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By neglecting the self-force, self-energy, and radiative effects, it has been shown that an extremal or
near-extremal Kerr-Newman black hole can turn into a naked singularity when it captures charged and
spinning massive particles. A straightforward question then arises: do charged and rotating black holes in
string theory possess the same property? In this paper we apply Wald’s gedanken experiment, in his study
on the possibility of destroying extremal Kerr-Newman black holes, to the case of (near-)extremal Kerr-Sen
black holes. We find that feeding a test particle into a (near-)extremal Kerr-Sen black hole could lead to a

violation of the extremal bound for the black hole.
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I. INTRODUCTION

According to the cosmic censorship hypothesis, all
physical singularities due to gravitational collapse are
hidden behind an event horizon [1,2]. This hypothesis,
which implies that no naked singularity occurs in our
Universe, is formulated in weak and strong versions [2].
The weak cosmic censorship conjecture (WCCC), which
has relevance to the work presented in this paper,1 effec-
tively postulates that the singularities due to gravitational
collapse cannot influence points near the future null infinity
Z7". For example, in the case of collapsing stars the
hypothesis says that the singularity resulting from this
process must be hidden behind an event horizon. However,
due to the lack of solid evidence that a black hole candidate
is really a black hole, the possibility of a naked singularity’s
existence is worth considering. Related to this consider-
ation, it is interesting to note that one can observationally
differentiate naked singularities from black holes through
the characteristics of their gravitational lensings [3].

In the Einstein-Maxwell theory, several investigations
on the WCCC violation have been carried out in the
literature. For example, in his groundbreaking work [4]
Wald showed that it is impossible to turn an extremal
Kerr-Newman black hole into a naked singularity by
letting the black hole capture a test particle having large
angular momentum and electric charge compared to its
energy. Later on, the problem of WCC violation was
revisited by many authors; for example in [5] Hubeny
showed that overcharging a near-extremal Reissner-
Nordstrom (RN) black hole is possible by injecting a
charged test particle into the black hole, and in [6]
Jacobson and Sotiriou showed that a near-extremal Kerr
black hole can be overspun by a test particle with
angular momentum.

“haryanto.siahaan @unpar.ac.id
"The weak censorship conjecture deals with the asymptotically
flat spacetime [2], which is a feature in Kerr-Sen geometry.
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Quite recently Saa et al. in [7] showed that, by neglecting
the backreaction effect, destroying a near-extremal Kerr-
Newman black hole is possible by a test particle with
electric charge and angular momentum. In their analysis,
the particle’s energy is kept linear in the equation related to
the extremality, and the overextremization of Kerr-Newman
black holes cannot be performed once the black holes are in
the extremal condition. Later on, Gao et al. showed in [8]
that, by neglecting the radiative and self-force effects,
destroying an extremal Kerr-Newman black hole with a
test particle is possible if the linear approximation of the
particle’s energy is not taken into account. However, due to
the narrow range of the particle’s energy, which leads to the
violation of the black hole’s extremality bound, taking the
radiative and self-force effects [9—11] into account could be
a cure to the problem of producing a naked singularity from
a black hole.

Several studies in the literature about the possibility of
cosmic censorship violation in charged and/or rotating
black holes are also worth mentioning. In [12], the authors
studied the possibility of violating WCCC in the case of a
black hole that interacts with fields instead of test particles.
The possibility of producing a naked singularity in a Kerr-
Newman background by letting a neutral spinning body fall
into an extremal RN black hole was discussed in [13].
Keeping up to the linear order in the test particle param-
eters, extremal black holes can at most remain extremal in a
variety of scenarios [14]. Including the cosmological
constant in studies of WCCC violation of black holes
was considered in [15]. Very recently, a nonperturbative
test of cosmic censorship with a stream of charged null
dust in the theory as discussed in the present paper was
performed in [16], where the authors showed that some
energy conditions prevent the formation of a naked
singularity in the future.

In the low energy limit of string field theory, there is a
known rotating charged black hole solution, namely, the
Kerr-Sen black hole [17]. It has physical properties which
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are quite similar to those in Einstein-Maxwell theory,
but it can still be distinguished in several aspects. For
example, the authors of [18] studied the capturing and
scattering of photons in the background of Kerr-Sen and
Kerr-Newman black holes, where some characteristic
differences of the capture region due to their spacetime
structures are presented. Also, the authors of [19] dis-
cussed the evaporation process of these black holes and
found their emission rates to be distinguishable, and from
the work by Horne and Horowitz [20] we learn that the
gyromagnetic ratios of Kerr-Newman and Kerr-Sen black
holes are different. In addition to these examples, the
hidden conformal symmetries of Kerr-Sen black holes
were studied in [21], where the authors found that Kerr-
Sen black holes do not have the Q-picture hidden
conformal symmetry that Kerr-Newman black holes
possess [22]. Some similar properties, for example, are
the instability of bound state charged massive scalar
fields in these black hole backgrounds [23,24] and also
the CFT, holographic dual for the scattering process in
the background of these black holes [25].

Motivated by several resemblances between the physi-
cal properties of Kerr-Newman and Kerr-Sen black holes,
we would like to study the possibility to turn a (near-)
extremal Kerr-Sen black hole into a naked singularity by
adopting the method of testing WCCC for (near-)
extremal Kerr-Newman black holes as in [7,8]. We show
that, by neglecting the radiative and self-force effects, the
WCCC is violated for Kerr-Sen black holes, in both
extremal and near-extremal cases. By using the outcomes
in our study of WCCC violation for Kerr-Sen black
holes, we discuss naked singularity production from
extremal Kerr and Gibbons-Maeda-Garfinkle-Horowitz-
Strominger (GMGHS) black holes [26], i.e., the limits
Q — 0 and a — 0 of Kerr-Sen black holes, respectively.
We also provide a numerical plot showing that a test
particle, which potentially could overspin and/or overcharge
the black hole, could really fall all the way from r — oo
into the black hole.

The organization of this paper is as follows. In Sec. II
we review some properties of Kerr-Sen black holes. Then
in Sec. III we obtain the constants of motion £ and L,
i.e., the energy and angular momentum of the test particle
in a Kerr-Sen background, respectively. Subsequently, in
Sec. IV we show how a (near-)extremal Kerr-Sen black
hole can be destroyed by an infalling test particle. In
Sec. V we use the result obtained for Kerr-Sen to study
the production of naked singularities from Kerr and
GMGHS black holes. Finally in Sec. VI, we give a
discussion and our conclusion. In this paper we use the
unit system where c =G =h = 1.

II. KERR-SEN BLACK HOLES

In Ref. [17], Sen obtained a four-dimensional solution
that describes a rotating and electrically charged massive
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body in the low energy heterotic string field theory. The
corresponding effective action in this theory reads [17]

- 1 -1
S_/d4x |§e_‘1’(R—§F2+§””6ﬂ‘1>8,,@—EH2>,
(2.1)

where § is the determinant of metric tensor g,,; F? is the
square of field-strength tensor F,, = 9,A, — 0,A,,; ® is the
dilaton; H? is the square of a third rank tensor field,

Hy, = 0B, + 0,B, + 0,B,

1
- Z (AKFW + ADFW =+ AﬂFl/K); (2'2)

and B, is a second rank antisymmetric tensor field. It is
obvious that in the case all nongravitational fields in the
action (2.1) vanish, and we get the Einstein-Hilbert action.
Since the Kerr metric solves the vacuum Einstein equations,
itis also a solution in the theory described by (2.1) when all
the nongravitational fields are absent. In fact, the Kerr-Sen
solution [17] is obtained by applying a set of transforma-
tions which connects the solutions in (2.1) to the Kerr
metric.

Now let us review some aspects of the Kerr-Sen solution.
In the Boyer-Lindquist coordinates (z,r,0,¢), the non-
vanishing comgonents of the Kerr-Sen tensor metric in the
Einstein frame” are

A — a?sin%6
Iu = B R
2Mrasin®6
Gip = ———>5
i pz
g, =0 _ 0P
rr A A ’
2M 2b 2
Ipp = sin29<A + rirtr +2 Jra )>, (2.3)
p

where p? = r(r+2b) +a*cos’0, A=r(r+2b)—2Mr+a?,
and b = Q?/2M. The rotational parameter a is defined as a
ratio between the black hole’s angular momentum J to its
mass M. The black hole’s electric charge is denoted by Q,
and the spacetime described by the Kerr-Sen metric is not
vacuum, analogous to the Kerr-Newman case in the
Einstein-Maxwell theory. The solutions for nongravita-
tional fundamental fields in the theory described by the
action (2.1) are [17]

The spacetime metric in the string frame g,, and Einstein one
gy are related by g, = e—‘f’g,w.
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§— -1 r (2.4)
=——Inh—F" )
2 12 4 a’cos’d
A =" (2.5)
p
. 29
Ay =200 (.6)
p
brasin®6

The line element (2.3) contains a black hole solution whose
outer and inner horizons are located at r, =M — b +

(M—-b)*—a*> and r_.=M-b—+/(M~-b)*-a?
respectively. The corresponding Hawking temperature, angu-
lar velocity, and electrostatic potential at the horizon are,
respectively, given by

ry =T
T = 8aMr
V(M? - Q%) —4AJ?
= . (2.8)
4aM(2M? — Q% + \/(2M? — Q?)* — 4J?)
a
Q= 2Mr
- ’ (29)
CMRM2-Q* 4\ /M2 = Q%) -4
By — %. (2.10)

Setting the parameter b = 0 yields all nongravitational
fields (2.4)—(2.7) vanish, and the line element (2.3) reduces
to the Kerr metric. Furthermore, turning off the rotational
parameter a in (2.3) which is followed by the r — r — 2b
shift give us the GMGHS solution [26], which describes
|
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the spacetime outside of an electrically charged mass in
string theory.

III. ENERGY AND ANGULAR MOMENTUM
OF TEST PARTICLES

In a general curved background, the motion of a massive
charged test particle is dictated by the equation [27]

.. s q .

BT = EFWX'” (3.1)
where m and ¢ are the mass and electric charge of the
particle, respectively. In the equation above, the “dot”

stands for the derivative with respect to some affine

parameter s, () = ‘;—(S). A Lagrangian which yields the

equation (3.1) can be expressed as [4]

1 Cs .
L= Emgaﬂx“xﬂ +qA, i (3.2)
Accordingly, the energy E and angular momentum L as the
constants of the particle’s motion in a stationary back-
ground are given by

oL . .
E= _E = —m(gut + gt¢¢) - qA, (3.3)
and
oL . .
L =— =m(gipt + gpp) + qA4. (3.4)
¢
respectively.
Due to the timelike condition for the charged massive
particle under consideration, x,x* = —1, one can obtain a

relation between E and L from the last two equations above
which takes the form

2
Yip — 99

2
9pep 9o

In getting the last equation we have considered the
solution that implies ¢ > O only. Furthermore, inserting
the corresponding components of g,, in (2.3) into (3.5)
which is followed by the r = r, evaluation, we find the
minimum energy which allows the test particle to
(classically) reach the event horizon as

aL +qQr
Ewin =0y,
Jr

> (L = qAy)?* + m?gy,(1 + g, 7" + 9006%)).

(3.5)

[

Consequently, we now have a lower bound for the
particle’s energy which could destroy the black hole’s
horizon, E > E;,.

IV. KERR-SEN BLACK HOLES AND
NAKED SINGULARITY

Kerr-Sen black holes become extremal when M =
|a] + b, where the inner and outer horizons coincide with
each other. By capturing a massive and charged test
particle, the reading of the extremal condition becomes
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2IM+E)?*=2[J+L|+(0Q+q)> (4.1)
where the test particle’s energy, angular momentum, and
electric charge are denoted by E, L, and ¢, respectively.
For the sake of simplicity in writing the formulas, from
now on we chose not to write the absolute signs for L, J,
and a explicitly, and we assume that J and L have the
same sign and that L, J, and a all have positive values.
Now we consider the near-extremal condition, indicated
by M —a—b =0, where 0 < § < M. Accordingly, the
near-extremal Kerr-Sen black hole turns to a naked singu-
larity if

P

5M+2ME+E2<Qq+L+?.

(4.2)

In [7], the authors considered up to the linear term of £
only in the equation analogous to (4.2) for Kerr-Newman
black holes. To get a more precise upper limit for the
particle’s energy which allows violation of the black hole’s
extremal bound, we keep the nonlinear term of £ in (4.2). In
this scheme we obtain

Epx =M(X-1) (4.3)

as the upper bound for the test particle’s energy where

X=/1+(L+q(Q+q/2)—6M)/M>. 1t is the existence
of AE=E,, — Epin > 0, where E,,, and E,;, are given
in (4.3) and (3.6), respectively, that indicates the possibility
of producing a naked singularity when a near-extreme Kerr-
Sen black hole captures a massive charged particle.

For the near-extremal Kerr-Sen black holes, the
outer horizon radius can be written as r, =a+ 06+

5(8 + 2a), which therefore yields

AE — (a+6+/6(6+2a))(2M*(X —qQ)—aL
2M(a+ 6+ /6 6+2a ’
(4.4)

To ensure that AE > 0, one has to show that there exists a
parameter 0 which yields

2M2<\/1+L+q(Q+q/2)—5M_1>

M2
alL

-q0 — >0
9 a+6+/6(6+ 2a)

Finding an exact range for 6 which obeys the last inequality
is kind of a cumbersome job to do. Nevertheless, we still
can show that AE > 0 for 6 > 0 without really solving the
inequality (4.5). From a minoration of (4.5) which reads

(4.5)
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L+q(Q+q/2)—-M
2M2(\/1+ ( YE ) -1)—-9q0—-L >0,
(4.6)
one can find an upper limit for § which reads
2¢%J = L(L +2
5 <207 LU +299) (4.7)

2M(2M? — ¢?)

which should also hold in (4.5). Hence, from the equa-
tions (4.4) and (4.7) we learn that it is possible for a near-
extremal Kerr-Sen black hole to be destroyed by test
particles.

Now let us study the result above for the case of extremal
Kerr-Sen black holes. Setting 6 = 0 in (4.4) gives the range
of AE in the extreme conditions as

L+q(Q+q/2) | L+4qQ
AE=M|1/1 -1- , (4.8
{\/ * M? 2M? (48)
which could be positive when’
L(v2M
> (\/_2,_|—Q) (4.9)

Therefore, we can learn from Egs. (4.4) and (4.8) that
there is a narrow range of the test particle’s energy, AE,
which allows the appearance of naked singularities from
both near-extremal and extremal Kerr-Sen black holes,
respectively. However, the particle’s energy must be very
finely tuned to yield the black hole’s destruction, even if the
particle is released from very far away. In supporting this
finding, we provide Fig. 1 which shows the plots of E,,
and E,_;, where the choices of numerical values are

=100, a =90, ¢ = 0.1, and L = 5. We find that the
shaded area in Fig. 1, which represents the dependency of
AE with respect to the parameter of near-extremality o, gets
narrower as ¢ increases. Intuitively it means that the black
hole becomes harder to break when it moves away from the
extremality.

It is interesting to note that the result’ (4.8) is in
accordance with one of the findings in [8], where the
authors pointed out that the range of the particle’s energy
that could destroy an extremal Kerr-Newman black hole is
of the order of g>/M. Then, our next job is to verify that a
particle from far away whose physical properties obey (4.4)
and (4.5) could really fall into the black hole. A simple way
to perform this task is by considering the particle’s orbit,
which lies entirely on the = z/2 plane.” Related to the

3This condition applies to the extremal case only.

After performing the Taylor expansion to the root squared
term in (4.8), one can show that AE = g>/4M.

’In the Appendix we show explicitly that such a plane exists in
the case of a Kerr-Sen black hole.
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0.04734

0.0473

0 0.0001 )

FIG. 1. Plot of E—§. The shaded area is the intersection of
E<E,and E> E .

test particle described in Fig. 1, one can learn from Fig. 2
that a test particle whose energy is in between E,, and
Ein could really jump into a Kerr-Sen black hole from
infinity.

The corresponding effective potential for the test particle
plotted in Fig. 2 is obtained from Eq. (3.5) by using the
relation V(r) = —i? [8]. The numerical values which are
used to produce this figure are the same as those in
obtaining Fig. 1, i.e., M =100, a =90, ¢ = 0.1, and
L =5, with & chosen to be 107>. This choice of & obeys
the inequality (4.7), which for the numerical values that

V()
0.1  ——
EZ
0.05
.
r=90 \ 400 800 1300
-0.05

FIG. 2. The effective potential V(r) of a test particle with
several energies outside event horizon r,, E| < E,;, and
Emin < E2 < Emax'
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lead to Fig. 2 reads § < 2.757 x 107>. Consequently, the
resulting numerical values for E.;,, and E,, are
0.04734888626 and 0.0473694, respectively, and the
energy E of the test particle which has the possibility to
destroy the black hole must be within these energies, i.e.,
E in < E < E .. InFig. 2, the plot E; describes a particle
with E=m = 0.04, and the plot E, for a particle
with E = m = 0.04736.

V. STATIC AND NEUTRAL LIMITS
OF KERR-SEN BLACK HOLES

It is known that the Kerr and GMGHS solutions can
be obtained from Kerr-Sen spacetime by taking QO — 0
and a — 0, respectively. It resembles the case of
Einstein-Maxwell theory, where one can get Kerr and
RN to appear when the limits Q — 0 and a — 0 are
performed in the Kerr-Newman solution, respectively.
In this section, we present some analysis related to the
possibility of transforming Kerr and GMGHS black
holes into some naked singularities as an effect of test
particle capture.

From the equations (4.3) and (3.6), the maximum and
minimum particle energies which allow the possibility
of producing naked singularities from Kerr black holes
are

L—-—oM
Emax:M< L+ —1> (5.1)

and

aL
DM(M + /(M + a))

The last two formulas yield the range of energy for the
particle to have the possibility to destroy a Kerr black
hole:

Emin =

(5.2)

- 2MA(M + \/8(M + a)) (/1 + 5521 — 1) —aL
B 2M(M + \/5(M + a)) '

AE

(5.3)

If one can show that there is a range of 6 which yields
the nonvanishing and positive AE in (5.3), than we can
conclude that the near-extremal Kerr black holes, or
even the extremal ones depending on whether 6 = 0 is
covered by the range, can be destroyed by the test
particle whose energy is within E,,,, and E;,. However,
performing such a task is found to be not quite simple
due to the nonlinearity of ¢ in the corresponding
equation. Nevertheless, we can see that E;, > E .
when the Kerr black holes are in extremality, which
means an extremal Kerr black hole cannot be turned into
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a naked singularity by feeding it a test particle with
angular momentum. On the other hand, in the range of §
that satisfies the inequality

2M2(M+m)<\/l+%—l)

+(6=M)L >0 (5.4)

one can find that AE > 0. Consequently, we can
conclude that it is possible for the near-extremal
Kerr black holes to be destroyed by a test particle
whose energy is very finely tuned within the range
of Epin < E < Epax-

To support the claim above, that a near-extremal Kerr
black hole can be turned into a naked singularity, but not
when it is already in the extremal condition, we provide a
numerical analysis for E,,,, and E,;, in Fig. 3. The plots in
Fig. 3 are obtained by setting M = 100 and L = 5, where
we can see that there is a narrow range of 6 which yields
AE > 0. In this narrow range of 9, the black hole can be
destroyed, but not when the black hole is extremal, where it
can be seen that E;, > E|.x. This result is in agreement to
that in [6] where the authors showed that overspinning of
Kerr black holes is possible if the black hole starts out
nearly below the maximal spin.

For the case of GMGHS black holes, one can set a = 0
and L = 0 in (4.3) and (3.6). This leads to

E
Emax
Emin
0.02499
0.02498
0 2x10° 4x10” 0
FIG. 3. The shaded area in the graphic above shows AE which

allows a naked singularity to be produced from near-extremal
Kerr black holes. When 6 =0, AE <0, meaning that the
minimum energy of the particle to arrive at the event horizon
is higher than the maximum energy that may allow the violation
of extremal bound for Kerr black holes.
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AE = Enax = Emin

:M<\/1+Q(Q+%22)_5M— <1+2q—1§2)>,
(5.5)

which can never be nonzero positive for g < Q.
Therefore, unlike the RN black hole which can be
overcharged from below the extremality [5], neither
the near-extremal nor extremal GMGHS black holes
can be overcharged to pass the extremal point. This is in
full agreement with an argument by Horowitz based on
the area theorem [28]. However, it is interesting to note
that the event horizon’s radius of GMGHS black holes
shrinks to zero when the black holes reach the extremal
condition.

VI. DISCUSSION AND CONCLUSIONS

In this paper we have adopted the gedanken experi-
ment by Wald to show the possibility of destroying a
(near-)extremal Kerr-Sen black hole by feeding it a
charged massive test particle. First we computed the
minimum and maximum energies of the test particle,
related to the situation where it has enough energy to
get close to the event horizon, but not too energetic so
that the extremal condition for Kerr-Sen black holes can
still be violated. We find that, by neglecting the radiative
and self-force effects, a test particle can destroy a Kerr-
Sen black hole, in both near-extremal and extremal
conditions. When the limit Q — 0 is taken in the
expressions of E.;, and E,_,, for the test particle, we
find that only the near-extremal Kerr black holes can be
destroyed, in agreement with the work by Jacobson and
Sotiriou [6]. On the other hand, taking a — 0 in the
corresponding E.;, and E,,. shows that the GMGHS
black holes can never be overcharged. This supports the
conclusion by Horowitz for GMGHS black holes based
on the area theorem [28].

Nevertheless, the analysis performed in this paper
neglects the radiative and self-force effects. The fact
that AE is very small leaves the possibility of radiative
and self-force effect considerations to cure the problem
of WCCC violation in Kerr-Sen spacetime. Also one
might raise a question about the chance of turning a
Kerr-Sen black hole into a naked singularity if the test
particle has charge related to the antisymmetric tensor
field B,,. We will address these projects in our
future work.
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APPENDIX: EQUATORIAL PLANE OF KERR-SEN SPACETIME

Related to the Lagrangian (3.2), one can show

where

and

8_,C:ma25in29 ZA;Iriz_ﬁ_92+ 2:4(-p2_4Mr(Aj:2Mr)i(i5
00 2 p A a=p ap
a*. a(A+2Mr) )

+quSll’120<——41+74¢
p p

E = 2rMa*(r* + 2rb + a?)sin®0 + Aa*cos*d + 2ra*(Ma® + r*M + 2Ab + 2rMb + rA)cos>0
+ r2(r +2b)(2r*M + rA + 4rMb + 2Ab + 2Ma?)

L _ o

=—=m
Po 90 P
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(A2)

Hence it is obvious that the particle’s motion on the equatorial plane, i.e., fixed § = z/2, satisfies the Euler-Lagrange

equation

oL

%:Pe-

(A3)
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