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Magnetic mass in 4D AdS gravity
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We provide a fully covariant expression for the diffeomorphic charge in four-dimensional anti-de Sitter
gravity, when the Gauss-Bonnet and Pontryagin terms are added to the action. The couplings of these
topological invariants are such that the Weyl tensor and its dual appear in the on-shell variation of the action
and such that the action is stationary for asymptotic (anti-)self-dual solutions in the Weyl tensor. In analogy
with Euclidean electromagnetism, whenever the self-duality condition is global, both the action and the
total charge are identically vanishing. Therefore, for such configurations, the magnetic mass equals the

Ashtekhar-Magnon-Das definition.
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I. INTRODUCTION

The Maxwell Lagrangian for electromagnetism is the
simplest gauge-invariant scalar that leads to second-order
field equations. As is well known, gauge invariance is a
consequence of using the Faraday tensor F,, = 0,A, —
d,A, and not explicitly the gauge connection A,,.

However, in four dimensions, the Maxwell term is not
the only Lagrangian quadratic in F' that can be considered
in an electromagnetism action. We can always look at the
physical implications which come from taking an action of
the form

1
I=-; L (FF,, + 7 FWF, )didx, (L)

where the second contribution is given in terms of the field
strength and its dual *F* = 1e"F 5 and it is called
Pontryagin density,

Py :%*F””FW. (1.2)
For a given real coupling constant y, the second part of the
action (1.1) contributes just a surface term, such that it does
not alter the bulk dynamics. Nevertheless, it may still
modify the boundary conditions in the variational problem
and, eventually, the Noether current of the theory.

In non-Abelian theories, Pontryagin is a topological
term, which is added on top of Yang-Mills Lagrangian
with a pseudoscalar coupling 6(x) (axion field) [1]. This @
term is responsible for violation of CP symmetry in QCD.

In a more recent context, P, has been considered to
account for properties of a new topological state in
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condensed matter known as
insulators [2].

In the Euclidean sector of the theory (1.1), the electric
field is defined as E; = Fy;, in terms of derivatives with
respect to the Euclidean time x” =it and the spatial
coordinates {x'}. In turn, the magnetic field is the
same as in the case of Lorentzian signature, that is,
B; = 1€"/KF ;. With this in mind, the Pontryagin invariant
adopts the form

physics topological

P,=E-B, (1.3)
such that the Euclidean action I = —iI reads
1
IF = 5/ (E> + B? +2yE - B)d*x. (1.4)
M
An arbitrary variation of this action produces
SIE = Al (0, F*™ + v, F*)5A,d*x
- / (F™ 1y F™)5A,d3, (1.5)
oM

where the bulk integral yields Maxwell equation and
second term which vanishes due to the Bianchi iden-
tity, 9,*F* = 0.

To have a well-defined action principle (5IF = 0), it is
necessary that field equations hold and that the surface term
vanishes for a given boundary condition. Usually, one fixes
the vector potential on the boundary, i.e., 5A” =0. In
particular, when the boundary is a surface separating two
regions of the space, this Dirichlet condition defines the
junction conditions for the electric and magnetic fields
across the surface in terms of sources present on the
boundary, i.e., the surface charge and current densities.
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Another way to achieve a well-posed variational prin-
ciple is to demand that an asymptotic (anti-)self-duality
condition holds at the boundary, that is,

FM' = £*Fm  at OM, (1.6)
such that this argument fixes the Pontryagin coupling
as y = F1.

Self-duality is a global symmetry of the sourceless
Maxwell equation, where the electric and magnetic degrees
of freedom are interchanged. An extension to electromag-
netism with sources should necessarily include a magnetic
charge. In the Hamiltonian formulation of Maxwell theory,
self-duality is an off-shell symmetry, as shown by Deser
and Teitelboim in Ref. [3].

Using the identity

1
F P = 3 (FWF*”’ + *F#D*F””), (1.7)
the Euclidean action can be rewritten as
E 1 * 2 74
IE = | (Fregrpm)2dty, (1.8)
8 Jm

It is worth noticing that for a global (anti-)self-duality
condition, the action is identically zero. The solutions in
this case are known as Euclidean instantons. The condition
I = 0 defines a number of ground states of the theory,
where F,, = 0 is the simplest case of a globally self-dual
solution.

Invariance under a U(1) gauge transformation, where the
gauge field changes as §;A, = d,4, leads to a conservation
law associated to this symmetry. Indeed, using the general
on-shell variation of the action (1.5) in the Noether theorem
(see Appendix A), a conserved charge can be constructed,

0l =~ [ (P Pz, (19)

where d%,, is the dual of the infinitesimal surface element
in S. Since the gauge parameter / is covariantly constant in
the asymptotic region, it can be normalized as 4 = 1. The
first term is the contribution due to the Noether current for
Maxwell electromagnetism, J#[1] ~ F**0, A, the conserva-
tion of which produces the electric charge. The second term
is derived from a topological current, J*[1] ~ * F**9,4, and
it corresponds to the magnetic flux across the sphere S2,
i.e., magnetic charge [4]. Simply put, Eq. (1.9) identifies
the Noether charge obtained from a topological term with a
topological charge derived from the Bianchi identity.

It is evident from the formula (1.9) that any globally
(anti-)self-dual solution will have a vanishing charge. This
argument reinforces the idea that such a configuration can
be regarded as a ground state of the theory and provides
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firmer ground for the extension of self-duality condition to
anti-de Sitter (AdS) gravity discussed below.

II. FOUR-DIMENSIONAL ADS GRAVITY AND
PONTRYAGIN INVARIANT

The addition of topological invariants, which modify
the boundary dynamics of AdS gravity, was considered
more than 15 years ago in Refs. [5,6]. Indeed, the
regulation of the Noether current by the addition of the
Euler density provides a generic expression for the mass
and other charges for even-dimensional asymptotically
AdS (AAdS) spaces. As this procedure was performed
in first-order formalism, its relation to other approaches
was not clear at that moment, even though the equivalence
to Hamiltonian charges was given in Ref. [7]. In particular,
its relevance within the framework of AdS/CFT correspon-
dence [8] was certainly unknown. However, this approach
was later translated into a metric formalism in Ref. [9] and
understood as the addition of counterterms which depend
on the extrinsic curvature. It was then extended to odd
dimensions [10], giving rise to an alternative regularization
scheme known as Kounterterms. Furthermore, the con-
nection to holographic renormalization [11] in the context
of AdS/CFT correspondence was shown in Refs. [12,13],
as the asymptotic expansion of the extrinsic curvature
reproduces the standard counterterm series [14,15].

The simplest example of regularization using topological
invariants is the addition of Gauss-Bonnet term to the four-
dimensional (4D) AdS action studied in Ref. [5],

1
d4
G A,I V9

6
X [R o3 g (RuapR — 4R, R™ + R?) .

I:
* 716

(2.1)

where 7 is the AdS radius and g = |det(g,,)|. This is the
same as the quadratic action given by MacDowell and
Mansouri in four dimensions in Ref. [16] (see also
Ref. [17]), which was later extended to higher dimensions
by Vasiliev [18].

The Gauss-Bonnet coupling is such that the action
is stationary for asymptotically locally AdS spaces, where
the spacetime curvature tends to a constant, i.e.,
Rl — — %6{’;;]] This is evident from the on-shell variation

of 14,

& st
s = i [ P St e,

12212 ] vl
(R i)

where n, is an outward pointing unit normal to the
boundary with the induced metric /;; and h = |det(h;;)|.

(2.2)
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Also, 5%:]": 225 ;’; 4]] is the totally antisymmetric Kronecker delta

defined as det [&}! - - - §/¢]. The key argument that supports
the finiteness of the action principle is given by the fact that,
for any solution of the Einstein equation R, = — % Guv» the

Weyl tensor is

a a 1 aff
Wil = Ril + 541,

(2.3)
which is exactly the quantity that appears at the right-hand
side of Eq. (2.2). The Weyl tensor is the only combination
between the Riemann and Ricci tensors that has a suitable
asymptotic behavior. A formal proof of the finiteness of the
action, however, requires precise falloff conditions in the
metric, valid for any AAdS spacetime [12].

The appearance of the Weyl tensor in the surface term
coming from the variation of the total action (2.1) reflects
the link to conformal mass definition in AAdS gravity [19].
Indeed, upon suitable expansion of the tensors involved,
one can prove that the physical information on the
conformal boundary is encoded in the electric part of the
Weyl tensor [12,20].

Gauss-Bonnet is not the only possible topological
invariant for the Lorentz group one can construct in four
dimensions. Indeed, Pontryagin density in gravity [21],
where the Riemann tensor plays the role of the field
strength in Eq. (1.2), is given by

1
Py= - ZeﬂmﬂR;;ﬁRmﬂ. (2.4)
As the Pontryagin is a closed form, it can be written locally
as the divergence of a Chern-Simons density current:

2
Py =0, [e”mﬁ (rglaarﬂg + —ngrggr;(;)] . (25)

We consider the addition of the Pontryagin density on
top of a finite AdS action given by Euclideanized version of
Eq. (2.1), that is,

72 .
I=1 d*xPy,
4+32ﬂG},A,1 74

where y is a coupling constant yet to be determined. We
emphasize the fact that, in this case, y is a given constant,
not a function. As a consequence, the action in Eq. (2.6)
does not describe the Chern-Simons modified gravity
theory developed by Jackiw and Pi in Ref. [22], where,
by analogy to dynamic couplings of electromagnetic
Pontryagin, one is able to modify the gravitational field
equation in the bulk.

It is direct to check that the addition of the Pontryagin
density does not introduce divergences when evaluated on
AAdS solutions. Indeed, P, is zero for AdS black holes

(2.6)
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and, at most, finite for gravitational instantons, as it will be
discussed below.

The addition of P, produces a new surface term with
respect to the one in Eq. (2.2), which is proportional to the
dual of the Riemann tensor, i.e.,

£ 3 (1 p2p3 4] v
o = SanG /aM /b, 800 9 8

X (Wﬁ;ﬁ - ﬁgewmaﬂRaﬁﬂzM) : (27)

It is adequate to perform a shift in the curvature of the type
1

Raﬂﬂ3ﬂ4 - Raﬂﬂsm + 2 (gaﬂ3gﬂﬂ4 - gﬂll3gaﬂ4)’ as the second

term is identically zero due to the symmetry in the indices.

In doing so, the variation of the total action can be

rewritten as

fz 3 (11 p2p3 4] v
o = SanG AM dxhny, 8 0 9O

x (Wi — 7 Wi, 28)
in terms of the dual of the Weyl tensor
* 1 ol

Wa/ﬁ,w = E \/56(1/)’62 W;w' (29)

By analogy to the electromagnetism case, one can
determine y by demanding an asymptotic (anti-)self duality
condition on the Weyl tensor,

W{l[)’uv = i*Vvat/)';w- (210)
The action is truly stationary if the field equations hold in
the bulk and the surface term vanishes at the boundary.
Therefore, a well-defined action principle for the boundary
condition (2.10) implies that the Pontryagin coupling is
y = =+1 [12].

As the Weyl tensor carries information on the normal-
izable modes in AdS gravity, the above condition implies a
nontrivial relation between different components of the
Weyl tensor at a holographic order. Indeed, asymptotic self-
duality for the Weyl tensor, which appears naturally at the
boundary when one adds Gauss-Bonnet (parity-preserving)
and Pontryagin (parity-violating) topological invariants,
seems to be the ultimate reason behind holographic stress
tensor/Cotton tensor duality, which arises when dealing
with AdS instantons [23], hydrodynamic perturbations
around AdS, black holes [24], and electric/magnetic
duality in Riemann-Cartan-AdS gravity [25].

Only for the particular value of the Pontryagin coupling
discussed above, the on-shell action adopts the compact
form [12]
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~5122G
X (Wi £ W),

£ ) 4 ox
| asxvates i = wiiz)
(2.11)

in terms of the Weyl tensor and its dual, where we have
used the identities

*WHIH2 [}41142143!44]* V3ly
Wos = 4 “vavsva] Wi, (2.12)
and
(1 a3 a] 5 Yy V1 V2 5 TE V3V [ pott3ia] 1y 01 Vs 1x/VaVa
5[1/11121/3114] Wﬂlﬂz Wﬂ3l44 5[141/2”3”4] WH]I’ZWmm- (2]3)

This action has been recently studied in the context of a
search for a pure-spin connection formulation for general
relativity [26].

In what follows, we compute the Noether charges for the
gravity action / using Wald’s method [27,28]. This is the
fully covariant version of the boundary derivation which
associates the addition of the Gauss-Bonnet term to the
electric part of the Weyl tensor and the addition of
Pontryagin to the magnetic part of the Weyl tensor (see
Appendix B).

III. COVARIANT NOETHER CHARGES AND
TOPOLOGICAL INVARIANTS

The Noether theorem provides a conserved current J#
(0,(/gJ#) = 0), for a given symmetry of an action.
Indeed, global isometries in gravitational solutions imply
the existence of a Noether charge defined as

0= /W &xV'hn, J*. (3.1)

When J# can be globally written as J* = d,(vhQ") in
OM, the Noether charge can be expressed as an integral on
the two-dimensional surface 0¥ with the metric o,,, and
o = | det(c,u)];

0= [ odxn,u,0", (3.2)
[

where u, is a unit timelike vector, normal at every point to
(see Appendix A).

For the case under study here, we follow Wald’s
procedure defined in Refs. [27,28], which allows us to
construct the Noether charges in an arbitrary gravity theory.
We consider a Lagrangian density L, which depends on
the metric, curvature, and covariant derivatives of the
curvature,
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L:L(gﬂl/’ /waﬂ’v R;waﬂ7"'

VoV Ruap v VW V). (3.3)
One can also include matter fields, collectively denoted by
v, and derivatives of them.

For this general class of theories, the conserved current
corresponding to a set of Killing vectors {&"} is given by
the expression (see Appendix A)

Vo' = 04(8:T) + O+ (8.9) + &L, (3.4)
assuming that the surface term ®* can be split in a part that
contains variations of the Christoffel symbol and another
that contains variations of the metric tensor. Because of the
fact that ©(5:g) is proportional to the Lie derivative of the
metric, using the Killing equation, this term can be set to
zero. Then, the conserved current adopts the form

NS 2E””“/”g,, 551" 5T EML, (3.5)
where EF*% is the variation of L with respect to the
Riemann tensor R, 5. The diffeomorphism transformation
of the Christoffel symbol is given by

—_—

6§Fuﬁ - _glp(vﬁfﬁgpu + vu£§gpﬂ - vp‘fégﬁu)

NI»—*I\)

1
( pvo +R I/ﬂa)é P
(3.6)

—=(V, Vg + V4V, 84 +

which produces a current,

\/.a-]” = —E’waﬁ[zvuvﬂéa - (Raﬂw + 2R“’“ﬂ0)£6} +eL.
(3.7)

where we have used the identity that involves the commu-
tator of two covariant derivatives,

[V/f’ vu]f{l = R/fuomfa' (38)

A minor arrangement can be performed in the above
expression for the current, as the tensor E*vP inherits a
given symmetry in the indices which is derived from the
first Bianchi identity, that is,

0= Raﬁmf + Rﬁuao‘ + Ruaﬂm (39)

which implies
Eﬂyaﬁ( afve — 2Rauﬂo‘> =0. (310)

Finally, the formula for the Noether current in a generic
gravity theory is given by
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VoIt = ZE””“ﬂ(VUVafﬂ + Rypol’) + E'L. (3.11)
For the case under study, we can see that the Noether
current associated to the Einstein-Hilbert (EH) Lagrangian
plus Gauss-Bonnet (GB) term in Eq. (2.1) yields

fz UAC
L sidly

agh
647G “larral . AAKS

il = (3.12)
which, using the second Bianchi identity in the indices vio,

can be written down as a total derivative,

fz UAC
JHE = =V, (s"elwrovegh),

64xG " bl (3.13)

Here, we have used the field equations and permutational
identities in order to eliminate additional terms in the
curvature, which are coming from the Lie derivative acting
on the Christoffel symbol (3.6). Integrated on 0Z, the above
expression produces the charge

048] =

2 0]
&L 5[”” avew (3,14
. /8 Paona, ¢ (3.14)

Taking now the Lagrangian density corresponding to the
Pontryagin term, we have

E/“/U’ﬁ F—— ;w/l(r R”ﬁ

Py 647 G Ao (315)

which determines the current associated to this term as

u &2 5[/41/10

o, = F a0 Ol Vo (VE W)

(3.16)
As a consequence, the total Noether charge computed for
the AdS gravity action with the addition of topological
invariants is

fz vio]
0t = i | xvamudlid Ve (Wi W),

(3.17)

It is then that the analogy with self-dual electromagnetism
becomes evident: self-dual or anti-self-dual solutions in
AdS gravity have mass (and other conserved quantities)
identically zero. Such a configuration is a vacuum state,
which reaches a minimum of the Euclidean action.

A. Taub-NUT/Bolt AdS solutions

For static black hole and even Kerr-AdS solutions, the
magnetic part of the Weyl tensor is zero, such that there is
no contribution to the current (3.16). Therefore, nontrivial
examples to evaluate the above expressions for the
conserved quantities are Taub-Newman-Unti-Tamburino
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(NUT) and Taub-Bolt AdS solutions. These spaces are
Euclidean gravitational solutions to the Einstein equations
characterized by a line element [29-31]

dr?
ds*> = f(r)(dr + 2ncos 0de)* + ——
() P+
+ (r? = n?)(d6” + sin*0dg?), (3.18)
where the function f(r) is given by (G = 1)
P2 =2Mr+n*—3 (n* + 2022 - 5)
f(r)= - - - 2. (3.19)

Here, n is a parameter, and M is identified as the solution
mass [5,32]. The Taub-NUT-AdS solution is defined by the
condition f(|n|) =0, but one still has to eliminate the
conical singularities that appear at r = |n|. By imposing a
regularity condition, which is given by f'(|n|) = 1/2n, the
electric mass takes the particular value
EUT[QT] = MNUT = :I:n(l - 41,”_2712). (320)
This value of M is the exact point where the Weyl tensor
becomes globally (anti-)self-dual [33,34]. As a conse-
quence, the total Noether charge (3.17) vanishes for any
isometry, that is,
oM =0, (3.21)
as the electric mass is equal to the magnetic mass. This
solution can be regarded as a family of ground states
labeled by N.
On the other hand, the Taub-Bolt AdS solution is found
for r=r, > |n| and f(r=r,) =0. In this case, the
electric mass is

QEOH[QT] = MBolt
2 4 3
ry + n? 3 (n r,
= 2 -2, (3.22
2r, 2f2< +20r 3> (3:22)

In turn, the magnetic mass for the Bolt solution remains the
same as in the NUT case, such that the total mass and
angular momentum are

(3.23)

Opoit|0;] = Mpo = Myyur,

Ogoit[0y] = 0. (3.24)

The anti-self-dual case in Eq. (3.23) corresponds to the
mass calculated in Ref. [32] following a background-
dependent procedure.
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IV. CONCLUSIONS

A fully covariant expression for the conserved quantities
for 4D AdS gravity supplemented by Gauss-Bonnet and
Pontryagin terms has been obtained a /a Wald.

By analogy with electromagnetism, all the charges are
identically zero for globally self-dual solutions.

A similar expression for the Noether charges has been
worked out in Refs. [35,36] in first-order formalism. In this
Riemann-Cartan approach, the parity-violating sector
appears enlarged by the Holst and Nieh-Yang terms, which
are identically vanishing in Riemannian gravity [37]. As a
consequence, a contribution associated to this new topo-
logical invariant enters in the expression of the Noether
charges with an arbitrary coupling. For a such a case, the
surface term is not proportional to the dual of the Weyl
tensor, which implies that no considerations about the self-
duality condition can be made.

We understand that, in Riemann-Cartan theory, a sen-
sible choice of the Holst coupling is the one that produces
the dual of the Weyl tensor at the boundary for asymp-
totically AdS spaces, in a similar fashion that only for the
Gauss-Bonnet coupling in Eq. (2.1) the surface term is
proportional to the Weyl tensor [38].

Implications of the addition of Pontryagin term and self-
duality condition for the Weyl tensor at the level of the
Euclidean action and thermodynamics of AAdS gravita-
tional objects will be discussed elsewhere.
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APPENDIX A: NOETHER THEOREM

The Noether theorem states that, for any action invariant
under a continuous transformation, there is a conserved
current which leads to a conserved charge.

Let I[¢] = [d*xL(¢,d¢) be an action for a set of the
fields ¢p(x), where the Lagrangian L may contain boundary
terms added to the action. By varying the form of fields,
op(x) = ¢@'(x) — p(x), an extremum on the action is
reached for the Euler-Lagrange equations,

sllgl _oL_, oL _

s on” "0 Ay

The surface term in a general variation of the action,
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6l[¢] = e.om. + / d*xd, (agL(p 6¢>
1

/ d*x0,0" (¢, 5¢), (A2)

must vanish upon suitable boundary conditions on the field
¢, in order to have a well-posed action principle.

Let us assume that the action /[¢] is invariant under the
continuous transformations

Xt — XM = xH 4+ 5x*,

P(x) = ¢'(x') = ¢p(x) + or(x). (A3)
where the variation of the form of the field, ¢, is related to
the total variation of the field, 6;¢, as

Srp(x) = 5p(x) + 0,pdx*. (A4)
Transformations (A3) are a symmetry of the theory if the
action is off-shell invariant,

s[4 = / AL () — / dxL(x) =0. (AS)

The Noether current is obtained by rewriting the invari-
ance condition (AS5) and identifying the equations of
motion. Using the Euler-Lagrange equations (Al), the
Lagrangian changes as

oL oL oL
= 8,0 (p,54), (A6)

and the volume element changes by the Jacobian,
|6a—)i| ~ 1+ 0,0x". Therefore, the total change in the
Lagrangian is

L'(x') = L(x) + 0,0"(¢,6¢) + 0,Lox". (A7)

The relations (A4)-(A7) imply that the symmetry trans-
formations change the action as a total derivative,

51l = / 40, (0¥ (. 5) + Low) = / d*x, (\/G").
(A8)

Furthermore, the invariance condition (AS) leads to the
conservation law

9, (V/3") = 0. (A9)

The Noether current is then given by
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V" = O (¢, 5¢p) + Lox".

On the contrary to the situation described in Eq. (A5S), if the
action does change by a boundary term [ d*xd,(,/g&"),
the conserved current is modified as J* = J# — QX

The computation of the conserved charge requires us to
specify the boundary. The spacetime has topology
M =R x X, where X is the spatial section with a unit
normal vector u, = (—IV ,0,0,0). To define the invariant

(A10)

volume element, we use the relation \/ﬁ =N \/ﬁ =
NN /6. The conserved charge reads

0= / d*x\/oNu,J*. (A11)
b
If, in turn, the Noether current can be written as a total
derivative,

VIt = 0,(Vhom), (A12)

then the charge becomes

0= [ dxJ/oun,0". (A13)

o
Here, n, = (0,N,0,0) is a normal to the boundary
OM = R x 9%. The quantity d>x+/on,u, is the dual surface
element of JX that is antisymmetric, such that Q** = —Q".

1. Electromagnetic charge

Maxwell electrodynamics with the Pontryagin term is
invariant under U(1) gauge transformations, §;4, = d,4.
This implies §,F,, = 0, so that the invariance condition
(A5) of the action is fulfilled. This is an internal symmetry
(6x* = 0), and the Noether current (A10) reads

oL
Jt = 0,4 Al4
aaﬂAy 14 ( )
We take o = 1. Differentiating the Lagrangian L =
Y(FPF 5+ y"FF 45) leads to

T = (F™ 4 y*Fm)9,

= O, [(F" +y* F)Al, (A15)
where the last line is obtained using the Maxwell equations
and the Bianchi identity in order to obtain the charge tensor
(A12) as

QM = (FM 4 y*FH)A. (A16)
In spherical coordinates, the boundary manifold OM =
R x S? has a radial normal n, = 6, and the timelike normal
u, = —6!, and the parameter / is constant on 0%, such that

PHYSICAL REVIEW D 93, 084022 (2016)

it can be set to 1. This enables us to compute the
electromagnetic charge as in Eq. (A13).

2. Diffeomorphic current

An action for Riemmanian gravity, with the metric as the
only fundamental field, is invariant under an infinitesimal
change of coordinates Sx* = &(x), where the metric
transforms as a Lie derivative,

559}41/ = _(vpéy =+ vl/éﬂ)'

Since the action depends on g, and its derivatives
combined in the Cristoffel symbol Fgﬁ, it is convenient
to separate the boundary term (A2) which depends on 4g,,
from the one that depends on 61"(%, so that the Noether

—£:0 = (A17)

current (A10) can be written as

VgI* = 0(g.5.) + ©(g.6:9) + LE". (A18)
Note that ©(g,5:g) = 0 as a consequence of the asymp-
totic Killing equation, £:g,, = V&, +V, &, = 0, which
describes isometries of the spacetime.

APPENDIX B: ASYMPTOTICALLY ADS
SPACETIMES

We first consider a radial foliation of the spacetime,
given by the normal coordinates
ds* = N*(p)dp* + hy;(p, x)dx'dx/, (B1)
where h;; is the induced metric on a boundary OM defined
at p = Const and parametrized by the coordinate set {x'}.
In this frame, the only nonvanishing components of the
Christoffel symbol are

1 : A
Iy =yKy Ty =-NK
d(InN) . .
FZ/) dar F}I(Q) = F}l(h)v (BZ)
where K;; = —ﬁaphi ; 1s the extrinsic curvature.

This spacetime foliation implies the Gauss-Codazzi
relations

: 1 . .

: 1 . .

po__ 1 i n
R, =~ (Kj)' = KK,

TN
R% = Rik(h) - KIK} + K|K*, (B3)
where V; = V,(h) is the covariant derivative defined with
respect to the boundary metric and R}’;(h) is the intrinsic

curvature of OM.
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1. Asymptotic falloff of boundary tensors

A suitable choice of the the lapse function and induced
metric in Eq. (B1) as N = and hi; /1—)9,-]-, that is,

= 1 .
ds* = — dp* + —g;;dx'dx/, (B4)
p

4p?

makes it easier to work out an asymptotic [Fefferman-
Graham (FG)] form of the boundary fields for AAdS
spaces [39]. The metric defined at the asymptotic boundary
(p=0) can be seen as a power-series expansion. In
particular, in four spacetime dimensions,

= 9101 (%) + pg(1)ij (x) + p¥? 93215 (x) + O(p?).
(B5)

Qij(X,P)

The coefficient g(3/,);; cannot be determined from the field
equations, as it corresponds to the response to the boundary
source g(g);;; 1.€., it is proportional to the stress tensor.
Because of the fact that there is no Weyl anomaly at the
boundary of 4D AdS gravity, g(3/2);; is traceless.

In the FG coordinate frame, the expansion for the
relevant boundary quantities leads to the expression

Vi _ T
Vh = R +0(-), (B6)
p p
and for the extrinsic curvature,
Ki(h) = 25~ pfSia) + O, (B)
where S%(g) is the Schouten tensor defined as
Si(9) = Ri(g) - —5’R(9) (B8)

in terms of the boundary Ricci tensor and the Ricci scalar.

For the intrinsic curvature, the asymptotic expansion
gives

Rij(h) = pRY(9) = pPRY(90) + Op?),  (BI)

which is also valid for traces of the boundary Riemann

tensor. That means that Eq. (B7) can be rewritten in terms
of curvatures of h;; in the next-to-leading order,

Ki(h) = }ﬂ&; _£Si(h) + 0. (BIO)

Equipped with the asymptotic form of the tensorial quan-
tities involved, we can expand the variation of the total
action (2.6) and work out the holographic version of the
electric and magnetic parts of the Weyl tensor.

PHYSICAL REVIEW D 93, 084022 (2016)

2. Holographic stress tensor in AdS, gravity

The projection in the radial foliation (B 1) of the variation
of gravity action in Eq. (2.2) can be written as

514:

/ d3x\/ﬁé[’kl]

1.
SK{ + = K{h®Shy | Wi
327G Joum [jmn] |:< it 74 Sl> kl

+ thq&rfq',.(h)wg,”] : (B11)

The expansion of the Weyl tensor in the FG frame up to
quadratic order in p is given by

Wi = 0(p?),
i» 3 3/2 5
Wi, = 52 9( y963/2)kj T O(p?).
l 3p3/2 "
Wi = pWiklgo) + 52 o) 96/2mi% + O(p?). (B12)

where the first term in the last relation is the Weyl tensor of
the metric at the conformal boundary g q);;-

At the same time, we can see the contribution coming
from the quantities that involve variations in the Eq. (B11),
that is,

5K] = Olp),

h®6hg; = g((](i)ég(())sz + O(ﬁ),

o7 (h) = O(1). (B13)

A simple power-counting argument applied to the expan-
sion of Eq. (B11) shows that the first and the last terms are
subleading and actually go to zero as one approaches the
boundary p — 0. As expected, the finite of the variation of
EH action plus GB term is the holographic stress tensor
[12,40]

ol dx. /g 09(0)iis
4= /8 X 0( 167 Gf (3/2)mng( )) 9(0)ij

(B14)

where we have used the fact that any trace of the boundary
Weyl tensor is zero.

We can covariantize back the above expression in terms
of tensorial quantities related to the full boundary metric £;;
and prove that, up to the relevant order, the variation of /4
can be cast in the form

6]4:—

BxvVhWik (h='sh)l.  (B15
167[G/3M )C\/_ Jk( )1 ( )

Using the fact that a single trace of the Weyl tensor is zero,
we have that

— _wir
WJk_ WJP’

(B16)
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and it is easy to show that the quantity that appears at the
boundary is the electric part of the Weyl tensor

E\ = Win,n", (B17)

as we can rewrite Eq. (B15) in the form

sl

= xVhE\(h~'sh)l. (Bl
16ﬂGéde\/ﬁ i(h~'8h)] (B18)

This makes manifest the link between the concept of
conformal mass [19] and the addition of the Gauss-Bonnet
term in 4D AdS gravity [20].

3. Holographic Cotton tensor

The Pontryagin term, written as a boundary term in the
coordinate frame (B1), is expressed as

n
/ d*xPy = / A3 x L ervab
M oM N

2
x (rgﬁaarga + grgﬁrggr;b)

. 2
= [ exen|-r, (o + )

+ 2K§vj1<k,] . (B19)

Using the asymptotic form of the fields in FG expansion,
the last term reads

. (1
2€IJkKﬁVijl = 2€ljk (255 —pfo + O(p2)>

x (=¢V;Siu + O(p)). (B20)
in terms of a Schouten tensor and the covariant derivative
defined with respect the conformal metric g g);;-
Manipulating the last relation, we see that

26U KIV Ky = =267V, S5 + O(p) = O(p),  (B21)
because Sj; is symmetric.

Therefore, using &I, = 3" (V,8h,,, + V,,6h,—
V,6h;,), the variation of the Pontryagin invariant takes
the form

PHYSICAL REVIEW D 93, 084022 (2016)
6Py = —/ & xe kST, Ry (h)
oM

_ / Pk (hGh)Y, Ry, (B22)
oM

As the boundary is three dimensional, its Weyl tensor
vanishes,

0= Wnl(h) =R (h) — 87 Sk (h) + 8.5 (h)

+ 5,’{'5;(}1) - 5§<S;” (h), (B23)

such that

5 / d*xP, = / dxe(h™'5h)!V,,, (287 Sy — 2hy;SY).
M oM
(B24)

where the second term in the first line identically vanishes
due to the symmetry of the indices. In doing so, the
variation is written as

b) / d*xP, =2 / &ExvVh(h7'8h)ICi,  (B25)
M oM
where C 5 is the Cotton-York tensor,

) 1 ..
C; = ﬁe”kijkl. (B26)

Finally, putting together the holographic stress tensor in
Eq. (B14) and by rescaling the Cotton tensor in Eq. (B25),
we see that the finite part of the variation of the total
action is

! L
ol = 2AMd X\/%<TJ:F SIIGC](Q(O)))ég(O)U’ (B27)

where T% is the holographic stress tensor.

In Ref. [41], the holographic reconstruction of gravity is
performed for perfect-Cotton geometries, where the Cotton
tensor of the boundary geometry is proportional to the
energy-momentum tensor. A corresponding gravity theory
in the bulk is characterized by the self-duality condition for
the Weyl tensor.
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