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Gravitational lensing by gravastars
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As a possible method to detect gravastars (gravitational-vacuum-star), which was originally proposed by
Mazur and Mottola, we study their gravitational lensing effects. Specifically, we adopt a spherical thin-shell
model of a gravastar developed by Visser and Wiltshire, which connects interior de Sitter geometry and
exterior Schwarzschild geometry, and assume that its surface is optically transparent. We calculate the
image of a companion which rotates around the gravastar; we find that some characteristic images appear,
depending on whether the gravastar possess unstable circular orbits of photons (Model 1) or not (Model 2).
For Model 2, we calculate the total luminosity change, which is called microlensing effects; the maximal
luminosity could be considerably larger than the black hole with the same mass.
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I. INTRODCUTION

Gravastars (gravitational vacuum stars) were originally
proposed by Mazur and Mottola [1] as a new final state
of gravitational collapse of stars, that is, an alternative to
black holes: they are spherically symmetric supercompact
objects which mimic black holes. In their model an
interior de Sitter region and an exterior Schwarzschild
background are connected by a shell of stiff matter (p = p)
so that singularity in Schwarzschild spacetime is removed.
Although their formation process is unclear, the idea
is fascinating because it could solve two fundamental
problems of black holes: the singularity problem and
information loss paradox.

Since their original proposal, a number of models of
gravastars have been studied. Cattoen et al. [2] showed that
gravastars cannot be perfect fluids and hence anisotropic
pressure should be included. Therefore, the subsequent
models are classified into two types: one is continuous
matter with anisotropic pressure [2,3] and the other is an
infinitely thin shell [4-9]. The original thin-shell model of a
gravastar was developed by Visser and Wiltshire (VW) [4],
using Israel’s junction conditions [10]. In their model there
are not only static solutions but also stably oscillating
solutions; the latter class was studied carefully by
Rocha et al. [5]. Then, many extensive models have been
discussed: generalized equation of state [6], radiating shell
[7], including dark energy [8], and including electromag-
netic field [9].

If gravastars exist in the Universe, how can we identify
them by observations? Chirenti and Rezzolla [11] con-
sidered a question of how to tell a gravastar from a
black hole. They studied axial-perturbations on gravastars
and found that their quasinormal modes of gravitational
waves differ from those of black holes. Later more
general perturbations were analyzed by Pani et al. [12]
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Broderick and Narayan [13] argued that, if observed black
hole candidates with matter accretion were gravastars,
they should heat up and emit radiation. With this thermal
process they discussed observational constraints on
gravastar models. Harko et al. [14] considered accretion
disks around slowly rotating gravastars and argued that
their electromagnetic properties can distinguish a grav-
astar from a black hole.

Recently Sakai, Saida and Tamaki [15] proposed a new
method to distinguish gravastars from black holes by
electromagnetic observations. They investigated the optical
images of the gravastars possessing unstable circular orbits
of photons, assuming its optically transparent surface and
two types of optical sources behind a gravastar: an infinite
optical plane and a companion star.

In this paper we focus on the latter case: assuming its
optically transparent surface, we investigate the image and
luminosity change of a companion rotating a gravastar in
more depth to answer the following questions.

(1) What is the image of the companion like when it is in

front of the gravastar?

(i) What is the image of the companion like if the lens
gravastar is slightly larger and does not possess
unstable circular orbits of photons?

(iii) How does the total luminosity change when the
companion passes through the gravastar?

The last question is the most important because it is more
realistic to observe the total luminosity (i.e., microlensing
effects) than to observe the shape of the lensed image.

The present analysis is also applicable to the study of
boson stars [16] and other soliton stars composed of scalar
fields or gauge fields. Because such soliton stars are
optically transparent, we expect that they have similar
optical natures.

This paper is organized as follows. In Sec. II, we review
thin-shell models of a gravastar used in Ref. [15] and
discuss null geodesics for the two models: one possesses
an unstable circular orbits of photons and the other is not.
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In Sec. 111, we solve null geodesic equations numerically to
obtain the images of optical source around gravastar for the
two models; we also calculate the time-variation of the total
luminosity. Section IV is devoted to concluding remarks.

II. THIN SHELL MODEL
AND NULL GEODESICS

A. Thin shell model

To begin with, we review thin-shell models of a gravastar
developed by Visser and Wiltshire [4], which was adopted
in Ref. [15]. The inside is a part of de Sitter spacetime,

d 2
ds® = —A_di* + f + 12 (d6P + sin0dg?),

(2.1)

with A_(r_)=1-H?*r2, (2.2)

and the outside is a part of Schwarzschild spacetime,

d 2
ds® = —A d + f + 12 (d6? + sin®0dg?),  (2.3)
+
.
with A, (r)=1--L,
ry

(2.4)

where r is a gravitational radius. We have denoted the field
variable on the outside (inside) by superscripts or subscripts
+(—). To describe the geometry in vicinity of the boundary
hypersurface X, we introduce a Gaussian normal coordinate

system,
ds* = dn® + y5dx'dx/
= dn* — N (n,7)*dr?

+ 1y (n,7)*(d0* + sin’0dg?), (2.5)
in which n =0 corresponds to X. N is normalized by
N+(0,7) =1 so that 7 implies the proper time of X. We
suppose that X contents infinitesimally thin matter,

i 0 :

St = /_0 T.dn = diag(—o0, w, w), (2.6)
where ¢ and w are the surface energy density and the
surface pressure, respectively. Following Visser and
Wiltshire [4], we assume 2 + 1 dimensional stiff matter,

w = o. (2.7)

What we are looking for is static and stable solutions of a
gravastar. To find the solutions which are stable against
spherical perturbations, we derive the equations of motion
of the shell.

Following Israel’s formalism [10,17], we can obtain the
junction conditions at X as follows. The metric continuity
vi; = v;; implies
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R=r,=r_, (2.8)
2 2

d = -9 4 ap 29 (o)
+ -

The other junction conditions are reduced to the two
equations. One is

p_—p, =4nGoR, (2.10)
where
o 0ri o dR 2
Py =2, & (E) +Ay,
. 6ri
= —. 2.11
6. = sign - e.1)

In a spacetime without Schwarzschild horizon nor de Sitter
horizon, €, = 41 because the areal radius r. always
increases as n increases. The other equation is

d d
— (oR? —(R*) =0. 2.12
°(oR?) + @ (R?) 2.12)
For stiff matter (2.7), we find
oR* = const. (2.13)
Introducing dimensionless quantities,
-~ R
rR=", =% (2.14)
Ty Ty
4nGoR*
h=r,H, s = id f = const, (2.15)
e
g
we rewrite (2.10) as
dR\?
< ~> +UR)=0 (2.16)
dz
- RR* 1 2
UR)=1—-—————
(R) 2 2R 4RS
RO [ -, 1
- R* — = 2.17
452 < R) ( )

We have to solve U(R) =0 and U'(R) =0 to obtain
static and stable solutions. This condition gives a constraint
on the three parameters %, s, and R. We survey static and
stable solutions and show their parameters s, R as a
function of % in Fig. 1. In the following analysis we adopt
the two cases, which are denoted by the bigger dots
in Fig. 1.
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FIG. 1. Parameters s and R as a function of 4, when U(R) has a
local minimum on U(R) = 0 as shown in Fig. 1. Only these
parameter values allow for static and stable gravastar solutions. &
has an upper limit, /A, ~ 0.43. The large dots denote the two
cases, h = 0.1, R = 1.303 (Model 1) and h = 0.4, R = 3.410
(Model 2), which we analyze in the following.

(i) Model I: h =0.1, R = 1.303. Because R < 1.5r,,
unstable circular orbits of photons are existent.

(ii) Model 2: h = 0.1, R = 3.410. Because R > 1.5r,
unstable circular orbits of photons are nonexistent.

B. Null geodesic equations

Next, we derive null geodesic equations with boundary
conditions for the static gravastar spacetime. The null
geodesic equations are

k¥
=Tk =0,

7 with  k,k# = 0.

(2.18)

The geodesics in the § = /2 plane for the outside (+) and
the inside (—) are given by

d d
1 d (KN dAy (K2
e —r (k9)? = 2.2
i () i e k=0 e
2 (KD e
—Ai(kit) + + ri(ki) =0. (2.21)

Ay

Because Eq. (2.20) is also derived by (2.19) and (2.21), we
do not have to solve it. Equations (2.19) are integrated as

ALk, = const=E., Pk =const=L,, (2.22)

and then (2.21) becomes
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A, L2
(k)2 + =5
rL

= E2. (2.23)

It follows from (2.22) and (2.23) that

dry K. PRk Eiri)2
Te 2 _FRe 4, J(EEE) —aL, (229
dQD k(:pt Li L:t

which gives null geodesics in the exterior and interior
regions of the gravastar.

The equation for the interior region in (2.24) is
integrated as

E? -
r_=rysec(p—,), Py = (L—g + H2) . (2.25)

where ¢,, is an integral constant. Since a black hole horizon
does not exist and the surface of the gravastar is transparent
in our situation, any incident light ray to the gravastar has
to penetrate the gravastar, as we will show in Fig. 3.
Therefore, there are two crossing points of the penetrating
null geodesic with the surface of gravastar X. Let ¢; and
(1 < @,) denote the p-coordinate values of those two
crossing points, they are determined by

O = @1+ arccos%" =@, — arccos%. (2.26)

On the other hand, the equation for the exterior region in
(2.24) cannot be integrated analytically. However, the
asymptotic solution at r — co is obtained by putting
A, -1t

L
o= sec(p — g0, (2.27)

+

where ¢, is an integral constant.

Next, we discuss the boundary conditions of k* at X.
In the case of a static gravastar, R = const, the relation
between the Gaussian normal coordinates (2.5) and the
outer/inner coordinates (2.1) and (2.3) is given by

dr> = A,dP? = A_dr*,

R dg? = ridg? = rdg?. (2.28)
Then we find
VALK = VAK, K=k (229

With the help of the null condition (2.21), we also obtain

S
VA, VA

(2.30)
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The relations among the integration constants are given by
(2.8), (2.22) and (2.29),

L,=L_, ==, (2.31)

Hereafter we denote L, and L_ simply by L because they
are identical.

To make a qualitative discussion on photon trajectories,
it is convenient to introduce the effective potential as
follows. Equation (2.23) is rewritten as

dri 2 LZAi
= = E2.
(d/li> + rzi +

To discuss the dynamics with a continuous ‘“potential”
by analogy with the Newtonian mechanics, we introduce
unified variables as

(2.32)

02
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FIG. 2. Graphs of the effective potential of null geodesics,

V(R). (a) Model 1 has both stable and unstable circular orbits of
photons. (b) Model 2 has no circular orbits of photons.
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A_(R
r=r_ and A= - >/1_ (inside),
A, (R)
r=r, and A=24, (outside), (2.33)
and define the effective potential as
L°A_A, (R A/(R) (1
V(I"<R): 2— +():L2 +()—2—H2,
r* A_(R) A_(R) \r
L?A 1
V(r>R)=="5"=12 <—2 - r—g) (2.34)
r reor

Then we obtain the continuous equation of motion,

(Z)z +V(r) = E2.

Figure 2 shows V(r) for the two models. Model 1
represents the case where both stable and unstable circular
orbits of photons, while Model 2 represents the case where
no circular orbits of photons.

(2.35)

ITII. GRAVITATIONAL LENS BY GRAVASTARS

A. Basics features of null geodesics

We review the basic features of null geodesics, which
was discussed in Ref. [15]. We define the rectangular
coordinates (x,y,z) = (rcos¢sin®, rsingsin, rcosf).
We suppose that the center of the gravastar is located at
the origin and the observer at (D,,0,0)(¢ = 0). Figure 3
shows the z = 0(0 = z/2) plane. If we make a coordinate
rotation appropriately, any trajectory can be put on this
plane. On this plane, we denote the intersection of the
y-axis with the tangent to the ray at the observer by y = a;
we can interpret « as the apparent length from the
gravastar’s center or the impact parameter.

FIG. 3. The z=0 plane in

the 3-space
(rcosgsin®, rsingsind, rcosd). The center of the gravastar
is located at the origin and the observer at (D,,0,0). The
intersection of the y-axis with the tangent to the ray at the
observer is denoted by (0,a,0). The integral constant ¢,
corresponds to the angle indicated by this figure: tangp,. = D,/a.

(x,y,2) =

084051-4
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In this rectangular coordinate system the asymptotic
solution (2.27) is rewritten as

L
xCOS(pC—l-ysingoC:E, (3.1)
where the x-intercept and the y-intercept are given by
L L
D, = 7 SeCPe, a = Zcosecq,, (3.2)

respectively. Recall that ¢, is an integral constant defined
by (2.27). Because (3.2) indicates

D
tang, = —2, (3.3)
a

we find that the integral constant ¢, corresponds to the
angle indicated by Fig. 3.
Furthermore, taking the limit of D, — oo, we obtain
T L

P —5. a— .

> 7 (3.4)

Therefore, if D, is large enough, we can regard L/E as the
apparent length from the center as well as the impact
parameter. In the following analysis we put D, = 1000r,.

Figure 4 shows trajectories of photons which reach the
observer for (a) Model 1 and (b) Model 2. In de Sitter
region photons pass linearly. In Model 1 photons with
L/Er,~ 31/3/2 twines around the unstable circular orbit.
In Model 2 lensing effects are smaller than those in model
1; however, the amplification of luminosity becomes more
important.

B. Gravitational lensing images

Next, supposing that a companion star rotates around a
gravastar, we investigate its image caused by gravitational
lens effects. Figure 5 shows the setting of our numerical
analysis. We suppose the companion is rotating around the
gravastar. We put the gravastar’s center and the compan-
ion’s center at the origin and on the z = O-plane, respec-
tively. We denote the distance between the companion’s
center and the gravastar’s center by D, and the radius of the
companion by r,. The angle ¢ is defined as the angle
between the direction of the companion’s center and the
opposite direction to x-axis. The image a = (a,, ;) is
defined as the intersection of the x =0 plane with the
tangent to the ray at the observer.

Henceforth we discuss the two models separately.

(i) Model 1 (h =04, R =1.303 < 1.5).

We show the relation between the apparent position
a = L/Er, and the central angle & in Fig. 6, which provides
us all information about lensing effects. The peak sharp
peak at @ = 1.5v/3 = 2.5981 corresponds to the geodesics
which wind infinite times on the unstable circular orbits

r = 1.5r,, and diverges at @ = 1.5v/3. While the photons
with a > 1.5\/§ travel only in Schwarzschild background,
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FIG. 4. Trajectories of photons which reach the observer for
(a) Model 1 and (b) Model 2. The observer is located at
r=1000r,, ¢ =0, the right side of the figure. In de Sitter
region photons pass linearly. In Model 1 photons with L/Er, ~
3\/5/2 twines around the unstable circular orbit. In Model 2
lensing effects are smaller than those in model 1; however, the
amplification of luminosity becomes more important.

the photons with a < 1.5v/3 pass through the gravastar
interior. In pure Schwarzschild spacetime only geodesics
with @ > 1.5V/3 exist.

Figure 7 shows the images of the companion projected
onto the x =0 plane when it is behind the gravastar
(6 > 90°), which was also discussed in Ref. [15]. The
gravastar’s center is fixed at the origin. We take D = 10r,
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companion ..

FIG. 5. Setting of our analysis of gravitational lens effects. We
suppose a companion around a gravastar. We put the gravastar’s
center and the companion’s center at the origin and on the
z = O-plane, respectively. We denote the distance between the
companion’s center and the gravastar’s center by D, and the radius
of the companion by r,. The angle §is defined as the angle between
the direction of the companion’s center and the opposite direction
to x-axis. The image a = (a,, a,) is defined as the intersection of
the x = 0 plane with the tangent to the ray at the observer.

and r, = 2r,. We display five snapshots when 6 = 100°,
135°, 150°, 168° and 170°. The red images correspond to
geodesics which pass through the gravastar, while the blue
ones to those which pass only through Schwarzschild

8[rad]

FIG. 6. Relation between the apparent position a and the central

angle & for Model 1 (R < 1.5). The sharp peak at a = 1.5v/3 ~
2.5981 corresponds to the geodesics which wind infinite times on

the unstable circular orbit r = 1.5r,, and diverges at @ = 1.5 V3.
While the photons with & > 1.51/3 travel only in Schwarzschild

background, the photons with a < 1.5v/3 pass through the
gravastar interior.
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FIG. 7. Images of the companion for Model 1 when it is behind
the gravastar (6 > 90°). The gravastar’s center is fixed at the
origin. We choose D; = 10r, and r, = 2r,. We display five
snapshots when 6 = 100°, 135°, 150°, 168° and 170° in (a), (b),
(c), (d) and (e), respectively. The red images correspond to
geodesics which pass through the gravastar, while the blue ones
to those which pass only through Schwarzschild background. The
dotted circles indicate the image in the absence of the gravastar.
We do not take account of light-dark contrast, which is generated
by gravitational redshift of the photons.
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background. The dotted circles indicate the image in the
absence of the gravastar. Here we do not take account of
light-dark contrast, which is generated by gravitational
redshift of the photons. The characteristics of the gravastar
are the red images: a disk in the center and arcs in the sides.
Actually, there are infinite numbers of arcs between the red
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FIG. 8. Images of the companion for Model 1 when it comes

in front of the gravastar (§ > 90°). We display four snapshots
when 6 =10° 12° 20° and 50° in (a), (b), (¢) and (d),
respectively. The disc is a “direct” image which is insignificantly
affected by gravity. The rings and arcs correspond to photons
which go around the gravastar.
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arc and the blue arc. As the companion moves, the central
disk moves in the opposite direction. As ¢ increases, the
arcs in both sides become longer, and finally they are
combined into one image.

Figure 8 shows the images for the same model when the
companion comes in front of the gravastar (6 < 90°).
We display four snapshots when § = 10°, 12°, 20° and 50°.
The blue disc is a “direct” image which is insignificantly
affected by gravity. The rings and arcs correspond to
photons which go around the gravastar. When & 5 12°,
one disc and many rings appear; as d increases, the rings are
broken into arcs. _

(ii) Model 2 (h = 0.1,R = 3.410 > 1.5).

Next, we consider Model 2, which does not possess
unstable circular orbits of photons. Although Ilensing
effects in Model 2 are smaller than those in Model 1,
the amplification of luminosity would be more important
and observable.

Figure 9 shows the relation between the apparent
position @ = L/Er, and the central angle 6. The small
peak corresponds to the geodesics which pass the surface
of the gravastar.

Figure 10 shows the images of the companion for Model
2. Again we choose D, = 10r, and ry = 2r,. We display
six snapshots when 6 = 130°, 150°, 160°, 167°, 170° and
175°. Although lensing effects are weaker than those in
Model 1, we find new features as follows.

(i) When & 5 160°, only blue-colored images, which
denote geodesics which pass only through
Schwarzschild background, appear. The number
of images are only one or two, contrary to
Model 1, where infinite numbers of arcs appear.

(i) When 6% 167°, one or two red images, which
denote geodesics pass through the gravastar, also
appear.

§[rad]

I
T

0 > 4 6 5 10 2
o

FIG. 9. Relation between the impact parameter a and the

companion angle § for Model 2 (R > 1.5). The small peak

corresponds to the geodesics which pass the surface of the
gravastar.
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FIG. 10. Images of the companion for Model 2. The gravastar’s center is fixed at the origin. Again we choose D; = 107, and r, = 2r,.
We display six snapshots when § = 130°, 150°, 160°, 167°, 170° and 175° in (a), (b), (c), (d), (¢) and (f), respectively. The red images
correspond to geodesics which pass through the gravastar, while the blue ones to those which pass only through Schwarzschild
background. The dotted circles indicate the image in the absence of the gravastar. We do not take account of light-dark contrast, which is

generated by gravitational redshift of the photons.
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FIG. 11. Light curves for Model 2 gravastar and for the

Schwarzschild black hole with the same mass. The ordinate is
normalized by the maximum value of the gravastar. We assume
that gravitational redshift is negligible; then, the total luminosity
is proportional to the apparent area. The maximal luminosity
from the gravastar becomes more than twice as large as that from
the black hole.

(ili) As ¢ increases, the two asymmetric red images
merge into one. The image when 6 = 170° is in
the shape of a disc with a hole.

(iv) When 6 g 170°, the area of the inside disc becomes
larger than the outer ring. This indicates that the
amplification of luminosity by this gravastar is
observable.

To see how much the luminosity of the companion is
amplified by this gravastar, we plot light curves for Model 2
gravastar and for the Schwarzschild black hole with the
same mass in Fig. 11. The ordinate is normalized by the
maximum value of the gravastar. We assume that gravita-
tional redshift is negligible; then, the total luminosity is
proportional to the apparent area, which is shown in
Fig. 10. When &% 160°, luminosity from the gravastar
becomes larger than that from the black hole because
photons passing through the gravastar also come to the

PHYSICAL REVIEW D 93, 084051 (2016)

observer. The maximal luminosity from the gravastar
becomes more than twice as large as that from the
black hole.

IV. CONCLUDING REMARKS

We have proposed a new method to detect gravastars, by
using gravitational lensing effects. We have adopted a
spherical thin-shell model of a gravastar developed by
Visser and Wiltshire, which connects interior de Sitter
geometry and exterior Schwarzschild geometry, and
assumed that its surface is optically transparent. We have
calculated the image of a companion which rotates around
the gravastar; we have found that some characteristic images
appear, depending on whether the gravastar possess unsta-
ble circular orbits of photons (Model 1) or not (Model 2).
For Model 2, we have calculated the total luminosity
change, which is called microlensing effects; the maximal
luminosity could be so large that the gravastar can be
distinguished from the black hole with the same mass.

Finally, we discuss reasonability of our assumption of
the optically transparent surface. In the original scenario of
gravastars [1], they are assumed to be formed by an
unknown phase transition. Therefore, their physical proper-
ties are not known, and hence there are three possibilities.

(1) The surface emits electromagnetic waves. In this
case one could detect the electromagnetic waves,
and hence a gravastar can be distinguished from a
black hole observationally.

(i) The surface is black and does not emit electromag-
netic waves. In this case there is no chance to
identify a gravastar.

(iii) The surface is electromagnetically transparent.
Because only the last case leads to nontrivial observational
consequences, it is worth investigating. Furthermore, if we
consider boson stars and other soliton stars composed of
scalar fields or gauge fields, they are essentially electro-
magnetically transparent. Therefore, the present analysis on
the assumption of the optically transparent surface is also
useful to survey such soliton stars.
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