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Benefiting from the index spinorial formalism, the Killing spinor equation is integrated in six-
dimensional spacetimes. The integrability conditions for the existence of a Killing spinor are worked out
and the Killing spinors are classified into two algebraic types; in the first type the scalar curvature of the
spacetime must be negative, while in the second type the spacetime must be an Einstein manifold. In
addition, the equations that define Killing-Yano (KY) and closed conformal Killing-Yano (CCKY) tensors
are expressed in the index notation and, as consequence, all nonvanishing KY and CCKY tensors that can

be generated from a Killing spinor are made explicit.
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I. INTRODUCTION

It is unanimous that a great source of difficulty in general
relativity, supergravity and string theories arises from the
nonlinear equations that plague these theories. Therefore,
any method that could circumvent the problems of inte-
grating a nonlinear equation deserve ample attention in
these contexts. Probably, the most fruitful way of obtaining
exact solutions for the equations of motion for these
theories comes from the use of symmetries. Indeed,
continuous symmetries lead to conserved charges which,
in turn, can generate simpler equations of motion and
enable the separability of partial differential equations. An
important example of this fact is given by the use of Killing
vectors and Killing-Yano (KY) tensors to integrate field
equations in curved backgrounds. Killing tensors and KY
tensors are generally referred to as hidden symmetries, as
they generate symmetry transformations in the phase space,
as a whole, in contrast to Killing vectors, which generate
symmetries of the space [1]. It turns out that Kerr-NUT-(A)
dS spacetime, in arbitrary dimension, admits a closed
conformal Killing-Yano (CCKY) tensor of rank 2 [2],
from which one can generate just the right number of KY
tensors necessary in order to fully integrate the geodesic
equation [3], as well as Klein-Gordon [4] and Dirac
equations [5] in such background. Killing-Yano tensors
are also of special relevance in supersymmetric theories,
since they can generate extra supersymmetries, as is
illustrated by the problem of a spinning particle in a curved
spacetime [6,7]. Moreover, KY tensors constitute true
quantum symmetries, since they generate differential oper-
ators that commute with the Dirac operator [8]. For an
analysis of how a KY tensor transforms under the action of
a string duality, see Ref. [9].

In this context, spacetimes admitting Killing spinors are
of particular interest, since by means of the bilinears
constructed from a single Killing spinor it is possible to
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generate a whole tower of KY tensors. Therefore, it is
of great importance to find explicit expressions for
metrics admitting Killing spinors. With these motivations
in mind, the main goal of this article is to use the spinorial
index formalism to classify and obtain six-dimensional
Lorentzian metrics of spacetimes possessing Killing spin-
ors. Although it is definitely possible to attain several
interesting results about spinors using the usual abstract
notation and without fixing the dimension, it is a matter of
fact that many practical results regarding manipulations of
spinors depend strongly on the dimension. Since the index
spinorial notation takes fully into account the dimensional
specificities, this approach generally constitutes a powerful
tool. Indeed, in order to set the index spinorial notation one
needs to analyze the fundamental representation of the
group Sin(R7”7), whose features heavily depend on the
dimension. Moreover, the use of the latter approach avoids
the manipulation of the rather clumsy Fierz identities. The
major example of the power of the spinorial index notation
is provided by the considerable amount of results obtained
by Penrose in four-dimensional general relativity by means
of the two-component spinor formalism [10].

Killing spinors are intimately related to the notion of a
holonomy group, since they can be defined as the spinors
whose projective lines are invariant under the action of the
holonomy group of a particular spinorial connection.
Therefore, a natural question that can be posed is: which
Riemannian holonomy groups are compatible with the
existence of a Killing spinor? The answer has first been
worked out for the case of covariantly constant spinors
[11,12], also called parallel spinors, namely spinors that are
in the kernel of the action of the holonomy group. In such a
case, it turns out that the Riemannian holonomy group must
be special. Differently, in the case of nonparallel Killing
spinors, the Riemannian holonomy group is not necessarily
special, since neither the Killing spinor nor its projective
line is invariant by a parallel transport using the spinorial
extension of the Levi-Civita connection. Nevertheless, it
turns out that, in some cases, a nonparallel Killing spinor on
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a manifold M can be identified with a parallel spinor on the
cone over M [13] and, therefore, the cone over M has
special holonomy [14]. This theme is of great interest in the
high energy community, inasmuch as the holonomy groups
and G-structures play an important role in supergravity and
string theories [15]. Moreover, spaces possessing Killing
spinors are of primary relevance for the latter theories, since
compactifications in such spaces preserve part of the
supersymmetry [16].

Besides the holonomy approach, several other routes
have been adopted in order to integrate the Killing spinor
equation. Specially in supergravity theory and string theory,
in which cases the assumed connection differs from the
usual Levi-Civita connection, and its spinorial extension,
by terms that depend on the matter fields of these theories.
In particular, these supercovariant derivatives are, gener-
ally, endowed with torsion. In these theories, the Killing
spinors are not related to the Riemannian holonomy group,
but rather to the holonomy group of the new connection,
which can be trickier to analyze [17]. With no ambition of
being exhaustive, in this paragraph we mention some
attempts of integrating the Killing spinor equation and
classifying its solutions in such context. Reference [18] has
made use of the spinorial index formalism in order to find
four-dimensional spacetimes of minimal supergravity. In
Ref. [19], the Killing spinor equation of minimal gauged
supergravity has been integrated in Lorentzian spaces of
dimension four using Fierz identities in order to generate
several algebraic and differential identities involving
bilinears of the Killing spinor. An analogous procedure in
four-dimensional spaces of split signature has been put
forward in [20]. Similar approaches, using the bilinears built
from the Killing spinors along with the Fierz relations, have
also been used to find solutions of minimal supergravity
in five dimensions [21], whereas the six-dimensional case
has been considered in [22]; see also [23]. Concerning
eleven-dimensional spacetimes, Gillard et al. [24] searched
for solutions of the Killing spinor equation by represent-
ing spinors in terms of differential forms. An elegant
approach using group-theoretical tools to integrate the
Killing spinor equation in symmetric manifolds was adopted
in Ref. [25].

From a theoretical point of view it is unquestionable, the
importance of quantizing the gravitational interaction so
that it fits together with the three interactions of the
standard model in a single scheme. At this moment, it
seems that the most promising theory that is along this track
is string theory. Indeed, the latter theory naturally has a
spin-2 massless particle in its spectrum; i.e., the graviton is
an unavoidable outcome of string theory. Nevertheless, one
huge drawback is that the vacuum state in string theory is
not unique, and finding the vacuum that is coherent with
our experimental observations proved to be an amazingly
difficult task. Due to the several analytic advantages of
having a global supersymmetry, the most studied vacuums
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are those that have at least part of the total supersymmetry
of the theory. This is where the Killing spinors come into
play, since they are a necessary condition for the preser-
vation of part of the supersymmetry. In this sense, the
present article intends to provide a contribution for this
whole program.

Supersymmetry is a central piece of string theory.
However, no clear indication of supersymmetry has been
detected by the experiments yet. It is, nonetheless, too
soon to rule it out, since the scale of supersymmetry
breaking could take place at higher energies. There are
several models with broken supersymmetry predicting
deviations from the standard model that are currently
being tested in the Large Hadron Collider in CERN
[26,27]. One of the great features of supersymmetric
models, that is also being put to the test, is that they
could contain dark matter candidates in their spectra
[28,29]. In addition, supergravity also provides phenom-
enological models for the cosmological inflation [30,31].
In supersymmetric gauge theories, the knowledge of the
explicit expressions for Killing spinors is of fundamental
relevance, since the Killing spinors and Killing vectors
fields are essential for computing the supersymmetric
algebra. Therefore, the search for spacetimes possessing
Killing spinors and the explicit expressions for their
Killing spinors is certainly of relevance for the study of
these physical phenomena.

The outline of the article is the following. Section II sets
some conventions adopted in the rest of the work and
provides a basic review about the spinorial formalism and
the Killing spinor equation. In Sec. III, the six-dimensional
index spinorial formalism is introduced, which plays a
central role in this work. Particularly, it is shown how
differential forms and the Riemann curvature are repre-
sented in such notation. In the sequel, Sec. IV shows how
the equations satisfied by Killing-Yano and closed con-
formal Killing-Yano tensors are written in the index
spinorial approach. In addition, the Killing spinor equation
is also transcribed to the latter formalism. Then, in Sec. V,
all possible KY and CCKY tensors that descend from the
existence of a Killing spinor are constructed. The integra-
bility conditions that must be satisfied by the curvature in
order for a six-dimensional manifold to admit a Killing
spinor are presented in Sec. VI. In the same section, a brief
discussion about restrictions on the holonomy group is also
addressed. The main content of this article shows up in
Sec. VII, in which the Killing spinor equation is explicitly
integrated in some particular cases. In this section, the
Killing spinors in spaces of Lorentzian signature are
classified into two algebraic types. Moreover, we point
out some general prerequisites that must be satisfied by a
spacetime in order for it to possess a Killing spinor of a
particular type. Finally, the conclusions and prospects are
presented in Sec. VIII. Some supplementary material is
displayed in Appendixes A and B.
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II. KILLING SPINOR EQUATION

In this section we shall set the conventions adopted
throughout the article. Let (M,g) be an n-dimensional
Riemannian manifold with the metric g being of arbitrary
signature. In this work we are mainly interested in local
results, so that most claims are valid only in a local patch
of M. Moreover, we shall consider solely the even-
dimensional case. In what follows, u,v,p, ... stands for
coordinate indices of a local coordinate system {x*} whose
associated frame of vector fields will be denoted by
{E, = 0,,}; these indices run from 1 to n. On the other
hand, a, b, c, ..., which also range from 1 to n, refer to the
indices that label the vector fields {e,} of a local frame such
that the mutual inner products are constant,

g(ea’eb) = Yab» where a,ugab =0.

It will be assumed that (M, g) admits a spin structure [32];
namely it has a well-defined spinorial bundle. The spinors
shall be denoted by greek letters in boldface, {7, ...}.
The Clifford action of a vector field V on a spinor field y
shall be written as V -y. Since the inner products of the
frame {e, } are constant, it is always possible to introduce a
local spinorial basis {€,}, with @, f3, ¢, ... ranging from 1 to
2"/ such that the representation of the Clifford operators
e, are constant, namely

€, ga = (}/a)ﬂagﬂv

where the matrices y,, are constant, d,(y,)”, = 0. In such a
basis, the spinorial representation of the coordinate frame
{E,} will be denoted by the matrices I',,

E}l 'éa = (Fﬂ)/jagﬁ'

Here, indices enclosed by round brackets are supposed to
be symmetrized, while indices enclosed by square brackets
are skew-symmetrized. Thus, for example,

1
F(ﬂru) = 5 (FﬂFU + Fury) = Guw> (1)

which stems from the very definition of Clifford algebra.
Analogously,

1
L,=r,r, = 3 (r,r,=r,r,),
where we have adopted the usual definition I', ., =
Pl oy o — .
Since we are considering the case in which the dimen-
sion n is even, we can introduce the chirality matrix

T xyiya Vs

where the proportionality constant is chosen in a way
that Y2 = 1. This matrix splizts the spinor bundle into two
sub-bundles of dimension 2°2", according to the eigenvalue
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of the spinor with respect to its action. Spinors with
eigenvalue 1 are called positive chirality Weyl spinors,
while those with eigenvalue —1 are called Weyl spinors of
negative chirality. Besides the chirality matrix, there are
some other matrices that play an important role in the
spinorial formalism, for instance, invertible matrices A, B
and C obeying the relations

Ar AT = =1,

By,B™' =7y, Cy,C' = —7h.

where yf,, v: and y!, stand for the Hermitian conjugate, the
complex conjugate and the transpose matrix of y,,, respec-
tively. In particular, note that we can set C = BA. The
matrix B enables the definition of a basis-independent
notion of complex conjugation of a spinor. Indeed, if y is a
spinor, its charge conjugate is defined by

II_/ — B—IW*;
namely, its components are * = (B~')?;(y”)*. The main
feature of this definition is that y and y transform in the
same way under the connected part (to the identity) of the
orthogonal group that preserves the metric g,;,. Further, by
means of the matrix C, one can define an inner product

between spinors that is also invariant under the action of the
latter group:

(w.) =w'Ch = y*Cppd/. (2)

Using this product one can, in addition, define the follow-
ing other products that, likewise, are invariant under the
action of the connected part of the orthogonal group:

w.Y¢).  (w.¢). (v.T9). (3)

Generally, all these inner products are different and
independent. In particular, the inner product (y, Y¢) is
invariant under the action of the group Pin(R"), the
universal covering of the group O(n). Note that since
(. ) = £(w. )", it follows that (,¢) is not indepen-
dent from (y, ¢b). Actually, no further inner products can be
generated in a trivial way.

Let V denote the Levi-Civita connection of the tangent
bundle. Then, this connection can be uniquely extended to
the spinorial bundle if we assume that its extension is
compatible with the Clifford action as well as with the
natural inner products on the spinorial bundle [32,33]. We
shall denote this extension by the same symbol. More
precisely, the following Leibniz rules are assumed to hold:

V.V-y)=(V,V)-w+V- -V, and
Vilw.d) = (V. ¢) + (w.V.9). (4)
where V is an arbitrary vector field while y and ¢ are

arbitrary spinor fields. If the covariant derivatives of the
frame vectors {e,} are given by
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vaeb = a)ahcec (5)

then one can show that, in order for Eq. (4) to hold, the
spinorial connection must have the following action in the
spinorial frame:

1
vaéa = (Qa)/}a‘sﬁ’ where Qa = _Zwabcybyw (6)

Thus, if y = €, is a general spinor then

Vay = 0y + (,)% sy )€,

Using indices, as done henceforth, the latter equation is
written as

vul//a = 8al//a + (Qa)aﬁl///}'

Additionally, the covariant derivative of an object with
lower spinorial index, namely a section in the dual spinor
bundle, is given by

vaéja = 811(:(1 - (Qa)ﬁagﬁ-
The derivative of objects with several spinorial indices
follows trivially from the latter equations. For instance,

vaNa/)’ — aaN(lﬂ + (Qa)agNgﬂ _ N(lg(Qa)g[}
= V,N = 3,N +[Q,.N], (7)

where the spinorial indices have been omitted in the latter
identity and [Q,, N] stands for the commutator of the
“matrices” Q, and N. In particular, since 0.y, =0, it
follows that the derivative of the Clifford operators y, is
given by

vayb = [Qa’ }/b] = wabcyc’

which resembles Eq. (5), as it should. On the other hand,
when computing the covariant derivative of I',, one must
account for the covariant derivative of both the vectorial
index p and the omitted spinorial indices. Pleasantly, it

turns out that these contributions cancel each other, so that
V”F,, =0.

Further, from the definition of the operators A, B and C, the
following relations can be easily obtained:

AQ, = —-QiA,  BQ, = Q:B, cQ, = -Q.C.
These properties are of relevance for proving that the
defined extension of the Levi-Civita connection satisfies
the Leibniz rule with respect to the inner products defined
in Egs. (2) and (3). Finally, before proceeding, let us point
out two important identities encompassing the Riemann
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curvature of the manifold. First, it is possible to relate the
curvature of the spinorial connection to the Riemann tensor
as follows [32]:

1
(vﬂvv - vuvy)vl = ZR;w/m /)(7'//' (8)

Further, if D = F”V,, is the Dirac operator, then, manipu-
lating the latter relation, it follows that

1
Dy = ViV, y — ZR![/, 9)

where R stands for the Ricci scalar.

A nonzero spinor field y is said to be a Killing spinor
whenever there exists a constant a such that the following
equation holds:

Vay =al,y. (10)

We shall call the constant a the eigenvalue of the Killing
spinor, since it is, essentially, the eigenvalue under the
action of the Dirac operator. Indeed, Eq. (10) trivially
implies %Dy/ = oap. Now, taking the covariant derivative of
the above equation and using Eq. (8), it is straightforward to
arrive at the following integrability condition:

Rﬂufmrpuw = _Sazrﬂu'l,' ( 1 1)

The latter relation turns out to be equivalent to the
following integrability conditions:

R
R = —4a’n(n—1), <Rm/ — ;gﬂl,)l“”y/ =0,

C,,. 77w = 0, (12)

HVpo
where R,, is the Ricci tensor while C,,,, denotes the
conformal curvature, the so-called Weyl tensor. In particu-
lar, the first of these relations implies that the constant «
must be either real or purely imaginary, depending on the
sign of the scalar curvature. Further, in a space whose Ricci
scalar vanishes, the Killing spinor must be covariantly
constant. Moreover, applying I'; on the left of the second
identity in Eq. (12) and using the fact that in the Euclidean
signature the matrices I', admit a Hermitian representation,
one can check that in this signature, the manifold is an
Einstein manifold [34]. Nonetheless, in non-Euclidean
signatures, it is perfectly possible for a non-Einstein
manifold to admit a Killing spinor.

From the relation YT', = —I', T, valid in even dimen-
sions, and from the fact that Y is covariantly constant it
follows that, given a Killing spinor y, one can construct
another Killing spinor whose eigenvalue has opposite sign.
More precisely, if y obeys Eq. (10) then
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v="Ty = V,y=—a y.

Therefore, in even dimensions, Killing spinors with non-
zero eigenvalue (a # 0), come in pairs with their eigen-
values differing by the sign. In particular, this implies that a
Killing spinor with nonzero eigenvalue cannot be chiral.
Now, let us see that if y is a Killing spinor with eigenvalue
a then its conjugate, y, is a Killing spinor with eigenvalue
a*. In order to attain this result, one must realize that
Va* # (V,y)*, which stems from the fact that the
spinorial connection €, is not real. Indeed, one can easily
check that

(V)" =V, (w") + (2 - )y
Thus, assuming that y obeys Eq. (10), it follows that

Var =V,(B7y*) = (Q,B™' = B'Q)y" + BV, (y")
=B [(BQB™ —Q )y + V,(y)]
=B7'(Q - Q)y* + V, ()]
=B (V) =B ' (al,y)" = a' T3,

which is the desired result.
It is a simple matter to prove that every Killing spinor
obeys the twistor equation,

1
V= T,Dy. (13)

However, the converse is not true in general. For instance, a
twistor can be chiral, while a Killing spinor with nonzero
eigenvalue cannot. Nonetheless, in the special case of an
Einstein manifold, one can always use a twistor to generate
a Killing spinor [34]. More precisely, if y is a twistor in an
Einstein manifold then the spinors

4(n-1)

D,
—nR X

yo=x+
are Killing spinors with eigenvalues

—R
o=+ m (14)

However, it is worth stressing that, generally, for manifolds
that do not obey the Einstein condition, the existence of a
twistor does not imply the existence of a Killing spinor.

One of the main practical utilities of the Killing spinors is
that they can be used to generate symmetry tensors which,
eventually, lead to conservation laws as well as to the
integrability of field equations using the manifold as a
background. Indeed, if y is a Killing spinor then each of the
tensors
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(v, Fﬂlﬂz"'ﬂpy/>’ (w. Fﬂlﬂz"'ﬂpTV/>’
W. Ty, ) and (@, T, Tw) (15)
is either a Killing-Yano (KY) tensor or a closed conformal

Killing-Yano (CCKY) tensor. For instance, let us take the
derivative of the first of these skew-symmetric tensors:

Vow. Ty w) = (el Ty w) + (w. T,y ol )
=ay'([,CT,, ., + CF,,]...,,pF,,)y/
=ay'C(-I,T, ., + T, ., Tw. (16)

Then, by means of the Clifford algebra, one can prove that

if pisodd,

=2I
Vi Mo Hp
-rLr,. . r,,..>r,=
gty T gy o {—21?91,[,,,1“”2.4.%] if piseven.

Therefore, defining

Yop, = (w. Fﬂlﬂz"'ﬂp]’/>’
it follows from Eq. (16) that if p is odd then

V.Y

L AV + vﬂl Y

vy = 03
namely the tensor Y is a Killing-Yano tensor. On the other

hand, if p is even the following equation holds,

VoY, = 290 Pty )
where hﬂl"'ﬂpq = —p(l//, Fﬂl“'ﬂp—lvl>’

which means that Y is a closed conformal Killing-Yano
tensor or, equivalently, its Hodge dual is a Killing-Yano
tensor. The proof that the other tensors in (15) are either a
KY or a CCKY tensor goes in a completely analogous
fashion. However, the tensors in (15) are not all indepen-
dent from one another. Indeed, apart from a multiplicative
constant, the Hodge dual of (y.I, ., w) is equal to

(w.T,,..,_, YTy), so that they both generate the same

conservation laws. Moreover, some of these tensors might
be identically zero. It seems that one of the first works to
explicitly construct symmetry tensors using Killing spinors
was Ref. [11], in which covariantly constant spinors were
used to generate the covariantly constant differential forms
that define Euclidean manifolds of special holonomy.
Conformal Killing-Yano tensors generated by twistors have
been considered in Ref. [35] and their generalizations for
connections with totally skew-symmetric torsion have been
investigated in Ref. [36]. The use of these symmetry tensors
in the context of supergravity has also been contemplated in
the literature [7].
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II1. SPINORS IN SIX DIMENSIONS

Now it’s time to move on to the specific case of
interest in this article, namely six-dimensional manifolds.
Although one can obtain several relevant results about
spinors without specifying the dimension, as illustrated
in the preceding section, it turns out that many features
of spinors are highly dependent on the dimension.
Therefore, it is always fruitful and illuminating to stick
to a particular dimension and explore its particularities in
full detail. Indeed, this was the path taken by Penrose
when he introduced the two-component spinors in four
dimensions [10]. Unarguably, this two-component for-
malism played an important role in the understanding of
several results in four-dimensional general relativity.
Given this motivation, the aim of this work is to take
advantage of the spinorial index notation valid specifi-
cally in six dimensions in order to exploit the subject of
Killing spinors. A detailed introduction to the spinorial
index formalism in six dimensions is available in
Ref. [37]. Previous accounts of such formalism have
also appeared in the literature in the context of conformal
field theories [38,39]; see also [40]. Moreover, this
approach has been used to investigate the Kerr theorem
in six dimensions [41]. The index spinorial formalism in
five dimensions has also been worked out in the literature
[42]; see also [43].

The key to find how spinors should be represented in
six dimensions is to note that Spin(R®), the double
covering of SO(6), is isomorphic to SU(4). Therefore,
a chiral spinor must transform into a four-dimensional
representation of SU(4). There are two such representa-
tions: the representation that associates to each element
U € SU(4), the usual 4 x 4 unitary matrix U"5 of unit
determinant, and the representation that associates to
U € SU(4), a matrix U,® that is the transposed inverse
of U4g, where the indices A, B, C, ... range from 1 to 4.
All other four-dimensional representations are related
to one of these two by similarity transformations. Thus,
the objects w* and y, that transform under the action
of U e SU(4) as

WAL’UABV/B’ WALIN]ABWB (17)
are the desired chiral spinors. More precisely, we shall
say that y” is a spinor of positive chirality while 4 has
negative chirality. Therefore, a general spinor, also called
a Dirac spinor, is given by a pair w = (y*,y,). It is
worth stressing that, generally, the components y* and
y, are totally independent from each other, summing 8
complex degrees of freedom for the Dirac spinor y. Note
that the scalar y*y, is invariant under the action of
SU(4) and, thus, invariant under Spin(R®).

Now, let us define the symbols e45p and e8P to be
such that
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€ABCD = €[ABCD]> €134 =1 and

gABCD — ([ABCD] e1234 _ 1.
Then, due to the fact that the matrices U4 and U 42 have
unit determinant, it follows that these totally antisymmetric
symbols are invariant under the actions of SU(4).
Therefore, these objects might be related to the metric of
the Euclidean space, as the metric is invariant under the
action of SO(6). Due to this relation, one concludes that the
spinorial representation of a vector V¢ in six dimensions is
given by an object with two spinorial indices that are skew-
symmetric, VA® = VI4B] 5o that the following relation
holds,

1
9 V2P = ESABCDVABZCD,

where the factor of 1/2 was chosen for convenience. Note
that the objects VA% = VI48] have 6 degrees of freedom,
just as the vectors V. In the same fashion as one can use
the metric g,, and its inverse g% to lower or raise vectorial
indices, a pair of skew-symmetric spinorial indices can also
be lowered or raised by means of the symbols €,45-p and

£ABCD.
1
V=9V’ Vap = ESABCD Vel and
1
Ve = gath<:>VAB = ESABCDVCD. (18)

It is worth stressing that, differently from the four-dimen-
sional case, in six dimensions there is no natural way to
raise or lower a single spinorial index.

Just as SO(6) vectors are represented in the spinorial
formalism by VAZ = VI8l other tensors also transform
according to specific spinorial representations. For in-
stance, let us obtain the spinorial representation of a
bivector, namely a skew-symmetric tensor of rank 2,
B, = Buy). From what we have just seen, it follows that
the bivectors in six dimensions are represented in the
spinorial formalism by objects 8B ,pcp such that

Bupcp = 23[AB][CD] and  Bypcp = —Bepas-

However, one can check that these objects are in one-to-one
correspondence with the objects of the form B4 that have
vanishing trace, B4, = 0. Indeed, the “isomorphism” map
is given by B = e"PCEB . pp. Therefore, we can say
that, in the six-dimensional spinorial formalism, bivectors
are traceless objects with one index up and one index down.
Table I compiles the spinorial representation for some
tensors of interest. An analogous table is available in
Ref. [37], to which the reader is directed in order to grasp
its details.

In what follows, we shall use the basis {y,} for
expressing the spinors of positive chirality, where the
components of the spinors of this basis are
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TABLE L

PHYSICAL REVIEW D 93, 065002 (2016)

The first column gives the tensorial representation according to SO(6). For instance, S,, denotes a

traceless symmetric tensor of rank 2, while the object C,;,.; is any tensor with the same algebraic symmetries of a
Weyl tensor. The second column gives the spinorial representation for each tensor of the first column. The third
column gives the algebraic symmetries that must be satisfied by the spinorial indices.

SO(6) representation

Spinorial representation

Algebraic symmetries

v yAB VAB — ylAB]
S = S(ab)’ S, =0 SABCD SABCD _ S[AB][CD]’ SABCD —
Bab :B[ab] BAB BAA =0
Tape = T[abc] (TAB7 TAB) TAB = T(AB), Tig = T(AB)
Cavea = Cledjab)s Cbaa =0 C*ep C*¥ep = C) cp), CPep =0
xi < 8. X2 < 8, X3 < &, Xa <> 84, X1 =22, X2 = X1 X3 = —Xa X1 =X3
Fl_ 2 72 _ sl 73 _ 4 73 _ 4
while the basis adopted for spinors of negative chirality will & =& &=-¢ ¢ & =g
be the dual basis {£7}, whose components are (23)

¢ 8, & < &4, &< &, &t 8.

By means of these bases we can build the following
independent vector fields that form a frame for the tangent

bundle:
A B A B A B
=ty et =0 et =g
A A
B=yd, B =0 et = (19)

Lowering the skew-symmetric pairs of spinorial indices, we
find that

= e
Cays

= by
=l
(20)

€1AB = €2AB €3AB

€4AB = €54B €6AB

The inner products of the vector fields of this basis are

1

gleieji3) =6

g(el’ej) =0, )

gleis.e;13) =0, (21)
with the indices i and j running from 1 to 3. In particular, all
vector fields in this basis are null, so that we shall refer to it
as a null frame. The reality conditions of this frame are
related to the signature of the metric [44]. For instance, in
the Lorentzian case the reality condition is given by [45]

e =ey, €, = ey, e, =ées, e; =¢, (22)
which can be easily verified by means of constructing a null
frame out of a real Lorentz frame whose metric is
diag(—1,1,1,1,1,1). In order for the reality condition
(22) to hold, one can assume that the charge conjugation of
the spinors in the basis are given by

Adopting these conjugation rules is tantamount to assume
Lorentz signature, which can be checked by means of using
(19) along with (23) and then comparing with (22).

In what follows, the covariant derivative of a Dirac
spinor y = (y*,y,) will be written as

Vasy© = 0y + (Qup) py” and

Vaswe = Oaswe —wp(Qup) e (24)
where (Q,45)€}, is the spinorial connection and 9,5 stands
for the partial derivative. For instance, 03, denotes the
partial derivative along the vector field e4, in accordance
with Eq. (19). For more details about this spinorial
connection, see Appendix B.

Since the Riemann tensor is skew-symmetric in its
two pairs of indices, Rupcq = Riap)jcq> it follows, from
the bivector representation shown in Table I, that the
Riemann tensor is given in the spinorial formalism by
R4, where R4,€), =0 and RA;¢- = 0. Thus, the
analogue of Eq. (8) in this index notation is [40,41]

- vCDvAB)W

The torsionless property of the connection implies that the
action of the curvature operator on the scalar ¥z must
vanish, from which one concludes that

9PV ,pVep E=aRopFppt. (25)

SGABC(VABVCD = VepVap)ve = _4mGDFEV/F-

(26)
Just as the Riemann tensor can be decomposed into its
irreducible parts with respect to the local action of the
orthogonal group, the same can be done for its spinorial
analogue. More precisely, this decomposition is given by

4RA B

1
p=WAB , + PAB  — @R(&g&g — 45468,

(27)
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where WAB -, represents the Weyl tensor, @42 -, stands for
the traceless part of the Ricci tensor and R is the Ricci
scalar. In accordance with Table I, the algebraic symmetries
of the latter objects are the following:

‘I’ABCD = ‘IJ(AB)(CD), q)ABCD = 5] [cD]>

UAP g =0 = 4 . (28)

Now that we have set the conventions and introduced the
spinorial index formalism in six dimensions, it is time to
present the main results of this work. To the best of the
authors’ knowledge, the results of the following sections
are original and have not appeared elsewhere.

IV. SYMMETRY EQUATIONS
IN SIX DIMENSIONS

The goal of this section is to obtain how the equations
obeyed by Killing-Yano (KY) tensors, closed conformal
Killing-Yano (CCKY) tensors and Killing spinors are
transcribed to the spinorial formalism using the index
notation presented in the previous section.

The cases of a Killing vector field ¥ and a closed
conformal Killing vector H are quite simple. These fields
obey the following equations respectively,

VaYb + VbYa =0 and VaHb = 2hgab?

where £ is some scalar function. Therefore, if Y45 and H 45
are the spinorial representations of these fields, it is
immediate to conclude that the spinorial equations satisfied
by these fields are

VagYep +VepYap =0 and  VupHcp = hegpep,
(29)

where the equivalence g, N%EABCD, that comes from
Eq. (18), has been taken into account. An equivalent
way to write the equation satisfied by a Killing vector
field is V,Y;, = B,;,, where B, = By, is some bivector.
For lack of any other option, due to the necessary arrange-
ment of indices, the spinorial analogue of the latter equation
must be given by

VY & 6By,

where the traceless object B is the spinorial representa-
tion of the bivector B,;,; see Table I. The proportionality
multiplicative factor missing in the previous relation can be
chosen to be 1 by absorbing it into the bivector B? .

Now, let us obtain how the equation of a CCKY tensor
of rank 2 is written in the spinorial formalism. If H is a
closed conformal Killing-Yano bivector then there exists
some 1-form 4. such that the following equation holds:

PHYSICAL REVIEW D 93, 065002 (2016)
qubc = Zga[hhc]' (30)

In particular, the exterior derivative of H vanishes. If H4p
and h,p are the spinorial representations of H,, and h,
respectively, then the most general way to arrange the
spinorial indices to assure that the derivative of H4 is
linear in A,y is

VABHCD = (,ZEABDE}ICE + béC[IA/’lB]D + Céch’lAB,

where a, b and c are constants. However, due to the identity

eappeVE = 25C[A Vip + 69V s,

valid for any vector V,p, it follows, without loss of
generality, that one can set a = 0 while redefining b and
c. Assuming this and noting that H ~ = 0, one concludes
that b = 4c. Then, the remaining multiplicative constant
can be absorbed in /45. In conclusion, if H4 is a CCKY
bivector then there exists some /yp = hjyp such that the
following relation holds:

1

45%hAB. (31)

VABHCD = 5C[vAhB]D +
In particular, the latter equation implies that V5 BHAC) =0
and VABHCS) , = 0 which, holding simultaneously, means
that the exterior derivative of the bivector H4, vanishes
[40], as it should.
On the other hand, if Y is a bivector obeying the KY
equation then there exists some 3-vector T such that

vach = Tabc'

Thus, the covariant derivative of Y is proportional to a 3-
vector T. In the spinorial formalism, a 3-vector is repre-
sented by a pair of symmetric objects with two spinorial
indices, (T8, T,5), where TAB is related to the self-dual
part of the 3-vector, while T 4 represents the anti-self-dual
part. The bivector Y, is represented by the traceless object
YA . Therefore, in order for the expression V,5Y¢ ), to be
skew-symmetric in the pair of indices AB and traceless in
the pair CD, one must have

VagY<p = 25C[A Ty + eappeT"C. (32)
The freedom on the choice of the constant coefficients that
could appear has been absorbed into the definitions of 742
and T,p. As a consistency check, one can verify that the
divergence of Y€, vanishes as it should. Indeed, the
condition of vanishing divergence is given by V3 YAC] =
0 [40], which is satisfied whenever Eq. (32) holds, since
TA and T,p are both symmetric. At this point it is worth
stressing that just as the components yw* and 4 of a Dirac
spinor w = (y*,y,) are totally independent from each
other, the components 742 and T, of a general 3-vector

065002-8



KILLING SPINORS AND RELATED SYMMETRIES IN SIX ...

T = (T8, T,p) are also independent. Indeed, 748 and T,
have 10 components each, which sums up the 20 compo-
nents of a 3-vector in six dimensions.

Now, if H is a closed conformal Killing-Yano tensor of
rank 3, then it follows that there exists some bivector & such
that

valibcd = 2ga[bhcd]'

Thus, if (HAB, H ) is the spinorial representation of the 3-
vector H, and h*j is proportional to the spinorial repre-
sentation of the bivector A, then it follows, for lack of other
algebraic possibilities, that

VisH?P = asGhPy  and  VAPHcp = bl hP .
In order for the 3-vector H to have vanishing exterior
derivative one must set @ = b, so that V,, HA¢ = VACH ,,
[40]. Moreover, the remaining freedom on the collective
multiplicative factor can be absorbed in the definition of
h* . Thus, (HA8, H,p) is a CCKY of rank 3 if, and only if,
there exists some bivector 44, such that

VABHCD = 5([(/A‘hD>B] and VABHCD = 5[‘?ChB]D> (33)

Since every KY tensor is the Hodge dual of some CCKY,
and since the Hodge dual of the 3-vector (HAB, H ;) is the
3-vector (HA8, —H 45), we conclude thatif ¥ = (Y42, Y )
is a KY 3-vector it satisfies the equation

VAB YCD — 6([?4 BD>B] and VAB YCD — _5[?CBB]D)
(34)

for some bivector BA;. Apart from a multiplicative con-
stant, such bivector is the Hodge dual of the exterior
derivative of Y. Note that it is pointless to present the
spinorial equations satisfied by KY and CCKY tensors of
higher ranks, since the latter are just the Hodge dual of one
of the previous tensors and, therefore, do not lead to new

TABLE IL

PHYSICAL REVIEW D 93, 065002 (2016)

conservation laws. For example, a KY tensor of rank 4 is
the Hodge dual of a CCKY tensor of rank 2, while a CCKY
tensor of rank 4 is the Hodge dual of a rank 2 KY tensor.

Finally, let us obtain how the Killing spinor equation is
represented in the index formalism. In order to accomplish
this, one must recognize that the Clifford action of a vector
field V in a spinor y = (y”,y,) is given by

V.wy= (2VABV/B, _ZVABV/B)v (35)

as one can check noting that in such a way the Clifford
algebra of Eq. (1) is properly satisfied. Then, if y =
(W, wy4) is a Killing spinor of eigenvalue a, namely
V.y = ay,y, one concludes that

Vay© =2a(e,)Pyp and Vi = —2a(e’)cpy”.

(36)

Thus, since the vectorial index a can be replaced by a
skew-symmetric pair of spinorial indices, and since
(eq)(e"), = &5, the following equivalences hold:

(€a)*® < (ecp)B = 5150,
(€15 < (€P) 5 = 556"

Hence, the Killing spinor equation can be written as

A
VaswC =2a8%py and  VABye = 208y Bl (37)
An equivalent form of writing these equations can be
obtained by means of raising and lowering the derivative
indices in Eq. (37), after which one obtains the following
equations that might be satisfied by a Killing spinor:

VABU/C = ae’ BCDWD and  Vypyc = —O!EABCDII/D-

(38)

Table II sums up the spinorial form of the symmetry
equations that we have seen in this section.

The first column presents the type of tensor, where KY stands for Killing-Yano tensor and CCKY denotes a closed

conformal Killing-Yano tensor. In the second column, the spinorial equations satisfied by the objects of the first column are shown. The
third column displays the constraints that might be satisfied by the objects that appear in the right-hand side of the spinorial equations.

Type of symmetry Equations satisfied Constraints
KY of rank 1 V,pYCP = 5[[CABD]B] B =0
KY of rank 2 VasYCp = 25C[ATB]D + eapppTEC TAE = TUB): Ty =T (ap)
KY of rank 3 V,pYP = 5(§BD)B]; VABY ) = _5[/(*CBB]D) By =0
CCKY of rank 1 VusHep = heapep x
CCKY of rank 2 VapHp = 89, hgp + 35 phas hap = hiag)
A
CCKY of rank 3 VpHP = 5([?10)3]; VAP Hp = 5[1(4chB]D) "a=0
Killing spinor Vpy€ = 2(15C[A'//B]§ VABy, . = _205[21//3] X
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There are some advantages of writing the preceding
symmetry equations using spinorial indices. For example,
the integrability conditions necessary for these equations to
admit a solution are generally easier to obtain and under-
stand in this spinorial formalism, as has proved to be the
case in four dimensions. Moreover, these equations might
be more easily integrated. For instance, in four-dimensional
spacetimes, when one assumes that the Petrov type of the
Weyl tensor is D it is immediate to verify that there are two
null directions that play a distinguished role and that some
Newman-Penrose coefficients vanish, which facilitates the
integration of Einstein’s vacuum equation. Indeed, due to
the latter fact, Kinnersley has been able to fully integrate
Einstein’s vacuum equation for type D spacetimes [46].
Particularly, in this article, we will exploit the index
formalism introduced above in order to integrate the
Killing spinor equation.

V. CONSTRUCTING SYMMETRY TENSORS
FROM A KILLING SPINOR

A useful profit of using the index notation introduced in
the previous sections is that one can easily guess whether a
symmetry can be used to generate another symmetry. The
spinorial indices are like small building blocks that can be
combined in order to construct tensors that might carry a
relevant geometrical significance. In this section we will
illustrate this fact by constructing symmetry tensors out of a
Killing spinor, in the spirit of Eq. (15).

Lety = (w”,y,4) be a Killing spinor with eigenvalue «;
namely Eqs. (37) and (38) are satisfied. The first combi-
nation that we can form with this spinor is the scalar yy 4.
Computing its derivative, we have

Vs (U/C‘//C) = 2055C[A‘//B]‘//C — ayCeppepy” = 0.

Therefore, the scalar w4y, must be constant. Next, note
that one can use the Killing spinor to build the object w4y g
that resembles a bivector. However, generally, it is not
traceless. But, subtracting its trace we end up with )45 =
wAwp — 1 (wCyc)d) which, is, indeed, a bivector. Then,
taking its covariant derivative, we find

1
VCDyAB =Vep (WAl//B - ZWEWE5§> = vCD(WAWB)
= 2a5A[Cl//D]l/’B — aecppey vt

Comparing the latter relation with Eq. (32), we conclude
that )4, is a Killing-Yano bivector whose exterior
derivative is proportional to the 3-vector (T8, T,z) =
(w w8, —w,wp). Finally, using the Killing spinor one
can construct 3-vectors of the form (c,yAy®, copays),
where ¢; and ¢, are constants. Computing the derivative of
this 3-vector we find that

PHYSICAL REVIEW D 93, 065002 (2016)
c
Vas(wy?) = 616([AyD)B] and

VA (yewp) = _025[?CyB]D)'

Therefore, taking ¢y =c¢, =1 we conclude that
(W w8, wapp) is a KY 3-vector, while its Hodge dual
(wy®, —p,wp), obtained by taking ¢, = —c, =1, is a
CCKY tensor of rank 3.

Note that, although we have been able to construct KY
tensors of ranks 2 and 3 using the Killing spinor (y*, y3),
no vector field has been built. Indeed, it is not hard to get
convinced that there is no natural way to construct a vector
using just one Killing spinor, since a vector has a skew-
symmetric pair of spinorial indices and this cannot be
designed using just the indices of one spinor along with the
natural objects e45¢p and &%. In particular, this observation
implies that, in six dimensions, the relations

(w.T,w) =0 and (y,[[Ty)=0

are valid for any spinor y, which can be checked after
introducing a representation for the matrices y,. This
example illustrates very well how the index notation
adopted here can be used to anticipate results that, other-
wise, would not be obvious.

Although we cannot build a Killing vector field using
just the Killing spinor w, it is possible to construct vector
fields if we use the conjugated spinor, y, along with the
spinor y itself. Indeed, if (yw*,y,) is a Killing spinor with
eigenvalue a and (y*,,) is its conjugate, then it is
obvious that the following vector fields can be built:

VAB = g8l and V= WAV B)-

Despite these vector fields being neither Killing vectors
nor closed conformal Killing vectors, it is straightforward
to check that the following combinations of them are

KAB = VAB AP,

By the same token, one can also define the following useful
scalars, bivectors and 3-vectors respectively:

Fo =y Tyt
_ _ 1 _ _
Buty = (s £9wp) = ;85w e £ wo),

(T25.T55) = (WP, 1y uip)).

In the case of a real eigenvalue a, one can verify, after some
algebra, that these objects obey the following differential
equations:
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TABLE III.

PHYSICAL REVIEW D 93, 065002 (2016)

This table describes the symmetry tensors that can be constructed out of a Killing spinor y =

(w",w,) with eigenvalue a. In the above table = (", r4) is the charge conjugate of y. Here, KY stands for
Killing-Yano tensor and CCKY denotes a closed conformal Killing-Yano tensor. Since y is also a Killing spinor, it
follows that the second, third and fourth objects of this table remain symmetry tensors if we replace y by w.

Type of symmetry

Spinorial form

Constant scalar
KY of rank 2
KY of rank 3
CCKY of rank 3
Constant scalar
KY of rank 1
KY of rank 2
KY of rank 3
CCKY of rank 1
CCKY of rank 2
CCKY of rank 3

why,

why — 1 (WCye)sy
v wayp)

(W y®, —yapp)
i + Sty
Wi — & Py

(g +Sptyy) — 155w e +%pCyc)
(AP, Sy i)

yApPl + & eABCDy ),

(whop —Sutyp) — 185 (W T — S0 W)

(pAyh), — W AW g))

vABF+ = —40!/C_AB

VABF_ = 0
C D
VapK P = _4a5[[AB—B]]’
a
VugK_cp = _§F+8ABCD1

VABB‘FCD = —2a<256[‘ATE]D + 8ABDET€C)’
1
VasBSp = —4a <5C[A’C+B]D + ZacDK:+AB>v

VABTiD — 2(15(CB D)

CBLy.  VMTE, = 3206 B

(CY+D)*
These equations, along with Table II, imply that, when a is
real, the tensors /C,, B, and 7, are Killing-Yano tensors
of rank 1, 2 and 3 respectively, whereas the tensors /C_, B_
and 7 _ are closed conformal Killing-Yano tensors of rank
1, 2 and 3 respectively. Moreover, the scalar F_ is constant.
On the other hand, if the eigenvalue a of the Killing spinor
y is purely imaginary then the roles of these tensors are
interchanged; namely /C_, B_ and 7 _ are Killing-Yano
tensors while /C,, B, and 7, are closed conformal
Killing-Yano tensors. Moreover, for imaginary «, the scalar
F, is constant, whereas F_ ceases to be constant. The
results of this section are summed up in Table III.

VI. INTEGRABILITY CONDITIONS FOR THE
KILLING SPINOR EQUATION

In the present section, we shall obtain the integrability
conditions for the Killing spinor equation. Suppose that
v = (y*,y,) is a Killing spinor with eigenvalue a, so that
Eq. (37) holds. Then, due to the identity (25), it follows that

4§RGDFEWE = 2(VGCVCD - vCDvGC)V/F
= 425\yF) — 6a2shyO.

Now, taking the symmetric and skew-symmetric parts of
this equation in the pair of indices GF, we eventually arrive
at the following integrability conditions that must be
satisfied by the curvature in order for the space to admit
a Killing spinor:

R = —120&2, q)ABCDl//D = 0, \IIABCDl//D =0.

(39)

These constraints are the counterparts of the integrability
conditions presented in Eq. (12). Likewise, working out the
integrability condition associated to the negative chirality
part of the Killing spinor, it follows that

‘I’ABCDV/B =0, ‘I’ABCDV/B =0. (40)

As explicitly demonstrated in the following section, these
integrability conditions represent strong constraints on the
types of manifolds that support a Killing spinor field.

It is well known that the Lie algebra of the holonomy
group associated to a connection is determined by
the curvature of this connection; this is the content of the
Ambrose-Singer theorem. More precisely, if R?; is the
curvature 2-form of some connection on a fiber bundle, and
if B is a simple bivector tangent to a plane in a tangent
space, then the interior product of the latter into the former,
igR%, is the generator of the holonomy transformation
associated to an infinitesimal loop contained in the plane
tangent to B. In the case of the spinorial bundle of a six-
dimensional space, the action of the Lie algebra generator
associated to the parallel transport of a spinor along an
infinitesimal loop in the plane tangent to the bivector B4y
can be written in the index formalism as follows:

(@, a) = (BP R pApdp®. —BP cRCpE upp).

Therefore, using the integrability conditions obtained in the
present section along with Eq. (27), it follows that the

065002-11



CARLOS BATISTA

action of the previous Lie algebra generator on a Killing
spinor (y*,y,) is given by

(W ) > —20%(BApy®, —ypBE ). (41)

Thus, it can be promptly recognized that if the eigenvalue «
vanishes then the Killing spinor is left invariant by the
action of the holonomy group. Since the nontrivial repre-
sentations of the group SO(p, 6 — p) have no fixed points,
it follows that the Riemannian holonomy group must be
special in such a case; namely the holonomy is a proper
subgroup of SO(p, 6 — p). Nevertheless, if a is nonvanish-
ing then the holonomy group is not necessarily special.
These features are not exclusive of six dimensions. Indeed,
in any dimension the existence of a covariantly constant
spinor reduces the holonomy while the existence of Killing
spinors with nonvanishing eigenvalue generally is not
associated with the reduction of the Riemannian holonomy.
For instance, the n-dimensional sphere S" has several
Killing spinors with nonvanishing eigenvalue but its
holonomy group is the full SO(n). Although no excep-
tional result about the holonomy has been obtained in this
paragraph, it is worth pointing out that Eq. (41) can be of
great value on the investigation of the holonomy of six-
dimensional manifolds admitting Killing spinors. This, in
turn, is of relevance to determine the possible number of
unbroken supersymmetries on spontaneous compactifica-
tions [47].

VII. INTEGRATING THE KILLING
SPINOR EQUATION

The aim of the present section is to integrate the Killing
spinor equation in a six-dimensional manifold of
Lorentzian signature. We shall not consider the quite
special case of a covariantly constant spinor; namely we
|

{ V= 0(1»f§4) - if ylyy,

v =i+ 8 -

where f is a real function while f; and f, are complex
functions. Furthermore, we can check that we must assume
f> # 0. Indeed, contracting Eq. (42) with y4® we find
that

w PV apy© = aly ity — 5 wty,)  and
y PV e = 0.

'The sign conventions adopted here for the Clifford algebra
[see Eq. (1)] are different from the ones adopted in [13,48].
Therefore, what here is called an imaginary eigenvalue actually
means a real eigenvalue in those references.

if at least one of the scalars yy,

PHYSICAL REVIEW D 93, 065002 (2016)

will assume that the eigenvalue « is nonvanishing. In
particular, this assumption implies that the spinor is non-
chiral. One of the reasons for omitting the case @ = 0 is that
simpler such cases have already been quite scrutinized
before [11,12,14]. However, it is worth pointing out the
interesting fact that, in manifolds with Euclidean metrics, it
is possible to rescale the metric in such a way that a Killing
spinor with imaginary eigenvalue' corresponds to a parallel
spinor on the cone over the original manifold [13,48].
Therefore, in such cases, the study of a Killing spinor with
nonzero eigenvalue reduces to the analysis of a covariantly
constant spinor in a manifold with one more dimension.
But, here, we will work in the Lorentzian signature and the
eigenvalue o can be either real or imaginary, so that this
approach cannot be used.

In what follows, we shall look for solutions for the
equations

Vapy© = 2(15%1//3] and  Vpyc = —aespcpy®,

(42)

namely the Killing spinor equation, in the Lorentzian
signature when a # 0. Our choice of signature is imple-
mented by the use of the reality conditions (22) and (23).
The first advantage of using the index formalism adopted
here is that one can, straight from the beginning, simplify
the algebraic form of the spinor (y*, y4) by means of using
Lorentz transformations to properly align the spinorial
frame. Indeed, in Eqs. (A13) and (A14) of Appendix A
it has been shown that if (", ) is a nonchiral spinor then
one can always manage to choose the spinorial frame in
such a way that this spinor field assumes one of the
following algebraic forms:

and w*y, both vanish

A - (43)
and ", is nonvanishing,

|

Then, by means of contracting the first of these relations
with ¥ and using the charge conjugated version of the
second identity above, we conclude that

y PV (W e) = a@ey ity — g Cytya).

Therefore, if yC iy is identically zero then w“y, must
vanish, since we are assuming a # 0. In terms of the second
standard form in Eq. (43), this means that if f, = 0 then
f1 = 0, which yields a chiral spinor and, therefore, requires
a = 0. Thus, the condition f, =0 is inconsistent with
the hypothesis a # 0. Additionally, in accordance with
Table II1, it follows that the scalar y“y 4 is constant, so that
we can set f| equal to some constant. Moreover, from
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the same table, it follows that yAy, + % l// W, 1s also
constant, which means that the i 1mag1nary part of af, is
constant. Therefore, we can always suppose that the Killing
spinor has one of the following simple forms:

V=) o v (mad i),
(44

where f and h are real functions, ¢, is a real constant and ¢,
is a complex constant. In addition, 4 and ¢, cannot be
simultaneously zero. In the sequel, we shall try to integrate
the Killing spinor equation for these two algebraic types
of spinors. At this point, it is worth highlighting that,
for the Lorentzian signature, the study of these two
possibilities is exhaustive.

A. Killing spinors of the type (y;, f¢*)

Let us start trying to integrate the Killing spinor equation
for the first algebraic type in Eq. (44); namely let us impose
that w = (y;, f¢*) is a Killing spinor with eigenvalue a.
Then, its charge conjugate = (x», f&*) is a Killing spinor
with eigenvalue o*, where the fact that f is a real function
has been used. Therefore, the components of the Killing
spinor and its conjugate are given by

A _ SA
iél’
A _ SA
i52’

wa = f6* and
Wa =54 (45)
Since, for this algebraic type of Killing spinor, all possible

scalars that could be built using y and y vanish, it follows
|
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that the geometric structures descendant from this Killing
spinor have a null character. For instance, the Killing vector
field constructed from these spinors has a vanishing norm.
Inserting the components (45) in the integrability condi-
tions (39) and (40), one verifies that the only components of
the Weyl tensor that can be different from zero are the nine
components WUV, where i, j € {1,2} and p,q € {3,4}.
According to the Coley, Milson, Pravda and Pravdova
(CMPP) classification [49,50], which is a generalization of
the Petrov classification for higher dimensions, this implies
that the algebraic type of the Weyl tensor is either N or O
[37], with e; being the repeated principal null direction.
This could be anticipated from the fact that Weyl tensors
of type N are generally associated with null structures, as
exemplified by the pp-wave spacetime. Analogously, the
integrability conditions imply that the unique component
of the object ®*8,, that can be nonvanishing is ®'%,,
which means that the only possible obstruction for the
spacetime to be Einstein comes from the component

1
Syq = <R,w - gRg,ly) estes”

of the traceless part of the Ricci tensor. Thus, a spacetime
admitting a Killing spinor of the first type displayed
in Eq. (44) is an Einstein manifold if, and only if, Sy
is zero.

Inserting these components in the Killing spinor
equation (42) and its conjugated version, and then using
Eq. (24), we are led to the following restrictions over the
spinorial connection:

1 a
(Q4p)¢) = 20!f5c 54 (Qup)tc = 54C?8A3f + ?gABCI’
(Qup)¢5 = 20‘*f5C 53 (Qup)’c faABf + 7 EABC2- (46)

In particular, the first and the last of the above relations
imply

(@) =af and

(@) === == ()

f

Since f is a real function, it follows from the latter equation
that & must be real, which, due to (14), means that the Ricci
scalar is negative. Therefore, we have proved the following
interesting result: In a six-dimensional Lorentzian mani-
fold, the Killing spinor equation can admit a solution
(w*,w4) such that both wy, and y*y 4 vanish only if the
curvature scalar is negative. For instance, asymptotically de
Sitter spacetimes cannot admit this type of Killing spinor. It
is worth stressing the central role of the index notation in
the proof of the latter statement, as this result would be

I

much harder to obtain otherwise. Thus, we can assume that
a is real in Eq. (46). In this case, Eq. (47) implies that
f = =£1. By means of a Lorentz transformation, we can
always make the sign of f positive. Therefore, our Killing
spinor might have the form y = (y,,£*) and its eigenvalue
is real, so that Eq. (46) provides the following restrictions
on the spinorial connection:

(QAB)C1 = 20’5?/45‘2], (QAB)4C = Q€ppCl>

(Qup)© = 20‘5%533], (Qup)’c = aespcr. (48)
Apart from the obvious skew-symmetry (Q45)¢, =
—(Qp4)¢p, these equations impose that the only
components of the spinorial connection that can be non-
vanishing are
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(Qua)') = (Qu1)*3 = (Qu)?) = () = (Q3) ) =«
(943)42 = (923)22 = (932)44 = (924)43 = (913)34 =a, (49)
(Qus)'s (Qap)'ss Q)5 (Qus)s

where the components in the last line of (49) are not constrained by Eq. (48), so that each of these components are, at this
stage, arbitrary. Thus, integrating the Killing spinor equation for a spinor of the form y = (y;,&*) amounts to finding the
most general metric such that the nonvanishing components of the spinorial connection are the ones displayed in Eq. (49).
By means of the results presented in Appendix B, it follows that Eq. (49) is tantamount to imposing that the only

components of the tangent bundle connection w,,“ that can be different from zero are the following:

1 _ 4 03 6 _ 1 _ 4 6 _ 3 _ 2 _ 3 _
W3] = W34 = W33" = —W36 = Wg] — —We4 — Wep — —We3~ = Wre™ — —Wr5~ = &,
2 _ 6 _ . 4 _ 6 _ . 4 _ 3_ .5 _ 6 _ 5 _ 3 _
Wr3™ = —Wrs" = Wy3 = —W4)" = Wy — —W41" = W537 = —Wsp~ = W56~ = —Wsp" = A, (50)
3 _ 1 2 _ 1 5 _ 1 6 _ 1
Was™ = —Wy6 » Wa4™ = —Wqs5°, Wa4™ = —Wq2 s Wa4™ = —Wq3
|
where the skew-symmetry w,,. = —®,., has been used. Inasmuch as e; is a real vector field in the Lorentzian

For instance, the latter property implies that @3> = —w,,s°.
Recall that w,,. is defined by @ = ®4%Gs =
g(V,e,, e.), which comes from Eq. (5).

Now let us try to find a metric whose Levi-Civita
connection obeys the constraints shown in Eq. (50). As
a first step toward this goal, let us note that, since y*y,
vanishes, it follows that the chiral spinors y* and y, are
pure spinors whose associated maximally isotropic distri-
butions are integrable. Indeed, the vector fields that
annihilate the chiral spinor y* under the Clifford action
are the ones that have the form VA? = y/4¢B! for some
spinor @®, as can be easily checked using (35).
Analogously, the vector fields that annihilate the negative
chirality spinor 4 are the ones that have the form V,z =
waép) for some spinor £p. Now, using the Killing spinor
equation (37) satisfied by (w*,y,), it follows that

pr PPV € € and  y, &V P e,
which means that the maximally isotropic distributions
generated by y” and y, are both integrable [33]. These
distributions are the ones generated by {e;,e,,e;} and
{e,,e,,es} respectively. Analogously, since (y4,(,) is
also a Killing spinor and @44 = 0, it follows that the
spinors y, and &* generate integrable distributions, which
are spanned by {e;,es,eq} and {e;,es, es} respectively.
The fact that these four totally null distributions are
integrable can also be verified directly from Eq. (50).
Now, since the intersection of two integrable distributions
is also an integrable distribution, we conclude that the
distributions spanned by {e;,e,}, {e;,es3}, {e;,es} and
{ey,es} are all integrable.

signature, we can always introduce a real coordinate u to be
the parameter along the orbits of e, so that we can set

e — 3u.

Then, due to the fact that the distribution generated by
{e,, e, } is integrable, it follows from the Frobenius theorem
that there exists a coordinate z such that

e, = U0, + Z,0.,

where U, and Z, are functions. Note that U,, Z and 7 are
generally complex, since, in the Lorentzian signature, e, is
a complex vector field. Likewise, the fact that the distri-
bution generated by {e;, e3} is integrable implies that there
exists a complex coordinate w such that

€3 — U38u + W38w,

with Uz and W5 being complex functions. Moreover, due to
the reality conditions of Eq. (22), we conclude that

es =U30,+ 750, and eg= U30,+ W30,:.

Finally, e, can have the following general form:
€4 = V4av + U4au + Z4az + W4aw + Zzaz* + Wzaw*’

where v is a real coordinate and V, and U, are real
functions, whereas Z, and W, are complex functions. In
principle, the functions that appear as coefficients of the
above vector fields can depend on all six coordinates
{u,v,z,z",w,w*}. However, according to Table III, the
vector field y Pl — L eABPy, iy, is a Killing vector field.

Since the latter vector field is 2;(1[A;(23 ) ~2e =20, it
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follows that the above functions cannot depend on the coordinate u. Furthermore, computing the Lie brackets [e,, €3],
[e2, €4), [e2,es5] and using that

[ea’ eb] = (a)abc - a)bac)ec

along with Eq. (50), we obtain that the functions W5 and V, do not depend on the coordinates z and z*, while Z, cannot
depend on z*. So, it is tempting to look for solutions that do not depend on z and z*. After imposing (50) and making some
minor simplifying assumptions along the integration process, we have found that a particular solution of this type is given
by the following functions:

~W2 W*Z
Upy=0,  Zy=ily)

Us = a2 F (o) + iG(oy)). Wa = -l
Uy = (W +w?)4g(v), Vi =2(w? +w?)?, Z,=0, W, =0,

where h(v), g(v), F(v,y,), G(v,y,) are arbitrary real functions of their arguments and y; is the real part of the complex
coordinate w whereas y, is the imaginary part of w,

1
w4, e =o v w).

N =

V1 =

Once we have these functions at hand, we can find the coordinate form of the metric. Indeed, due to the inner products (21)
it follows that the inverse of the metric is given by

g'=2(eQe, e, Qe +e,Qes+esQe, +e3Qeg+esRey).

Then, inserting the coordinate form of these vector fields and computing the inverse, we end up with the following line
element:

~1 i Aww
ds? = - gdv? + e

1
5 Edudv + h*dzdz* + dwdw* + (F 4+ iG)dvdw + (F — iG)dvdw*|.  (51)

(w? +w*?) o’
Now, let us discuss the symmetry tensors of this spacetime. As anticipated, the Killing vector field generated by the Killing
spinor, using the results of Table I, is given by e,. Besides, it is obvious that 0, and J.- are also Killing vectors. The closed
conformal Killing vector presented in Table III is identically zero for the Killing spinor (y;,&*). The KY tensor of rank 2
wwp — 5 (wCy )84 and its complex conjugate are respectively given by

Y, =e Ae, and Y, =e; Aes,
where A denotes the skew-symmetric tensor product of the vector fields and multiplicative constants have been omitted. The
remaining KY bivector and the closed conformal Killing-Yano bivector, presented in the bottom half of Table III, are
respectively given by
Y,=e A(es—es) and H =e; A (e3+eg).
Further, the Killing-Yano 3-vectors extracted from the same table are given by
leel/\ez/\(83—e6), leelAesA(e6—83> and Tzzel/\ez/\es.

The Hodge dual of these three Killing-Yano 3-vectors are CCKY 3-vectors.

It is worth stressing that the metric (51) is not an Einstein metric. This is not in contradiction with the existence of a
Killing spinor, since only in Euclidean signature does the existence of a solution for the Killing spinor equation require the

manifold to be Einstein, as emphasized before. In the particular case in which the functions F and G do not depend on v, the
Einstein condition can be easily solved and is given by choosing
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2 &
g(v) = —Wﬁh@)’
F=F(y;) and G=G(y,), (52)

where h(v), F(y,) and G(y,) remain arbitrary real func-
tions of their arguments. This solution for Einstein’s
equation in the presence of a negative cosmological
constant is not conformally flat and, therefore, comprises
a nontrivial solution. By means of computing the Riemann
tensor of this metric, it has been checked that the
Riemannian holonomy group of this spacetime is
SO(1,5). Concerning the isometry group, it follows that
in general this solution admits only the three obvious
Killing vector fields 9,, 0, and 0.-. However, in the
particular case in which h(v)? is a quadratic function of
v it follows that one further Killing vector field shows up,
whose expression is given by

1 dn? 1 dn?
10, +-wilo 4w g .
Ot Wy Do T W 5y O
wi* d2h2  dh?
- |al dv? +—dv (J’1F<J’1)—y2G()’2)) Oy

where, again, y; and y, are the real and imaginary parts
of the coordinate w, respectively. Therefore, in general,
the spacetime defined by Eqs. (51) and (52) has a three-
dimensional Abelian isometry group. However, in the
special case in which h? is a quadratic function of v, it
turns out that the isometry group is enhanced and becomes
a four-dimensional Abelian group.

B. Killing spinors of the type (y;.c&! +f&?)

Now it is time to analyze the Killing spinor equation
for spinors whose algebraic form can be chosen to be
v = (x,c¢" + f&?). At the beginning of the present
section, we have already argued that in order for y to
be a Killing spinor with nonvanishing eigenvalue, ¢ must be
a constant and f must take the form f = {ll (h + ic,), where
h is a real function, ¢, is a real constant, and |f|> # 0. As a
|

(Qup)C) = 20858 + 2af65,8%,

(Qup) s = 207 "85, 6% — 20 66,8y

PHYSICAL REVIEW D 93, 065002 (2016)

consequence of the latter constraint, one can check that the
integrability conditions (39) and (40) for y and its charge
conjugate, ¥ = (x,, c*&? — f*¢), yield the following con-
straints on the curvature

AB _ ®AB () — TA . — DA
U0 =% =0 =9%cp = @V cp,

where j € {1,2} and A, B,C,D € {1,2,3,4}. In particu-
lar, this means that the only component of the traceless part
of the Ricci tensor that could be different from zero is
®34,,. However, due to the traceless condition (28), it
follows that the latter component must also vanish.
Therefore, we arrive at the interesting conclusion that a
six-dimensional Lorentzian manifold possessing a Killing
spinor y = (y*,w4) such that either yw, or yy, is
nonvanishing, is, necessarily, an Einstein spacetime.
Regarding the Weyl tensor, the only components that
can be nonvanishing are W»9,.,, where p.q.p'.q €
{3,4}. Thus, according to the CMPP classification
[49,50], the algebraic type of the Weyl tensor is either D
or O, with e; and e, being repeated principal null directions
[37]. Type D spacetimes are quite special from the physical
point of view, since all spacetimes in the Kerr-NUT-(A)dS
family of black holes, in arbitrary dimensions, have this
algebraic type in the CMPP classification [50].

Particularly, combining these results with the ones
obtained in the previous subsection, it follows that in order
for a spacetime to admit both algebraic types of Killing
spinors its CMPP classification must be O; namely the
Weyl tensor vanishes, it must be an Einstein manifold, and
its Ricci scalar must be negative. Therefore, the only
spacetime that could possibly admit both algebraic types
of Killing spinors is anti—de Sitter (AdS). Indeed, at the end
of this subsection it is shown that this possibility is realized;
namely AdS¢ spacetime admits both types of Killing
spinors.

Inserting the spinor y = (), c&' + f&?) into the Killing
spinor equation (42) as well as its charge conjugate, which
is a Killing spinor with eigenvalue o, leads to the
following constraints over the spinorial connection:

c(Qup)' ¢ + F(Qap)*c = aeapcr + 5 cOapf.

C*(QAB)ZC - (QAB)IC = Q"espcr — 51C8ABf*-

Manipulating these equations, we eventually conclude that the only components of the spinorial connection (Q,5)¢, that
can be different from zero, apart from the skew-symmetry in the indices AB, are the following ones:
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Qi)' = (Qa)*) = (Qu2)* = af, (Qi2)% = (Qi3)% = (Quy), =o' f*,

(1)% = (Qa1)*) = (Qa)*) = ac, (Qi2)'s = Q) = (Qu), = a’c”,

(Q24)% = (Q32)% = |C‘?£If‘z, (Qua)'s = (Qa1)ly = ﬁ (53)
(924)13 (Q3 ) W’ (913)24 = (941)23 = m

(Qup)*s, (Qup)’ss (Qap)*3. (Qus)s.

where the components in the last line of the above list are arbitrary. In addition, we find that the function f must satisfy the
following differential constraints:

Of =a (P +IfP).  0f=0. Of=0, df=a  Of=0, df =0, (54)

where the indices subscribed on the partial derivatives are with respect to the null frame. For instance, 9; = ¢/ 0,
Particularly, note that the function f cannot be constant; otherwise we would have a = 0 and the Killing spinor would be
covariantly constant.

By means of Eq. (53) along with Eq. (B3), one can straightforwardly obtain the tangent bundle connection, w,;,“. For
instance, in the particular case in which ¢ = 0, we have that the only components of the tangent bundle connection that can
be different from zero are the following ones:

5 _ 4 _ 6 _ 4 _ 2 _ 4 _ 3 _ 4 _ ko
ws)° = —ws)" = we” = —we3" = af, W17 = —wys" = w3 = —w3s = ' fF,
5 _ 1 _ 6 _ 1l _a 2 _ 1 _ 3 _ 1 _ o
Ws4” = —Wsp = Weq~ = —We3 = 7> Wo4” = —Was" = W34~ = —W36 = =
2 3 _ K Lk 5 6 __ * Lk
o+ o3’ =af —a 7, 15> + w16° = —(af —a*f*), (55)
1 _ 4 _ 1 _ 4 _ .
w) =-—wy =af +a'fr, Wy =—wy" =0 if a#l,
w2+ 0wzt =0 if a#l, Wesd + wee® =0 if a#l,
6 _ 2 3 _ 5
Wy5° = —W437, Wyp™ = —Wue™ -

The other components of the tangent bundle connection not appearing in (55) must all be zero in order for the manifold to
admit a Killing spinor of the form y = (x, f&2). Moreover, when ¢ = 0, Eq. (54) requires that the function f satisfy the
following differential conditions:

81f =a*

A particular solution of the constraints (55) and (56) is given by a spacetime whose line element is given by

O,f =0, d:f =0, Ouf = a, Osf =0, Jsf = 0. (56)

1
§2 = —f2di* + Fdrz + r2(dzdz* + dwdw*), (57)

where f = f(r) = 2ar, with the eigenvalue a assumed to be real. The coordinates # and r are real, while z and w are
complex. The latter metric is Einstein, with negative Ricci scalar, and conformally flat; i.e., it describes the anti—de Sitter
spacetime. In these coordinates, the null frame is given by

1 1 1
:§(f26r+8l), ezz;az» 93:;aw’
1 1 1 1
ey :5 <8r_Fat)v €5 :;62*7 €6 :;8\4/*' (58)

By means of Table III, along with the fact that the Killing spinor has the form y = (x,, f&?), one can find the following
Killing-Yano tensors of rank 1, 2 and 3:

1 1
y1:(‘31—f2€4)7 Y, = fe, N es, Vi =flex Nes+e;3 Aeg), y4=?y1/\y2, ySZFyl/\yB,

where the fact that a was assumed to be real has been used. Note that the Killing vector field Y is just 9,. Using the same
table, we also arrive at the closed conformal Killing-Yano tensors below:
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Hl = (el +f2e4)’ Hz :fel AN €y,
1
H3 = ?Hl A )72.

Although we have only worked out the symmetries
associated with the Killing spinory = (y,, f&?), it is worth
stressing that there are other Killing spinors in AdSg
spacetime. Indeed, it is well known that the maximally
symmetric spaces also have the maximum number of
Killing spinors, which is the number of components of a
Dirac spinor [51]. Thus, in the six-dimensional case, the
AdS spacetime with Ricci scalar given by R = —120a?
admits eight independent Killing spinors with eigenvalue a.
Furthermore, there are 8 other spinors with eigenvalue —a.
Indeed, integrating the Killing equation (42) in the AdS¢
background, using the coordinates (57) and the null frame
(58), one can check that the most general Killing spinor
with eigenvalue «a is given by

v = (cx1 + caxn + e3fxs + cafxa, —caf ¢!
+e1fE — 8 + c38t), (59)

where ¢, ¢,, ¢3 and ¢4 are arbitrary complex constants, so
that the general solution is labeled by eight real parameters.
Regarding the most general solution with eigenvalue —a, it
can be obtained by acting with the chirality operator Y on
the previous spinor, which yields

v="Ty
= (cyx1 + coxa + esfxs + cafxa. cof &' — ¢ fE
+ 48’ = e38?). (60)

Computing the scalars that can be constructed from the
general Killing spinor (59), one finds

why, =0,
T = —ytpa = f(le1]* + el = les* = |eal?).

Therefore, the Killing spinors of Eq. (59) such that |c,|* +
|cs|* = |e3|* + |c4|* are of the algebraic type treated in
Sec. VII A, although in the basis adopted in (59) it is not
possible to see that these Killing spinors have the form
(x1,&*). Thus, in the AdSg spacetime there are spinors of
both algebraic types described in (43).

Likewise, it is a simple matter to integrate the Killing
spinor equation in the de Sitter (dS) background. In the
latter case the Ricci scalar is positive, so that the eigenvalue
a must be imaginary. The metric of dSg spacetime with
Ricci scalar R = 120|a|> = —120a? can written as follows:

1
ds® = —|h|?de* + dez + 7 (dzdz" + dwdw*),

PHYSICAL REVIEW D 93, 065002 (2016)

where h = h(r) = 2ar with a being imaginary. Then,
adopting the null frame

1

1 1
(4] :E(hzaf—ax), e :;@, e3 :;aw,

1 1 1 1
34:2<ar+]/12(9x), €5 :;81*, eﬁzgaw*,

one can check that the most general solution for the Killing
spinor equation with eigenvalue a is given by

v = (bix1 + by + bshys + bshy,,
= byhE' + bihE? — byE + byE?). (61)

where by, b,, b; and b, are arbitrary complex constants.
Besides these eight linearly independent Killing spinors
with eigenvalue «, the dSg spacetime also possesses
eight Killing spinors with eigenvalue —a, the latter being
given by

v="Ty
= (bix1 + boxa + bshys + byhyy, byhe!
— b1hE* + b,8° — by, (62)

The scalars constructed from the spinor (61) are given by
yhwa=0. Flwa=y G =h(1b [ +[bof? + b3+ |ba?).

Therefore, since 4y, # 0, no Killing spinors of the dSe
spacetime are of the first type described in (43). Indeed, we
have proved in Sec. VIL A that spinors of the latter type
cannot occur in a spacetime whose curvature scalar is
positive.

VIII. CONCLUSIONS

After reviewing the spinorial calculus and its index
notation in six dimensions, we have obtained how the
equations satisfied by Killing-Yano (KY) tensors and
closed conformal Killing-Yano (CCKY) tensors are repre-
sented in the latter formalism. Moreover, it has been shown
how the Killing spinor equation is transcribed to the index
approach. These results are summarized in Table II. Then,
we have taken advantage of the index formalism to
construct all possible symmetry tensors that descend from
the existence of a Killing spinor, as summed up in Table III.
In addition, in Sec. VI we have expressed the integrability
conditions necessary for the existence of a Killing spinor in
terms of the spinorial representations of the Weyl tensor,
the traceless part of the Ricci tensor and the Ricci scalar.
Although, at first, it may seem that the index notation is
clumsier than the usual abstract approach, it actually has
several advantages. Indeed, once one gets used, the index
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notation illuminates and facilitates the spinorial manipu-
lations. For instance, the cumbersome Fierz identities are
unnecessary in such an approach, since these identities are
naturally built in the index notation.

The power and the usefulness of the six-dimensional
index formalism has been made more explicit in Sec. VII,
in which the Killing spinor equation in the Lorentzian
signature has been integrated in some cases. Indeed, we
have taken advantage of the index approach to classify the
possible algebraic forms that a Killing spinor can have in
two categories, as shown in Eq. (44). This humble
classification allowed us to start the integration process
from a simple ansatz without losing generality. Particularly,
we have proved that in order for a spacetime to admit a
Killing spinor its Weyl tensor must have one of the
following three algebraically special types according to
the CMPP classification: (1) type O, namely the Weyl
tensor vanishes; (2) type N; (3) type D. Moreover, in the
case of a type N Weyl tensor, the scalar curvature must be
negative, while in the case of type D the spacetime must be
an Einstein manifold. Further, in Eq. (51), we have
presented a type N class of spacetimes, with four arbitrary
functions in the metric, that possesses a Killing spinor and,
therefore, admits a whole tower of hidden symmetries
represented by KY and CCKY tensors. Even imposing the
Einstein condition for the latter class, there remain three
arbitrary functions in the metric; see Eq. (52). Finally, the
Killing spinor equation has been fully integrated in the dSq
and AdSg spacetimes. Each of these maximally symmetric
spacetimes admits 16 Killing spinors, half of them having
eigenvalue o while the other half have eigenvalue —a,

where a = | /ﬁ. The explicit forms of these Killing

spinors are given in Egs. (59), (60), (61), and (62).

The main physical applications of this work are related to
supergravity and string theories, inasmuch as the existence
of a Killing spinor in a solution is necessary for the
preservation of part of the supersymmetry. The existence
of unbroken supersymmetries, in turn, guarantees the
stability of the ground state on a spontaneous compacti-
fication, although it is not a necessary condition [16]. We
have investigated the existence of Killing spinors especially
in Lorentzian six-dimensional manifolds, which is of
relevance for supergravity models and effective theories
in six dimensions. A natural continuation of this work that
we intend to pursue in the near future is to analyze theories
in the presence of matter fields, in which case the
connection adopted in the Killing spinor equation differs
from the spinorial extension of the Levi-Civita connection
by terms depending on gauge potentials and their field
strength. Another path to be taken in a future work is to
study compact six-dimensional manifolds of Euclidean
signature possessing Killing spinors, which are suitable
to be used as internal spaces on compactifications of ten-
dimensional fundamental theories.
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APPENDIX A: LORENTZ TRANSFORMATIONS
IN THE SPINORIAL FORMALISM

The aim of this appendix is to display all transformations
of the spinorial basis {y,x2,x3,x4} that preserve the
metric. The key to accomplish this is to note that, apart
from the multiplicative factor of 1/2, the metric of the
space is represented by €45cp, Which, raising the indices,

can be written as e8P = ;([IA 15§ ;(f]. Therefore, preserv-

ing the metric is tantamount to preserving the skew-

symmetric combination ;([IA)(f)(g)(f]. The most general

transformation of the basis that does this job is a compo-
sition of the following five transformations:

X1 X1, X2 = X2+ ax,
X3 = X3+ ax, X4 > Xa+ azxy; (A1)
X1 x1 +bixa, X2 X2,
X3 X3+ b, Xa > X4+ b3y, (A2)
X1 X1+ cxs, X2 X2+ X3,
X3 > X3, X4 > X4+ C3X35 (A3)
X1 x1 +dixs, X2 > X2+ doja,
X33t digs Xa X (A4)
<1
X1 2122023X1» X2 —X2
22233
z z
X3 '—>—2)(3’ X4 '—>—3){4- (AS)
<143 2122

Where the parameters z;, a;, b;, ¢;, d; are 15 arbitrary
complex parameters. The transformation (Al) preserves
the spinor y;. This spinor is the pure spinor associated
to the maximally isotropic distribution generated by the
null vectors {e, e, e3}. Therefore, these vector fields are
preserved by the transformation (A1). Such transformation
is the six-dimensional analogue of the so-called null
rotation in four dimensions. Likewise, the transformations
(A2), (A3) and (A4) preserve the maximally isotropic
distributions associated to the pure spinors y,, y3 and
X4, respectively, and should also be understood as null
rotations. Finally, the transformation (A5) implements a
scaling on the vector fields of the null frame; this is the
analogue of the boost transformation in four dimensions.
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However, not all these transformations preserve the conjugation relations (23) that assure the Lorentzian signature.
Indeed, in order for such conjugation relations to remain valid, these parameters must satisfy some reality conditions. For
instance, if

71 =2, 2225 = 1, 325 =1,

while the other parameters are zero, we have an orthogonal transformation that preserves the Lorentzian signature. A
convenient way to write the transformations that preserve both the inner products and the Lorentz signature is a composition
of the following three transformations:

{;(1 > A(e cos Oy, + €2 sin@x,), xo > A(—e 2 sin 0y, + e cos O y,), (A6)
X3 P> 1(€'7 cosOpyz — P sinbyyy), x4 > 3 (€7 sin Oz + €73 cos Oy y);

Xt xitas by, ooty —axs X3 X3 Xa X4 (A7)
XX XX X3P xa—ontdo, Xao xat+di + o, (A8)

where the ¢’s, @’s and 1 are real parameters, while a, b, ¢, d are complex, forming a total of 15 real variables, as it should be,
since the Lorentz group SO(1,5) has 15 generators. These transformations on the basis of positive chirality spinors
induce a modification on the dual basis of negative chirality spinors. The latter transformations can be obtained from
the following relations:

C}x = 8ABCD)(§)(§)(4?, C% = 5ABCD)(1?Z3C)(4D7 C3c = €ABCD)(?)(§)(?, C?) = 8ABCD)(’?)(§)(§- (A9)

Indeed, inserting Eqgs. (A6), (A7) and (A8) into Eq. (A9), we eventually arrive at the following transformation rules
respectively:

{Cl = %(e_i‘bl Ccos 914‘1 + €_i¢2 sin 91€2>, §2 = %(—ei"b sin 91€1 + €i¢] Ccos 9162), (AIO)
&3> Ae7 3 cos 0,85 — e sin0,8,), &4 > A’ sin 0,85 + e'P3 cos ,8,);
SE=ESE & =&, &3> &3 —af —b*Ey, Ca> 84— bE + a8y (A11)
=8+ 63— diy, &> & —dbs — '8y, &3> &3, 8§48y (A12)

These Lorentz transformations can be quite useful for simplifying the algebraic form of spinors. For instance, let
v = (v, y,) be a general spinor with w* # 0. Then, without loss of generality, one can always align our spinorial basis
in such a way that y* = y{. Thus, a spinor that is nonchiral can always be written as

W= (1. [18" + 282 + 28 + f48Y).

Then, if either f, or f, is different from zero, namely w4y, # 0 or i, # 0, one can get rid of the coefficients f5 and f,
by a proper choice of frame. Indeed, performing the transformations (A8) and (A12) with

C:fzfg_flf; and d:fzf;‘i‘flf;’
17+ 172 LF1lF + 172
it follows that the spinor y is written in the new frame as
w = (1, f18' + £267). (A13)

Therefore, we have proved that given an arbitrary nonchiral spinor y if either w4y, # 0 or w4, # 0 then one can always
align the spinorial frame in such a way that y assumes the algebraic form presented in Eq. (A13). This represents a great
simplification in the algebraic form of the spinor, which, otherwise, would have eight coefficients instead of just two.
Analogously, if y is a nonchiral spinor such that both y“y, and y*{, vanish then it is always possible to conveniently
align the spinor in such a way that
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v = (0. f0). (A14)

Moreover, one can always absorb the complex phase in f by properly choosing the parameter ¢; in (A10). Thus, we can
assume that f is a real function.

APPENDIX B: THE SPINORIAL CONNECTION

Since the chirality matrix Y is covariantly constant, it follows that the covariant derivative preserves the chirality of a
spinor. Therefore the covariant derivative of a spinor of positive chirality y* is another spinor of positive chirality, so that
the covariant derivative keeps the spinorial index up:

Vasw© = 045w + (Qp) pw”. (B1)

Analogously, the down index of a spinor of negative chirality is also kept down by the action of the covariant derivative.
More precisely, we have that

VagWc = Oapyc — (QAB)DCV/D- (BZ)

The latter expression can be extracted from (B1) by using the Leibniz rule along with the fact that w4y, is a scalar, so that

Vg (lllclllc) = Oup (llfcllfc)-

The relation between the spinorial connection (Q,45)¢,, and the connection of the tangent bundle w,,° can be found by
means of Eq. (6), once a representation for the matrices y, has been introduced. For this purpose, let us present a specific
representation of the null frame {e, }, i.e. a frame whose mutual inner product relations are the ones presented in Eq. (21).
Choosing the spinorial basis to be {1, x2.x3.x4.", €2, &4, &4}, it follows from the definitions (19) and (20) and from the
identity (35) that the null frame has the following matrix representation:

(000 0 0 1 0 0] (0 0 0000 0 O]
000 0 -1 000 00 0000 0 0
000 0 0 000 00 0000 0 1
000 0 0 000 00 0000 -1 0
"“1o0oo0o 0 o o000l ™ lo-1oo0oo0o0 0 o
000 0 0 000 1 0 0000 0 0
000 -1 0 000 00 0000 0 0
001 0 0 000 00 0000 0 0
[0 0 00 0 0 1 0] (000 0 0000 O]
00 00 0 000 00 0 0000 -1
0 0 00 -1 000 00 0 0000 0
00 00 0 000 00 0 0010 0
2710 000 0 000" "“loo-1too0oo0o0 o]
00 01 0 000 00 0 0000 0
00 00 0 000 10 0 0000 0
0 -1 00 0 000 00 0 0000 0
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00 0 0 00 1
00 0 0 00 0
00 0 0 0 000
00 0 0 1000
“Z1o0o 0 0 0 00 o0
00 100 000
01 00 0 000
00 0 0 0 000
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000 0 0 0 0
000 0 00 10
000 0 0 100
000 000 00
“"“1000 -10 0 00
000 000 00
00 0 0 0 00
100 0 0 0 00

Inserting this representation into Eq. (6), that relates the spinorial connection with the tangent bundle connection, we
eventually arrive at the following expression for the object (Q45)€p:

-1 4 5 6 3 3 2
2 (wa4 + @457 + 046 ) —Wg5 Wa4 —Wgu4
6 -1 4 5 6 5
(Q )C o (%) R (a)a4 —Wy57 — Wye ) —Wa4 —Wu4 (B3)
a) D™ 6 2 1 4 5 6
—Wq1 W1 2 (wa4 —Wy5° + Wy ) —Wg5
5 3 3 1 4 5 6
@q Wq WDg) 2 (wa4 T 0457 — W46 )
where it is worth recalling that w,,° is defined by the relation V e, = w,, e, and that w,,. = —w,.,. The conversion

between the vectorial index a in (€,)€ , and the spinorial indices AB in (Q,45)€, is easily done by means of Eq. (19). Thus,

for example, Eq. (B3) yields

Ci(vm(f) = éﬁ(WJ(f) = (96)41 = 60615 = 60642 = —6%24-
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