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We exploit a recent advance in the study of interacting topological superconductors to propose a
solution to the family puzzle of particle physics in the context of SOð18Þ [or more correctly, Spinð18Þ]
grand unification. We argue that Yukawa couplings of intermediate strength may allow the mirror
matter and extra families to decouple at arbitrarily high energies. As was clear from the existing
literature, we have to go beyond the Higgs mechanism in order to solve the family puzzle. A pattern of
symmetry breaking which results in the SUð5Þ grand unified theory with horizontal or family symmetry
USpð4Þ ¼ Spinð5Þ [or more loosely, SOð5Þ] leaves exactly three light families of matter and seems
particularly appealing. We comment briefly on an alternative scheme involving discrete non-Abelian
family symmetries. In a few lengthy Appendices we review some of the pertinent condensed matter
theory.
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I. THE FAMILY PROBLEM

Forces are unified, but matter is not. That quarks and
leptons are repeated in three families is one of the most
nagging puzzles in particle physics. Long ago, it was
observed that the spinor representation of orthogonal
groups, upon restriction to an orthogonal subgroup,
decomposes into a bunch of spinors of the smaller
group in a repetitive structure highly suggestive of the
observed families [1–4].1 In the SOð18Þ [strictly,
Spinð18Þ] grand unified theory (GUT), all known
fermions are components of a single irreducible 256þ
spinor representation, and matter is unified at high
energy scales.
Unfortunately, in this scheme, in addition to the

desired 16þ s to which quarks and leptons belong
in SOð10Þ [strictly, Spinð10Þ] unification [5], we
also obtain an equal number of 16− s which are
unknown experimentally. In the original literature, it
was suggested that these 16− s acquire large masses
and/or are permanently confined by a “heavy color”
gauge group. See the references cited above for
details.
A seemingly unsurmountable stumbling block is that

in the standard Higgs mechanism, large fermion
masses necessarily break the gauge symmetry and
give the gauge bosons large masses, contrary to

observation. Thus, it was already clear long ago that,
in order for spinorial unification to work, we must
somehow evade or go beyond the Higgs mechanism.
Recent developments in condensed matter physics
afford us precisely this opportunity, which we will
outline in detail below.

II. MASS WITHOUT MASS TERMS:
KITAEV-WEN MECHANISM

It was recently argued by Wen that the Spinð10Þ
unified theory can be regularized on a 3d spatial lattice
with continuous time [6]. The low energy limit of lattice
gauge theory is necessarily nonchiral [7], so the con-
tinuum fermion fields that emerge from a Spinð10Þ
lattice gauge theory must transform as the reducible
representation 16þ ⊕ 16−. The conclusion of Wen’s
paper implies that the 16− mirror fermions must have
somehow obtained mass and decoupled from the low
energy theory without breaking Spinð10Þ and without
giving mass to the gauge bosons. (Later, it was realized
that the method of defect condensation can also be
employed to support this conclusion [8,9]. See
Appendix A.)
The same type of argument was independently pro-

posed by Kitaev to show that the free-fermion classi-
fication of 3He-B reduces under interactions from Z to
Z16 [10]. This means that 16 copies of topological
superconductor2 can be smoothly deformed into an
ordinary superconductor without going through a bulk

*Current affiliation: Institute for Quantum Information and
Matter, California Institute of Technology, Pasadena, CA 91125,
USA.

1In addition to the highly attractive repetitive structure pro-
vided naturally by the theory of orthogonal groups, we also find it
intriguing that spacetime is also governed by an orthogonal
group, namely the Lorentz group SOð3; 1Þ [or more correctly,
Spinð3; 1Þ ¼ SLð2; CÞ].

2The reader who is unfamiliar with the concept of topological
superconductor may wish to consult [11] and [12]. However, it is
not necessary to master these references in order to understand
our paper.
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phase transition and without breaking time reversal
invariance. (This conclusion was later verified by a
different approach [13].) This means the protected
gapless (2þ 1)-dimensional edge modes decouple from
the low energy theory even though time reversal
symmetry forbids all mass terms in the Lagrangian.
This also means that the (3þ 1)-dimensional bulk
theory can be tuned through the point m ¼ 0 without
closing the bulk mass gap. Lattice simulations support-
ing these types of arguments have also appeared
recently [14,15].3

Therefore, from these recent developments in con-
densed matter theory, we learn that in very special
cases, one of which serendipitously happens to be the
Standard Model (SM), it is possible for the fermion
single particle spectrum to obtain an interaction-
induced energy gap without any explicit fermion mass
term in the Lagrangian. We will refer to this argument
for “mass without mass terms” as the Kitaev-Wen
mechanism. We emphasize again that in this approach,
in contrast to the Higgs mechanism, the electroweak
gauge symmetry remains unbroken and the gauge
bosons remain massless. (This point will be discussed
in Sec. II B.)
Let us state at the outset that this argument

forces us to carefully reconsider some long-standing
wisdom about how fermions obtain mass, and it is
certainly a radical departure from the standard ortho-
doxy in particle physics. We will follow closely the
argument as presented in [6], focusing on those
aspects which pertain to particle physics rather than
those pertaining to the continuum limit of lattice
gauge theory.

A. Single particle spectrum in Spinð10Þ unification
Let ψ transform as a left-handed chiral spinor of the

Lorentz group and as a 16þ chiral spinor of Spinð10Þ:

ψ ∼ ð2; 1Þ of Spinð3; 1Þ; ψ ∼ 16þ of Spinð10Þ:
ð2:1Þ

We use the two-component Weyl spinor notation for the
Lorentz group but the reducible Dirac spinor notation for
the Spinð10Þ flavor group. The field ψ has 2 × 32 ¼ 64
components, half of which are set to zero by the condition
1
2
ðI32×32 − ΓFÞψ ¼ 0, where ΓF is the chirality matrix

of Spinð10Þ.
As is well known, since 16þ ⊗S 16

þ ¼ ½1� ⊕ ½5�þ
(where [k] denotes the k-index antisymmetric tensor,
and the superscript þ on the right-hand side denotes
self-duality) we can introduce scalar fields ϕ

transforming as [1] and ½5�þ and write down the
following Yukawa interactions:

LYuk ¼ −
1

2
ψTðiσ2 ⊗ ðy10ϕaCΓa

þ y126ϕa1…a5CΓ
a1…Γa5ÞÞψ þ H:c: ð2:2Þ

Here a ¼ 1;…; 10 labels the vector representation of
Spinð10Þ, and Γa and C are the gamma matrices and
charge conjugation matrix for Spinð10Þ, which are 32-
by-32 matrices. The 5-index tensor ϕa1…a5 has an
implied total antisymmetry and self-duality condition
in Spinð10Þ and hence has 1

2
ð10
5
Þ ¼ 126 independent

components.
Let us set y126 ¼ 0 and only consider the coupling

to ϕa ∼ 10. (We will briefly consider the 126 in
Appendix A 2.) If this field condenses, say
hϕai ¼ vδa;10, then the Spinð10Þ theory breaks to
Spinð9Þ, and all fermions obtain mass. [The 16þ and
16− of Spinð10Þ become the same 16-spinor of Spinð9Þ,
and a bare mass term would be allowed in a Spinð9Þ
theory.]
The usual assumption is that when this field does not

condense, i.e. hϕai ¼ 0, the fermions are massless. In
fact this assumption is based on weak coupling
perturbation theory and must be reexamined when
the coupling is strong enough so as to invalidate a
simple perturbative expansion. Moreover, strong cou-
pling methods such as those employed in [17] roughly
correspond to an expansion around y ¼ ∞, and those
methods may have to be reexamined when y is not so
large. This means we are interested in the region of
intermediate coupling [18], heuristically meaning y ∼
1=y or y ∼ 1.
To study the single particle dispersion relation in

the regime of intermediate Yukawa coupling, we will
pass to the Hamiltonian formalism and a Majorana
description of the fermions. If ψ is a left-handed Weyl
spinor, then we can define a 4-component Majorana
spinor4

Ψ≡
�

ψ

−iσ2ψ�

�
: ð2:3Þ

For further convenience, also define the matrix-valued
fields

ΦR ≡ 1

2
fC;Γagϕa ¼

1

2

X5
i¼1

fC;Γ2igϕ2i;

ΦI ≡ 1

2i
½C;Γa� ¼ 1

2i

X5
i¼1

½C;Γ2i−1�ϕ2i−1:

ð2:4Þ

3After the first draft of our paper was posted, additional
numerical work appeared to further support the idea that this
transition can be described by a continuum field theory [16]. 4This satisfies Ψ ¼ Ψc with Ψc ≡ iγ2Ψ�.
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The Hamiltonian density for a Majorana spinor with
the Yukawa interaction in Eq. (2.2) with y126 ¼ 0 is

H ¼ −
1

2
Ψ̄fγi ⊗ Ii∂i þ y10ðI ⊗ ΦR − iγ5 ⊗ ΦIÞgΨ:

ð2:5Þ

Let us analyze this Hamiltonian using a Born-
Oppenheimer approximation in which we treat ϕa as
a slowly varying background field. Then to leading
order we can drop the gradients of ϕa and then
Fourier transform to momentum space to obtainR
d3xH ¼ R d3p

ð2πÞ3
1
2
~Ψ†ð~pÞHð~p; ~ϕÞ ~Ψð~pÞ, where

Hð~p; ~ϕÞ ¼ γ0γi ⊗ Ipi − y10ðγ0 ⊗ ΦR − iγ0γ5 ⊗ ΦIÞ:
ð2:6Þ

Since P≡ γ0γi ⊗ Ipi anticommutes with M≡
−y10ðγ0⊗ΦR− iγ0γ5⊗ΦIÞ, and since Φ2

R¼ðP5
i¼1ϕ

2
2iÞI,

Φ2
I ¼ ðP5

i¼1 ϕ
2
2i−1ÞI, and fΦR;ΦIg ¼ 0, we can square

the above Hamiltonian to obtain the single particle
dispersion relation:

Eð~p; ~ϕÞ2 ¼ ~p2 þ y210~ϕ
2: ð2:7Þ

The energy required to produce a single fermion above
the vacuum is then

Δð~ϕÞ≡ jEð~p ¼ 0; ~ϕÞj ¼ jy10jð~ϕ2Þ1=2: ð2:8Þ

In the path integral for ϕa, the quantity ð~ϕ2Þ1=2 in

Eq. (2.8) should be understood as h~ϕ2i1=2. If the field
ϕa has zero mean then the Spinð10Þ symmetry remains
unbroken:

h~ϕi ¼ 0 ðno symmetry breakingÞ: ð2:9Þ

If the field ϕa satisfies Eq. (2.9), then the variance

σϕ ≡ ðh~ϕ2i − h~ϕi2Þ1=2 ð2:10Þ

simply equals h~ϕ2i1=2, namely the quantity in
Eq. (2.8). Therefore, if the symmetry is unbroken,
it nevertheless costs nonzero energy to create a
fermion provided that the field also satisfies

h~ϕ2i ≠ 0 ðnonzero gapÞ: ð2:11Þ

If Eqs. (2.9) and (2.11) are satisfied simultaneously,
the fermions appear to have mass without symmetry
breaking.
The condition in Eq. (2.11) could be violated if the

scalar field theory admits topological defects, since the

Euclidean action would have a nonzero imaginary part.5

However, for a fixed value of the Spinð10Þ-invariant
magnitude ∥ϕ∥≡ ð~ϕ2Þ1=2, the angular variables ϕ̂a ≡
ϕa=∥ϕ∥ satisfy

ϕ̂a ∈ S9: ð2:16Þ

The topological charges of defects take values in the
homotopy groups ΠkðS9Þ for k ¼ 0;…; D, where D is
the number of physical spatial dimensions. Since

Π0ðS9Þ ¼ Π1ðS9Þ ¼ Π2ðS9Þ ¼ Π3ðS9Þ ¼ 0 ð2:17Þ

there are no stable topological defects. Configurations

for which h~ϕ2i ¼ 0 contribute with measure zero to the

scalar field path integral, and the quantity Δð~ϕÞ in
Eq. (2.8) is nonzero.
However, even when there are no defects and both

conditions, Eqs. (2.9) and (2.11), are satisfied, the effective
action for ϕa may in principle contain a Θ term. Depending
on the value of Θ the theory may still contain massless
particles (see Appendix B). Fortunately, we have

Π4ðS9Þ ¼ 0 ð2:18Þ

5Consider the following toy example from ordinary statistics.
Let ϕ ∈ ð−∞;þ∞Þ be a real random variable drawn from the
gaussian distribution

PðϕÞ ¼ e−
1
2
m2ϕ2

; m2 > 0: ð2:12Þ

The partition function is Z ¼ R
∞
−∞ dϕPðϕÞ, and the quantity

hϕ2i ¼ 1

Z

Z
∞

−∞
dϕPðϕÞϕ2 ¼ 1

m2
ð2:13Þ

is obviously positive. Now consider a modified distribution:

~PðϕÞ≡ PðϕÞe1
2
iπsgnðϕÞ: ð2:14Þ

Then we have

Z
∞

−∞
dϕ ~PðϕÞϕ2 ¼

Z
∞

0

dϕPðϕÞðþiÞϕ2 þ
Z

0

−∞
dϕPðϕÞð−iÞϕ2

¼ i

�Z
∞

0

dϕPðϕÞϕ2 − ð−1Þ2
Z

∞

0

dϕPðϕÞϕ2

�

¼ 0: ð2:15Þ

The modified partition function ~Z ¼ R
∞
−∞ dϕ ~PðϕÞ itself vanishes,

so strictly speaking the expectation values are indeterminate. For
the bosonic path integral in Euclidean signature, if the action
without topological terms is denoted S0 and the topological
contributions are denoted iStop (with S0 and Stop real), then the
quantity PðϕÞ plays the role of e−S0 , and the quantity ~PðϕÞ plays
the role of e−S0þiStop .
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so there is no Θ term in the effective action for ϕa. The
single particle spectrum is indeed fully gapped as indicated
by Eq. (2.8).
Furthermore, in 3þ 1 dimensions the quantity

h~ϕ2i≡ lim
y→x

h~ϕðxÞ~ϕðyÞi ð2:19Þ

is a quantity of the order of magnitude of the energy cutoff
in the theory. In this paper we will assume complete
ignorance as to the appropriate resolution of the hierarchy
problem, and therefore we treat cutoff-dependent quantities
in scalar field theory as free parameters. So not only do the
fermions have mass, but they have a mass which may in
principle be much higher than the scale of Spinð10Þ
unification.
Note that this is consistent with the unitarity bounds

obtained by Appelquist and Chanowitz [19]. The reason is
that they introduce bare fermion mass terms which explic-
itly break the SUð2Þ ×Uð1Þ electroweak gauge symmetry.
Their analysis is perfectly self-consistent, but it does not
provide any bound on the single-particle gap generated via
the Kitaev-Wen mechanism, in which explicit mass terms
never appear, and SUð2Þ × Uð1Þ remains unbroken.
So far we have treated Spinð10Þ as a global symmetry

and have said nothing about the corresponding gauge
theory. If this method is to have any relevance to unification
in particle physics, we must explain why the gauge bosons
remain massless while the fermions obtain mass.

B. Massless gauge bosons

At this stage, the goal is to explain how to recover
the GUT-scale phenomenology of the Spinð10Þ unified
theory: massless ordinary fermions, massless gauge
bosons, and no mirror fermions. So if we are to embed
the theory in Spinð18Þ, then the condition of “no mirror
fermions” means “decouple the mirror fermions at energy
scales above MGUT ∼ 1016 GeV.”
Concretely, for one family of matter ψ ∼ 16þ and one

family of mirror matter ψ 0 ∼ 16−, we are interested in the
following Lagrangian:

L ¼ 1

2
trðXμνXμνÞ þ 1

2
ðDμϕÞTðDμϕÞ þ ψ†σ̄μiDμψ

þ ψ 0†σ̄μiDμψ
0 −

1

2

X10
a¼1

ðy10ψTiσ2 ⊗ CΓaψ

þ y010ψ
0Tiσ2 ⊗ CΓaψ 0 þ H:c:Þϕa: ð2:20Þ

Here Xμν ¼ ∂μXν − ∂νXμ þ 1
2
g½Xμ; Xν� is the Spinð10Þ

field strength, Xμ is the matrix of Spinð10Þ gauge fields,
ðDμϕÞa ¼ ðδab∂μ þ gXab

μ Þϕb is the Spinð10Þ gauge covar-
iant derivative for the scalar field ϕa ∼ 10, and Dμψ ¼
ðI∂μþgXab

μ ð1
2
ΣabPþÞÞψ , Dμψ

0 ¼ ðI∂μþgXab
μ ð1

2
ΣabP−ÞÞψ 0

are the Spinð10Þ covariant derivatives6 for the fermions
ψ ∼ 16þ, ψ 0 ∼ 16−.
Let Tab

i ¼ −Tba
i (i ¼ 1;…; 45) generate the 10-

representation of Spinð10Þ, and let Xab
μ ≡P

45
i¼1 X

i
μTab

i . If
we expand the kinetic term for the scalar field, we find the
usual quadratic interaction for the gauge fields:

Xi
μM2

ijX
jμ; M2

ij ¼ g2ϕaðTiTjÞabϕb ¼ g2
X10
a¼1

ϕ2
a:

ð2:21Þ

If we naively compare this to Eq. (2.8), we might worry that
this strong coupling argument also gives mass to the gauge
bosons and hence does not reproduce the usual GUT-scale
phenomenology. But the formula on its own may be
misleading, and we have to be more careful when inter-
preting the interactions of the various fields with the scalar.
To understand this, let us reconsider the difference between
the ordinary fermions and the mirror fermions.
Since the coupling of the ordinary fermions to the Higgs

field is taken to be weak (y10 ≪ 1), the ordinary fermions
perceive the Higgs field as a collection of individual bosons
which can be exchanged with an amplitude y10. However,
since the coupling of the mirror fermions to the Higgs field
is not taken to be weak (y010 ∼ 1), the mirror fermions see a
wildly fluctuating scalar field instead of a collection of
particles. Therefore, as far as the mirror fermions are
concerned we may replace the “fluctuations” by the slowly
varying “trend,” and thereby drop the Higgs kinetic term
and replace ϕa with a constant.
The issue of whether the gauge bosons obtain mass then

depends on whether the gauge coupling g is weak. Since the
usual scheme is to assume perturbative unification, we
should have g small: as far as the gauge bosons are
concerned we cannot drop the Higgs kinetic term, and
we have massless gauge bosons exchanging individual
Higgs bosons as in the usual picture.

C. Physical picture

The claim that, in certain special situations, fermions can
obtain mass without mass terms in the Lagrangian is so
counter to the standard orthodoxy in particle physics that
we should at least attempt to provide some physical picture
for what might be going on. One precise way to think about
this phenomenon is to focus on the propagator for the
fermion field. The Lehmann-Kallen decomposition for the
fermion propagator is7:

−iDðpÞ ¼
Z

∞

0

ds
ρ1ðsÞpþ s1=2ρ2ðsÞI

p2 − sþ iε
: ð2:22Þ

6Here Σab ≡ −i 1
2
½Γa;Γb� and P� ≡ 1

2
ðI � ΓFÞ.

7We use metric signature ημν ¼ diagðþ;−;−;−Þ.
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The spectral density functions ρ1ðsÞ and ρ2ðsÞ are con-
strained by positivity to satisfy the following inequalities
[20]:

ρ1ðsÞ ≥ 0; ρ1ðsÞ ≥ jρ2ðsÞj: ð2:23Þ

Consider the transformation ψ → γ5ψ that flips the sign of
the mass bilinear ψ̄ψ. Under this transformation, the
function ρ1ðsÞ is even while the function ρ2ðsÞ is odd. If
this transformation is a symmetry of the effective
Lagrangian, then ρ2ðsÞ must be zero. If there is an isolated
single particle pole at s ¼ Δ2 with residue 1, then the
propagator for a theory of “massive fermions without mass
terms” takes the form

−iDðpÞ ¼
�

1

p2 − Δ2 þ iε
þ
Z

∞

mth

ds
σðsÞ

p2 − sþ iε

�
p;

ð2:24Þ

where σðsÞ≡ ρ1ðsÞ − δðs − Δ2Þ is the spectral density
without the single-particle pole, and the scale mth deter-
mines the onset of the multiparticle continuum. Note that,
while unfamiliar, the condition ρ2ðsÞ ¼ 0 is perfectly
consistent with the constraints in Eq. (2.23).
The rank of the matrix M≡ ρ1ðsÞγμpμ is double the

rank of the matrix M0 ≡ ρ1ðsÞγμpμ þ s1=2ρ2ðsÞI, so one
physical interpretation of the Kitaev-Wen mechanism is
that the interactions generate a new “soliton”-like sector of
the theory with the same quantum numbers as the original
particles. In this sense, we may think of the Kitaev-Wen
mechanism as a “particle doubling” effect [21] that only
becomes possible when the number of chiral fermions is a
multiple of 16 (in 3þ 1 dimensions).
We will now argue that the Kitaev-Wen mechanism from

condensed matter physics and lattice gauge theory allows

us to propose a novel solution to the family puzzle in the
context of the Spinð18Þ theory of family unification.

III. FAMILY UNIFICATION WITH Spinð18Þ
The usual symmetry breaking pattern for the Spinð18Þ

model is Spinð18Þ → Spinð10Þ × Spinð8Þ. Another poten-
tially interesting pattern is the breaking to the maximal
unitary subgroup, i.e. Spinð18Þ → Uð9Þ. We will explore
both possibilities.

A. Spinð18Þ → Spinð10Þ × Spinð8Þ
The fermions will be denoted by Ψ ∼ 256þ. The Higgs

fields which can couple to the fermion mass bilinears
in this model transform as ½1� ¼ 18, ½5� ¼ 8568, and
½9�þ ¼ 24310. Consider the smallest Higgs representation
and introduce a scalar field ΦM ∼ ½1�, where M ¼ 1;…; 18
labels the Spinð18Þ vector:

LYuk ¼ Y18

X18
M¼1

ΦMΨTiσ2 ⊗ CGMΨþ H:c: ð3:1Þ

Here GM and C are the gamma matrices and charge
conjugation matrix for Spinð18Þ, which are 512-by-512
matrices. Suppose Spinð18Þ gets broken to Spinð10Þ ×
Spinð8Þ at a scale MUV. The fermions break up into

ψ ∼ ð16þ; 8þÞ; ψ 0 ∼ ð16−; 8−Þ ð3:2Þ

and the Higgs field breaks up into

ϕa ∼ ð10; 1Þ; φi ∼ ð1; 8vÞ: ð3:3Þ

At energy scales below MUV, we end up with Yukawa
interactions of the form:

LYuk ¼
X10
a¼1

ϕaðy10ψTiσ2 ⊗ CΓa ⊗ Cψ þ y010ψ
0Tiσ2 ⊗ CΓa ⊗ Cψ 0Þ

þ y8
X8
i¼1

φiðψTiσ2 ⊗ C ⊗ CGiψ 0 þ ψ 0Tiσ2 ⊗ C ⊗ CGiψÞ þ H:c: ð3:4Þ

with the couplings y10, y010, and y8 no longer being equal.
[As before, Γa and C denote the gamma matrices and charge
conjugation matrix for Spinð10Þ, and we have introduced Gi

and C as the corresponding matrices for Spinð8Þ.]
Suppose for the moment that the field φi ∼ ð1; 8Þ plays

no essential role. Then we have eight copies of the situation
described previously plus eight copies of the same situation
for mirror matter. Let MIR be an intermediate energy scale
far below MUV but far above v ∼ 246 GeV at which
SUð2Þ × Uð1Þ is broken:

v ≪ MIR ≪ MUV: ð3:5Þ

The mirror matter will decouple via the Kitaev-Wen
mechanism while the ordinary matter will remain massless
provided that the mass-squared parameter M2

ϕ for the ϕa ∼
10 is positive and the Yukawa couplings satisfy:

y10ðMUVÞ ¼ y010ðMUVÞ≡ Y18ðMUVÞ;
y10ðMIRÞ ≪ y010ðMIRÞ ∼ 1:

ð3:6Þ
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The success of this approach rests completely on the

dynamical plausibility of the conditions in Eq. (3.6).

Since we are interested in a strong coupling effect, it is

difficult to say more about this issue.

B. Spinð18Þ → Uð9Þ
Now we will study an alternative symmetry breaking

pattern based on Spinð2nÞ → UðnÞ. For the case at hand
(n ¼ 9), the positive-chirality spinor decomposes as

256þ → ½0� ⊕ ½2� ⊕ ½4� ⊕ ½6� ⊕ ½8�
¼ 1 ⊕ 36 ⊕ 126 ⊕ 84� ⊕ 9�: ð3:7Þ

The equality denotes the dimension of the representation in
SUð9Þ, which has a 9-index invariant epsilon symbol that
can be used to raise and lower indices. It is convenient to
think in terms of the familiar SUð5Þ GUT, so we will
organize the discussion in terms of the subgroup SUð5Þ ×
SUð4Þ of SUð9Þ defined by breaking the fundamental
representation in the obvious way:

9 → ð5; 1Þ ⊕ ð1; 4Þ: ð3:8Þ

To further organize the discussion, it is useful to introduce
the notation

ða; bÞ½k�: ð3:9Þ

This denotes a representation a of SUð5Þ, a representation
b of SUð4Þ, and the representation [k] of SUð9Þ in which
the ða; bÞ of SUð5Þ × SUð4Þ is contained.8 In this notation,
the matter and mirror matter of the Spinð18Þ GUT trans-
form as

(i) Matter:

ð5�; 1Þ½8�; ð5�; 1Þ½4�; ð5�; 6Þ½6�;
ð10; 1Þ½2�; ð10; 1Þ½6�; ð10; 6Þ½4�: ð3:10Þ

(ii) Mirror matter:

ð5; 4Þ½4�; ð5; 4�Þ½2�; ð10�; 4Þ½4�; ð10�; 4�Þ½6�:
ð3:11Þ

The decomposition in Eq. (3.7) also results in 16 SM-
singlet antineutrinos, as it must. The representations which
are invariant under SUð5Þ but transform nontrivially under
SUð4Þ are ð1; 6Þ½2�, ð1; 4Þ½6�, and ð1; 4�Þ½8�. The representa-
tions which are fully invariant under SUð5Þ × SUð4Þ are
ð1; 1Þ½0� and ð1; 1Þ½4�.

Notice that the matter comes in real representations of
SUð4Þ while the mirror matter comes in the vectorlike
combination 4 ⊕ 4�. Therefore, all SUð4Þ anomalies can-
cel for the matter and mirror matter separately, and anomaly
matching does not impose an obstacle for decoupling the
mirror matter.
Recall that in SUð5Þ the mass terms come from the

products 5� ⊗ 10 and 10 ⊗A 10, which couple to a 5� and
5 of Higgs, respectively. In SUð4Þ, we have 4 ⊗ 4� ¼
1 ⊕ 15adjoint, so we can write down the following Yukawa
interactions for the mirror fermions ψ 0 ∼ ð5 ⊕ 10�; 4 ⊕ 4�Þ
and a Higgs field Hi ∼ 5:

LYuk ¼ HiðyDψ 0T
jαiσ2ψ

0½ij�α þ y0Dψ
0Tα
j iσ2ψ

0½ij�
α Þ

þH†iϵijklmðyUψ 0T½jk�
α iσ2ψ 0½lm�αÞ þ H:c: ð3:12Þ

Here i, j ¼ 1;…; 5 labels the fundamental of SUð5Þ, and
α ¼ 1;…; 4 labels the fundamental of SUð4Þ. Since H is a
5-component complex vector, we can define real fields
χ2i−1 ≡ ReðHiÞ and χ2i ≡ ImðHiÞ and observe thatH†H ¼P

10
I¼1 χ

2
I is actually invariant under SOð10Þ transforma-

tions. So the Kitaev-Wen argument in this case is exactly
the same as before:

SUð5Þ=SUð4Þ ¼ SOð10Þ=SOð9Þ ¼ S9;

ΠkðS9Þ ¼ 0; k ¼ 0;…; 4: ð3:13Þ

If M2
Φ is positive, and if y0D and y0U are not perturbatively

small, then the mirror fermions can obtain UV-scale masses
and decouple at low energy.

IV. THREE FAMILIES WITH
SUð5Þ × USpð4Þ SYMMETRY

We have argued that the mirror matter can decouple if
certain conditions such as Eq. (3.6) for the Yukawa
couplings are satisfied at energies below the Spinð18Þ
unification scale. To reproduce only the experimentally
observed families, we want the extra families of ordinary
matter to decouple from the low energy theory as well. For
this purpose we will explore a further symmetry reduction
of the horizontal gauge group. [In this section we will
continue to imagine that the symmetry reduction occurs
via Spinð18Þ → Uð9Þ → SUð5Þ × SUð4Þ.]
The breaking of SUð4Þ ¼ Spinð6Þ into USpð4Þ ¼

Spinð5Þ can be understood as the breaking of SOð6Þ into
SOð5Þ defined by leaving one component of the 6-vector
fixed:

6 → 5 ⊕ 1: ð4:1Þ

The 4 and 4� then become two copies of the same
4-component irreducible Dirac spinor of Spinð5Þ. The
matter and mirror matter then transform as

8This notation also reminds us that the Uð1Þ charge in Uð9Þ ¼
ðSUð9Þ=Z9Þ ×Uð1Þ of the representation [k] is simply k.
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ð5� ⊕ 10; 1 ⊕ 1 ⊕ 1Þ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
known matter

⊕ ð5� ⊕ 10; 5Þ|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}
extra matter

⊕ ð5 ⊕ 10�; 4 ⊕ 4Þ|fflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflffl}
mirror matter

:

ð4:2Þ

Thus, as observed in Refs. [1–3], we are left with three
families of matter which transform trivially under the
horizontal gauge group.
IfUSpð4Þwere to remain asymptotically free and induce

an SUð5Þ-breaking fermion bilinear condensate, we would
need to explain how the five extra families of 5� ⊕ 10
could have masses much larger than 1 TeV while the known
fermions have their experimentally measured masses. This
was the original problem with the “heavy color” idea.
However, if there is a sufficiently large quantity of matter

such that the USpð4Þ gauge group is not asymptotically
free, then we can use the Kitaev-Wen argument again, this
time to decouple the extra families of ordinary matter. If we
simply posit that the Yukawa couplings for the extra matter
are also large, then the interactions with an appropriate
scalar field (with positive mass-squared parameter) would
decouple these fermions as well.

V. SUð5Þ × SUð2Þ AND NON-ABELIAN
DISCRETE GROUPS

Since we no longer require the confinement of heavy
color to conceal the extra families, we could take a different
point of view regarding the breaking of the SUð4Þ
horizontal gauge group9 and instead suppose that the
nontrivial representations describe the known families
[23]. Then one could hope that the quark and neutrino
mixing matrices could be explained by group theory
[24–27].
For example, let us continue the train of thought that lead

to USpð4Þ and further break the horizontal group down to
Spinð3Þ ¼ SUð2Þ. Then we have 5 → 3 ⊕ 1 ⊕ 1, so we
get

ð5� ⊕ 10; 1 ⊕ 1 ⊕ 1 ⊕ 1 ⊕ 1 ⊕ 1Þ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
extra matter

⊕ ð5� ⊕ 10; 3Þ|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}
known matter

;

ð5:1Þ
where we have accordingly switched the identification of
extra matter and known matter. It is then possible to
conceive of a Higgs sector which would break this down
to a discrete non-Abelian subgroup of SOð3Þ [28,29]. For
example, in the breaking SOð3Þ → A4, the three families
would transform as an irreducible triplet [30].
However, part of the attraction of the group A4 is its

two nontrivial singlet representations, the 10 and 100. In
SOð3Þ → A4, these come from the traceless symmetric
tensor, 5S → 10 ⊕ 100 ⊕ 3. (For a review, see Ref. [31].) In

our scheme based on SUð9Þ embedded in Spinð18Þ, the
fermions will always transform as antisymmetric tensor
representations [k] of SUð9Þ, which will only give us
spinors and vectors of SUð4Þ ¼ Spinð6Þ, USpð4Þ ¼
Spinð5Þ, SUð2Þ × SUð2Þ ¼ Spinð4Þ, or SUð2Þ ¼ Spinð3Þ.
Along these lines, if we began with the 256− spinor of

Spinð18Þ instead of the 256þ, then the resulting represen-
tations of SUð4Þ would be swapped: the matter would
transform as 4 ⊕ 4�, and the mirror matter would transform
as 1 ⊕ 1 ⊕ 6. Under SUð4Þ → SUð2Þ, we would have the
4 and 4� each breaking up into 2 ⊕ 2.
Then we could conceive of breaking SUð2Þ down to a

discrete non-Abelian subgroup, such as the double cover of
A4, which we call A0

4 [32]. However, in this particular
scheme one would have to deal with at least four families
since all of the matter fields would transform as doublets.
Furthermore, the interesting representations 20 and 200 of A0

4

would come from the spin-3
2
representation of SUð2Þ via

4 → 20 ⊕ 200 (for a review, see Ref. [33]) and hence could
not come from SUð9Þ unification.

VI. DISCUSSION

We have argued that in principle it is possible for the
mirror matter in Spinð18Þ unification to completely decou-
ple from the effective field theory at scales far above the
weak scale without breaking SUð2Þ ×Uð1Þ. The extra
ordinary matter beyond the three known families can also
decouple by the same argument. The main open issue is to
determine convincingly that conditions such as Eq. (3.6)
can be satisfied in models of this kind.
Since the parameter M2

ϕ in the Higgs potential is taken
positive (remember that we do not want ϕa to condense),
we can integrate out ϕa in Eq. (2.2) and obtain a low energy
effective 4-fermion interaction:

Leff ¼ ψ†σ̄μi∂μψ þ y210
M2

ϕ

ðψTiσ2 ⊗ CΓaψ þ H:c:Þ

× ðψTiσ2 ⊗ CΓaψ þ H:c:Þ: ð6:1Þ

If perturbation theory is applicable, then the fermions are
clearly massless since there is no mass term in the
Lagrangian, and the 4-fermion interaction is an irrelevant
operator. But if perturbation theory in y is not applicable,
then we cannot drop this operator in the low energy theory.
On the other hand, if the coupling is not too large, then

we cannot directly apply strong-coupling methods such as
those of [17], and we might expect that the dynamics are
not so strong as to generate an expectation value for the
bilinear ψTiσ2 ⊗ CΓaψ. In this case, the fermion single
particle spectrum should have a gap Δ given by Eq. (2.8),
which could be pushed up arbitrarily high above the usual
scale of unification, while the Spinð10Þ symmetry remains
unbroken.

9Luhn has studied in detail the breaking of an SUð3Þ horizontal
gauge group into non-Abelian discrete subgroups [22].
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Therefore, an alternative way to view the Kitaev-Wen
argument is to say that the 4-fermion interaction generates
mass without a mass term if jy10j is large enough such that
perturbation theory is not applicable but not so large that
dynamical symmetry breaking occurs. The situation is
summarized as follows:

(i) y10 ≪ 1: massless fermions exchanging scalar
particles

(ii) y10 ∼ 1: massive fermions with Spinð10Þ invariance
and hence without mass terms

(iii) y10 ≫ 1: dynamical symmetry breaking Spinð10Þ →
Spinð9Þ and massive fermions.

Once the extra matter has decoupled, the phenomenology
becomes that of the usual Spinð10Þ or SUð5Þ unified
models. We have intentionally emphasized only the sit-
uation in which none of the extra fermions have any
influence below the usual scale MGUT ∼ 1016 GeV, but
this was just the simplest choice. We invite the interested
reader to reevaluate the possible importance of the addi-
tional states for TeV-scale physics.
Given the phenomenological success of the Higgs

mechanism in particle physics, one could ask whether
the Kitaev-Wen mechanism could also do the job without
spontaneous symmetry breaking. (We have already
explained in Sec. II B that this mechanism will not give
mass to the gauge bosons, so this question pertains only to
the fermion mass.)
The physical intuition from Sec. II C implies that a

fermion whose mass comes from the Kitaev-Wen mecha-
nism has a propagator of the form

p
p2 − Δ2

¼ 1

p2 − Δ2

1

2
½ðpþ ΔÞ þ ðp − ΔÞ� ð6:2Þ

below the multiparticle threshold. This expresses the
physical distinction between a fermion mass obtained from
the Higgs mechanism and one obtained from the Kitaev-
Wen mechanism. It is still unclear what the full phenom-
enological implications would be for an alternative version
of particle physics based on this mechanism for generating
fermion masses.
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APPENDIX A: CONDENSATION OF
TOPOLOGICAL DEFECTS

According to Eqs. (2.7) and (2.8), it costs an energy

Δð~ϕÞ to create a single fermion above the vacuum. As long
as hϕai ¼ 0 the Spinð10Þ symmetry is unbroken, and as

long as h~ϕ2i ≠ 0, the energy gap Δð~ϕÞ remains nonzero.

[Recall Eqs. (2.9) and (2.11).] If there are topologically

nontrivial configurations of ϕa, then the condition h~ϕ2i ≠ 0

is violated. Since ΠkðS9Þ ¼ 0 for k ¼ 0, 1, 2, 3, the
Spinð10Þ theory with a 10-vector Higgs field does not
admit stable topological defects, and the required condi-
tions are satisfied.
As an alternative argument for decoupling the mirror

matter in Spinð18Þ unification at scales far above the
electroweak breaking scale v ∼ 246 GeV, it is enlightening
to consider a situation with a smaller symmetry group than
Spinð10Þ in which there are topological defects.
Then we could ask whether it is possible to Higgs the

theory, generate fermion masses, and then restore the
electroweak subgroup without closing the fermion gap
by condensing the operator which creates topological
defects.10 Then the fermions would have mass without
mass terms even in a theory which violates Eq. (2.11).
Since generating mass without mass terms is the main
underlying theoretical difficulty, we then expect that the
symmetry can be enlarged to Spinð10Þ without any
dynamically induced spontaneous symmetry breaking.
This approach to regularizing the SM on a 3d spatial

lattice was first proposed by BenTov, You, and Xu [8]
(motivated by the arguments of Wang and Senthil [34]) and
then carried out to completion by You and Xu [9] for the
Pati-Salam (PS) model [35] with gauge group

GPS ¼ Spinð6Þ × Spinð4Þ
¼ SUð4Þ × ðSUð2ÞL × SUð2ÞRÞ: ðA1Þ

Under the breaking Spinð10Þ → GPS, the matter fields
break up as11

16þ → ð4þ; 2þÞ ⊕ ð4−; 2−Þ ¼ ð4; 2; 1Þ ⊕ ð4�; 1; 2Þ:
ðA4Þ

In the first expression on the right we use the notation
appropriate for Spinð6Þ × Spinð4Þ, and in the second
expression we use the SUð4Þ notation 4þ ≡ 4, 4− ≡ 4�,

10For example, in the Ising model, one can imagine the
disordered phase as the phase in which the kink operators have
a nonzero vacuum expectation value.

11Under the breaking of GPS to the SM gauge group

GSM ¼ SUð3Þcolor × SUð2Þweak × Uð1Þhypercharge ðA2Þ

the matter fields further break up as

ð4; 2; 1Þ →
�
3; 2;þ 1

6

�
⊕

�
1; 2;−

1

2

�
;

ð4�; 1; 2Þ →
�
3�; 1;þ 1

3

�
⊕

�
3�; 1;−

2

3

�

⊕ ð1; 1;þ1Þ ⊕ ð1; 1; 0Þ: ðA3Þ
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and the SUð2ÞL × SUð2ÞR notation 2þ ≡ ð2; 1Þ, 2− ≡
ð1; 2Þ. Similarly, for the mirror matter we have

16− → ð4þ; 2−Þ ⊕ ð4−; 2þÞ ¼ ð4; 1; 2Þ ⊕ ð4�; 2; 1Þ:
ðA5Þ

We will use the SUð4Þ × SUð2ÞL × SUð2ÞR notation
and express all fermions as left-handed Weyl spinors
of the Lorentz group with the following gauge group
indices:

ψAα ∼ ð4; 2; 1Þ; ψ̄A _α ∼ ð4�; 1; 2Þ;
A ¼ 1;…; 4; α ¼ 1; 2; _α ¼ 1; 2: ðA6Þ

Here the bar is part of the name of the field and does
not denote any sort of conjugation. Remember that, in
contrast to the Lorentz group12 SLð2; CÞ≃ SUð2Þ×
SUð2Þ, here the two SUð2Þ groups are self-conjugate, so
Hermitian conjugation raises and lowers dotted and undot-
ted indices instead of exchanging them.
All mass terms in 3þ 1 dimensions are forbidden

by GPS invariance. The Dirac-type fermion bilinear trans-
forms as

ψT
Aαiσ2ψ̄

B _β ∼ ð1 ⊕ 15adj; 2; 2Þ: ðA7Þ

Since the (2,2) representation of SUð2ÞL × SUð2ÞR is the
4-vector representation of Spinð4Þ, we can introduce a
Higgs field

ϕm ¼ ðϕ1;…;ϕ4Þ≡ σmα _αΦ
_αα ∼ ð1; 2; 2Þ;

σmα _α ≡ ði~σ; IÞ: ðA8Þ

If this Higgs were to condense, then it would break
Spinð4Þ → Spinð3Þ and give all fermions a mass through
the following Yukawa interaction:

LYuk ¼ −yψT
Aαiσ2ε

αβσm
β _β
ψ̄A _βϕm þ H:c: ðA9Þ

The two Majorana-type fermion bilinears transform as

ψT
Aαiσ2ψBβ ∼ ð10þ; 3; 1Þ ⊕ ð6; 1; 1Þ;

ψ̄A _αTiσ2ψ̄B _β ∼ ð10−; 1; 3Þ ⊕ ð6; 1; 1Þ; ðA10Þ

where in Spinð6Þ language, the 10þ is the self-dual
3-form, the 10− is the anti-self-dual 3-form, and the 6 is
the vector.
The fermion content in Eq. (A6) is of course chiral,

which is why until the arguments of Kitaev and Wen it was
not known how to regularize the SM on a purely 3d lattice.
However, Kaplan [36] showed that it is possible to obtain

this chiral theory as the boundary of a nonchiral (4þ 1)-
dimensional topological superconductor. (This is a gener-
alization of the original Jackiw-Rebbi calculation [37].) It is
this setup in which the method of defect condensation can
be used to provide independent support for the validity of
the Kitaev-Wen mechanism [8,9].
We will now review this argument. Consider a (4þ 1)-

dimensional spacetime with the gauge group GPS. In 4þ 1
dimensions the Lorentz group is Spinð4; 1Þ, and the
4-component Dirac spinor is irreducible. This means we
need to augment the matter content in Eq. (A6) with a
collection of mirror fermions:

ψ 0A
α ∼ ð4�; 2; 1Þ; ψ̄ 0 _α

A ∼ ð4; 1; 2Þ: ðA11Þ

Both ψ 0 and ψ̄ 0 are also written as left-handed Weyl spinors
in (3þ 1)-dimensional notation. In (4þ 1)-dimensional
notation, ψ and ψ 0 form an irreducible Dirac spinor, and
ψ̄ and ψ̄ 0 form another irreducible Dirac spinor13:

Ψð1Þ
Aα ≡

�
ψAα

−iσ2ψ 0�
Aα

�
∼ ð4; 2; 1Þ;

Ψð2ÞA _α ≡
�

ψ̄A _α

−iσ2ψ̄ 0�A _α

�
∼ ð4�; 1; 2Þ: ðA12Þ

Since the (4þ 1)-dimensional theory is not chiral, a GPS-
invariant Dirac mass with a domain wall profile can be
written down for both of these spinors:

L4þ1
mass ¼ −mðx4Þð ¯Ψð1ÞAαΨð1Þ

Aα þ ¯Ψð2Þ
A _αΨð2ÞA _αÞ;

mðx4Þ ¼
8<
:

−m; x4 > 0

0; x4 ¼ 0

þm; x4 < 0.

ðA13Þ

The constant m is assumed positive. For one of these
fermions, say Ψ≡Ψð1Þ, the equation of motion possesses
the solution:

Ψ ¼ ξðx0; x1; x2; x3Þe−mjx4j;
X3
μ¼0

iγμ∂μξ ¼ 0;

1

2
ðI þ γ5Þξ ¼ 0: ðA14Þ

Therefore, the (3þ 1)-dimensional interface at x4 ¼ 0
contains only the massless chiral fermions given in
Eq. (A6). If the phase with m > 0 is the trivial gapped
phase, then these fermions should be thought of as living

12Here the symbol “≃” denotes only local equivalence.

13Here we have raised and lowered the conjugated SUð2Þ
indices with the invariant antisymmetric symbol: ψ 0�

Aα ≡ εαβψ
0�β,

ψ̄ 0�A _α ≡ ε _α _βψ̄ 0�A
_β
.

ORIGIN OF FAMILIES AND SOð18Þ GRAND UNIFICATION PHYSICAL REVIEW D 93, 065036 (2016)

065036-9



on the boundary of the m < 0 “topological” gapped
phase.14

Now start in the topological phase (m < 0) and turn on
interactions. If we can tune the parameterm throughm ¼ 0
into the phase m > 0 without closing the bulk gap, then the
topological phase is in the same phase as the trivial phase.
This means the fermions living on the (3þ 1)-dimensional
boundary of the topological phase must have decoupled
from the low energy theory: the SM fermions must have
obtained mass without breaking GPS and hence without
breaking the electroweak gauge group.
You and Xu explained that a suitable interaction does in

fact exist in order to make this happen [9]. Recall the Higgs
field introduced in Eq. (A8). If hϕmi ¼ vδm4, then SUð2ÞL ×
SUð2ÞR ¼ Spinð4Þ is broken to the diagonal subgroup
SUð2Þ ¼ Spinð3Þ, and all fermions living on the (3þ 1)-
dimensional boundary obtain mass at the cost of breaking
the Spinð4Þ part of GPS, which contains the electroweak
gauge group.
The ground state manifold for the condensed Higgs

field is

Mϕ ¼ Spinð4Þ
Spinð3Þ ¼ S3: ðA15Þ

In the (4þ 1)-dimensional bulk, spatial infinity is topo-
logically S3:

xm∞ ¼ Rðsinψ sinθ cosφ; sinψ sinθ sinφ; sinψ cosθ; cosψÞ;
X4
m¼1

ðxm∞Þ2 ¼ R2: ðA16Þ

Since

Π3ðMϕÞ ¼ Z; ðA17Þ
this theory contains pointlike topological defects, called
“hedgehogs”.15

Let ϕdefect formally be the field operator which creates
and annihilates the hedgehogs of ϕm. Since hϕmi ≠ 0
breaks Spinð4Þ and gives mass to all of the fermions, we
can ask whether condensing the defect operator,

hϕdefecti ≠ 0; ðA18Þ

can restore Spinð4Þ invariance without closing the single
particle gap.
The main point is this: the fully gapped symmetric phase

without intrinsic topological order can be restored by the
condensation of a topological defect if and only if the core
of the defect has a fully gapped and nondegenerate energy
spectrum.

1. Defect core: nf ¼ 8k Majorana operators

In 4þ 1 dimensions, a single 4-component irreducible
Dirac spinor (or two 4-component Majorana spinors)
quantized on a hedgehog background will result in a single
1-component real fermion zero mode (“Majorana opera-
tor”) localized to the core of the defect. This means eight 4-
component Dirac spinors (or 16 4-component Majorana
spinors) will result in eight 1-component real fermion zero
modes at the defect core. So to determine the nature of the
hedgehog core, we have to consider eight Majorana
operators living in (0þ 1)-dimensional spacetime.
Kitaev and Fidkowski [38,39] explained that in 0þ 1

spacetime dimensions, when the number of Majorana
fermions is nf ¼ 8k, k ∈ Z, it is possible for interactions
to result in a fully gapped and nondegenerate energy
spectrum without breaking the symmetry that forbids
quadratic terms in the fermion Hamiltonian. This is the
key point of their paper, and it is the pioneering behind
of the entire field of “interaction-reduced classification of
symmetry protected topological phases.” The symmetry of
the interaction they proposed can be as large as Spinð7Þ.16
We will use Kitaev’s notation for the Majorana operators

[40]:

c1;…; c8; c†a ¼ ca; fca; cbg ¼ δab: ðA19Þ

These will transform as an irreducible Dirac spinor of an
internal Spinð7Þ symmetry:

ca ∼ 8 of Spinð7Þ: ðA20Þ

14Let us remind the reader what the word “trivial”means in this
context. An operational definition of the word trivial is that the
system has a fully gapped excitation spectrum and a unique
ground state. A more microscopic definition would be that the
ground state of the system is a direct product of the individual
state spaces of the fundamental degrees of freedom. Since we do
not propose an explicit high energy completion (such as a lattice),
we have the license to define the trivial phase as the one in which
signðmÞ ¼ þ1. Suppose we study a spatial interface between this
system and the one in which signðmÞ ¼ −1 and conclude that
there are massless particles localized to the interface. By
definition, these degrees of freedom do not belong to the
signðmÞ ¼ þ1 system, so we must associate them with the
boundary of the system with signðmÞ ¼ −1. The signðmÞ ¼
−1 system therefore represents some highly nontrivial entangled
state and is said to be the “nontrivial gapped phase” or
the “topological phase” in condensed matter theory.

15These are sometimes also called “monopoles” in the con-
densed matter literature, but we will not use this terminology here.

16This Spinð7Þ group is the one which leaves fixed a compo-
nent of the 8þ spinor in Spinð8Þ. The interested reader may wish
to review the representation theory of Spinð2nÞ at this point [2].
From the perspective of condensed matter theory, the utility of the
Spinð7Þ and Spinð8Þ symmetry is simply to find a point in the
phase diagram which is most easily amenable to theoretical study.
From the perspective of high energy theory, the system of interest
is the one with the maximal possible symmetry. This is why, in
this context, we work with the Spinð7Þ-covariant notation.
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An antiunitary time reversal transformation which squares
to þ1 can be defined:

T∶ ca → ca; i → −i ⇒ icacb → −icacb: ðA21Þ

This forbids all fermion bilinears in the Hamiltonian, so the
free fermion Hamiltonian is identically zero:

Hfree ¼ 0: ðA22Þ

Since it takes two Majorana operators to make a physical
fermionic oscillator,

ak ≡ c2k−1 þ ic2k; ðA23Þ

there are four zero modes which can be occupied or not.
This means the ground state has degeneracy 24 ¼ 16.
To write down the interaction, we will define the eight

gamma matrices of Spinð8Þ:

γ̂aγ̂b þ γ̂bγ̂a ¼ δab1̂; a; b ¼ 1;…; 8: ðA24Þ

In contrast to the rest of the paper, in this case we express
the gamma matrices as abstract operators (denoted by hats)
which act in a space of spinors denoted by variables
εi ¼ �1:

jε1ε2ε3ε4i; εi ¼ �1: ðA25Þ

Those states for which
Q

4
i¼1 εi ¼ þ1 belong to the 8þ

representation, and those states for which
Q

4
i¼1 εi ¼ −1

belong to the 8− representation. Let

jψi≡ 1ffiffiffi
2

p ðj þ þþþi − j − − − −iÞ ðA26Þ

denote a particular linear combination of states in the 8þ.
Then the interaction

Hint ¼ ghψ jγ̂½aγ̂bγ̂cγ̂d�jψicacbcccd ðA27Þ

is manifestly invariant under time reversal T and under the
Spinð7Þ subgroup which leaves the direction jψi fixed in
the 8þ. It gives a nonzero energy cost to all states (i.e. the
Hamiltonian is no longer identically zero), and it singles out
a unique state of lowest energy:

jground statei≡ 1ffiffiffi
2

p ð1 − a†1a
†
2a

†
3a

†
4Þj0i; ðA28Þ

where j0i is the Fock space vacuum. Recall that the Higgs
field ϕm ∼ ð1; 2; 2Þ is invariant under Spinð6Þ. Therefore,
the gapped theory we are considering has a symmetry

Spinð6Þ, which is the obvious subgroup of Spinð7Þ defined
by 7 → 6 ⊕ 1. The spinor representation breaks up as

8 → 4 ⊕ 4�: ðA29Þ
Therefore, we can think of the complex fermion
operators ak as transforming as the 4-representation of
Spinð6Þ ¼ SUð4Þ:

ak ¼ ða1;…; a4Þ ∼ 4 of Spinð6Þ: ðA30Þ
Since SUð4Þ has the invariant symbol εijkl, the states

j0i and
1

4!
εijkla†ia†ja†ka†lj0i ðA31Þ

are both invariant under SUð4Þ. The linear combination in
Eq. (A28) is therefore invariant under SUð4Þ, and a nonzero
expectation value hϕdefecti ≠ 0 would not break Spinð6Þ.
Since the defect core is fully gapped, nondegenerate, and
invariant under Spinð6Þ, the Spinð4Þ symmetry can be
restored without breaking Spinð6Þ and without closing the
bulk gap.
Therefore, the fermions in the Pati-Salam model (and

hence in the SM) can have an interaction-induced mass
without breaking the electroweak gauge group. We refer the
reader to the original paper [9] for a discussion of the
dynamical plausibility of the condensation of hedgehogs in
this argument.

2. Defect condensation in Spinð10Þ
We just discussed the method of defect condensation

in the context of restoring the Pati-Salam symmetry
Spinð6Þ×Spinð4Þ. The absence of defects in the
Spinð10Þ theory occurred because we considered only
the 10-vector Higgs field. As mentioned in Eq. (2.2), we
could also couple the fermions to a 126 representation.
If this field admits topologically nontrivial configura-

tions, then one might expect that the method of defect
condensation can be employed to restore the full Spinð10Þ
symmetry. While this field does in fact admit topological
defects, unfortunately it seems that condensing those
defects cannot restore the fully gapped Spinð10Þ symmetric
phase.
The reason is as follows. The minimum for the Higgs

potential for a 126-Higgs ϕabcde with negative mass squared
gives a vacuum expectation value of the form

hϕabcdei ¼ vεabcde: ðA32Þ
This results in a Majorana mass for the SM-singlet
antineutrino and leaves unbroken an SUð5Þ subgroup of
Spinð10Þ. Moreover, this leaves unbroken a Z2 trans-
formation which flips the sign of the spinor representations
in Spinð10Þ. This transformation comes from the double
cover structure of Spinð10Þwith respect to SOð10Þ, and it is

ORIGIN OF FAMILIES AND SOð18Þ GRAND UNIFICATION PHYSICAL REVIEW D 93, 065036 (2016)

065036-11



not contained in the continuous SUð5Þ subgroup.17

Therefore,

h126i∶ Spinð10Þ → SUð5Þ × Z2: ðA33Þ

Because of this Z2, there are vortex solutions labeled by the
first homotopy group of the relevant coset space [41,42]:

Π1

�
Spinð10Þ

SUð5Þ × Z2

�
¼ Z2: ðA34Þ

Thus there are two topologically distinct sectors of Higgs
vacuum, one trivial and one nontrivial. Can we condense
the operator which creates the nontrivial configurations in
order to restore the fully gapped Spinð10Þ symmet-
ric phase?
Unfortunately the answer is no. Since h126i leaves SUð5Þ

unbroken, all of the fermions except for the gauge singlet
antineutrino do not obtainmass. Thus the Higgs phase of the
theory is not fully gapped to begin with, and the condensa-
tion of vortex defects cannot restore a fully gapped phase.
This of course does not contradict any of the arguments

presented in this paper. All it says is that we do not know
how to apply the method of defect condensation to provide
an independent argument in support of “fermion mass
without mass terms” in the full Spinð10Þ invariant theory.

APPENDIX B: Θ TERM AND THE WZW ACTION

As discussed in the main text, for a collection of
scalar fields ϕ with ground state manifold M in
(Dþ 1)-dimensional spacetime, there are no stable topo-
logical defects if ΠkðMÞ ¼ 0 for k ¼ 0; 1;…; D. However,
if ΠDþ1ðMÞ ≠ 0, there is another type of obstruction
related to the Wess-Zumino-Witten (WZW) action. In
the present case where D ¼ 3 and M ¼ S9, this obstruc-
tion also vanishes:

Π4ðS9Þ ¼ 0: ðB1Þ
It is worth explaining the relevance of ΠDþ1 in detail,
because the process of showing that this obstruction
vanishes will also show why eight flavors of Majorana
fermions cannot take advantage of the Kitaev-Wen mecha-
nism, while 16 flavors of Majorana fermions can.18 We
remind the reader that this is exactly the situation we want:
for family unification to work, we require that each
“mirror” family transforming as 16− in Spinð10Þ decouple
from the low energy theory without giving unacceptably

large masses to the corresponding 16þ fermions and to the
electroweak gauge bosons.

1. Eight Weyl fermions: Parent theory

Split up the 16− fermions into two collections of eight
Weyl fermions, each of which transforms as two flavors of
4-spinor under a Spinð5Þ flavor symmetry. In order to
obtain a covariant notation, it will actually be convenient to
begin with a flavor symmetry Spinð6Þ ¼ SUð4Þ, which we
imagine to be broken down to Spinð5Þ ¼ USpð4Þ explicitly
(not spontaneously).
Let ν denote a collection of eight left-handed Weyl

fermions that transform as the 4þ ⊕ 4− reducible Dirac
spinor of Spinð6Þ:

ν ¼ νþ þ ν−; ν� ∼ 4� of Spinð6Þ: ðB2Þ

Let fGAg6A¼1 denote the 8 × 8 gamma matrices of Spinð6Þ,
and let C ¼ −G2G4G6 denote the corresponding charge
conjugation matrix. There are two nonzero fermion bilin-
ears which mix νþ and ν−:

νT−iσ2 ⊗ Cνþ ∼ 1; νT−iσ2 ⊗ CG½AGB�νþ ∼ 15adj: ðB3Þ

We can break Spinð6Þ to Spinð5Þ by holding fixed the sixth
component of the vector representation:

6 → 5 ⊕ 1: ðB4Þ
Under this decomposition, the two chiral spinors
of Spinð6Þ become the same pseudoreal representation
of Spinð5Þ:

4þ → 4; 4− → 4: ðB5Þ
The adjoint of Spinð6Þ breaks up into an adjoint and vector
of Spinð5Þ:

15adj → 10adj ⊕ 5: ðB6Þ

Let fGag5a¼1 denote the 4 × 4 gamma matrices for Spinð5Þ
and let19 C ¼ −G2G4 denote the corresponding charge
conjugation matrix. We will choose the following basis20

for the Spinð6Þ gamma matrices (a ¼ 1;…; 5):

Ga ¼ Ga ⊗ τ1 ≡
�

0 Ga

Ga 0

�
;

G6 ¼ I ⊗ τ2 ≡
�

0 −iI4×4
þiI4×4 0

�
: ðB7Þ

17In contrast, this additional structure is not important for the
10-vector since the coset space is Spinð10Þ=Spinð9Þ ¼
SO ð10Þ=SOð9Þ.

18To a large extent the following will parallel a series of
arguments by You and Xu [43] but in a more covariant notation,
and these arguments are in turn very closely related to the
σ-model analysis of Kitaev [10].

19We expect that the reader will be able to discern between the
symbol C used here, which denotes a 4 × 4 matrix, and the C
matrix for Spinð10Þ, which is a 32 × 32 matrix.

20The “≡” defines our convention for the direct product
notation.
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The Spinð6Þ charge conjugation matrix is then C ¼ C ⊗ τ2,
and we have CGaG6 ¼ −CGa ⊗ τ1. If we choose a
convention in which G5 ¼ G1G2G3G4, then the Spinð6Þ
chirality matrix GF ≡ iG1G2G3G4G5G6 is

GF ¼ I4×4 ⊗ ð−τ3Þ ¼
�−I4×4 0

0 þI4×4

�
: ðB8Þ

Let us define

ν≡
�
ν1

ν2

�
ðB9Þ

so that the chiral spinors are νþ ≡ 1
2
ðI8×8 þ GFÞ ¼ ð 0ν2Þ and

ν− ≡ 1
2
ðI8×8 − GFÞ ¼ ðν1

0
Þ. In this notation, each νi trans-

forms as an irreducible 4-spinor of Spinð5Þ, and the label
i ¼ 1, 2 should be thought of as a flavor index. Let us
introduce a collection of five real scalar fields which
transform as a vector under Spinð5Þ transformations:

ϕa ¼ ðϕ1;…;ϕ5Þ ∼ 5 of Spinð5Þ: ðB10Þ

Then we will find21:

ϕaν
Tþiσ2 ⊗ CGaG6ν−

¼ −
1

2

X4
a¼1

ϕaν
Tiiσ2 ⊗ CGa

�
0 1

1 0

�
ij

νj

þ 1

2
ϕ5ν

Tiiσ2 ⊗ CG5

�
0 1

−1 0

�
ij

νj: ðB11Þ

The Lagrangian for eight fermions without a mass term but
with a Yukawa interaction of the form in Eq. (B11) will be
the physical theory of interest.

It will also be very useful to introduce a mass term for
this theory. This will come from the Spinð6Þ singlet fermion
bilinear, which in this notation becomes

νTþiσ2 ⊗ Cν− ¼ 1

2
νTiiσ2 ⊗ Cðτ2Þijνj: ðB12Þ

The overall sign of the mass parameter will be captured by a
sixth scalar field,

φ ∼ 1 of Spinð5Þ; ðB13Þ
which couples to the fermion bilinear in Eq. (B12). In the
physical theory of interest, we should think of the ϕa in
Eq. (B10) as dynamical quantum fields, but we should
think of the φ defined in Eq. (B13) as a fixed constant
background field.
In order to determine whether the interacting theory of

eight fermions coupled to the ϕa as in Eq. (B11) is massive
or massless when φ ¼ 0, we will need a smooth inter-
polation between a free theory with φ ¼ þ1 and a free
theory with φ ¼ −1. This interpolating path will be
obtained by defining a collection of six dynamical scalar
fields,

ΦA ¼ ðΦ0;Φ1;…;Φ5Þ: ðB14Þ
Define the following 8 × 8 matrices:

M0
ij ≡ Cðτ2Þij; M1;…;4

ij ≡ CG1;…;4ðτ1Þij;
M5

ij ≡ CG5ð−iτ2Þij: ðB15Þ

We will consider the following Lagrangian:

L ¼
X2
i¼1

ν†iσ̄μi∂μν
i

−m

�
νTiiσ2 ⊗

�
M0

ijΦ0 þ
X5
a¼1

Ma
ijΦa

�
νj þ H:c:

�
:

ðB16Þ
This will serve as a sort of “parent” theory for the
arguments that follow.

2. Eight Weyl fermions: Trivial vs topological

The Lagrangian in Eq. (B16) serves as a parent theory in
the following sense. The models we are actually interested
in are obtained by imposing the constraint

Φ2
0 þ

X5
a¼1

Φ2
a ¼ 1 ðB17Þ

and considering various points on this S5 in field space.
First consider the North pole:

Φ0 ¼ þ1; Φa ¼ 0: ðB18Þ

21To verify this, note that CΓ1;…;4 are all symmetric matrices,
while CΓ5 is antisymmetric. For the interested reader, we will
show this explicitly in the following nonstandard basis (which we
will call the “symplectic basis”):

G1;2;3 ¼ τ2 ⊗ τ1;2;3; G4 ¼ τ1 ⊗ I;

G5 ¼ G1G2G3G4 ¼ τ3 ⊗ I:

The charge conjugation matrix is C ¼ −G2G4 ¼ τ3 ⊗ iτ2, so the
first four matrices are

CG1;2;3 ¼ τ1 ⊗ τ2τ1;2;3; CG4 ¼ iτ2 ⊗ iτ2:

These matrices are symmetric. However, the fifth matrix is
antisymmetric:

CG5 ¼ I ⊗ iτ2 ¼
�

0 I

−I 0

�
≡ J;

where we have identified the invariant symbol J of USpð4Þ.
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This corresponds to a theory of eight free fermions with
Majorana mass terms:

Ltrivial ¼
X2
i¼1

ν†iσ̄μi∂μν
i −mεijðνTiσ2 ⊗ Cνj þ H:c:Þ:

ðB19Þ

Next consider the South pole:

Φ0 ¼ −1; Φa ¼ 0: ðB20Þ

Naively this also corresponds to a theory of eight free
fermions with Majorana mass terms:

Ltopological ¼
X2
i¼1

ν†iσ̄μi∂μν
i þmεijðνTiσ2 ⊗ Cνj þ H:c:Þ:

ðB21Þ

However, as recent developments in condensed matter
theory tell us, a crucial observation is that the sign of
the fermion mass term is important and cannot simply be
compensated by a field redefinition. If Eq. (B19) describes
an ordinary free fermion theory, then on a spacetime with
spatial boundaries the theory described by Eq. (B21) will
have massless particles living on the (2þ 1)-dimensional
boundary (see Sec. B 3).
In condensed matter language, the Lagrangian of

Eq. (B19) is said to describe a “trivial” superconductor,
while the Lagrangian of Eq. (B21) is said to describe a
topological superconductor. Both models have the same
fully gapped bulk spectra, but one model has a gapless
boundary and hence describes a highly nontrivial
entangled state.
To a particle physicist, the statement that the sign of the

fermion mass term cannot simply be compensated by a
field redefinition may feel rather foreign. The reader should
remember that the same low energy effective field theory
can arise from distinct high energy completions, and a
naive treatment of the effective field theory may not
completely capture all important aspects of the underlying
high energy completion.
In the context of topological superconductors, the

pertinent high energy completion is a lattice regularization:
the simplest example of this is the (1þ 1)-dimensional
Kitaev chain [40]. In the present context, the reader may
consider the appropriate high energy regularization to be
the parent theory in Eq. (B16) whose σ-model has a
target space S5. The important effects can be captured
by a quantum field theory without committing to a
lattice regularization, but that quantum field theory will
have some perhaps unfamiliar properties (such as an
extra spatial dimension or a scalar field with a domain
wall profile) which may not be immediately obvious

from the perspective of local observables in low energy
physics.
Finally, the third configuration to consider is22 the

equator S4:

Φ0 ¼ 0; Φa ¼ ϕa: ðB22Þ

This corresponds to a theory of eight fermions without
mass terms interacting with a 5-component dynamical
scalar field:

LYuk ¼
X2
i¼1

ν†iσ̄μi∂μν
i −m

X5
a¼1

ϕaðνTiiσ2 ⊗Ma
ijν

j þH:c:Þ:

ðB23Þ

Equation (B23) describes fermions coupled to a σ-model
with target space S4. In contrast, the five fields Φa satisfyP

5
a¼1Φ

2
a ¼ 1 − Φ2

0, and Eq. (B16) describes fermions
coupled to a σ-model with target space S5.
At weak coupling (m ≪ 1), the Lagrangian in Eq. (B23)

describes massless fermions interacting with a Higgs field,
as usual. The question is whether the fermions remain
massless even when the Yukawa coupling m is of inter-
mediate strength (not too weak for perturbation theory to
apply, and not too strong for perturbation theory in 1=m
to apply).
As we said before, for a fixed value of

P
5
a¼1 ϕ

2
a, we

have ϕa ∈ S4. This means ΠkðS4Þ ¼ 0 for k ¼ 0, 1, 2, 3,
and therefore there are no topological defects. But we now
have

Π4ðS4Þ ¼ Z: ðB24Þ

The physical meaning of this is that, after performing the
path integral over the fermions, the effective action for ϕa
may contain a theta term (we will use Euclidean signature):

SΘ½ϕ� ¼ iΘ
Z
S4

1

Ω4

εabcdeϕadϕb ∧ dϕc ∧ dϕd ∧ dϕe:

ðB25Þ

The question now is: what is the correct value of Θ?

22The notation in Eq. (B22) may appear redundant, so let us
explain it. We use this notation to emphasize that the physical
theory of interest is the one in which the ϕa in Eq. (B10) couple to
the fermions as in Eq. (B11) with a mass parameter φ. The ΦA in
Eq. (B16) are auxiliary dynamical fields which are to be fixed in
some way to reduce the parent Lagrangian to the physical theory
of interest. The ϕa are defined only on the “equator” S4 while the
ΦA are defined on the entire S5.
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3. Sigma model with Θ ¼ 2π

To figure this out, let us work in compactified Euclidean
spacetime (topologically S4) and return to the parent
Lagrangian in Eq. (B16). We will follow closely the
calculations of Abanov and Wiegmann [44].
Let V ≡P

5
A¼0M

AΦA. Then we can integrate out
the fermions and obtain an effective action Seff ½V� ¼
1
2
i
R
d4xhxjtr lnði∂ −mVÞjxi. The imaginary part of

δSeff ½V�≡ Seff ½V þ δV� − Seff ½V� is

ImðδSeff ½V�Þ ∝ εABCDEFεμνρσΦA∂μΦB∂νΦC∂ρΦD∂σΦEδΦF:

ðB26Þ

To restore ImðSeffÞ from its variation [45], introduce a
parameter u ∈ ½0; 1� and define an extension ~ΦAðx; uÞ of
the scalar fields into the unit ball B5 ¼ S4 × ½0; 1�:

~ΦAðx; 0Þ ¼ δA0; ~ΦAðx; 1Þ ¼ ΦAðxÞ;
A ¼ 0; 1;…; 5: ðB27Þ

The imaginary part of the effective action is then the WZW
action at level k ¼ 1:

ImðSeff ½Φ�Þ ¼
2π

5!Ω5

Z
B5

εABCDEF ~ΦAd ~ΦB

∧ d ~ΦC ∧ d ~ΦD ∧ d ~ΦE ∧ d ~ΦF: ðB28Þ

As we mentioned before, this model can be reduced to a
theory of massive fermions interacting with the five fields
ϕaðxÞ by constraining the six fields ~ΦAðx; uÞ to a target
space S5. Impose the constraint

~Φ2
0 þ

X5
a¼1

~Φ2
a ¼ 1 ðB29Þ

and consider the following field configuration:

~Φ0ðuÞ ¼ cosðαðuÞÞ; ~Φaðx; uÞ ¼ ϕaðxÞ sinðαðuÞÞ;
αð0Þ ¼ 0; αð1Þ ¼ β: ðB30Þ

Here αðuÞ is only a function of u ∈ ½0; 1�, β is a constant,
and the ϕaðxÞ are constrained to the surface of a unit S4

as before. If we plug Eq. (B30) into Eq. (B28), we will
find [44]

ImðSeffÞ ¼ ΘðβÞ
Z
S4

1

Ω4

εa1…a5ϕa1dϕa2 ∧ � � � ∧ dϕa5 ;

ΘðβÞ ¼ 2π

R β
0 dα sin4αR
π
0 dα sin4α

: ðB31Þ

This is the Θ term for the σ-model with target space S4. It
computes the degree of the map ϕ∶ S4 → S4.
Recall the original Yukawa interaction in Eq. (B16). The

expression in Eq. (B31) tells us that if we interpolate
continuously from a free fermion theory with mass param-
eter meff ¼ þm (i.e. β ¼ 0) to a free fermion theory with
mass parameter meff ¼ −m (i.e. β ¼ π), we necessarily
pick up a theta term with parameter Θ ¼ 2π. A simple field
redefinition to compensate for the change in sign of the
fermion mass would miss this important contribution to the
path integral.
The critical point (namely the equator, Φ0 ¼ 0) exhibits

an enhanced symmetry

Z2∶ νTiiσ2νj → −νTiiσ2νj; ϕa → −ϕa: ðB32Þ

This unitary Z2 transformation commutes with the Spinð5Þ
flavor symmetry. As long as Spinð5Þ × Z2 remains unbro-
ken, no fermion mass term can appear in the Lagrangian at
any order in perturbation theory.

4. Interface between Θ ¼ 2π and Θ ¼ 0

Let us go back to Eq. (B28). We would like to
consider a (2þ 1)-dimensional interface between two
(3þ 1)-dimensional phases, one with meff ¼ þm and
the other with meff ¼ −m. For this purpose, instead of
the parametrization in Eq. (B30), we will consider the
following profile [46]:

~Φ0ðxÞ ¼ cosðαðzÞÞ; ~Φaðx; uÞ ¼ faðx; uÞ sinðαðzÞÞ;

αðzÞ ¼ πθðzÞ ¼
8<
:

0; z < 0
π
2
; z ¼ 0

π; z > 0

ðB33Þ

with
P

5
a¼1 f

2
a ¼ 1. From the previous section, we see

that this gives us a (3þ 1)-dimensional σ-model with
Θ ¼ 0 in the region z < 0 and a (3þ 1)-dimensional σ-
model with Θ ¼ 2π in the region z > 0. The goal is to
study the (2þ 1)-dimensional interface located at z ¼ 0.
Since the phase with Θ ¼ 0 is a trivial gapped phase, the
possibly nontrivial degrees of freedom at z ¼ 0 should be
thought of as the boundary of the phase with Θ ¼ 2π.
If we plug Eq. (B33) into Eq. (B28), we will obtain a

level 1 WZW term at z ¼ 0:

SWZW½n� ¼ i
2π

4!Ω4

Z
B4

εa1…a5Na1dNa2 ∧ � � � ∧ dNa5 ;

ðB34Þ
where

Naðt; x; y; uÞ≡ faðt; x; y; 0; uÞ; Naðt; x; y; 0Þ ¼ δa;5;

Naðt; x; y; 1Þ ¼ naðt; x; yÞ: ðB35Þ
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Therefore, the interface between the σ-model with Θ ¼ 0
and the σ-model with Θ ¼ 2π is described by a σ-model
with a target space S4 and a WZW term at level k ¼ 1:

Sinterface½n� ¼
Z
S3
d2þ1x

1

2g
ð∂μnaÞ2 þ SWZW½n�;

X5
a¼1

n2a ¼ 1: ðB36Þ

For a σ-model with target space S2 in 0þ 1 dimensions, the
addition of a level 1 WZW term results in a twofold
degenerate ground state. For a σ-model with target space S3

in 1þ 1 dimensions, the addition of a level 1 WZW term
results in a conformal field theory (this is the statement of
non-Abelian bosonization for the SUð2Þ model). In 2þ 1
dimensions the analysis is more difficult, but the addition of
the level 1 WZW term to the model in Eq. (B36) is also
expected to result in a conformal field theory [47,48].
Since this interface is the boundary of the (3þ 1)-

dimensional σ-model with target space S4 and theta
parameter Θ ¼ 2π, we conclude that, despite the seemingly
innocuous free fermion Lagrangian in Eq. (B21), this
theory is in fact gapless on a space with boundaries. In
condensed matter language, it is a topological supercon-
ductor rather than a trivial superconductor.
There is a quantum phase transition between the trivial

and topological phases, and hence the Yukawa theory in
Eq. (B23) is massless. It is not possible for fermions to have
mass without mass terms for nf ¼ 8 flavors in 3þ 1
dimensions. This is what is meant by the “WZW obstruc-
tion” to realizing the symmetric gapped phase.

5. 16 Weyl fermions

We argued that eight Weyl fermions coupled to five
scalar fields cannot obtain masses without mass terms. But
Spinð10Þ unification gives us 16 Weyl fermions coupled to
ten scalar fields. So in fact we have two copies of the
system studied in the previous section.
Let us work with the effective bosonic theory and denote

the two collections of scalar fields as follows:

ϕðIÞ
a ¼ ðϕðIÞ

1 ;…;ϕðIÞ
5 Þ; I ¼ 1; 2: ðB37Þ

We can turn on interaction between these two bosons which
is invariant under Spinð5Þ × Z2 transformations:

Lint ¼ A
X5
a¼1

ϕð1Þ
a ϕð2Þ

a : ðB38Þ

WhenA is large, the two scalar fields prefer to be aligned in
Spinð5Þ. Therefore we should do perturbation theory about
the configuration

ϕð1Þ
a ¼ ϕð2Þ

a ≡ ϕð0Þ
a : ðB39Þ

The leading order theory is therefore a sigma model for ϕð0Þ
a

with effective Θ parameter

Θð0Þ
eff ¼ Θð1Þ þ Θð2Þ ¼ 4π: ðB40Þ

So when the coupling A is large, we can approximate the
theory of 16 interactingWeyl fermions as two collections of
eight Weyl fermions coupled to a single σ-model with

target space S4 described by the field ϕð0Þ
a .

The σ-model with Θ ¼ 4π is smoothly connected to the
trivial gapped phase with Θ ¼ 0 [49]. We can then repeat
the argument of Sec. B 4, but this time with Θ ¼ 4π in
the region x3 > 0 [i.e. we can use αðx3Þ ¼ 2πθðx3Þ in the
notation of that section]. There will be no WZW term at the
interface and therefore no massless degrees of freedom at
the boundary of the phase on the right.
This tells us that it is possible to continuously deform

between the phase with mð1Þ
eff ¼ mð2Þ

eff ¼ þm and the phase

with mð1Þ
eff ¼ mð2Þ

eff ¼ −m without passing through a point in
the phase diagram which is either gapless or spontaneously
breaks the symmetry which protects the fermion mass term.
Therefore, it is possible for 16 Weyl fermions in 3þ 1
dimensions to have mass without explicit mass terms in the
Lagrangian.
The continuous part of the global symmetry group in the

path that we have discussed is Spinð5Þ, which can be gauged
via minimal coupling. As discussed previously, if the gauge
coupling is weak, the Spinð5Þ gauge bosons will remain
massless as usual. The question is whether it is possible to
enlarge Spinð5Þ × Z2 into the Spinð10Þ symmetry of grand
unification, in which the ten bosons would transform as a
10-vector, and the 16 Weyl fermions would transform as a
chiral 16−. (Remember we are trying to gap out the mirror
fermions without breaking the Spinð10Þ gauge symmetry.)
Since the path we have discussed does not spontaneously

break any symmetry, we expect that enlarging the sym-
metry to Spinð10Þ without substantially changing the
strength of the interactions should not result in a vacuum
expectation value for the scalar field. Moreover, if the
Spinð10Þ invariant interaction explicitly breaks all possible
anomalous global symmetries in the mirror sector, then no
new massless states should appear when enlarging the
symmetry from Spinð5Þ × Z2.
Therefore, there should be an interacting path which

gaps out all mirror fermions without breaking the Spinð10Þ
gauge symmetry, and we arrive at the same conclusion
obtained via the Kitaev-Wen argument.

APPENDIX C: GENERAL FORMULAS FOR Θ
TERMS AND THE WZW ACTION

In thisAppendixwecollect someuseful formulas forWZW
terms in any number of spacetime dimensions. See Abanov
and Wiegmann [44] for a more comprehensive treatment of
topological terms in σ-models coupled to fermions.
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Let the number of spacetime dimensions be d, and let us
work with compactified Euclidean spacetime Sd. Introduce
an additional parameter u ∈ ½0; 1� and define the unit
ball Bdþ1 ¼ Sd × ½0; 1�.
Define a collection of dþ 2 scalar fields which depend

on xμ ∈ Sd and u:

ΦA ¼ ðΦ0;Φ1;…;Φdþ1Þ: ðC1Þ
The WZW action at level k is defined as

SWZW½Φ� ¼ i
2πk

ðdþ 1Þ!Ωdþ1

Z
Bdþ1

εA0A1…Adþ1ΦA0
dΦA1

∧ � � � ∧ dΦAdþ1
; ðC2Þ

where

Ωn ≡ 2πðnþ1Þ=2

Γðnþ1
2
Þ : ðC3Þ

Let a ¼ 1;…; dþ 1 label the scalar fields Φ1;…;Φdþ1,
and impose the constraint

Φ2
0 þ

Xdþ1

a¼1

Φ2
a ¼ 1: ðC4Þ

Then ΦA ∈ Sdþ1. It will be useful to consider two different
profiles for ΦAðx; uÞ subject to this constraint.

1. Profile 1: Reduce WZW to the Θ term

If

Φ0ðx; uÞ ¼ cosðαðuÞÞ; Φaðx; uÞ ¼ ϕaðxÞ sinðαðuÞÞ;
αð0Þ ¼ 0; αð1Þ ¼ β ðC5Þ

then

SWZW½Φ� ¼ i

�
2πk

R β
0 dα sindαR
π
0 dα sindα

�Z
Sd

1

Ωd
εa1…anϕa1dϕa2

∧ � � � ∧ dϕadþ1
: ðC6Þ

To verify this, note that

Ωn

Ωn−1
¼ π1=2Γðn

2
Þ

Γðnþ1
2
Þ ¼

Z
π

0

dα sinn−1α: ðC7Þ

The North pole of the target space Sdþ1 is Θ ¼ 0, the South
pole is Θ ¼ 2πk, and the equator Sd is Θ ¼ πk.

2. Profile 2: Domain wall between Θ ¼ 0 and Θ ¼ 2π

If

Φ0ðx; uÞ ¼ cosðαðxd−1ÞÞ;
Φaðx; uÞ ¼ faðx; uÞ sinðαðxd−1ÞÞ;
αðxd−1Þ ¼ πθðxd−1Þ ðC8Þ

then

SWZW½Φ� ¼ i
2πk
d!Ωd

Z
Bd
εa1…adþ1Na1dNa2 ∧ � � � ∧ dNadþ1

;

ðC9Þ

where

Naðx0;…; xd−2; uÞ≡ faðx0;…; xd−2; 0; uÞ: ðC10Þ

Therefore,

Sinterface½n� ¼
Z
Sd−1

1

2g
dna ∧ �dna

þ i
2πk
d!Ωd

Z
Bd
εa1…adþ1Na1dNa2 ∧ � � � ∧ dNadþ1

;

ðC11Þ

where

Naðx; 0Þ ¼ δa;dþ1; Naðx; 1Þ ¼ naðxÞ: ðC12Þ

This tells us that the (d − 1)-dimensional interface between
a d-dimensional σ-model with Θ ¼ 0 and a d-dimensional
σ-model with Θ ¼ 2πk contains a σ-model with a WZW
term at level k.
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