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We study Bogomol’'nyi-Prasad-Sommerfield (BPS) excitations in M5-M2-brane configurations with a
compact transverse direction, which are also relevant for type Ila and IIb little string theories. These

configurations are dual to a class of toric elliptically fibered Calabi-Yau manifolds X, with manifest
SL(2,Z) x SL(2,Z) modular symmetry. They admit two dual gauge theory descriptions. For both, the
nonperturbative partition function can be written as an expansion of the topological string partition function

of X, with respect to either of the two modular parameters. We analyze the resulting BPS-counting

functions in detail and find that they can be fully constructed as linear combinations of the BPS-counting

functions of M5-M2-brane configurations with noncompact transverse directions. For certain M2-brane

configurations, we also find that the free energies in the two dual theories agree with each other, which

points to a new correspondence between instanton and monopole configurations. These results are also a
manifestation of T-duality between type Ila and IIb little string theories.
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I. INTRODUCTION AND SUMMARY

In recent years, the interplay between M-theory/string
theory, geometry, and superconformal gauge theories has
been rigorously studied, leading to new and deep insights.
At the focus of interest are configurations of N parallel M5-
branes with multiple M2-branes stretched between them
(see e.g. [1-6]). These brane configurations are known to
be U dual to specific toric elliptically fibered Calabi-Yau
threefolds X, over an Ay_; base space. They can also be
associated to six-dimensional non-Abelian supersymmetric
field theories, which upon further compactification to four
dimensions give rise to mass-deformed N = 2* gauge
theories. All these six-dimensional systems exhibit very
rich dynamics and contain extended Bogomol’nyi-Prasad-
Sommerfield (BPS) degrees of freedom that are unfamiliar
from a four-dimensional point of view.

Indeed, as was first pointed out in [1], the configuration
of M2-branes stretched between M5-branes described
above gives rise to one-dimensional dynamical objects
at the brane intersections. When the M5-branes coincide,
these so-called M-strings become tensionless, forming
essential interacting degrees of freedom of the elusive
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(2,0) superconformal, local quantum field theory. When
the M5-branes are separated, the M-strings become BPS
string states with tension. Their BPS excitations, which are
expected to elucidate the world sheet dynamics over the
six-dimensional target space, are counted by the topologi-
cal string partition function of the dual toric Calabi-Yau
manifold Xy [1-3]. This partition function is efficiently
computed by the refined topological vertex approach [7-9],
and depends on two parameters, € ,, which are fugacities
for the little group SO(4) of massive particles in five
dimensions in M-theory compactification on a Calabi-Yau
threefold. From the viewpoint of the nonperturbative gauge
theory partition function, these parameters correspond
to putting the gauge theory on a curved spacetime, the
so-called generalized Q background [10].

Another manifestation of string degrees of freedom was
discussed in [4,5]: upon compactification to five dimen-
sions, the M-strings become (electrically charged) BPS
particles which are related via five-dimensional S-duality to
magnetically charged monopole strings. While the precise
details of this duality map are somewhat intricate [11], we
proposed in [5] that the degeneracies of certain M-string
BPS configurations capture the elliptic genus (see [12] for
its general definition) of the moduli space of monopole
strings. This proposal applies to theories of SU(N) gauge
theories for any N and for general distributions of the
constituent monopole strings. In [5], we successfully

© 2016 American Physical Society


http://dx.doi.org/10.1103/PhysRevD.93.066016
http://dx.doi.org/10.1103/PhysRevD.93.066016
http://dx.doi.org/10.1103/PhysRevD.93.066016
http://dx.doi.org/10.1103/PhysRevD.93.066016

HOHENEGGER, IQBAL, and REY

checked this proposal for all known cases, namely, the
Taub-NUT and Atiyah-Hitchin spaces. These spaces cor-
respond to the moduli spaces of charge (1,1) monopoles in
SU(3) [13] and charge (2) monopoles in SU(2) gauge
theory [14], respectively. The elliptic genera of their
respective moduli spaces were previously computed in
[15,16]. In [5], we studied the elliptic genus of the moduli
space of monopole strings for an arbitrary gauge group and
for general distribution of constituent monopole strings.

The purpose of this paper is to expose new phenomena

associated with a richer duality structure that arises when
the above M5-M2 brane setup is extended to a configu-
ration with a larger modular symmetry group. Such an
extension appears in a variety of physical problems. We
focus on a particularly interesting configuration that has
to do with compactifying a direction transverse to the
M5-branes to a circle. Concretely, the brane configuration
studied in [5] consists of N parallel M5-branes which are
separated along a noncompact direction. Here, we com-
pactify this direction to S'. Geometrically, this modified
brane configuration is again dual to a toric elliptically
fibered Calabi-Yau threefold X,. However, in contrast to
the noncompact case, the base is now an affine Ay_; space,
which in turn is a fibration over P!. As a consequence of
this twofold fibration structure, this setup exhibits manifest
SL(2,Z) x SL(2,Z) symmetry. This twofold SL(2,2Z)
symmetry permits us to describe this theory by using
two different approaches:

(i) The first approach relates the compact brane con-
figuration to two different gauge theories: theory 1 is
the Coulomb branch of a U(N) gauge theory, while
theory 2 is a circular quiver with N nodes of U(1)
gauge theories. At a generic value of the parameters,
both are [U(1)]" circular quiver gauge theories. The
difference is that, when the MJ5-branes are all
separated, theory 1 has massive bifundamentals,
while theory 2 has massless bifundamentals. The
two gauge theories arise from the map of the
M-theory brane configuration to type IIB brane
configurations consisting of either one NS5-brane
and N D5-branes or one DS5-brane and N NS5-
branes, intersecting in both cases on a torus. The
former gives rise to theory 1, while the latter gives
rise to theory 2. Therefore, the two gauge theories
are related to each other by type IIB S-duality. On
the other hand, in the description in terms of the toric
Calabi-Yau manifold Xy, the two gauge theories are
just two facets of topological string theory and are
related to each other by an exchange of the base and
the fiber in X. As such, the partition functions of
these two gauge theories can be extracted from the
topological string partition function of Xy by
expanding in two different parameters. These cor-
respond to the two modular parameters of
SL(2,7) x SL(2, Z) mentioned above.
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(i) The second approach relates the compact brane
configuration to maximally supersymmetric little
string theories in six dimensions [17—20].1 These
little strings are fundamental strings bound to NS5-
branes that are decoupled from the ambient ten-
dimensional spacetime. Therefore, descending from
NS5-branes in type IIA and IIB string theories or
asymptotically locally Euclidean (ALE) singularities
in type IIB and IIA string theories, there are type IIb
and IIa little string theories in six dimensions with
(2,0) and (1,1) supersymmetries, respectively.2
These little string theories are nonlocal theories
since excitations contain “little strings” of finite
tension. In the brane configuration description, the
S! compactification transverse to M5-branes renders
the tension of these little strings. Moreover, one can
see from U-duality of the brane configuration that
gauge theory 1 and gauge theory 2 are related to type
ITa and IIb little string theory, respectively. In the
same way as the two gauge theories are related to
each other by the exchange of the two coupling
parameters, upon compactification on S', the Ila and
IIb little string theories are T dual to each other by
the exchange of their SL(2, Z) x SL(2, Z) modular
parameters.”’

We analyze the modular properties of the partition func-
tions of the two pairs of dual theories mentioned above
and discover two remarkable properties. First of all, the
functions capturing the degeneracies of single-particle BPS
states of gauge theory 2 can be expressed by the analog
functions of degeneracies of monopole strings in the
noncompact MS5-brane configuration as worked out in
[5]. Roughly speaking, the free energy of compact monop-
ole strings can be expressed as a linear combination of the
free energies of noncompact monopole strings. Secondly,
the generating functions of degeneracies for certain instan-
ton configurations of theory 1 are equal to the generating
functions of degeneracies for monopole strings of theory 2.
The equivalence we observe is case specific in the sense
that it maps configurations which are fully covariant under
the respective SL(2, Z) symmetries into each other. A more
careful study of the relation of the remaining configurations
(and thus a possible equivalence of the two partition
functions) is currently under way [25].

This paper is organized as follows. In Sec. II, we discuss

in detail the M-brane configuration and the dual Calabi-Yau

'See [21,22] for reviews of little string theories on R>! and
[23; for little string theories on AdSs x S!.

Our notations adhere to the convention that nonchiral string
theories are labeled as A or a, while chiral string theories are
labeled as B or b. We trust this will cause maximal confusion for
the reader.

3We thank the authors of [24], communicated through Cumrun
Vafa, for suggesting possible relations between these two
approaches.
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threefold X,. We also describe the two distinct gauge
theories associated with X, and relate them to type Ila and
IIb little string theories. In Sec. III, we present the
topological partition function Zy  of Xy and discuss in
detail the manifest SL(2,7Z) x SL(2,7) modular sym-
metry, in particular the transformation properties of Zy .
Furthermore, we extract the nonperturbative partition
functions of the two gauge theories mentioned above by
expanding them in the parameters associated with the two
different SL(2,Z)’s. In Sec. IV, we find that the gauge
theory free energies can be expressed in terms of their
noncompact counterparts that we analyzed in the previous
work [5]. In Sec. V, we exhibit remarkable relations
between the free energies of the two different gauge
theories. These relations are very nontrivial in that they
relate quantities computed in the instanton moduli space
with counting functions of multimonopole string configu-
rations. In Sec. VI, following the conjecture in [5] for the
noncompact case, we propose a concrete expression for the
elliptic genus of the monopole moduli space of the affine
Ay theory. From this, we extract the corresponding y,
genus which encodes topological invariants of this moduli
space. We conclude in Sec. VII and point out further
directions for future research. The Appendix contains
explicit series expansions of BPS-counting functions of
various instanton and monopole configurations.

II. BRANE CONFIGURATION ON S!
AND DUAL THEORIES

A. M-brane configuration

Our starting point is a particular BPS configuration of
M-branes in the 11-dimensional M-theory vacuum T? x
Rj x S' x S' x R (with T? ~S' x S"), parametrized by
the Cartesian coordinates (x,...,x!°). Specifically, we
consider N planar M5-branes, K open M2-branes stretched
between M5-branes, and M M-waves on a two-dimensional
intersection of M5-branes and M2-branes. The precise
configuration is summarized in the following table:

20 a2 23 2t a2 | af " a® ¥ 210

M5 = = = = = =
M?2
MN = =

—_—— — N N Y—}/—
T2~S! xSt Ri} Sk

Sl
Re

(2.1)

This brane configuration is very similar to the one studied
in [5], with the only difference that, in the present setup, in
addition to x' = x! + 27R,, the direction x° = x% + 27R,
is compactified to a circle with radius Rs. The open M2-
branes are extended along Sy x Sk x Sg . We denote the

geometric parameters of this T as
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27iR, =7 and 2xiRg:=p (2.2)

and their respective fugacities as
Qr — eZﬂiT and Qp — eerip'

Along the x® direction, the MS5-branes are placed at
positions
Osa1§612S"'SaNS2ﬂR6, (23)

thereby partitioning the x° direction into N intervals of
length

Iy = AN = aN-1;

N-1
ty, =2nRs = ) 1y,
i=1

= 27TR6 - (ClN - Cl])

= —ip—(ay —a1). (2.4)
For a fixed R4, the brane configuration is specified
by (N —1) independent non-negative parameters. The
fugacity associated with these independent parameters
tr.(i=1,...,N—1) are denoted as

—ZIL'I/-N_]

—2rxts )
Qflze mjl’ szze ﬂtfz’ T QfN—]:e

(2.5)

Thus, for meromorphic functions of the Q ., we can view
the complexified iz, as (N — 1) independent positions on a
torus T2(p) of complex structure p.

The K different M2-branes are stretched® between
the M5-branes and distributed among these N intervals
with multiplicities ({k;}) = (ky,k,,...,ky) such that
K = "N, k;. In addition, there are M M-waves propagat-
ing along the intersections of M5- and M2-branes, i.e. the
directions x° and x!. Finally, all branes are pointlike and
located at the origin with regards to R‘i.s Schematically, the
whole setup is shown in Fig. 1.

The brane configuration saturates the BPS bound.
Furthermore, the spacetime Poincaré and supersymmetry
content is identical to that of the noncompact setting

*Since the transverse space R‘i is topologically trivial, the
M2-branes between any two MS5-branes cannot be split but
form a single stack (see [2,3]).

>We can also replace R4 by an affine Ay_; geometry, which is
dual to the M5-branes on a circle [26-28].
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1 2 . (N-1) N
) W .
T? R} x 8! x 8! RY

FIG. 1. Brane configuration. The M5-branes are all located at
the origin in R, wrapped around T? and stretched along the
(6) direction.

(ie. with Rj x S replaced by R{), which we already
extensively discussed in [5]. In Sec. III, we present the
partition function of this configuration. However, in order
to render the latter well defined, we need to regularize
infrared divergences. To this end, we turn on various
deformations of Rﬁ X §11!e5 x R4, which can be described
asaU(1), xU(l),, x U(1),, action with respect to the (0)
direction. Specifically, for local coordinates (z!,z%) =
(x> +ix®, x* +ix%) and (W', w?) = (x7 + ix®, x7 + ix!?)
of R‘l‘l, maximum deformations one can introduce with
respect to x¥ are

u(l), xU(l), xU(1),,:
(ZhZz) - (627zielzl,e2nie‘2Z2)

(Wl 7W2) N (€2ﬂim—in(€]+ez)wl . e—2nim—ﬂi(€1+€2)w2)’ (26)
with the parameters € , and m. From the perspective of the
four-dimensional A/ = 2* gauge theory, ¢, , correspond to
the deformation parameters of an € background
[10,29,30],6 while m can be associated with a mass
deformation. In the present case, we are counting states
on a partially compactified Rﬁ X Sll?s' This space is not
compatible with the above deformations. Therefore, in
what follows, we shall take a suitable limit of the
deformation that commutes with the isometries of
Rij x Sk,

The © and mass deformations also affect the nature of
the three torus Sp x Sp X Sk . Among the three direc-

tions, the x° direction is twisted while the x' and x°
directions remain untwisted. So, we should expect for the
deformed brane configuration that the full U-duality group
of the brane configuration is reduced by the deformations
but that the Z, exchange symmetry between Sy and Sk,

ie. 7 <> p in Eq. (2.2), is still intact.

SSeveral different string theoretic descriptions of the Q back-
ground have been proposed in the literature (see for example
[31-35].) In particular, a world-sheet approach based on physical
scattering amplitudes has been proposed in [36-39] (see also
[40]). Furthermore, in [41] its relation to topological gravity has
been understood.
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FIG. 2. The toric web diagram of the Calabi-Yau threefold X
dual to the brane configuration. Both the horizontal and vertical
directions are compactified on S!’s, defining the diagram on T2.

Finally, we can also connect this configuration to a setup
of D-branes in string theory: indeed, by viewing T?> ~ S' x
S! (and particularly x° ~ x* 4 27R)), we can interpret the
direction x° as the M-theory circle and dimensionally
reduce it to type I[A string theory. In this way, the M5-
branes are reduced to D4-branes, whose world volume
dynamics is described by five-dimensional N' = 1* gauge
theory with coupling constant gg = Ry, the radius of the
M-theory circle. The M2-branes become F1 strings with
tension T,R|Rg, where T, is the M2-brane tension.

B. Calabi-Yau geometry

We can associate a toric Calabi-Yau threefold X to the
brane configuration just discussed, whose web diagram is
shown in Fig. 2. In the toric diagram, the compactification of
the vertical direction reflects the fact that the brane configu-
ration is compactified along the x! direction, while the
compactification of the horizontal direction reflects the fact
that the brane configuration is compactified along the x°
direction. Therefore, the toric web of X is defined on a torus.

The new feature of this manifold in comparison to the
noncompact configuration (i.e. Rg — o0) discussed in [5],
whose toric web is defined on a cylinder, is a twofold
fibration structure: the Xy can be seen as an elliptic
fibration over the affine Ay_; space, which itself is an
elliptic fibration over C'. Thus, X is specified by three
parameters, z, p, m, together with N — 1 parameters
appearing from resolution of affine Ay_; singularities.
The affine extension of Ay_; is a direct consequence of
compactifying x® ~ x® + 2zR; in the brane setup. We will
see below that this affine extension will play an important
role in the gauge theory description.

This new structure can be made more transparent by using
slightly different parameters than in the brane configuration.
The latter is usually parametrized with the help of the
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distances between the MS5-branes along x°, ie. by

(z.m,ty .ty ... tp, €1, €) [see (2.4)]. We can replace
one of these, i.e. Ly by the size of the circle transverse to
the M5-branes,

N
p=iY t, =2miRs (2.7)

a=1
and therefore use the parameters (z, p, m, Lpslpys ooy s

€1,€,) instead.

Recall that, in the toric web diagram, Fig. 2, the presence
of two S!’s is associated with the twofold fibration structure
in Xy. The exchange of these two S!’s in the toric web
amounts to an exchange of the elliptic fiber and the elliptic
base in X. This implies that, in the M5-M2-brane con-
figuration picture, there is another configuration dual to the
one discussed in Sec. IT A: it is given by a single M5-brane
wrapped on a circle with transverse space affine Ay_,
geometry and N distinct M2-brane configurations. These
two different brane configurations give rise to two dual
gauge theory descriptions, as we shall discuss presently.7

C. Gauge theories with affine gauge group

As explained in [3], we can associate Q- and mass-
deformed supersymmetric gauge theories to the brane
configuration discussed in Sec. Il A. In fact, the brane
setup can be related by a chain of U-dualities to two distinct
(but dual) gauge theories, which will play an important role
throughout this paper:

PHYSICAL REVIEW D 93, 066016 (2016)

(a) Gauge theory 1: The first picture is to associate the
Kihler parameter 7 of the T? with the coupling
constant of a U(N) gauge theory, while the Kéhler
parameters f; ,..., 1 are identified with the param-
eters of the Coulomb branch.® This theory is reduced
to the N' = 2* supersymmetric gauge theory in four
dimensions.

(b) Gauge theory 2: The second picture is to associate the
Kihler parameters 7 s of the base P!’s of Xy with the
coupling constants of a [U(1)]Y quiver gauge theory. It
is important to notice that, because the x° direction of
the brane configuration is compactified on a circle
(which gives rise to the affine Ay_; structure of Xy),
this quiver is circular rather than linear:

For the reader’s convenience, we compiled below the
identification of all Calabi-Yau parameters with gauge
theory parameters from the above two different pictures.

Pm. Brane configuration Calabi-Yau Gauge theory 1 Gauge theory 2

T size of S! parallel Kihler moduli coupling constant compact Coulomb
to M5-branes of elliptic base branch parameter

p size of S! transverse Kéhler moduli compact Coulomb overall coupling constant
to M5-branes of affine Ay_, fiber branch parameter

tfa separations between Kihler moduli compact Coulomb coupling constants
adjacent M5-branes of affine Ay_, fiber branch parameter a=1,...N—1

When counting the number of parameters, note that p = >~ | ¢, and thus (7, ..., ;) and p are not independent of one

another. In all cases, m and €, , describe deformations.

D. Ila and IIb little string theories

The brane configuration discussed in Sec. II A can also be related to little string theories, which are six-dimensional
nonlocal quantum theories with nongravitational string excitations [17-20]. We can associate type Ila and IIb little strings
with type IIB and IIA NSS5-branes in the decoupling limit

"In the situation where we have A ~—1 geometry rather than affine Ay_; (i.e., p — ico0), the two dual gauge theories were discussed
in [5].

¥t is known that, if the theory is coupled to g many massless adjoint hypermultiplets, the partition function is equal to the partition
function of a two-dimensional topological field theory on a genus-g Riemann surface [42].
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(2.8)

gq — 0, ¢ = finite
for the string coupling and string length, respectively. At
energies well below the string tension scale, the little string
states are decoupled and the type Ila and IIb little string
theories flow to the (1,1) super Yang-Mills theory and (2,0)
superconformal theory, respectively. Notice that, since the
limit (2.8) commutes with T-duality (which exchanges type
ITA and IIB string theories), the type Ila and IIb little string
theories are also related by T-duality. We discuss the precise
relation in Sec. II D 2.

1. Little string BPS excitations

We first explain how the little string theories are related
to the M-brane configuration discussed in Sec. I A. The
BPS string excitations of little string theories are realized
by the open M2-branes stretched between MS-branes.
Since there are N such intervals on the S! transverse to
N M5-branes (i.e. along the direction x%), these excitations
carry [U(1)]Y quantum numbers whose chemical potentials
and fugacities are t;,....t; and (Qy ...,Qy,), respec-
tively, in Eq. (2.5).

The crucial feature of the M-brane configuration that
permits this identification with the little string states is the
compactness of the x° direction: indeed, compared to the
noncompact counterpart (as discussed in our previous
paper [5]), the parameters (2.4) are modified in two
important ways:

(1) There is one additional finite interval between the

first and the last M5-brane, which we denoted as 77,
in (2.4). Therefore, even in the limit that all the N
M5-branes stack together and make the M-strings
tensionless, there always exists a finite-tension
string coming from the open M2-brane stretched
around the compact S' of the x® direction. This
finite-tension string defines the little string. In our
notation, the ground state of a single little string
corresponds to the configuration (ki,...,ky) =
(1,...,1),1i.e. aclosed M2-brane which pass through
all N M5-branes on S'. Likewise, the ground state of
k multiple little strings corresponds to the configu-

ration (ky, ..., ky) = (k, ..., k), which can be multi-
ply wound.
(2) The intervals t; ,...,1; take values on a compact

domain. More precisely, compared to the noncom-
pact M-brane configuration, we have

0<t; < <t; <0 —
Oty <ty <--- <ty <27R.
This implies that the tensions of M-strings and little

strings can only take a finite maximum value. This
property is imperative for the little string theories to

PHYSICAL REVIEW D 93, 066016 (2016)

retain stringy features such as T-duality, as we

discuss in the following section.
To better explain the nature of the little string BPS
excitations, we can compare the multiple M5-branes on
a transverse circle with multiple D p-branes on a transverse
circle. In this comparison, we interpret the M-strings (i.e.
open M2-branes) as noncritical counterparts of open
fundamental strings, while a little string ground state
[defined by the configuration (k,...,ky) = (1,...,1)] is
the noncritical counterpart of a closed fundamental string.
This analogy points to two very important facts: first, in the
same way as multiple open fundamental strings on the D p-
branes can form a closed string and move freely in ambient
ten-dimensional bulk spacetime, multiple open M2-branes
ending on MS5-branes can form a closed M2-brane and
move freely in 11-dimensional spacetime. Secondly, while
the open fundamental strings can carry a fractional winding
number around the transverse circle, the M-strings also
carry fractional winding numbers around the transverse
circle. These are measured by the chemical potentials
(tf,+....tp,) and the fugacities (Qy,. ..., Qy, ). However,
what makes the little strings very different from funda-
mental strings is that, in the decoupling limit Eq. (2.8), the
little strings are confined inside the five-brane world
volume, viz. the six-dimensional spacetime the little string
theories live in.

2. Relation to gauge theory and T-duality

The above discussion establishes a connection between
the little string theories and the M-brane configuration of
Sec. II A. Therefore, we can also relate the former to the
two gauge theories that we discussed in Sec. II C. To make
this connection precise, we first need to discuss the moduli
spaces of type Ila and IIb little string theories and explain
their connection to gauge theory 1 and gauge theory 2,
respectively.

To this end, we begin in six dimensions by first
considering the direction x! in the M-brane configura-
tion to be noncompact (i.e. R; — 00).” In this frame-
work, the nonchiral type Ila and the chiral IIb little
string theories are defined on the six-dimensional world
volume of the N five-branes and preserve 16 super-
charges each. Their respective moduli spaces of super-
symmetric vacua are

M = (RYV/Sy and MG = (R* x S)V/Sy.

(2.9)

The S! in M$ can be understood from the definition of the
IIb little string theory in terms of the world volume of M5-
branes. In the brane configuration of Sec. II A, it corresponds

The direction x!' is singled out since it is untwisted

with respect to the deformations (2.6).
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to the Sk, of the compact x°® direction. Notice that the two

spaces (2.9) cannot be related to each other by any duality
transformation. Indeed, from the perspective of the type IIA
and IIB string theories, the only compact direction that is not
twisted by (2.6) (and would therefore lend itself to T-duality)
is x°, which, however, is transverse to the five-branes.
Next, we consider five-dimensional little string theories
by taking the direction x! to be compact (i.e. R, to be finite).
This compactification has very different impacts on the two
moduli spaces (2.9): on the one hand, the IIb moduli space
remains the same, since the six-dimensional tensor multiplet
does not generate a scalar when reduced to five dimensions.
On the other hand, the moduli space of Ila little string theory
gets enlarged, since the six-dimensional vector multiplet
generates a scalar in five dimensions. This scalar comes

from the Wilson loop around the dual circle S i /r, and takes

values over the interval [0, R,]."" Therefore, the moduli
spaces of the five-dimensional little string theories are

(R* x Sp )V (R* x Sk )Y

My = ,
)it SN SN

(2.10)

We see that parameters of circle-compactified Ila and IIb
little string theories are mapped to each other by the
exchange of the radii

Rl (-)R(), (211)

while the parameters originating from R? are the same.
We stress that Eq. (2.11) is the manifestation of
T-duality on the circle-compactified little string theories.
Phrased differently, while from the perspective of the
fundamental string theory the T-duality corresponds to
the map R, <> 1/R;, from the perspective of the circle-
compactified five-branes the T-duality manifests as
exchanging circle-wrapped IIA and IIB five-branes.
This T-duality commutes with the decoupling limit
Eq. (2.8), so the T-duality on the circle-compactified
ITa and IIb little string theories is realized by Eq. (2.11).
Note also that, in the description in terms of the
elliptically fibered Calabi-Yau manifold X, the exchange
Eq. (2.11) corresponds to fiber-base duality, i.e. the
exchange of the two Kihler parameters, 7 and p of Xy.
With the moduli spaces identified for the circle-
compactified little string theories, we are now ready
to discuss their relation to the exact marginal couplings
that specify the gauge theory descriptions introduced in
Sec. IIC. The U-duality map discussed in Sec. IT A
indicates that the Ila little string theory compactified on

""Here, we are invoking that, starting from the compact
M-brane configuration as defining IIb little string theory on
S}el, compactification on the T-dual circle yields Ila little string

theory on g{/R].

PHYSICAL REVIEW D 93, 066016 (2016)

S}el is most naturally described by the Coulomb branch
of the five-dimensional U(N) gauge theory with the
gauge coupling given by z. At a generic point of the
Coulomb branch, the theory is described by a [U(1)]Y
quiver gauge theory, and therefore the Coulomb branch
is spanned by 7 , ..., s, . Thus, we identify gauge theory
1 with the gauge theory description of the circle-
compactified Ila little string theory.

Performing the T-duality R, — 1/R,, we obtain circle-
compactified IIb little string theory, which is also
described by a [U(1)]Y quiver gauge theory. Since
S}el spans part of the Coulomb branch [as becomes
apparent from M;d in (2.10)], the gauge coupling
constants must be encoded by the brane configuration
along the x° direction. Indeed, they are given by
trs .. by, while 7 is the Coulomb branch parameter.
That is, we can identify gauge theor?/ 2 with the circle-
compactified IIb little string theory. !

The T-duality (2.11) between the five-dimensional Ila
and IIb little string theories suggests that their partition
functions Zj, and Zp, are related to each other upon
exchange of 7 and p:

Za(1.p) = Zi(p. 7), (2.12)
where we have only displayed the dependence on 7 and p to
save writing. Actually, the connection of the little string
theories to the M-brane configuration discussed in Sec. IT A
and the dual Calabi-Yau threefold X, suggests

Zua(T’P) = ZXN<TaP) and an<T’ p) = ZXN (P T)v

(2.13)

where Zy (z,p,m.t;,....t;, ) is the topological string
partition function associated with the elliptic Calabi-Yau
threefold X . This makes (2.12) manifest.

Indeed, in Sec. V, we provide relations between BPS-
counting functions of little string configurations with
integer (i.e. nonfractional) winding and those with integer
momentum, and find that they are in line with this proposal.
A more careful study of (2.13) for general configuration
and its implications is currently under way [25].

III. PARTITION FUNCTIONS

In this section, we obtain the partition function of BPS
states corresponding to the brane configuration introduced
in Sec. I A. The most efficient way to compute the partition
function is to begin from the geometric perspective, i.e.
with the toric Calabi-Yau threefold X, introduced in
Sec. IIB. The topological string partition function on

"Our identifications agree with the little string world-sheet
description of [43], further discussed in [44].
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Xy will be denoted by Zy (z.m,ty,....t; . €1, €). It can
subsequently be related to the partition function of the
six-dimensional Q-deformed field theories discussed in
Sec. 11 C.

A. Topological string partition function

The refined topological vertex formalism [7,9] can be
used to determine the topological string partition Zy, of a
toric Calabi-Yau threefold X using its toric web diagram
shown in Fig. 2. Recall the fact that X can be related to
two dual gauge theories (as discussed in Sec. IIC)
corresponds geometrically to fiber-base duality [45]. At
a computational level, it is related to the choice of a
“preferred direction” in the refined topological vertex
formalism [9]. Specifically, we need to choose a set of
parallel edges in the web in Fig. 2 such that every vertex is
one of the end points of one such edge. While the
topological string partition function is independent of this
choice (i.e. it is the same for each such choice), it leads to
different gauge theory interpretations of the partition
function. From Fig. 2, it is clear that there are two distinct
choices for the preferred direction: vertical and horizontal.

Before we discuss the form of the refined topological
string partition function for a specific choice of the
preferred direction, let us recall that the refined topo-
logical string partition function captures the degener-
acies of BPS states coming from M2-branes wrapping
the holomorphic curves in the Calabi-Yau threefold
X on which M-theory is compactified. Denote by

NgL"’R) the number of BPS states, with spin content
(jr,jr) under the five-dimensional little group
SU(2), x SU(2)g, coming from an M2-brane wrapped
in the holomorphic curve C. Then, the refined topo-
logical string partition function is given by [8,46,47]

|

Zx, (Tomty. oty €10) = Zy(maty,, o

PHYSICAL REVIEW D 93, 066016 (2016)

Zyx = PExp(Fx),

Fy= Y e OFc(ee),
CeH,(X,Z)

where PExp is the plethystic exponential, A(C) is the
complexified area of C, and F captures the degener-
acies of single-particle states coming from M2-branes
wrapping C C X,

o o £\ AL
FC:ZN(C“'JR>(—1)2/L+2JRK\F) R+...+< —> R]
JLJr 4 4

x [(Vig) ™ 4+ (Vig) ],

with (q,t) = (e, e7). For a generic Calabi-Yau
threefold, NU:Jr) can jump under complex structure

deformations such that > jk(—l)szN(Cj"'”) remains con-
stant. Since toric Calabi-Yau threefolds do not admit any
complex structure deformations, therefore N(C“’/R> are
topological invariants captured by the refined topologi-
cal string partition function. In subsequent sections, we
will consider F for specific curve classes in the Calabi-
Yau threefold Xy and refer to it as the degeneracy
counting function or just the counting function.

1. Vertical description

If the preferred direction is chosen to be vertical, then
the various partitions associated with the horizontal
direction can be summed over completely to obtain
ZXN(T, m, tfl ey th, €1, €2> (see [3])

where Z,(m, ts,....t; .€1,) is the part independent of 7 and

(1
ng) = ZQ];CN,k(m’ By ooes By €12)
k>0

= Z Q|Tal|+"'+|aw\ ﬁw

a=1 ’-9{1“(1,, (\/é) I<a<b<N '9aaab (Qab \/%)190:,1&1, (Qab \/%)

is the part that depends on 7 through the fugacity Q.. In (3.2), we denote integer partitions as a;, ..

apay

notation

Qm — eZﬂim, Q‘[ — e2m’1’

q=ce

o €12) 2N (Tm sty e, ), (3.1)
(3.2)

3 )9
(la%(Qame) (zaab(Qame) (33)

.,ay. We also use the

b—1

Qab = H kav

k=a

i€ __ ,—ie
’ t =e ’

(3.4)
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as well as
= T 0a(osxtetimzgrei=d) T 01(psx1e7 2gn4), (3.5)
(i.j)en (i.j)ev
Furthermore, 6,(7; z) is one of the Jacobi theta functions (see [48] for further information),
N 1 T 1
0:(p;x) = —iQp(x2 — x72) H (1=00)(1=x0k) (1 —x7"10%). (3.6)
k=1

Recall that p = 27iR4 [see Eq. (2.7)] and Q, = ™.

Associated with the partition function 2&}), we also consider the free energy

In(tpom ity ...ty L€1,€)= PLogZE\})(T,p, Mty .ty €1,6), (3.7)
defined in terms of the plethystic logarithm of a function f:
o u(k)

PLng w, 61,62 Tlnf kCl) k€1,k€2> (38)
k=1

where u(k) is the Mobius function. Physically, the function Xy counts single-particle BPS bound states (see [49,50]). As
in (3.2), we can equally introduce the fugacity expansion

(o]
Iy(tpom ity ..ty L€1,6) = Z Q’;ZN’k(p, M,tp ... tp L €1,6). (3.9)
k=0
The coefficient functions can be further expanded in terms of the N —1 relative Kéhler parameter fugacities

(O, Qfyo s Oy )

k (kpvee oy
ZN’k(p,m,tf],.. thl,el,ez Z Q f’AV/‘] le N‘)(p,m,el,ez). (3.10)

2. Horizontal description

If in Fig. 2 the preferred direction is chosen to be horizontal, then the topological string partition function
Zx (z,m, Liseenntyys €1,€,) has the form

(2
ZXN<T,m, tfl’ cesy th,€1.2> == Zz(N, T,m,elﬁz)ZE\,)(T,m, tfl’ cesy th,€1,€2), (311)

where Z,(N,7,m,¢€;,) is the part independent of 7, . In

\
order to write 25\3)(’[,7}1,%, oty €1,6), we recall [1] l,
that the topological string partition function can be Vy !

obtained by gluing together building blocks W, ,  labeled
by the partitions of integers v, and v, ;. The W, , ’s are
open topological string amplitudes but can also be con-
sidered as capturing the BPS degeneracies of M2-branes v ’|
ending on a single M5-brane from either side. The web

diagram corresponding to this situation is shown in Fig. 3 FIG. 3. The building block of a partition function of a
below. configuration of M5-branes wrapping a circle.

Vat+1
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The expression for W, , ~ was calculated in [1] using the refined topological vertex formalism [8,9] and is given by

Wyfy at1 (T, m,t, (]) = W@@(T,m, t, q)D”:zVqul(T’m’ t, q)’ (312)
where
1 — 0KQ; TR (1 - 0510, g )
w Tmtq |:1_Qk ! — — 3.13
00 ]];11: ) H _Q/; J+ly l)(l —QIT(C] it t+1) ( )
and

2 valtly,
n+l” ”'m“z —‘ altlagl

DVZI”aH(T’m’ t’ Q) - |:[ ’ q 2 Qm

. . 1 il
. ﬁ{ (1 = Q05! g b ) (1 = Q41 0, gt i)
k Vai— i+1 k=1 ~v, i+j—1 v +i
1 lj)eba 1 —_ qul/a.l ]t a.j -t )( —_ Q‘L‘ q Vg it t l/u,/ l)

(1 - QTQ;n qba+|4i—j+%t”f,,,-—i+%)(1 _ Qk—lQ q—plprliij—%t—I/ .+i—%) i 14
X . .
L T Qg P (1 Qi gt e ) 31
, a+1

Here, our notation follows (3.4). Furthermore, for a partition v of length £(v) we define

‘)
W => v Il = Zu,, (3.15)
i=1

’

and ¢/ denotes the transposed partition. From (3.12), the partition function can be calculated by gluing several D, , s

a¥a+1

together by summing over the partitions v, and v, ;. For example, the partition functions of X, which is dual to the brane
configuration consisting of two M5-branes on the circle is given by

Zy, = Z(—Qfl)‘”"(—sz)‘”z‘Wyll,; (z.m, t, @)W, (r.m, q,1). (3.16)

SR

For general N, the toric web diagram of the Calabi-Yau threefold X, that is dual to N MS5-branes distributed
on S'-compactified x° direction is given in Fig. 2. The latter encodes how various W, ..., s need to be glued together to
compute the partition function. Specifically,

ZXN<T,m,tfl,...,th,€1,€2> (W@@ Z (H( Qfa |”a) Vlvz"'VN(T’m’€1’€2>’ (317)

Vlooly Na=

2
ng)(‘r.m,tf] ..... try €1,62)

where the 7, -independent contribution in (3.11) is given by
ZZ(N7T’m’€l.2) = (WQQ(T’m7t’ q)>N (318)

and furthermore

o { Dulu (t Q) 237 (q’ I)Dzz31/’4(t’ Q) n .DI./;VU] (q’ t) if N is even, (3 19)
e Dulu’z(tv Q)szug (q’ I)Dv3v2(t’ Q) n 'Dujvu] (tv Q) if N is odd. '
Using Eq. (3.12), the partition function can be written as
zQ _ 1 ) T 0,(z: ) 3.20
N (T,m,tfla...,th?€17€2)_yz H Qfa H H 91 W )91(’[,””)’ ( . )
1oeees Un a=1 a—l 1j)€ya U ty
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where the sum runs over the set of N many integer
partitions {vy,v,,...,vy}. For their arguments, we intro-
duced the following shorthand notations:

o1 o1
Zjj = —m+e€ (I/u.i_.}+§> —€2<V;+1,j—l+§),

.. 1
v —m—€1(1/a,i—1+5)+€2<l/ﬁ,_1,j—l+§)v

wh =€ (e —Jj+1)—elv,; —1i),

—-Jj) - 62(”;,/' —i+1).

ut, =€ (v, (3.21)

ij =
From the viewpoint of the brane configuration of Sec. IT A,
the partition function (3.20) captures BPS excitations of the
stretched M2-branes. The fact that M5-branes are distrib-
uted on the S'-compactified x direction is reflected in
(3.20) through the identifications

(3.22)

vy =v; and 1y = uvy.

Again, associated with the partition function 5:’1(5), we
may introduce the free energy

QN(T,m, tf]v ey th’€1’€2)

2)

= PLogZ{ (2, m, 1y, ..., 1y, . €1, €3), (3.23)

where PLog is defined in (3.8). The free energy (3.23) in
turn can be expanded in powers of the Kdhler moduli

(t7,.tp,,.... 15, ) [equivalently, (7 ,ts,.....1;, ) and p]:

QN(T,m,[fl,...,th,E'],ez)
k k
= Z Qfll...Qf;le(kl ,,,,, kN)(T’m,el’ez)’ (3'24)
kl ~~~~~ kNZO

where G(©9 = (. Written in this form, the functions
Gkr--kx) encode the degeneracies of single-particle BPS
bound states in configurations with N M5-branes distrib-
uted on a circle with k; M2-branes stretched between the ith
and the (i + 1)th M5-brane for i = 1, ..., N.

3. Noncompact brane configuration

For completeness, we also present the topological string
partition function for the case of a noncompact x° direction,
i.e. for the case that the horizontal direction in Fig. 2 is
decompactified to R'. From the brane configuration, this
corresponds to the limit in which one of the distances 7, is
taken to infinity.

In the simplest case, for N = 2, if we take the limit
Qf, + 0 in (3.16), we get the partition function of the
Calabi-Yau threefold X, which is an A; space fibered over

PHYSICAL REVIEW D 93, 066016 (2016)

T? and is dual to the brane configuration in which we have two
M5-branes on a line, i.e. separated from each other by 7/,

2l =37 (=0, )1 Wa, (z.m. 1. )Wy (z.m. q.1).

14

(3.25)

More generally, the partition functions of an N >?2
M5-brane separated along a noncompact direction x° can
be obtained by restricting one of the partitions, say vy = v, to
be trivial:

i
Z)l(r}]ve(’l', m, tfl’ ceey th—l’el’ 62)

=We)¥ > <ﬁ<_Qf,,)|D”>

U, ...,Un—q a=1
vy=vy=20

= 0,(7; 2i5)01 (7 vjj)

X H Hva 01 (z;w§;)0, (75 u;) '

This is indeed the sole contribution to the partition function
in the limit O, = 0, corresponding to the infinite volume
limitof 7, , which sends the interval between the firstand Nth
MS5-brane on S' to infinity. The partition function Z¥* has
already been discussed in [1-3,5].

(3.26)

B. Gauge theory partition functions

Given the topological string partition function
Zx, (t.m,t; - t; €1 ,), We can extract the instanton par-
tition functions of the two gauge theories associated with X
as explained in Sec. II. 3. This depends on the identification of
the parameters of the affine A, _, fibration over T2 discussed
earlier with the parameters of each gauge theory.

1. Gauge theory 1

We first discuss the reduction of the brane configuration
(2.1) over S!(x!) to a five-dimensional U(N) gauge theory.
We identify the Kihler parameter 7 of T2 with its gauge
coupling constant, and extract the Nekrasov (instanton)
partition function by dividing out the classical and one-loop
contribution in the following manner:

1
Zj\,)(‘r,p, Mmtp ...ty L €1,6)

_ ZXN(T’p’m’tfl’""th—l)
limﬂ_,inXN(T,p, nt, tf] yeeey [fN—l)

= ZQ].;CNk(p, m, tf] s ey th—l’ €1,€2).
k>0

(3.27)

(3.28)

Here, we have also identified the Kihler parameters of X
(which we parametrize by #;,....,1;,  and p) with the
gauge theory parameters of the configuration space
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(SHYN/Sy. The explicit expression for Zgy(tm, Iy,
1y, €12) is given in Eq. (3.3).

Thus, the topological string partition function Zy
is the supersymmetric partition function of gauge
theory 1 introduced in Sec. IIC. The quantity

Zw(r,p,m,tﬁ, ...,th_],el,ez) is its instanton contribu-
tion, i.e. the coefficient function Cy 4 in (3.27) encodes the
charge k instanton contribution. Specifically, if M(N, k)
denotes the moduli space of SU(N) instantons of charge k,
then the coefficient Cy  is the elliptic genus of M(N, k)
(see [8.,9]):

CN.k(m, tf]v . th,€1,€2)

= dmwn(pm,ty ...y (3.29)

[y €15€2)5
with p being the elliptic parameter of the elliptic genus.
Furthermore, (4, ..., t;, ) are the equivariant deformation
parameters associated with the Cartan U(1)¥~! global
symmetry and (e, ¢,) are the equivariant parameters of
the U(1) x U(1) action on M(N, k) coming from the
Cartan of the SO(4) action on C2.

Finally, in light of the discussion in Sec. II D, we see that
the coefficients Z(k‘ """ k- ‘>(p,m,€1,62) defined in (3.10)
encode the BPS degeneracies of type Ila little strings with
charge configuration (k- -, ky_;).

2. Gauge theory 2

Upon T-dualizing along S'(x®), the MS5-branes
are mapped to an affine Ay_; geometry. This gives a
five-dimensional [U(1)]V affine quiver gauge theory.
We identify the Kihler parameters [ N
equivalently, (¢ .t,.,....t;, ) and p with the gauge
coupling constants—and extract the BPS state partition
function by dividing out the vacuum contribution

2
ZE\/)(T,m, tfl’ ...,th,€1,€2)

ZXN(T, m, tfl s ey th)

limg, o...limg, 0 Zx, (z.m. 1y, ... 1y, €1, €2) ’
N
= Z <H(—an)”a)ZDI,,Z...UN(T,m,el,ez).
Ul Uy Na=l1
(3.30)

The explicit form of 27 is already given in Eq. (3.20), so

the coefficient functions are

PHYSICAL REVIEW D 93, 066016 (2016)

Thus, the topological string partition function Zy  is the
supersymmetric partition function of gauge theory 2 of
Sec. II. 3, and the corresponding 253) contains the con-
tribution of BPS excitations. Since the gauge theory is
[U(1)]N quiver gauge theory, therefore the pointlike
instantons are labeled by (ki,k,,...,ky) where k, is
the pointlike instanton charge for the ath factor. The
corresponding instanton moduli space is Ny i =
Hilb% [C?] x Hilb® [C?] x - -- x Hilb*¥ [C?] where Hilb*[C?]
is the Hilbert scheme of k points on C2. The coefficient
functions Z; .., are given by an equivariant integral over
Niy..ooky 1,31

In light of the discussion in Sec. IID, we see that
the coefficients G-+ >(T, m, €y, €;) encode degeneracies
of type IIb little strings with charge configuration

Ky oo ey)-

3. Noncompact partition function

For comparison, we also recall the instanton partition
function in the limit Ry — oo:

Zline
ZN (T,m,tfl,...,tf'N_l,€],€2)

Zl)i(r;e(r,m tfl’ "th l)

7limelH0...lime H()Zl;(‘[‘f’(r miy,.. ffN,l,€1,€2)’
(zs0f))
= —0y,) '”“)
v, X;N 1<H ,ng,, Hl(rw )Hl(ru )’
UQ—Z/N—Q

where Zgi(‘;f is introduced in (3.26). We can similarly define
the free energy

Qﬁ“e(r Mty , ...ty €1,€)

fPLOngme(T,m, tf],...,th71,€1,€2>, (332)
which we can expand in counting the functions of single-

particle BPS bound states:

i
Qe(z, m, TN 1 €1.€2)
_ kN 1 (k.. k
= g Q o lF v-1)(z,m, €1, €).
ki, sky_120

(3.33)

We discussed the properties of Zi"® and Fki--kv-1) in great
detail in [5]. The latter counts the BPS bound states of
configurations in which N MS5-branes are distributed
along a noncompact direction with k; M2-branes stretched
between the ith and the (i + 1)th M5-brane.

For the reader’s convenience, we provide the
following overview of the notation for the three different
theories
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Quantity Gauge theory 1

Gauge theory 2 Noncompact theory

variables T,p,m,tfl, "'th—l’el-Z

=(1
Z§v> (z.p.m.,t; €1 ,)
Zyilp.m.tr  €15)

k;
El(\l{.k}> (p,m,e12)

partition function

free energy

counting functions

T,m,l‘fl,...th,El.z T,m,l‘fl,...th_I,E'l_z

2’5\%>(T,m,lfw€1.2) Zlﬁi/ne(f’mvtfn’eli)
Qy(z,m, Ir,s €12)

G({kl}) (T, m’ 61,2)

Qye(z, m, tr,.€12)

]7({](:'})(‘[7 m, 61‘2)

In [5] it was argued that lim, _oF %11 (z,m, e, €)
are related to the equivariant elliptic genus of the moduli
space of monopole strings with charge (ky, ky, ..., ky_).
More precisely, if My, . is the moduli space of charge

(ki,...,ky_1) monopoles, then its elliptic genus
H(My, . ky.,) is given by

o FRiekvad)(zomoen e
P My, .. y,) = lim (Lm.erc) (334

e,—0

Let us define the analog of the right-hand side of the above
equation for the compact brane configuration case,

Pk kN(T,m,€1> := lim

60

. (3.35)

Lyeees G(l)(r,m,Ghez)

The function Py 4 (7,m,e;) have modular properties
very similar to the right-hand side of Eq. (3.34),

.....

(3.36)

where K = k| + -+ 4+ ky. These modular transformation
properties together with relation between F(i-v-1) and
Glh-kv1) lead us to conjecture that Py, (7.m.€;)
is the equivariant elliptic genus of the moduli space of
monopoles of charge (ky, ..., ky). More specifically, if we
denote the relative moduli space of affine Ay_; monopoles

.....

,,,,

C. Modular properties

The topological string partition function Zy, depends on
two different modular parameters, 7 and p. These transform

under the SL(2, Z) x SL(2, Z) modular group action in the
following manner *:

(t.p.m.t; . €1,€)
at+b m_ €1 €
cr+d’p’cr—|—d’ focr+d et +d

>, (3.38)

(z,p, m, tr. €1 €)

. ap+b m Iy, € €
17 9 bk 9 b b
cp+d cp+d cp+dcp+d cp+d
(3.39)
where {Ccl Z] € SL(2,Z). The Calabi-Yau threefold X

is an affine Ay_, space fibered over T2. In this geometric
description, 7 is the Kihler parameter of the base and
therefore the fiber parameters are neutral under the modular
transformation (3.38) (see [51]). The parameter p is the
Kihler parameter of the elliptic fiber in the affine
Apn_; space.

We will see that the topological string partition function
Zx (t.p,m,ty ...ty ,€,€) is invariant (modulo a
holomorphic anomaly [1-3,5] and nonperturbative correc-
tions [51]) under the above transformations, i.e. Zy, is
manifestly invariant under the SL(2, Z) x SL(2, Z) modu-
lar group action. The full invariance group might actually
be larger, as in the case N = 1 for which the full invariance
group is Sp(2,2) [8].

. at+b
1. Transformation v v~ =,

To show that Zy is invariant under Eq. (3.38), we use its
form given by Eq. (3.17),

ZXN(T,m, tf]’ ceey th’el,Z)

(2
= (W@Q)NZEV)<T,m,th, ...,th,€1,€2). (340)
The function Zg)(r,m,tfl, ntyy.€1,6,) is a sum of a

product of Jacobi theta functions 0, (z, z) given by

12Here, we choose a convention in which we treat
(tf,+--»tp, ,.p) as independent variables.
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(2
ZS\/)(T m, tfl"" th,€1,€2>
0, (z vf))
-0y, )l —, (3.41)
- 2 Heen T 5o
where z{, vf;, wi;, and uf; are given in Eq. (3.21). The

0, (7. z) transform under 7 > —1 in the following manner:

010 %) _ g O1(0.21) (3:42)
el(_%,zrz) 0,(7.2)

To understand the nontrivial phase factor, we recall that
0,(z, z) can be expressed as

0,(z.2) = 1’ (t)(2iz) exp [i % Ezk(f)(ZﬂiZ)Zk} ,
k=1 :
(3.43)

where #7(7) is the Dedekind eta function, B, are the
Bernoulli numbers, and E,,(z) are the Eisenstein series.
Equation (3.43) in particular also contains E,(z), which is
holomorphic but not a modular form. It is well known that
by adding a term

3

Ey(7) > Ey(7,7) = TIme

E,(7) - (3.44)
it can be made into a modular form of weight 2. However,
since the added term is not holomorphic in 7, E,(z,7) is
nonholomorphic. If we introduce

0,(z.z) = n*(z)(2ziz) exp [(Zﬂ 2) Ey(7,7)

o~ By
-+ Ey(7)(27iz) ] (3.45)
kZ:; (2k)(2k)!
then the replacement
u 0:(z:2{;)0: (7 vf;)
=1 (e 01 (z;ws;)0, (75 u,)
N 0, (720, (1304,
N H H Al( l])/\l( ij (346)
a2l (i e, 1 (T w)0) (3 u)

in Eq. (3.41) makes Zﬁ)(r,m, tfs sty €1, €2) modular
invariant under Eq. (3.38). Similarly, since W is a ratio of
products of 8, (z, z), it too becomes modular invariant under
a similar replacement.”” Thus the complete partition

BSince it is a product of an infinite number of theta functions
its modular properties are better understood by writing it in terms
of a double elliptic gamma function. In this way, one can show
that it satisfies a nonperturbative modular transformation, i.e.
that it is modular invariant up to nonperturbative corrections in
Q-deformation parameters [51].
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function Zy is invariant under modular transformation
modulo the holomorphic anomaly, introduced by 6(z, z) >
0, (z.z), and possible nonperturbative corrections.

This is a good place to contrast the compact situation
we presently consider with the noncompact situation.

Without the replacement 6(z, z) > 8, (z, z), the summand
in Eq. (3.41),

Zl/l DN(T m, 61752) - H H

a=1( lel/

transforms by a phase factor

(3.48)
Here,
rl_)(m’ €1, 62)
1
=30 D () + (0h)? = (w2 = (uh)?).
a=1 (i.j)ev,
(3.49)

which depends explicitly on the shape of the partitions
{v1,...,un}. This is in contrast to the noncompact case
Z',{,"e in Eq. (3.26): as discussed in [5], for vy =0,
Ty, 8(m. €, €) depends on the size of the partitions

this difference between noncompact and compact situations
originates from whether the end point partitions v, vy are
trivial or not.

For a nontrivial vy, we can write r; in the following
suggestive form:

K
ry(m, e, €,) = Km? —l—( ~—E)€i

K\, . S

+ _pa_E e=  with K=Z|Vi|v
i=1

(3.50)

where only p; depends on the form of the partitions. From
the brane configuration point of view, K corresponds to the
total number of M2-branes stretched between the N M5-
branes. It is clear from Eq. (3.50) that the partition function
(3.20) has interesting modular properties in the Nekrasov-
Shatashvili (NS) limit e, — 0 (see [52,53])"* such that
€, = e_ = ¢/2. Indeed, in this case, we have

“For a recent application of the NS limit to monopoles and
vortices in the Higgs phase, see [54].
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K
limr;(m, e, €e,) = Km?* — Ze%, (3.51)

€,—0

which depends only on {v,...,vy} through K and hence
can be absorbed in Qf , making the partition function
modular invariant without the holomorphic anomaly at the
expense of making 7, transform as

6‘2
tfa = tfu - <m2 —Z])

In our previous work [5], we gave a physical interpretation
for the necessity of the NS limit when comparing BPS-
counting functions of M- and monopole-string excitations
(see also [4]).

(3.52)

ap+b
cp+d

Now let us consider the transformation with respect to p
given by (3.39). To study it, we use the form of the
topological string partition function of X, given by
Eq. (3.1),

2. Transformation p —

ZXN(T, n, tfl s ey th’ €1’2)
(1
= Zl(m, tfl’ ey [fN,€1’2)Z§\;)(T, nm, tfl’ ey th, €1,€2).
(3.53)
We  recall from (3.2) that the function
Zg\p(r,m, trs..nlp,, €1,€) is given by

N
(1) oy [+ 19(1,,(1 Qm
zZ\) = E o)k il |ay] H
139 t
ap-ay a=1Vq q, q

-1
y '9a,lab<Qame ) aaab(Qame) (354)

I<a<b<N ’-9(1 a,,(Qah\/) a ah(Qah\/r)

whose building blocks are the product of 0 (z, z) functions:

H91 pix

DJH Zq /41+] 2)

(i.j)en
X H 0, (p; x~ 15T grimih), (3.55)
(i.j)ev

Since it is a sum over products of €, (z, z), as discussed in
Sec. (IM C 1), it too can be made modular invariant at the
expense of introducing a holomorphic anomaly. The
function Z; in Eq. (3.53) has many properties similar to
Wgg. (In a recent study [55], it was shown that Z; is
modular invariant up to nonperturbative corrections in
Q-deformation parameters in the refined topological
string setup.) Thus the complete partition function
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Zx,(t.m,ty ..., t; € ,) is invariant under the modular
transformation equation (3.39).

So far, we showed that the topological string partition
function Zy can be made fully modular invariant with
respect to p or z. These two Kéhler parameters are
independent, so it is expected that Zy can be made
simultaneously modular invariant with respect to both p
and 7. We will not discuss technical details of the
construction here except for remarking that a closely
parallel question was answered affirmatively positive in
the context of topological string amplitudes of type Il string
theory compactified on a two-parameter model of ellipti-
cally fibered Calabi-Yau threefolds [56,57].

IV. COMPACT VERSUS NONCOMPACT
FREE ENERGIES

We start by searching for relations between the BPS-
counting functions F <{ki})(r, m, €y, €,) of the noncompact
theory and G({kf})(r, m, €, €,) of gauge theory 2. We first
consider the special class of configurations {k;} =
{1,...,1} and conjecture the relation for the generic case
based on an emergent pattern. We also comment on
implications of this pattern on the little string theories.

A. Examples of compact free energies G¥i---kv)

The simplest configuration in the compact case corre-
sponds to a single M2-brane starting and ending on the
same M5-brane. In our notation, this corresponds to N = 1
and {k;} = (1). The BPS bound states of this configuration
are counted by

O,(z;m~+e_)0(r;m—e_)

G (zr,m, e, =
(T e 62) 91(7; 61)91(7; €2)

(4.1)

On the other hand, the simplest configuration in the
noncompact case corresponds to a single M2-brane
stretched between two MS5-branes, for which the corre-
sponding BPS-counting function is given by

Or(z;m + e, )0 (zsm —e,)

FO =
(z,m, €1, €) 0,(7;€1)0,(7;€)

(4.2)

Comparing (4.1) with (4.2), we notice the following
relation:

G(l)(T7 m, 61’ 62) = _F(l)(f, m, 61, —62)

= —F(z,m,—e,6). (4.3)

Most importantly, while both F(!) and G(") have a first
order pole for ¢, = 0, we find in the NS limit the relation
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lime, GV (z,m,€1,6,) = lir%ezF(l) (z,m,€1,€), (4.4)
€~

€,—0
which we will use later on.

The next, more complicated configuration is G('1),
which corresponds to two M5-branes with two M2-branes
stretched between them. Their BPS-counting function is
given by

(L1) — O1(tsm+e_)0(r;m —e_)\?
G < 0, (1;61)61 (T; 62) >
_(Oi(mmt e )0 (im—e,)\?
< 91 (7;61)91 (‘[; €2) ) . (45)

Further configurations can be worked out in the same
manner. However, their free energies are generically very
complicated and we will not display them here in full
generality.

Following the reasoning in our previous paper [5] for the
noncompact free energies F({5}) we will consider the NS
limit together with a series expansion in the remaining
deformation parameter €;:

. G({ki})(f[’ m’el’gz
lim

=0 G (z,m, e, €)

) _ > erg lkh(zm),  (4.6)
n=0

P @ menes) S )
6121_12) Fiemee) ;el f (z,m). (4.7)
Dividing by F!) and G!), respectively, removes the €'
pole and yields a finite NS limit. Furthermore, the coef-
ficient functions ¢"({%}) and f*(k}) are quasimodular
Jacobi forms of weight 2n and index K = )" k,,, i.e. they
can be written in the following form:

Wz, m, e, €)=

PHYSICAL REVIEW D 93, 066016 (2016)

(n{k;})

I
Eﬂw

2a+2n (7)(@o.1(z, m))K_a(GD—z,l(T’ m))?,  (4.8)
a=0
f” ({ki})(»z-’ m)
~ (k)
= 5 (@) (o1 (. m) K (g1 (z.m))e. (4.9)
a=0
Here, sg,'f Aki}) and tf,:"{k’}> are quasimodular forms of weight

m, which can be written as polynomials in the Eisenstein
series [including E;(7)]. The explicit expressions for a few
frkih s and g (tkih)’s for simple configurations ({;}) are
given in Appendix A 1.

Equation (4.4) shows that the free energies of the simplest
compact and noncompact configurations of M5-branes
agree in the NS limit. In the following, we address the
question of whether there are further relations between
G} and FUK) for more complicated configurations {; }.

B. Configurations (1.....1)

In [5], we have seen that the free energies for configu-

rations ({k;}) = (1,...,1), i.e. for N parallel M5-branes
({ki}) = ( ) p

N—1 times
with a single M2-brane between each of them in the
noncompact case are proportional to F(). Specifically,
they can be written in the form

Fho(rm ey, 6) = FV(1,m, e, €)W(z,m, €1, €,)N 2,
(4.10)
with
|
O)(z:m+e )0 (tim—e_) =0 (t;m + e, )0, (z:m—e,) (411)

0, (T; €] )91 (T; 62)

We therefore expect that the counting function for configurations with N M5-branes on a circle with a single M2-brane

between each of them should also simplify in the NS limit. The first nontrivial such configuration is G\""") introduced in
(4.5). It can be written in the following manner:

G(Ll)(r’ m, €y, 62) = (G(l) (T’ m, €y, €2))2 - (G(LO) (T’ m, €y, 62))2
=W(t,m,e,6)[GV(z,m, e, e) + G0 (r,m, e, ¢)]

= W(z,m,e1,6)[GV(t,m, e, e) + FV(z,m, e, )], (4.12)
where in the last line we have used (3.26). Using furthermore (4.4), this relation simplifies in the NS limit,
G(l’l) 9 9 b
lim &M €) o e ey = 0). (4.13)

=0 G (z,m, e, ;)
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The next, more complicated, configuration is (1,1,1) for which we find
G (z,m, e, 6,) = (G (z,m, €1,6,)) —3G) (2, m, €1,6,) (G0 (z,m, e, €,))?

+2(G"9(z,m, e, €,))>
= W(z,m,e1,6)* GV (z,m, e;,6) +2G1 (t,m, e, )]

= W(t,m, e1,6)* GV (t,m, e, 6,) + 2F (2, m, €, )] (4.14)
Generalizing the two examples (4.12) and (4.14) we conjecture the general pattern,
GV, m, e, e5) = W(t,m,ep, &)V GV (z,m,e1,6,) + (N = 1)GI0 (2, m, €, ¢,)]
= W(z,m, ey, ez)N_l[G(l)(T, m, e, €) + (N — I)F(1>(T, m, ey, €)]. (4.15)

Thus, the counting of a circular M2-brane over N intervals can be generated from the counting of a circular M2-brane over
(N — 1) intervals via the two-term recursion relation:

N times (N—1) times
Gz, m e, 6,) = W(z,m,e1,6,)G 1V (z,m, €1, €,) (N>1)
+ W(‘L’,m,€1,€2)(N_1)F(1>(T,m,€1,62). (4.16)

We checked (4.16) explicitly up to N = 5. A different way to express the recursion relation in Eq. (4.16) is the following:

N times (N—1) times (N—1) times

Gz m,er,e5) = W(z,m,e1,6,)(G D (z,m, e, e,) + F UV (z,m, €1, 6,)).

C. General configurations

While the counting functions GU-! reduce to a
universal structure in the NS limit, more general configu-
rations show more involved relations to the noncompact
F{k})’s. To study these configurations, we may work
perturbatively in €. Indeed, in the NS limit, we have
worked out several G{ki})’s and FU51)’s in Appendix A 2
to various orders in €;. Built upon these examples, we
conjecture a general pattern for these relations.

For a general BPS configuration G{{*}) labeled by the
sequence of positive integers ({k;}) = (ki, ..., k,) with
S ki=K and k., # 0, we find that

G({kl}) (T, m, €1 s O)

=dy Y, aqmpF "D (z,m,€,0)
Zm,-:K

(4.17)

is compatible with all cases worked out in Appendix A 2.
Here, the summation is over all sequences of positive
integers ({m;}) = (my,....m,) such that 3"  'm, =K
and a(g,,)) and d(,,) are integer-valued coefficients that
depend on the combinatorics of ({k;}) and ({m;}),
respectively.

|

Specifically, the prefactor ;) is nontrivial (i.e. it
differs from 1) if the corresponding ({k;}) can be written as
an iteration of a smaller (elementary) building block
{ki}, = (ki,....k,,) with m < £ and n =L e N:

n=5 if ({ki}) = ({k}e o Ak 1)

dify) =
1 else

(4.18)

For example, the configuration (2,1,2,1) is the double
repetition of the elementary block (2,1) and (1,1,1) is
the threefold repetition of the elementary block (1), while
(2,2,1) cannot be written as the iteration of a more
elementary block:
dii21) =2, diigy =3, dpany =1 (4.19)
The relative coefficients a(y,,,) single out specific con-

figurations ({m;}),

if k=00 mig,r

1 (i=1,...0)
a({mt}) = 0 else :

(4.20)
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We can describe this prescription in a more intuitive way:
the idea is to construct the compact sequence ({k;}) =
(ky, ..., k) by “tape wrapping” the noncompact sequence
({m;}) = (my,...,m,) multiple times around a circle of
circumference ¢:

my—2

Mspt1 mp—1
(st : Mgt

m,g+1 ’

M3 Mgy -« Mgpp3 My

The coefficient ay,, ) is nonzero only if the overlapping

BPS excitations of the noncompact ({m;}) add up to the k;
of the compact BPS excitations

kl = my +mf+1 + ey
ky =my +mpH + ... etC.,

kf:mf—i—mzf—f—.... (421)
In the figure above, this corresponds to summing up all
multiplicities along the radial directions.

We note that this “wrapping” prescription also repro-
duces the correct relation between G{%}) and FU":}) if one
of the k; vanishes. Due to the cyclic symmetry of the
partition k;, we can without loss of generality choose
k, = 0. In this case, the conditions we obtain from the
wrapping procedure are

kl = nmy +m,g+1 + ...,
ky =my +mp, + ... etC.,

This in particular indicates that m, = 0, which means
that the noncompact configuration {m;} has only # — 1
entries (i.e. it does not fully wrap around the compact
configuration). Therefore, the only configuration contrib-
uting is

mi=k;, Yi=1,...,0-1. (4.23)
The coefficient in this case, however, is always 1:
GUkikeo1 0}) — p({kikeor}) (424)
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Finally, let us illustrate the procedure with an example:
consider G (with # = 2). According to (4.18), we have
d(3,1) = 1. Furthermore, there are eight compact ¥ ({mi})>g
with > .m; = 4:

F@), FGD = p(13)
F2Y), FLD — p112),
F(1,2,1)’ F(l,l,l,l). (4'25)

For each of these {m;}’s, we can compute the sum
> ,Mm;,2,, which we can tabulate as follows:

{m:} {22 miar} A({m,})
€] 4 0
3.1 3,1 1
(2,2) (2,2) 0
(2,1,1) 3,1) 1
{mi} {Zrmi+2r} a({mx}>
(1,3) (1,3) 1
(1,1,2) 3,1 1
(1,2,1) 2,2) 0
(1,1,1,1) (2,2) 0

These are indeed the coefficients we find in the genus
expansion in (A12).

As another example consider the configuration
(2,1,2,1). From (4.18) and (4.20) it follows that m = 2
and

G121 = p(F121) 4 p(1212) 4 p(11211)
_ 2(2F(2,1,2,1) 4 F(1,1.2,1.1))’ (426)
where the second equation follows from the fact

that F(1212) — p@.12.1),

V. MONOPOLE VERSUS INSTANTON
FREE ENERGIES

In this section, we discover remarkable relations between
the counting function of gauge theory 1 and the counting
function of gauge theory 2.

A. Connection between monopole
and instanton free energies

The moduli (¢ ,....t;, ) transform in a nontrivial

fashion with respect to (3.39). Therefore, the coefficients
Zg\l,"‘,;""kN’l)(P,m,el,ez) [see (3.10)] generically do not
transform nicely under (3.39). In the NS limit ¢, — 0,
the function Xy (p.m,ts,....t;,  .€,) in (3.10)

transforms with index k for each 7, under (3.39) and
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hence can be reexpressed as an expansion in terms of a
. 15 - .
basis ~of theta functions of index k. Thus,

elimOezZNyk(p,m,tf], ...,th_],el,ez)
2—)
2k—1 2k—1
= Z Z '9km| P tf] '&k,m,v_]
my_1=0

X (p’ th_l)hml ..... mN_l(p’m7 61)’ (5'1)

and the coefficients h,, .~ will transform as vector-
valued modular forms under the SL(2, Z) transformation
generated by

ap+b m € (52)
cp+d cp+dcep+d) '

However, they may transform covariantly under certain
congruence subgroups. Therefore, the coefficients
M, ... .m,_, have the properties that allow them to be
compared with the free energies of certain monopole-string
configurations. To check this, we extract the simplest
coefficient, hgy _o(p,m,ey) = lim, _oe,0y 1 (p. m, €1, 6,).
through

(p.m.e;) —~ <

GN,k(P, m, ey, €;)

= 21(\(,)]( )(p, m, €1,€2)
de] de 1
: MLy k(pamte ot €1, €2),
0 Qfl Qle k( /i ST 2)
(5.3)

where the contour integrals16 are just to extract the constant
term of Xy 1 (p, m, TR T €1,) in an expansion of the
fugacities Qg , ..., Qy, , as defined in Eq. (3.10).

Remarkably, in the NS limit, we find evidence that the
quotients (oy;/0;1) are related to the free energies of
specific configurations ({k;}) of the monopole strings with
ki =k, = ... = ky = k. Indeed, based on the examples
discussed below, we conjecture

=007 (t’ m, €y, 62)
Ntimes
Gl k)(; m, ey, €)

= lim . . 5.4
-0 G(l)(t,m,el,ez) (54)

Interpreting this conjecture from the point of view of Ila and
IIb little strings (see Sec. IID) we notice that oy and

G*--K) are the free energies of configurations of little

For a definition of 9 m(p.ty,), we refer readers to our
prev10us paper [5].
"“The ith contour is defined as a small circle around the point
Oy, = 0, as was previously prescribed in a noncompact situation
in [5] (see also similar considerations in [58]).
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strings with momentum and winding number £ in types Ila
and IIb, respectively. Thus, we believe our conjecture is in
line with the T-duality property between type I1a and IIb little
strings. Indeed, under T-duality, the momentum quantum
number k, weighed with the fugacity Q¥, is mapped to the
winding quantum number &, weighed with the fugacity Q’;.

B. Checks and series expansions

In this subsection, we provide support for the conjecture
(5.4): we give an analytic proof for the case k = 1 (and N
generic) and provide additional checks for k> 1 by
comparing the power series expansion of the left- and
right-hand sides of (5.4).

1. The case Cy

To simplify the notation, we introduce the shorthand for
the individual building blocks in the partition function
(3.3):

01(p;t+m)0(p;t —m)
01(pst+e€)0i(pit—e)

E(p,t,m,¢) := (5.5)

Using these building blocks, we can write

lim CN,I(ﬂ? n, tfl’ ceny th—l , €1, 62)
€0 Cii(p.m.,ey,€)

k‘

-1

E ,07 Lop —€4,m, €+)

>?‘

Mz
=t

E(p.tiy +€1,m.€,)
1

X
=

Il
N

E(p, ,iakv m, €+)

T
[N

—= 5

X E(p, 1, m,€),

b=

>~

+1
where we introduced the shorthand

fora=1,...,k—1,
forb=k+1,....N

Lak = lak — €4,

Ty =ty + €4, (5.7)

Following (5.3) and (5.4), we are interested in the terms that
are independent in Qf , which are extracted by contour
integration:

dQy, - dQy,
O
C 9 ) tre g ey tr ) )
x <lim AL 62)). (5.8)
€0 Ciilp,m, e, €)

Using the definition Qy = e 1., we can perform the
following change of variables:
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de . de k—1 N
Sf T e (LN / dipadtys -+ diy_ 1y = (=1)N1 / [Tt TT dtn- k. (5.9)
Qfl ...QfN—l a—=1

b=k+1

Shifting the individual 7, and 7, we then find

dO. ---dO. Cyilp.m,ts, ... tr €, N
Oy, -~ 40y, , <ﬁm N (Pt by o o € 62)) = (_1)N—‘N(/ diE(p, 1, m,el)>
Qfl "'szv-l e,—0 Cl‘l(p,m, €1, €2)

= N(limW(p,m,e;,e,))N 1, (5.10)

€0

where we have used the relation (x = &™),

?{ d)f 01(pst+m)6,(p;t—m) i Wp.m.er. )
27ix 0, (p;t+€)0,(pst—€;) 0

:Hl(p;m_%w’l (psm+3) =0,(psm+3)0, (p;m —5)
01(p;e€1)0(p:0) :

We have additionally checked (5.10) up to N = 4 through an explicit computation of Cy ;.

(5.11)

2. Case Cy j-q

For k > 1, the quantities Zy (p, m, ty,,.... 15, €1, €;) become complicated quotients of §; functions and we therefore
only study their series expansions. Concretely, to compare with (4.6), we introduce

oni(p,m, e, €) < o
hm— ei'o m). 5.12
€z—>0611(pm€1,€2 ; Nkp ) ( )

Starting with (N, k) = (2,2), we have for the cases n = 1, 2

38 124
Gg,z(p,m)=2+Qp< —-40; - Qg + 3802 + Q2 - 1240,, - o —|—180)

44 12 464
+Qp<38Q4+(32—8 44803, —Q—38+2012Q§, g — 46400, — go+6076)

m m m m

2 124 2012 12892
+ 03 <2Q?,, +Q—6— 12403, —Q—5+2o12Q;2 +Q—— 1289203, — —;

m m m m

4
3350 _ 865680, — 86568

m m

+4335002, + + 108440> +0(0Y), (5.13)

2 32 158
o35(p.m) =0, <2Q§,, +—— 3207 - o +158Q,, + o 264>
32 800 4824 12944
+0; <—32Qi‘n ot 80003, + - 482402, — ot 129440, + =5 — = 17792)

m m

— 16992002,

1 4824 42
+ 03 (158Q§,, + g — 482403 — 24 + 4236603, + 366

m m

169920 372708
+ 3727080, +

m m

- 481008) + O(09). (5.14)

which indeed agree with the expansion of (A4).
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For (N, k) = (2,3), we find

60
— 6003, — —
0,

200
e
— 1188400, —

G(Z),B(AO’ m) =2+ Qp (2Q§1 Q4
2 (208 + 2 200

+ 05| 205 + o5 05

+ 6028402, + 602 8

m

3(308%, —28Q;, + 10304, —

+ 301007,
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— 1839603, —

+ 36002 + - — 944Q,, — —— + 1284>

18396
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m

11884
8840 4 148280) +0(0Y),
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(5.15)

1580, + 10303, ~280,, +3) ,

65,3 (,D, m) = Qp

which indeed agrees with the corresponding expansions of ¢
Finally, for (N, k) = (3,2), we have

02,2(:0’ m) =3+ Qp <3Q§n Q4

+0; <3an — 14405, -

25479

3
Q6
— 488640,, —

m

48864

m

m

which matches with a corresponding expansion of ¢*(>2:2),

These very nontrivial checks lend strong support to our
conjecture (5.4).

VI. ELLIPTIC GENERA AND
TOPOLOGICAL INVARIANTS

In the previous sections, we studied the properties of the
NS limit of the free energy of M-strings with a compact
transverse direction. We found evidence that these func-
tions are related to the affine Ay_; relative monopole-string
moduli space M . with charges (ki,...,ky). Here,
following [4,5], we conjecture a concrete relation between
the NS limit of the free energy and the elliptic genus

)(ell(Mkl kN) of My,

..........

Zell(Mk]mkN)
1

N

ol N)(r,m.é’lﬁz)
lim G (z.m.e1.65)
b L€ ,€2

fork1=k2: :kN

lim Gk kN)(r,m,el.ez)

G (z,m.e;.€,) else

€0

(6.1)

A. The case of charges (kq,....ky) = (1,....1)

For the charge configuration (1,1, ..., 1), we see from
Eq. (4.15) that

20,,

6
— 3603, — 53 + 19502 +
44

=+ 157204 +

+ 60516> +0(0)),

0(0). (5.16)

) and g0, respectively.

195
Q2
1572

516

-5160,, —
[

+ 708)
8304

3
m

— 830403 — + 25479072,

m

(5.17)

[
N_l[G“)(T,m,el,ez)
(6.2)

In the NS limit, the above expression simplifies due to
Eq. (4.3):

G(l ..... 1 ,
lim (r.m e, &) = NW(r,m, e, e, = 0)N!
-0 GU )(T,m,é'],e‘z)
(6.3)
Therefore, the elliptic genus is given by
Yer(My 1) = W(z.m e, e, = 0)¥" (6.4)

B. x, genus for M}

In the limit 7 — ico, the elliptic genus reduces to the y,
genus

) (z,m, e, €,)

= lim lim
G(r,m, e, €,)

T>ic0 €0

(6.5)

This 7 — ico limit can easily be computed for the partition
function using the results of [3]. It is given by
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lim PLogZ( )(T, Mty , ... .ty €17)
N(Qu+Q,05') = Q(VaT + Jt (N = 1) [+ /D)
- (1-0,)(¢ — q72)(t —177)
. (Qus + Qo 02) (Qn + Qi) = (Qun + Q02 (\f5 + \/ o)
1<a<b<N (1- Qp)(qz - )(ﬂ -1 2)

where we recall the definitions Q,, = Qy Oy, . ---
lim,_;oG" (7, m, €, ¢,) and obtain

Oy, , and Q, = e?™? Following (6.5), we further need to divide by

(2
lim lim PLOgZ< )(T,m,tfl, ...,th,€1‘2)
€0 T>ico G(l)(r,m,e]’z)
2 0,07
_N L RO M, (6.7)
(1 - quz)(l - qu k>1 1<a<b<N ( - Q/))
From this, it follows that
1, (ky,..sky) = (k,....k), k>1
)(},(Mk].A.kN): 1, (ky,...oky)=(k,...,kk+1,---k+1,k---k), k>0 (6.8)
0, otherwise.
This implies that
4 0p.0s (kiy ..o ky) = (k, ... k), k>1
Z D)dimcHP9 (M, 1)) = < 8,0, (kyeeisky) = (ks ook + 1, k+ 1,k k), k>0 (6.9)
=0 0, otherwise,

where d = dim¢ My, 1, - The cases where some of the k;’s
are zero capture the y, genus of noncompact configurations
that we studied in [5]. For nonzero k;’s, to the best
knowledge of the authors, the above results for the y,
genus are new. It would be interesting to confirm them by a
direct computation of the multimonopole moduli space.

VII. CONCLUSIONS AND FUTURE DIRECTIONS

In this paper, we have studied aspects of BPS excitations
in M5-M2-brane configurations where a transverse direc-
tion is compactified. Following our previous work [5],
these configurations allow two dual descriptions, namely,
in terms of M-strings and monopole strings. A key feature
of this compact setup is a manifest SL(2,Z) x SL(2, Z)
symmetry (which reduces to a single SL(2,Z) in the
decompactification limit). These two modular symmetries
are associated with two dual gauge theories whose partition
functions we have presented explicitly. The BPS excitations
in these two five-dimensional theories can physically be

|
interpreted as instanton particles and monopole strings,
respectively. Comparing the compact partition functions to
their noncompact counterparts studied in [5] we found an
interesting relationship. Indeed, the counting function of
compact BPS configurations can fully be constructed as a
linear superposition of the noncompact ones. The result, as
summarized by Eq. (4.16), points to interesting implica-
tions for the little string theories: For IIA and IIB string
theories, open and closed fundamental strings are distinct
states. In particular, the closed string is not treated as a
composite of open strings. However, for Ila and IIb little
string theories, our wrapping prescription equation (4.16)
implies that the little strings can be viewed as bound states
of M-strings. Stated differently, for the purpose of BPS
counting of IIb little strings, one only needs to know BPS
excitations of the (2,0) superconformal field theory, which
is just the low-energy limit of the IIb little string theory.
Furthermore, by carefully studying specific expansions
of the two gauge theory partition functions mentioned
above, we also discovered remarkable relations between
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their BPS state counting. Physically, this implies new
relations between specific instanton and monopole con-
figurations, respectively, which have not been observed in
the literature so far. It will be interesting, both from physics
and mathematics aspects, to further explore this observa-
tion: phrased more concretely, the question is how instan-
tons on R* are related to monopoles on R? and what its
physical reason is. Another concrete question is to under-
stand whether the relations discussed here can be gener-
alized to instanton configurations whose contribution to the
partition function depends explicitly on ;.

Generalizing our previous work [5], we have proposed that
the compact gauge theory partition function allows us to
extract the elliptic genus of the relative moduli space of affine
Apy_; monopole strings. Based on this conjecture, by com-
puting the corresponding y, genus we have extracted topo-
logical data of this moduli space. The latter are not yet known
in the mathematics literature. It would be very interesting to
confirm our conjectures by independent methods.

Finally, consequences and implications of our results on
the BPS excitations in type Ila and IIb little string theories
in six dimensions is a very interesting topic, which we will
relegate to a forthcoming paper [25].

PHYSICAL REVIEW D 93, 066016 (2016)

We believe that a further exploration of M5-M2-brane
configurations along the lines we have advocated in this
work will shed further light on the role of tensionless
strings in the elusive six-dimensional superconformal field
theories.
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APPENDIX: COMPACT AND NONCOMPACT FREE ENERGIES

1. Series expansion

We begin with the compact free energies:

g = 12 [(2E2(27) Ey(2))p-21 + @o1].
g"? = 788 [4(52( ) = Ex(22)) o1 — (Ex(7)* = 4E5(22)* + 15E4(7) — 12E4(27))p 1], (A1)
PO = s 1003, + 100E(3) = Ea(@))-a.0,1 + (B7Eu(7) = 2TE(30))s. ],
90 = S [105(Ex(e) — Ex(30)), — T(SEx(e)? — 45E2(32)? + I1STEL(2) ~ 11TEL(30))go1 -2,
+ [2592E¢(37) + 1496E4(7) + TE»(7)(37E4(7) + 270E4(37)) — 6237E,(37)E, (37)}@32.1], (A2)
g = T (051 + 2E2(2)p0.100-2.1 + (3E4(7) = 2E5(2))p2, ],
gt = (23221 [2(Ex(7)? = E4(2))po.1 — (Ex(7)? + SE;(7)Ey(2) = 6E6(1))9_2.1]. (A3)
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P = 90;20 (5465 (1) Ey(r) — 672, (20) E4(21) — 601Eq (1) + 832E4(20))
- 21(10E2(T>2 - 40E2(2’Z')2 - 9E4(T) + 24E4<27>)¢0’1¢%2’1 + 105(E2(T) + 2E2(2T))¢(2)’1¢_2’1 + 10547(3)1],
g2 = 2 [(2730E,(7)E5(7)* + 5875E¢(7) E5 () — 9893E,4(z)?

3628800
+ 64E,(27)(242E,(27) — 105E,(27)%) — 40E,(27)(3E¢(7) + 184E4(27)))92, |

— 50(28E,(2)* + 287E, (1) E,(z) — 224, (27) (E5(27)? + E4(27)) — 219E4(7) + 352E4(27)) o1 %1,

+35(85E,(7)* — 100E,(27)* — 133E4(7) + 148E4(27)) ¢ 16021 + TO0(Ex(7) — Ea(27)) b, . (A4)

Here, E,;(7) is the Eisenstein series defined as
(27i)?
Ep(r) =1+ 5 —< -~ 2k — 112 (2K) Zﬁzk 1(n) 07, (AS)

and ¢_, (7, z) and @, (7, z) are the standard Jacobi forms of index 1 and weight —2 and 0, respectively,

4 2
0;(t;m
po,1(T.m) = 4;% and  @_p,(r,m) =— (A6)
where 0;(z, z) are the Jacobi theta functions and #7(7) the Dedekind eta function (see [48] for further information).
Similarly, we can write for the noncompact coefficient functions

Ey(27) — E5(1)
6
12E4(27) — 13E4(z) — 3E,(7)? + 4E,(27)? E,(217) — E,(7)

288 $217 72

00 =

(/)—2,1 ’

fl‘(z) = Po.15 (A7)

T 2 T)— T T) — T
00 _ [PE(D) +71b:;:£0) 27E,G7) , 4 BB )48 I P
1= 6041180 [105[E,(7) — E»(37)]¢o5, — 63[5(Ex(2)? — E>(37)%) + 13(E4(7) — E4(37))]00.190-2.1
+ 2592E6(3r)]rp32,1], (A8)

fo’(z’l) _ E4(T) ;6E2(T)2 §0%2,|,
el = _4;76 [[Es(7) = Ex (7))o + [Ex(2)® + 3E4(7) Ex(7) — 4E6(7)]p_2,1]. (A9)

2. Relations between compact and noncompact coefficient functions

With the expressions above (and several others which we do not display to save space) the compact and noncompact
coefficients are as follows.
(a) Case K = 2:

2 — @ (L) () — (L) Wy =0,1,2,3. (A10)
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(b) Case K = 3:
:fn,(B) +2fn,(2,l) +f”'(l'1’]),
gn,(Z.]) — 2fn,(2,l) +fn,(l,l,l)’
ge LD = 3[(LID] v = 0,1,2. (A1)
(c) Case K =4:
4) — fn(4) () n.(22) 4 9 f(2.10) n.(1,2,1) n.(1.1,1,1)
frY+2f +f +2f +f + f :
gn,(B,l) _ 2fn,(2.1,1) 4 2fn,(3,1)’
gn,(2,2) z[fn,(l,l,l,l) +fn,(1,2,1) +fn,(2,2)]
gL — pr(LLLY) o en(2L1) | pn(120)
g(llll [nllll] Yn=0,1. (A12)
(d) Case K = 5:
fO +2f041 +2f032 +f0212 +2f0221 +f0131
+ 2f0, 3,1,1) + 2f0, (1.2,1.1) + 2f0, 2,1,1,1) _|_f'0, 1,1,1,1,1)
GILY — fO(LLLLY) | 9 00.(1211) 4 9 f0.2.1L1)
gO,(3,1,1) :fO,(1,3,l) +2f0,(2,1,1.1) _|_2f0,(3,1,1)’
0221 — fO.LLLLY | 9g0.(12.11) 4 9 ¢0.221) 4 £0.212)
B2 = PULLLY 4 01211 4 f0.(13.1) 4 202111 4 9 0.221) 4 970.32)
g(),(4 1) — fO,(2,1,2) +2f0,(3,1,1) + 2‘10().(4,1)7
GHLLLLY — 5[0 (LLLLY) (A13)
(e) Case K = 6:
g0( 2[f (1,1,1,1,1.1)_|_2f0,(l.2,l.1,1)_|_f0,(1,2,2.1)+f0,(2,1,1,2)_|_2f0.(2,2,1,l)]+4f0.(2,3,1)_|_2f0,(3,3)’
gO (2,1,2,1) 2[2]00 (2.1,2.1) +f0 1,1,2.1,1)] (A14)

As we can see, to each order, we can express the compact free energies as particular linear combinations of the noncompact
ones. However, these relations are not invertible, due to the fact that the compact ¢"-(%i})’s are invariant under cyclic
rotations of the k;, while the noncompact ones f™({*}) are only invariant under mirror reflection.
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