PHYSICAL REVIEW D 93, 065003 (2016)

Improved variational approach to QCD in Coulomb gauge

P. Vastag, H. Reinhardt, and D. Campagnari

Institut fiir Theoretische Physik, Eberhard-Karls-Universitdt Tiibingen,
Auf der Morgenstelle 14, 72076 Tiibingen, Germany
(Received 22 December 2015; published 2 March 2016)

The variational approach to QCD in Coulomb gauge developed previously by the Tiibingen group is
improved by enlarging the space of the quark trial vacuum wave functionals through a new Dirac structure
in the quark-gluon coupling. Our Ansatz for the quark vacuum wave functional ensures that all linear
divergences cancel in the quark gap equation resulting from the minimization of the energy calculated to
two-loop order. The logarithmic divergences are absorbed in a renormalized coupling which is adjusted to
reproduce the phenomenological value of the quark condensate. We also unquench the gluon propagator
and show that the unquenching effects are generally small and amount to a small reduction in the

midmomentum regime.
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I. INTRODUCTION

During the last two decades the infrared sector of QCD
was intensively studied both on the lattice and in the
continuum theory. Substantial insight into the two basic
features of the QCD vacuum, confinement and spontaneous
breaking of chiral symmetry (SBCS), has been gained
although a rigorous understanding of these two phenomena
is still lacking. Confinement is a property of the Yang-Mills
sector. Indeed, the order parameter of confinement, the
Wilson loop, is a purely gluonic observable, from which the
static quark potential can be extracted. SBCS takes place in
the quark sector: The quarks in the Dirac vacuum condense
similar as the electrons in a superconductor, and the first
microscopic explanations of the SBCS were based on
superconductor types of effective models like the Nambu—
Jona-Lasinio model [1-3]. Indeed, the order parameter of
SBCS is the quark condensate. However, by the Banks-
Casher relation [4] this order parameter is related to the level
density near zero virtuality of the quarks in the fluctuating
gluonic background. Consequently, SBCS is also caused
indirectly by the gluons.

Extensive lattice studies have shown that confinement
and SBCS are both caused by topologically nontrivial field
configurations like center vortices and magnetic monop-
oles; see Ref. [5] for a review. Indeed, when center vortices
or magnetic monopoles are removed by hand from the
ensemble of gauge field configurations the area law of the
Wilson loop and thus the confining part of the extracted
quark potential is lost [6,7]. At the same time the level
density of the quarks develops a gap near zero virtuality [8]
and, by the Banks-Casher relation, SBCS disappears. On
the other hand, when one projects the ensemble of gauge
field configurations on those containing center vortices,
the short distance Coulomb part of the static quark potential
disappears while the linearly rising confining part is pre-
served at all distances. At the same time the quark levels are
squeezed in the region around zero virtuality [9].
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A seemingly different confinement scenario was pro-
posed by Gribov [10] and further developed by Zwanziger
[11], in which confinement manifests itself in an infrared
diverging ghost form factor. Extensive studies, both on the
lattice and in the continuum, have shown that this picture is
not realized in Landau gauge [12] (as originally assumed)
but only in Coulomb gauge [13-16]. Though confinement
is a gauge invariant phenomenon, it may manifest itself
differently in different gauges. In Coulomb gauge, not only
an infrared diverging ghost form factor but also a linearly
rising static quark potential (the so-called non-Abelian
Coulomb potential) is obtained. The infrared slope of this
potential is given by the so-called Coulomb string tension,
which is an upper bound to the Wilson string tension [17].
The Gribov-Zwanziger picture was mainly established
within the Hamiltonian approach to QCD in Coulomb
gauge by means of variational calculations [13-15,18] and
is also supported by lattice calculations [16,19]. Lattice and
continuum studies have shown that the Gribov-Zwanziger
confinement scenario is tightly related to the center vortex
and magnetic monopole pictures of confinement: Center
vortices and magnetic monopoles live on the so-called
Gribov horizon [19], i.e. are field configurations for which
the Faddeev-Popov determinant vanishes. When these center
vortices are removed from the Yang-Mills ensemble, the
ghost form factor becomes infrared finite and the non-
Abelian Coulomb potential is no longer linearly rising but
becomes infrared flat [19], i.e. the Coulomb string tension
disappears. Recently, it was also shown that the Coulomb
string tension is not related to the temporal Wilson string
tension but to the spatial string tension [20]. This also
explains why the Coulomb string tension does not disappear
above the deconfinement phase transition [21]. Furthermore,
within the Hamiltonian approach in Coulomb gauge it was
shown that the inverse of the ghost form factor can be
interpreted as the dielectric function of the Yang-Mills
vacuum [22]. An infrared diverging ghost form factor then
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implies that the dielectric function vanishes in the infrared,
which makes the Yang-Mills vacuum a perfect color dielec-
tricum, i.e. a dual superconductor, which arises from the
condensation of magnetic monopoles. In this sense, the
Gribov-Zwanziger picture is also related to the magnetic
monopole picture of confinement.

Variational calculations within the Hamiltonian approach
in Coulomb gauge were initiated in Ref. [23], where a
Gaussian trial Ansatz was used for the Yang-Mills vacuum
wave functional. The same Ansarz was used in Ref. [18]
where also the first numerical calculations were carried out.
The approach developed by the Tiibingen group [13-15]
differs from previous work in the choice of the trial wave
functional and more importantly in the treatment of the
Faddeev-Popov determinant as well as in the renormaliza-
tion; see Ref. [24] for more details. In fact, in previous work
the Faddeev-Popov determinant was not (properly)
included. However, it turns out that the Faddeev-Popov
determinant is crucial for the infrared properties of the
theory and for the Gribov-Zwanziger picture to be realized
[13—15]. Within our approach, we have obtained a decent
description of the infrared properties of QCD as, for
example, an infrared diverging gluon energy [13—15] (which
is a signal of gluon confinement and also supported by the
lattice calculation [16]), a linearly rising non-Abelian
Coulomb potential, an infrared finite running coupling
constant [15], a perimeter law for the 't Hooft loop [25]
and an area law for the Wilson loop [26]. For arecent review,
see Ref. [27].

The advantage of the Hamiltonian approach in Coulomb
gauge is that the gauge fixed Hamiltonian contains already
a confining four-quark interaction, which depends on the
fluctuating transversal gauge field by the so-called Coulomb
kernel; see Eqs. (11) and (12). If this kernel is replaced by its
Yang-Mills vacuum expectation value a confining quark
potential is obtained. Keeping from the gauge fixed QCD
Hamiltonian only this confining two-body interaction and
the free Dirac Hamiltonian of the quarks one obtains a
confining quark model, which has been treated originally by
Finger and Mandula within a variational approach using for
the quark vacuum wave functional a BCS type of Ansatz
[28]. From this model one finds indeed SBCS but the quark
condensate turns out to be much too small compared to
the phenomenological values when realistic values for the
Coulomb string tension are used. The model was reconsid-
ered in [29] where the renormalization was improved and
also in Ref. [30] and was extended to nonzero current quark
masses in Ref. [31]. Similar studies of chiral symmetry
breaking within quark models with confining two-body
interactions were carried out in [32,33].

The variational approach to Yang-Mills theory developed
in Ref. [13,14] was extended in Refs. [34,35] to full QCD.
For the quark vacuum wave functional, a trial Ansatz was
used, which goes beyond the BCS type of state considered
previously in Refs. [28,29,31] by explicitly including the
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coupling of the quarks to the spatial gluons. It was shown
that the inclusion of the quark-gluon coupling substantially
increases the amount of chiral symmetry breaking.
Unfortunately, in Ref. [34] a simplifying approximation
was used in the evaluation of the gluonic expectation value
of quark observables, which leads to the unrealistic
property that the form factor of the quark-gluon coupling
term in the wave functional depends only on one inde-
pendent momentum, while on general grounds, with the
overall momentum conservation taken into account, it
should depend on two independent momenta. In the present
paper, we will go beyond Ref. [35] and develop an
improved variational approach to QCD in Coulomb gauge.
The improvement is twofold: First, we will use a gener-
alized Ansatz for the quark vacuum wave functional, which
(compared to Ref. [35]) includes an additional quark-gluon
coupling term with a new Dirac structure. This term can be
motivated by perturbation theory and has the advantage that
it removes all linear UV divergences from the quark gap
equation. Second, we will abandon the approximation used
in Ref. [35] and calculate the expectation value of the QCD
Hamiltonian consistently to two-loop order.

The organization of this paper is as follows: In the next
section, we present the main features of the Hamilton
formulation of QCD in Coulomb gauge and fix our
notation. In Sec. III, we summarize the essential results
obtained within the variational approach in Coulomb gauge
for the Yang-Mills sector, which will serve as input for the
quark sector. Our trial Ansatz for the quark vacuum wave
functional is presented in Sec. IV. The quark propagator is
calculated in Sec. V for our trial wave functional and in
Sec. VI the vacuum energy is determined to two-loop order.
The equations of motion for the variational kernels of our
vacuum wave functional are derived in Sec. VII by
minimizing the energy. The UV analysis of these equations
and their renormalization are carried out in Sec. VIIL. In
Sec. IX, we study the physical implications of the coupling
of the quarks to the spatial gluons. Our numerical results
are presented in Sec. X. A short summary and our
conclusions are given in Sec. XI. Some mathematical
details are presented in appendixes.

II. HAMILTONIAN FORMULATION OF QCD IN
COULOMB GAUGE

Canonical quantization of QCD in Weyl, A; = 0, and
Coulomb gauge, V-A =0, results in the following
Hamiltonian [34-36]

Hocp = Hym + Hg + He. (1)
Here
Hyy = % / (I [AN(x)J[A](x) + B2(x)

EH$M+H$M (2)
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is the gauge fixed Hamiltonian of the transversal compo-
nents of the gauge field A which satisfy A, = 1,;A; with the
transversal projector t(x) = &, + 0;(—A)~'9;. In Eq. (2),

Bi(x) = eua (O5(0) S AN WALE)) )

is the non-Abelian color magnetic field with bare coupling
constant ¢ and structure constants f?*¢ of the color group.
Furthermore,

I (x) = % (4)

is the canonical momentum operator conjugate to the
transversal gauge field in coordinate representation. It

represents the operator of the color electric field and fulfills
the canonical commutator relations

[Af (). 17 ()] = 16154 (x — y) (5a)
[Af(x). A7 ()] = [T (x). IT7 ()] = 0. (5b)

Finally,
JIA] = det(G™") (6)

is the Faddeev-Popov determinant in Coulomb gauge,
where

(G (x,y) = (=V-D)*(x.y) ()
is the Faddeev-Popov operator with
Di? (x) = 50y — gf* Aj(x) (8)

being the covariant derivative in the adjoint representation.
The second term in Eq. (1),

Ho = [ (0 (<19 + grA(x) + prgly (s
= H% + HA, (9)

is the Hamiltonian of the quarks in the background of the
fluctuating gauge field A. The quark field y satisfies the
usual equal time anticommutation relation

{wi" (). W} ()} = 6""6,;6(x — y) (10a)

{yi'(x).wjly)} =0. (10b)
Furthermore, «, # in Eq. (9) are the usual Dirac matrices
and #“ denotes the generator of the color group in the
fundamental representation. Finally, m, is the bare quark

mass. In this paper, we will consider only one quark flavor
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but the extension to several flavors with different quark
masses is straightforward.

Finally, the last term in Eq. (1) is the so-called Coulomb
term, which arises from the longitudinal part of the gluonic
kinetic energy after resolution of Gauf3’s law in Coulomb
gauge and is given by

2
He = gE / & / &y Al () J[AJF (x.3)p" ().

(11)

where the Coulomb kernel

F(xy) = / PG (e.2) (-0 @y)  (12)

is a highly nonlocal functional of the gauge field.
Furthermore,

p(x) = pym(x) + po(¥) (13)

is the total color charge density, which besides the
quark part

P x) = (x)ry (x) (14)
receives also a gluonic contribution given by

Pin(x) = fAP (x) - TI°(x). (15)

Note that the gluonic charge density (15) does not commute
with the Faddeev-Popov determinant.

The Hamiltonian (1) can be derived either by means of
Dirac’s method of quantizing constraint systems or by means
of the functional integral approach [36]. Both methods yield
the same QCD Hamiltonian. Unfortunately, also the Gribov
problem is present in both approaches.

Since the total color charge density p (13) is the sum of a
quark and a gluon part, the Coulomb Hamiltonian (11) can
be expressed as

He = HM + HYT + H, (16)

where HIM and H. 8 depend exclusively on the charges of the
gauge field, pyy, and the quark field, pq, respectively, while
HXT contains the coupling between both. Note that the
Faddeev-Popov determinant drops out from the quark part

W= [ [ @bty (7

For subsequent considerations, it will be convenient to
reshuffle the QCD Hamiltonian as

Hocep = Hym + Ho. (18)
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where

is the Hamiltonian of the pure Yang-Mills sector (i.e. Hyy
does not contain the quark field) and

Hq = Hq+ HE + HX" (20)

describes the quark sector coupled to the gluons.
The aim of the Hamiltonian approach is to solve the
functional Schrédinger equation
Hqcplp) = Elg) (21)
for the vacuum state of QCD. In the present paper, we
attempt this in an approximate fashion by exploiting the
variational principle. In analogy to the splitting (18) of the

QCD Hamiltonian, we write the QCD vacuum wave
functional in the factorized form

[#[A]) = dymlAlldolA]). (22)

where |¢g[A]) is the wave functional of the Dirac sea of the
quarks in the background of the fluctuating gauge field A
and ¢ym[A] = (Alpym) is the vacuum wave functional of
the Yang-Mills sector. The Ansatz (22) is, in principle,
exact, since the quark wave functional |¢pg[A]) depends
explicitly on the gluon field, and thus could capture the
entire quark-gluon interaction. Of course, in the actual
calculation we have to restrict the trial wave functionals to a
subspace of the whole Hilbert space. Note also that we have
chosen the coordinate representation for the Yang-Mills
part of the vacuum wave functional while for the fermionic
part we prefer to use the second quantized form of the Fock
space representation. In principle, we could also use a
coordinate representation for the quark wave functional,
which is defined in terms of Gramann variables [37].
However, the mixed representation (22) turns out to be not
only sufficient but also quite convenient.

The expectation value of an observable O[A,IL, y/] in the
state (22) is given by

(O[A.TLy]) = / DAT(Afipn[A]
% (oAl OJA. TL | polA) dyulAl. (23)

where the Faddeev-Popov determinant arises in the inte-
gration measure of the gauge field from the fixing to
Coulomb gauge. Here we have ignored the fact that due to

'However, when the variational approach is formulated for
non-Gaussian trial states by means of the generalized Dyson-
Schwinger equations, the use of the coherent fermion state basis
of the Fock space in terms of Gralmann variables is essential.
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the presence of Gribov copies the integration over the
gauge field should be restricted to the first Gribov region or,
more precisely, the fundamental modular region. In the
present paper, we will concentrate on the determination of
the quark vacuum wave functional |¢q[A]) using the results
obtained previously in the Yang-Mills sector as input. For
this purpose, we will briefly summarize these results in the
next section.

III. VARIATIONAL RESULTS FOR THE GLUON
SECTOR OF QCD

In Refs. [13—15], the gluon sector of QCD in Coulomb
gauge was treated in a variational approach using the
following Ansatz for the vacuum state

NYMJ__[

co (=3 [ @ [ @t

(24)

¢YM[ ]

where N 'yy is a normalization factor fixed by the condition
(pym|dym) = 1, J is the Faddeev-Popov determinant (6)
and o is a variational kernel. Compared to a pure Gaussian,
this Ansatz with the preexponential factor included has the
advantage that the Faddeev-Popov determinant drops out
from the integration measure of the scalar product (23), and
as a consequence the static gluon propagator is given by

1
Di7 (x.y) = (ALx)AT0))ym = 56"t (x = y)o™ (x,p),
(25)
where (...)yy denotes the expectation value in the Yang-

Mills vacuum state ¢y [Eq. (24)]. Furthermore, the Ansatz
(24) guarantees that Wick’s theorem holds so that all
gluonic expectation values (...)yy; can, in principle, be
entirely expressed in terms of the gluon propagator (25). In
Ref. [13,14], the energy of the gluon sector (Hyy;)yy Was
calculated up to two loops. This implies that for the
expectation value of the Coulomb kernel F [Eq. (12)]
the factorization
(G(=A)G)ym ~ (G)ym(=A)(G)ym (26)
was used, where (G)yy is the ghost propagator.
Furthermore, up to two-loop order in the energy it is

sufficient to replace the Faddeev-Popov determinant by the
Gaussian functional [38]

M=exp (- [@x [esmwpeaarm) @)

where
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Aty = =5 Gz W) @)

denotes the ghost loop, which in this context is referred to
as curvature. Minimizing the energy with respect to @
results in a gluonic gap equation which contains only up to
one-loop terms. This equation together with the Dyson-
Schwinger equation for the ghost propagator can be solved
analytically both in the infrared and the ultraviolet by power
law Ansditze. One finds that the gluon energy behaves like the
photon energy, @ ~ p, for large momenta p — oo, while it is
infrared diverging, w ~ 1/ p for p — 0. These analytic results
are confirmed by the full numerical calculations which are
compared in Fig. 1 with lattice data. The gluon propagator
obtained in the variational approach [13,14] agrees nicely
with the lattice data in the infrared and in the ultraviolet but
misses some strength in the midmomentum regime. In this
regime, the variational results can be considerable improved
by using a non-Gaussian trial state which in the exponent
includes also terms cubic and quartic in the gauge field [39];
see Fig. 1. The most remarkable feature of the lattice data for
the gluon propagator is that its representation Eq. (25) can be
nicely fitted by the Gribov formula [10]

M4
w(p) =\[pP* +—% (29)
p
with a Gribov mass of Mg =~ 880 MeV = 2./ [16], where &
is the Wilsonian string tension. From Eq. (17), it is seen that
the gluonic vacuum expectation value of the Coulomb kernel
F [Eq. (12)]

P . y))ym = 8 Ve(|x - y)) (30)

represents a static color charge potential. At small
distances this potential can be calculated in perturbation
theory and one finds

0.45 ‘ ‘ ‘ ,
04| & Lattice  «

0.35 |
0314
0.25
0.2
0.15 |1
0.1
0.05

Gaussian functional —---

Non-Gaussian functional

D [1/GeV]

FIG. 1. The static Coulomb gauge gluon propagator D(p) =
1/2w(p) in momentum space. Crosses are lattice data, while the
dashed and full lines, respectively, refer to the results of the
variational approach with a Gaussian [13,14] and a non-Gaussian
[39] vacuum wave functional.
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2

SO g =Y (31)

Velr) — = ar

r—0 r
in agreement with asymptotic freedom. With the approxi-
mation (26) it was found [15] that at large distances this
potential rises linearly,

Ve(r) — ocr. (32)
with a coefficient o¢ referred to as Coulomb string tension.
This quantity can be shown [17] to be an upper bound to the
Wilson string tension ¢ extracted from the Wilson loop.
On the lattice one finds also a static non-Abelian Coulomb
potential growing linearly in the infrared with 6c = 2...40
[19,20,40]. The infrared analysis of the variational equations
of motion (gluon gap equation and ghost Dyson-Schwinger
equation) [15] shows that within the approximation (26)
the Coulomb string tension o is related to the Gribov mass
M G by

MZ,. (33)

T
Ooc = NC
For Nc =3 and n/Nc~ 1, we obtain 6c ~ M%, which
shows that there is a single mass scale in the gluon sector.
Furthermore, with the lattice result Mg ~ 2,/ [16] we obtain
for the Coulomb string tension o = 40, which is at the upper
border of the range found for o on the lattice. It is also worth
mentioning that to the order of approximation considered the
bare coupling constant g drops out from the variational
equations of motion of the gluon sector so that these equations
are scale invariant and the physical scale has to be determined
by calculating some physical observable. Following Ref. [41]
we will use the Coulomb string tension o measured on the
lattice to fix the scale.

Finally, as shown in Ref. [41] the Coulomb term is
completely irrelevant in the gluon sector, i.e. HXM can be
safely neglected. Furthermore, the interaction term HO'T
contributes to (Hqcp) only in higher than two-loop order
and will hence be neglected. On the other hand, the quark
part H 8 (with the Coulomb kernel £ replaced by its
expectation value (30)) contributes already at the two-loop
level and has to be kept. We will later find that this term is
in fact quite important for the spontaneous breaking of
chiral symmetry. The Hamiltonian of the quark sector then
reads

Hy=Hq+ HE (34)

with the Coulomb kernel F in Hg replaced by its gluonic
vacuum expectation value V- [Eq. (30)].
IV. THE QUARK WAVE FUNCTIONAL

Our trial Ansatz for the quark wave functional is an
extension of that used in Refs. [34,35]. Following these
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references, we split the quark field operator y into its
positive and negative energy components

wix) =w.i(x) +w_(x) (35)

defined with respect to the bare Dirac vacuum |0)

v (x)[0) = 0 =yL(x)0). (36)

The bare Dirac vacuum consists of the filled negative
energy eigenstates of the bare Dirac Hamiltonian, which in
momentum space reads

h(p) = - p + pmq (37)

and whose eigenvalues are given by Ze(p)=

+4/p* + m. The positive and negative energy compo-

nents of the quark field can then be expressed as

walx) = / By (x.)y(y) (38)

with the orthogonal projectors (d = d/(2x))

Asley) = / @ pexplip - (x —y)As(p).

1 h(p)
A =—|1+£—=
) =3 ( e(p)> )
satisfying
Ay +A_=T1, AL = Al ALAL =0. (40

From (10) it follows that the projected quark fields . obey
the anticommutation relations

{we().wk ()} =0
(41a)

{y (@) vi()} = Aulxy),

{wix),wely)} =0, {wi(x).we(y)} =0.

In the following, we will consider only the limit of chiral
quarks, i.e. mg = 0. The extension of our Ansatz to massive
quarks would be, however, straightforward. The quark trial
vacuum state is chosen as the most general Slater deter-
minant which is not orthogonal to the bare vacuum |0). By
Thouless’s theorem such a state can be expressed as

(41b)

BolA]) = exp [— [ s [ @t o|o,
(42)

where the (gauge field dependent) kernel K is a matrix in
the indices of the quark fields, i.e. in Lorentz and color
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space and, when different flavors are included, also in
flavor space. The use of a Slater determinant allows the
application of Wick’s theorem, which facilitates the evalu-
ation of the quark expectation value considerably. The
norm of the fermionic wave functional (42) is given by [35]

1141 = (olAlldolal) = der( o ") =dai 1 K'K)

(43)

where the first (functional) determinant is defined in the
complete Hilbert space of the Dirac Hamiltonian (37),
while the second one is defined in the subspace of negative
energy eigenfunctions only. Note that the fermion deter-
minant /[A] [Eq. (43)] explicitly depends on the gauge field
A and is therefore nontrivial. The kernel K connects the
positive with the negative energy subspace of the (single
particle) Hilbert space of the Dirac Hamiltonian (37) and is
chosen in the form

K(x.y) = pS(x.y) +g/d3Z[V(x,y;Z)
+ W (x,y;z)]oc - A%(2)14, (44)

where S, V and W are variational kernels, which, by
translational invariance, depend only on the coordinate
differences. For V.= W = 0, our Ansatz |¢q[A]) [Eq. (42)]
reduces to the BCS-type wave functional considered in
Refs. [28,29,31]. For the BCS wave functional, the
quark-gluon coupling term of the Dirac Hamiltonian, Hé

[Eq. (9)], escapes the expectation value. Such a wave
functional does, however, already produce spontaneous
breaking of chiral symmetry but not of sufficient amount. It
yields, for oc = 20, a quark condensate (py) of about
(=165 MeV)? which is significantly smaller than the
phenomenological value of [42]

(W (X)y (X)) phen = (=235 MeV)’. (45)
For W = 0, the wave functional (42) corresponds to the
Ansatz considered in Refs. [34,35], where it was shown that
the inclusion of the explicit coupling of the quarks to the
gluons by the term proportional to V gives a substantial
improvement compared to the BCS-type wave functional
(V. = W = 0). Here we go one step further and include also
the coupling term proportional to W. As we will show
below this term does not only improve the previous
variational calculation because of the enlarged space of
trial states but has the principle advantage that all linear
ultraviolet divergences disappear from the gap equation for
the scalar kernel S. Furthermore, the presence of this kernel
can be motivated by perturbation theory on top of a BCS
vacuum state; see Appendix B.
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It is convenient to include the fermion determinant /
[Eq. (43)] in our Ansatz for the Yang-Mills part ¢pyy; of the
vacuum wave functional (22) in the same way as the
Faddeev-Popov determinant J. Therefore, we choose
the following Ansatz

dymlA] :NI_%[ 17 _%[ ]¢YM[ s (46a)
Bt =exp (= [ @x [ Oxarwoenngo) ).
(46b)

which differs from (24) only by the presence of the fermion
determinant. Again, @ is the variational kernel to be
determined by minimizing the ground state energy. In
terms of the functional (46), the expectation value of an
arbitrary operator O [Eq. (23)] reads

(OIA Ty} = WP [ DAGw[A)(O1A. L) gdvald]
(47)
where we have introduced the transformed operator
O[|A. 11,y = 2[A|E[A]O[A IL, w]J 2 [A]I2[A]  (48)

and the fermionic expectation value

(0)q = I {#qlOlepq)- (49)

For an operator O which is independent of the canonical
momentum II, O = O holds and both the Faddeev-Popov
and the fermion determinants disappear from the expect-
ation value (47) implying that Wick’s theorem holds in the
form

{3 o

(0l |

Diy (x.y) Ab@))
(50)

A=0

If, however, the operator O explicitly depends on the
canonical momentum operator, the Faddeev-Popov deter-
minant J and the fermion determinant / remain in the
expectation value (47), (48) and the functional derivative
imposed by the momentum operator IT = §/i5A has to be
carried out before Wick’s theorem can be applied.

V. STATIC QUARK PROPAGATOR AND
CHIRAL CONDENSATE

Since our quark wave functional is a Gaussian in the
fermion fields Wick’s theorem holds and as a consequence
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pure fermionic expectation values can be expressed in
terms of the static quark propagator

G (x.y) = o (" (x). v 3)])- (51)

| —

For the fermionic expectation value of the quark bilinear in
the state |¢pq[A]) [Eq. (42)], one finds [35]

e sw T 0))g = (A1 + KKTAL) (xy). (52a)
W w0 = (A1 + KK IAL)4(.x), (520)
i )= (A[1+ KK KAL) (xy). (520)
s 000 = (A1 +KKTKA)(xy). (524)

Unfortunately, the evaluation of the bosonic expectation
value is a bit more involved and cannot be carried out
without further approximations. This is because the fer-
mionic two-point functions always contain a term like

(14 KK i

n=0

(53)

which is an infinite series in the gauge field A so that its
bosonic expectation value cannot be evaluated in closed
form. For calculating the ground state energy up to two-
loop order, it is sufficient to expand the exponential in (50)
in a Taylor series up to leading order yielding

(O[A.y]) = (O[A

:O’W]>Q+_

1) 1)
d3 Dab y) ——— OA, o
X/ yéA‘,j(x) i (x y)éAf’ )< [Aw])olazo

For the static quark propagator

Gij"(x.y) —5mn/d3p exp(ip - (x —y))Gi;(p) ~ (55)

in momentum space, we find then after somewhat lengthy
calculations (see Appendix C),

(56)

where p = p/p and
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1,(p) = CF92/63q P((V’)+( |))

I(p) —C;gz/d q (([p) (q|

_|_
+ W2(p.q)Y(p.q)(2S(p) + S(q

Here we have replaced the variational kernels by their
respective momentum space representation (see Appendix A)
and, furthermore, introduced the abbreviations

1

P(p) = T150p) (59)
X(p.q)=1-p-w+a)lld-0+q)]  (60)
Y(p.q)=1+p-p+qlla-w+q)]  (61)

as well as the Casimir factor Cg = (N& — 1)/2N¢. Neglect-
ing the coupling of the quarks to the transversal gluons,
V = W = 0, the propagator (56) reduces to the BCS result
obtained in Ref. [29]. However, even when we include the
coupling term ~V but ignore the additional coupling term
~W, our quark propagator differs from that of Ref. [35]
although, in that case, the trial Ansdtze for the quark wave
functional agree. The reason is that, in Ref. [35], a simplify-
ing approximation was used in the evaluation of the gluonic
expectation value of fermionic objects: In the denominators
of the quark propagator (52), the kernel K K was replaced by
its (gluonic) vacuum expectation value (K K). In the present
paper, we abandoned this approximation and strictly carried
out the calculation to two-loop order. The results obtained in
this way are also consistent with those obtained in the Dyson-
Schwinger approach [43] and in perturbation theory, as we
will see later.

Due to the fact that our quark wave functional is a Slater
determinant, the static quark propagator (56) can be
brought to the quasiparticle form

o-p+pMp)

Gp) = 2(p); 7oES (62)
with an effective (running) mass
~ 2p[S(p) = Iy(p)]
M) =125 0) - 1(p) (€3)

and a field renormalization factor

[V2(p.9)X(p.q)(1+25(p)S(q)

PHYSICAL REVIEW D 93, 065003 (2016)

—8*(p)) + W (p.q9)Y(p.q)(1 - 25(p)S(q) — S*(p))]
(57)
V00X .0 (2S(0) = 5(0) + 5(7)S(a)
- 8*(p)S(q))]- (58)
|
Z(p) = P(p)y/[1 = $*(p) = L(p) +4[S(p) ~ I(p)P.
(64)

If one neglects the coupling of the quarks to the gluons the
two loop integrals vanish, I, = 15 = 0, and we recover the
result of Ref. [29]

2pS(p)
1-8%(p)’

From this expression it is already clear that a nonvanishing
scalar kernel S implies a nonzero effective quark mass
function and thus spontaneous breaking of chiral sym-
metry. Indeed, the order parameter of spontaneous breaking
of chiral symmetry, the quark condensate, can be expressed
by means of the static quark propagator (51) as

(W (x)y(x)) = —r(fG(x,x)). (66)

Inserting here the explicit form of the propagator (62), we
find

M(p) = Z(p)=1. (65)

P ) = 2N [ @ ”) (67)

\/p +M2

Obviously, the quark condensate vanishes when no effec-
tive mass is generated, i.e. for M = 0.

VI. GROUND STATE ENERGY

Below we evaluate the expectation value of the QCD
Hamiltonian (18) in our trial state (22) [with Egs. (42) and
(46)]. The calculations will be carried out consistently to
two-loop level.

Since the quark wave functional depends explicitly on
the gauge field it is mandatory to take the fermionic
expectation value before the bosonic one. We begin with
the expectation value of the Dirac Hamiltonian H .

A. Quark energy

The Dirac Hamiltonian (9) consists of two parts, one
describing a free Dirac particle and the other containing
the coupling between quarks and transversal gluons. The
expectation value of the free Dirac Hamiltonian can be
expressed by the quark Green function
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FIG. 2. Diagrammatic representation of the expectation value of
the free Dirac Hamiltonian (69). We denote the free Dirac
operator by a crossed circle and the vector kernels V and W
by a labeled square. Straight and curly lines stand, respectively,
for the quark and gluon propagator.

(HY) = —Ne3(0) / Epir(a-pGlp).  (68)

where 3°(0) = [d’x is the (infinite) spatial volume
(6 = 2#6). With the explicit form (62) we find

P*Z(p)

VPP + M (p)

Here G, M and Z are functionals of the variational kernels
S, Vand W [see Egs. (62), (63) and (64)]. Using the explicit
expression for these quantities one finds for <H0Q> a
somewhat lengthy expression, which is given in
Eq. (D1) of Appendix D. The obtained expression for
(H %> allows, however, for a direct interpretation in terms of
Feynman diagrams given in Fig. 2.

Let us also mention that there is no need to subtract the
energy of the trivial vacuum, (Hqcp)|s—y—w—o, because
this would only shift the vacuum energy by an irrelevant
constant.

The evaluation of the coupling term <H6) is more
involved due to the presence of the gauge field in Hé
but can be straightforwardly carried out to two loops. One
finds then the following expression

(HY) = ~2Ne5*(0) [ &p (69)

(HA) = (N2~ 1)5* (0) 2 / &p

Vip.g)
« / T S P@PP)(1+S(@S(p) X p.g)
-(2-180)g" [ &
; Wp.g)
« / B s PaPRS(P) +5()Y ().

(70)

which is diagrammatically illustrated in Fig. 3.

The quark contribution to the Coulomb energy (H Q) can
be straightforwardly evaluated by using Wick’s theorem in
the quark sector. Due to the replacement of the Coulomb
kernel F [Eq. (12)] by its expectation value V¢ [Eq. (30)],
which is correct to two-loop order, we are left here with a

PHYSICAL REVIEW D 93, 065003 (2016)

FIG. 3. Diagrammatic representation of the expectation value of
the quark-gluon coupling, (H¢) (70). The filled dot stands for the
bare quark-gluon vertex in the Hamiltonian Hg.

quark two-body operator yw'yy Ty, whose fermionic
expectation value leads to terms of the form
(W) (ww')q. Furthermore, up to two loops the remain-
ing gluonic expectation value can be taken for each fermion
contraction (1//1,//*>Q separately, which produces a static

quark propagator (51). Exploiting the fact that the quark
propagator is a color singlet and that tr#“ = 0 one arrives at
the following result

mlmz m3m4/d3 /d3yVC |x y|)

X [5’"'"’45'"2"”51'['53(0)53(x -)
_ 4tr(Gm4m] (y’x)szmz (x’y))] (71)

Inserting here the explicit expression for the static quark
propagator (56) and confining oneself to two-loop terms

(HE) =

yields
(Hg) =~ 80) [ & [ @aveip-a)
[1—P() q)(45(p)S(q)
+ (1 =8%(p))(1 = 5*(9))p - )] (72)

The same result is found for the BCS wave functional
(V=W =0). This is because the quark-gluon coupling
vertices in our trial wave functional (42), (44) contribute
only loop terms to the static quark propagator [see
Eq. (56)], which, when kept, would produce three-loop
terms in (HQ). The quark contribution to the Coulomb
energy (72) is diagrammatically illustrated in Fig. 4.

B. Energy of transversal gluons

We continue with the contribution of the kinetic energy
of the transversal gluons H%,,; see Eq. (2). Although the

FIG. 4. Diagrammatic representation of the expectation value of
the fermionic part of the color Coulomb potential (72). The
double line stands for the Coulomb kernel V- [Eq. (30)].
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FIG. 5. Diagrammatic representation of the fermionic contri-
butions to the expectation value of the kinetic energy of the
transversal gluons (74).

operator H%,; does not contain the quark field, the quarks
do contribute to its expectation value due to the action of
the momentum operator on the gauge field in the quark
wave functional; see Eqs. (42) and (44). Furthermore, the
momentum operator does not commute with the fermion
determinant (43). As a consequence the transformed

operator H%y; [Eq. (48)] becomes nontrivial®

~E
HYM*

3 | @r(memep) - ) g -p)
2 (p) In )11 () n ]

+ 0 (p) In 01 (~p) I 1] = [T )11 (=p) In /]
-5 ImEp(-p) ) ). 73)

Obviously this transformed operator has a much more
complicated structure than the original one. This is the price
we have to pay for the elimination of the Faddeev-Popov
and quark determinants from the gluonic integration
measure of the scalar product; see Eq. (47). The evaluation
of the expectation value of H%y; [Eq. (73)] is quite involved
and sketched in Appendix D. Up to two-loop order, one
finds the following expression:

_ Ne-1 (@(p) =x(p))*
) 53(0)/631) w(p)
+$33(0)g2 / &p
x / EqP(p)P(4)V*(p.0)X(p.4)

N2 -1
+ C2 53(0)92/63]7

< / SgP(p)P( W (p.0)Y (p.q)  (74)

(HYy)

2. . . .

Notice that canonical momentum operators inside of square
brackets do not act on terms which stand outside of the respective
bracket.

PHYSICAL REVIEW D 93, 065003 (2016)

Here y(p) = 8“tt(p)y“®(p)/(2(N& — 1)) is the scalar
curvature. The first term in Eq. (74) arises from the
Yang-Mills part of the vacuum wave functional and was
already obtained in Ref. [13,14]. The last two terms give
the quark contributions which are diagrammatically rep-
resented in Fig. 5.

The potential energy of the transversal gluons HZ,,
[Eq. (2)] is a functional of the gauge field A only. As a
consequence the quarks do not contribute to (H%,,) which
is hence given by the expression obtained in Ref. [13,14]
for the Yang-Mills sector

NC 53(0)/ IZ;)+NC(]Y§_1)53(0)92

/ &p / dq ))2 (75)

Finally, we calculate the expectation value of the purely
gluonic part of the Coulomb term, HXM. Although this
operator contains the momentum operator II the quarks do
not contribute to two-loop order, and we obtain the same
result as in pure Yang-Mills theory [13,14]

53 /63 /d*qvc q))

(w(p) —x(p) — w(q) +x(q))? Y
ey (),

(Hyw) =

(HEM) =

C. Total energy
As already mentioned before, the mixed Coulomb term
HXT does not contribute to two-loop order. The total
vacuum energy is thus given by

(Hoep) = (Hywm) + (Hg). (77)

where the various contributions to the gluon energy

(Hywm) = (HYy) + (HYy) + (HM) (78)

are given by Eqgs. (74), (75) and (76), while the contribution
to the energy of the quarks interacting with the gluons
(Ho) = (HY) + (HA) + (HD) (79)
are given by Egs. (69) [see also Eq. (D1)], (70) and (72).
At this point it is worth to compare the present result
with that of previous work. If one neglects the coupling
between quarks and transversal gluons, V =W =0,
(Hyy) becomes the vacuum energy of the Yang-Mills
sector obtained in Ref. [13,14] and (H) reduces to the
vacuum energy of the model considered in Ref. [29]. When
the quark-gluon coupling term ~V is included but the other
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coupling term ignored, W = 0, one recovers the result of the
Dyson-Schwinger approach of Ref. [43], which differs,
however, from the result of Ref. [35] due to further
simplifying approximations used there; see above. Finally,
when both quark-gluon coupling terms are included in the
quark wave functional but the trivial solution of the gap
equation S = 0is assumed one recovers from (H ) the quark
energy in second-order perturbation theory [44].

VII. VARTATIONAL EQUATIONS

Our Ansatz for the vacuum functional [(22) with (42) and
(46)] contains four variational kernels w, S, V and W,
which we will determine in the following according to the
variational principle. From §(Hcp)/6S(k) =0 we find
the following integral equation

kS(k) = 18 (k) + Iy (k) + Ly (k) + Lo (k)
+ Iy (k) + I3 (k). (80)
to which we will refer as quark gap equation. Here

5 [ Ervetp-K)p()

X [S(p)(1 = 87(k)) = S(k)(1 ~ S*(p))p - k]

13(k) =

(81)

is the contribution from the Coulomb term Hg which is
illustrated in Fig. 6. Only this term survives when the
coupling of the quarks to the transversal gluons in the
vacuum wave functional is switched off (V =W = 0).
Furthermore,

e V2(p.k)
By == [ @ P X 0 0P(p)
x {kP S(k)[=3 + S2(k)]

+ pP(p)S(k)[-1 + $*(p)]
+kP(k)S(p)[1 = 357 (k)]

+ PP(PS()1 = SR} (52)
and
o o G W2, k)
Bl == [ @ By op()

x {kP(k)S(k)[=3 + $*(k)]

+ pP(p)S(k)[=1+ $*(p)]

— kP(k)S(p)[1 = 38%(k)]

= pP(p)S(p)[1 = S*(k)]} (83)
result from the two-loop contribution of the free Dirac

operator to the vacuum energy. These terms are graphically
illustrated in Fig. 7. The quark-gluon coupling in the Dirac

PHYSICAL REVIEW D 93, 065003 (2016)
N

FIG. 6. Diagrammatic representation of the contribution (81) of
the Coulomb potential to the quark gap equation.

(b)

FIG. 7. Diagrammatic representation of the contribution of the
free Dirac Hamiltonian to the quark gap equation, (a) Eq. (82) and
(b) Eq. (83).

(b)

FIG. 8. Diagrammatic representation of the contribution of the
quark-gluon coupling in the Dirac Hamiltonian to the quark gap
equation, (a) Eq. (84) and (b) Eq. (85).

Hamiltonian gives rise to the two diagrams shown in Fig. 8
with either a V or a W vertex. Their contributions to the
quark gap equation (80) read

C V(p.k
Rt = [y V2

PMX(PJ‘)P(P)

x [S(p)(1 = $*(K)) = 25(K)] (34)
c Wip. )
Rolk) = 5 [ @p P2 Vo 0P ()
x [1 = S%(k) = 28(k)S(p)]. (85)
Finally,
1500 = F75®) [ @pV . 0XE0P()

+ S0 [ @pw Y Pp) (50

arises from the quark contribution to the kinetic energy of
the transversal gluons [see the last two terms on the rhs of
Eq. (74)] and is illustrated in Fig. 9.

Neglecting the coupling between quarks and transversal
gluons, V = W = 0, the quark gap equation (80) reduces to
the one obtained with a BCS Ansatz for the vacuum wave
functional [29].
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The variation with respect to the vector kernel V, §(Hqcp)/6V (k.k') = 0, leads to an equation which can be explicitly

solved for V(k,k') yielding

1+ S(k)S(K)

V(k.K) =

This result differs drastically from the one obtained in
Ref. [35], where an integral equation for V was obtained
which could not be explicitly solved. Furthermore, the
vector kernel obtained there depends only on a single
momentum argument. However, the quark-gluon vertex
connecting three fields should, after taking into account
overall momentum conservation, depend on two (indepen-
dent) momentum arguments, as the vertex (87) does.
Finally, for the trivial solution of the gap equation,

|

KkP(k)(1 = S2(k) + 28(k)S(K)) + K P(K)(1 = S*(K) + 28(k)S(K)) + w(jk + K'|)°

S(k) + S(K)

(87)

S =0, the expression (87) reduces to the perturbative
result [44]

1
Volk,k') = . 88
LR k+ kK + o(k+k) (88)

Minimization of the energy density with respect to the
second vector kernel W yields an equation which can,
again, be solved directly:

W(k.K') =

As expected, the kernel W also depends on two momenta.
Although the structure of this equation is similar to the one
for the kernel V' [Eq. (87)] there is an essential difference:
The kernel W [Eq. (89)] vanishes in the chirally symmetric
phase S = 0 and is therefore only nonperturbatively real-
ized, while the other vector kernel V [Eq. (87)] reduces for
S = 0 to the perturbative expression (88).

Finally, for the bosonic kernel w we obtain from
8(Hqcp)/dw(k) = 0 the following integral equation

@? (k) = 3y (k) + IV (k) + Iy (k) + 15 (k) + g (k)
(90)
|

N
1) = =F

kP(k)(1 —S*(k) —2S(k)S(K')) + K'P(K') (1 — S*(K') —2S(k)S(K')) + o(lk + K'|)

<[ @rvelp -k + - 7)

(89)

|
where

o (k) = & + 2 (k) + M+ 1Mk (91)

is the contribution from the gluonic energy (Hyy) with

2N 1
IYM:_CgZ/d3p_ 92
L olp) 2
being the gluonic tadpole and
— 2 2 k
(@(p) = x(p) +x(k))* — (k) (93)

w(p)

being the contribution from the gluonic Coulomb term (HXM). Equation (91) is obtained as gluonic gap equation when the
quark sector is ignored [13,14]. The quark contributions to the gluon gap equation (90) arise from the two-loop
contributions of the free Dirac Hamiltonian (9) to the vacuum energy

V]e{V] Wie{w]
(a) (b)

FIG. 9. Diagrammatic representation of the contribution of the
kinetic energy of the transversal gluons to the quark gap equation.
(a) and (b) correspond, respectively, to the first and second term
on the rhs of Eq. (86).

&IV Wi

(b)

FIG. 10. Diagrammatic representation of the contributions of
the free Dirac Hamiltonian to the gluon gap equation, (a) Eq. (94)
and (b) Eq. (95).
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I (k) = 2¢° / &EpVi(p.k —p)X(p.k —p)pP*(p)P(lk —p|)(1 = $*(p) + 25(p)S(lk - pl)) (94)

Iy (k) =292/63PW2(p,k—P)Y(nk—P)PPZ(P)P(Ik—PI)(I = $(p) = 28(p)S(lk —pl)) (95)

illustrated in Fig. 10, and from the quark-gluon coupling in the Dirac Hamiltonian (9) resulting in the one-loop contributions

I3y (k) =—292/d3pV(P,k—P)X(P,k—P)P(p)P(Ik —p))(1 + S(p)S(lk - pl)) (96)

(k) = 24 / & pW(p.k - p)Y(p.k —p)P(p)P(k - p|)(S(p) + S(lk - p])) (97)

which are diagrammatically illustrated in Fig. 11. Note that
the quark contribution to the kinetic energy of the trans-
versal gluons (HZ%,,) [the last two terms in Eq. (74)] does
not contribute to the gluonic gap equation, while it does
contribute to the quark gap equation (80).

Neglecting the quark-gluon coupling in the Ansatz for
the vacuum wave functional, V = W = 0, the gluonic gap
equation (90) agrees with the result from pure Yang-Mills
theory; see Eq. (91).

A fully unquenched calculation would now necessitate to
solve the system of coupled integral equations for the scalar
quark kernel S and the bosonic kernel w, (80) and (90),
while the vectorial kernels V and W can simply be
expressed in terms of these two kernels; see (87) and
(89). This goes beyond the scope of the present paper and
will be subject of further research. Here we focus on the
quark sector and confine ourselves mainly to a quenched
calculation using the previously obtained results for the
Yang-Mills sector as input.3 To be more precise, for the
gluon energy @ we will use Gribov’s formula (29) which
nicely fits the (quenched) lattice data. Furthermore, the true
Coulomb potential (30) obtained in the variational
approach [15] can be approximated to good accuracy by
the sum of a linearly rising potential and an ordinary
Coulomb potential, which reads in momentum space

8no
Ve (P ) = T4C - p2
In accordance with lattice calculations, we choose the
Coulomb string tension as

oc =20 (99)

4rag _ VICR(P) + V[CJV(p). (98)

with ¢ = (440 MeV)? being the Wilson string tension.

VIII. UV ANALYSIS AND RENORMALIZATION

In the quenched approximation, only the quark gap
equation for the scalar kernel S remains to be solved while
the vector kernels are explicitly available in terms of @ and S;

*We will, however, consider the unquenching of the gluon
propagator; see Sec. IX B.

|
see Egs. (87) and (89). The loop integrals in the quark gap
equation contain UV divergences and the UV analysis carried
out in Appendix E reveals the following UV behavior: All
loop integrals on the rhs of the quark gap equation (80)
contain linear and logarithmic UV divergences except for the
one arising from the Coulomb term, 18 [Eq. (81)], which is
only logarithmically divergent. The logarithmic divergence
arises here from the Coulomb potential VEV; see Eq. (98). The
linear divergences are known to cancel by gauge invariance, at
least in covariant perturbation theory. In fact, adding the linear
divergent contributions in the quark gap equation (80) we find
that they exactly cancel. To be more precise, this strict
cancellation is a direct consequence of the inclusion of the
vector kernel W into the Ansatz for the vacuum wave
functional [Egs. (42) and (44)]. Without this kernel, the
quark gap equation would contain both a logarithmic and a
linear UV divergence, which makes the inclusion of W not
only a quantitative but also a qualitative improvement of the
variational Ansatz. Due to the strict cancellation of the linear
UV divergences, the quark gap equation (80) contains only
logarithmic divergences. The logarithmically divergent terms
of the gap equation (80) sum up to

Cr

3n?
where A is the UV cutoff and p is an, so far, arbitrary
momentum scale. As can be seen from this expression, the
remaining logarithmic UV divergences are multiplied by a

factor ¢> and can hence be absorbed in a renormalized
coupling

PkS(k) i (100)
U

i A
F(u) =g In—.
u

O

(a) (b)

FIG. 11. Diagrammatic representation of the contributions of
the quark-gluon coupling in the Dirac Hamiltonian to the gluon
gap equation, (a) Eq. (96) and (b) Eq. (97).

(101)
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The renormalized coupling g is assumed to be finite so that the

bare coupling g vanishes for A — oo like 1/+/In A. Ignoring
terms which vanish for A — co with §%(u) = const < o the
renormalized quark gap equation reduces to

0|1 =557 | =5 [ @ pVEG-K)P(P)

< [S(p)(1 = §*(k))

= S(k)(1 = S*(p))p -k].  (102)
This equation is considerably simpler than the unrenormal-
ized gap equation (80). The whole effect of the quark gluon
coupling as well as the UV part of the Coulomb potential VY
[Eq. (98)] are now captured by the term multiplied by the
renormalized coupling constant. In fact, the quark-gluon
coupling and VZV equally contribute to the renormalized
gap equation. When the renormalized coupling constant g is
set to zero Eq. (102) reduces to the gap equation of Ref. [29].

If the confining part of the non-Abelian Coulomb
potential is neglected, VIR =0, the gap equation (102)
has only the trivial solution § = 0. This result is in
agreement with the empirical findings of Ref. [35] that
there is no spontaneous breaking of chiral symmetry when
VR is neglected. Although the quark-gluon coupling term
alone cannot frigger spontaneous breaking of chiral sym-
metry it considerably increases the strength of the sym-
metry breaking as can be read off from Eq. (102) and as will
later on be confirmed by the numerical calculation. The rhs
of Eq. (102) is independent of g, while on the lhs a nonzero
g reduces the factor multiplying kS (k) and thus increases S,
which also increases the quark condensate (see below).

Renormalizing the static quark propagator (56) in the
same way as the gap equation (80) (see Appendix E), we
find for the renormalized propagator

Gunl) =5 |1 570 | PO (1 = (p))-p-4 251

_871'29
Cr . P+pM(p)
:{ -G )]%. (103)

Like the unrenormalized propagator (56) it has the quasi-
particle form (62) with an effective (running) mass M given
by Eq. (65) and the constant field renormalization factor

2(p) =1~ 570, (104)

From the renormalized quark propagator (103) we find the
renormalized quark condensate

W) = =N 1= 52| [@pPsip)

(105)
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Obviously, the quark condensate vanishes for the trivial
solution S = 0 of the gap equation. Furthermore, from the
renormalized quark propagator (103) we can conclude that
the (anti)particle occupation numbers are given by4

(@ (p)a (p)) = 8 (0)P(p)S*(p)  (106)

and

(1= (b (p)brex (p))) = &°(0)P(p),

respectively, where a (b) is the annihilation operator for a
(anti)quark in momentum space; see Appendix A. Note that
we have, at this point, replaced the quark field y in terms of
the field renormalization factor Z by the renormalized
quantity ., in order to obtain the physical occupation

(107)

numbers, i.e. a;ren, b:en generate properly normalized
one-particle states. Furthermore, from Egs. (59), (106)
and (107), one can read off immediately that <a1'enaren> =
(bfenbyen) holds.

The momentum scale u introduced above in the context
of the renormalized coupling (101) is completely arbitrary
and can be chosen at will. However, in the quark gap
equation (102) there is a physical scale inherited from the
gluon sector: the Coulomb string tension o¢; see Eq. (98). It
is convenient to identify the arbitrary scale p with /oc.
This choice of x removes the Coulomb string tension from
the gap equation when the latter is expressed in dimension-
less variables. The only undetermined quantity in our
variational equations of motion is then the renormalized

coupling g at the scale u = ,/oc.

IX. PHYSICAL IMPLICATIONS OF THE
QUARK-GLUON COUPLING

Below we investigate the immediate consequences of the
quark-gluon coupling in our approach on both the quark
and the gluon sector.

A. Scaling properties of the quark sector

For the numerical solution of the gap equation (102), it is
more convenient to express it in terms of the mass function
M [Eq. (65)]. This yields

M) 1= £ 5200
k
M(p) - M(k)5z (108)

p —k[*\/p* + M*(p)

:471CF/('13p

*Note that there is no summation over spin and color indices on
the lhs and that the given expressions yield the total number of
occupied states. To obtain the respective densities, one has to
omit the spatial volume factor 5°(0).
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Note that the two-loop approximation breaks down when the
renormalized coupling constant exceeds the critical value

- 37[2_ 61N
=\ee “\va-1

However, the critical values g, ~ 6.28 for SU(2) and g, ~
471 for SU(3) are well above the value required to
reproduce the phenomenological value of the quark con-
densate (see Eq. (122) below), so that the collapse does not
occur for realistic values of the renormalized coupling.
Denoting the IR limit of the mass function by m =
M(p =0) and the respective quantities for vanishing
coupling by a superscript “0”, we find from the gap
equation (108) the following, very useful scaling properties:

(109)

m
M(p) = —5M"(m’p/m), (110)
where
0
m=——" (111)
1— Crd* (1)
372

holds. From these relations follows that it is sufficient to
solve the gap equation (108) only for the case of a vanishing
coupling § = 0 yielding the function M°. The solution M of
Eq. (108) for arbitrary coupling g is then obtained from the
scaling relation (110). By means of this relation also the
quark condensate () with quark-gluon coupling included
can be related to that for g = 0, (yy)°: Using Eq. (65) to
trade the scalar kernel S in Eq. (105) for the mass function M
and using subsequently the scaling relation (110) we find the
following scaling relation for the quark condensate

_GCr ~
20 ) ).

() = ===
1 =357 (w)

Inserting here for the renormalized quark-gluon coupling g
at the scale ¢ = /o the value (122) determined in Sec. X,
we find the relation

(112)

(o) (x)) = (1.42) ( (x)w (x))";

thus, the quark-gluon coupling increases the quark con-
densate by 42%.

(113)

B. Unquenching the gluon propagator

Below we solve the unquenched gluon gap equation (90)
in a simplified way. This equation has the generic form
w? (k) = o3y (k) + wé(k), (114)

where wyy,, defined by Eq. (91), is the expression one finds
from the pure Yang-Mills sector [13,14] and

PHYSICAL REVIEW D 93, 065003 (2016)
g (k) = IV (k) + Iy (k) + 173 (k) + Ijg (k) (115)

is the quark contribution, which consists of several one-
loop terms defined by Egs. (94) to (97). Assuming for the
scalar quark kernel S a sufficiently fast vanishing UV
asymptotics one can work out the UV behavior of these
loop integrals (see Appendix E) and finds that they are
quadratic plus logarithmic divergent

2

1 A
w (k) = —g—z A% — ~ (0*(k) + k*) In—| + finite terms.
67 2 u

(116)

The quadratic UV divergence is thus independent of the
external momentum k. Such an UV divergence also occurs
in the Yang-Mills sector, i.e. in wyy; (91) and can therefore
be removed by the known renormalization procedure of the
Yang-Mills sector, i.e. by the counterterm ~A? [45]. Like in
the quark gap equation, the (logarithmic) UV divergence is
here multiplied by a factor ¢* and can be absorbed into the
renormalized coupling constant g (101). Dropping all terms
which vanish for A - oo for finite §, we arrive at the
unquenched renormalized gluon gap equation

7 (u)
1272

w? (k) = %y (k) + (0?(k) + k?), (117)

where @y 1s the renormalized version of wyy (91); see
Ref. [45]. Equation (117) can be solved for w yielding

(k) = ‘Ziz(ﬂ)k2+6)%{M(k)] [1—92(”)}_'. (118)

1 12A2 1272

To obtain a first estimate of the effect of unquenching on
the gluon propagator we use for the quenched (renormal-
ized) gluon energy @yy the Gribov formula (29). The
resulting gluon propagator 1/(2w) is shown in Fig. 12
together with the quenched Gribov propagator. The

0.45 - -
U hed
0.35 \ g
0.3
0.25

0.2}
0.15
0.1
0.05
0

D [1/GeV]

p [GeV]

FIG. 12. The static gluon propagator D(p) = 1/2w(p) as given
by (118) for an effective coupling of §(,/oc) = 3.586 (full line)
and for the Gribov formula (dashed line).
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(b)

(a) Mass function for an effective coupling strength of §(,/6c) = 3.586 (full curve) compared to the result obtained with a

BCS Ansatz neglecting the coupling (dashed curve). The Coulomb string tension is set to ¢ = 20. (b) Scalar kernel for an effective
coupling strength of g(,/6¢c) = 3.586 (full curve) compared to the result neglecting the coupling (dashed curve).

unquenching leads to a decrease of the gluon propagator in
the midmomentum regime but the effect of unquenching is
small. A similar result was obtained in Ref. [35] where the
unquenching was done in the same way.

X. NUMERICAL RESULTS

By the above derived scaling relation (110) we have
reduced the numerical calculation to the case with vanish-
ing quark-gluon coupling g = 0. The numerical solution of
the remaining quark gap equation (108) (with g = 0) can be
performed by standard methods; see e.g. Ref. [46]. The
resulting mass function for vanishing coupling can be
nicely fitted by

0
m
MY = 119
i(p) 1 +ap™ +2bp?F (119)
with the optimized fit parameters
m® = 0.165508 a =4.59935 b =1.26155
A =0.985198 B =227051. (120)

From this fit we read-off the UV power-law behavior
M(p — o0) ~ p~*3* which, according to (110), holds for
arbitrary strengths of the quark-gluon coupling. This UV
exponent differs somewhat from the value (—4) found in
Refs. [35,46]5 which, however, has almost no effect on the
quantities calculated below since the UV part is highly
suppressed.

We adjust the renormalized effective coupling constant g
such that the phenomenological value

The numerical extraction of the UV exponent from the
solution is quite subtle and depends sensitively on the actual
momentum interval used.

<l/_/(x)1//(x)>phen = <_235 MCV)3 (121)
is reproduced. This requires for oc =20 an effective
coupling constant of

3(\/5c) = 3.586.

When the coupling of the quarks to the gluons is neglected
one obtains (for the same value of the Coulomb string
tension) for the quark condensate the substantially smaller
value

(122)

(FEy())° = (~165 MV (123)
Using for the renormalized coupling constant g the value
(122) obtained from the phenomenological quark conden-
sate one finds the solution of the gap equation (108) shown
in Fig. 13(a). The IR mass is given by m ~ 180 MeV. For
the sake of comparison, Fig. 13(a) shows also the solution
M? of the gap equation for vanishing quark-gluon coupling
g = 0. The effective mass is then considerably smaller. This

0.5 . - : .
\ Coupling included
0.4 L\ Without coupling ——-- |
\
‘\
03t \
= \
\d/ \
0.2 \
\
\
\
0.1} N
\\

03 04 05 06 07
p [GeV]

0 L L
0 0.1 02

FIG. 14. Density of occupied quark states according to
Eq. (106). The straight line shows the results for the quark-
gluon coupling g(,/oc) = 3.586 while the dashed one is for
g=0.
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FIG. 15. The vector kernels (a) V(p,q) and (b) W(p,q) for an effective coupling strength of g(,/oc) = 3.586 as function of the

modulus p = ¢ and z = cos <(p, q).

refers in particular to its IR value m°=~ 120 MeV.
Figure 13(b) shows the corresponding results for the scalar
kernel S, which can be calculated from Eq. (65) once M is
known. The IR value S(p = 0) = 1 is obtained independ-
ently of the value of the quark-gluon coupling constant
g as one can also extract analytically from the gap
equation. Neglecting the quark-gluon coupling consider-
ably decreases S in the midmomentum regime. It is this
momentum regime which dominantly contributes to the
spontaneous breaking of chiral symmetry, i.e. to the quark
condensate [see Eq. (105)]. This is also found in lattice
investigations [47].

With the scalar kernel S at our disposal we are also able
to determine the quark occupation number Eq. (106). The
resulting curve is shown in Fig. 14. One can clearly observe
that the inclusion of the quark-gluon coupling significantly
increases the occupation number in the midmomentum
regime. Note that the same result holds for the occupation
number of antiquarks [see Eq. (107) and the discussion
following thereafter].

Finally, we explicitly evaluate the vector kernels V
[Eq. (87)] and W [Eq. (89)] using the scalar kernel S
obtained above and the Gribov formula (29) as input for
the gluon energy. The results are plotted in Fig. 15 for the
case that the moduli of the two momentum arguments agree.
Although the shape of both form factors is similar they
differ in the size (note the different scales used in Figs. 15(a)
and 15(b), respectively): V is considerably larger than W.
Furthermore, for p = ¢ the kernel W(p, g) drops off more
rapidly in the UV (p = ¢ — o) than V(p, q). This can be
also read off from the explicit analytic expressions given in
Egs. (87) and (89). From these expressions it also follows
that W is, in general, much more sensitive to the detailed
behavior of the scalar kernel S than V (which is not
surprising for W being purely nonperturbative). Keeping
one momentum argument, say ¢, fixed both vector form
factors vanish like 1/p for p — 0.

XI. SUMMARY AND CONCLUSIONS

In this paper, the variational approach to QCD originally
developed in Refs. [13—15] for the Yang-Mills sector and
extended in Refs. [34,35] to full QCD has been further
developed and essentially improved in several regards: First
we included the UV part VZY of the color Coulomb
potential in the treatment of the quark sector which was
not the case in Refs. [34,35]. This additional contribution
turns out to have the same effect on the renormalized gap
equation as the quark-gluon coupling. Second, we have
abandoned a simplifying approximation used in Ref. [35]
and calculated the vacuum energy density consistently to
two-loop order. The resulting expressions are consistent
with the results obtained by using Dyson-Schwinger
equations to carry out the variational approach [43] and
also with perturbation theory [44]. Third, we have included
an additional Dirac structure (with a new variational kernel)
into the fermionic vacuum wave functional, thereby
enlarging the space of trial states which improves the
variational results. This new Dirac structure in the quark
wave functional can be motivated by treating the quark-
gluon coupling of the QCD Hamiltonian in perturbation
theory on top of the nontrivial BCS state obtained in a
mean-field treatment of the non-Abelian Coulomb inter-
action. By including this new quark-gluon coupling term
in the trial vacuum state all linear UV divergences are
eliminated from the quark gap equation. The remaining
logarithmic UV divergence has been absorbed into a
renormalized coupling constant. In the resulting renormal-
ized gap equation, the total quark-gluon coupling becomes
manifest in a rescaling of the effective (momentum depen-
dent) quark mass. By using this scaling property physical
quantities like the quark condensate can be related to their
values when the quark-gluon coupling is switched off. In
this way, we could analytically show that the inclusion of
the quark-gluon coupling in the vacuum wave functional
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leads to a substantial increase in the quark condensate and
the effective quark mass. In our Hamiltonian approach to
QCD in Coulomb gauge, the quark sector inherits a scale
from the gluon sector. This is given by the Coulomb
string tension oc, which also determines the Gribov
mass Mg = oc. Choosing the renormalized coupling at
this scale to reproduce the phenomenological value of the
quark condensate, () = (=235 MeV)?, requires a value
of g(,/oc) = 3.586.

Using for the quenched gluon propagator the lattice
results, which can be nicely fitted by the Gribov formula,
and renormalizing the full unquenched gluon gap equation
consistently with the quark gap equation, we have shown
that the unquenched gluon propagator is somewhat reduced
in the midmomentum regime compared to the quenched
one but the effect is quite small.

Since our approach is based on the variational principle
we can, in principle, improve it by implementing further
terms in the Ansatz for our trial vacuum state. This will
enlarge the part of the Hilbert space included and hence
improve the approximation used. At the same time we can
also go to higher than second-order loop terms in the
evaluation of the vacuum energy. This can, in principle, be
systematically done but gets technically involved as one
goes beyond two-loops.

The results obtained in the present paper are quite
encouraging for further applications of the present
approach. We plan to extend it to finite temperatures and
baryon densities to study the deconfinement and chiral
phase transitions. In a first application, we will then
calculate the quark contribution to the effective potential
of the Polyakov loop extending the approach of Ref. [48] to
full QCD.
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APPENDIX A: MOMENTUM REPRESENTATION

Due to translational invariance of the vacuum, it is
convenient to carry out the actual calculations in momen-
tum space. Thereby, it will be convenient to expand the
quark field y in terms of the eigenspinors u, v of the free
Dirac Hamiltonian of chiral quarks

ho(p) = - p.

We choose the eigenspinors such that they satisfy the
eigenvalue equation

(A1)

PHYSICAL REVIEW D 93, 065003 (2016)

o-pu'(p) = pu'(p),  «-pv'(-p) = —pv'(-p)

(A2)

and are normalized according to
wh(p)u'(p) = v (=p)v'(-p) = 2p5*  (A3a)
w(p)v'(=p) = v*"(-p)u'(p) = 0. (A3b)

Here s = £1 denotes the double of the spin projection. The
spinors satisfy the relations

pu'(p) = sv*(-p) (Ada)
pv*(=p) = su’(p) (A4b)
ysu'(p) = su‘(p) (A5a)
vsv'(-p) = —sv*(-p) (A5Db)

from which we can conclude
i (p)u'(p) = u*'(p)pu'(p) =0 (A6a)
v'(=p)v'(-p) = 0. (A6b)

For the outer product of the spinors, one finds®

W)t (p) = 3 pl([1 + o]+ sysfl +p)) (A7)

v (-p)r(-p) =3 p([1~op]=sysl1—ec5])  (ATH)

W (p)v " (-p) = 5 p(spl1 ~ah]~prsli o)) (ATE)
v (p)u(p) = 3 p(spI1 + Bl + [l + c-5))

(A7d)

while the matrix elements of the Dirac operator are given by

w(p)a-qu'(p) =2pq(p - 4)8" (A8a)
v (-p)e- qv'(=p) = =2pq(p - 3)8""  (A8b)
w(p)a-qv'(-p) =0 (A8c)

v (—p)a- qu* (p) = 0. (A8d)

®Note that there is no summation over the spin index.
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In terms of these eigenspinors, the quark field can be
expanded as

wix) = [ @p éexp(ip-x)(a‘*m(p)us(p)

+ 04" (=p)v(-p)).

(A9)

where a* (b*) is the annihilation operator of a (anti)quark in
a state with spin projection s/2 = +1/2. With the nor-
malization (A3) of the eigenspinors the fermionic anti-
commutation relations (10) are fulfilled when the a, b
satisfy the relations

{a*"(p).a"" (q)} = {b*"(p). D" (q)}

— 55‘15mn53(p _ q) (AlO)

with all other anticommutators vanishing. With the expan-
sion (A9) and the orthonormality relation of the Dirac

eigenmodes our quark vacuum wave functional (42)
acquires the form

(bald]
—ep (- [ @0 [ @arrm @ @) 0),
(A11)

where the kernel K in momentum space is related to that in
the coordinate representation by

1
Ksr,mn(p’q) :2 ” u”(p)/d‘%x
x / Py exp(=ip - x — ig -y) K™ (x,y)'(q)
— 5"8%3(p + q)sS(p)
1
g ) (Vp.q
3 o )V (0.9)

+ W (p.q)) v (q)AL(p + q). (A12)

The Fourier transforms of the variational kernels S, V and
W contained in our trial Ansatz (44) are hereby given by

S(p) = / Frexp(—ip x)S(x) (A3

V(I”q):/de/d3yexp(—ip-x—iq-y)V(x+z,y+z;z)
(A14)
W(p.q) =/d3x/d3yexp(—ip-x—iq-y)

xW(x+2z.y+2:2) (Al5)
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and are assumed to be scalar functions. In order to obey the
correct behavior under spatial transformations, these ker-
nels have to fulfill the relations S(p) = S(p), V(p,q) =
V(—p,—q) and W(p,q) = W(—p, —q), respectively. Note
that contrary to the scalar kernel S, the vector kernels V
and W have dimension of inverse momentum. In order to
simplify our calculations, we will assume all kernels to be
real valued functions and the vector kernels additionally to
be symmetric, i.e. V(p.q) = V(q.p) and W(p,q) = W(q.p),
respectively.

APPENDIX B: PERTURBATIVE MOTIVATION
OF THE ANSATZ FOR THE FERMIONIC
VACUUM STATE

In [44], QCD in Coulomb gauge was treated in
Rayleigh-Schrodinger perturbation theory up to order g?
in the coupling, and the known results of covariant
perturbation theory were reproduced. The perturbative
results of Ref. [44] yield a quark vacuum wave functional
of the form of our Ansatz (42) and (44), however, with
S=0 and W =0. The result obtained for the vector
kernel V agrees with the UV limit (88) of our variational
result (87) as one expects due to asymptotic freedom.
However, perturbation theory does not produce nonvan-
ishing scalar and vector form factors, S and W. As we
have seen in the body of the paper both form factors are
nonperturbative features. In particular, the variational
result (89) for W disappears in the chirally symmetric
phase S = 0. In order to get information on the kinematic
structure of the vector form factor W, we treat the quark-
gluon coupling in Rayleigh-Schrodinger perturbation
theory using, however, as the unperturbed quark vacuum
wave functional not the bare (perturbative) vacuum |0) but
the BCS state |0)gcs given by Eq. (42) with V=W =0
and S # 0 determined from the gap equation (102) with
g = 0. In this sense, the BCS wave functional represents
an approximate solution of the functional Schrodinger
equation for the Hamiltonian

Hy=HY + HE (B1)

in the mean-field approximation. What is left out in I_ﬂ) is
the quark-gluon coupling H2,

Ho = )+ H), (B2)

whose effect we will now study in perturbation theory on
top of the BCS ground state |¢pg[A = 0]) = |0)gcs Which
is in momentum space given by
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Ohscs = exp (=5 [ @psip)a o) (=) ) 0}
(83)

see Egs. (All) and (A12). Therefore, the “bare” QCD
vacuum state which we consider now as starting point for
perturbation  theory reads [0)ocp = [0)ym ® [0)pcs
where the bosonic part |0)y, is chosen similar to
Ref. [44], i.e. by Eq. (46) with w(p) replaced by the
photon energy p. The perturbative vacuum state is hence
given by

10) pere ~ [0)qep + 910)gep + 9°10)acp + O(g°)  (B4)

with the corrections [0)¢c, being orthogonal to the
unperturbed state |0)ocp,

QCD<0|0>6CD =0 Vi (BS)

Rewriting the gauge fixed QCD Hamiltonian (1) as a
series in powers of the coupling g,

Hoep = Ho + gHy + ¢*H, + O(g), (B6)
the (first-order) perturbative corrections to the vacuum
|0)qcp is given by

(N|H,|0) o,
QCD Z o IN)

B

with |N) denoting a N-particle state with energy Ey and
E, being the (bare) vacuum energy. Note that the bare
vacuum is not an eigenstate of the bare Hamiltonian H,
(this would be given by |0)yy ® |0)) but of the mean
field Hamiltonian given by the sum of H, and the
(fermionic) effective single particle part of H, (the
fermionic part of ¢g?H, represents the Coulomb term
Hg (17)), as can be seen explicitly after performing a
Bogoljubov transformation. In the quark sector, (B7)
gives the only relevant correction to the BCS wave
functional since the relevant contribution from H, is
already included in the choice of the fermionic
vacuum, Eq. (B3). The first-order correction H; to
the unperturbed Hamiltonian is given by the quark-
gluon coupling

H, = /d%yﬂ(x)oz-A“(x)t"y/(x). (BS)

Inserting the expansion (A9) for the quark fields into
(B8), we find that the only nonvanishing contribution to
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the correction (B7) comes from states containing one
gluon, one quark and one antiquark, i.e.

IN) ~ AL (=p1)a*"" (p2)b"" (p3)|0) gcp-

With this wave function we can easily calculate the
matrix element in the numerator of (B7) yielding7

(B9)

(N|H{]0)ocp ~ —tﬁmsz(lh)zipf(l’l +p2+p3)
1
8 2\/1?2193
x (o) ([1 4 S(p2)S(p3)lay
+ [S(p2) + S(p3)1Pay)v' (p3)

P(p2)P(p3)

(B10)

where t;,(p) = 6 — PP, is the transversal projector in
momentum space. From Eq. (B10) we can already read-
off the (Dirac) structure of the corrections to the bare
vacuum. Inserting (B10) together with (B9) into (B7),
we find for the fermionic part of the (perturbative) wave
functional

| pert ( +g/d% /d% /dgzl//Jr

+g(x,y;zwa-A“(z)taw_m) Opes  (BID)

f(x.y:z)

where we have switched to the coordinate space repre-
sentation for the sake of comparison with our Ansarz
(42). Equation (B11) exhibits precisely the (Dirac)
structure of the quark-gluon coupling assumed in our
Ansatz (42) for the vacuum wave functional. Let us also
mention that the § dependence of the numerator of
(B10) perfectly agrees with the one obtained for the
vector kernels from the variational principle; see
Eqgs. (87) and (89). Note, furthermore, that the results
obtained here reduce to the ones of Ref. [44] when the
limit S — 0 is considered. Particularly, the additional
term with the Dirac structure fa; vanishes in this limit
and can therefore not be recovered in perturbation
theory starting from the bare fermionic vacuum |0).

APPENDIX C: EXPLICIT CALCULATION OF
THE STATIC QUARK PROPAGATOR

Using the fermionic anticommutator (10) and the expan-
sion (A9) of the quark field, the static quark propagator (51)
can be expressed as

"The matrix element decomposes into one bosonic and one
fermionic part. Both of them can be evaluated in the same way as
the ones occurring in the body of this paper.
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mym 1 m T
G (x,y) 4 58M™5;8(x —y) = (i () 1)

= [ @01 [ @2y G ) o) 1) ) explipy - i

+ (@™ (py)b*>" (py))ui' (p1) v} (p2) exp(ipy - x +ipy - y)
+ (b (pr) a2 (py)) v} (p1)uf (pa) exp(=ipy - x —ip; - y)
+ (B (p1) b (pa)) v (p1) v} (p2) exp(—ipy - x + ips - y)). (1)

The fermionic expectation values of the quark two-point functions were given in Eq. (52) in coordinate space. After Fourier
transformation one finds e.g.

(@™ (py)a>""(py))q = [1 4+ KKT]"tsis2mma(py p,). (€2)

The bosonic expectation value of this quantity is taken by using Eq. (54),

(@™ (py)a>m (py)) = [1+ KKT]~smm (py po)|,

45 [ P @) s s T KK T ) (€)
With
(KKT)5152mm (py py)[amg = 815288 (p1 = p2)S*(p1). (C4)
we find for the leading-order contribution
[1+ KK (py o) |yeg = 69128728 (1 = p2) P(p1)- (C5)

For the next to leading-order contribution, we obtain after a short calculation

— 1 KK~ 1sisamimy ’ -
5A%(q) 5A%(—q) [+ ] (P1.P2)a—0

:P(pl)P(Pz)/d3p3P(p3)5(KKT)S'S3'm'm3(PI’P3)5(KKT)‘Y3S2’m3mZ(p3,p2)

0A} (9) 5A?(—‘I ) A=0
5<KK+)SJS3,m1m3 (pl ,P3) 5<KKT)S332.m3m2 (p3’p2)
+PPOP(s) [ @piP(p) ' '
’ OA] (-9) 0A} (9) A=0

B(KK ) 52"(p1. o)
541 (@)6A (=q)

— P(p1)P(p2) (Co)

Inserting here for the variational kernel the explicit form (A12) and carrying out the functional derivatives 6/6A,
the Dirac and color structure of these expressions can be worked out using the relations of Appendix A. One finds
eventually

(@™ (py)am(py)) = 81726™™8 (p —p2) P(p1) [1 —%Ia(Ih)] (C7)

where 1, is defined in Eq. (57). Inserting now Eq. (C7) back into Eq. (C1) eventually enables us to calculate the
outer product uu' of the eigenspinors yielding an expression given in terms of Dirac matrices; see Appendix A.
Performing a similar calculation for the remaining two-point functions in (C1) yields finally the expression given in
Eq. (56).
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APPENDIX D: GROUND STATE ENERGY REVISITED

1. Expectation value of the free Dirac Hamiltonian

Inserting the explicit expression for the quark propagator (56) into Eq. (68) and taking the trace yields the following
expression for the expectation value of the free Dirac Hamiltonian:
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2. Expectation value of the kinetic energy

In order to calculate the expectation value of FI%M (73), we consider first those terms of H £\ which explicitly contain the
Faddeev-Popov determinant J. Using the approximation (27), the functional derivatives induced by the canonical
momentum operator I can be easily carried out yielding expressions whose fermionic expectation value is trivial while the
bosonic one can be calculated in terms of Wick’s theorem (50) leading to the result
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For the evaluation of the expectation value of those parts of

I:I$M (73) which do not contain the Faddeev-Popov
determinant J, it is convenient to carry out an integration
by parts,8
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From the expectation value of the second term on the rhs of
Eq. (73) one obtains then the relation
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where 1[A] = (po[Al|dq[A]) and ¢hyy = dym (which fol-
lows directly from our Ansatz (46) for a real valued kernel

¥Notice that this is only possible in the first two terms on the
rhs of Eq. (73).
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) have been used. With the help of this relation it is
possible to write the expectation value of those parts of

HE%\ (73) which do not contain J in the form
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The further evaluation of this is straightforward: After
carrying out the functional derivatives induced by I, the
(purely bosonic) first term on the rhs of Eq. (D5) can be
expressed in terms of the gluon propagator (25) while the
(fermionic) second and third terms yield the product of four
quark fields which can be treated similar to the expectation
value of the fermionic part Hg of the Coulomb term; see
Sec. VI in the body of the paper. Finally, we obtain for the
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expectation value of those terms not containing the
Faddeev-Popov determinant
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If we add now (D2) to this expression, we end up with the
result given in Sec. VI, Eq. (74).
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APPENDIX E: UV EXPANSION
1. Quark gap equation

For expanding the integrands on the rhs of Eq. (80) in a
Taylor series, we need an assumption for the UV behavior
of the gluon energy @ and the scalar kernel S. For the first,
we can conclude immediately from Gribov’s formula (29)
o(p — o) = p while for the latter S(p — o0) — 0 should
hold because of asymptotic freedom (in previous work a
behavior of § ~ p~> was obtained in the limit of a vanishing
quark-gluon coupling [29,35,46]). Therefore, we will
assume the scalar kernel to vanish sufficiently fast for
not being involved in any UV divergence, i.e. S(p) ~ 0.
Note that we will use the UV form of S and w only for
functions depending on the loop momentum p.

As an illustration, in the following we demonstrate the basic
steps for the UV analysis of the fourth integral on the rhs of
Eq. (80),1 SQ [Eq. (84)]. Introducing é=k/p<1 and z=p k,
we find for the vector kernel V [Eq. (87)] the expansion
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After inserting this into the integral (84) we end up with’
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Performing the same analysis for the other integrals on  and for those containing the vector kernel W
the rhs of the gap equation (80) we find for the contribu-
tions containing the vector kernel V' the (divergent) UV C A /10
behavior ﬁ FS(k) [2/\ + kln— <? — 4P(k)>] . (E6)
n I

Cr
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"We consider the integral only up to the cutoff A/u.

Note that in the sum of these two terms the linear
divergence exactly cancels. Adding finally the UV
divergence stemming from the UV part of the Coulomb
kernel (98),
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C—Fz g*kS(k) 1né, (E7)
6 u

we end up with the divergent factor given in Eq. (100).

2. Quark propagator

Analogously to the UV analysis of the gap equation one
can also consider the UV limit of the loop integrals /,
[Eq. (57)] and 1 [Eq. (58)], contained in the static quark
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propagator (56). One finds the (logarithmically divergent)
UV behavior

A
I(p) = Cgl;g; (1-5%(p)) ln; + finite terms ~ (EB)
Crg? A
1;(p) = 81;92 S(p) ln; -+ finite terms. (E9)
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