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This is an extensive work to our previous paper [S. Li and T. Jia, Matrix model and holographic baryons
in the DO-D4 background, Phys. Rev. D 92, 046007 (2015)] that studied the D0O-D4/D8 holographic
system. We compute the three-body force for baryons with the DO-D4/D8 matrix model derived in [S. Li
and T. Jia, Matrix model and holographic baryons in the DO-D4 background, Phys. Rev. D 92, 046007
(2015)] with considering the nonzero QCD vacuum. We obtain the three-body force at short distances but
modified by the appearance of the smeared DO-branes, i.e., considering the effects from the nontrivial QCD
vacuum. We first test our matrix model in the case of "t Hooft instanton and then in two more realistic cases:
(1) three-neutrons with averaged spins and (2) proton-proton-neutron (or proton-neutron-proton). The
three-body potential vanishes in the former case while in the two latter cases it is positive, i.e., repulsive and
makes sense only if the constraint for stable baryonic state is satisfied. We require all the baryons in our
computation aligned on a line. These may indicate that the cases in dense states of neutrons such as in
neutron stars, Helium-3 or Tritium nucleus all with the nontrivial QCD vacuum.
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I. INTRODUCTION

In nuclear physics, there is one of the fundamental
ingredients which is how to describe the interaction among
nucleons. QCD as an underlying theory of strong inter-
actions with asymptotic freedom, makes it possible to form
the confinement such as bound states of nucleons. People
have to study the behavior of nucleons to describe the
nuclear force. As it is known, the nuclear force cannot only
be explained by two-body force, but also three-body force
which plays an important role as well. For example, the
three-body nuclear force is vital in studying the excitation
spectra of light nuclei or high-density baryon matters such
as supernovae or neutron stars. However the properties of
three-body nuclear force are still to be revealed although it
has been developed for so many years. Since QCD at
nonzero baryon density is strongly coupled which thus is
notoriously difficult to solve, consequently it becomes the
main obstacle for revealing the aspects of nuclear force.

On the other hand, some classical or semiclassical gauge
field configurations may also be important in QCD or
nuclear physics, for example, some topologically nontrivial
solutions such as instantons, monopoles and so on. In
[1-4], the self-dual field strength has been studied and
proposed to be a mechanism for the confinement [5].
Therefore, the states with nonzero QCD vacuum 6 angle [or
equivalently nonzero ~OTr(F WF’”’), here F* is the dual
field of the gauge field strength F,, ] could exist and affect
the mass of meson with the interaction among baryons, and
this f-dependent term may also lead to some other
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observable effects such as in the glueball condensation
or the Chiral Magnetic Effect (CME) [6,7]. Thus in this
paper, we would like to study the three-body nuclear force
with nonzero QCD vacuum 6 angle by using the DO-D4/D§
holographic matrix model proposed in [8] for baryons.
We compute the three-body force at short distances for
baryons in the large N, holographic QCD explicitly while
the two-body case has already been studied in [8].

By holography, in order to describe the states with
nonzero Tr(F /wi: #¥) in the dual field theory, it corresponds
to adding smeared DO-branes to the compacted D4-brane
background [9,10] which is similar as the case of D-1-D3
system. And with introducing the flavor D8 /D8-branes, the
meson spectrum has been studied in [9] while the baryon
spectrum was studied in [11] with the approach of Yang-
Mills instanton. As a comparison with [11] and study from
[12], we use the gauge/string duality (or AdS/CFT corre-
spondence, see [13—15] for a review) to derive our matrix
model from the Sakai-Sugimoto model [16,17] in the DO-
D4 background [9] (i.e., DO-D4/D8 system), in the large-
N, limit at a large ’t Hooft coupling 4. That is to say, our
matrix model is also a low-energy effective theory on the
baryon vertex, which is the D4’-branes' wrapped on $* in
DO0-D4/D8 system [9,18], in the gravity side of gauge/string
duality.

The matrix model could describe k-body baryons with
arbitrary £, since the rank of the matrix is determined by the

'In order to distinguish the D4-branes which are responsible
for the background geometry, we use D4’-brane to denote the
baryon vertex since in D0-D4/D8 system the baryon vertex is also
a D4-brane.

© 2016 American Physical Society


http://dx.doi.org/10.1103/PhysRevD.93.065051
http://dx.doi.org/10.1103/PhysRevD.93.065051
http://dx.doi.org/10.1103/PhysRevD.93.065051
http://dx.doi.org/10.1103/PhysRevD.93.065051

SI-WEN LI and TUO JIA

value of k, where k is the baryon number. In our matrix
model, the positions of k baryons are represented by the
diagonal elements of the matrices after integrating out the
off-diagonal elements. Furthermore, the classical values of
a pair of the complex k x N, rectangular matrices are
related to the sizes of baryons and they describe the
dynamics of the strings connecting the flavor D8/D8-
branes and the baryon vertices. With all of these, it comes to
the well-known Atiyah-Drinfeld-Hitchin-Manin (ADHM)
matrix model of instantons.

In our previous work [8], we also studied on the baryon
spectrum (k = 1) and two-body force at short distances for
baryons (k = 2), except the derivation of our matrix model.
For the case of k =1, we find a constraint for stable
baryonic state in D0-D4/D8 system which is exactly the
same as the conclusion in [11] with the approach of
Yang-Mills instanton, but quite different from the original
Sakai-Sugimoto model. And our baryon spectrum could fit
the experimental data well just by adjusting the number
density of the DO-branes. For the case of kK = 2, we have
studied the two-body force at short distances and also found
a universal repulsive core for any baryonic state but
modified by the appearance of the smeared DO-branes. It
turns out that the two-body force at short distances could
become attractive which describes an unstable two-body
system if the constraint for stable baryonic state is
overcome.

Instead of phenomenological models, our matrix model
is for multibaryon systems with nonzero QCD vacuum 6
angle and based on the gauge/string duality with the
underlying string theory, so it is natural and interesting to
extend the analysis to derive the three-body force in DO-
D4/D8 system with our matrix model. So in this paper,
we extend our previous work in [8] and continue the
analysis to the case of k = 3, as a parallel computation to
[19], to study the three-body force at short distances with
nontrivial QCD vacuum by using our matrix model. We
will focus on the two particular examples which are three
neutrons with averaged spins and proton-proton-neutron
(or proton-neutron-neutron), and require all the baryons
or nucleons aligned on a line with equal spacings for
each case. The system with averaged spins is typical for
dense states of multi-baryons in QCD, such as cores of
neutron stars, while the latter one is related to tritium
nuclei or Helium-3. From our results, we find the three-
body potential is suppressed if compared to the two-body
force in [8]. And both in the case of averaged spins and
proton-proton-neutron, the three-body potential would be
totally complex if { = Uy, /Ujy >2 where U}, is related

to the number density of the smeared DO-brane. This
result is exactly the same as the constraint for the stable
baryonic state claimed in [8] and [11] with the approach
of Yang-Mills instanton.

In this paper, the organization is as follows. In Sec. II,
we briefly review the D0-D4/D8 matrix model and the
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calculations for two-body force as shown in [8]. In Sec. III,
we calculate the three-body force with the “classical
treatment” i.e., the case with spin or isospin aligned
classically. In this case we find a vanished three-body
force which is independent on the nonzero QCD vacuum 6
angle,2 however this result is similar as in [19] and
consistent with the soliton approach in [20]. Then we
employ the setup for generic three-body forces with
quantum spin/isospin, the resultant three-body force is
modified by the appearance of the smeared DO-branes
(or equivalently by considering the nontrivial QCD vac-
uum) and also consistent with the constraint for stable
baryonic states claimed in [8,11]. The summary and
discussion are in the final section.

II. A BRIEF REVIEW OF D0-D4/D8
MATRIX MODEL

To calculate the three-body force for baryons by using
DO0-D4/D8 matrix model is quite analogous to the compu-
tation of the two-body force which has been performed in
[8]. In this section, we will give a brief summary of the DO-
D4/D8 matrix model and the calculations of the two-body
force for baryons with this model.

A. Action of D0-D4/D8 matrix model

We proposed a D0-D4/D8 matrix model in [8] by using
the standard technique in string theory from the Sakai-
Sugimoto model in the DO-D4 background (i.e., DO-D4/D8
system). It is a quantum mechanical system with U(k)
symmetry which takes the following action

Sz
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(D) + D - #XP Xy,

+D- ?Za}/}“a)} + N_.Tr / dtA,. (2.1)

It is allowed to change the baryon number k by choosing
the gauge group U (k) for the matrix model (2.1) to describe
k-body interaction in the DO-D4/D8 system. Note that the
rank of the gauge group U(k) is the number of baryons.
The parameter 1 = g3 N.. is the "t Hooft coupling constant
and Mgg is a unique scale while the parameter ¢ is

In fact, our result depends on the parameter ¢ in this
holographic model, however it has been turned out ¢ is related
to the parameter 0 in the topological term in QCD [9].
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TABLE 1. Fields in the matrix model.

Fields index U(k) SU(Ny) SU(2) x SU(2)
xM M=1,234 adj 1 2,2)
W4 a=1,2,i=12.N; adj fund (1,2)
Ao adj 1 (1,1)
D, s=1,2,3 1 1 (1,3)

{ = Uy, /Ukk» where U}, is related to the number density
of smeared DO-branes. N and N represent the number of
colors and flavors respectively. We have obtained the
baryon spectrum for the case of k=1 and fitted the
experimental data by adjusting the parameter ¢, computed
the two-body force (i.e. kK =2) for baryons at short
distances with the matrix model (2.1) in [8]. To clarify
the symmetry in the matrix model (2.1), we summarize the
field content in Table I.

Ay and D are auxiliary fields while X and @ are
dynamical fields. For a more realistic case and simplicity,
only the two-flavor case is considered throughout this
paper, i.e. Ny = 2. In the action (2.1), the trace is taken
over the indices of U(k) group. The total symmetry of
the matrix model (2.1) is U(k) x SU(N;) x SO(3),
where the first U(k) group is a local symmetry group
while the last SO(3) represents the spatial rotation group
which forms a broken SO(4) = SU(2) x SU(2) in the
holographic dimension as shown in the table. The broken
symmetry yields the mass terms of X* and . The
covariant derivatives in action (2.1) are defined as
D0XM = 80XM - i[Ao,XM], Doa) = 80(1) - leCU and
Do = 0g@ + iAgw. The indices of spinor for X are
defined as X, = (XMoy),, and oy = (i7,1), 6y =
(—iz,1) where 7’s are Pauli matrices since only two-
flavor case (N; = 2) is the concern. Other details about
this matrix model from the Sakai-Sugimoto model in the
DO0-D4 background are in [8].

B. Two-body effective force for baryons from
D0-D4 matrix model

Let us explain briefly how to calculate the two-body
effective force for baryons at short distances from the
matrix model (2.1) (See [8] for the complete review), and it
is also a parallel computation to [12]. We first obtain the

|

on-shell _ M
kinetic+CS 547
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two-body Hamiltonian by integrating out the auxiliary field
A and describe a single baryon by its wave function.
However, the key here is to solve the “ADHM constraint”
[21] to minimize the potential introduced after integrating

out the other auxiliary field D. Since only the two-flavor
case (N; = 2) is the concern, the ADHM constraint could
be written exactly as
# (XX s+ 5 010) 0 = 0, (2.2)
with the indices A,B =1, 2...k.
The equation (2.2) could be solved by choosing w,; =
U,,p for the case of a single baryon, where U is a SU(2)
matrix. For the two-body case (i.e., k = 2), the generic

solution could be chosen as the ADHM data of SU(2)
Yang-Mills instantons, which are

XM:T3r7M+TlYM,

ol = Ul

1

ol = Ul

1

(2.3)

where Y™ is the off-diagonal part of XY which is
defined as

_ PPz
4(VL)2

Yy= Tr[6yryoy((U)TU* = (U?)TUY)].

(2.4)

We define |r|> = (r™)? and the vector r™ is interpreted as
the distance between the two baryons. U") and U® are all
SU(2) matrices as the moduli parameters for each instanton
while p; and p, are associated with the size of each
instanton. The ADHM constraint is satisfied with this

choice and the potential associated with D in the action
(2.1) vanishes.

With the decomposition of U(2) = U(1) x SU(2), i.e.,
Ag = AQly,0 + At + A32? + A373, it is straightforward
to obtain the two-body Hamiltonian after integrating out the
auxiliary field Ay to evaluate the terms with A, in the
action (2.1),

(14 ¢)3?Tr / di[(DoXM)* + Dy@¢Dyw;s) + N Tr / diA

= (14 )32 / dt{2(A(1))2r,2V, + 8(A3)Y3,

+2(p1 + p3)[(A9)* + (A5)* + (A7)?]

+ 4p1p2 AJANTI[(UY) U] + 4(pf — p3)ADAT +

1087

(1+ C)‘3/2A0}. (2.5)
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We need to substitute the solutions for all the components
of Aj back into (2.5) once we solve the equations of motion
for Ay. The potential could be evaluated by using [ drV =
_Son—shell as

V =2V _pody T Vabody>
Viobody = 27zN. 1 7
AWM gk (1 + C)3/2
27zN, 1 uj
Mgk (142 +2p° = 2ugp®

(2.6)

Vo body =

Here we have used the same notation as [19] by defining
uy = 3 (Tr[(U")TU?]) with the choice of p; = p, = p and
kept the leading term in the large N. expansion only.

There is also an additional term to (2.5) which is the
mass term for X* in the action (2.1),

AN M 20/ 1
A (142 (1= 3¢ ) MR THX'P
_ ANCMKK 5

1
=i “W(l ‘55>M?<K<%”3>-
(2.7)

Thus there is an additional two-body potential from the
off-diagonal components of Y which is

mass AN(’MKK 3/2 1 2
Vi edy = W(l +¢)P2 (1 =56 | Mix

2.2
« [ i (riTr[iriU(1>"'U(2>])2]
'y

with i = 1, 2, 3. So we have the total two-body potential
which is the sum of (2.6) and (2.8). Note that the four-
dimensional interbaryon distance |r|> is equal to the
distance between baryons in three dimensions, since for
the leading order in the large N, expansion, the classical
value of the X* vanishes for the single instantons.

Finally, in order to evaluate the vacuum expectation of
the potential (2.6) and (2.8), we need to use the nucleon
wave function as in [8,12,19,22], which is

(2.8)

1 pt> |pl>
_(TZU)IJ = <
z nt> |nl>/,
1/ ay+ia —az; —ia
:_< 1 .2 3 .4> ‘ (2.9)
n\—as+iay, —a;+iay/;

The SU(2) matrix U represents a unit 4-vector as U =
ia;r' + ayly,, with the normalization (a;)* + (a,)*+
(a3)* + (as)? = 1. Using the standard definition S, =
1200303 — 4707 with # = r/|r| and i =1, 2, 3, it
yields the form (V); ; ; ; = Vc(F) +S,Vy(7) as the
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potential of two-body nucleons. Then we obtain a central
and a tensor part of the two-body force at short distances
which are

3

(0) /= 3 - s - = N, 1 1

\% =r|—+8,-I,)(J,-J _

c(r)==x 3 +8(1 - I,)(J; - J2) ﬂMKK(l—l-C)yz 2
N, 1 1

0) /= 7 7 c

Vv =2zl - ) ————=5—- 2.10
T (r) 77( 1 Z)AMKK (1 +C)3/2 2 ( )
Equation (2.10) is the leading order term from (2.5) in the
expansion by assuming r,, > p. And we also have the next
to the leading order terms in [8] which are

- 1 16 - - - -
V(c)<r) = {ﬁ__2187 (I - 1) (J4 'Jz)}
1 \ AN.M3, p*
X(1+§)3/2<1_€>6KK/’2,
2 b3 r
8 . - 1\ AN, M, p*
(Tl)(r)=2187(11'12)(1+C)3/2<1—2C>”KK/ZZ-
(2.11)

As we can see, the two-body potential is modified by the
appearance of smeared DO-branes, i.e., considering the
nontrivial QCD vacuum. And there would be an attractive
force in (2.11) if { > 2. Thus it is just the constraint for
stable baryonic states in the DO-D4/D8 system in two-body
case, which is the same as the constraint for the state of the
single baryonic state and is quite different from the original
Sakai-Sugimoto model obviously.

III. THREE-BODY FORCE FOR BARYONS
AT SHORT DISTANCES

In this section we will test our matrix model (2.1) by
computing the three-body effective potential (i.e. k = 3) at
short distances. It is a parallel procedure to the case of
two-body potential for baryons as in the previous section,
and we follow the same procedures as mentioned in [19]
which are

(1) Choose the value of k (the number of baryons),

and solve the ADHM constraint (i.e. integrate out

the auxiliary field D and minimize the ADHM
potential).
(2) Substitute the solution back into the action (2.1) of
the matrix model.
(3) Integrate out the auxiliary field A,.
(4) Evaluate the Hamiltonian with the desired bar-
yonic state.
As a first test, we will consider a case that all three baryons
take the same classical spin or isospin. And second, we will
demonstrate the computations for baryons which are
aligned on a straight line with equal spacings after taking
the explicit setup for generic quantum spin or isospin to our
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system. In fact we are also less clear about how to get a
physical interpretation from the calculations for the baryons
with generic positions, thus we also choose this linear
position to simplify and illuminate our calculations.
Finally, we finish our tests by evaluating the three-body
Hamiltonian with two specific three-body quantum states.
They are the states of three neutrons with averaged spins
and proton-proton-neutron (or proton-neutron-proton).

A. Three-body force for baryons with classical
spin/isospin

Our goal is to evaluate the three-body Hamiltonian, so let
us start with the four steps mentioned above.

1. Solve the ADHM constraint

First, we need to consider minimizing the ADHM
potential in the matrix model. This is equivalent to solve
the ADHM constraint for any A, B =1, 2, 3. A simple
solution to this constraint is

ok = Ut (A=1,23)

XM = ;8/1;;"24.

(3.1)

Equation (3.1) is nothing but the ADHM data for the
’t Hooft instantons which has been used in [8,12,19].
Noting that the 2 x 2 unitary matrix U does not depend
on the index A while the degrees of freedom w correspond
to the spin and isospin. The matrices X are diagonal and
their diagonal elements represent the location of the
baryons with M =1, 2, 3. The X’s and special @’s of
the ADHM data for the ’t Hooft instantons (3.1) are sharing
the same orientation. “Classical spin/isospin” here means
that in fact we cannot fix the orientation U and consider
the wave functions with finite width at same time. All the
terms with the commutators [X,X] vanish since the

|
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matrices X are diagonal, which obviously satisfies the
ADHM constraint.

2. Substitute the ADHM data to the matrix action

The interbaryon potential comes from the terms after
integrating out the auxiliary field A, and the mass term of
X*. However the mass term of X* vanishes for the 't Hooft
instantons because of no off-diagonal components in (3.1).
On the other hand, we are going to choose the gauge
60a)2i = 0, thus there is no time dependence in w or X.
So in this section, we need to consider the terms related to
Ay only.

With the gauge group U(k) and k = 3 for three-body
case, the auxiliary field Ay could be written exactly by the
Gell-Mann matrices A* which is

a

8

A

— A0 il

Ag = Al 5 + ;Ag > (3.2)
As in the two-body case, only the kinetic terms of @’s and
X’s contain A, while only U(1) component A appears in
the CS term in action (2.1). So for the kinetic term of X, it
takes the following exact forms by substituting the ADHM

data (3.1),

TH(DXM)? = (AL + (43
+glAD7 + AP + V3
A2 + (AP - V3R (33)

And then we need to consider the kinetic term for w. It is a
lengthy but straightforward calculation just by using the
ADHM data (3.1). As a result, we obtain the following
expression,

. 1<
Tr(Do@! Dowia) = 2[(p" ) + () + (0*)?] [<A8>2 +52 <As>2] +4p! PPAAT + 4! AAS
a=1

2
+4p° PP AGAT + 2A5A0[(0')? — (07)%] + 7§A§A8[(ﬂ1)2 +(p*)? =2(0"))
202 ol
+ AgAG + p' PP AGAS + p' PP ATA] = —= AGAG + p' PP AGAG — p' PP ATA]
V3 V3
2.3
Py
+ Pl PPAGAG — = ABAG + PP AGAG + PP AGAT — 7P  AGAG

V3
1 1

1

b oA+ (4D 4 (A9 — 5 (A9 — 3 (AD2| (0" ~ ()

4 4

V3
1
12

x [(p")* + (p*)* —2(p*)*.

+

4

[2(A49)7 +2(A5)* +2(A7)* — 2(A)* — (A7)* — (43)* — (A7)* — (4))’]

(3.4)
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In fact (3.3) and (3.4) are as same as the “data” used in [19] since we start with the same ADHM data (3.1) for the "t Hooft
instantons.
Finally, we also need to consider the Lagrangian for CS term which is

162
02m 0 (3.5)

Les=———35
Mg (14¢)3? 0

So the total Lagrangian involving the field A, consists of (3.3), (3.4), and (3.5), which is denoted by Ly,

Ly, = Tr(DoXM)? 4+ Tr(Dy@?Dow;s) + Les. (3.6)

3. Integrate out the auxiliary field A,

We need to solve all the equations of motion for all the components of A. All the equations of motion can be obtained by
Euler-Lagrange equation with (3.6), i.e.

8LA aLA
8A80 =0, or 3780:0 (for a =1,2...8). (3.7)

We obtain 9 equations while all the components of A, are mixed to each other. By solving these equations we find a unique
. 3
solution as

= O A 5 B 8 - 61
= 633 = 2007 + (P)2) + 303 + A7 + (02))] = (03 = 3RV 203+ (') + (3= 372
(R =3ryr23 + 1803+ ) (02 (P10
HARV3rrg (07 = (01)) = R + (01)) = 332 + (0] ),

20 212 VITIREY! 2\4 2\27( 412 2\2
A8:2(1+C)3/2/1(,01)( M2 (R = 37 s 1310 = ()] +9(r3)*[(p")* = (0*)*] + (13)%[(p")* = (p°)7]

< ((p") + ()2 +4(p*)2 = 6r3) + [2(")2(0?)% + ()2 + (07))(p*)218V313(r315) + 3r3r2[(p")? = ()7
x [3rg = 2((p")* + (p*)* = 2(p*)H)]}.

A8 9
O 201+ 0P 2 (07 () M3 (73 = 33)?
< {=9V3(r3)[(p")> + (0)P(p*)? + [2(0")*(*)> = ((p")% + (0*)*) (0*)PIV3(13)® — 2413 (r37)
< [(0")% = (0PI (0P + (0°)] +3V3r3r32(0")2 (0?2 (3rE + 4(p')* + 4(p*)?) — 4((0")* + (0)*) (p*)*
=330 ((P")2 + (PP +2((0")* + (01)* + 6(p" )2 (p*)D) (°)*] = V3(13)*[=4(p" 2 (p*)* (=373 + 2(p")?
+2(0)%) + (PP ((p")* = 6(p")*(p*)* = 6r5(p")* = 6r5(p?)*) +4(p*)*((p")* + (p*)*)]}. (3.8)

and
27z((p*)* + ("))
(14832 AM gxp' p*r3
e 108v/3z((p')* + (p°)*] 7
(1 + )32 aM gxp' pP[V/3r% + 61375 + 3+/313]
o _ 1087[r3 +2v3rsrs + 3r3)[(07)* + (°)*]
o (14 ¢)2AM gkp?p? (r3 = 3r3)?

Al =

’

: (3.9)

*In order to simplified the formula, we have used r2 to represent r/7¥ and r,r, to represent r¥r¥.
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while the solutions for other components are A3 = A(S) = A} = 0. We can obtain the integrated Lagrangian from L 4, With
the moduli parameters i/, r, and p* by plugging the solutions (3.8) and (3.9) back to (3.6), which is

Ly (5 gl p) =

<Msvj”) (i +1¢> [lzwl/*)*zt(rl% (” (5%2* (<p2)>22>

1
1 ) 2)
+ 1+ +
(r 4+ V/3ril)? ( 2(0°)?  2(')?
1 < )2 ) )]
+ 1+ + (3.10)
(rf \/§r§4) 2007 2(0%)
By employing the picture of soliton, we obtain the potential V¢! from the D0-D4/D8 matrix model, which is
ANCMKK
S = ﬁ(l +C)3/2/dtLAO = —/dtVCl. (3.11)
Thus we have
542N, I 1 (p)? (P2)2>
Vel = = 1+ +
Mgk (1+ C)*/Z {821 (r") < 2007 2(p")?
1 (') (p )) 1 ( (P*)’ (ﬂ“)]
+— |1+ + + 1+ + . 3.12
e ) v (e 2 12

In order to obtain the potential intrinsic to the three-body
case, we have to subtract the one- and two- body Ham-
iltonians. It can be read from the computation for two-body
case in [8] with the ADHM data for the 't Hooft instantons.
If we take the leading term in the large N, expansion, we
have the following forms

ye 27N, 1
1=body 4aM k(1 + )32 (ph)?
Vcl — 277TNC 1 2+(p3)2+ (pA)2
YT Mk (1+ 02 (PP () ("))

(3.13)

where we have used  to represent the distance between
the two baryons. Then according to (3.12) and (3.13), it
gives

(3.14)

(A.B)cl cl
§ : l body 2§ :VQ body =V,

A=123 AZB

which means the three-body force of the baryons sharing
the same classical spins or isospins vanishes exactly. The
result remains as in [19] and in [20] with the soliton
approach.

In [8,11], we claim that the constraint for the stable
baryonic state is { < 2 in DO-D4/D8 system and it turns out
the two-body force is also affected by this constraint.

I
However according to (3.12) and (3.14), it seems this
constraint has nothing to do with our calculations for three-
body case. The direct reason is, during our calculations for
the “classical treatment” we have set the mass term of X* to
zero, but the constraint for the stable baryonic state comes
from this term. The physical interpretation is, in fact we do
not keep the quantum spin or isospin degrees of freedom
explicitly in this “classical” computation, which means
some quantum effects about the QCD vacuum in this sense
are missing. Therefore the computation based on the
“classical treatment” is also unfortunately unrealistic for
the nucleons in the D0-D4/D8 system. So in the next
sections, we will focus on a more realistic case with the
quantum degrees of freedom for spin or isospin.

B. Generic three-body force
in D0-D4/D8 system

For a generic calculation about the three-body baryons in
DO0-D4/D8 system, we will follow the four steps as well as
the case in the previous section.

1. Solve the ADHM constraint

As a warm-up in the previous section, we have fixed the
spins or isospins for baryons and computed the three-body
force with the ADHM data for the ’t Hooft instanton in our
DO0-D4/D8 matrix model, which is easy but not realistic. In
this section, we keep the quantum spin or isospin degrees of
freedom, i.e., allow arbitrary U for each baryon,

065051-7
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Ump , (A=1,2,3). (3.15)
Since our D0-D4/D8 matrix model does not change the
ADHM constraint (2.2), we can choose the same solution

for X as in [19] which is

XM:Z%ar;”qL > %“ry.

a=3,8 a=1,4,6

(3.16)

The off-diagonal components are turned on in matrices
XM which makes (3.16) different from (3.1). The off-
diagonal r|, ry, and rg should be small and r; and rg
|

PHYSICAL REVIEW D 93, 065051 (2016)

specify the positions of these three baryons. The classical
size of baryon is small enough for large A, p ~A~'/2, so
we also need the ADHM data for well-separated instan-
tons since the generic three-body ADHM data is not
available, i.e.

|r3 + V3rg| /2, | = r3 +V3rg)/2,

|rg| > p?.
(3.17)
The well-separated instanton is in [23] and we employ it

as the ADHM data in our notation, which the relevant
parts are’

. d20M12 2 1 NF772 plp( )dZO-M
rlow =g P U U = U U P PldasP
< {[(U)T0? = (V) 1P]d3sdy, (U UP = (UP) U]
— [(UP)TU" = (U], ds[(UP)TUP = (UP)TUP)} + O(d),
Y Aoy | 1 1 p'p}(p?)2dle
low =g I U = U e P
< {[(UH)'U° = (U U2]d}ydyy [(UY) U2 = (UP)TU']
— [(UHTU" = (U Ud}ydos[(UP) U = (UP)TUP]} + O(d),
. d23‘7M 2 31(773\iT72 24773 p2p3(p1)2d’2"§aM
0o = g P LU U = U U g e P s P
< {[(UY'U? = (U3) U d}3dy (U2 U' = (U 0P
— [(UNTU? = (U?)TUY)d},d s [(UP)TUY = (UN)TUP]} + O(d), (3.18)

with the definition of the distance vector d;; between the ith
and jth baryon,

According to (3.16), we have the positions for the three
baryons respectively,

=2+l j2V3, =24 2V3, V3,
(3.20)
with
diy = —dy = r3,
diz = —dy = (r; - \/g”s)/z’
dyy = —dz; = —(r3 +V3rg) /2. (3.21)

*Here we follow the notation used in [19,24].

|
2. Substitute the ADHM data to the Lagrangian

Here we use the SU(2) matrices U4, to represent the
rotation matrices for different three baryons with A =1, 2,
3, which can be written as u012X2+zZ ' uw;irt with

3 (u;)? = 1. Thus the terms consist of U ’s such as
in (3.18) can be written explicitly as

ul*? i (3.22)

M,J

Uéi(Ugi)T (12><2 ap +i

i=1

where 1, is defined as same as in (2.6). So we have new
terms with new parameters ¥ with a = 1, 4, 6 and u}? if
compared with the ADHM data in (3.1).

As the case in the previous section, we also need to write
the terms including A, which are the kinetic terms of X and
 plus the CS term. For the kinetic term of X, we have,

8 14 2
Tr(DyX™)? = Tr (—i{AO,Z%rﬂ> .
a=1

And (3.23) could be simplified as

(3.23)

065051-8
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1
Tr(DoXM)? = g {(AD21 + (AS)?r} + 4(A)215 + (AD)*13 + (A)%1% — 2A AYriry — 2V/3AGASr 1y + 6AL A3y

— 2V3ALAS P31y + (A1 + (A8)2r5 + 3(A8)2r5 — 2ALASr re — 2V/3A3ASr 16 — 6A}Adrsre

+ 2V3A5AS r3rg — 2A5A ruTe + 4VBALAS e + (AD)PTE + (A2 + 3(AD)2r2 + (AD)*[4r + 15 + 1]

+ 4\/§A3A8r1 rg + 2\/§(A3)2r3r8 - 2\/3(148)27'3}’8 - 2\/§A(1)A8r4r8 - 6A3A(8)r4r8 - 2\/§A(1)Agr6r8

— 6ASASrers + 3(A$)?rs 4 3(A§)?r3 — 2A3[4A}rirs + 3ASr ry + Abrsry — \/gAgri —3A}rire + ASrsrg

+ V3A3r2 4+ V3A rurs — V3ASrers]}. (3.24)
Note that (3.24) does not include the terms of A§ with a =2, 5, 7. We have omitted these terms since all Aj with
a=72,5, 7 appear in the Lagrangian as quadratic terms which yields Ag:2'5’7 = 0 by their equations of motion.

According to these, we have the kinetic term for @ which is similar to the case of the 't Hooft instanton as
follows,

6

Te (Do Do) = 2[(0")2 + (42 + ()] [<A8>2 <y
a=1,3,4,6,8

12 13
(AS)Z} +4p' p2u D AJAG + dp! Py AAG

2
23
405 AGAG + 24380017 = (7)) + AR + () = 2007
2" pPuy” (12) p'p?uy” (13) (13)
+ TOA(')AS +p'p7uy T AGAG ~ T;Aéf‘g +p'puy TAGAS + p' P uy T AGAS
ppug’ ) ) 1 1 1
= A ASAG+ PP ug AgAG — pPptug  AGAS + [EASA(S) + (402 = 7 (A0 [(0')* = (*)?]
1
+ 35 [2(40)7 +2(43)* = 2(45)* = (45)* — (A5)°][(p")* + (0)* = 2(0*)?). (3.25)

We have used w214 ,(w%.)* = 0 for a = 2, 5, 7 since they
are proportional to U4,(U%)" — UB(U4)" with A, B =1,
2, 3. So the total Lagrangian can be written as the form in
(3.6) again with the CS term given in (3.5).
Additionally, we have another term to the ‘“on-shell”
Lagrangian which comes from the mass term of X* in this

DO0-D4 matrix model,

AN M 2/ 1
T”KKU + 5)3/25 (1 —§C>M%<KTT(X4)2

AN M 1 31 1 2
_ T ¢ KK _ /2 4 4
3 (1 2‘5)“”) {4 (r”ﬁrg)

e )V e ]
-\ —r —7r —(r —
4 3 \/58 3 8 2

The two- and three-body terms are in the last term of (3.26)
while the first three terms are related to one baryon
potential. So we need to write the expressions for the

Basically, th’e’t’h’rée—body force could be determined in
principle by straightforward calculations from (3.24),

|
(3.25), (3.26), and (3.5). However the calculations
would be very messy and we are less clear about
how to obtain a physical interpretation from the
calculations. To clarify the physical essence, we there-
fore are going to employ the arguments as in [19] i.e.
choose a particular alignment of the baryons. And the
physical essence and significance would be clear by
this choice.

C. Hamiltonian for three baryons
aligned on a line

We consider the following condition as in [19] for the
baryons aligned on a line,

=0 A=s%0, (3.27)

which means three baryons are located at xM = rf/2,
M =—rl/2, and x™ =0, respectively. The resultant

Lagrangian would be simplified as

L, = MNM

0 547[ (1 +C)3/2(L1+L2)’

(3.28)

where
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162740 A2 (MM (A
) § e e 4
AM (1 +¢)Y 2 8 8
2A0A8

V3

+ (A(‘)Ag — AJAS -

1

+ (AﬁAg +
AGAS

V3
1

1 1
L, = 1 [Z(Ag)z”% +§(A3)2”% T3

1 1
(A$)%r} — AbAriry — 3A3AGr ry — V3AGASF 1y + E(A(l))zrézt +

PHYSICAL REVIEW D 93, 065051 (2016)

+ [6(A9)* + (A§)* + (A7) + (AG)* + (A§)* + (A5)*]p?

ALAS
2,12 4 <A3A4+A1A6_ 0 0> 2u(13)
>P 0 0410 0430 /3 p

0

Yol anfaial A+ A

1
S DA 42 (457

3
+ V3ARART + 5 (A1 + 3A3AGr 76 — AYAGrire — V3ATASr s — AGAGrar

1 1
+2\/§A(1)Agr4r6 —|—§(A(1))2r% +§ 3

For obtaining the expression (3.29), the terms related to r; g
and Y have been eliminated since we have used the
following equations

AR =0, (V3RO =0,

(4! =V3rgrll =0, (3.30)

which could be explicitly shown by the ADHM constraint
(2.2) in the expansion of |r| > p (See the details of this
expansion in [23]). Then we have to evaluate the mass term
of X* in this matrix model, as an explicit result it is

INM (1 iy P9
Vgn_als)?)dy - 223471. 1 _EC (1 +C) / W

X ATe(rT o) Tr[r(Ty3T13 = T13T23)]

= 2T (rT3)Tr[r(T3T 1o = T12T3,)]

= 2Tr(rTx)Tr[r(T5 Ty — T T31)]}. (3.31)

where r = rMGM and Tl] = (Ul>}U] - (U]>IU1 = _T]t

And we have used (3.30) to simplify (3.18) for these
aligned baryons to obtain (3.31) as

1 1
Moy =—=p'p*rTy ——3p'0*(0*)?r(T32T153 — T153T3)

|r|? 7|
+O(1/|rP).
2 5 L5 00
oy = Wﬂ p T3 —WP P> (p?)°r(T5T 1, — T1rT5)
+0(1/|rP),

1 1
”245M = WP2P3VT32 - WPQPB(PI)Z
X r(T3 Ty — Ty T31) + O(1/|r]?). (3.32)

Note that only the second terms in each right-hand side
of (3.32) are related to the three-body case while the first

1 3
(A7 -+ 5 AP = VAR + 3 (4|

5 (3.29)

|
terms in the right-hand side of (3.32) equal the off-diagonal
entry of two-body case. This has been considered in
the potential of (3.31) with taking the classical value as
p! = p* = p? = p for the leading term in the large N,
expansion.

1. Integrate out the auxiliary field A,

We also need to solve the equations of motion for A,
derived from Lagrangian (3.29). By plugging the solution
back into (3.29), we obtain
L Ay — —V

0

A 1 AB
V= Z VE—)body T3 ng—bo)dy + V3 body-
AST23 A#B

(3.33)

As (2.6) or in [8], the expressions for one- and two-body
potential are

PN T AAM g (1 + )32 P
wp) _ 27N, (uy ™)’
2—body )VMKK(I + é«)3/2 |r(AB)|2 + 2p2 _ 2(M§)AB))2,02
(3.34)
By the condition (3.27) for the aligned baryons
112 =, |r13)| = r®)| =r/2,  (3.35)

and then we will compute the three-body potential V3_p,qy
in (3.33).

As we are going to use the same trick as in [19] to solve
the equations of motion for A, we first rewrite the
Lagrangian L as

L, =ATMA + BTA (3.36)

065051-10
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where
AT = (A3, A}, A3, AL AS, AS),

and

6 2u 0

2u(()12) 1+ 7r%/2p? 0

v_p| © 0 1
20" w2 g2
>  uV2 V)2

o u?/\3 0

There should be another Lagrangian L, for the compu-
tation, however it turns out that Lagrangian L, is not
necessary in the next computation since our computation is
in a “long-distance” expansion p < r and Lagrangian L, is
at higher order in this expansion.

By (3.36), the solution for the equation of motion for
AO is

1

A= —EM‘IB, (3.39)
and the Hamiltonian is therefore
AM N, 1
=———“(1+¢)>*-B"M"'B
v 54z (1+£) 4
337N, _
M 1](1,1). (3.40)

T UM (1+ )

We obtain the following leading term by expanding in
power series of p*/r?

- 3°zN.,
C 20M gk (148)%?

1 2(u(1:2) 2+8 (1,3) 2+8 (22))2 4,2
X_2+(” ) (’42) (u )+PJ;s1
6p Or or
+0(p*/1°), (3.41)

where the function fg; is the spin/isospin phase defined as

As in [19], we have also checked this to confirm that
Lagrangian L, is indeed at higher order for the next computation.
However the computation is lengthy and not necessary for this
manuscript thus it is not presented here.

BT =

PHYSICAL REVIEW D 93, 065051 (2016)

162x

ﬂ—MKK(l n 4)3/2 (1, 0,0,0,0,0), (3.37)
2u” 2ul? 0
u(()23)/2 u(()]3>/2 12)/\/§
ul? /2 ) 0 3.3
1+ r%/8p? u(()12>/2 uom/Z\/g
W2 182 /23
13)/2\/§ —u(<)23)/2\/§ 1
[
For = (g ™) = () +16(uf )" = 16(uy )
+ 160y ) + 16(us)t — 16(us)?
+ 4y ) (g )+ g ) (g )
+ 16(ul")V (V) = 244l PVl (3.42)

Subtracting the one- and two-body potential (3.34) from
(3.41), we obtain the three-body potential in the expansion
of p?/r* as

216zN .p? (1232, (1.3)\2
V3 oty = ‘ [(ug ) ()
OO AM g (14 §)*2|r[* 0 ’
1,3)\2 2,3)\2
+ () (ul )> + 4y ()
—6ul" P ul Ul 1 0t 19). (3.43)

With the mass term for X* (3.31), we have the total three-
body potential which is

&= —body — V3 —body + Vi alsai)dy (3.44)

We can evaluate the potential with a three-body baryonic
state with (3.43) and (3.44) for any spin or isospin. So we
will choose two different baryonic states as in [19] to study
the three-body nuclear potential.

Furthermore, we also have some comments about
(3.43). As mentioned that p is of order O(1/+/2), thus
the three-body Hamiltonian is of order O(1/4?r*) which
is therefore suppressed by 1/42 It is also consistent with
[20] in which the generic k-body potential is of order
O /2=1p2=2) with k=3 and Mgg =1 if setting
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=0, ie., no smeared DO-branes. Additionally, if
all the matrices U"’s in (3.44) are equal to each other
which means the ADHM data returns to the ’t Hooft
instantons, we would have u((;’ﬁ =1 and A;=0,
yielding the vanishing three-body potential as same
as in (3.14) in this DO-D4/D8 system. Thus obviously
it is a consistent check for the results in the previous
section.

2. Evaluate the potential with baryonic states

In this subsection, we are going to compute the spin/
isospin dependence of the three-body short-distance force
with our three-body potential from the D0-D4/D8 matrix
model. As a parallel study, we would like to choose the
following two states as in [19] which are

(1) three-neutrons with averaged spins.

(2) proton-proton-neutron (or proton-neutron-neutron).
The first state is relevant to the dense states of many
neutrons as core of neutron stars or supernovae while the
second state is for the spectrum of Helium-3 nucleus. In
some high-density system, the nontrivial QCD vacuum
may affect nuclear force among baryons, as a description,
we would like to use our D0-D4/D8 matrix model to study
the nuclear force with nontrivial QCD vacuum since the
number density of DO-branes in this DO-D4/D8§ system is,
for example, relevant to the glueball condensation or
CME [9-11].

(1) three-neutrons with averaged spins.

The single-baryon wave function has been given in (2.9)°
for protons and neutrons. Since we need neutron states
with averaged spins, thus for any given operators, the
appropriate expectation is

(V) =

[(n 1 [Oln 1)+ (n | |Oln })]. (3.45)

N =

We need to take the expectation value for three baryons for
O being the three-body Hamiltonian. Here we will not
antisymmetrize the wave function although the nucleons
are fermions. We consider a single baryon case as (3.45), it
yields

v) = [ dau 30l DE +Olin DL (346

The dQ; is the integration over S3 by the unit vector a. By
the wave function (2.9), we have

®The wave function may be deformed if we consider the
baryons or nucleon with nonzero QCD vacuum. Thus here we use
(2.9) as an ansatz to study the nuclear force with nonzero QCD
vacuum.
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[{@ln 1)I* + [(@ln 1)

= L@ + (@) + (@) + (@)

(3.47)

therefore,

v) :# / Q0. (3.48)

So according to (3.48), with the spin-averaged wave
function, the three-body potential would be,

A
< V3 3body > nnn(spin-averaged)
216N p? 1
Mg (14 )32t (222)3

X / a2 aQY a0 |(u )’

1,3)\2 1,2)\2 2.3)\2
 (u§ )2+ (g (us)

1,3)\2 2.3)\2 1,2 23 1,3
< 4(ul" ) Y = 6ul UVl V). (3.49)

And the next computation is quite similar as done
in [19]. For example, using uo =% (Tr[(U")'U?]) and
(a))? + (a2)? + (a3)> + (a)? = 1, thus for (u"?)* we
have

-

P
ué J) = 5'TI‘[(](”TU(])] = a(l) . a(/), (350)

where a'/) is unit 4-component vector, pointing one phase
for spin or isospin on S by the definition of U. Therefore,
we can obtain

1 1,2)\2
[ aoti

2

= / dy)cos?6 = / cos20sin’6 sin BdOdHdsp :%,
6
/ngl)ngZ)ng3)u(()1,2)u(()2,3)u(()1,3) :%’ (351)

where 0 is the angle between @) and @), Finally we
obtain

A
<V3gb0d)’>nnn(spin—averaged) =0. (3 52)

Therefore we also obtain a vanished three-body potential
from the A, terms with the spin-averaged neutron wave
function.

Similarly, we can obtain the expression of the expect-
ation for Vg“_a‘gi)dy as
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AN My

2ﬁ

PHYSICAL REVIEW D 93, 065051 (2016)

mass 1 1 1 2 3
<V3—1}ody>nnn(spin_avemged) =3, (1 —§C> (1+¢)¥ 176 (222)? / A dQY aQ {Tr(rT o) Te[r(TosT 15 — T13Ta3)]

= 2Tr(rT3))Tr[r(T3,T 12 = T12T32)] = 2T (rT3p) Te[r(T31 T2y — T2y T31)]}

_ AN Mk 1 3/2p6
=3 (130 0

22337

The integration of (3.53) could be performed by using the
polar coordinates and we have used the symmetry for
exchanging of the integration variables. As a result, we
have the following integration

1
(2”2)3/dggl)ngZ)ngB)Tf(rTzl)Tr[”(T23T13 = T3T3)]
= 8|7 (3.54)

Therefore we obtain the expectation from (3.53) which is

. 2717231522
<V3—i36dy>nnn(spin—averaged) - ﬂQM%(K(l _ %é‘) 1/2(1 4 C)3|;.’|4 ’

(3.55)

where the three-dimensional vector 7 specifies the inter-
baryon distance in our space. The four-dimensional dis-
tance could be identified as three-dimensional distance
since we can choose the classical value for the four-
dimensional component r* of ¥ = (7, r*) vanished at
leading order in 1/N expansion. And in (3.55), we have
substituted the classical value of p, which is p =
273V AT B Mgk (1 = 10)7V4(1 + £)=¥/* in [8], for
the two-flavor case also for the leading order in the 1/N.,
expansion. So we obtain the total three-body potential in
our D0-D4/D8 system as,

1

+Hlpd>1 [n 1>y [p >3 =n 1> [p > [p1>3 Hnt> [p 1> |[p 1>3].

1
3/ ngUd.ng)ngS)Tr(rTz])Tr[r(T23T13 — T13T23)].

(3.53)

[
< V3 —body > nnn(spin-averaged)
= <V3Eb0dy>nnn(spin—averaged) + <V§n_ats;)dy >
2-1/2315/22
Mo (1 =3O+ O3

nnn(spin-averaged)

(3.56)

This three-body force is obtained by considering effect of
nontrivial QCD vacuum in the DO-D4/D8 system and also
with averaged spin. The three-body force is suppressed if
compared to the two-body potential (2.10) for large 4. As in
[20], our three-body potential is also a generic hierarchy
between N + 1- to N-body potential. My is the energy
scale for the dual QCD-like field theory, and our calcu-
lations are as well valid at short distances. However if we
focus on the factor (1 —1¢)!/2, it implies that the three-
body potential is totally complex with { > 2, which is
nothing but our constraint for stable baryonic state in this
system. We will discuss it in detail in the final section.

(2) proton-proton-neutron (or proton-neutron-proton).

In this subsection, let us evaluate the three-body potential
with the state of proton-proton-neutron (which is also a
same calculation for the case of proton-neutron-proton). We
will consider the three-nucleon state with a total spin 1/2
and a total isospin 1/2. We can use the following state to
represent a proton-proton-neutron state with the third
component of the total isospin +1/2,

\/EHP > pd> nd>—|pl>[p 1> n 1> =pt>1n 1> |p >3

(3.57)

The next calculations are straightforward and similar to what we have done for three-neutrons with averaged spins. With the

following integrals

2 3 - -5 o 1.2)\2 3)\2
/ A0 dQY |y (@, ay, a3) P (ul ) (ul)? = —

I 1
/ a0 a0 a0 (@ ay. ) Pul Pl =

36°
M 502 1683, (2 = = \;2 320 -,
dQy dQsdQ3" |y (ay. as, a3)|"Tr(rTo ) Tr[r(To3 T3 — T13T23)] = —ﬁ|"| : (3.58)
With these formulas, we have
252392572 N
Ag _ mass _ c
<V3—b0dy>ppn - 07 <V3—body>ppn - izM%K(l _%é/)l/Z(l + C)3|?|4 . (359)
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Therefore we have the total three-body potential for proton-
proton-neutron which is
A ,
(V3-body) ppn = <V3gb0dy>ppn + <V§“_"ﬁ2dy>ppn
_ 25/239/25”2Nc
Mg (1=50)"2(1+ )7

(3.60)

This three-body potential is positive which means there is a
repulsive three-body force at short distances. The compu-
tation for three other wave functions (+1/2,—1/2),
(=1/2,+1/2), and (—1/2,—-1/2) of the third component
of the spin and isospin, is the same as the current
computation for (+1/2,41/2). And the result turns out
to be the same as (3.60) since our matrix model (2.1) is
SO(3) invariance for rotational symmetry and SU(2)
invariance for isospin symmetry.

IV. SUMMARY AND DISCUSSION

We proposed a matrix model with U (k) gauge symmetry
in [8] for k-body baryon systems with nontrivial QCD
vacuum. And in this paper, we use this matrix model to
compute the three-body force for baryons at short dis-
tances. We find the result includes some effects, maybe
such as in glueball condensation and CME, from the
nontrivial QCD vacuum. We derived the matrix model
by using the standard technique from gauge/string duality
(also the AdS/CFT correspondence), thus our matrix
model is not a phenomenological model. Precisely,
the matrix model is a low-energy effective theory for the
baryon vertex, which is denoted as a D4’-brane, in the DO-
D4/D8 holographic system of large N. QCD with non-
trivial vacuum. Consequently, we can compute the k-body
baryon potentials for arbitrary number of k with this
framework by considering the nontrivial QCD vacuum.

Our computation is parallel to [ 19] thus is straightforward.
We took k = 3 for the case of three baryons, i.e., the U(3)
matrix model and evaluate the Hamiltonian with a quantum
three-body state which is a tensor product of single-baryon
states. Then the potential intrinsic to the three-body case is
obtained after subtracting the one- and two-body contribu-
tions. However our calculations are valid only at short
distances, i.e., 1/VAMgg < |r| < 1/Mgy where A is the ’t
Hooft coupling constant.” As two typical and explicit
examples, we choose (1) three-neutrons with averaged spins
and (2) proton-proton-neutron (or proton-neutron-proton),
and in both cases the baryons or nucleons are aligned on a
line with equal spacings. We obtain the resultant three-body
potentials for baryons in (3.56) and (3.60), both of which are
positive (i.e., repulsive) and modified by the appearance of
the smeared DO-branes (i.e., the nontrivial QCD vacuum).

"If we fit pion decay constant with 4, then My would be
O(1 —0.5) GeV when it fit with the mass of baryon or meson
[16,17,24].
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And as a quick check, all our results would return to [19] if
setting { = 0, i.e., no smeared DO-branes.

Furthermore, we would like to give some more com-
ments to our results and discuss the importance of them.
According to the form of the wave function (2.9), our
results (3.56) hold also for the case of three-protons since
the matrix action is SU(2) invariance for isospin. So the
results (3.56) hold if all three baryons or nucleons have the
same flavor. Therefore, the three-body potential for proton-
neutron-neutron takes the same form as (3.56), which
implies the additional repulsive three-body force may exist
in addition to two-body force and be affected by some
effects from nontrivial QCD vacuum at short distances.
Besides, the three-body potentials obtained in (3.56) and
(3.60) are suppressed if compared with the two-body
potential (2.10). At short distances, i.e. 1/ VIM g < |r] <
1/M g, the suppression factor 1/A(rMgg)? is small which
makes our computation valid.

On the other hand, as a difference from the original Sakai-
Sugimoto model, we find the resultant three-body potentials
(3.56) and (3.60) are totally complex if { > 2. It corresponds
to the constraint for stable baryonic states in the DO-D4/D8
holographic system discussed in [8,11] for the two-body
case. During our computation, the three-body potentials
(3.56) and (3.60) actually come from the mass term in the
matrix action (2.1) since the contributions from other terms
vanish. From the matrix action (2.1), it is obvious to see that
the matrix model describes an unstable systemif { > 2 (i.e.,
aquantum mechanical system with complex mass term), that
is the reason that the computation does not depend on the
number density of the smeared DO-branes in the (3.14) from
“classical treatment,” while our results (3.56) and (3.60) are
also consistent with these. Therefore according to our results
in [8] and the three-body force (3.56) (3.60), it implies that
the constraint for stable baryonic state may hold in the
methods for N-body case. Besides, if comparing our results
(3.56) and (3.60) with the two-body force (2.10) and (2.11),
we find the three-body force would be going to infinity as
¢ — 2. This implies the three-body force would become
dominant if the nontrivial QCD vacuum is too important to
be neglected, which is also different from [19]. At{ = 2, the
total effect from the 6 angle (or DO-branes) on the inter-
actions among N . quarks become much larger than the effect
on one pair of quark and antiquark. Since our discussion is at
the large N, limit, i.e., a baryon may consist of a large
number of quarks, thus the interactions among such a large
number of quarks could destabilize the baryons [11]. This is
why the baryon becomes unstable at { = 2, however the
meson may remain stable since a meson is formed by a
quark-antiquark pair only. Thus it may imply a phase
transition with the parameter at { = 2 and we would like
to take this for the future study.

With { < 2, these three-body forces would also become
stronger if the distances get shorter. As a result, three-body
forces give additional repulsive potential at short distances
if the neutrons are highly dense. As mentioned, the effects
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from nontrivial QCD vacuum, for example in the glueball
condensation or CME, may also play the important roles in
such high-density matter. Physically, the mass spectrum of
mesons is modified by considering the effects from non-
trivial QCD vacuum with the DO0-D4/D8 holographic
system as discussed in [9], so the potential of the interaction
among baryons would also be modified since the nucleons
interact with each other by exchanging such mesons, which
is also consistent with [8,11]. In the viewpoint of dual field
theory, adding smeared DO-branes equals adding nonzero
OTr(F,,F™) term to the action. With this term, the
propagator derived in the dual quantum field theory is
modified, thus yielding the modified three-body potential.
Additionally, we also find the three-body forces for proton-
proton-neutron and proton-neutron-neutron are all positive
i.e. repulsive, thus our result seems also responsible for
Helium and Triton if the effects from the nontrivial vacuum
are considered.

However, our results are as examples limited to three
baryons on a line and only valid at short distances since the
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calculations for three baryons with generic positions are too
messy to get the physical significance. So our result is not
conclusive enough for those interests listed above but
suggestive. Therefore, there is still a long way from the
holographic model with an underlying theory toward real-
world nuclear matters.
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