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Primordial gravitational waves from the space-condensate inflation model
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We consider the space-condensate inflation model to study the primordial gravitational waves generated in
the early Universe. We calculate the energy spectrum of gravitational waves induced by the space-condensate
inflation model for the full frequency range with the assumption that the phase transition between two
consecutive regimes is abrupt during the evolution of the Universe. The suppression of the energy spectrum is
found in our model for the decreasing frequency of gravitational waves depending on the model parameter. To
realize the suppression of the energy spectrum of the primordial gravitational waves, we study the existence of

the early phase transition during inflation for the space-condensate inflation model.
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I. INTRODUCTION

Inflation [1-3] has been a very successful model because
of its beautiful idea of explaining the early evolution of the
Universe as well as its elegant way of solving the problems in
standard big bang cosmology including the flatness problem,
the horizon problem and the monopole problems. The basic
idea of inflation is that the Universe went through a phase of
accelerated expansion during its very early stage of evolu-
tion. As a result of this accelerated expansion, the inflation
models predict that the seed for the large-scale structure and
the primordial gravitational waves can be generated [4-6].
Although the existence of the stochastic background of the
primordial gravitational waves from inflation has not been
observed yet, its observational detection would not only
verify a success of inflation, but would also open a new
window to understand the physics of the early Universe.

There are several observational constraints on the energy
spectrum of the stochastic gravitational wave background at
different frequency ranges: in the high-frequency range, with
f € (107*,10*) Hz, the gravitational waves can be detected
by the space-based interferometric detectors such as eLISA/
NGO [7], BBO [8] and DECIGO [9] as well as the ground-
based interferometric detectors such as Advanced LIGO
[10], VIGRO[11], KAGRA [12],and ET [13]; in the median-
frequency range, with f € (10, 1077) Hz, the gravitational
waves can be probed by the pulsar timing experiments such
as PTA [14], EPTA [15] and SKA [16]; and for the low-
frequency range, with f < 107! Hz, the primordial gravi-
tational waves can be detected by their unique imprint on the
cosmic microwave background (CMB) power spectrum of
the primordial B-mode polarization [17]. Detection of the
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primordial gravitational waves is the main goal of the CMB
polarization experiments, such as EBEX [18], the SPT
polarization [19], and the ACT polarization [20].

In this work, in comparison to the single-field inflation
model, we aim to calculate the energy spectrum of
primordial gravitational waves generated by the space-
condensate inflation model [21,22]. The space-condensate
inflation model is motivated by the nonlinear sigma models
that came from the higher-dimensional gravity theories
[23,24]. In the nonlinear sigma models, the sigma fields
with SO(3) symmetry are found to have solutions which
are linearly proportional to the spatial coordinates, 6% ~ x¢
(a=1,2,3) [25-28]. After taking the spatially linear
configuration of o fields into account along with the
Friedmann-Lemaitre-Robertson-Walker (FLRW) metric,
the cosmological principles of homogeneity and isotropy
are preserved for the resulting background evolution, and
the space-condensate inflation model can be constructed.

In order to calculate the energy spectrum, for simplicity,
we assume the abrupt phase transition between two
consecutive regimes during the evolution of the
Universe. In such a case, the cosmic expansion is the only
damping effect for the modes that reentered the horizon at
late time, either the matter- or the radiation-dominated era.
The outline of our paper is the following. After a brief
overview of the formalism to obtain the energy spectrum of
primordial gravitational waves in Sec. II, we calculate the
energy spectrum of primordial gravitational waves for the
space-condensate inflation model in Sec. III. Finally, we
summarize our results in Sec. IV.

II. REVIEW: SPECTRUM OF THE PRIMORDIAL
GRAVITATIONAL WAVES

We begin our study with a brief review on the formalism
to calculate the energy spectrum of the primordial
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gravitational waves that were produced during inflation
[29-32]. The gravitational waves are described by the
tensor perturbation, /;;, of the flat FLRW metric, and the
perturbed metric is

ijs

ds* = a*(7)[—d7* + (8;; + hyj)dx'dx/], (1)
where £;; is symmetric under the exchange of indices, and
satisfies the transverse-traceless condition.! The cosmic
time ¢ is related to the conformal time 7 via a scale factor
a(z), and it is dt = a(7)dz.

Since the gravitational waves are very weak such that
|h;j| < 1, we study the linearized Einstein equation

1 1
5t =151
2 M3

ij» (2)

where IT;; is the anisotropic part of the stress tensor, and
satisfies H’ =0 and M2 = 1/8zG is the reduced Planck

mass. The tensor perturbatlon and the anisotropic part of
the stress tensor are expanded in the Fourier space as

3 [
Z/MWJ

where the superscript 4 denotes each polarization state of
the tensor perturbations and egj.)

5/1/1

hﬂ lkX (3)

(k)T ekx,  (4)

is the polarization tensor

and satisfies e< i) = Here, we denote h](f)(r) and

Hk (1) as h; () and IT; ; (1), respectively. The linearized
evolution equation of the gravitational waves described by
Eq. (2) is written in the Fourier space as

2
h;{,k + 27_”1;“( -+ kzhl’k = _M2 Clz(T)HLk, (5)
p

where H = d’'/a and ' = d/dr. For simplicity, in this work,
we ignore the anisotropic part of a stress tensor that
generates the nonzero source term on the right-hand side
of Eq. (5) in general.

One of the important predictions of inflation is that the
primordial power spectrum for the scalar perturbation is
almost Gaussian and nearly scale invariant. The power
spectrum for the scalar perturbation can be parametrized as

&\ ns—1+% In(k/k,)

Pl = Ptk () NG

where ag = dng/dIn k is the running of the scalar spectral
index ng and k, is the reference wave number. Another key

'9;h' = 0, and 67 h;; = 0.
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prediction of inflation is the existence of the primordial
gravitational waves. The power spectrum of the primordial
gravitational waves observed today, Py (k), is defined in the
Fourier space as follows:

413
Prk)=——= Y (h} h4). (7)
7[2M% 2/13 Ak

where the bracket, (...), indicates the spatial average.
The strength of the primordial gravitational waves is
characterized by their energy spectrum

L dpgw
Qew(k) = , 8
an (k) =08 ®)
where pi = 3HM3, is the critical density and Hy is the
present Hubble constant. The energy density of the gravi-
tational wave background, pgyy, is defined by pgyw = =T,
and it is related to Eq. (7) as

M2
pow =22 / 2P (K)dInk. (9)
By using Eq. (9) and Eq. (8), we obtain

k2

QGW(k) = TH%PTU{)’ (10)

and it is consistent with Refs. [29-32]. The tensor power
spectrum observed today can be related to the that of the
inflationary one by the transfer function 7 (k) as follows:

Py =T*(k)Pr(k). (11)

where the transfer function 7 reflects the damping effect
after modes reentered the horizon. By using this relation,
we can reexpress Eq. (10) in terms of the inflationary tensor
power spectrum

h3k?
12H3

hgQqw (k) = T2 (k)Pr (k). (12)

where h3Qgy (k) is the physically meaningful quantity for
the gravitational waves. Thus, we shall calculate constraints
on this quantity. In the remaining part of this section, we
discuss 7 (k) and Pz (k).

As we mentioned earlier, the transfer function reflects
the damping effect after modes reentered the horizon.
Several damping effects have been studied previously in
Refs. [30-32]. In this work, we consider the damping effect
only due to the cosmic expansion since it shows the major
contribution in the evolution of the Universe. Thus, the
evolution of the primordial gravitational waves can be
described by the following equation:
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h’j{,k + ZHh;’k + kzl’li’k - 0, (13)

and it only depends on the evolution of the scale factor. The
mode solutions to this equation have qualitative behavior in
two regimes as it evolves in time: far outside the horizon
(k < aH) where the amplitude of h,,; stays constant,
and far inside the horizon (k > aH) where they damp as
h Ak~ 1 / a.

The transfer function for the modes which are well inside
the horizon (k> 107!% Hz) has been calculated by inte-
grating Eq. (13) numerically from 7 = 0 to z,; a good fit to
the transfer function due to Ref. [33] is

3 Q 4 ([ k 5/ k\2
Th)=—- 14— ) +2(—). (14
() sz(z)QA\/ +3(keq>+2<keq> ( )

where k., is the wave number corresponding to a Hubble
radius at the time that matter and radiation have equal
energy density, 7, is the present conformal time, and €,,
and Q, are the present energy density fractions of the
matter and the vacuum, respectively. The factor Q,,/Q,
represents the effect of the accelerated expansion of the
Universe [34]. For modes that reentered the horizon during
the matter-dominated era in which k < k., Eq. (14)
evolves as 7 (k) ~ k=2, while it evolves as 7 (k) ~ k!
for modes that reentered the horizon during the radiation-
dominated era in which k > k.

By combining Eq. (12) with Eq. (14), we obtain the
energy spectrum of the gravitational waves as

302 /Q \2 1
h3Qew (k) =—2 (2] —
02w (K) H37 (QA> K2

« {1 +§ <k—"q> +§ (k—];>2]7>r(k). (15)

Among the terms in the square bracket, the last term
dominates for the gravitational waves with k > k., while
the first one dominates for the gravitational waves with
k < keq which correspond to modes that reentered the
horizon during the radiation- and the matter-dominated era,
respectively.

The primordial tensor power spectrum can always be
described as

np+Lin(k/k,)
k> T2 , (16)

Prll) = Prlk) (1

where a; = dny/dInk is the running of tensor spectral
index ny. By using the standard slow-roll analysis in the
single-field inflation model, we obtain the following
relations between observable quantities and slow-roll
parameters:
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r 8 16
nr =g rz—g(”s—lﬂ'?’?v’
r r
ar =g |5 = 1) +]. 1)

where r = Pr(k,)/Ps(k,) is the tensor-to-scalar ratio at
the pivot scale k.. Although the tensor component has not
yet been observed in CMB anisotropies, the amplitude for
the scalar component has been determined quite accurately
at a certain pivot scale. By substituting Eqs. (16)—(17) into
Eq. (15), we obtain the energy spectrum of the primordial
gravitational waves in terms of the physical frequency,
f = k/2r, observed today

o My (NPT 4N S(fN?
hOQGWWH%ré (m) IR o) T2\0

f ny+Lin(k/k.)
X Ps(k*ﬁ”(ft

where we use foq = keq/27 and f, =k, /2z. We will use
this result for the single-field inflation model later in the

next section to compare with a result for the space-
condensate inflation model.

, (18)

III. GRAVITATIONAL WAVES INDUCED BY THE
SPACE-CONDENSATE INFLATION MODEL

In this section, we consider the space-condensate infla-
tion model [21,22,35] as a source for the primordial
gravitational waves. We consider the following action with
the additional kinetic terms for the triad of scalar fields, ¢,
that are symmetric under SO(3):

M? 1
s= [ axy=a("R= 500,00,
- % 740,00, — v<¢)) . (19)

By varying the action, Eq. (19), one can obtain the
equations of motion of the scalar fields ¢ and o as

8,0 -V, =0, (20)

1
N

where V,=dV/d¢p. To preserve the cosmological
principles of homogeneity and isotropy for this model
in the flat FLRW background with metric, ds? =
—dr* + a(1)*(dx* + dy* + dz?), we choose a spatially
linear background solution for ¢ [21,22,25-28,35],

0,(\/=94"0,6") = 0, (21)

% = &x4, (22)
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where £ is an arbitrary constant of mass dimension two. By
considering the flat FLRW metric, along with the spatially
linear configuration of ¢ fields that are symmetric under
SO(3), the spatial-condensate inflation model [21,22,35]
can be constructed. Thus, the background equations of
motion are obtained as

H2:L< P +V +i2> (23)
3m2 \2 24
. 52

b (#45) o

0=¢+3Hp+V,. (25)

It can be easily seen in Eqgs. (23)—(24) that the effect of
the £-dependent term, decreases rapidly as the scale factor
increases exponentially during inflation. If the £-dependent
term in Eq. (23) is much larger than the potential term at the
onset of the slow-roll inflation, then the comoving horizon

remains constant,
g )
5] - (26)
(5

until the potential term becomes comparable to the
&-dependent term. Therefore, there exists the early phase
transition during inflation at which the potential term starts
dominating over the £-dependent term such that usual slow-
roll inflation takes place. At the end of the inflation, this
model asymptotically approaches the standard single-
field inflation model with the small contribution from
the £-dependent term [21,22,35].

In the context of the slow-roll inflation, a system is
governed by the slow-roll parameters such that the slow-
roll approximations can be reflected. In our model, follow-
ing Refs. [21,22], we obtain the slow-roll parameters

Vo v v )

14 3E22M2
PP 212 P
=——M:(1- , 27
Ny vV 4 ( 2a2V > ( )

(aH)™' =

and we will show the observable quantities in terms of these
slow-roll parameters. Before moving on further, it is worth
pointing out the main difference of the space-condensate
inflation model compared to the single-field inflation
model at the linear perturbation for the tensor mode.

In the linearly perturbed background with metric (1), the
linearized evolution equation of the primordial gravita-
tional waves can be obtained for the space-condensate
inflation model as
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w2+ (125 Yy = o, (28)
Ak Ak M Ak —

p

where we have an additional term, 2£2/M?2, in the bracket,
which makes our model different from the single-field
inflation model described in Eq. (13). The power spectrum
of tensor modes is obtained as

16H> 378
Pr(k) = —= (1 + (2C—2)€—7>, (29)
M 12M2K°

where “*” indicates the value at the horizon crossing
point, k = aH. The observable quantities for the space-
condensate inflation model, therefore, were obtained in
Ref. [22] as follows:

22 3182

”5—122WV—6€\/+W’ T__2€V+6k2M27
16&2

=166y + >, (30)
K*M3,

482 3182
= - , = - . 31
o= T Tzemr BV

Since our model asymptotically approaches the single-
field inflationary model at the end of inflation, we can treat
our model as a single-field inflation model with a small
contribution from the &-dependent term. Therefore, by
substituting these observable quantities into Eq. (18), we
obtain the energy spectrum of the primordial gravitational
waves in terms of the physical frequency observed today

32 (Q,)\2 1 40 F\ 5(f\?
6 H (g) fz[l +3<eq) +2(eq> }

XPs<k*)r<f) Pt st U

*

hiQqw =

. (32)

where foq = ke/27 and f, = k. /27

For the numerical result below, we use the standard
model of cosmology and the cosmological parameters
adopted in this paper are listed in Table I [36,37].

Figure 1 shows the energy spectrum of primordial
gravitational waves, obtained by both Eq. (18) and
Eq. (32), as a function of frequency f. We choose rg g =
10! for both the solid line and the dot-dashed line since
recent Planck 2015 data favor rq gy, < 107! for the upper
bound on the tensor-to-scalar ratio [37]. The solid line
represents the case where £ = 0 while the dot-dashed line
represents the case with & = 1071°. We add the sensitivity
curves of several observations including the pulsar timing
observation, and the space-based and the ground-based
laser interferometers to Fig. 1 as a reference for the energy
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TABLE I. The list of parameters.

PHYSICAL REVIEW D 93, 083518 (2016)

H, = 100hy kms~' Mpc~!
ho = 0.6731
79 = 1.41 x 10* Mpc

keq = 0.073Q,,h3 Mpc™!
Q, = 0315
Q, = 0.685

Py(k,) =2.19 x 10~
k, = 0.002 Mpc-!
f.=3.092 x 10718 Hz

spectrum of gravitational waves. The sensitivity curves
shown here are same as those provided in Ref. [38].

As seen in Fig. 1, the amplitude of the energy spectrum is
still far below the observational upper bounds and the
energy spectrum has a significant suppression in the low-
frequency range. Before we realize the suppression of the
energy spectrum, we would like to say a few words about

1000 |
—— BBO

—— IPTA
SKA DECIGO |

-2 |
10 —— PTA

107 / |

1012k N ]
! \/
|

he? Qew

10717 - 4
I
10717 10712 1077 1072 1000
Frequency/Hz
FIG. 1. The energy spectrum of primordial gravitational waves

versus the gravitational-wave frequency. The solid line is for
Eq. (18) while the dot-dashed one is for Eq. (32). We choose
ooz = 107! for both the solid and the dot-dashed line with
E=0 and &= 107" respectively. The observational upper
bounds of the gravitational-wave background from several differ-
ent observations are provided as well.

10—11,
10—14,
=
(0]
=}
Yo
<
10—17,
10—20|.'”...|....|....|....|....|..
-19.5 -19.0 -18.5 -18.0 -17.5 -17.0
log;,f
(@)

the effects of both the tensor-to-scalar ratio r and the model
parameter £ on the energy spectrum. These effects are
shown in Fig. 2. Figure 2(a) shows that the change of the
tensor-to-scalar ratio does not affect the suppression of the
energy spectrum; instead it significantly affects the ampli-
tude of the energy spectrum.

On the other hand Fig. 2(b) shows that the change of the
£ parameter plays an important role for the suppression of
the energy spectrum. The suppression of the energy
spectrum shifts to larger frequencies as the value of ¢
increases. As the value of & decreases, the suppression
shifts to smaller frequencies such that the energy spectrum
of gravitational waves converges to that of the standard
single-field inflation model. Therefore, it is clear that the
suppression of the energy spectrum for the space-
condensate inflation model depends on the value of the
model parameter ¢.

In order to realize the suppression of the energy spectrum
of the primordial gravitational waves induced by the
space-condensate inflation model, we need to understand
the early phase transition that takes place during inflation.
As we briefly mentioned earlier there exists an early
phase before the usual slow-role inflation over which the
£-dependent term dominates the potential term such
that the comoving horizon remains constant (aH)~! =
(£/V2M,)~". The existence of a constant comoving
horizon means that there also exists an observational
lower bound [35] for the comoving wave number,

kpin = &/ V2M p- Therefore, the gravitational-wave modes

" L T
1071
10—14,
=
Q .
c
o .
e ;
!
10_17’ (’
1
i
;
10720|.I...|.'...|....|....|....|..
-19.5 -19.0 -18.5 -18.0 -17.5 -17.0
logyf
(b)

FIG. 2. The low-frequency range, f* < feq, of Fig. 1. (2): The model parameter is fixed to & = 10~'° and three different values of the
tensor-to-scalar ratio, including r = 10! (red), 1072 (green) and 10~3 (blue), are considered. (b): The tensor-to-scalar ratio is fixed to
r = 107! and three different values of the model parameter, including & = 3.1 x 1072° (dashed), 10~ (dot-dashed) and 4 x 10~!°
(dotted), are considered.
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(b)

The CMB angular power spectra (without lensing) for the B-mode polarization in (a) and the linear matter power spectra in (b),

respectively. The spectra is calculated with the CAMB code [39] and we use the parameters given in Table L

that satisfy k > &/v2M » can only cross the comoving
horizon during the early phase transition, and the modes
that satisfy k < &/v/2M p never cross the comoving horizon
and stay outside the horizon.

If there exists an early phase just before the usual slow-
roll inflation, say, that leads to the suppression of the energy
spectrum of the primordial gravitational waves induced by
the space-condensate inflation model at a certain frequency
range depending on the value of £, then such a suppression
can also be imprinted on the CMB measurement. This
expectation is proven in Fig. 3 where we plot both the CMB
angular power spectra for the B-mode polarization and the
linear matter power spectra for various different £ values.
As seen in Fig. 3, the suppression happens as the &
parameter increases, or it converges to the standard result
where £ = 0 as the £ parameter decreases.

IV. DISCUSSION AND CONCLUSION

In this work, we have studied the primordial gravitational
waves from the space-condensate inflation model. The
gravitational-wave energy spectrum for our model was
analytically calculated in Eq. (32) as a function of fre-
quency, while a similar result for the standard single-field
inflation model was obtained in Eq. (18). To obtain these
analytic expressions, for simplicity, we have assumed that
the phase transition between two consecutive regimes is
abrupt such that only the cosmic expansion is responsible
for the damping effect of the modes that reentered the
Hubble horizon. The numerical result of our work has been
shown in Fig. 1 where we plot Egs. (18) and (32) in light of
several observational upper bounds, including the space-
and the ground-based laser interferometric detectors. As
shown in Fig. 1, the energy spectrum of the primordial
gravitational waves induced by the space-condensate

inflation model is significantly suppressed as the frequency
of the gravitational waves decreases, while it approaches
that of the single-field inflation model as the frequency
increases. In principle, the suppression of the energy
spectrum occurs in any frequency range depending on
the model parameter £ Figure 1 also shows that the
amplitude of the energy spectrum is still far below the
limits of current observational upper bounds in the detect-
able frequency range. In this work, the tensor-to-scalar ratio
was considered to have values rqgp < 107! which is
consistent with the Planck 2015 data [37].

Figure 2 shows the impact of both the tensor-to-scalar
ratio r and the model parameter £ on the energy spectrum of
the primordial gravitational waves induced by the space-
condensate inflation model. As shown in Fig. 2(a), the
change of the value of r does not affect the suppression of
the energy spectrum; instead it affects the amplitude of the
energy spectrum. On the other hand, the parameter & plays
an important role for the suppression of the energy
spectrum as shown in Fig. 2(b). As the value of the
parameter ¢ increases, the suppression of the energy
spectrum shifts to a larger frequency range, or vice versa.
The energy spectrum of primordial gravitational waves
induced by the space-condensate inflation model converges
to that of the single-field inflation model as the £ parameter
decreases.

In order to realize the suppression of the energy spectrum
of the primordial gravitational waves for the space-
condensate inflation model, we have considered its
features by using the background equations of motion,
Egs. (23)—(25). For this model, there exists an early phase
transition during inflation from a phase of background
evolution over which the £-dependent term dominates the
potential term to a phase of the usual slow-roll inflation
where the potential term dominates over the £-dependent
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term. The existence of the phase transition during the
inflationary epoch leads to the existence of the observational
lower bound for the comoving wave number,
keyin ~ &/ V2M »» and that observational lower bound is then
responsible for the suppression of the energy spectrum of the
primordial gravitational waves for the space-condensate
inflation model. The modes with wave number smaller than
the observational lower bound, k < k.;,, would never cross
the comoving horizon, and they stay outside the horizon.
Those modes are causally disconnected from our Universe;
that is why we have seen the suppression effect in the energy
spectrum of the primordial gravitational waves. Therefore,
the suppression of the energy spectrum takes place when the
gravitational wave frequency gets smaller than a certain

value, f < fon Where fo = &/V2M »- In other words, no
suppression will occur as long as the frequency is larger than
Smin such that f> f ..

PHYSICAL REVIEW D 93, 083518 (2016)

In this work we have considered the cosmic expansion as
the only damping effect for the modes reentering the
Hubble horizon. Therefore, it would be interesting to take
other damping effects into account.
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