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Using a C-metric-type ansatz, we obtain an exact solution to conformal gravity coupled to a Maxwell
electromagnetic field. The solution resembles a C-metric spacetime carrying an electromagnetic charge.
The metric is cast in a factorized form which allows us to study the domain structure of its static coordinate
regions. This metric reduces to the well-known Mannheim-Kazanas metric under an appropriate limiting
procedure, and also reduces to the (anti)de Sitter C-metric of Einstein gravity for a particular choice of

parameters.
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I. INTRODUCTION

The C-metric is one of the earliest known exact solutions
to Einstein gravity, and still many of its features remain
relevant for various reasons today. Its compact and elegant
form appears almost oblivious to reality as the years unfold
as new features and applications have been found with each
passing decade.

The C-metric was one of the building blocks used to
construct the five-dimensional black ring [1], and to
provide a description of localized braneworld black holes
[2,3]. In the context of the AdS/CFT correspondence, the
C-metric with a negative cosmological constant was used to
describe black funnels and droplets [4,5]. Further analysis
of its physical properties and causal structure continue to
reveal many interesting physics. (See, e.g., Refs. [6-11]
and related references therein.) Not long ago, Hong and Teo
[12] cast the C-metric in a convenient factorized form in
which the solution is parametrized in terms of the roots of
its structure functions. Recently, in [13] this idea has been
extended to C-metrics with nonzero cosmological constant.

With the importance of the C-metric in Einstein gravity,
it is natural to study analogous solutions in non-Einstein
theories of gravity such as Weyl conformal gravity [14-16].
Instead of the usual Einstein-Hilbert action, this formu-
lation of gravity is based on local conformal invariance
where the action involves the square of the Weyl tensor.
Varying this action results in fourth-order equations of
motion for the metric functions, though in the vacuum case,
solutions of Einstein gravity are also vacuum solutions of
conformal gravity.

Among the most widely used solution in conformal
gravity is the spherically symmetric solution obtained by
Mannheim and Kazanas (MK) [17]. This solution resem-
bles the Schwarzschild-(A)dS solution, with an additional
linear term in its lapse function. The Newtonian limit of
these solutions were investigated in [18,19]. The charged
generalization of the MK metric was given by Riegert [20]
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and also by Mannheim and Kazanas [21] where the rotating
generalization was also given. Other types of solutions
were obtained more recently, such as spacetimes with
cylindrical symmetry [22-24], the Kerr-NUT-(A)dS sol-
ution [25], and topological black holes [26-28]. Several
solutions have also been studied in theories beyond four-
dimensional conformal gravity, such as six-dimensional
conformal gravity [29], and a gravitational action that
includes both the Einstein and conformal gravity
terms [28].

One of the most promising features of conformal
gravity is that it provides a likely explanation of astro-
physical phenomena not accounted for in Einsteinian
gravity, such as the fitting of galactic rotation curves
without the need of introducing dark matter [30,31].
Furthermore, the constraints on the parameters obtained
from the fitting is also consistent with observations of
planetary perihelion precession [32]. Further investigations
of other experimental tests of gravity are also considered,
such as gravitational time delay [33] and gravitational
lensing [34-37].

The (neutral) C-metric in conformal gravity was studied
in detail recently by Meng and Liu in [38]. In their paper,
the C-metric solution also includes a conformally coupled
scalar field. A somewhat similar metric was briefly con-
sidered earlier in [28,39] where the metric is in the form
that is conformal to the Plebafiski-Demianski metric.

In this work, we attempt to derive a solution correspond-
ing to a charged C-metric in conformal gravity and
investigate its various properties, in a similar vein to what
was previously done for the C-metric in Einstein gravity. In
particular, we study the domain structure [13,40] of the
solutions which involves analyzing the structure of the
Lorentzian coordinate regions in a two-dimensional plot.1
We also aim to show that conformal gravity C-metric
contains reduces to the (charged) MK metric under an

'"The term “domain structure” should not be confused with the
formalism of the same name in Ref. [41].
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appropriate limit, similar to how the C-metric reduces to the
Reissner-Nordstrom solution in Einstein gravity [12,42].

This paper is organized as follows. In Sec. II we present
the derivation of the metric using a C-metric-type ansatz
and solve the Bach-Maxwell equations describing con-
formal gravity coupled to an electromagnetic field.
Subsequently in Sec. III we focus on a special choice of
parameters that affords various symmetries and provide a
convenient form in which one of the structure functions are
factorized. In Sec. IV we study the domain structure of the
metric and find its possible Lorentzian coordinate regions.
Some physical properties of the spacetime are studied in
Sec. V, and various interesting limiting cases of the metric
are considered in Sec. VI. This paper ends with some
closing remarks in Sec. VII.

II. DERIVATION OF THE METRIC

Conformal Weyl gravity is described by the action’

1
1= [ 45V G =7 (1)

where C is the conformal Weyl tensor and F = dA is the
Maxwell 2-form flux arising from a I-form potential A.
Varying the action with respect to the metric g and A gives
the Bach-Maxwell equations

1
Wa = QV9V7 4 R)Cyppy = 2FuF i =5 PG (2)

V,Fr =0, (3)

We first solve Eq. (2) in the vacuum case (W,, = 0),
beginning with the ansatz

1

ds? = ——
(x—y)?

2 dy? d_x2 ¥)dd?
<Q<”‘” 00 Pl TP )
@)

where P(x) and Q(y) are functions of only x and y,
respectively. In the vacuum case, the linear combination
Wy — W, =0 leads to

PP//// + QQ//// — 0, (5)

where primes denote derivatives with respect to their own
arguments. This suggests a separation constant K where
PP = K = —-QQ". Using this separation constant to
eliminate the fourth derivatives in W, and W, leads to a
single equation,

“For the expression of the gravitational action we follow the
notation of [20], with (— + ++) for a Lorentzian signature and a
convenient normalization of the coupling constant to the Maxwell
field.
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which may also be separated with another separation
constant 4C. Solving the resulting third-order ordinary
differential equations gives third-order polynomials for P
and Q with the requirement that K = 0. The result is

2
+C
P(x) = LZ )x3 + pax* + p1x + po.
3py
2
g5+ C
o(y) = @ +C) 23% >y3 + ¢29> + @1y + 4o,

where py, ..., p, and qq, ..., g, are constant coefficients.

To generalize this solution to include charges, we assume
a Maxwell potential that takes the form A = eydr + gxde,
where e and g respectively denote the electric and magnetic
charge parameter. Solving the equations of motion requires
a slight modification of the Q polynomial. The result is a
nine-parameter metric

1 dy? dx?
ds? = —— (Q y)de? — + P d¢2),
=y \2ON =50 T p TP
2
1C
P(x) = —(p2 )x3 + pax* + p1x + po.
3p)
2 2 2
qg;+C+3(e"+yg
0(y) _ o ( ) ¥} + @29* + 41y + 40

3q,
(7)

which, together with the Maxwell potential A = eydr +
gxdg, solves the Bach-Maxwell equations (2) and (3).

III. ADDITIONAL SYMMETRIES

For certain special choices of p; and ¢g;, the metric will
carry additional symmetries which allow further simplifi-
cations. For example, the solution considered in [38]
corresponds to the choice

c—DP= P
q1 — D1

1 1
Pzzicz, 6]2:—§(C1€2+C2),
1
p1 = Cs, q, :§C1€%+C262+C3,
| RPN
p0:C4, qdo = — 6C162+§C2€2+C382+C4 .

(8)

In this form, there exists a three-parameter solution which
brings P and Q to a form where the neutral solution is
characterized by three parameters.
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In this paper, we shall focus our attention to the
following choice of parameters:

P1 =41, |2l = g2l )

Note that the second condition leads to two possible
choices, p, = £¢,. We can encode the two distinct choices
with ¢ = £1, and upon renaming the other constants, the
metric reduces to

2 de

o ,_dy o
=y (Q(”d’ o) " PW)

P(x) = co + c1x + x> + c3x°,

ds? =

" P<x>d¢2),

eerg2
Q()’)_a+co+01y+€cz)’2+<c3— . >y3- (10)
1

In this form, Eq. (10) has additional similarities to their
counterpart in FEinstein gravity which we will explore
further in the following sections.

To organize our discussion below, we shall denote the
case € = 1 as Class I and € = —1 as Class II. One notable
feature we see in (10) is that the charge term is qubic, not
quartic as in Einstein-Maxwell theory. Therefore, the
introduction of charges does not introduce an inner horizon
to the spacetime. This is similar to the case of the charged
MK solution where the inner horizon is also absent.
Furthermore we note another departure from Einstein-
Maxwell theory in the relation

e2+92

C

Q) = P(E) =a+ (e = 1), — &, (1)

so that in general, the two structure functions are not
identical up to a constant shift.

It follows from Eq. (11) that in the presence of charges
and/or ¢ = —1, the metric does not have the continuous
coordinate-translation symmetries enjoyed by its Einstein-
Maxwell counterpart. This constrains our ability to fix or
eliminate the remaining parameters to cast the metric in a
convenient form.

Nevertheless, we can at least completely factorize one of
the structure functions. If we consider factorizing P, the
metric can be reparametrized by introducing

¢y = pu(ab + ac + be),
¢y =—pla+b+c), €3 = . (12)

co = —pabc,

With this parametrization, Eq. (10) becomes
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2o A S
05 = Gy (00107 - G + g+ PO
P(x) = p(x —a)(x = b)(x — ).
At X ,
o(y) = <ﬂ—ﬂ(ab+ac+bc)>y —epla+b+c)y
+ pu(ab + ac + be)y — pabe + a, (13)

and the Maxwell potential remains unchanged,
A = eydt + gxde. (14)

This metric (13) and potential (14) will be the form used
throughout the rest of this paper. In this form, P is assumed
to have real roots.

In this form, the solution is invariant under the following
transformations:

(1) Rescaling symmetry,

x = Ax, y — Ay, t — At, ¢ — AP,
/’t_)/{:_:;’ a — Aa, b — Ab, c — Ac,
e
¢= 5 9= (15)
for a nonzero, positive constant A.
(2) Reflection symmetry,
X = =X, y ==y I — —1, ¢_)_¢’
u— —u, a— —a, b — —b, c— —c.
(16)
(3) Parameter symmetry,
a < b, a < c, b < c. (17)
(4) Coordinate symmetry,
X <y, (18)

followed by double-Wick rotations on the pairs
(t,¢) and (e, g),

¢ —it,
g — ie. (19)

t — ig,

e — ig,

Clearly, allowing 4 < O in the rescaling symmetry (15) is
equivalent to a positive rescaling followed by a reflection. If
we invoke coordinate symmetry on Eq. (13), we arrive at a
form where Q is factorized:
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2o 2 B 4 e
& =Gy (QW 00y P TP )

- e’ + g
Plx) = <ﬂ + u(ab + ac + cb)
+ u(ab + ac + be)x — pabe — a,
Q(y) =uly—a)(y=b)(y — o). (20)

Therefore we have two alternate forms, (13) and (20) in
which either P or Q is completely factorized. In both cases,
the Maxwell potential is still given by Eq. (14).

It should be noted that, in general, the two metrics (20)
and (13) describe different spacetimes. Thus, the analysis
of the parameter ranges and domain structure performed
below for (13) do not automatically apply to the form (20).
A separate, but similar analysis should be performed in
order to determine the properties of the latter spacetime.

The parameter symmetry can be used to fix the ordering
of the roots as

>x3 —eu(a+b+c)x’

a<b<ec. (21)
We shall also use the reflection symmetry to fix
u=>0. (22)

With the rescaling symmetry we can fix one of the roots to a
particular value. Throughout this paper we will find it
convenient to set

c=b+ 1 (23)
u
Note that this choice is consistent with (21) and (22).
We now have a solution specified by (u,a,b,a, e, g),
which are four spacetime parameters plus two electromag-
netic charges. Altogether, we treat Eq. (13) as a six-
parameter solution.

IV. COORDINATE RANGES AND
DOMAIN STRUCTURE

A. Construction of domain structures
in conformal gravity

Since our metric is described by four spacetime param-
eters plus two charges, it is not possible to characterize its
solutions in a systematic manner using the methods of
[13,40], where the parameter space for (A)dS C-metric is
two dimensional. Furthermore, the fact that the coefficients
of P and Q are different leads to many different possible
orderings of the roots of P and Q.3

3This is in stark contrast in the Einstein gravity case, where
since P and Q only differ by a constant shift, there are only two
possible orderings of the roots. (See, for example, Fig. 1 of
Ref. [40].)
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FIG. 1. An example showing the construction of a domain
structure for e = -1, u =1, =03, ¢g=0,a=-1, b =0.2,
and ¢ = 1. On the left is the sketch (not to scale) of the functions
P (solid) and Q (dotted) showing the ordering of the roots. On the
right is the two-dimensional plot where the horizontal (respec-
tively vertical) direction represents the x-(y-) coordinate. The
shaded regions represent the static Lorentzian regions of interest.

Nevertheless we can still consider the possible existence
of certain domains by seeking direct numerical examples.
We shall briefly review and outline our procedure in this
subsection and present the possible domains in Secs. IV B
and IV C. Our method to find the domain structure is as
follows.

The roots of P are already defined in terms of a, b and
¢c=b+1/m, where we use the symmetries to set
a<b <c. Let us denote the roots of Q in increasing
order as

Y1 <y <3 (24)

Furthermore, since in (13) our electric and magnetic
charges only appear in the combination e + g7, it will
be useful to express the charges as a single quantity

qg=1/e*+ (25)

where we will simply refer to g as the total charge.

To determine the domain structure for a given set of
parameters, one has to first establish the order of these six
roots {a,b,c,y,y,,y3} relative to each other. Knowing
the locations of the roots, we would then be able to
determine the coordinate ranges where Q(y) <0 and
P(x) > 0 which is required for the metric (13) to have a
Lorentzian (— + ++) signature. Plotting these ranges on a
two-dimensional plot then gives us the domain structure of
the spacetime.

To demonstrate using a concrete example, let us take
e=lLu=1,a=02 4g=05,a=-1, b =-0.2. With
these parameters we can easily sketch the curves of P and
Q on a common axis using, say, Maple Or Mathematica.

From the sketch in the left-hand plot of Fig. 1, we can
read off the ordering of the roots as

a<y <b<y,<y;<ec. (26)
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As mentioned above, to have the correct Lorentzian (— +
—+-) signature, we require P(x) > 0 and Q(y) < 0. The
former is satisfied for the ranges ¢ < x < b and x > c,
while the latter is satisfied for ranges y <y; and
y1 <y < y3. We then plot the coordinate ranges together
on a two-dimensional diagram to find the ranges that satisfy
all the required conditions simultaneously. These are shown
in the shaded regions in the right-hand plot of Fig. 1. The
possible shapes of the shaded regions are what we refer to
as the “domain structure.”

These two-dimensional figures are plots where the
horizontal direction represents the x-coordinate and the
vertical direction represents the y-coordinate. The vertical
lines represent the symmetry axes (P = 0) and the hori-
zontal lines represent the horizons (Q = 0), while the
diagonal line is the conformal infinity where x = y. The
left and right sides of the plots represent x — 400, while
the upper and lower sides represent y — +o0. As we will
show explicitly in Sec. V, these limits generally contain
curvature singularities. The shaded areas are the static
regions of Lorentzian signature, where the darker shade
represents areas of particular interest. We are mainly
interested in static Lorentzian regions between a <x <b,
where we will eventually extract the Mannheim-Kazanas
spacetime in Sec. VI A below. Furthermore, our darker-
shaded static Lorentzian regions should not include the
sides where x, y — £oo which would correspond to having
an observer seeing a naked curvature singularity.

Indeed, an observer might pass through horizons to
access nonstatic regions that possibly have curvature
singularities. Nevertheless, we wish to view the spacetime
from a perspective that is exterior to the black hole. This is
partly motivated by physical reasons since, in the MK limit
of the metric which will be performed below, the darker-
shaded regions are the ones with the most observational
significance (for instance, gravitational lensing and other
observations mentioned in Sec. I).

B. Class I: ¢=1

First we note that, for Class I the two structure functions
are related by

(€ + )&
u(ab + ac+ be)’

Q&) - P(é) =a— (27)

In the uncharged case the structure functions differ by only
a constant shift. We will show in Sec. VI B below that the
uncharged Class I case is precisely the Einsteinian (A)dS
C-metric and has been studied in detail in [2-5,13,40].
Therefore we consider cases of nonzero charge unique to
conformal gravity.

By checking various numerical values of the metric
parameters, we obtain the possible domain structures
shown in Fig. 2. We find the same five possible shapes
that were present in the (A)dS C-metric in Einstein gravity,
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FIG. 2. Possible Class I domain structures for u =1 and
various values of a and ¢. For (a)—(d) the roots are chosen to
be a = -1, b = —0.2 and ¢ = 1, while for (e) the roots are a =
—1 and b = 1. The shaded regions correspond to static regions
with Lorentzian signature (— + ++), one of which is the region
of our primary interest that is shaded in dark gray. The diagonal
line represents the conformal infinity x = y.

namely the square box, “chipped” box (a box with a corner
cut off by conformal infinity), vertical trapezium, triangle,
and horizontal trapezium.

Figure 2(a) shows a square box which is analogous to the
de Sitter C-metric considered in [13]. It corresponds to a
Lorentzian region bounded by two symmetry axes x = a
and x = b, and two horizons y = y, and y = y;. From the
perspective of an observer in this square box, the horizon
y =y; conceals the curvature singularity at y — oo.
Therefore we shall interpret y = y; as the black hole
horizon. This horizon has a finite area, extending from
one symmetry axes at x = a to the other at x = a. Loosely
speaking, we may say that this black hole horizon has a
spherical topology. The second horizon is located at
y = y,, which is also finite and it conceals the observer
from the conformal infinity, thus we shall refer to it as an
acceleration, or cosmological horizon.
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The “chipped box” and vertical trapezium in Figs. 2(b)
and 2(c) respectively shows similarly finite black hole
horizons of spherical topology. For the chipped box, the
second horizon at y = y, intersects the diagonal line x = y.
Therefore the acceleration/cosmological horizon extends
all the way “to conformal infinity,” and does not intersect
the second symmetry axis. Such boxes in Einstein gravity
were interpreted as the “fast” accelerating AdS C-metrics,
where the acceleration parameter exceeds the AdS curva-
ture parameter, i.e., A > % [9,13]. For the vertical trapezi-
ums there is no second horizon in the Lorentzian region;
this is the analogue of the “slow” acceleration case A < % in
Einstein gravity.

The triangle and vertical trapezium of Figs. 2(d) and 2(e)
contain black hole horizons that extend to conformal

Y3 U3

Y2
Yo

Y1

a b c a b c

(@) a=0.05,¢=0. (b) = —-0.6, ¢ =0.

n

Ys

Y3

Y2
1

a b c a b c

() a=-15,¢=0. (d) @« =-0.7, ¢ =0.5.

Y3

Y2

Y1

a

(e)a=-3,¢=0.

FIG. 3. Possible Class II domain structures for g =1 and
various values of @ and ¢. For (a)-(d) the roots are chosen to be
a=—1 and b = 0.2, while for (e) the roots are a = —1 and
b = 1. The shaded regions correspond to static regions with
Lorentzian signature (— + ++), one of which is the region of our
primary interest that is shaded in dark gray. The diagonal line
represents the conformal infinity x = y.
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infinity and intersect only one symmetry axis. Thus we
conclude that the horizon is infinite in extent and has the
domain structure similar to the deformed hyperbolic black
holes in Einstein gravity [40].

C.Class II: e= —1

Proceeding to Class II solutions, for ¢ = —1 the structure
functions are related by

(e + )&
(ab + ac + bc)’
(28)

Q&) —P)=a+2ula+b+c)& -

Thus we see that the situation in Class II is more
complicated, difference between P and Q also contains a
quadratic term. It follows that there are three possible
intersection points between the two structure functions. In
the uncharged case, the difference in (28) is only quadratic,
and only leads to two distinct intersection points when «a is
nonzero.

Seeking out various numerical examples, we find the
possible domain structures in Fig. 3. We find the same
possible domains as in Class I. Thus we conclude that in
general, Class I and Class II are physically similar in terms
of the horizon configurations and the symmetry axes. The
distinction between Class I and II, as we will discuss in
Sec. VI, lies in the uncharged case ¢ = g =0. In the
uncharged case Class I immediately reduces to the
Einsteinian C-metric while Class II does not, except for
a specific choice of parameters.

V. PHYSICAL PROPERTIES

Our domains of interest lie between a < x < b where the
boundaries are the symmetry axes where P = 0. For a
given periodicity of the angular coordinate ¢, the conical
deficit at these axes can be calculated as

0; = 2r — kg Ag, (29)

where i = a, b and kg is the Euclidean surface gravity [43],
or, the ratio between the circumference and the radius of an
infinitesimally small circle around the respective axes. For
our metric (13), they are given by

o0 =5 |P(@)] = yub - a)c=a).  (30)
. 1
=5 P B =3ub-a)b-c). (1)

We can remove one of the two conical singularities by
appropriately fixing the periodicity A¢. The two possible
choices are

084045-6



CHARGED C-METRIC IN CONFORMAL GRAVITY

2 b
Ap="T:5,=0. & =22-"2. (32
KEq c—a
2 b—
Ap="T:6,=-22""2  5,=0. (33)
KEp c—b

Therefore, we see that the first choice removes the
conical singularity at x = a, leaving a conical excess at
x = b, (65, > 0) which we regard as a cosmic strut pushing
|
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against the black hole, while the second choice removes the
singularity at x = b but leaves a conical deficit at x = a,
(6, < 0) which is regarded as a cosmic string pulling the
black hole. (See, e.g., [12,44,45] and references therein.) In
either case, we have the interpretation that the black hole is

being accelerated along the x = a axis.
Next we consider the curvature invariants of the space-

time. The Kretschmann invariant is, for Class I,

24y(e* + &%)
R0 R*P7 = 240% + 1242 (x — y)° —y)5 -
wpo a” +12u%(x - y) +M<ab+ca+cb)(ﬂ(x y) —ax(x+y))
12(e* + g%
353 4 6x3y — 4xy3 + 8x2y?), 34
ﬂz(ab-f—ac—l-cb)z( Ay Y v xy) ( )

so in Class I, if either of y, e or g are nonzero, there are
curvature singularities for x, y, - =£oo. Therefore in these
cases, the outermost edges of Figs. 2 and 3 represent a
curvature singularity.

As mentioned in Sec. IV, the uncharged case of Class I
reduces to the (A)dS C-metric of Einstein gravity. We also can
see this here if we put ¢ = g = 0 in Eq. (34), the curvature
|

I
invariant simply becomes R,,,,, R¥*"” =24a* + 124* (x — )°.
Comparing this to the Kretschmann invariant of the (A)dS
C-metric in Einstein gravity, we see that y plays the role
of the “mass” parameter, where its vanishing leaves us with an
empty, constant-curvature spacetime.

The Kretschmann invariant for Class II is more
complicated:

R s R = 2407 4 16au(a + b + ¢)(x* 4+ y* + 4xy) + p*(12x° — 16x°b + 16x*b?
— 16ax’ 4+ 16a*x* — 16x7¢ + 16x*c? + 12y° + 180x*y? — 240x%y3 — 72x%y
+ 16y*a® + 16y*b? + 16y*c? + 16y°a + 16y b + 16y°c — 72xy° + 180x%y*
+ 128y?cax? + 128y?abx? + 128y*chx?* + 64y*x?c? + 64y>x*b* + 64y’ a’x?
+ 160y3ax? + 32y*ca + 32y*ab + 32y*cb — 160x*y>a — 160x>y?b
— 160x3y?c + 80x*yb + 80x*ya — 80xy*a — 80xy*b + 80x*yc — 80xy*c
+ 160y3cx? + 160y3bx? + 32ax*c + 32ax*b + 32x*bc)

8y(e? + ¢%)

- [Bxa(x +y) + u(6x*a + 2ay* — 6yax® + 14y*ax?

u(ab + ac + bc)

—4y3ax + 6x*b + 2y*b — 6ybx> + 14y>bx*> — 4y3xb — 15xy* + 15x*y
— 6ycx® —dxydc +3y° + 14y%cx? — 3x° + 30y*x? + 2y*c — 30y*x® + 6x*¢)]

12y*(e* + )
u?(ab + ac + cb)?

(3x* — 63y + 8x2y% — dxy® +y*). (35)

Nevertheless, we have a similar result that in general, there exist curvature singularities at x,y — £oo.

VI. LIMITING CASES

A. Mannheim-Kazanas metric

For a spacetime with a domain structure bounded by two symmetry axes x = a and x = b, we have pointed out in Sec. V
that one cannot simultaneously remove both conical singularities by fixing an appropriate periodicity of ¢. Upon removal of
a conical singularity at one axis, the other has either a conical excess or deficit given in Egs. (32) or (33). Nevertheless, we
see from these two equations that in both cases, 6, and J;, can be rendered simultaneously zero if a — b.
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However, this entails shrinking the coordinate range
a < x < b to zero unless we scale x accordingly. To ensure
our coordinates are well defined in this limit, we introduce
the transformation

1

1
=b—-=6 0+1), =b+-,
x 5 (cos@+1) y +

2
¢:?‘”, a=b-6. (36)

Substituting this into the Class I (¢ = 1) case of (13), and
taking the limit 6 — 0, we obtain

ds? = —f(r)de® + f(r)~'dr? + r?(d6? + sin?0dg?),
F) = w2t or— k2, (37)
r

where u, v, w and k are given by

e+ gt —2ub —3u*b?

N b(3ub +2) ’

_3b(e* + )

24 3ub

24 3ub+3(e* + ¢7)
"= 2+ 3ub
_ 2a+3aub — b*(e* + ¢*)
N 2+ 3ub '

k

(38)

The resulting Maxwell potential, up to an irrelevant
constant term, is

A =Zdr + geos 6de. (39)
r

We can easily check that the parameters defined in (38)
satisfy

w? —1=3uv = 3(e* + ¢%), (40)

showing that this is the charged black hole in conformal
gravity [20,21], albeit with different parametrization.

In the uncharged case, the reduction to the
Schawrzschild-(A)dS can be seen by putting e = g=0
in (38), the solution reduces to

ds? = —f(r)de* + f(r)~'dr? + r?(d6? + sin’0d¢?),

flr) =1 —é—aﬂ, (41)

corresponding to the Schwarzschild-(A)dS solution
with mass parameter ¢ = 2m and curvature parameter

1L _ A

a=— ﬁ = 3-
If we apply this limiting procedure to Class II with
€ = —1, we obtain the same form as (37), but with different

coefficients of r:
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e> + g* —2ub — 34> b?
T b(2+3ub)
b[3(e* + ¢*) — 8 — 36p>b*> — 36ub)
v 2+ 3ub ’
3(e® + ¢%) — 2 — 15ub — 18u>b?
- 2+ 3ub :
18m*b* + 18mb> + 2a + 3amb + 4b> — b* (e + ¢°)
B 2+ 3ub ’
(42)
where they also satisfy Eq. (42). This is again the
charged Mannheim-Kazanas spacetime with yet another
parametrization.

For the uncharged case, taking ¢ = ¢ = 0 in Eq. (42) and
further identifying

k

m=p2-3py). b= _6%’ a= k—é, (43)
we see that (37) reduces to

ds? = —f(r)de + f(r)~'dr? + (46 + sin*0dg?),
F) =1 =3y 2P0 e (44)

r

which is precisely the well-known Mannheim-Kazanas
vacuum solution [17].

B. (A)dS C-metric

As mentioned above, the main feature of the conformal
gravity C-metric that distinguishes it from its Einsteinian
counterpart can be traced to the fact that Q(&) — P(£) is not
equal to a constant. Nevertheless, by inspection of
Egs. (11), (27) or (28) the difference can be equal to
constant a by a suitable choice of parameters.

To remove the cubic term from Q(&) — P(&), we require
e = g=0. Then, the entire Class I metric with ¢ =1
satisfies

R,, =3ag,,. (45)

showing that it is a solution to Einstein’s equation with
cosmological constant A = 3a.

For Class II, Eq. (28) tells us that Q(&) — P(£) can
be made constant by setting m(a + b + ¢) = 0 in addition
to e = g=0. Recalling (23), the former condition is
equivalent to

1
a+2b+—=0. (46)
m

VII. CONCLUSION

In this paper we have attempted to derive a charged C-
metric-type solution in conformal gravity. Starting with an
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anstaz that resembles the C-metric in Einstein gravity, we
obtained a nine-parameter solution to the Bach-Maxwell
equations. By construction, two of these parameters are the
electric and magnetic charges, though at this stage, we have
no reason to conclude that all the remaining seven
parameters carry physical significance, as some of them
are possibly kinematical parameters.

We have focused our attention to a six-parameter subset
of the solution. The motivation for doing so is twofold.
First, this subset contains some additional symmetries and
it allows us to rewrite one of the structure functions in a
convenient factorized form. Second, this choice is inspired
by the analogy that the charged Einsteinian C-metric is a
one-parameter generalization of the Reissner-Nordstrom
solution, hence we expect a conformal gravity C-metric to
also be a one-parameter generalization of the charged
Mannheim-Kazanas solution. Since only one of the struc-
ture functions is fully factorized, we obtain the possible
domain structures of the C-metric by directly searching for
numerical examples. Our charged C-metrics contain five
possible domain shapes that are similar to those in the
neutral (A)dS C-metric in Einstein gravity.

In this paper we have mostly confined ourselves within
one static Lorentzian region of interest. A further explora-
tion of the metric can be done by extending across the
horizons into different regions to study its global and causal
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structure. Since this requires extension of the spacetime
across its horizons, it is probably more convenient to use
the form given in Eq. (20) instead of (13). Furthermore, we
have only considered a specific choice of parameters as
given in Eq. (9). It would be interesting to explore other
parameter choices in further detail, for instance a choice
that contains the solution described by [38].

It would also be interesting to consider null and timelike
geodesics for this spacetime. In the spherically symmetric
case of the Mannheim-Kazanas metric, it was shown in [33]
that conformal gravity affects timelike and null geodesics
very differently from Einstein gravity. Thus it would be
interesting to see its corresponding cases for the C-metric.
Furthermore, since solutions to the Bach-Maxwell equa-
tions are conformally invariant, it might be worth studying
a metric with a gauge in which the overall conformal factor
(x —y)~% is removed, for example, one of the gauges
considered in [38]. For metrics of this form the geodesic
equations of timelike particles would possibly be separable,
as it is this factor that originally prevented the separation of
the timelike geodesic equations of the Einsteinian C-metric.
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