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Following previous work of ours in spherical symmetry, we here propose a new parametric framework to
describe the spacetime of axisymmetric black holes in generic metric theories of gravity. In this case, the
metric components are functions of both the radial and the polar angular coordinates, forcing a double
expansion to obtain a generic axisymmetric metric expression. In particular, we use a continued-fraction
expansion in terms of a compactified radial coordinate to express the radial dependence, while we exploit a
Taylor expansion in terms of the cosine of the polar angle for the polar dependence. These choices lead to a
superior convergence in the radial direction and to an exact limit on the equatorial plane. As a validation of
our approach, we build parametrized representations of Kerr, rotating dilaton, and Einstein-dilaton-Gauss-
Bonnet black holes. The match is already very good at lowest order in the expansion and improves as new
orders are added. We expect a similar behavior for any stationary and axisymmetric black-hole metric.
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I. INTRODUCTION

The existence of an event horizon would be indisputable
if it was obtained by the direct observation of gravitational
waves from a perturbed black hole. This is because the
gravitational response of a perturbed black hole would be
intrinsically different from that of another putative compact
object who would have essentially the same properties in
terms of electromagnetic emission (see Refs. [1,2] for the
case of gravastars).

Properties of the event horizon could probably be studied
through analysis of an electromagnetic spectrum of the
accreting matter [3]. The radio compact source SgrA*,
which is assumed to be a supermassive black hole at the
center of our Galaxy, is the best option for such inves-
tigation of the event horizon. Recent radio observations of
Sgr A* achieved scales comparable to what should be the
size of the event horizon [4]. In the near future, very long
baseline interferometric radio observations are expected to
image the so-called black-hole “shadow” [5]—the photon
ring marking the surface where photons will have their
smallest stable orbit [6,7]. In addition to providing the
evidence for the existence of black holes, these observa-
tions could also help in testing the no-hair theorem in
general relativity [8-11] as well as testing of general
relativity itself against a number of alternative theories
of gravity.

Because of the large number of alternative theories of
gravity and some possibility that the “true” theory is yet
unknown, it is reasonable to develop a model-independent
framework which parametrizes the most generic black-hole
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geometry through a finite number of adjustable quantities.
These quantities must be chosen in such a way that they can
be used to measure deviations from the general-relativistic
black-hole geometry (Kerr metric) and could be estimated
from the observational data [12]. This approach is similar in
spirit to the parametrized post-Newtonian approach (PPN)
which describes the spacetime far from the source of strong
gravity [13].

One of the first such parametrizations for black holes was
proposed by Johannsen and Psaltis [14], who expressed
deviations from general relativity in terms of a Taylor
expansion in powers of M /r, where M and r are the mass of
the black hole and a generic radial coordinate. While some
of the first coefficients of the expansion can be easily
constrained in terms of PPN-like parameters, an infinite
number remains to be determined from observations near
the event horizon [14]. As pointed out by Ref. [15], this
approach faces a number of difficulties:

(1) A generic metric would be described by an infinite
number of roughly equally important parameters,
making it difficult to isolate the dominant ones.

(i) The parametrization can be employed to study small
deviations from general relativity, but fails for
essentially non-Einsteinian theories of gravity, such
as, for example, Einstein-dilaton-Gauss-Bonnet
(EDGB) gravity with large coupling constant [15].

(iii) The adoption of the Janis-Newman transformations
[16] in the Johannsen-Psaltis parametrization [14]
does not allow one to reproduce alternatives to the
Kerr spacetime, for examples in dilaton or Chern-
Simons modified gravity.
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As a result, despite the best intentions and the wide
adoption of this metric, the Johannsen-Psaltis approach
basically does not seem to be a robust and generic para-
metrization for rotating black holes.

In a previous paper of ours [17], the solution to the above
issues was proposed for arbitrary spherically symmetric
black holes in metric theories of gravity. This was achieved
by expressing the deviations from general relativity in
terms of a continued-fraction expansion via a compactified
radial coordinate defined between the event horizon and
spatial infinity. The superior convergence properties of this
expansion effectively reduced to a few the number of
coefficients necessary to approximate such spherically
symmetric metric to the precision that can be in principle
probed with near-future observations.

In this paper we extend our approach to arbitrary axially
symmetric spacetimes describing rotating black holes in
metric theories of gravity. In particular, using an asymptotic
spherical coordinate system and starting from the metric
functions as expressed on the equatorial plane, we perform
an expansion in terms of powers of cos @, where 0 is the
polar coordinate. Under appropriate choice of coordinates,
leading to the Boyer-Lindquist ones in the case of zero
deviations from the Kerr geometry, the expansion in cos @
in the polar direction provides excellent convergence for
known black-hole metrics, such as rotating FEinstein-
dilaton-Gauss-Bonnet and Johannsen-Psaltis ones.

For a number of other cases, such as Kerr, Kerr-Newman,
Sen, and others, the expansions in terms of powers of cos
converge to the corresponding exact solutions already at the
second order. At the same time, when the metric compo-
nents are expressed as rational functions of the radial
coordinate r, the expansion in the radial direction follows
the same behavior discussed in [17] and thus converges
rapidly with a finite and small number of terms. As a result,

|

f(p.9) = (p, 9)sin®9

ds? = —
’ K (p, 9)

where f(p, 9), f(p,9),0(p,9),k(p, 9),and w(p, 9) are some
dimensionless functions of the two coordinates p and 9.

A generic axisymmetric black-hole spacetime with line
element expressed by (1) is expected to have a compact
axisymmetric event horizon. Outside the horizon the intro-
duced functions f(p,9), f(p,9), o(p,9), k(p,d) are finite
and positive definite, so as to avoid any “metric issue,” such
as singularities, closed time-like trajectories, etc.

Given the metric (1), it is easy to find that

V=g =/—det(g,) = Bp.9)o(p,9)p*sin9, (2)

dr? = 2w(p, 9)psin®ddtdp + k*(p, 9)p*sin9d¢p* + o(p, 9) <
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with the approach introduced here, a number of black-hole
metrics, including the Kerr spacetime, are reproduced
“exactly” and in the whole space, i.e., from the event
horizon out to spatial infinity.

The paper is organized as follows: In Sec. II we describe
a general ansatz for axisymmetric black holes, which is
further constrained by a specific coordinate choice devel-
oped in Sec. III. Section IV is devoted to construction of the
generic parametrization, while in Sec. V we present the
general procedure for calculation of multipole moments
through the properties of the circular geodesic motion of
particles around black holes. Section VI is devoted to
construction of the parametrization for a dilaton rotating
black hole and we illustrate there how the parametrization
has superior convergence by computing the binding energy
for exact and parametrized (at different orders) dilaton
black-hole spacetimes. Section VII presents instead the
parametrization for an EDGB rotating black hole. Finally,
Sec. VIII summarizes our results and presents our con-
clusions. To facilitate the use of our parametrized metrics,
the Appendix provides a collection of the explicit expres-
sions of the parametrized metrics for a Kerr, dilaton, and
EDGB black hole.

II. AXISYMMETRIC BLACK HOLES

The general form of an axisymmetric line element allows
the coordinates ¢t and ¢ to be along the direction selected
by two Killing vectors that are timelike and spacelike,
respectively. It is convenient to choose the other two
spacelike coordinates, p and 9 to be mutually orthogonal
and orthogonal to the coordinates ¢ and ¢, such that (p, 6,
¢) are spherical coordinates at spatial infinity. In this way
the general form of the metric tensor for axially symmetric
spacetimes can be written as

B (p.9)
Tp.8) 9T W)’
(1)
[
and
, _ f(p.9)
gp _ﬁZ(p”g)' (3)

From the latter expression we conclude that the Killing
horizon (i.e., the surface defined by the null Killing vector)
is given by

f(p,9) =0, (4)

while the ergoregion is instead defined as
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0 < f(p,9) < @*(p, 9)sin?9. (5)

Since w(p,9) is finite at the Killing horizon, the ergo-
sphere always touches the horizon at the poles 9 = 0, z.

Further we shall consider the rotating dilaton black hole
(or Kerr-Sen) black hole [18] or axion-dilaton black hole
with zero Newman-Unti-Tamburino charge [19]) as one of
the examples. The above five functions for this black hole
are

2 2
p-—2up+a
f(p’ 19) = p2 s (63.)
Blp.9) =1, (6b)
2+ 2bp + a*cos*8
o(p,9) =" ’)pz : (6¢)
(. 9) = (p* +2bp + a*)* = @*sin®8(p* = 2up + a°)
’ p*(p? + 2bp + a*cos?9) ’
(6d)
b
olp. 8) =1t D) (6e)

p? + 2bp + a*cos?9’
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black-hole mass. Clearly, when b = 0, the above metric
components reduce to those of the Kerr spacetime in Boyer-
Lindquist coordinates (p, 6, ¢).

III. COORDINATE CHOICES AND EXPANSION
IN THE POLAR DIRECTION

The choice of functions f(p, 9), f(p, 9), 6(p,9), k(p, ),
and w(p,9) for a given axisymmetric black hole is not
unique. Instead of p and 9 we could in fact choose another
couple of coordinates, which are also mutually orthogonal
and orthogonal to the coordinates ¢ and ¢. Thus, at this
stage the coordinates are not fully fixed: a single black hole
can be represented by a number of different systems of
coordinates within the same initial ansatz (1). In the end
this would produce a nonunique parametrization, when the
same black hole could be described by a number of
different sets of parameters. To avoid such a degeneracy,
we will here impose further conditions which fix the
coordinates fully.

In order to describe how to attain such a unique
coordinate choice, let us first consider transformations
from the initial coordinates (p, ) to the new ones (r,0),
such that the new line element is expressed in terms of five

) metric functions N(r, 8), W(r,0), K(r,0), B(r,8), 2(r,0),
where a=J/M and b are parameters of rotation .4 has the following form
and dilaton respectively, and g = M — b, where M is the
|
a2 = - N(1.0) = W25, 0)sin’0 2W(r, 0)rsin*0dtdgp + K*(r,0)r*sin*0d¢? + X(r.0) B0 4,0 + r2d6>
B K*(r,0) ' ' AN (r, 0) ’

Comparing the inverse metric components of (1) and (7)
we find the following relations

N%(r,0)r*sin’0 = f(p, 9)p*sin®8, (8a)
W(r,0)rsin’0 = w(p, 9)psin9, (8b)
K?*(r,0)r’sin’0 = k*(p, 9)p*sin9, (8c)

N3(r,0) f ) Or 8r 1 Oror

=(r, G)Bz(r 0) a(p, 8p dp p2 2909
(8d)
1 f ) 00 89 1 00 90 (8e)

2(r,0)r*  o(p,d 8/)8,0 p2 8909

_ [fp.9) 8r69+ig@ (8)

CPp.9)Opdp  p? 0809

(7)

|

The last two equations define the relation between the
coordinates (r,0) and (p,d). Once one finds r and 6 as
functions of p and J through Egs. (8e), (8f), it is possible to
find the functions N(r,0), W(r,8), K(r,0), and B(r,0)
from Egs. (8a), (8b), (8c), and (8d), respectively.

Next, we assume that the functions f(p,9), B(p,9),
c(p,9), k(p,9), and w(p, ) are known as series expansion
in terms of small parameter )’ measuring the distance from
the equatorial plane, i.e., defined as ) = cos J. Hence, we
have

f=1op) + [1(P)Y + f2(p) V> +OQ7).  (9a)
B = Polp) +Pi(p)Y + Ba(p)V* + O(Y?).  (9b)
o = 00(p) + 01(p)Y + 62(p)V* + O(I?), (%)
Kk = ko(p) + k1 (0)Y + 12 (p) V2 +O0P),  (9d)

= wy(p) + o1 (p)Y + 02(p)V* + OP), (%)
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where the coefficients in the expansion, i.e., f;,f;, 0, ...
are functions of the radial coordinate only.

Introducing now the small parameter y = cos @, we can
find the corresponding new transformation (), p) — (y,r)
as a series expansion in terms of )/, namely

y =Y +ap)[l +ai(p)Y +a(p)Y* + O],
(10)

r?=p*(1+ L)1+ 81 (p)Y + &H(p) V2 + O(?)).
(11)

A few remarks should be made here. First, if all the
coefficients @;(p) = 0, then € = 9; that is, the two polar
coordinates are identical. Second, if all coefficients
Ci(p) = 0, then also the two radial coordinates are identical,
ie., r =p. Finally and most important, we have here
decided to perform a generic expansion in powers of the
small parameter cos . This choice allows us to consider
black holes that are not reflection symmetric across the
equatorial plane. This is admittedly a bizarre possibility, but
one we want to preserve for generality. In practice, any
representation of an astrophysically reasonable black hole
would require also the reflection symmetry across the
equatorial plane, thus limiting the expansion to even
powers of cos6. Indeed this is what we will do when
considering the parametrization of Kerr, dilaton, and
EDGB black holes in the following sections.

Without loss of generality we can assume that there are
observers at spatial infinity that are able to measure the
angular momentum J = AM and mass M of the black hole.
With this assumption, we are then able to define the
coordinates r and € unambiguously.

More specifically, we first need to fix one of the five
metric functions N(r,0), W(r,0), K(r,0), B(r,8), (r,0).
Out of the five possible choices, we prefer to fix the
function X(r, 0) as

A
(r,0) =1+

=1+, (12)

since this allows us to reproduce the Boyer-Lindquist
coordinates for the case of a Kerr black hole. This choice
is also compatible with asymptotic behavior of the asymp-
totically flat and axially symmetric metric of a rotating
body in the Boyer-Lindquist coordinates

oM 4MAsin%0
ds? ~ —(1 _ —)dﬂ _ IV dtdep + dr?
r r

+ r2(d6* + sin*0dgp?). (13)

In an astrophysically realistic context, at large distance
the gravitational field of a rotating object of any kind
should be essentially Newtonian, thus, hiding the details
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related to the event horizon of an isolated black hole and
regime of strong gravity. The addition of extra fields to the
black-hole spacetime, e.g., scalar or electromagnetic,
would certainly change the asymptotic behavior. Yet,
backreaction of such fields onto the background geometry
is expected to be negligibly small for astrophysical black
holes, thereby, allowing us to consider an isolated black
hole as in vacuum.

A more careful analysis reveals that the condition (12) is
still insufficient to fix completely the freedom of the
coordinate choice. The reason for this is that using
Egs. (8e) and (8f) it is possible to obtain different series
for y and r for each different choice of ay(p). Thus, the
function ay(p) must be fixed in order to achieve
the uniqueness of the coordinate transformations (10).
The natural way to fix ay(p) is to choose an additional
condition for the new line element in the equatorial plane
in such a way that for the zero rotation we reproduce
spherical coordinates. This can be done in various ways, but
we here choose to impose a condition on the function K on
the equatorial plane. More specifically, we first observe
that, multiplying (8b) by any constant C and adding (8c),
we obtain

C C
(K2 +— W) r’sin’6 = <1<2 + —a))pzsin219, (14)
r r
which, in turn, allows us to impose that
, A A2
K —7W :1+7—|—(9(y). (15)

It is not difficult to verify that the Boyer-Lindquist
coordinates fulfill the above condition. This gives us the
unambiguous coordinate choice for » and 6.

In summary, in order to transform unambiguously any
given coordinates (p,d) to the new coordinates (r, ) we
need to

(1) define the rotation parameter A = J/M, where J is

the total angular momentum and M is the Arnowitt-
Deser-Misner (ADM) mass of the spacetimel;

(2) choose r and € to be mutually orthogonal and

orthogonal to the coordinates ¢ and ¢;

(3) impose that the metric functions

conditions (12) and (15), namely

satisfy the

A2
2(r,0) =1+ 700526, (16)

"The constant M could be associated with the ADM mass at
spatial infinity if such a quantity can be properly defined.
However, because we are not limiting ourselves to asymptotically
flat spacetimes where such a quantity is defined, we here consider
the more general case in which astronomical observations at large
distances from the event horizon but not at spatial infinity can be
exploited to measure the constant M.
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A A?
K2<r,;r)—rW<r,72z> :1+?. (17)

The latter condition in fact allows us to fix the function
a(p) as

N UO(P)
taolp) = \/K%(ﬂ) — Awy(p)/p — A*/p* (18)

so that, from Eqs. (8e) and (8f), we finally find

a1(p)
y= Y0+ alo)| 1472y +00). (9
2o 200 oye) (19b)

(1+ ao(p))

In analogy with what was done for the expressions (9), we
can now invert the series (19) to find the functions )(r, y)
and p(r,y) and thus express the metric functions N2, W,
K?, and B? in the line element (7) as a series in terms of the
new variable y.

IV. PARAMETRIZATION FOR AXISYMMETRIC
BLACK HOLES

In order to obtain the proper asymptotic behavior of the
newly introduced metric function we need to ensure they
satisfy the following behavior at large distances, namely
that for r > 1

Voo -1-2 o). o
seo-rvo(l) oo
weo-oft)
coo-rvo(l)  ow

where M is a constant to be read at a large distance.
These conditions on the metric functions obviously
imply that the metric is asymptotically flat and spherically
symmetric at large distance from the black hole.
In principle, these conditions could be violated in a
cosmology admitting violation of isotropy, such as the
Einstein-aether theory. Yet, it is evident that local physical
processes around black holes cannot be influenced by such
cosmological factors while the coupling constant of new
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interactions (be it vector aether or any other field) is
negligibly small for observations of localized processes.

Now that we have performed the coordinate transforma-
tions (19) and all the functions are obtained as series
expansion in terms of the “angular” variable y = cos @, it is
necessary to introduce the parametrization for the coef-
ficients of the series which are functions of the radial
coordinate only. Also in this case there are several different
ways in which this can be accomplished. Here, however,
we will follow the powerful approach already employed in
[17] for the parametrization of a generic black-hole metric
in spherical symmetry. More specifically, we first introduce
the compact coordinate radial

7o
=1-=, 21
x=1-5 1)
where r( is the black-hole horizon radius in the equatorial
plane; i.e., ry is the largest solution of the equation

N2(r,/2) = 0. (22)

Clearly x € [0, 1], with x = 0 at the black-hole horizon on
the equatorial plane (i.e., y =0) and x =1 at spatial
infinity.

Second, we consider the following expansions in terms
of the new compact coordinate x,

N2 = xAg(x) + > Ai(x)y', (23a)
i=1
B=1+Y Bix)y, (23b)
i=0
o Wi(x)y!
W= , 23
; S (23¢)
AW 2K (x)y!
K-——=1 : , 23d
—=1+ ; S (23d)
where from (16)
2
2= 1+—2(1—x)2y2. (24)
o
Our coordinate choice (15) then fixes K to be
2
Ko(x) = (1 —x)? (25)

r_%.
Third, in order to satisfy the required asymptotic

behavior (20), we define

Bi(x) = bio(1 - )+ Bi(x)(1-x2,  (260)
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Wi(x) = wip(1 —x)% + W;(x)(1 —x)3,  (26b)
Ki(x) = ki(1 = x)> + K;(x)(1 = x)3,  (26c¢)
Ap(x) =1 —¢o(1 = x) + (agy — €0 + koo)(1 — x)?
+ Ag(x)(1 = x)3, (26d)
Aiso(x) = Ki(x) + (1 = x)2 4 a(1 —x)?
+A;(x)(1 —x)*. (26¢)

Note that the coefficients €;, a;9, big, W9, kjo for i =
0,1,2,3... are fixed in such a way that the expansion (26)
matches desired asymptotic behavior near spatial infinity
(i.e.,x = 1). To make it astrophysically meaningful, the latter
should be expressed in the terms of the PPN expansion.
Since the tilted functions A,-(x), B;(x), W;(x), and K;(x)
describe the black-hole metric near its horizon, we here
express them in close analogy with what was already done
in [17], and thus parametrize them in terms of Padé
approximants in the form of continued fraction

5 ai
Ai(x) = 1+ apX
ai_x
1472

bil

= bpx
T s
T+

(27a)

B;(x) (27b)

~ W.l
Wi(x) = Hilwzx
147

1+

(27¢)

. k;
Ki(x) :H_ilkux’

kizx
I

(27d)

where a;;, b;j, w;j, k;j fori =0,1,2,3..., j=1,2,3... are
fixed via a comparison of the series expansions of the
metric functions near the black-hole horizon (i.e., x = 0)
with their exact analytic expressions or of numerical data
when an exact solution cannot be obtained analytically.
To recap: Two different sets of coefficients appear in the
approach proposed here for the parametrization of a generic
stationary and axisymmetric black-hole metric. The first set
is given by the coefficients a;y, by, Wi, kig» €;
(i=1,2,3...), which are fixed by spacetime behavior in
the asymptotic region, i.e., x — 17. The second set is
instead given by the coefficients a;;, by, wij, kjj
(j=1,2,3...), which are fixed by the geometry of the
black hole near its horizon, i.e., x = 0. Needless to say,
such a separation of parameters on ‘“near horizon” and
“asymptotic” is essential for the comparison of the theo-
retical predictions with the observational data obtained,
either in the far region (e.g., values of PPN parameters) or
near the black hole (e.g., study of accretion flows, black
hole’s shadows, etc.). It should also be noted that the
contribution of K;(x) in the definition of A, o(x) (26e)
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allows us to define the asymptotic parameters ¢; and a;y, by
comparing the asymptotic expansions of the metric com-
ponent g,,. Without this contribution of K;(x), we would
not be able to separate the parameters @, and k;; into,
“asymptotic” and “near-horizon” ones, respectively.

It is important to discuss now some essential properties
of the continued fraction used in the Padé approximation in
(27), namely, the number of terms N appearing in the
continued fractions. In this scope we will consider three
different cases.

The first case is the one for which the tilted functions
A;(x), B;(x), W;(x), and K,(x) are fractions of two poly-
nomials of r, as it happens, for example, for any of these
functions in the case of the Kerr solution. In this case, then,
the corresponding expansion (27) contains a finite and small
number of terms. In other words, there exist anumber N > 0,
such that a;y =0, or by =0, or w;y =0, or k;y =0,
respectively. In this case, all higher-order terms are obviously
not necessary and we refer to this representation as “exact,” in
the sense that the corresponding metric can be reproduced
analytically with only a finite number of coefficients.

The second case is for when the metric functions N(r, 6),
W(r,0), K(r,0), and B(r,0) in (7) are not rational
functions of r. In this case, then, some or all of the
expansions (27) contain an infinite number of coefficients,
i.e., N = oo. Finally, the third case is for when even though
N is finite, there is no guarantee that an “exact” repre-
sentation will be achieved with a small number of coef-
ficients. As a result, in both of these last two cases (i.e., of
finite but large and infinite ), the metric representation
will be only approximate and limited to the first n < N
terms, setting the nth equal to zero. We will refer to such
approximated metrics obtained by truncating at the nth
term as the “approximation of the (n — 1)th order.”

As a corollary to the previous remark we also note that
the nth coefficient cannot always be set equal to zero in a
consistent manner. In some cases, in fact, setting a
particular coefficient to zero could imply the divergence
of the truncated continued fractions (27) for the corre-
sponding tilted function for some value of r outside the
event horizon. To solve this problem within the approxi-
mation of the (n — 1)th order, one should set the (n + 1)th
coefficient equal to zero, and choose an arbitrary value for
the nth coefficient, so that the denominator remains positive
definite for all values of the radial coordinate outside the
event horizon (i.e., for x > 0). For convenience, in such
cases we will take the value of the nth coefficient to be
equal to unity and will refer to these cases as approxima-
tions of (n — 1)th order as well.

As a final remark we note that not all of the parameters so
far, i.e., a;;, b;j, w;;, and k;;, are effectively independent.
This is because one of the infinite number of functions, i.e.,
A;(x), Bi(x), W;(x),and K;(x), must be fixed by a coordinate
choice. We have here used the condition (25), so that, taking
into account the continued fractions (27), yields
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koo =—
)

ko] = 0 (28)

In the next section, on the other hand, we will not assume any
particular coordinate condition of the type (28), leaving a
possibility to fix it in any alternative way.

A. Asymptotic properties

Following the discussion on the asymptotic properties of
the parametrized metric made with expression (13), we can
deduce the following asymptotic behavior of the line
element (7)

N2(r,0) — W(r,0)sin’0
K*(r,0)
- N?(r,0) 1
N K*(r,0) — AW(r,0)/r + O(r3)

2M 2M 1
2J 1 2MA 1
B%(r,0) 1
Nz(r,g)—1+y—+0(ﬁ , (29¢)
K2X(r,0) =1+ o<r12> (29d)

Note that in deriving expressions (29) we have also
introduced the PPN parameters  and y [13] and assumed
a reflection symmetry across the equatorial plane, i.e., the
functions in (23) are taken to depend only on y?
(i=0,2,4...). Furthermore, adopting the classification
made by Thorne in Ref. [20], metrics of this type are
referred to as “Cartesian and mass centered to order 0”
(ACMC-0). Clearly, using expressions (29), it is possible to
read off the mass M and angular momentum J of the
spacetime. We note that although the asymptotic behavior
we have chosen is well motivated from an astrophysical
point of view, our approach is not limited by any particular
choice of asymptotic behavior and can, in principle, be
constructed also for axisymmetric black holes having
different asymptotic constraints.

Next, for a metric with the asymptotic behavior given by
expressions (29), we find that

€ = 2M — ro ’ (30&)
To
2 _ 2
aooz(ﬂ—}’)zi;l I(ﬁ y)(21+€0) ., (30b)
0
b = (=150 = LD
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2 J (1+¢)?
Woo="%5 =732~ 5

— 30d
g M* 2 (30d)

€ = 0= biO = Wio,» 1> 0. (306)
The asymptotic parameters, a,y and k;, for i > 0, are not
fixed only by M, J, 8, and y. In particular, the parameter a,,
contains also information on the quadrupole moment of the
black hole, which cannot be read off from the asymptotic
expansion. This is because the metric with components (26)
and with the parameters fixed by expressions (30) is not of
type ACMC-1 unless b;; = 0 and k;y = 0 for all i > 0. In
this latter case, a, is related to the multipole /?° introduced
by Thorne in [20]; in particular, using expression (11.4a) of
[20], we can read off the value of a,; as

4 |dx
120 = —g Eazorg. (31)

Note that since b;; are parameters fixed near the black-
hole horizon, we are unable to find a general transformation
from (7) to an ACMC-1 type of metric and cannot, therefore,
express 120 only in terms of the asymptotic parameters.
Nevertheless, as we will show in the next section, a;q and k;,
can be related to observable quantities in a way similar to
what was done for the Geroch-Hansen quadrupole moment
of the black hole [21]. In particular, we will compare the
orbital-plane precession frequency with the formula derived
by Ryan [22], thus obtaining a definition of the quadrupole
moment through the asymptotic parameters only.

V. CIRCULAR GEODESIC IN THE EQUATORIAL
PLANE AND MULTIPOLE MOMENTS

Following [22], we consider a circular geodesic motion
in the equatorial plane, i.e., with

dr_
dr

and with orbital frequency

2
d¢ —Yip.r =+ \/ gt¢,r ~ Yi,r9p¢.r

9pp.r ’

0, 6= (32)

where we use a comma to indicate a partial derivative. The
energy per unit mass is then given by (see, e.g., [23])

E _ —9u — gqu'Q'
" \/_glt —2G,pQ — gz/u/)QZ

and, after using expression (33), it can be expressed as a
function of Q only. After replacing in (34) the parametrized
expressions for the metric functions, we can derive an
expression for the energy per logarithmic interval of fre-
quency in terms of the dimensionless variable v = (QM)!/3,

) (34)
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8a00 5 4OWOO
- n 2 —
2 9(1+¢)? 9(1 + ¢)?

27 6(100 + 4k00 - 4WO0A/M 166100 €yp — Aoy — kOO +A0(1) - i(o(l):|
+ 08 + +38 +00"), (35
8 (1 +€0) 3(1 +€0>4 (1 +€0)3 ( ) ( )
[
where where
~ a
o(l) = 1_|_+02 (36) ) W
403
I AE =—0y — gt¢Q = + Wsin 9(}"9 - F) s (40)
~ k
Ko(1) = % (37)
I+
T+

In a similar way, we can obtain a series expansion of the
periastron precession frequency Q, and orbital-plane pre-
cession frequency €, defined as [22]

w
AL = gy + 9ppR = ersin29<rQ - F)’ (41)

A2Gyp,r +2A5AL Gy e + A2Gyy oy
Q=0-/- EY ¢, EALG g, L itrr (38) G = Yap Y —; (42)
29, ap =7 = N272sin20’ ap=1¢.
Gtp — 9u9pg resm
> B Collecting terms, we can express the normalized peri-
Qy=Q— \/ —AE g0 T 2ApALGipoo + AL G”‘H(’, (39) astron precession and orbital-plane precession frequencies
2900 respectively as
|
Q 2 4 - 2(k koo — waoA/M 4 6¢3 — 32
220 _ 2 €2 3 4(woo W;o) 1ot {_ (kao + koo W220 /M) _ *ap . €3 62300} FO>), (43)
Q (g +1) (eg+1) (g +1) (g +1) 3(eo+1)
Qr 2 |:3 26100 T boo :| 8W001)3 4 |:9 3b00 86100 + 6k00 - 6W00A/M
203 — - Z_ -
Q (60 + 1)2 2(60 + 1) (6'0 + 1)2 2 2(50 + 1) (6'0 + 1)2
5bg, 5booano 2645, 12(agy + koo + ko1 — €0 — Ag(1)) . Boy(1) 5
- 2 37 1 3 + 5| +O(),  (44)
8(eg+1)*  3(eg+1)7 3(ep+1) (69 +1) (69 +1)
where Qq 2S1 4 3M,
= o), 46b
o~ " oy O (46b)
7 by,
By(1) = —%—. (45)
1 + _J0 Qr - 2 4S1 9 3M2
1+ o= 3v° — M2 +v 3 2M3 + O(v°), (46¢)
We can now compare expressions (43) and (44) with the  where M, = M, S; = J, and M, = Q are the first three

corresponding ones obtained by Ryan in general relativity
[22], i.e.,

27, My
8 ' M

) + O,
(46a)

m 3 2

AE_o* vt 208
w3 2 Tomz '’

Geroch-Hansen multipole moments: the ADM mass, the
angular momentum, and the quadrupole moment,
respectively.

Bearing in mind that

2J J
Woo = —»

2W00
& o=
o M2

R
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we obtain [cf. Egs. (30) for f =y = 1]

€, = 0= wyy = agy = by, (48)
30 2(kyg + koo) 4ay
— = 5 3 (49)
M (€0 +1) (eo+1)

The expression for the quadrupole moment Q through
the values of the coefficients as fixed at spatial infinity
can be obtained only after measuring the orbital-plane
precession frequency (43). Note that in the case in
which e, = 0, such a frequency (43) does not depend on
the PPN parameters that are related to the coefficient agy
[the fifth term in Eq. (43) is automatically zero in this case].
This property suggests that the expression (49) derived in
general relativity remains the same also for non-Einsteinian
theories. Indeed, as we will discuss in Sec. VII, it provides
the correct answer for the Einstein-dilaton-Gauss-Bonnet
black holes. On the other hand, the expressions for the
energy per logarithmic frequency interval (35) and for the
orbital-plane precession frequency (44), allow us to obtain
those higher-order PPN parameters that are encoded, within
our formalism, in the values of the coefficients Ay(1),
Bo(l), and f(o(l)

On the basis of these considerations we conclude that the
quadrupole moment of the black hole in our parametrized
metric can be measured by fitting the equatorial-plane
precession frequency for a circular orbit (43). Quite
generically, the latter depends on three coefficients that
are fixed asymptotically: ayy, koo, and kyy (wrg =0 to
match the results by Ryan [22]). In general relativity,
similar coefficients M5 and B, were introduced in
Ref. [24] and are related to these coefficients as

M M (eo + 1)3
=-3-2=-3-2"_"_"7 50
a20 }"8 8M3 ( )
M? + 4B, 1 B,

kopp=——— = D2 -+—], 51
0 =B e+ 1P (34 30) (51
k20 == 0 (52)

In particular, for the Kerr metric one has that

2Ma? 2Ma*  a*(ep+1)°
M* = - = = N 53
2 3 <= dy 2 A0 (53)

M? — a? a*>  a*(ey+1)?
By=——— kpywy=—=——"—"7+"—. 54
0 n <> Koo r(z) M2 ( )

Note that unlike in [24], the value of k is fixed here by our
coordinate choice. One could choose coordinates such that
koo would assume a different value, but this would not alter
the final value of Q, as it is easy to verify after substituting

PHYSICAL REVIEW D 93, 064015 (2016)

the corresponding values of a,, and ky in (49). As a result,
with our choice of coordinates leading to expressions (28),
we will always have koo = a*/r3, so that the quadrupole
moment is completely determined by the coefficient a,.

VI. PARAMETRIZED REPRESENTATION FOR
THE ROTATING DILATON BLACK HOLE

This section is dedicated to the explicit calculation of the
coefficients needed for the representation of the parame-
trized metric that approximate the rotating dilaton black-
hole spacetime (6) [19]. This is an important test of our
approach and an example of a metric that is more complex
than the Kerr solution.

We first substitute (6¢)—(6e) in (18) and taking into
account that A = a for a dilaton black hole, we find that

ay(p) = 0. (55)

while from expressions (8) obtain the relations

, (VPP =b)? - 2u(VBE+ 1P - b) +
N2 — > ., (56¢)
Yoo

r(r* + a*y?)

dp\? r?
5= <E> T (362)

a2y?\ ! a2\ 2 a2(1 _yz)
e (1 E2) (1) -2

(56f)

These expressions coincide up to O(a?) with the slowly
rotating metric already described in [17]. Furthermore,
since N does not depend on y, the relation

roz\/(u+b+\/u2—a2)2—b2 (57)

defines the event horizon and reduces to expression (55) of
[17] when terms of O(a?) are neglected.

By comparing the series expansion of (23) and (56) near
spatial infinity (i.e., x = 1) we find that

2b + 2u —

eo=—+r0ﬂ o, (58a)
2b(b +p

apy = (r2 ) (58b)
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bo() = 0, (58C)
2a(b+ p
oo = % (584)

0

which, by comparison with (30), give correct values
for the ADM mass M and the angular momentum J,
namely

M=u+b, J = Ma, (58e)

and reproduce the same PPN coefficients as for the non-
rotating case [17],

u+2b b
= =14+—, = 1. 58f
b u+b +M v (58f)
We also we find that
2a*(u+b) 2Ma?
ay) = ( 3 )_ ot (58g)
o o

while all the other asymptotic parameters are zero, except
for kgy, which is given by

LSS}

koo = (58h)

bl ]

From expression (49), we find the expected result that
the quadrupole moment is given by

_azo’”<3)+M(koo+kzo)’”é:_ 2

Q: 3 MCIZ:—M, (59)

for any value of b.
Finally, by comparing the series expansion of (23) and
(56) near x = 0 we find that

2(u + b)(2b> + r3 + (2rg — 3b)\/15 + b?)

a, =
2, 2
_3hta (60a)
o
a* +2a*(u+b)(b+ry—/ri +b*
Ay = — ( )(r4 0 0 )’ (60b)
0
ayp =0=a3 =ay =asy, ..., (60c)
o
by = —=-1, 60d
01 W ( )
by =0 =by = b3 = by = sy, ..., (60e)
2a(pu+b)(b+ry— /1% + b?
W()[ — ( )( r30 0 )7 (60f)
0
wip =0 =wy =w3; =wy =ws,..., (60g)

PHYSICAL REVIEW D 93, 064015 (2016)

a* =2a%(u+b)(\/r3+b*—b
ky = ( )ﬁ 0 ) ., (60h)

)

ko] :0:k11 :k31 :k41 :kSI,..., (601)
and so on. Clearly, ag, by, and wy; coincide with the
corresponding parameters of the slowly rotating dilaton
black hole.

As a final remark, we reinforce a statement already made
in Sec. IV. While the line element of the Kerr spacetime can
be reproduced exactly within the proposed parametrization
with a finite number of terms of the Padé expansion, this
does not seem to be possible for the dilaton black hole,
whose metric functions are not a ratio of polynomials in
powers of r, but rather contain square roots of polynomials.

A. Testing the parametrization in the equatorial
plane: The binding energy

Although the parametrization suggested here can be used
for generic investigations of the physics of black holes, our
main interest is to find a general parametrization for a
rotating black-hole spacetime which allows us to model
processes connected to electromagnetic emission from
matter accreting onto the supermassive black-hole candi-
date at the center of our Galaxy [25]. Because of this, it is
important to test the ability of our parametrization in
describing accurately radiative processes near the event
horizon and, for instance, the formation of a shadow. This
will be the focus of a forthcoming companion paper [26],
but some preliminary estimate can already be presented
here in terms of the calculation of the simplest basic
quantity entering in the physics of accretion flows onto
black holes: the binding energy of a particle moving on a
circular orbit.

In this scope, we calculate the energy of the particle at
the innermost stable circular orbit (ISCO) and thus the
binding energy as the amount of energy released by the
particle going over from a given stable circular orbit located
at ry over to the ISCO at rigco, i.e.,

E(’"Isco)

BE=1- ,
E(rp)

(61)

where the initial circular orbit r( is normally considered to
be at spatial infinity but needs not be. The binding energy
of massive test particles is rather sensitive to the black-hole
properties and in Ref. [27] it was calculated for a number of
deformed black-hole spacetimes. We here recall that in the
case of an extremal Kerr black hole it equals =3.8% for
counterrotating particles and =42% for corotating ones,
while it is =5.7% for a Schwarzschild black hole. The
binding energy also increases above 40%, when the dilaton
b ranges from 0 to 1.
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TABLE I. Binding energies as computed at different orders in the radial (continued-fraction) expansion for a nonrotating black hole
with a dilaton field . The last column refers to the exact solution.

b First order Second order Third order Exact

0.00 5.719095841793664 5.719095841793664 5.719095841793664 5.719095841793664
0.02 5.771085348147105 5.771085348949989 5.771069849415838 5.771085349099403
0.20 6.207254764244374 6.207261486774459 6.207262811802919 6.207262810978281
0.50 6.832236606077545 6.832430295600210 6.832473869879982 6.832473613387891
1.00 7.676903064196137 7.678772618393546 7.679324761207151 7.679311080887710
TABLE II. The same as in Table I, but for a rotating dilaton black hole with @ = 0.5y (upper rows) and a = 0.95u (lower rows). The

left columns refer to corotating particles, while the right ones to counterrotating particles. For all the cases considered, the polar
expansion was kept at the order in cos” 8 (i.e., at cos* @), since higher orders are zero for a dilaton black hole.

a/p b First order Second order Third order Fourth order Exact First order Second order Third order Fourth order Exact
0.50 0.00 8.2118 8.2118 8.2118 8.2118 8.2118 4.5142 4.5142 4.5142 45142 45142
0.50 0.02 8.2676 8.2675 8.2675 8.2675 8.2675 4.5611 4.5611 4.5611 45611  4.5611
0.50 0.20  8.7368 8.7317 8.7318 8.7318 8.7318 4.9555 4.9568 4.9568 49568  4.9568
0.50 0.50 9.4142 9.3873 9.3881 9.3881 9.3881 5.5239 5.5315 5.5311 55311  5.5311
0.50 1.00 10.3402 10.2568 10.2610 10.2612  10.2613  6.2972 6.3230 6.3217 6.3214  6.3214
0.95 0.00 19.0144 19.0144 19.0144 19.0144  19.0144 3.8362 3.8362 3.8362 3.8362  3.8362
0.95 0.02 19.0083 19.0084 19.0084 19.0084  19.0084 3.8791 3.8791 3.8791 3.8791  3.8791
0.95 0.20 19.0140 19.0115 19.0098 19.0097  19.0097 4.2405 4.2430 4.2429 4.2428  4.2428
0.95 0.50 19.2262 19.1424 19.1284 19.1269  19.1270  4.7629 4.7767 4.7757 47755  4.7755
0.95 1.00 19.9278 19.4719 19.4191 19.4121 19.4133  5.4763 5.5219 5.5184 55170  5.5171

Defining the four-momentum of a massive particle as

pr=m——,

s (62)

where s is an invariant affine parameter, we also recall that
in a stationary, axisymmetric metric there are three integrals
of motion which can be related to the particle’s rest mass m,
to its energy E = —p,, and its angular momentum L = p.
The normalization condition on the four-momentum

pap* = —m? (63)

leads to the following relation in the equatorial plane

The energy E and momentum L of a particle on a circular
orbit at radial position r can then be determined from the
requirements that

Ve (r) =0, Vig(r) =0, (66)

where ’ indicates a derivative in the radial direction. Once
the expressions for L(r) and E(r) have been obtained in
this way, the position of the ISCO is computed from the
additional condition V7 (r) =0 and then to compute
the value of the energy at the ISCO E(rigcq), and hence
the binding energy as in expression (61).

Table I reports the binding energies as computed at
different orders in the radial (continued-fraction) expansion

) dr\? for a nonrotating black hole with a dilaton field b. The last
m=gry (%) = Vest (1), (64) column refers to the exact solution, i.e., to the metric (6).
Clearly, the convergence in the spherically symmetric case
where the effective potential is defined as is excellent and the first order is sufficient to obtain a
relative error which is ~107* in the most extreme case of
b = 1. This relative error in the binding energy further
Ve (r) = —(¢"E?> = 2¢'PEL + ¢??L? 4+ m?) reduces to ~107% when considering the expansion at fourth
O=n/2 order; clearly these uncertainties are far smaller than what is
K*(r,z/2) B W(r,z/2) L\? to be expected from astronomical observations.
Nz(r,ﬂ/2)< K*(r.z/2) r> -
L2 We recall that, as already noted in [17] in the slowly rotating
m?. (65) regime, the position of the ISCO does not depend on the

B rK*(r,z/2) B

function B.
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The convergent behavior is only slightly less good when
rapid rotation is introduced. This is collected in Table II,
which refers to a rotating dilaton black hole with a = 0.5u
(upper rows) and a = 0.95u (lower rows), and where the
left columns refer to corotating particles, while the right
ones to counterrotating particles. In particular, at second
order the errors are about ~107* and ~1073 and for
a=0.5u, b=1 and a =0.95u, b =1, respectively. We
note that as the binding energy of a quasiextreme rotating
dilaton black hole reaches its maximum of 42% for
a =0.99999u, reproducing this limiting value with the
parametrization would apparently require an expansion up
to very high orders in the radial direction. However, since in
the equatorial plane the Kerr spacetime (i.e., b = 0) is
reproduced exactly already at the first order of the con-
tinued fraction, the value of binding energy coincides with
the exact binding energy.

VII. PARAMETRIZED REPRESENTATION FOR
ROTATING EDGB BLACK HOLES

While a rotating dilaton black hole corresponds to an
essentially Einsteinian theory of gravity with an extra field,
|

PHYSICAL REVIEW D 93, 064015 (2016)

a theory containing higher-curvature corrections represents
a genuinely non-Einsteinian gravitational theory. In higher
than four dimensions, the second order in curvature term
(or Gauss-Bonnet term) is the dominating one. In a four-
dimensional (D = 4) spacetime as the one considered here,
the Gauss-Bonnet term is invariant and leads to solutions of
the FEinstein equations that are not affected unless the
dilaton is coupled to the system. Although an exact solution
is unknown for such D = 4 rotating dilaton-Gauss-Bonnet
black holes, an approximate metric has been deduced in the
regime of slow rotation [28].
In this case the solution has two small parameters

a J

B _167a®
M M*

(=—17-

M (67)

X =

where a and f are the two coupling constants Einstein-
dilaton-Gauss-Bonnet theory, with the first one being
related to the coupling of higher curvature, while the
second one accounts for the coupling with the scalar field.
After some algebra, the metric functions up to the order
O(y?, &%) are given by [28]

Fp ) = 1 2M+M2)(2+€< 80M7+32M6+22M5+26M4+M3>
p.8)=1-— - =3
ﬂ2 3/)7 5p6 5/75 3p4 3,03
. oMt 7336M'0 20422M9+ 1917M8 253756M7+838039M6 18551M°  3048M*  M?
d pl! 45p'0 315p° 245p8 1102507 110250p0°  5250p°  875p*  6p°
+ cosd 240M'" 6136M'0  9214M° 26233M%  30316M7  1497089M° 11201M5+3019M4
cos - — _ ’
pll 15p'0 21p° 245p% 3675p" 36750p° 1750p° 875p"
(68)
48M°  128M°  14M*  SMP  M?
Pp.9)=1-¢ 6 5 1 Tt
p 5p P 3p°  p
o [ 720M'" 28688M° 2102M° 616M7 907M® 139M° SM* 4AMP  M?
RV ALY v 9 8 7 6 st t323+53
p 45p 15p S5p 45p 15p p 3p 2p
o’ (216OM10 26288M° N 1658M°  208M’ N 2767M° N 1M N 2M4>} (69)
COS - — ,
pIO 15p9 5,08 5ﬂ7 15/76 ,05 P4
M2 2 219
2(p.9) = 1+ 2320 - ¢(3cos?8 — 1)Q(p). (70)
P
2M?y 40MS  24M°  3M*  14M3 3M?
w(p.9) =— [1 < 6 5.5 4 2.3 2>]’ (71)
P 3p 5p p 3p7 10p
M2 2M3y%sin%9
©p.9) = 1+ =+ = = 2 (Be0s’ 8~ 1)00p). (72)
where
o( )_4463M3 2074M*  266911M°  12673M° 12371M7  3254M8 2536M9+80M1° 73)
pI= 2625p°  525p* 36750p° 1575p° 735p7 105p% 45p° p'0
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The event horizon in these coordinates is a sphere with |ag(p)| > las(p)| > |as(p)] (75)
radius
2 2
B x- 49¢ 27Ty ¢ 4 0 and
p0—2M(1 1750 1920 +0W("*.¢%). (74)
We note that the new coordinates (A = My) are ICs(p)| > IC6(p)| > [Ca(p)]s (76)

y=Y+0G¥%). r=p+04*0).

where the correction o y?¢ can be found as a series
expansion with respect to ). Moreover, we have found
that Vp > 2M, and the following conditions are satisfied

which can be interpreted as a signal of the absolute
convergence of the series for all | Y| < 1.

The relation between the coordinates (y, r) and (), p) is
given by

40M°  24M% 3M7  14MS 3MP
=Y|1 2 - - - - o0?) |1, 77
g y{ +XC< Y7 B VO T v )>] 7
5 ,,(80M'0  3736M° 2246M° T7961M7 27373M° 288961M° 2074M*  4463M° 5
r=pll i —n - R § 7 6 5 T ++007) )|,
p 45p 105p 735p 1575p 36750p 525p 2625p
(78)
so that the location of the horizon in the equatorial plane is given by
2 2
x- 49¢  128171y%¢
=2M(1-=-—4+ —L O@*, &2). 79
0 ( 7 80 T ssso00 ) HOWHE) (79)
As a result of the coordinate transformations (77) and (78), we obtain
2M  MZy? M3 26M* 22M°  32MS  8OM’
N?=1-—">+ 5( st mat s t—=s 37
r r 3r 3r S5r 5r 3r
2 3267TM3  5017M* 136819M° 35198M° 3818M’ 4504M8+16M9
d 175073 875r* 18375r° 18375r° 735r7 2458 5r°
3019M*  6388M°  155394M° 47878M7 17952M8%  2040M° 128 M'°
2 _ _ _ _ 2 O 3’ 2’ 4 , 80
A é( 875 8757 6125/ 12257 | 2458 770 50 )y O 7). (80a)
5 M?> 8M? 14M* 128M° 48M°
B =1-{(—F5+55+—3 5 6
r 3r r S5r r
ey MPALOME | 2049M*  2AST2AMO | 6028M°  12792M" _96M®
re\on 87513 175¢4 6125r° 1057° 24577 5r8
4463M°  1724M*  97318M°  8924M°® 43584M7 3056M° 896M°
2 - - - 2+ 003, 20y%).  (80b
XC( 8757 1757 | 61257 175/ 2457 18 57 )y OG- (800)
2M?y 3M?*  14M3  3M*  24M°  40M°
W 1 _ OG3. 2.9, 30
r? [ £<10r2+ 33 * rt + 51 3r° )} + 00,6 (80c)
MZ 2 M 2M3 2
K=l w222
r r r
4463M3  2074M*  127943M°5  4448MS  2326M7 2792M3  16M°
-1 3 7 6 7 8 9 ¥+ Ot %y, (80d)
875r 175r 6125r° 525r 245r 35r 15r
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Also in this case, by comparing with the series expansion
(23) near spatial infinity (i.e., x = 1) we find that

2M —
w="" o (81a)
agy = 0 = by, (Slb)
2M?y
Woo = r2 s (81C)
0
MZ)(Z
koo = T’ (Sld)

0

thus implying that the mass, angular momentum, and PPN
coefficients of an EDGB black hole obey the same relations
as the ones for a Kerr black hole. In addition, it is possible
to derive that

@20 =73 1750

0
2
P 61429¢
=% (1
4 < 72000

while all of the other asymptotic parameters are zero.
The expression for the quadrupole moment can be
derived from expression (49) and yields

3.0
2M3y <1+4463C> +Out )

)+0wx% (81c)

B anry + M (koo + ko) rg
3 bl

4463 e
Soss) oW 62

0=

which coincides with the expression for the quadrupole
moment found in [28]. We should notice that our result was
obtained without the use of ACMC-1 coordinates.

Finally, by comparing the series expansions near the
black-hole horizon (i.e., x = 0) we find that

3248992

— 17C 4 2
an = (1-2) o). (s3)

361 516592 o
bor = =40 <1 176890) FOW.E). (83b)

63
Wo1 = —F)if—f— O(){S,éa), (830)
2

o 438867¢ o

ko = =7 <1+49000 ) +OGh ), (83d)

while the other coefficients a;;, b;;, and k;; are of order

O(*)). eg.
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447731, o

a =Bl pc L oph ). 83
175629 ‘o

21 = 1960007 {+ 0K &7). (83f)

In summary, we have shown that it is possible to obtain
a full representation of a rotating EDGB black hole within
the parametrized-metric approach introduced here. Such a
representation is specified by the metric expressions (26),
(27) with coefficients given by (81) and (83).

VIII. CONCLUSIONS

We have constructed a parametrization for a general
stationary and axisymmetric black hole which could be
used for the analysis of physical processes near rotating
black holes. Our approach is based on a double expansion
in the polar and radial directions of a generic stationary and
axisymmetric metric. The polar expansion is handled via
the introduction of a series of powers of the elevation from
the equatorial plane, i.e., cos 6, while the radial expansion
follows the continued-fraction approach in terms of a
compactified radial coordinate that has been successfully
developed in [17] for a spherically symmetric spacetime.

Since the parametrization uses quite general assumptions
about the spacetime of a black hole, such as the presence of
Killing vectors along the time and azimuthal coordinates,
the absence of closed timelike curves and similar pathol-
ogies of the geometry, etc., our approach is essentially
independent of any particular metric theory of gravity.

We have shown the validity and effectiveness of our
approach by reproducing accurately and with a small
number of parameters three relevant and commonly used
rotating black-hole spacetimes, namely:

(i) a Kerr black hole, which is reproduced “exactly” in
the whole space already at second order in the polar
expansion [i.e., at O(cos?d)] and at first order in the
radial expansion;

(ii) a rotating dilaton black hole, which again is repro-
duced ‘“‘exactly” at second order in the polar ex-
pansion and can be expanded to the desired accuracy
with the expansion in the radial direction;

(iii) a Gauss-Bonnet-dilaton black hole, which is repro-
duced approximately but at any desired accuracy.

The accuracy of the parametrization has been validated
after comparing the values of the binding energy for test
particles moving on circular geodesic orbits around a
dilaton black hole with the exact ones. Even in the most
extreme (and realistic) cases considered, e.g., for a spin of
a =0.95u and a dilaton field b = 1, the relative errors
already at the second order are ~1073, and further decrease
as the order of the continued fraction is increased.
Moreover, even for near-extremal rotation, the convergence
of the continued fraction is still very good, being excellent
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in the equatorial plane, where it is reached already at the  support comes by the ERC Synergy Grant “BlackHoleCam -
few first orders of the Padé approximation. Imaging the Event Horizon of Black Holes” (Grant
An important question which we have not addressed  No. 610058). A.Z. was also supported by the Alexander
here, but that is investigated in detail in a companion paper =~ von Humboldt Foundation, Germany, Coordenagdo de
[26], is about how many orders of the polar and radial  Aperfeicoamento de Pessoal de Nivel Superior (CAPES),
expansions are needed for an accurate description of  Brazil, and at the final part by Conselho Nacional de
physical processes outside the equatorial plane of the black ~ Desenvolvimento Cientifico e Tecnolégico (CNPq). R. K.
hole. Although a precise answer obviously depends on the  also acknowledges support from the Alumni Programme of
particular spacetime under consideration, some general  the Alexander von Humboldt Foundation.
statements can be made already here. In particular, when
considering the shadow cast by various black-hole metrics, APPENDIX: EXPLICIT LOWEST-ORDER
we have found that the radial expansion through the Padé METRIC EXPRESSION
approximation is always convergent. Furthermore, the
polar expansion leads to the exact solution at the second
order for Kerr and dilaton black holes, while higher-order
convergence is observed for EDGB black holes and the
Johannsen-Psaltis metric. We expect therefore that the
parametrized approach presented here will be useful not
only to study generic black-hole solutions, but also to
interpret the results that will soon be made of the radio
emission from the center of our Galaxy.

We are aware that the derivation of the parametrized
metric expressions can appear as intricate. To facilitate the
use of our parametrized metrics, we provide here a
collection of the explicit expressions of the parametrized
metrics for a Kerr, dilaton, and EDGB black hole. In each
case we do not necessarily report the highest-order expres-
sion of the expansion. Rather, we report the orders that
strike a compromise between readability and accuracy.
Hence, depending on the various cases, the expressions
reported here are either already contained in the main text
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or are reported here for the first time.
It is a pleasure to thank Dimitry Ayzenberg for useful We start with a brief summary of the basic expressions of
comments on calculation of the quadrupole moment in [28], the metric in terms of the expansion coefficients and how

as well as Ziri Younsi, Yosuke Mizuno, Hector Olivares, and the latter are constrained. Hereafter we will consider the
Mariafelicia de Laurentis for numerous discussions. Partial line element (7)
|

N%(r,0) — W2(r, §)sin*0
K*(r,0)

B%(r,0)
N?(r,0)

ds? = — d2 = 2W(r,0)rsin®0dtde + K2(r,0)rsin20de® + <(r., 9)( dr? + r2d92>,

(A1)

assume reflection symmetry across the equatorial plane, and neglect coefficients of higher orders. We then find

N2(r,0) = (1 B Q) [1 L (a = €0 + koo)7g i am’%] i {(kzo + ey i (ka1 + ax)rg i a21r3] cos20,

r r r? & 2 I r
(A2)
b by, r? b by 12
B(r,0) =1+ Ll + 01270 + ( 2070 + 212r0> cos?6, (A3)
r r r r

A2
2(r,0) = 1 + — cos?6), (A4)

r

l WOO}’(Z) erg Wzor(z) w21r8
W(r,0) = [ 261, A5
(r9) 2(r.0)" 2 + r * r? + B ) ) (A5)
AW(V,Q) 1 k00r2 kzorz k21r3

K%(r,0) =1 0 0 %) cos?6|. A6
(r6) =1 +— +2(r’9){r2+ 5+ =57 |cos (A6)
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TABLE III.

PHYSICAL REVIEW D 93, 064015 (2016)

Summary of the properties of the various coefficients appearing in the lowest-order expression of the

parametrized axisymmetric metric (A1)-(A6). For each coefficient we report the regime where it is constrained, its

value (when available), and the physical significance.

Parameter(s) Constrained Value Description

€0, koo» Woo Asymptotically . Related to black-hole mass and angular momentum
€3, byy, Wag. kyg Asymptotically 0 For astrophysically realistic black holes

ago> boo Asymptotically 0 From current PPN estimates

ayo Asymptotically .- Related to the quadrupole moment

ao; Event horizon Related to the deformation of g,,

ary, ko Event horizon Related to the deformation of event horizon

Wo1, Wai Event horizon Related to the rotational deformations of the metric
boi> by Event horizon Related to the deformation of g,.,

In the expressions above, the values of the coefficients can
be constrained either by the asymptotic behavior of the metric
(i.e., €0, ko(), Woo, €2, bzo, WwWr0, kzo, and 6120), or by the
conditions of the metric near the black-hole event horizon
(i.e., agy, asy, ka1, Wor, Wayr, bor, and b, ;). More specifically,
the three coefficients €, kg, and wy, can be expressed in
terms of radius of the event horizon on the equatorial plane r,
of the asymptotic mass M, and of the rotation parameter A as

2M —r, A? 2MA
€ =— "> kooz—z’ Woo = — 35—
ro I"O ro

In order to restore spherical symmetry at large distances
at the first PPN order, the coefficients ¢, and by, must
vanish, while the coefficient k,; must vanish to maintain an
asymptotic spherical symmetry at the second PPN order,
i.e., in order to have

1
9pp = (r* + a*)sin?0 + (’)<;> ) (A7)

Furthermore, if we exclude the rather exotic situation in
which the angular momentum of the black hole depends on
the polar angle 0, i.e., on the position of the observer relative
to the equatorial plane, then also the coefficient w,, must
vanish as well. As aresult, the following additional conditions
can be imposed on the coefficients €,, by, Wy, and ky for
astrophysically realistic black-hole solutions (30e)

€ = 0 = byyg = wyy = kyo.

Similar considerations apply also to the coefficients a, and
by, which must vanish if one wants to match the first-order
PPN parameters of general relativity, ie., if f=y =1
[cf. Egs. (30b) and (30c)]. Of course, these coefficients could
be taken to be nonzero if more exotic black-hole spacetimes
are investigated. Last but surely not least, the coefficient a5
is related to the black hole’s quadrupole moment and is
given (59)

_ Clzorg + MA2

0= 3

Next, we turn to the coefficients ag;, as;, bo1, bay, ko1,
w1, and w,;, which describe the near-horizon behavior of
the metric. In particular, the coefficients a,; and ky;
describe deformations of the event horizon and, if the
latter is assumed to be spherical, must satisfy the condition

dajo + asy + k21 =0.

The coefficients by, and b5, on the other hand, correspond
to deformations of the g, metric function and are not
expected to play an important role in the dynamics of matter
near the event horizon.” Finally, the coefficients wy; and w;
are related to the rotational deformations of the metric, while
ag, gives the PPN potential of the system. Table III offers a
synthetic summary of the various properties of the coef-
ficients, of their values, and how they are constrained.

1. Parametrized Kerr metric

We first discuss the explicit form of the parametrized
metric for a Kerr black hole as obtained at first order in the
radial direction and at second order in the polar direction [i.e.,
at O(cos?0)]. After setting M and A to be, respectively, the
mass and the specific angular momentum, i.e.,
A = a = J/M, we obtain that the event horizon is defined as

ro=M+ VM - d?
while the asymptotic coefficients have values

agy = 0 = by,

2Ma?

axp =3
o

On the other hand, the strong-field coefficients are given by

3The properties of processes occurring on the equatorial plane,
such as those related to the position of ISCO or to the form of the
effective potential for particle motion (65), do not depend on the
functions B(r,#), and thus on the coefficients by, and b,,.
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agy =0 =wg; = wy = by = by,

at a* 2Ma?
azy = ——7> k21:—4——3
o o o

Using this parametrization it is possible to reproduce the Kerr
metric in Boyer-Lindquist coordinates exactly.

2. Parametrized dilaton black-hole metric

Next, we turn to the explicit form of the parametrized
metric for a rotating dilaton black hole as obtained when
truncating at first order in the radial direction and at second
order in the polar direction. After setting

M:”—'—b, A:a:J/M,

the location of the event horizon is given by

ro:\/(wbﬂ/uz—azﬁ—b%

while the first coefficients are given by

2b +2u —r a? 2(b+p)a
€=—"""": koo =—=3,  Woo = 5
ro N U

The asymptotic coefficients are set to be

2b(b + u 2a*(b +pu
aooz¥7 by =0, 020:¥’
o o

while the strong-field ones are determined to be

2(u + b)[2b% + 15 + (2rg — 3b) /15 + b?]

a, =
o R+ b2
_3r(2)—|—a2
2 9
o
P a*+2a*(u+b)(b+ro— /15 + b?)
21 — — ’

4
o

L a* —2a*(u+ b)(\/r5+ b* - b)
21 — 7 >
To

_2a(u+b)(b+ro =15 +07)

3
o

Woi

El

ro

— 9% 1,

Wy = 0, bOl = b21 =0.
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3. Parametrized EDGB black-hole metric

Finally, we turn our attention to the parametrization
of an EDGB black hole as obtained when truncating at
first order in the radial direction and at second order in
the polar direction. After setting M to be the mass A = My,
and taking into account that ¢ = 16za?/(BM*), the
position of the event horizon in the equatorial plane is
given by

128171,%¢

2
X % 4 #2
+ 588000 > +O(X ,C)

=2M(1-=—
0 ( 4780
and depends on ¢. The asymptotic coefficients are given by

agy = by =0,

and by

Clzo—z

2
x 61429¢ i
( * 14000) O,

thus implying violation of the Kerr expression for the
quadrupole moment [cf. Eq. (82)]. Finally, the strong-field
coefficients are found to be

an =~ (1 —%) + OG0,

an = 3yr P+ OGA),

ky = —’%2 (1 +%) + 00, ),

W ==+ 00,22,

Wo = 00{3,52)’

()
Y
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