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1/N perturbations in superstring bit models
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We develop the 1/N expansion for stable string bit models, focusing on a model with bit creation
operators carrying only transverse spinor indices a = 1,...,s. At leading order (N = o0), this model
produces a (discretized) light cone string with a “transverse space” of s Grassmann worldsheet fields.
Higher orders in the 1/N expansion are shown to be determined by the overlap of a single large closed
chain (discretized string) with two smaller closed chains. In the models studied here, the overlap is not
accompanied with operator insertions at the break/join point. Then, the requirement that the discretized
overlap has a smooth continuum limit leads to the critical Grassmann “dimension” of s = 24. This
“protostring,” a Grassmann analog of the bosonic string, is unusual, because it has no large transverse
dimensions. It is a string moving in one space dimension, and there are neither tachyons nor massless
particles. The protostring, derived from our pure spinor string bit model, has 24 Grassmann dimensions,
16 of which could be bosonized to form 8 compactified bosonic dimensions, leaving 8 Grassmann
dimensions—the worldsheet content of the superstring. If the transverse space of the protostring could
be “decompactified,” string bit models might provide an appealing and solid foundation for superstring

theory.

DOI: 10.1103/PhysRevD.93.066003

I. INTRODUCTION

When string theory is formulated in light cone coor-
dinates (x* = (x* £ x')/+/2) [1], it is natural to propose
that string is a composite of elementary entities called string
bits [2,3]. Incorporating supersymmetry in string bit mod-
els leads to the proposal [4] that the superstring bit creation
operator has the structure

where x denotes the transverse coordinates of the light
cone and the square brackets in the subscript remind us that
the a;’s are completely antisymmetric. The a;’s are spinor
indices of the transverse rotation group, and «a, # are color
indices, which are introduced to formulate a dynamics that
favors the formation of long (closed) chains of string bits.
The bit number operator M = Zntr(éﬁ[al_4.(,"]45[0]...,1"]/11!) is
naturally identified with the “+” component of momentum
Pt = (P’ + P')/v/2 = mM. Chains with M — co would
then become continuous closed strings. It is central to the
string bit hypothesis that string bits are not a priori
confined in chains but that chain formation is a conse-
quence of the dynamics. Such dynamics will arise generi-
cally in the 't Hooft N — oo limit [5]. In this original
formulation of string bit models, there is an aspect of
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’t Hooft’s idea of holography [6] in that the fundamental
string bits only move in the transverse space, while the
strings behave as though moving in transverse space plus
an extra spatial dimension x~, the canonical conjugate
of P,

Recently, we have noted that the transverse coordinates
are extraneous, and this led to the proposal that the bits
have no space to move at all [7]. This proposal is a rather
more drastic form of holography in which all space
dimensions, and not just the longitudinal one, emerge
from the dynamics of string formation from string bits [8].
The idea is that, with suitable dynamics, some spin
degrees of freedom carried by the string bit can, on long
chains, fluctuate collectively as one-dimensional spin
waves. Such spin waves are well known to act as a
compactified bosonic coordinate. In these two papers,
the string bit creation operator is then taken to be the
simpler

ap=1,...N, (2)

where, here and from now on, we suppress the square
brackets around the spinor indices. In Ref. [8], a further
set of “flavor” indices is appended to the ¢’s to serve as
the seed for the transverse coordinates. However, we
refrain from adding them here, because we hope that
the seeds for transverse space can somehow be found by
enlarging the value of s. Fluctuations in the a’s produce,

© 2016 American Physical Society


http://dx.doi.org/10.1103/PhysRevD.93.066003
http://dx.doi.org/10.1103/PhysRevD.93.066003
http://dx.doi.org/10.1103/PhysRevD.93.066003
http://dx.doi.org/10.1103/PhysRevD.93.066003

CHARLES B. THORN

on long chains, the Grassmann worldsheet fields 07  of
the Green-Schwarz type [9]. If s =24, eight of the 0’s
could take the role of the superstring Grassmann fields,
but the remaining 16 could be bosonized into 8 (com-
pactified) transverse coordinates.

In this article, our aim is to study, by perturbing in 1/N,
not only the precise manner in which string bit dynamics
lead to the free superstring spectrum at N = oo but also
how the 1/N corrections lead to the three string interaction
vertex of string theory. We will start in Sec. II by setting up
the systematic 1/N perturbation expansion in string bit
models. We will see that the structure of this perturbation
theory follows that of Mandelstam’s interacting string
diagrams [10]. Then, we proceed to apply this formalism
to our pure spinor string bit model, which we also call the
protostring bit model. In Sec. I1I, we obtain the exact zeroth
order spectrum (at N = o0). In Sec. IV, we discuss the
calculation of the overlap that describes the cubic vertex.
We formulate the overlap calculation for finite bit number
chains and then discuss the continuum limit in which the
bit numbers of each string tend to infinity at fixed ratio.
These results are aided by numerical calculations using
MATLAB. We compare our conclusions with those in the
literature for various situations. In Appendix C, we present
an analytic computation of the overlap in the continuum
limit. Then, we use this result to determine how various
operator insertions behave when inserted at the break/join
point of the string to two string transition. Finally, in Sec. V,
we put everything together to construct the total vertex,
respecting the requirement that the physical amplitudes
have a finite continuum limit. As seen in Ref. [2], this last
requirement determines the critical dimension. We list and
compare the ways in which this requirement is met for the
bosonic string, for the IIB superstring [9,11], for the
Ramond-Neveu-Schwarz (RNS) string [12], and finally
for the new “protostring” which is the outcome of our pure
spinor superstring bit model. We close with a discussion of
the properties of the protostring, which has 24 Grassmann
dimensions, has no transverse bosonic dimensions, and is
expected to have a spectrum with no massless particles,
i.e. that it possesses a mass gap. We include three
Appendixes containing technical details to supplement
the main text.

II. 1/N EXPANSION

The string bit model we focus on in this article takes as
fundamental variables the creation operators of (2). Their
(anti)commutation relations are given in Appendix A. We
shall keep s a general positive integer, and we shall analyze
the Hamiltonian Hg given in Ref. [8] and quoted in detail
[see Eq. (A7)] in Appendix A, along with its action on color
singlet states. To guide the reader’s eye, we display here the
s = 1 Hamiltonian:
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H™! = NTr[(&z —ib?)a* — (b* — ia*)b?
+ (@ab+ba)ba + (ab—ba)ab). (3)

In this special case, there is one bosonic bit ¢ = a and one
fermionic bit ¢p; = b. The Hamiltonian for general s is a
good deal more complex.

For the analysis to follow, it will be convenient to
introduce Grassmann coordinates 64, a =1,...,s and
define a super bit creation operator

S

1 -
W(0) =D 1ibec, 0 0% (4)

The ¢ can be recovered from y recursively by taking
multiple Grassmann derivatives, starting with s derivatives
which singles out (iﬁal...as, Then, single out ¢, .., , by
applying s — 1 derivatives on y minus the contribution of
b -a,» and so on. To work on the color singlet subspace of
Fock space, we define an empty state |0) and the set of trace
operators

T(01,....0,) = Try (6,) - - w(6y), (5)
where the 6’s are s-component Grassmann variables.
Then, the color singlet subspace is spanned by states of
the form

T(0y,....0k)T (1, -.im) -+ 10). (6)

A. Action of H on multitrace states
In Appendix A, we present the Hamiltonian as the sum
of five terms and give the action of each term on color
singlet states.. We can summarize the action of H =
>3, H; on multitrace states by defining

- d d d
hy=2|s—20{— 200 — 4209
“ (S kd&;;) 20 e 0 e
d d
— 200009 — 2i— 7
T " des dos )
- M -
h=> I (8)
=1
Then, there follows
HT (0, 0y)|0) = }_ZT(QI -+ Oy)[0)
1 -
TN Z haT (0, - 0y)
kI#kk+1
X T (01 01-1)[0) 9)
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- - 1. .
HT(0y - 0)T(m - n0)|0) = (ho + hy)T(01 -~ 0)T (1 -y ) +  Fission Terms

| KL
+N;; T(Osy - Oy~ -1-1)]0)

| K L.
+ NZ Z huT (O -+ - Ociiigr -+ -m)[0)- (10)

w-
I

1 I=1

In the development of perturbation theory, we shall transfer the derivatives of 4, to act on the coefficient amplitude
multiplying each multitrace state, whence it will take the form

d d d d d
hy = =2( s —26¢ 209 —— — 204 — —2i6969 — 2i— 11
& <s ¢ d6"‘> e N N ()
M
h=> I (12)
k=1
We shall also make use of Grassmann variables that satisfy a Clifford algebra:
d ~ d
St =07 +—, Si=1ile¢— 13
k k + dez k l( k dgz) ( )
{S{. 87} = 2646, {S{. 57} = 2646 {s¢.87} =0. (14)
Then, h;; becomes
By = —iS¢S% + iSESy — iS¢SE + iS5 S¢ + 2iSeS¢. (15)

B. Systematic perturbation theory

We develop the 1/N expansion on Fock space, following the methods of Ref. [13]. At zeroth order, the first task is to
solve the eigenvalue problem

W, (0. O1,) = Ep, (01 ... Oy, (16)
and then we change the single trace operators to energy basis
Tr = /dsel s dSHMrT(Gl, ...,GMV)I;/,(GI, ...,9Mr). (17)

Because the T are cyclically symmetric, we may assume that the y, satisfy the cyclic property

V(01 On) = ()M (0, ... Oy 0)). (18)

The potential minus sign is due to the fact that if s and M, — 1 are odd, the cyclic transform of the measure acquires a
minus sign.
Define the conjugate to v, denoted y,., such that

/del o dOy (01 Oy Wi (01, s Oy ) = B, (19)

and so the completeness relation is written
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ZW;’(QD---79M,)l/_/r(¢17-~-v¢M,) =5(0-¢), (20)
-

where the delta function is understood to be symmetrized under cyclic permutations. In the energy basis, the action of H on
a single trace state becomes

1 _
HT,|0) = E,T,[0) +—/d9 Z haT (0 0)T (Oryr -+ 01-1)|0)yr, (01, ... Oyp)
N I#k,k+1

1
= ErTr|O> + N ZTSTI|O> Vi
st

Vie = Z /dgl/_’s(gl"'gk)l/_/t(ak-&-l"'Ql—l)hkll//r(gl’“"eM)' (21)
[Py

We see that /1, acts to the left on the eigenfunction ,, in which k, [ label nearest neighbor pairs of #’s. We can normal order
hy; and get the normal ordering constant by calculating

1

E
ay = (welhulye) = A (welhlyg) = MG (22)

where the second equality follows because iy is cyclically invariant. Thus, each term of 4 = ), /i ;1 contributes an equal
amount. In the continuum limit, Eg ~ aM, + O(1/M;), so that in this limit a;; = a. Thus, we have

(Wl = (wl (0 gyt +a). (23)
The terms in the operator : i, : are nominally of order M5, and so they nominally vanish in the continuum limit. However,

it can be shown (see Appendix C) that the energy lowering components of Sy, S;, Seor S, nominally of order M S2 acting
to the right give a Grassmann odd factor S of order 1 in the continuum limit (independently of which operator is chosen). In

other words, the singularity at the joining point can produce a factor M §/ * for each S - Thus, the terms in : /4y, : with two
such lowering operators can potentially contribute at order 1. Happily, the contribution is $*> = 0 because S is Grassmann
odd. Thus, in the continuous string limit of our model, the vertex is a pure overlap with no operator insertions at the joining
point:

Ve~ a Z /dgll_/s(gz"'gk)ll_/z(ngrl O )y (O Oy). (24)
I#k k+1

The fission operation on any multitrace state acts on each trace factor just as shown above. On multitrace states, the
Hamiltonian can also fuse any pair of traces into one as follows:

1 1
HTsTt|0> = (Es + EZ)TSTI|O> + N Tr|0> Wrst + ﬁ (TuTthVuvs + TsTuTvVum)|O>' (25)
The second term on the right is the fusion term arising from
M, M,
0 Wi = [ d0dp "> T Osr-+-Out - )
k=1 i=1

+/_11kT(¢1+1 O Ok (010, i (by D) (26)

from which we infer
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M, M,

Wi = Z /d9d¢[l/7r(9k+1 o Orhy '¢z-1)hkzl//s(91 "‘QM.\)‘//I(le e '¢M,)

k=1 I=1
+ l/7r(¢1+1 O - 'Hk—l)hlkl//s(‘gl o 'HM.?)%((IH T ¢M,)}- (27)

Again, in the continuum limit, /;; and &y, can be replaced by «, in which case the two terms are equal, giving a net factor
of 2.

The double sums in V and W have the simple interpretation of including all ways of splitting a chain in two or of joining
two chains into one. In the first case, one picks two bits where the split takes case. In the second case, one must pick a bit on
each chain where the two chains join. Since these events can happen with any pair of bits, one must sum over all choices. In
the continuum limit, these double sums should go over to double integrals >, ; — (1/m?) [ dodc’, and since the factor a

includes a factor (1/m), the overlap should supply a factor of 1/M? to get a finite continuum limit.
As an application, consider the energy eigenvalue problem in perturbation theory. Start by expanding the sought
eigenstate in trace states,

E) =) T, 0)Ch+ Y T, T,[0)Ch + Y T, T T,J0)Chy + ... (28)
r st

stu

and require that (H — E)|E) = 0:

0= (E,—E)T,|0)C} + Y (E,+ E,— E)YT,T,|0)C% + Y (E,+ E, + E, — E)T,T,T,[0)C3,
r st

stu

1 1
2 2 T TV Cl 45D T )W € .. (29)

str st

Then, equating coefficients of like terms, we have the sequence of equations

1
(E, = E)CL+ ) W€ =0 (30)
st
1
(E,+E, —E)C% + Nvac} + C3Terms = 0, (31)

and so on. For example, we can choose the C! with common E, to be nonzero at zeroth order and all other C’s zero at zeroth
order. Then, the C; terms in the second equation are of order 1/N?, so we obtain

1 1

Ch=——"7———> VyCl4+ O(N? 32
st E _ Es _ EINZ str-r + ( ) ( )
1 1
(E-E,)C) = szrstmzvsm(;}f +O(N7Y). (33)
st s Loy

In the M — oo limit, when the energy eigenvalues become continuous, the first equation can be interpreted as the amplitude
for a single string to decay into two strings. For any finite M, the second equation shows that the eigenvalues of the matrix

1 1
A = m;Wrstm £ E,=E, (34)

N

determine the lowest order energy shifts to the level E,.
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II1. DIAGONALIZING h

In the preceding section, we have shown how the 1/N expansion of string bit models is determined by what we might call
first quantized string calculations. The legacy of the underlying string bit models for these calculations is essentially the
provision of a fundamental cutoff, namely the interpretation of a continuous P by the discrete bit number. Finding the
eigenvalues of 4 is straightforward, because 4 is bilinear in Clifford variables. Therefore, it can be solved by finding energy
raising and lowering operators. This was done in Ref. [4], so we just give here a quick sketch of the procedure and results.
Because /4 is the sum of terms 4, each of which contain only the variables with component a, it suffices to work with just
one component. In the following, we suppress the spinor index.

To begin, it is convenient to introduce Fourier transforms:

~ 1

1 & 4 Mo
Bn — \/MZ Sk€_2”lkn/M, Bn — MZSke—kan/M (35)
k=1 k=1
1 M-1 . - 1 M-1 B '
Sk — \/MZBnezmkn/M’ Sk — \/M Bn82mkn/M (36)
n=0 n=0
{Bm7Bn} = 25m+n.Mv {Bmvén} = 25m+n,M7 {Bm7Bn} =0. (37)
Then, we can express £ in terms of these:
= A ~ ~ , ~ 2zn
h = Z |:_l-BM_an82/rm/M + iBM_an€2”l”/M + 2iBy_,B, <1 — COS 7>:| . (38)
n=1

We search for eigenoperators:

~ . 2nn . 2rn ~ . 2nn . 2rn
[h, B, +¢B,| =B, <—4 sin—-- + 415(1 - cosﬁ>) + B, <4§s1nﬁ —4i <1 - cosﬁ>)
= A(B, +&B,). (39)
This implies
1+ & +2i¢ cot%ﬂ —0. (40)

Solving the quadratic equation gives

zn zn i tan 33
£, = —icot— i/l +cot? — = o
M M —icot3y;

2 2
AL =-4 sin% +4ié, <1 - cos%) =8 sin% (- cos% + iy sin%) = F8 sin%. (41)
We therefore define energy lowering operators,

F,=B8B, cos%—F iB, sin%, (42)

and raising operators,

F,=B8B, sin % _ iB, cos (43)

n
2M 2M’°

which can be inverted,
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B,=F, cos2M+F szM iB:Fnsin;M F, cos% (44)

‘We notice that

F), =By, cos% —iBy,_, sin% =Fy_, (45)
_ m m
{F,,F,} = 2s1nwcos 2M5"+’"M + ZCosmsszéner,M = 28,1 m.M- (46)

Applying & to a state satisfying F,|G) = 0 for all n leads to a calculation of the ground energy. Remembering there is a
contribution for each of the s components, we find

nrw 2rs
= —4 § —~——M i 47
sy sin +3M—i—0( -3). (47)

Since M = P*/m is conserved in all processes, it can be harmlessly subtracted, and we can identify the string tension by
comparing the 1/M term to the string P:

T 8s wsT,
P; = 4:1 <EG +;M) ~6Tf(1 + O(M‘z)). (48)

At N = oo, the lowest squared mass in this model is szTy/3 > 0; i.e., there is a mass gap.

IV. THREE CLOSED BIT CHAIN OVERLAP

As seen in Sec. II, the terms in the 1 /N expansion are determined by the overlap integrals V., and W . Let us focus on
the second of these. We can calculate it in the raising and lowering operator formalism by expressing the ground state |G) of
the large string in terms of raising and lowering operators of the two small strings, applied to the tensor product of the
ground states of the small strings.

Divide the M spin variablesinto L (k =1,...L)yand K =M — L (k = L + 1, ..., M) variables. Then, for each subset, we
define modes

L-1
1 mikn
Sk—\/—_ZOBﬁ,)eZ /Lo 1<k<L (49)
K-
Z Je2nitk-Ln/(M-L) [ 41 <k <M. (50)

=0

and likewise for S © putting a tilde on the corresponding B’s. Then, introduce the vectors

1 )
vk = —— 2rikm/M k=1,...M; m=0,...M-1 51
mk _ 1 2mikm/L _ _
vy = —=e , k=1,....L; n=0,...,L-1 52
VL 52
ok _ 1 2ri(k—L)m/K _ . _
vy = ——=e¢ , k=L+1,....M; n=0,...M—-L-1. 53
7 (53)
Then, the B,, I~3,, are related to the BE,U, ES,” and BS,Z), 35,2) by
L-1 M-L-1
Bm = SL + Z Bn Umvn (54)
n=0
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h
L
N
3

2) ULUS,Z). (55)

ot
3
I

=

Il

=]
oo ]!
==
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+

3

Il

=
o
=

Zero modes require special attention. First, we note that

oo

o

Il

eo]

=
== 5

_I_

>

°Sn

+
(oo}
o~

e

(oo}
S
Il
(oo}
o
-
=

(56)

It is then convenient to define the relative zero mode
operators

n K o L
by :B(()>VM_B‘(’)VM’
r _ a0 [K_zo [L
bo - BO M - BO ) M, (57)
and it is easy to confirm the Clifford algebra
{Bo. Bo} = {By. Bo} = {bo.bo} = {by. b} =2
{Bo, bo} = {By, bo} = {Bo. by} = {bo, By}
= {By, Bo} = {bo, by} = 0. (58)
We can now rewrite the overlap conditions as
L-1 . M-L-1 .
B, = bov};lwo + ZBS,”U;U;I) + Z BELZ>1);11J,(12> (59)
n=1 n=1
B ~ L1 M-L-1
Bm = bOU;SzWO + B£11>U;1U£Ll) + Bn2> 1);1@;(12) (60)
n=1 n=1
K o [L
W():’U(()> M—’U(()) M (61)

Finally, in order to calculate the three chain vertex, we
relate the energy lowering operators for the large chain F,
for m # 0 to the raising and lowering operators for the
smaller chains. The zero mode operators commute with 7,
but it is convenient to define f, = (b, + iby)/2 and f, =
f4 = (by — iby) /2 which satisfy

f5=17=0 {fo.foy=1. (62)
Let f, be the M — 1 operators f, FSLU/\/Z F,(,Z’/ﬁ, o)
that {f,,. f#} = 8, and we can write

PHYSICAL REVIEW D 93, 066003 (2016)
M-=2

Fu =V2Y (F1aCom + F3Sm)- (63)
n=0

where the matrices C, S are given in Appendix B.
Then, we seek the ground state of the large chain in the
form

|G) = exp {% ZDszztfj}|O> [det(7 + DD)|'4, - (64)
o

where f;|0) =0 for k=0,...M—-2. F,|G)=0 is
equivalent to

CmnDnl + Sml =0. (65)

From CD = —S§, we compute

C(I + DD")CT = CC" + SS§7
det Cdet(I + DD") det C" = det(CC" + SS7)
det(CCT + SS7)

det(I +DD") == — o)

(66)

Using MATLAB to study these determinants numerically,
we find that det(CC" + SS7) = 1, and we also confirm the
behavior

- 0.9290 /L) [M/K-L/M]/3-2/3
detcct ~ 092 < >

[KLM]'/6 \M
<K> [M/L—K/M]/3-2/3
X .

i (67)

Here, K = M — L is the number of bits in one of the
smaller strings. It is interesting to compare this determinant
for the Grassmann overlap to the corresponding one for a
single bosonic string coordinate,

det gyt — 2528 (L TM/KL/M3
e =—F0 =
[KLM]6 \ M

—[M/L—K/M]/?)
X (%) , (68)

which was also calculated numerically with MATLAB.
This bosonic determinant, apart from the numerical factor,
can be understood based on the conformal mapping
properties of the worldsheet [10,14]. There is an intimate
relation between the Grassmann and bosonic overlaps
reflected in the fact that the superstring overlap involves
the product of the two,

det CCHdet XX = 2.0000 (KL) ~2/3

[KLM]'3 \ M?

M
= 2.0000-—, (69)
KL
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in which the combination is greatly simplified. This
simplification is the content of the Green-Schwarz state-
ment that the bosonic and spinor worldsheet determinants
cancel each other; it is associated with the dependence
of an off-shell vertex on the interaction time e~"“A?", The
measure contribution to AP~ is

s—d 1

for d — s, which is the supersymmetry requirement. It is
important to appreciate that the cancellation is actually
incomplete, and moreover the part left over is essential to
account for the eventual Poincaré invariance.

Of course, the string bit model studied in this article
produces no bosonic coordinates but only Grassmann ones.
As such, the requirement that the vertex has a finite
continuum limit, i.e., that it scales as M3 at large M with
L/M, K/M fixed, determines s = 24. We call this inter-
esting string model the protostring.

V. PROTOSTRING THEORY

To summarize our work, we have found that the
Grassmann overlap scales as M~%/® if there are s
Grassmann worldsheet fields. The scaling of the bosonic
overlap is M~9/8 for d transverse worldsheet scalars. If one
combines these, one gets M~(+4/8  With no operator
insertions at the break/join point, the smooth continuum
limit would require s + d = 24. We should stress that the
smooth continuum limit requirement will not necessarily
ensure Poincaré invariance based on the Lorentz group
SO(d+1,1). The bosonic string has no Grassmann
worldsheet fields, so the critical dimension should be
d = 24, which in this case is enough for Poincaré invari-
ance. The superstring has s = d = 8 which does not give a
smooth continuum limit. But we also know that the
superstring requires an operator insertion proportional to
AX'AX/ at the joining point. This insertion produces an
additional factor M~!, which combined with the s = d = 8
overlaps ensures a smooth continuum limit. Poincaré
supersymmetry requires a further insertion of an eighth
order Grassmann polynomial P;;(S) which, as shown in
Appendix C, has no effect on the overall scaling behavior.

The bosonic string, although inherently unstable, has
played an important role in the formal string literature,
because of the economy and simplicity of its interactions—
reflected in the absence of operator insertions.. We now see
that there are several other possibilities that do not require
insertions, namely a transverse worldsheet system with d <
24 bosonic and 24 — d Green-Schwarz fermionic world-
sheet fields. The simple string bit model, with s = 24,
analyzed in this paper, produces the d = 0 model on this
list. This is a pure Grassmann analog of the bosonic string
and as such should be of particular interest in string theory.
The superstring and the RNS string both require operator

PHYSICAL REVIEW D 93, 066003 (2016)

TABLE I. Enhancement of scaling laws for operator insertions
on overlaps of the bosonic (AX), Green-Schwarz (S), and RNS
(I) types.

Insertion Enhancement Net
AX Ml/2 M—1/2
S M'/? MO
T Ml /4 M—1/4

insertions at the vertex break/join point. In order to compare
the various possibilities, we need to know the scaling laws
of various insertions. And for these, we need to know the
overlap for the excited states. The matrix D is well known
in the continuum limit, and with that knowledge, one can
obtain the needed scaling laws. In Appendix C, we discuss
these issues for insertions of S variables, with the con-
clusion that they scale as M°. To compare to the other
major possibilities, we have prepared tables of the various
scaling laws.

We first note the nominal scaling rules for insertions.

For bosonic variables, the insertion AX = X;, | — X; ~

m% nominally scales as AX~M~'. Similarly, S,

[y ~+/m(S(c).T'(c)) nominally scales as S, Ty ~ M~1/2,
Here, T'* are the RNS fermionic worldsheet field. However,
the fission/fusion singularity enhances these expectations,
as illustrated in Table I. Note that the enhancement is
different in the RNS and Green-Schwarz overlaps. The
various overlap scaling laws are compared in Table II.
Finally, the various string models with total vertices and the
critical dimension, determined by requiring the total vertex
to scale as M3, are displayed in Table IIl. As we have
discussed, the protostring is a Grassmann analog of the
bosonic string. However, there are striking differences. For
one, the bosonic string has a tachyonic ground state,
whereas the lowest mass squared of the protostring is
positive. Accordingly, the protostring is stable. Another
interesting feature of the protostring is that its worldsheet
degrees of freedom match those of the superstring: 16 of the
Grassmann worldsheet fields can be bosonized into 8
compactified bosonic worldsheet fields. These, together
with the remaining eight Grassmann fields, match the
worldsheet fields of the superstring. However, since the
compactification radius is fixed, it is not obvious how to
achieve large spatial dimensions. There is the hope that
some deformation of the protostring, which enables large

TABLE II. Summary of overlap scaling laws along with
insertion rules.

Overlap Scaling Insertion Scaling
Vy M-8 AX M-12
VS M_S/ 8 S MO
Vi M—4/16 r M-1/4
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TABLE III. Total vertices and critical dimensions for bosonic,
Green-Schwarz, RNS, and protostring overlaps.

Type Total vertex Critical dimension
Bosonic string Vyx d=24
Boseprotostring VxVyg d+s=24,d,5s >0
B superstring ~ AX'AX/P;;(S)Vx Vs d=s5s=38
RNS string (T AX)2VVy d=28
Protostring Vi s =24

transverse dimensions, can be found to produce the actual
superstring. Taken as it is given here, the protostring moves
in one space dimension (there are no large transverse
dimensions). The Lorentz group SO(1, 1) in two spacetime
dimensions has just a single generator which scales the +
components oppositely, which is probably ensured by the
scaling laws for the continuum limit.

What about the boseprotostring models (s 4+ d = 24,
s,d > 0)? As long as d < s, they possess the stability
enjoyed by the protostring. When d > s, they possess
tachyons which render them unstable as is the bosonic
string. The case d = s = 12 is the marginal case. While the
stable ones are not produced by the string bit models
analyzed in this paper, more elaborate string bit models
have been devised [8], which are likely to serve as their
foundation. If the d bosonic coordinates are compactified,
the Lorentz group is the same for these stable boseproto-
string models as for the protostring and just as likely to be
respected. If the d coordinates are not compact, invariance
under the Lorentz group SO(d + 1, 1) will not be ensured.
But they would still be interesting and well-defined
quantum systems. The worldsheet degrees of freedom of
these models vary with d. Counting each Grassmann
dimension as half a bosonic dimension, the total number
of effective bosonic coordinates is d+ (24 —d)/2 =
12 +d/2. We have already noted the match of number
of degrees of freedom between the protostring (d = 0) and
superstring. We can note a similar coincidence between
the d = 12 case and the heterotic superstring. The world-
sheet system of the latter has 12/2 + 24/2 = 18 effective
bosonic dimensions. Recall that, with regard to stability,
the d = 12 case is marginal, with massless particles. All the
models with d > 12 are unstable.

The protostring’s foundation as a simple stable string bit
model recommends the latter as a solid starting point for
defining string theory more generally. While perhaps not as
tantalizing, the boseprotostring models offer their own open
questions to investigate further. Exploring string bit models
and the string models they produce remains a promising
direction for future research.
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APPENDIX A: HAMILTONIAN AND ITS
ACTION ON COLOR SINGLETS

The string bit creation and annihilation operators satisfy
the (anti)commutation relations

[(¢al--~a,ﬂ)aﬁ? (q_bblmbn)ya]:t
= (¢u1 a,,l)aﬁ((}bl ) o —
= 80,8 ﬂZ ) Susb,

(—)”‘"(J)blmh

aan ’

D (Paya,)d
(A1)

which incorporate the fact that ¢ creates a boson if 7 is even
and a fermion if n is odd. The sum over P is over all
permutations of 1,2, ....n

The Hamiltonian analyzed in this paper is the one called
Hg in Ref. [8]. We quote

HS:H1+H2+H3+H4+H5, (A2)

where the H; are

ZZ

Tr¢a1 a,,¢b1 bk¢b1 bk¢al-~-an

n 0 k=
(A3)
2 s—1 s—1 (
~ —Tr¢a, a,,¢bb b ¢b| b, Pba e,
Nn:Ok:Onk s c
(A4)
2 s—1 s—1 (
H; =N —)Tr¢ba| a, @b, b Db,y by Dy,
==
(AS)
2i s—1 s—1
Hy=— (—)Tf¢a1 -a ¢b1 bk¢bb, bk¢ba1~--a,,
N = =g n'k!
(A6)
2 s—1 s—1 (
HSZ_N ,]z, TtPpa,a,Pbb, b, Dby, Pty a, -
=0 k=0 "*

(A7)

Hg¢ commutes with the supersymmetry operators
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s—1

a _)n in/4 . —in/4
0 =Z(7Tr[e P aeayaar-ay + € *Paaya,bara,)

n=0

{0 0"} = 2M5,, (A8)

which will guarantee equal numbers of bosonic and fermionic eigenstates at each energy level.
Using the commutation relations (A1), it is straightforward to obtain the action of the H; on single trace states:

M
H\T(6;,....0,,)|0) _2Z(s—2agd9a> (01, ....0,)|0)

k=1
2 M
N ( - 26§ dga) #;{HT(@ SOUCERTRY (A9)
P d
ST(6;. ..., 04)|0) —229kd9a 7(6,, . .,eM)|0>+NZ > 01— T(0, - 0)T (01 -+ 0,1)|0)  (AL0)
k41 k=1 l#k,k+1

M
d 2 d
3T((gl,,.,,gM”o):QZ%IWT(QI,...,(9M)|0>JFNZ > 97d9a T 0)TO,--6,,)0)  (All)
—1 k =1 l#k,k+1
21
HUT(0r 1 0)l0) = ~20°S 040,701 .0 >|0>—NZ > GOTO 00T Oy --0,-)I0)  (A12)
k=1 k=1 l#k.k+1
2i d d
HsT(6, ....0),)|0) = — 61, ....00)]0) —= T(O;--0)T(0er -~ 60,_1)]0).  (Al3
sT(6, lZd&“dGZH (6, m)|0) N;#;;ld%def 01+ 0)T (Ory1 -+ 01.1)|0).  (Al13)

We note that the differential operators are applied to the nearest neighbors on the same trace when they involve two distinct
Grassmann variables.

The action of the H; on multitrace states takes two forms. When both annihilation operators contract on the same trace,
the action can be read off from the preceding formulas. When they act on different traces, the action is to fuse them into a
single trace as follows,

) K L d
H\T(0 - 0x)T (11 -+ 1) |0) pusion = +NZZ (s —-20¢ W) T(Opy1 - Oy -+ -1m-1)]0)
k=1 =1 k
) K L d
+NZZ <S — 2} d a>T(9k “ QMg - om)|0) (A14)
k=1 I1=1 uh

2E & d
HyT (01 0x)T(my -+ 1) |0) busion = +NZZ6’Zd—T(9k+1 O mi-)|0)
=1 =1 M
2 &K L d
z a Z T(0,...0,_ )oY, Al5
+N;;m a0, (O k=141 11)|0) (A15)

with similar transcriptions for the other H,. In each case, the differential operators have the same structure as the fission
terms, but the states on the right are a suitable pair of single trace states. And when there are two distinct Grassmann
operators, they act on the nearest neighbors on the large trace.
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APPENDIX B: FORMULAS FOR OVERLAP CALCULATIONS

The following matrix elements are needed in (55):

~

1 11— e—Zm'mL/M

2 k(n/L—m/M)
Umvn - kzz: imk(n/L=m/ _\/ml _e—Ziﬂ(n/L—m/M)

1 M

v k L+1

1 1= e—meL/M

\/_1 _ 6—2177 n/K—m/M)

+ -1 —2mmL/M —2mmL/M L
UmWo = \/m 1 — 217tm/M \/_ 1— 2mm/M M
1 1= e—27nmL/M

_\/ﬁ 1 — glizm/M

(2

VU 2m[k —L)(n/K—m/M)—Lm/M]

Then,
ZL_' (1) o (P _MEN 5 (1) (D P ()
Fm = & |:Fn COS <i—m> VinUn +Fn COS (2L+W) va—n:|
ZK'I 2) nm_ma\ i) () i (2)
+ |:Fn COS <2K—21W>Um1)n +Fn COS <2K+2]\4> m'l)K_n:|

—_Z w2,
+ (focos <2M 4> + f,cos <2M+4)>v woV2

Then, the C, S matrices needed in (63) are given by

1 1 —2mimL/M mn 7
CmO = - \/ﬁ 1— e2inm/M cos <W - Z)
1 1— e—2ﬂimL/M nw mrn
Cmnl = \/— 1 — —2177 (n/L—m/M) cos i B ﬁ
1 1 - —2mmL/M nr  mnm
Cmn2 \/— 1— —2m (n/K— m/M) (ﬁ - m)
1 1 —2ximL/M mn
Smo = — \/Z_I? 1 — g2izm/M cos (ﬁ +Z>
1 1— —2mmL/M nrx mn
Sunt = \/— 1 — g2in n/Ler/M) i + W
1 1 — —27z'tmL/M nw mrnr
mn2 — \/—1 2m (n/K+m/M) cos 2K 2K ﬁ ’

APPENDIX C: CONSTRUCTING |G) IN THE CONTINUUM LIMIT

PHYSICAL REVIEW D 93, 066003 (2016)

(B1)

(B2)

The equations determining the matrix D can be analyzed in the continuum limit in which L, M - oo with x = L/M
fixed. Then, K/M = (M — L)/M = 1 — x. For this purpose, we consider this limit on the matrices C, S. This limit must be
taken in eight separate cases corresponding to left and right moving waves on each of the three closed strings. It is

convenient to remove some common factors of C, S using lowercase letters for the reduced matrices:
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1— e—ZﬂimL/M
Cmn = 2ﬂi le’l’
1= e—2ﬂimL/M
Smn = i Smn-

Then:
(1) Holding m, nl, n2 fixed,

1

Cn'l T e
0 my/2x(1 — x)

-1
Cmnl =

n/Vx = my/x’
1

Comn2 =

n/vV1—x—my1—x

1
Spp > ——F——
0 my/2x(1 = x)

1

Smnl_)n/\/;_i_m\/;v
-1

Smn2 =

(2) Holding m' = M — m,nl, n2 fixed,

-1

Cpp > —————————, c - 0,
m0 m, /——2)6(1 —)C) mnl
Cmn2 = 0
! 0
Spp = ———, Syn1 — 0,
m0 ' /—2)6(1 — )C) mnl
Smn2 = 0.

(3) Holding m, n'l = L — nl, n2 fixed,

1

Cpg = ————————, c =0,
m0 m 2x(1—x) mnl
1
C =
2 n/vV1—-x—my1—x
1
= Smn1:0’

Sm — 9
0 m+/2x(1 = x)

-1
n/\/l—x—l—m\/l—x.

Smn2 =

n/vV1i—x+my1—x

(C2)

(C3)

(C5)

(ce)

(€7)

PHYSICAL REVIEW D 93, 066003 (2016)
(4) Holding m’, n'1, n2 fixed,

-1
Cpmo = ——F———,
0 m'\/2x(1 — x)
1
= T ’ mn =0 C8
Cmnl (n’/\/)_c—m’\/)_c) Cmn2 ( )
1
Smo0 =~ >
0 m'\/2x(1 — x)
1
sngZO' (C9)

Smnl Z(n,/\/;ij,\/)—c),

(5) Holding m, nl, n'2 = K — n2 fixed,

1
Cpp = ——————,
0 my/2x(1 = x)
-1
e =0 C10
Cmnl n/\/——m\/}’ Cmn2 ( )
1
Spp = —————,
0 my/2x(1 = x)
1
= mna = 0. Cl1
Smnl n/\/)—f+m\/.¥ Smn2 ( )
(6) Holding m’, nl, n'2 fixed,
-1 0
Cpo = ——F———, Coun1 = Y,
0 m'\/2x(1 — x) :
-1
Cony = Cl12
2 (n'/V/1—x—m'/1-x) ( )
! 0
Smo = — /> Smn1 = Y,
0 m'\/2x(1 — x) l
1
Sy = . C13
2 (n'/V1=x+m'V1-x) (C13)
(7) Holding m, n'l, n'2 fixed,
! 0
Cn) = — F———> Cmn1 = Y,
0 my/2x(1 = x) l
Con2 = 0 (C14)
! 0
Sy = ——F———, Smn1 = U,
0 m+/2x(1 — x) :
Sy = 0. (C15)
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(8) Holding m’, n'1, n'2 fixed,

= —x_—] iy (1
=
- (C17)

Smn2 = .
g (0 V1 =x+m'V1-x)
The equation CD + S = 0 then breaks up into the series of
equations
CnoDos + Coni Dty + CumaDipy + S =0 (CI8)
Cmnanl,O + Cmn2Dn2,0 + SmO =0 (Clg)

Cm’ODO,l' + Cm’nl’Dnl’,l’ + Cm/nZ'DnZ’,l’ + Sm',l' =0

(C20)

CornvDur o+ Corny Dy o+ Swo =0 (C21)
CnoDoy + ComDpr .y + CppaDypr =0 (C22)
CooDos + CovnDnr g + Corny Dy = 0, (C23)

where unprimed indices refer to the continuum limit
holding m, nl, or n2, fixed and primed indices indicate
holding M —m, L —nl, or M — L —n2 fixed. In these
formulas, [ is allowed to refer to either of the smaller
strings, so unprimed it is held fixed, and primed L — [ or
M — L — [ as appropriate is held fixed. In addition to these
equations, the matrix D is required to be antisymmet-
ric DT = -D.

1. Solving the continuum equations

We can solve these equations using a method due to J.
Goldstone, who solved the analogous equations for the
three bosonic open string vertex [15]. The final results
can also be found in Ref. [16], which employs a different
method. Since the matrices C, S involve reciprocals of
linear combinations of integers, one guesses a function with
poles at appropriate points. Goldstone’s choice was

T(1+z0)0(1 +z(1—x)) %
(1+72)

9(z) = (C24)

x(1—x)

PHYSICAL REVIEW D 93, 066003 (2016)
E=—xIn(x) = (1 —x)In(1 —x). (C25)

The function g(z) has poles at 0, —n/x, and —n /(1 — x) for
n positive integers,
1 1
ng(n/x)z+n/x’
1 1
ng(n/(1=x))z+n/(1-x)’

9(z) ~

9(z) ~ (C26)

respectively. At large z, g behaves as /2zz'/2. Since g(z)
has zeroes at —1,-2,-3, ..., ¢g(z)/(z + m) has the same
poles as g as long as m is a positive integer. Then, we can
expand

9(2) - 2 1 1 1
z+m_zng (n/x)z+n/xm—n/x

n=1

= 1
+;ngn/l—x ))z+n/(l=x)
1 1

m—n/(l—x)+mz\/m
an +l’l/X\/_ mnl

=

o0 1 |
B nE::lng(n/(l _x)) zZ+ I’l/(l —x) mcmnz
+\/7§CmO (C27)

We can recognize this as the first of our equations to solve
if we put z=1/x or z=1/(1—x). Then, the left side

becomes either g(1/x)/xs,,;1 or g(1/(1 —x))V1 = xS,

2 1 1
it = Z ng(n/X)g(l/X) [x+n/x ™"

© 1
N ;ng(n/ 1-x) (l/x) l/x+n/(1=2x)

n

/l —x
Cmo
1
e (n/x l—x)l/(l—x) n/x

\/ X an(n/ 1—x))g(l/(1 =x)
1

X) Cmn2

(C28)

MS

—Smi2

l/(l -x)+n/(1-
2(1 —x)

WU

(C29)
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Unfortunately, the inferred D,,; would not be antisymmetric. We can fix this by noticing the identity obtained by expanding
29(z)/(z + m),

i: _n/x 1 \/_ Cmnl — z _n/(l _X) 1 \/—xcmn2~ (CSO)

Z+m xX)z+n/x “ng(n/(1-x))z+n/(1-x)

Putting z = I/x and z = 1/(1 — x) gives

) -1 1 © -1 1 X
= 2 g e 2 R =) TV =2 (D

& -1 1 1—x
:leg(l/(l—X))g(n/X) J(1=x)+nfxV ™

- -1 1

" T g =) Tl (=) ™ 2
Taking the average of the two expressions for s,,; gives an antisymmetric solution to the first equation,
S IS I-n 1 . B I/ (1 =x)/x=ny/x/(1 —x)
e 2; Ing(n/x)g(l/x) I/x+n/x""" 2; Ing(n/(1 = x))g(1/x)
1 \/x/2
Xl =x) T @i (€33)
I\/x/(1=x) —ny/(1 —x)/x 1
iz = 2; ng(n/x)g(1/(1=x) /(1 —x)+n/x ™
— I—n 1 (1-x)/2
;lng n/ 1 — X ) (l/(l —_x) l/(l —X) + n/(l —.X) Cmn2 +g(l/(1 _x))lcm()- (C34)
From these equations, we can read off some of the matrix elements of D:
1 l—n 1
Do = " 21Ing(n/x)g(1/x) 1/x +n/x (€35)
N 1L/ =x)/x=ny/x/(1-x) 1 (C36)
T2 Ing(n/(1=x)g(l/x)  I/x+n/(1-x)
o /x/2
Doy = —m (C37)
D ll\/x/l—x —n/(1 —x)/x 1 (C38)
M2 ngln/x)g/(1—x)  [(1—x) +n/x
1 l—n 1
D2 = Ing (1= )g/ (1~ ) 171 —) 4 /(1= )
Dy = VI (c40)

Next let us consider Eq. (C19). We examine (C27) and (C30) near z = 0. First, put z = 0 in (C30),
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1 - -1
= \/Esmo Z \/_ Cmnl — 27 al — XCmun2> (C41)

m+/x(1 = x) 1 ng n/x — ng(n/(1 —x))
from which we confirm that D,y = =Dy, and D, = —Dy ;. As it turns out, we do not need (C27) here.

The analysis of Eqs. (C20) and (C21) parallels that of (C18) and (C19). Indeed, inspection of the relevant equations
shows that D,y y = —D,,;. It then remains to analyze the first two equations (C22) and (C23), which do not involve the s’s.
We therefore examine the difference between Egs. (C28), (C29) and (C31), (C32):

- X - x(1—x) V2x
0= ———————Cpnl — Comz +————Cm (C42
2 Trgn g ™ ™ 2t Tagln 0 = ) ™ G ’
Z \ X l—x Z l—x + Z(I—X) (C43)
= c c Y Cmo-
Ing(n/x)g i L tng(n/ (1= x))g(l/(1—x) ™ " g(1/(1=x))1~ ™

The ¢’s in (C23) are the negatives of those in (C22), but since they are homogeneous in ¢, the two equations are actually
identical in form. The coefficient of ¢, in (C42) is seen to be —=2Dy ;; = 2D ;;» and in (C43) to be +2Dy j, = —2Dy ;. We
thus determine from (C22)

X A/x(1—x
Dy = D= - ( ) (C44)

- 2ing(n/x)g(l/x)’

Lox Dy = - x(1—x) (C4s)

Pt = S (=g (T =)

and from (C23)

B X - x(1-x)
O = g7 P Dm0~ ))g(1/) (40
Dyyp=- - X(l ~ X) (C47)

2ngnf (L= NgJ(T=2)" ™2 = dlngln/)g(l/ (1= x)’

and we see that the solution respects the antisymmetry of the matrix D. We note that the matrix elements coupling left and
right moving spin waves factorize, unlike those coupling left to left and right to right.

2. Operator insertions

Superstring vertices typically require insertions at the join/break point. In terms of the string bit model, these points could
bek=1,k=L,k=L+1,or k=M =L + K. In the first two cases, we can write

and in the last two cases,
s, :LKE ) ek g :LKZ_IB(M (C49)
+1 \/?nzo By, ) M \/En:() n o

with similar expressions for S. The presence of the factor L~'/2 or K~/ in all these expressions means that in the
continuum limit the sums over n must diverge like L'/ or K'/? if a finite contribution is to occur. We use

zn
B, =F, F, sin— C50
cos - T, + sin M (C50)
~ n - n
B, =F,sin— —F —, C51
iB, nSino s = Fycos (C51)
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and the divergence must come from the action of the lowering operators on |G). So the possibilities are

S.|G) ~ Z cos D,1.f}G) (C52)

iS,|G) ~ Z sm D,.f1|G \/_Z cos =D, 1 f1G). (C53)

In the case of S, , the trig function suppresses the modes near n = L, whereas for S ;. the modes near n = 0 (or n’ near L) are
suppressed. As L — oo, the sum over 7 diverges as L'/2, so these insertions are finite and nonzero in the continuum limit.
This divergence can be seen by considering modes in the range 1 < n, n’ < L,

1 1 Vx 1 1 Vx 1
Dyn~5—7—= ) Dpn~—5—7— ) Dyio~—F=
2 V2mn lg(1/x) 2/ 2znlg(l/x) 4nn
1 1 (1=x) 1 1 VvV1—x
Dyn~-3 ; Dpppn~3
2\2znlg(l/(1 —x) 22znlg(l/(1—x)
1
Dpo~— . C54
2,0 \/m ( )
The elements D,y behave as the negatives of these. The mixed elements behave as
1 1 x 1 1 X
Dy =3 v ) Dy = ———L (CS5)
2\ 2nn lg(l/x) 2 2xn lg(l/x)
1 1 Vv1-— 1 1 v1-—
Dy =3 a Dy =-3 a ) (CS6)
2\2anlg(l/(1 = x)’ 2\2znlg(l/(1 - x)
and from (C23),
1 1 X 1 1 X
Dnl’.ll =3 \/_ B Dn2’ll — A \/_ (C57)
2\ 2anlg(l/x) 2\ 2znlg(l/x)
1 1 V1-— 1 1 v1-—
Dypypn=-3 a ) Dyp=3 - (CS8)
’ 2\/27[}1[9(1/(1 —x) 2 Zf[nlg(l/(l —X)
For the insertion on string 1 at k = L or k = 1, we need
VvV1—-x 1
D, . fi = V21 + + —T+T,}E s, C59
1,lfl \/—|: fO Z fll f[]) Z:leg(l/(l_x)) (fZZ f]z) \/% ( )
and
1 R4S - 1
vifl === [ fo+ 2 itz U i) Zj FUh+ )| == =S (C60)

The insertion of iS . gives the negative of the insertion of S; because the roles of nl and nl’ are switched. Inspection

shows that all possible insertions, S;, iS’L, Siits iS’LH, Sy, iS’l, S iS’M, involve the same operator S in the limit
M,L,M — | — o0, and in fact yield the same factor up to a sign. In this limit, the surviving part of the sum over n involves

Lz/z CcOS — d — sin x—ﬂ—sinx—iZ
V8zL (= 2L 2L \/871 no/L VX 2 2

\/%/l dx <cos T i x27r> (C61)
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When the insertion is placed on the other string, M — L =
K replaces L, but as long as both L and K are large, the
same result ensues.

If we consider inserting more than one factor of S at the
join/break point, we find no new operator structure in the
continuum limit unless S belongs to a different worldsheet
field than the first one. For instance, S7 = 1 identically. If
we apply say S;S; to the overlap, with k, j on the same
small string, we pass this operator through the exponential
factors. If k, j are at the join/break point, the commutator

PHYSICAL REVIEW D 93, 066003 (2016)

terms approach one or two factors of S in the continuum
limit. If only one factor is produced, it will multiply a
creation term which vanishes in the continuum limit. If two
factors are produced, S? = 0 because S is an anticommut-
ing variable, and thus the only surviving contribution in the
continuum limit is the result of applying S, S; to the ground
state of the string. The terms involving creation operators
vanish in the continuum limit, so only a c-number arising
from normal ordering §;S; can survive.
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