6 = a, we get’
9,2, — B, %,° = -T'7Z". (214)
Multiplying (214) by X7 yields
£/0,2,° =B} 2,50 = -T2 ,5r.  (215)
Then, we interchange the indices p, o,
20,5, — B 2,5 = -T2, °5 . (216)

Adding (215) and (216) and using the antisymmetric
property of B, we obtain

O + [),h"° + I7,n” =0, (217)
where A" is defined in (203). That means
V,h? = 0. (218)

Thus, we can conclude that our constructions of /##¥ (203),
7, (204) and [, (209) satisfy the metric compatibility
conditions (198).

Our next task is to entirely express the connection in
terms of the metric. For this, we require the covariant metric
h,, and contravariant 7#. Let

hy, = AN (219)
and
=Xy (220)
Using (203) and (204), we immediately get
v, =X VA0
=X,/
=0. (221)

Also, the identifications (220) and (204) show that

’As B,% = 0.
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H =
'z, 1.

From the definitions (219) and (220), we find
hy v = NSATEYY

= A5

=0. (222)
Finally, we can easily verify that

h*h,, = &8, — 11,
This completes the realization of the Newton-Cartan
algebra given in (199).
Finally, it will be shown that the connection F{,’ﬂ defined

in (209) can be put in the general form (202) as required in
the Newton-Cartan construction. We can write from (209)

Dl = 0,050 + By 5.0
1
=5 [OuAZ + 0,0, 2 + B A L2
+ B“DﬂAMﬂZal’]
1
= 5 {aﬂADOZOP + a,,AﬂOZOP + aﬂAyaZaP 4 [«)yAﬂaZap
+ B0 % + BN 2 + B AP
+ BathﬂhZaﬂ}' (223)
As 2,2 = h*°A,°, the above expression will take the
form
1
F’y)ﬂ = 5 [(ay'l'”)’[/) + (aﬂTl,)T/) + (aﬂAya)h/’”Aﬂ“
+ (80Aﬂa)hp6Aaa] + BaOﬂAyOZap + BaODAﬂOZal)
+ BaﬂbAybza/) + BavbAﬂbZap
1
B Tﬂa(/ﬂy) + 2 hpo[aﬂ (A7) = AuaaﬂAaa]

1
+ Ehﬂg [av(AﬂaAaa> - AuaavAaa] + BaOﬂAvOZap
+ BaODA;AOEap + Ba;tbAvbzap + BavbA;thza/}
1
= Tpawfy) + Eh”"[aﬂhw - AU“HFAG“]

1
+ 5 h"e [8l/h0'}4 - AﬂaaDAo_a] + BaOuAVOEa/)

+ B“ODAﬂoZal’ + B“”bAbea/’ + B“ybAﬂbZaP. (224)
For the standard NC geometry, torsion vanishes. This
means the connection F,’j,l is symmetric. As the connection
is symmetric,

0, -1, =0. (225)
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To get the desired expression for the symmetric
connection, we need a little more algebra. We can write
from (209),

0,0, %, — 9,0, 7%, + B, A, VS — B, A VS0 =0,

(226)
After a little calculation, we can get
1
3 ho[=A, 0, A" — A0, A7
= —0shy, — B“ﬂbADbZaﬂ - B“DbAﬂbZaP. (227)

Using (227), we can get the cherished form of the
connection from (224) that reproduces the structure
(202), where the 2-form K is defined as

1
hl)l{Kﬁ(ﬂTu) = Ehpi [Klyfu + K}LDTM]

1
=5 [Ba();tAuOEa/) + BuOuAMOZa/)]'

5 (228)

The construction of the NC geometry in the standard
form is now complete.

1. Horava-Lifshitz geometry

We have provided an algorithm (see Sec. III. A) to
convert a globally Galileo symmetric model (57) to one
that is symmetric under local Galileo transformations (66).
The structure of this new model is presented in (95). The
localization process of Galilean symmetry requires the
introduction of a set of geometric fields that can be
arranged as a 4 x 4 matrix (193). In the previous section,
we used these fields to get Newton-Cartan geometry,
following Cartan’s prescription of a timelike vector with
a nondegenerate 3 x 3 kernel constituting the degenerate
metric structure. In this section, we show that a different
nonrelativistic geometry can be obtained using the fields
contained in (193) which can be identified with the
projectable version of the Horava-Lifshitz geometry.

Recall that the elements of the matrix (193) and its
inverse converted the global covariant derivatives to their
local counterparts and conversely, during the gauging
process. As remarked earlier, the matrix (193) carries
two indices: the local index @(0,a) and the global index
u(0, 7). The transformations (196) and (197) are, respec-
tively, like a covariant vector and a contravariant vector
under the foliation preserving diffeomorphism (66) corre-
sponding to a global index. The local indices characterize
the Galilean boost or rotation in flat Eucledian space and
universal time. The matrices X, (or its inverse) can thus be
identified with the vielbeins that link the local basis in the
tangent space with the global coordinate basis. In the last
section, we have seen how the Newton-Cartan geometry
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can be obtained from these geometric elements. Here, we
will show that a nonsingular metric can be constructed
which gives the projectable version of the Horava gravity.

The geometric interpretation of the Galilean gauge
theory brings us close to the spacetime of Horava gravity.
Before we introduce more geometric objects, it is useful to
note an important point. In the locally Minkowskian
tangent space, both boost and rotations are transformations
that keep the origin of the coordinate system invariant. But
in the Galilean spacetime, no natural spacetime metric
exists, and the boosts affect time and space asymmetrically.
If we keep this asymmetry, a single nondegenerate space-
time metric (which is necessarily symmetric) does not exist
[11,12]. This line of analysis leads to the Newton-Cartan
spacetime which is characterized by two degenerate metrics
eventually providing the geometric formulation of
Newton’s gravity. On the other hand, a single nondegen-
erate metric must be assumed for the Horava geometry. As
the ensuing analysis shows it is possible to achieve such a
metric by putting the boost parameter vanishing. Such a
choice immediately leads to Horava’s construction as will
be demonstrated below.

We now propose the following metric,

g/u/ = 'IaﬁA,(fA:/j, (229)
and work out its variation under (66). Both gy, and g;;
transform as second rank tensors,

30900 = —& 0,900 — aofpgpo - aofﬂgop
809ij = = 0,9;; — 0:8g,; — 0;€ gy (230)
In the above deduction, the definition (229) and the
transformations (196) and (197) are used. The variation
of go, comes out as
8090 = —€°0,90; — 00& 9p; — 0;E7 g0, + vpAGAL. (231)
The term containing the boost parameter will be dropped
following our previous argument. Thus, the coefficients gy
also satisfy the required tensorial transformation properties.
The significance of the metric is to be understood properly.
The coordinates x* define a four-dimensional differentiable
manifold of which the physical structure is R® x R. The
metric imposes a Riemannian structure on this manifold.
This metric is constructed from the vielbeins arising out of
our localization procedure. It is nonsingular and symmetric.
The inverse of g, can be easily constructed as
(4)g/w = ”aﬁzaﬂzﬂy' (232)
The invariant “interval” corresponding to it is not the same as
that of the Galileo-Newton spacetime. But it helps us to
implement a foliation through the Arnowit-Deser-Misner
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(ADM) construction in general relativity. So, we define the
lapse N and the shift variables in the usual way,

N = (_900)1/2

N/ = g" gy, (233)
where ¢"/ is the inverse of the spatial part of the metric g,

We recall that the physical variables of the Horava
gravity are N, N; and g;; which have definite transforma-
tion laws. These laws are easily calculated from the above
relations,

59ij = —8i§k9jk - ajékgik - tfkakgij - f-fO!']ij’
ON; = —0,EIN; = FON; — Eg;; — EN; — &N,

SN = —E9,N — &N — &N. (234)
They are exactly the same as those found by taking the ¢ —
oo limit of the ADM decomposition of the metric in general
relativity, which is the prescription followed by Horava.

Let us pause to think what we have achieved. We have
reinterpreted the Galilean gauge theory in flat Euclidean
space with absolute time as a geometric theory over a
curved manifold. It is a differentiable manifold which is left
invariant by the foliation preserving diffeomorphism (66).
The space is converted to a metric space by constructing a
metric which has all its desired properties; namely, it is a
second rank covariant tensor under Diffy on M, non-
singular and symmetric. An ADM splitting of this manifold
exists, and as usual the physical variables are identified as
gij» the spatial part of the metric; N, the lapse; and N i the
shift variables. The transformation rules of these variables
are given by (234). These are the same transformations
obtained in Ref. [31]. Naturally, we would like to identify
the spacetime given by the metric (229) with that of
Horava-Lifshitz gravity. But one piece of the dictionary
is still void. It is the invariant measure of the volume. From
Galilean gauge theory, we have identified the measure as
[see Eq. (127)] [ dtd®x%]. From the definitions of M and 6
and that of the metric (229), we find that

M
/dtd3x§—/dtd3x detg;;N,

which reproduces the measure of Horava-Lishitz gravity.

(235)

V. CONCLUDING REMARKS

This paper is a comprehensive account of the recently
discovered theory of localizing the extended Galilean
symmetry and extracting nonrelativistic diffeomorphism
therefrom [25-27], in both the spatial and spacetime
manifolds. Our theory is inspired by Utiyama’s approach
of gauging the Poincaré symmetry [21-23] that led to the
emergence of Riemann-Cartan spacetime. In the relativistic
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case, the geometrical structures are very well known. There
exists a fully geometrical method due to Cartan which treats
the symmetries in the tangent space. Vielbeins are intro-
duced which amount to a factorization of the metric. In fact,
Newtonian gravity was also cast as a geometric theory on
four-dimensional spacetime by Cartan [11,12] and was
subsequently developed by many stalwarts [13-20]. But the
peculiarity of the Galileo-Newton relative space and
universal time, manifested in the degenerate metric struc-
ture of Newton-Cartan geometry, makes the gauging of
Galilean symmetry of a field theory far more intricate and
subtle. Barring a single paper (to the best of our knowledge)
[47], there was no attempt to follow Utiyama’s approach.
This solitary example is again based on particle mechanics
and did not try to connect with geometry.

After several studies [25-27], the idea of gauging the
nonrelativistic (extended Galilean) symmetrylO initiated by
us in Ref. [25] eventually took a concrete and definite
shape. We therefore felt the need of a thorough and
systematic exposure of our method. Many old results have
been presented in a new light with fresh insight. To
facilitate the exposition of our work, a short review of
gauging Poincaré algebra is provided where the techniques
of non-Abelian gauge theory have been used. This is
compared with the method of gauging the symmetry that
has been adopted here. In the algebraic approach, the first
step in establishing a correspondence with diffeomorphism
symmetry requires a vanishing curvature. This implies a
torsion free theory. Apart from this, a geometrical input is
necessary to complete the correspondence. Our analysis of
the problem therefore clearly shows that algebraic tech-
niques alone are not sufficient to connect with (even) the
torsion free Riemannian geometry. This is contrasted with
the approach of gauging the Poincaré symmetry of the
action of a generic field theory in the Minkowski space. We
find the structure of Riemann-Cartan spacetime to emerge
seamlessly. This shows the power and generality of our
scheme.

We have given entirely new results corresponding to
spatial and spacetime nonrelativistic diffeomorphism
invariance, concerning the coupling of the Schrodinger
field, which is a complex scalar in nature, with the spin
connection of the curved two-dimensional space. This
mechanism was shown to lead to the appearance of
Chern-Simons dynamics and the Wen-Zee term in the
theory of the fractional quantum Hall effect [30]. We have

""Note that we are distinguishing between the gauging of the
extended Galilean symmetry and extended Galilean (Bargmann)
algebra. As we have emphasized, by a gauging of the symmetry,
we imply that the original global parameters of the symmetry are
localized. The implications of this for discussing nonrelativistic
diffeomorphism invariance have been considered here. On the
other hand, gauging the Bargmann algebra, which is the more
popular route for discussing these issues, has been considered by
other authors, for instance Ref. [29].
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also demonstrated in this paper that the spacetime non-
relativistic diffeomorphism invariance, obtained in our
method, is poignant with new possibilities. Earlier, follow-
ing the lead in Cartan’s reduction of the Newton-Cartan
metric in a temporal flow along with its nondegenerate
kernel, we divided the “vielbein matrix” analogously. The
outcome was Newton-Cartan geometry. In this paper, we
have shown that if the whole vielbein matrix is used to
define a single nondegenerate metric the result is Horava
geometry. A remarkable observation is that Galilean boost
is no longer a symmetry in the tangent space of Horava
geometry. This exhibits its difference with Newton-Cartan
geometry. However, both have a common origin that is
manifested here in the interpretation of the vielbein matrix.
Indeed, there should be a common origin since these are
theories of nonrelativistic gravity.

To put our work in a proper perspective, one has to follow
how interest in the problem of nonrelativistic diffeomor-
phism has been rekindled in the recent past. In their study of
geometric properties of the Hall fluid in the lowest Landau
level, Son and Wingate used the idea of coupling a Galilee
symmetric theory in curved space [1,2]. Later, the approach
was used by Refs. [3-5,30] to name a few. The empirical
approach of Ref. [1] raised many questions. These questions
could not be answered satisfactorily in an otherwise very rich
literature on Galilean symmetry. A spate of papers appeared
[3,9,29], but none could provide an algorithmic approach
that was needed. In Ref. [29], the procedure of gauging the
Bargmann algebra was performed. This could give a
truncated vielbein approach, but devoid as it is of any
dynamical background, the results were of restricted utility.
Our method, as has been elaborated in this paper, eradicates
all these shortcomings. Meanwhile, nonrelativistic diffeo-
morphism invariance has found possible applications to
nonrelativistic superparticle theory [50], the fractional quan-
tum Hall effect [1] and also in holographic theories [10].
Thus, its importance in the present context cannot be
overemphasized.

A general Lagrangian field theory invariant under the
Galilean group of transformations has been considered. The
parameters of this group of transformations are constants.
Localization of these transformations means that the
parameters become functions of space and time.
Naturally, due to the presence of derivatives, the original
theory is no longer invariant under these local Galilean
transformations. The invariance is brought back in two
steps. First, locally covariant derivatives were obtained that
transformed under the local transformations in the same
way as the partial derivatives under global transformations.
Second, the integration measure was required to be suitably
changed. The algorithm was illustrated by taking a non-
relativistic (Schrodinger) field theory as an example.

The inclusion of the Chern-Simons action in nonrela-
tivistic curved space has been profusely discussed in the
literature [2,30]. To see how this could be implemented in
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our formalism, we first showed how gauge fields can be
naturally accommodated. The inclusion of Chern-Simons
term was then considered. The whole machinery was used
to develop a geometrical interpretation of our constructions.
Spatial nonrelativistic diffeomorphism invariance, as com-
prehensively obtained in this paper, is sure to equip the
condensed matter theorist with new tools for its perusal.
Particular emphasis has been given to the Chern-Simons
dynamics, and new results have been found which clarify
the coupling of the scalar fields with the spin connection in
two space dimensions—a result at present understood in
quite an involved manner [30]. Our analysis gives a
conceptually clean picture. The structure of the covariant
derivative found here—a consequence of the coupling—is
known [30] to yield the Hall viscosity and Wen-Zee term in
the discussion of the FQHE.

For the vanishing time translation parameter, our algo-
rithm was able to reformulate nonrelativistic field theories
in Euclidean space and universal time, invariant under local
rotation and boosts, to a field theory in curved space. This
means that a general prescription was obtained to formulate
a nonrelativistic diffeomorphism invariant theory. As
already mentioned, such theories find applications in
various contexts, especially in the study of the fractional
quantum Hall effect.

Our method is also successful in achieving spatial NRDI
in the context of the fluid model. This model is a hydro-
dynamic form of the Schrodinger field theory considered
here. It may be noted that in Ref. [32] an attempt was made
to discuss diffeomorphism inavariance in this model.
However, one had to invoke field-dependent diffeomor-
phism. We have, on the contrary, shown that it is possible
to discuss the conventional diffeomorphism symmetry
by a systematic extension of the model where ordinary
derivatives have been replaced by a covariant derivative and
an appropriate correction in the measure has been
incorporated.

The geometrical content of our theory is certainly not
confined to nonrelativistic diffeomorphism invariance in
space. We pushed it forward in a big way. Introducing a
four-dimensional manifold, we were able to identify a
(4 x 4) invertible matrix structure, the vielbein fields, from
the set of fields introduced during gauging. Using only the
vielbein postulate, we were able to endow the four-
dimensional manifold with structures that make it equiv-
alent to the Newton-Cartan spacetime. It was indeed
gratifying to observe how the transformation rules obtained
during the localization procedure provided the correct
geometrical transformations to the various objects of the
Newton-Cartan spacetime. This was indicative of the
internal consistency of the algorithm.

The NRDI that we have formulated in Galileo-Newton
spacetime allows new possibilities. Besides the ones that
have already been discussed, we have provided a geometric
basis for the construction of the Horava-Lifshitz theory of
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gravity which was unclear in its original formulation [31].
The genesis of the foliation preserving the diffeomorphism
invariant spacetime of Horava is shown to originate from
the localization of nonrelativistic symmetry subject to a
particular condition. This condition is the vanishing of the
boost parameter. This is done on the grounds that in the
nonrelativistic case there is no single nondegenerate space-
time metric. Indeed, if we had retained the boost parameter,
it would have led to the Newton-Cartan spacetime as shown
in Sec. IV. G. The Newton-Cartan spacetime, as is well

PHYSICAL REVIEW D 93, 085020 (2016)

known, is the basis for the construction of Newton’s gravity
as a spacetime phenomenon. This clearly shows the differ-
ence between the geometric aspects of Newton’s formu-
lation vis-a-vis Horava’s formulation. However, we must
note the common origin of both these types of non-
relativistic gravity. The nonrelativistic diffeomorphism
associated with these theories emanates from a gauging
of the nonrelativistic spacetime symmetries. Retaining the
boost parameter would lead to Newton’s gravity, while
setting it to zero leads to the Horava-Lifshitz formulation.
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