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In this work, dispersion relations of π0 and π� have been studied in vacuum in the limit of a weak
external magnetic field using a phenomenological pion-nucleon ðπNÞ Lagrangian. For our purpose, we
have calculated the results up to one loop order in self-energy diagrams with the pseudoscalar ðPSÞ and
pseudovector ðPVÞ pion-nucleon interactions. By assuming a weak external magnetic field, it is seen that
the effective mass of the pion gets explicit magnetic field dependence, and it is modified significantly for
the case of PS coupling. However, for the PV coupling, only a modest increase in the effective mass is
observed. These modified dispersion relations due to the presence of the external field can have substantial
influence in the phenomenological aspect of the mesons, both in the context of neutron stars as well as in
relativistic heavy ion collisions.
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I. INTRODUCTION

The study of the properties of strongly interacting matter
in a magnetic field has become a research topic of
contemporary interest [1–12]. The applicability of field
theoretical calculations with the introduction of a magnetic
field lies in the study of the phenomenology of compact
stars which are laboratories of high density matter and
fields with strengths as high as eB ∼ 1 MeV2 observed in
some magnetars [13]. In fact, the incorporation of the
magnetic field effects to color superconducting phases in
the core of such stars can provide new insight into the
physics of neutron stars [14–21]. On the other hand, the
other domain, namely, relativistic heavy ion collisions, can
hardly be overlooked. Recently, it has been proposed that
for off-central heavy ion collisions, the intensity of the
magnetic field due to the presence of charged species can
be as high as eB ∼m2

π ∼ 0.02 GeV2 (at RHIC) and eB ∼
15m2

π ∼ 0.3 GeV2 (at LHC) [22,23].
It will not be out of context here to recall that in view of

comparable mass scales of mesonic matter with field

strengths, the study of pions (π0 and π�) begs further
attention. Many authors have studied pion properties either
restricted to the symmetric nuclear matter or with calcu-
lations performed in the nonrelativistic framework [24–29].
In a recent work, the authors of [30,31] have shown pionic
mode splitting in asymmetric nuclear matter (ANM). Using
the approximation of the hard nucleon loop and suitable
density expansions, they have studied pion propagation in
matter in the framework of the chiral effective Lagrangian
model [32]. In [31], they presented the density and
asymmetry dependent pion dispersion relations and effec-
tive masses for the various charged states of pions con-
sidering both pseudoscalar and pseudovector representation
of pion-nucleon interactions. It was shown that the effective
pion masses had large values in the pseudoscalar repre-
sentation compared to pseudovector representation. But
none of them considered the magnetic field effect in the
calculation of the self-energies. In the context of heavy ion
collisions, pions in nuclear matter might carry a bulk
amount of entropy which is explained by a modified pion
spectrum [33]. The pion-nucleon physics has been further
explored in the works of Anderson [34] where chiral
perturbation theory has been used for the systematic
calculation of the leading loop corrections to the thermal
mass and decay constant of pions at finite temperature and
magnetic background. Condensation of pions has been
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studied extensively in the works of [35,36]. The magnetic
field effects have been studied thoroughly in the context of
the NJL model [37–43], PNJL model [44,45], quark meson
model [46–50], PQM model [51,52], and linear sigma
model [53]. In a recent work, the authors of [54] showed the
modification of the charged B meson mass in the presence
of the external field. They have concluded that there is a
substantial decrease of the mass of the B mesons in the
limits of a strong and weak magnetic field. In fact, this
approximation of a weak field has been further explored in
the works of Ayala et al. [8]. In this work, the authors have
found that the field assists in formation of gluon condensate
and acts against quark deconfinement.
In view of these recent theoretical advancements, we

revisit the problem of pionic dispersion relations starting
from a phenomenological Lagrangian. In our work, we will
restrict ourselves to the calculation of the pion effective
mass in a uniform gauge field to one-loop order in vacuum.
For our calculations, we introduce the Feynman propaga-
tors for a spin 1=2 fermion in an external constant Abelian
field, best described by the Schwinger’s proper time
formalism [55]. This will manifest a consistent framework
for treating mesonic matter under the influence of the weak
limit of magnetic fields ðeB ≪ m2

πÞ compatible with
strengths observed in the interior of neutron stars. Due
to divergences inherited into the theory of self-energies, we
will remove them by regularization and subsequent renorm-
alization (by counterterms) of the modified self-energy of
the pions. The study of the pionic dispersion relations in the
presence of matter will be reported in a future work [56].
The paper is organized as follows. In Sec. II, we discuss

the formalism required for the explicit calculation of the
pion self-energies in the presence of a weak magnetic field.
We perform the calculations for pseudoscalar and pseudo-
vector coupling in subsections A and B, respectively. We
illustrate a consistent formalism for the fermionic propa-
gators using Schwinger’s proper time approximation fol-
lowed by regularization and renormalization of the vacuum
fluctuations. The results are presented in Sec. III. Finally, in
Sec. IV, we summarize and explain possible phenomeno-
logical implication of our results.

II. THE PION SELF-ENERGY

The effective pion propagator is given by resumming the
pion self-energy using the Dyson-Schwinger equation,

DðqÞ ¼ D0ðqÞ þD0ðqÞΠðqÞDðqÞ; ð1Þ

where D0ðqÞ ¼ ðq2 −m2
π þ iϵÞ−1 is the bare propagator

and ΠðqÞ is the pion self-energy. The effective propagator
can be written as

DðqÞ ¼ 1

½D0ðqÞ�−1 − ΠðqÞ : ð2Þ

The pole of the effective propagator determines the
dispersion relation of the system with the modified mass
m�

π ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

π þ Πðm�
π;q ¼ 0Þ

p
. To include the effect of

external magnetic field, we use Schwinger’s proper-time
method [55]. Let us consider the magnetic field along the z

direction with the choice of vector potential ~A ¼
ð−By=2; Bx=2; 0Þ. In this choice, the momentum-space
Schwinger propagator can be written as [55]

SðkÞ¼
Z

∞

0

ds
cosðeBsÞexp

�
is

�
k2∥−k2⊥

tanðeBsÞ
eBs

−m2þ iϵ

��

×

�
ðmþk∥ÞexpðieBsσ3Þ−

k⊥
cosðeBsÞ

�
; ð3Þ

where m is the mass of the fermion. Note that the
Schwinger’s propagator for charged fermions usually con-
tains a phase factor. However, by suitable gauge trans-
formation of the vector potential, the phase factor can be
removed, and we can work with the momentum represen-
tation of the Fermion propagators [8,9]. We decompose the
metric tensor into two parts gμν ¼ gμν∥ − gμν⊥ , where gμν∥ ¼
diagð1; 0; 0;−1Þ and gμν⊥ ¼ diagð0; 1; 1; 0Þ. In this notation,
we use k2∥ ¼ k20 − k2z , k2⊥ ¼ k2x þ k2y and σ3 ¼ iγ1γ2. As we
focus on the weak-field approximation of the propagators
eB ≪ m2

π , the propagators can be recast up to order ðeBÞ2
as [57,58]

SðkÞ ¼ Sð0ÞðkÞ þ eBSð1ÞðkÞ þ ðeBÞ2Sð2ÞðkÞ þOððeBÞ3Þ
ð4Þ

where

Sð0ÞðkÞ ¼ kþm
k2 −m2

ð5Þ

is the free fermionic propagator, and

Sð1ÞðkÞ ¼ iγ1γ2ðγ:k∥ þmÞ
ðk2 −m2Þ2 ð6Þ

Sð2ÞðkÞ ¼ −2k2⊥
ðk2 −m2Þ4

�
kþm −

γ:k⊥
k2⊥

ðk2 −m2Þ
�

ð7Þ

are the weak-field corrections to the propagator.

A. Dispersion relation with pseudoscalar πN coupling

We use a phenomenological PS pion-nucleon interaction
to write the Lagrangian density as

LPS
int ¼ −igπΨγ5ð~τ · ~ΦπÞΨ; ð8Þ

where gπ is the pion-nucleon coupling constant. In Eq. (8),
Ψ and Φπ are the nucleon and pion fields, respectively, and
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~τ is the isospin operator. The one-loop contribution to the
pion self-energy is given by

ΠπðqÞ ¼ −i
Z

d4k
ð2πÞ4

× Tr½fiΓðqÞgiSaðkÞfiΓð−qÞgiSbðkþ qÞ�; ð9Þ

where the subscripts a and b denote either p (proton) or n
(neutron). ΓðqÞ is the corresponding vertex factor for the
pseudoscalar coupling of pions. Figure 1 will involve
various combinations of n and p, depending upon the
various charged states of pions. Let us explicitly calculate

the one-loop self-energy for π0 shown in Fig. 1(a). In the
weak-field limit, the self-energy for π0 is expressed as

Ππ0ðqÞ ¼ −ig2π
Z

d4k
ð2πÞ4

× Tr½γ5iSpðkÞγ5iSpðkþ qÞ� þ ½p → n�: ð10Þ

For a neutral pion, ΓðqÞ ¼ −iγ5gπ is the vertex factor. The
nonvanishing contribution for Π0ðqÞ can be written as

Ππ0ðqÞ ¼ Πð0;0Þ
π0

ðqÞ þ ðeBÞ2Πð1;1Þ
π0

ðqÞ þ ðeBÞ2Πð2;0Þ
π0

ðqÞ
þ ðeBÞ2Πð0;2Þ

π0
ðqÞ: ð11Þ

Upon evaluation of Dirac traces, it is seen that all terms
proportional to ðeBÞ have vanishing traces. The reason for
the cancellation is either due to an odd number of γ matrices
or off diagonal elements of the metric tensor. The B−
independent vacuum contribution of the self-energy is
expressed as

Πð0;0Þ
π0

ðqÞ ¼ −ig2π
Z

d4k
ð2πÞ4 Tr½γ5iS

ð0Þ
p ðkÞγ5iSð0Þp ðkþ qÞ� þ ½p → n�

¼ ig2π

Z
d4k
ð2πÞ4 Tr½γ5ðkþmpÞγ5ðkþ qþmpÞ�

1

½k2 −m2
p�½ðkþ qÞ2 −m2

p�
þ ½p → n�;

¼ ig2π

Z
d4k
ð2πÞ4 4½m

2
p − k:ðkþ qÞ� 1

ðk2 −m2
pÞððkþ qÞ2 −m2

pÞ
þ ½p → n�

¼ g2π
4π2

�
q2

3
þ
�
1þ 1

ε
− γE þ logð4πμ2Þ

��
m2

p −
q2

2

�

−
Z

1

0

dxðm2
p − 3xð1 − xÞq2Þ log½m2

p − xð1 − xÞq2�
�
þ ½p → n�; ð12Þ

where mp ðmnÞ is the mass of the proton (neutron). Here, ε ¼ 2 − N
2
and μ is an arbitrary scale parameter. γE is the Euler-

Mascheroni constant. It is clearly seen that ε in Eq. (12) contains the singularity, and it diverges as N → 4. To remove the
divergences, we need to add the counterterms in the Lagrangian [32]. Hence, after performing the renormalization, one can
obtain the modified pion self-energy as (explicitly shown in the Appendix A)

Πð0;0Þ
π0R

¼ −
g2ppπ0

4π2

Z
1

0

dx

�ðq2 −m2
π0
Þxð1 − xÞ½m2

p − 3m2
πxð1 − xÞ�

m2
p −m2

π0
xð1 − xÞ

þ ½m2
p − 3q2xð1 − xÞ� log ΔR

m2
p −m2

π0
xð1 − xÞ

�
þ ½p → n�; ð13Þ

where ΔR ¼ m2
p − q2xð1 − xÞ, and mπ0 is the mass of the neutral pion. The first term of the external magnetic field

dependent contribution to the self-energy can be obtained as (see Appendix B)

Πð1;1Þ
π0

ðqÞ ¼ −ig2π
Z

d4k
ð2πÞ4 Tr½γ5iS

ð1Þ
p ðkÞγ5iSð1Þp ðkþ qÞ�

¼ −
g2π
4π2

Z
1

0

dxxð1 − xÞ
�
1

ΔR
þm2

p þ xð1 − xÞq2∥
Δ2

R

�
: ð14Þ

(a) (b)

FIG. 1. Figure (a) represents the one-loop self-energy diagram
for π0 and (b) represents the same for π�.

PIONIC DISPERSION RELATIONS IN THE PRESENCE … PHYSICAL REVIEW D 93, 074033 (2016)

074033-3



The term proportional to ðeBÞ2, i.e., Πð2;0Þ
π0

ðqÞ is given by (see Appendix B for details)

Πð2;0Þ
π0

ðqÞ ¼ −ig2π
Z

d4k
ð2πÞ4 Tr½γ5iS

ð2Þ
p ðkÞγ5iSð0Þp ðkþ qÞ�

¼ −
g2π
4π2

�Z
1

0

dxð1 − xÞ3
�
1

ΔR
þ q2xð1 − xÞ þ q2⊥xð4x − 1Þ þm2

p

3Δ2
R

þ 2x2q2⊥½q2xð1 − xÞ þm2
p�

3Δ3
R

�

þ
Z

1

0

dxð1 − xÞ2
�
1

ΔR
−
q2⊥xð1 − xÞ

Δ2
R

��
: ð15Þ

In order to obtain the contribution of Πð0;2Þ
π0

ðqÞ, we just replace k ↔ ðkþ qÞ in Eq. (15), and we see that

Πð0;2Þ
π0

ðqÞ and Πð2;0Þ
π0

are identical. It is seen that the contribution of the magnetic-field-dependent self-energy is
finite; i.e., no divergences appear. To simplify our calculation, we consider that the proton and neutron have the
same mass denoted by m. The complete expression of the self-energy for Ππ0ðqÞ for the pseudoscalar coupling can
be written as

Ππ0ðqÞ ¼ −
g2π
2π2

�Z
1

0

dx

�ðq2 −m2
π0
Þxð1 − xÞðm2 − 3q2xð1 − xÞÞ

ΔR
þ ðm2 − 3m2

π0
xð1 − xÞÞ log ΔR

m2 −m2
π0
xð1 − xÞ

�

þ ðeBÞ2
2

Z
1

0

dxxð1 − xÞ
�

1

ΔR
þm2 þ xð1 − xÞq2∥

Δ2
R

�

þ ðeBÞ2
�Z

1

0

dxð1 − xÞ3
�
1

ΔR
þ q2xð1 − xÞ þ q2⊥xð4x − 1Þ þm2

3Δ2
R

þ 2x2q2⊥½q2xð1 − xÞ þm2�
3Δ3

R

�

þ
Z

1

0

dxð1 − xÞ2
�
1

ΔR
−
q2⊥xð1 − xÞ

Δ2
R

���
: ð16Þ

If we do not distinguish between the neutron and proton mass, the expressions for the self-energy of ΠπþðqÞ and
Ππ−ðqÞ are identical. For π�, the coupling constant gπ gets replaced by

ffiffiffi
2

p
gπ. Using the previous procedure, we can

easily calculate the self-energy for Ππ�ðqÞ. The contribution from the diagram in Fig. 1(b) for Ππ�ðqÞ is obtained as
follows:

Ππ�ðqÞ ¼ −
g2π
2π2

�Z
1

0

dx

�ðq2 −m2
π�Þxð1 − xÞðm2 − 3q2xð1 − xÞÞ

ΔR
þ ðm2 − 3m2

π�xð1 − xÞÞ log ΔR

m2 −m2
π�xð1 − xÞ

�

þ ðeBÞ2
�Z

1

0

dxð1 − xÞ3
�
1

ΔR
þ q2xð1 − xÞ þ q2⊥xð4x − 1Þ þm2

3Δ2
R

þ 2x2q2⊥½q2xð1 − xÞ þm2�
3Δ3

R

�

þ
Z

1

0

dxð1 − xÞ2
�
1

ΔR
−
q2⊥xð1 − xÞ

Δ2
R

���
: ð17Þ

Using Eq. (2) and Eqs. (16) and (17), we can calculate the dispersion relations for π0 and π� for pseudoscalar coupling.

Considering a relativistic particle with mass mπ moving in a homogeneous external magnetic field ~B, directed along the z
axis, the modified pion mass (m�2

π ) is given by the following expression:

m�2
π ¼ m2

π þ ReΠðm�2
π ;q ¼ 0; BÞ: ð18Þ

The above expression is obtained by defining the effective pion masses by the positions of the pole of the propagator.
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B. Dispersion relation with pseudovector πN coupling

To obtain the self-energy in the pseudovector interaction, we start from the interaction Lagrangian,

LPV
int ¼ −

fπ
mπ

Ψ0γ5γμ∂μðτ:Φ0
πÞΨ0; ð19Þ

where fπ is the pseudovector coupling constant. The vertex factor for the pseudovector coupling is ð−iÞ fπ
mπ

γ5q. First, we
discuss the neutral pion self-energy. The contribution for the field-free part of π0 is

Πð0;0Þ
π0

ðqÞ ¼ −i
�
fπ
mπ

�
2

Tr½γ5qSð0Þp ðkÞγ5qSð0Þp ðkþ qÞ� þ ½p → n�

¼
�
fm
mπ

�
2 q2

4π2

Z
1

0

dx2m2
p

�
−
1

ε
þ γE þ ln

�
ΔR

4πμ2

��
þ ½p → n�: ð20Þ

It is seen that Eq. (20) diverges as N → 4. To remove the divergences, we use simple subtraction, obtaining

Πð0;0Þ
π0R

ðqÞ ¼ Πð0;0Þ
π0

ðqÞ − Πð0;0Þ
π0

ðmπÞ

¼
�
fm
mπ

�
2 q2

4π2

Z
1

0

dx2m2

�
ln

�
m2 − q2xð1 − xÞ
m2 −m2

π0
xð1 − xÞ

��
þ ½p → n� ð21Þ

¼
�
fm
mπ

�
2 q2

4π2
4m2

2
64

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4m2 − q2

p
q

tan−1
�

qffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4m2 − q2

p
�
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4m2 −m2

π0

q
mπ0

tan−1
mπ0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

4m2 −m2
π0

q
3
75: ð22Þ

In the case of pseudovector coupling, we do not find any linear-order contribution of ðeBÞ, similar to the case of
pseudoscalar coupling for the same reason as mentioned before. Moreover, the contribution of the magnetic field comes

from the OððeBÞ2Þ terms. Hence, the value of Πð1;1Þ
π0

ðqÞ is given by (see Appendix C)

Πð1;1Þ
π0

ðqÞ ¼ −i
�
fπ
mπ

�
2
Z

d4k
ð2πÞ4 Tr½γ5qS

ð1Þ
p ðkÞγ5qSð1Þp ðkþ qÞ�

¼
�
fπ
mπ

�
2 1

4π2

Z
1

0

xð1 − xÞdx
�
xðx − 1Þq2ð2q2∥ − q2Þ −m2q2∥

Δ2
R

�
: ð23Þ

The expression for Πð2;0Þ
π0

ðqÞ is as follows (see Appendix C):

Πð2;0Þ
π0

ðqÞ ¼¼ −i
�
fπ
mπ

�
2 d4k
ð2πÞ4 Tr½γ5qS

ð2Þ
p ðkÞγ5qSð0Þp ðkþ qÞ�

¼
�
fπ
mπ

�
2 1

4π2

�Z
1

0

dx
ð1 − xÞ3

3
q2
�

3

2ΔR
þ xð1 − xÞ q

2⊥
Δ2

R
− ½xð1 − xÞq2 þm2�

�
1

Δ2
R
þ 2x2

q2⊥
Δ3

R

��

þ
Z

1

0

dxð1 − xÞ2
�
q2 þ q2⊥

ΔR
þ xð1 − xÞ q

2q2⊥
Δ2

R

��
: ð24Þ

The value of Πð0;2Þ
π0

ðqÞ is identical with Πð2;0Þ
π0

ðqÞ because we consider mp ¼ mn ¼ m. Now we can easily calculate the self-
energy for neutral and charged pions and the expressions are as follows:

Ππ0ðqÞ ¼ Πð0;0Þ
π0R

ðqÞ þ ðeBÞ2½Πð1;1Þ
π0

ðqÞ þ 2Πð2;0Þ
π0

ðqÞ�: ð25Þ

Following the same procedures, we can obtain the charged pion self-energies for the pseudovector coupling:
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Ππ�ðqÞ ¼
�
fm
mπ

�
2 1

2π2

2
642q2m2

8<
:

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4m2 − q2

p
q

tan−1
�

qffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4m2 − q2

p
�
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4m2 −m2

π�

q
mπ�

tan−1
mπ�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

4m2 −m2
π�

q
9=
;

þ ðeBÞ2
�Z

1

0

dx
ð1 − xÞ3

3
q2
�

3

2ΔR
þ xð1 − xÞ q

2⊥
Δ2

R
− ½xð1 − xÞq2 þm2�

�
1

Δ2
R
þ 2x2

q2⊥
Δ3

R

��

þ
Z

1

0

dxð1 − xÞ2
�
q2 þ q2⊥

ΔR
þ xð1 − xÞ q

2q2⊥
Δ2

R

��375: ð26Þ

III. RESULTS AND DISCUSSIONS

We have considered the case of a weak magnetic field for
the numerical evaluation of our results. We have used the
condition that the field strength is much lower than the
squared pion mass ðeBÞ ≪ m2

π , which is our consideration
for the weak-field limit of the field. The pseudoscalar
coupling g2π=ð4πÞ is 14.1 [59] and for the pseudovector
case, we have taken the coupling f2π=ð4πÞ as 0.08 [60].

Here, we have used the relation g2=ð2mpÞ2 ¼ ðf=mπÞ2.
Quantum fluctuations will invoke the possibility of the
usage of the Schwinger’s proper time propagators in the
presence of external magnetic field. Thus, we obtain
the vacuum contribution which needs to be suitably
renormalized to eliminate the divergences in the theory.
We have adopted the method of addition of mass counter-
terms for the PS coupling and the method of subtraction of
terms for the PV coupling, respectively. The details about
the renormalization procedure for PS coupling is high-
lighted in Appendix A. The correction terms which are
quadratic in field parameter ðeBÞ contributes to the self-
energy of pions at one loop order and are devoid of any
divergences. The modified pion masses m�0

π and m��
π are

defined by the position of the pole of the effective
propagator and setting the three momentum label equal
to zero. Further, the dispersion relation of the pions are
evaluated numerically by setting the z− component of
momentum up to a maximum value of 0.175 GeV. The bare
pion masses have been fixed as m0

π ¼ 0.134 GeV
and m�

π ¼ 0.139 GeV.
At first, we will consider the case of PS coupling of

pions. Figure 2 displays the effective mass of pion ðm�
πÞ as a

function of the background magnetic field and shows a
significant decrease in the effective mass for both the
neutral as well as charged pions in PS coupling. In addition,
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FIG. 2. Effective pion mass as a function of the magnetic field
for PS coupling.
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FIG. 3. The left panel shows the dispersion relation for neutral pion with the z component of momentum for pseudoscalar coupling.
The right panel shows a similar plot for the case of charged pions.
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it is seen in the inset of Fig. 2 that the rate of decrease of the
pion mass with the magnetic field is greater for the neutral
pion than the charged pion.
In Fig. 3, we present the graph of the dispersion relation

of neutral pion (left panel) and charged pion (right panel)
for PS coupling scheme. In both the graphs, the trend is
similar in nature. In the limit of the low-z component of the
momentum, there is a moderate increase of the energy
variable for different perpendicular components of the
momentum (0 and 0.25 GeV) coupled with field strengths
(0.018 and 0.001 GeV2).
In contrast to PS coupling, it is observed that for PV

coupling the effective pion masses increases slightly with
the increase of external magnetic field strength as shown in
Fig. 4. The dispersions of neutral pion (left panel) and
charged pions (right panel) are displayed in Fig. 5 at
different magnetic field strengths and perpendicular com-
ponent of momentum (q⊥). We observe the increasing
nature of pion energy similar to that in case of PS coupling.
It is noticed that for a fixed q⊥ the dispersion relations are
insensitive to the magnetic field both for PS and PV
couplings.

IV. SUMMARY AND CONCLUSION

In this work, we have revisited the modification of the
pion dispersion relations by the introduction of the external
magnetic field on the charged and neutral pions. For our
purpose, we have used Schwinger’s proper-time method of
the fermion propagator in the presence of a background
magnetic field to effectively describe proton propagators in
the one-loop self-energy corrections. The effect of the
external magnetic field appears as corrections of order
ðeBÞ2 over the vacuum contribution to the pion self-energy,
which are relevant for the study of neutron stars and
relativistic heavy ion collisions. The phenomenology of
pions in nuclear matter is generally described by a chiral
invariant pion-nucleon interaction which leads to the
additional Lagrangian term LπNN ¼ −ðgπNN=2gAmNÞ2×
ΨNγ

μτΨNð~Π × ∂μ
~ΠÞ known as the Weinberg-Tomozawa

term in the literature. We have calculated the contribution
from this term to the pion self-energy. We have found that
the contribution for the corresponding diagram for the
ππNN interaction vanishes at the ðeBÞ and ðeBÞ2 order of
the external magnetic field. From the numerical estimates,
we notice the decreasing nature of the effective pion masses
in the case of PS coupling, while an increasing nature is
noticed for PV coupling. We reconfirm the result of the
vacuum fluctuation free-field contribution to the pion
self-energy with an earlier work [59,61]. The values of
the weak magnetic field are considered up to 0.018m2

π as
relevant in the phenomenological scenario. However, we do
not include the medium modifications in our calculation
which will be reported soon in a future work. The results
obtained here serve as a theoretical framework for study at
finite density and/or temperature in the presence of an
arbitrary magnetic field [56]. Finally, it should be noted
that we have not incorporated the nucleon’s magnetic
moment in the present work. Inclusion of this will
contribute in ðeBÞ order. However, we intend to investigate
this in the future.
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FIG. 5. The left panel shows the dispersion relation for neutral pion with the z component of momentum for pseudovector coupling.
The right panel shows a similar plot for the case of charged pions.
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APPENDIX A: RENORMALIZATION
OF VACUUM FLUCTUATION OF

PION SELF-ENERGY

As the free space contribution of the pion self-energy
is plagued with infrared divergences, we need to add
counterterms with the original interaction Lagrangian to
make it finite. Therefore, the counterterm Lagrangian is
written as [32]

LCT ¼ −
1

2!
β1Φπ:ð∂2 þm2

πÞ:Φπ þ
1

2!
β2Φ2

π: ðA1Þ

The values of the counterterms β1 and β2 are determined
from the renormalization conditions as

β1 ¼
�∂ΠðqÞ

∂q2
�

q2¼m2
π

β2 ¼ ðΠÞq2¼m2
π
: ðA2Þ

We have obtained the following counterterms for renorm-
alization of the vaccuum fluctuation part:

β1 ¼ −
g2π
4π2

�
1

3
−
1

2

�
1þ 1

ϵ
− γ þ lnð4πμ2Þ

�

þ
Z

1

0

dx3xð1 − xÞ lnðm2 −m2
πxð1 − xÞÞ

þ
Z

1

0

dx
m2xð1 − xÞ − 3m2

πx2ð1 − xÞ2
m2 −m2

πxð1 − xÞ
�
þ ½p → n�

ðA3Þ

β2 ¼ −
g2π
4π2

�
m2

π

3
þ
�
m2 −

m2
π

2

��
1þ 1

ϵ
− γ þ lnð4πμ2Þ

�

−
Z

1

0

dxðm2 − 3m2
πxð1 − xÞÞ lnðm2 −m2

πxð1 − xÞÞ
�

þ ½p → n�: ðA4Þ

These two counterterms ensure that the pion propagators
Dπ ¼ ½q2 −m2

π − ΠRðqÞ�−1 reproduce the physical mass of
pions in free space. Thus, the renormalized pion self-energy
for PS coupling is obtained as

ΠRðq;mπÞ ¼ ΠðqÞ − β1ðq2 −m2
πÞ − β2; ðA5Þ

which we have used in the calculation of Eq. (13).

APPENDIX B: DETAILS OF THE CALCULATION
OF SELF-ENERGY FOR PSEUDOSCALAR

COUPLING

In this appendix, we highlight some of the important
steps required for calculation of the pion self-energy using
the Lagrangian for PS coupling. We start by calculation of
the traces of the terms in the self-energy as

Tr½γ5SaðkÞγ5Sbðkþ qÞ�
¼ Tr½γ5Sð0Þa ðkÞγ5qSð0Þb ðkþ qÞ þ ðeBÞfγ5Sð0Þa ðkÞγ5
× Sð1Þb ðkþ qÞ þ γ5S

ð1Þ
a ðkÞγ5Sð0Þb ðkþ qÞg

þ ðeBÞ2fγ5Sð1Þa ðkÞγ5Sð1Þb ðkþ qÞ þ γ5S
ð0Þ
a ðkÞγ5

× Sð2Þb ðkþ qÞ þ γ5S
ð2Þ
a ðkÞγ5Sð0Þb ðkþ qÞg þOððeBÞ3Þ�

≃ T1 þ ðeBÞ½T2 þ T3� þ ðeBÞ2½T4 þ T5 þ T6� ðB1Þ

where,

T1 ¼ Tr½γ5Sð0Þa ðkÞγ5Sð0Þb ðkþ qÞ�
T2 ¼ Tr½γ5Sð0Þa ðkÞγ5Sð1Þb ðkþ qÞ�
T3 ¼ Tr½γ5Sð1Þa ðkÞγ5Sð0Þb ðkþ qÞ�
T4 ¼ Tr½γ5Sð1Þa ðkÞγ5Sð1Þb ðkþ qÞ�
T5 ¼ Tr½γ5Sð0Þa ðkÞγ5Sð2Þb ðkþ qÞ�
T6 ¼ Tr½γ5Sð2Þa ðkÞγ5Sð0Þb ðkþ qÞ� ðB2Þ

T1 gives the field free case for the pion self-energy. As
mentioned previously in the text, T2 and T3 are individually
zero as the traces vanish. The terms T4, T5 and T6

contribute to the first order in field corrections which are
quadratic in the magnetic field variable. Using the standard
procedure of Feynman parametrization (FP) [62], the
nonrenormalized vacuum contribution to the self-energy
is obtained as Eq. (12). Further, renormalization of Eq. (12)
gives Eq. (13) devoid of any divergences. T4 is evaluated as

T4 ¼ Tr½γ5Sð1Þa ðkÞγ5Sð1Þb ðkþ qÞ� ðB3Þ

As we are considering the proton loop in Fig. 1(a), both the
masses are to be considered as proton mass. Therefore, we
rewrite the above equation as

T4 ¼ Tr½γ5γ1γ2ðγ:k∥ þmpÞγ5γ1γ2ðγ:ðkþ qÞ∥ þmpÞ

×
1

½k2 −m2
p�2½ðkþ qÞ2 −m2

p�2

¼ 4½m2
p − k∥:ðk∥ þ q∥Þ�

1

½k2 −m2
p�2½ðkþ qÞ2 −m2

p�2
ðB4Þ
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where we have used,

γ1γ2ðγ:k∥Þ ¼ ðγ:ðkþ qÞ∥Þγ1γ2
γ1γ2qγ1γ2 ¼ 2ðγ:qÞ⊥ − q ðB5Þ

Using FP (and substituting k → ðk − xqÞ), we obtain,

T4 ¼
4

½k2∥ − Δ∥�4
½m2

p þ xð1 − xÞq2∥ − k2∥ þ ð2x − 1Þðk∥:q∥Þ�

ðB6Þ

where, Δ∥ ¼ k2⊥ þ ΔR. Solution of the momentum integral
is as follows:

Z
d4k
ð2πÞ4 T4 ¼ 4

Z
1

0

xð1 − xÞdxΓ½4�
Z

d4k
ð2πÞ4

×
m2

p þ xð1 − xÞq2∥ − k2∥ þ ð2x − 1Þðk∥:q∥Þ
½k2∥ − Δ∥�4

:

ðB7Þ

In order to evaluate the above integration, we will use
4-momentum integrals involving the parallel and
perpendicular components. Here, we list the following
identities that will be required for the evaluation of the
pion self-energy:
Identity 1:

Z
d4k
ð2πÞ4

1

½k2∥ − Δ∥�4
¼ i

Z
d2k⊥
ð2πÞ2

Z d2kE∥

ð2πÞ2
1

½k2E∥
þ Δ∥�4

¼ i
Z

d2k⊥
ð2πÞ2

1

ð4πÞ
Γ½4 − 1�
Γ½4�

�
1

Δ∥

�
4−1

¼ i
1

ð4πÞ2
Γ½3�
Γ½4�

Γ½3 − 1�
Γ½3�

�
1

ΔR

�
3−1

¼ i
ð4πÞ2

1

Γ½4�
1

Δ2
R
: ðB8Þ

Identity 2:

Z
d4k
ð2πÞ4

k2∥
½k2∥ − Δ∥�4

¼ i
Z

d2k⊥
ð2πÞ2

Z d2kE∥

ð2πÞ2
−k2E∥

½k2E∥
þ Δ∥�4

¼ −i
Z

d2k⊥
ð2πÞ2

1

4π

Γ½4 − 2�
Γ½4�

�
1

Δ∥

�
2

¼ −i
1

ð4πÞ2
1

Γ½4�
�

1

ΔR

�
Γ½1�
Γ½2�

¼ −i
1

ð4πÞ2
1

Γ½4�
1

ΔR
: ðB9Þ

Therefore, using the above identities, we obtain the first correction terms to the pion self-energy as mentioned already
in Eq. (14):

Πð1;1Þ
π0

ðqÞ ¼ −
g2π
4π2

Z
1

0

dxxð1 − xÞ
�
1

ΔR
þm2

p þ xð1 − xÞq2∥
Δ2

R

�
: ðB10Þ

Next, we evaluate the term T6. We start with the trace as follows:

T6 ¼ Tr½γ5Sð2Þa ðkÞγ5Sð0Þb ðkþ qÞ�

¼ Tr

�
γ5

�
kþmp −

γ:k⊥
k2⊥

ðk2 −m2
pÞ
�
γ5ðkþ qþm2

pÞ
�

−2k2⊥
½k2 −m2

p�4½ðkþ qÞ2 −m2
p�

¼ 4

�
½k:ðkþ qÞ −m2

p�
2k2⊥

½k2 −m2
p�4½ðkþ qÞ2 −m2

p�
þ ½k2⊥ þ k⊥:q⊥�

1

½k2 −m2
p�3½ðkþ qÞ2 −m2

p�
�
: ðB11Þ

Now, using the usual procedure of FP, we obtain
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T6 ¼ 4

�½k2 þ k:qð1 − 2xÞ þ q2xðx − 1Þ −m2
p�½k2⊥ − 2xk⊥:q⊥ þ x2q2⊥�

½k2∥ − Δ2
∥�5

þ k2⊥ þ q2⊥xðx − 1Þ þ ðk⊥:q⊥Þð1 − 2xÞ
½k2∥ − Δ2

∥�4
�
: ðB12Þ

Similar to the evaluation of the T4 term, we will make use of the following identities:
Identity 3:

Z
d4k
ð2πÞ2

k2k2⊥
½k2∥ − Δ∥�5

¼ i
ð4πÞ2

1

Γ½5�
3

ΔR
ðB13Þ

Identity 4:

Z
d4k
ð2πÞ4

k2⊥
½k2∥ − Δ∥�5

¼ −i
Z

d2k⊥
ð2πÞ2 k

2⊥
1

4π

Γ½4�
Γ½5�

1

Δ4
∥

¼ −
i

ð4πÞ2
Γ½4�
Γ½5�

1

Γ½4�
1

Δ2
R
¼ −

i
ð4πÞ2

1

Γ½5�
1

Δ2
R

ðB14Þ

Identity 5:

Z
d4k
ð2πÞ4

ðk⊥ · q⊥Þ2
½k2∥ − Δ∥�5

¼ −i
Z

d2k⊥
ð2πÞ2 k

2⊥
q2⊥
2

1

4π

Γ½4�
Γ½5�

1

Δ4
∥

¼ −
i

ð4πÞ2
q2⊥
2

1

Γ½5�
1

Δ2
R

ðB15Þ

Identity 6:

Z
d4k
ð2πÞ4

1

½k2∥ − Δ∥�5
¼ −i

Z
d2k⊥
ð2πÞ2

1

4π

Γ½4�
Γ½5�

1

Δ4
∥

¼ −
i

ð4πÞ2
Γ½4�
Γ½5�

Γ½3�
Γ½4�

1

Δ3
R
¼ −

i
ð4πÞ2

Γ½3�
Γ½5�

1

Δ3
R

ðB16Þ

Identity 7:

Z
d4k
ð2πÞ4

k2⊥
½k2∥ − Δ∥�4

¼ i
ð4πÞ2

1

Γ½4�
1

ΔR
: ðB17Þ

Therefore, we obtain the second-order correction to the pion self-energy as

Πð2;0Þ
π0

ðqÞ ¼ −
g2π
4π2

�Z
1

0

dxð1 − xÞ3
�
1

ΔR
þ q2xð1 − xÞ þ q2⊥xð4x − 1Þ þm2

p

3Δ2
R

þ 2x2q2⊥½q2xð1 − xÞ þm2
p�

3Δ3
R

�

þ
Z

1

0

dxð1 − xÞ2
�
1

ΔR
−
q2⊥xð1 − xÞ

Δ2
R

��
: ðB18Þ

APPENDIX C: DETAILS OF THE CALCULATION OF SELF-ENERGY
FOR PSEUDOVECTOR COUPLING

The same formalism for the calculation of the correction terms in PS coupling can be applied to the PV coupling. So, we
start by calculation of the traces of the terms in the self-energy as
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Tr½γ5qSaðkÞγ5qSbðkþ qÞ�
¼ Tr½γ5qSð0Þa ðkÞγ5qSð0Þb ðkþ qÞ þ ðeBÞfγ5qSð0Þa ðkÞγ5qSð1Þb ðkþ qÞ þ γ5qS

ð1Þ
a ðkÞγ5qSð0Þb ðkþ qÞg

þ ðeBÞ2fγ5qSð1Þa ðkÞγ5qSð1Þb ðkþ qÞ þ γ5qS
ð0Þ
a ðkÞγ5qSð2Þb ðkþ qÞ þ γ5qS

ð2Þ
a ðkÞγ5qSð0Þb ðkþ qÞg þOððeBÞ3Þ�

≃ T 0
1 þ ðeBÞ½T 0

2 þ T 0
3� þ ðeBÞ2½T 0

4 þ T 0
5 þ T 0

6�; ðC1Þ

where

T 0
1 ¼ Tr½γ5qSð0Þa ðkÞγ5qSð0Þb ðkþ qÞ�

T 0
2 ¼ Tr½γ5qSð0Þa ðkÞγ5qSð1Þb ðkþ qÞ�

T 0
3 ¼ Tr½γ5qSð1Þa ðkÞγ5qSð0Þb ðkþ qÞ�

T 0
4 ¼ Tr½γ5qSð1Þa ðkÞγ5qSð1Þb ðkþ qÞ�

T 0
5 ¼ Tr½γ5qSð0Þa ðkÞγ5qSð2Þb ðkþ qÞ�

T 0
6 ¼ Tr½γ5qSð2Þa ðkÞγ5qSð0Þb ðkþ qÞ�: ðC2Þ

T 0
4 is evaluated as

T 0
4 ¼ Tr½γ5qSð1Þp ðkÞγ5qSð1Þp ðkþ qÞ�

¼ Tr½γ5qiγ1γ2ðγ:k∥ þmpÞγ5qiγ1γ2ðγ:ðkþ qÞ∥ þmpÞ�
1

½k2 −m2
p�2½ðkþ qÞ2 −m2

p�2

¼ 4

Δ4

½q2ðk2∥ þ ðk∥ · q∥ÞÞ þ 2ðk0q3 − k3q0Þ2 þ q2 − 2q2∥�; ðC3Þ

where Δ4 ¼ ½k2 −m2
p�2½ðkþ qÞ2 −m2

p�2. Using FP [and substituting k → ðk − xqÞ], we obtain

T 0
4 ¼

4

½k2∥ − Δ∥�4
½q2½k2∥ þ xðx − 1Þq2∥ þ ð1 − 2xÞðk∥ · q∥Þ� þ 2ðk0q3 − k3q0Þ2 þ q2 − 2q2∥�; ðC4Þ

where Δ∥ ¼ k2⊥ þ ΔR. Therefore, we need to evaluate the integral

Z
d4k
ð2πÞ4 T4

¼ 4

Z
1

0

xð1 − xÞdxΓ½4�
Z

d4k
ð2πÞ4

q2½k2∥ þ xðx − 1Þq2∥ þ ð1 − 2xÞðk∥ · q∥Þ� þ 2ðk0q3 − k3q0Þ2 þm2
pðq2 − 2q2∥Þ

½k2∥ − Δ∥�4
: ðC5Þ

Identity 8:

Z
∞

−∞

Z
∞

−∞

dk0dk3
ð2πÞ2

k20
ðk2∥ − Δ∥Þ4

¼ i
1

4π

1

Γ½4�
1

2Δ2
∥
: ðC6Þ

Identity 9:

Z
∞

−∞

Z
∞

−∞

dk0dk3
ð2πÞ2

k23
ðk2∥ − Δ∥Þ4

¼ −i
1

4π

1

Γ½4�
1

2Δ2
∥
: ðC7Þ

Identity 10:

Z
∞

−∞

Z
∞

−∞

dk0dk3
ð2πÞ2

k0k3
ðk2∥ − Δ∥Þ4

¼ 0. ðC8Þ

Identity 11:

Z
d2k⊥
ð2πÞ2

1

ðk2⊥ þ ΔRÞ2
¼ 1

4π

1

ΔR
: ðC9Þ

Therefore, using the above identities, we obtain the first
correction terms to the pion self-energy as
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Πð1;1Þ
π0

ðqÞ ¼
�
fπ
mπ

�
2 1

4π2

Z
1

0

xð1 − xÞdx
�
xðx − 1Þq2ð2q2∥ − q2Þ −m2q2∥

Δ2
R

�
: ðC10Þ

As we have not differentiated between the masses of the neutron and proton, the terms T 0
5 and T

0
6 are identical. We start by

evaluating the trace in the T 0
6 term,

T0
6 ¼ Tr½γ5qSð2Þp ðkÞγ5qSð0Þp ðkþ qÞ�

¼ Tr

�
γ5q

�
ðkþmpÞ −

γ · k⊥
k2⊥

ðk2 −m2
pÞ
�
γ5q½ðkþ qÞ þmp�

�
−2k2⊥

ðk2 −m2
pÞ4ððkþ qÞ2 −m2

pÞ

¼ −2k2⊥
Δ6

Tr

�
fγ5qkγ5qðkþ qÞ þ γ5qγ5qm2

pg −
�
γ5qðγ · k⊥Þγ5qðkþ qÞ k

2 −m2
p

k2⊥

��
; ðC11Þ

where Δ6 ¼ ðk2 −m2
pÞ4ððkþ qÞ2 −m2

pÞ. The first term in fg in Eq. (C11) gives

Tr½γ5qkγ5qðkþ qÞ þ γ5qγ5qm2
p�k2⊥ ¼ 4½2ðk:qÞ2 þ q2ðk:qÞ − q2k2 − q2m2

p�k2⊥
¼ 4½2ðk · qÞ2k2⊥ − q2k2k2⊥ þ 2x2ðk · qÞ2q2⊥ − x2q2k2q2⊥ þ q2½xðx − 1Þq2 −m2

p�k2⊥
− 2xð1 − 2xÞq2ðk · qÞðk⊥ · q⊥Þ þ x2q2q2⊥½xðx − 1Þq2 −m2

p� þ ð1 − 2xÞq2ðk · qÞk2⊥
þ ð1 − 2xÞx2q2ðk · qÞq2⊥ − 4xðk · qÞ2ðk⊥ · q⊥Þ þ 2xq2k2ðk⊥ · q⊥Þ − 2xq2½xðx − 1Þq2 −m2

p�ðk⊥ · q⊥Þ; ðC12Þ

where we have used FP by using k → ðk − xqÞ. In a similar way, following the procedure of FP, the second term in fg in
Eq. (C11) gives

Tr½γ5qðγ · k⊥Þγ5qðkþ qÞ�
¼ 4½2ðq · kÞðq · k⊥Þ − q2ðk · k⊥Þ þ q2ðq · k⊥Þ�
¼ 4½2ðk⊥ · q⊥Þ2 þ q2k2⊥ − xðx − 1Þq2q2⊥ − 2ðk∥ · q∥Þðk⊥ · q⊥Þ þ 2xðk · qÞq2⊥ − q2ðk⊥ · q⊥Þ�: ðC13Þ

Now the denominator in Eq. (C11) is also modified by the momentum substitution as

1

Δ6

¼ 1

ðk2 −m2
pÞ4ððkþ qÞ2 −m2

pÞ

¼ 1

½k2∥ − Δ∥�5
: ðC14Þ

We have used the following identities to arrive at the second correction term. They are listed as follows:
Identity 12:

Z
d4k
ð2πÞ4

ðk · qÞ2k2⊥
½k2∥ − Δ∥�5

¼ q2

4

Z
d4k
ð2πÞ4

k2k2⊥
½k2∥ − Δ∥�5

¼ q2

4

Z
d4k
ð2πÞ4

ðk2∥ − k2⊥Þk2⊥
½k2∥ − Δ∥�5

¼ i
ð4πÞ2

q2

4

1

Γ½5�
3

ΔR
ðC15Þ

Identity 13:

Z
d4k
ð2πÞ2

k2k2⊥
½k2∥ − Δ∥�5

¼ i
ð4πÞ2

1

Γ½5�
3

ΔR
ðC16Þ

Identity 14:
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Z
d4k
ð2πÞ4

ðk · qÞ2
½k2∥ − Δ∥�5

¼ q2

d

Z
d4k
ð2πÞ4

k2

½k2 − ΔR�5

¼ i
ð4πÞ2

q2

4

Γ½3�
Γ½5�

1

Δ2
R

ðC17Þ

Identity 15:

Z
d4k
ð2πÞ4

k2

½k2∥ − Δ∥�5
¼ i

ð4πÞ2
Γ½3�
Γ½5�

1

Δ2
R

ðC18Þ

Identity 16:

Z
d4k
ð2πÞ4

ðk⊥ · q⊥Þ2
½k2∥ − Δ∥�4

¼ i
Z

d2k⊥
ð2πÞ2 k

2⊥
q2⊥
2

1

4π

Γ½3�
Γ½4�

1

Δ3
∥

¼ i
ð4πÞ2

q2⊥
2

Γ½3�
Γ½4�

1

Γ½3�
1

ΔR
¼ i

ð4πÞ2
q2⊥
2

1

Γ½4�
1

ΔR
: ðC19Þ

Using the above identities in addition to identities 4–7, we obtain the second correction term to the pion self-energy as

Πð2;0Þ
π0

ðqÞ ¼
�
fπ
mπ

�
2 1

4π2

�Z
1

0

dx
ð1 − xÞ3

3
q2
�

3

2ΔR
− xðx − 1Þ q

2⊥
Δ2

R
þ ½xðx − 1Þq2 −m2

p�
�

1

Δ2
R
þ 2x2

q2⊥
Δ3

R

��

þ
Z

1

0

dxð1 − xÞ2
�
q2 þ q2⊥

ΔR
− xðx − 1Þ q

2q2⊥
Δ2

R

��
: ðC20Þ
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