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In this paper, we investigate the problem of localization and the Hodge duality for a q-form field on a
p-brane with codimension one. By a general Kaluza-Klein (KK) decomposition without gauge fixing, we
obtain two Schrödinger-like equations for two types of KK modes of the bulk q-form field, which
determine the localization and mass spectra of these KK modes. It is found that there are two types of zero
modes (the 0-level modes): a q-form zero mode and a (q − 1)-form one, which cannot be localized on the
brane at the same time. For the n-level KK modes, there are two interacting KK modes, a massive q-form
KK mode and a massless (q − 1)-form one. By analyzing gauge invariance of the effective action and
choosing a gauge condition, the n-level massive q-form KK mode decouples from the n-level massless
(q − 1)-form one. It is also found that the Hodge duality in the bulk naturally becomes two dualities on the
brane. The first one is the Hodge duality between a q-form zero mode and a ðp − q − 1Þ-form one, or
between a (q − 1)-form zero mode and a ðp − qÞ-form one. The second duality is between two group KK
modes: one is an n-level massive q-form KK mode with mass mn and an n-level massless (q − 1)-form
mode; another is an n-level ðp − qÞ-form one with the same mass mn and an n-level massless ðp − q − 1Þ-
form mode. Because of the dualities, the effective field theories on the brane for the KK modes of the two
dual bulk form fields are physically equivalent.
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I. INTRODUCTION

When the Arkani-Hamed–Dimopoulos–Dvali (ADD) [1]
and the Randall-Sundrum (RS) [2,3] brane-world models
were brought up, they opened a new avenue to solve
the long-standing hierarchy problem and the cosmology
problem [4–11]. Since then the brane-world and extra
dimension theories have received more and more attention
[10–27].
In the brane-world theory, one of the most important and

interesting subjects is to investigate the Kaluza-Klein (KK)
modes of various fields [28–48], which are the codes of the
extra dimensions. In this work we are interested in the KK
modes of a bulk massless q-form field on a p-brane world
with codimension one. It is known that the 0-form and
1-form fields are the scalar and vector fields, respectively,
and the usual 2-form field is the Kalb-Ramond field, which
is used to describe the torsion of space-time in Einstein-
Cartan theory. The higher-form (q > 2) fields are new types
of particles in a higher-dimensional space-time with
dimension D > 4, which are useful for some unknown
problems such as the cosmological constant problem or
dark energy problem [7,49].

The p-brane considered here has p spacial dimensions
and is embedded in a D ¼ pþ 2 dimensional space-time
with one extra dimension perpendicular to the brane.
Although the realistic world is the 3-brane, the higher
dimensional branes with p > 3 (D > 5) may also have
realistic applications if the branes have three infinite
large dimensions (which are those we can feel) and
p − 3 finite size dimensions with topology S1 × S1 ×
� � � × S1 ¼ Tp−3 and small enough radius. It is also
possible that there are more extra dimensions outside
the p-brane. In this work we only consider the simplest
case. The line element of the space-time is assumed as a
RS-like one,

ds2 ¼ e2AðzÞðĝμνðxλÞdxμdxν þ dz2Þ; ð1Þ

where AðzÞ is the warp factor that is only the function of z,
and ĝμνðxλÞ ¼ ημν is the induced flat metric on the brane.
Moreover we regard the bulk q-form field as a small
perturbation around the p-brane and neglect its back-
reaction on the background geometry.
To investigate the KK modes of a bulk field, we should

propose a localization mechanism for the field. Some work
has been carried out on the localization of the q-form field
[34,50–63], where the authors usually first chose a gauge to
make the localization mechanism simpler. But these gauge
choices make us only see parts of the whole localization
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information. In this paper, we will try to find a new
localization mechanism for the q-form field without any
gauge choice in order to give a whole view of the field’s
localization.
To this end, we first give a general KK decomposition

for a bulk q-form field XM1M2���Mq
without any gauge

choice:

Xμ1���μqðxμ; zÞ ¼
X
n

X̂ðnÞ
μ1���μqðxμÞUðnÞ

1 ðzÞea1AðzÞ; ð2aÞ

Xμ1���μq−1zðxμ; zÞ ¼
X
n

X̂ðnÞ
μ1���μq−1ðxμÞUðnÞ

2 ðzÞea2AðzÞ; ð2bÞ

where the ˆdenotes the effective quantities on the brane, the
index n marks different KK modes, UiðzÞ are only the
function of the extra dimension coordinate z, and ai are
constants. Here we have classified the bulk q-form field
into two types, i.e., Xμ1���μq−1z containing the index of z and
Xμ1���μq not containing, because they have different effective
fields on the brane. The effective fields on the brane for
Xμ1���μq−1z and Xμ1���μq are the (q − 1)-form and q-form fields,
respectively.
Then through the dimensional reduction we will get the

effective action for the q-form field, the orthonormality
conditions for the KK modes, and the equations of motion

of UðnÞ
1 ðzÞ and UðnÞ

2 ðzÞ, which are found to be two
Schrödinger-like equations. With the orthonormality con-
ditions and the two Schrödinger-like equations we can get
the mass spectra of the KK modes and analyze their
characters in any p-brane world model.
It will be finally found that for any q-form field there are

two types of massless 0-level KK modes, a q-form mode
and a (q − 1)-form one, which cannot be localized on the
p-brane at the same time. There are also two interacting
n-level KK modes, i.e., a massive q-form KK mode and a
massless (q − 1)-form one.
With the general KK decomposition, we also will find

that the Hodge duality in the bulk naturally turns out to be
two dualities, i.e., the Hodge duality on the brane between a
massless q-form mode and a ðp − q − 1Þ-form one, and a
new duality between two group KK modes: one is an
n-level massive q-form KK mode with mass mn and an
n-level massless (q − 1)-form mode; another is an n-level
ðp − qÞ-form one with the same mass mn and an n-level
massless ðp − q − 1Þ-form mode. Because of the two
dualities, there are some interesting phenomena. For
example, as a massless vector (1-form) field on a 3-brane
is dual to itself according to the Hodge duality on the brane,
we cannot know it is from a bulk 1-form or a 2-form field.
This paper is organized as follows. We first investigate

the new localization mechanism in Sec. II, and then discuss
the massless and bound massive KKmodes, respectively, in
Secs. II A and II B. In Sec. II C we show the new duality

derived from the Hodge duality in the bulk. Finally, we give
a brief conclusion in Sec. III.

II. A NEW LOCALIZATION MECHANISM
AND HODGE DUALITY

In a brane-world background, there are usually four steps
to investigate the localization of a bulk q-form field, for
which the action is [34]

S¼−
1

2ðqþ1Þ!
Z

dDx
ffiffiffiffiffiffi
−g

p
YM1M2���Mqþ1YM1M2���Mqþ1

; ð3Þ

with YM1M2…Mqþ1
the field strength defined as

YM1M2…Mqþ1
¼ ∂ ½M1

XM2…Mqþ1�.
(i) Firstly, choose a simple gauge for the q-form field,

such as

Xμ1���μq−1zðxμ; zÞ ¼ 0; ð4Þ

and make a KK decomposition for other components
of the field:

Xμ1���μqðxμ; zÞ ¼
X
n

X̂ðnÞ
μ1���μqðxμÞUðnÞ

1 ðzÞea1A: ð5Þ

(ii) Secondly, substitute the KK decomposition into the
equations of motion for the q-form field:

∂μ1ð
ffiffiffiffiffiffi
−g

p
Yμ1μ2…μqþ1Þ þ ∂zð

ffiffiffiffiffiffi
−g

p
Yzμ2…μqþ1Þ ¼ 0;

ð6aÞ

∂μ1ð
ffiffiffiffiffiffi
−g

p
Yμ1μ2…μqzÞ ¼ 0; ð6bÞ

and use the gauge choice (4). Then obtain a
Schrödinger-like equation for the KK modes
UðnÞ

1 ðzÞ.
(iii) Thirdly, with the KK decomposition into the action

of the bulk field (3), and assuming the orthonor-
mality conditions for localizing the KK modes on
the brane, the effective action for the KK modes will
be found.

(iv) Lastly, with a background solution, by solving the
equation ofUðnÞ

1 ðzÞ, themass spectra of theKKmodes
are obtained, and their characters can also be analyzed.

The reason for choosing the gauge (4) is to obtain a simpler
equation of UðnÞ

1 ðzÞ from (6a), which is used to find the
mass spectra and the wave functions of the KK modes
satisfying the orthonormality conditions.
If we substitute the general KK decompositions (2) into

the field equations (6), we will get complex field equations
for the KKmodesUðnÞ

1 ðzÞ andUðnÞ
2 ðzÞ. However, we indeed

need these equations to discuss the localization of the
q-form field.
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In order to investigate this problem, we will compare the

equations of motion for the KK modes UðnÞ
1 ðzÞ and UðnÞ

2 ðzÞ
derived in two ways. One is from the effective action,
which is obtained by the KK reduction for the fundamental
action of the q-form field. Another is from (6) as well as the
KK decomposition (2). Let us show the details.
We first would like to get the effective action for the

q-form field. With the KK decomposition (2), the corre-
sponding components of the field strength become

Yμ1���μqþ1 ¼
X
n

Ŷ
μ1���μqþ1

ðnÞ ðxμÞUðnÞ
1 ðzÞeða1−2ðqþ1ÞÞA; ð7Þ

Yμ1���μqz ¼ q
qþ 1

X
n

Ŷ
μ1���μq
ðnÞ ðxμÞUðnÞ

2 ðzÞeða2−2ðqþ1ÞÞA

þ 1

qþ 1

X
n

X̂
μ1���μq
ðnÞ ðxμÞ∂zðUðnÞ

1 ðzÞea1AÞe−2ðqþ1ÞA;

ð8Þ
where the indices of the quantities with ˆ are raised or
lowered by the induced metric ĝμνðxÞ or ĝμνðxÞ.
Substituting the above expressions into the action for the
q-form field, we have

Sq ¼ −
1

2ðqþ 1Þ!
Z

dDx
ffiffiffiffiffiffi
−g

p ðYμ1���μqþ1Yμ1���μqþ1
þ ðqþ 1ÞYμ1���μqzYμ1���μqzÞ;

¼ −
1

2ðqþ 1Þ!
X
n

X
n0

�
Ið1Þnn0

Z
dpþ1x

ffiffiffiffiffiffi
−ĝ

p
Ŷ
μ1���μqþ1

ðnÞ Ŷðn0Þ
μ1���μqþ1

þ Ið2Þnn0

Z
dpþ1x

ffiffiffiffiffiffi
−ĝ

p
Ŷ
μ1���μq
ðnÞ Ŷðn0Þ

μ1���μq

þ Ið3Þnn0

Z
dpþ1x

ffiffiffiffiffiffi
−ĝ

p
X̂
μ1���μq
ðnÞ X̂ðn0Þ

μ1���μq þ 2Ið4Þnn0

Z
dpþ1x

ffiffiffiffiffiffi
−ĝ

p
Ŷ
μ1���μq
ðnÞ X̂ðn0Þ

μ1���μq

�
; ð9Þ

where we have let a1 ¼ a2 ¼ ð2q − pÞ=2, and supposed

that UðnÞ
1 ðzÞ and UðnÞ

2 ðzÞ satisfy the following orthonor-
mality conditions:

Ið1Þnn0 ≡
Z

dzUðnÞ
1 Uðn0Þ

1 ¼ δnn0 ; ð10aÞ

Ið2Þnn0 ≡
q2

qþ 1

Z
dzUðnÞ

2 Uðn0Þ
2 ¼ ðqþ 1Þδnn0 ; ð10bÞ

and Ið3Þnn0 and Ið4Þnn0 are given by

Ið3Þnn0 ≡
1

qþ 1

Z
dzeðp−2qÞA∂zðUðnÞ

1 ea1AÞ∂zðUðn0Þ
1 ea1AÞ; ð11Þ

Ið4Þnn0 ≡
q

qþ 1

Z
dzeðp−2qÞA=2UðnÞ

2 ∂zðUðn0Þ
1 ea1AÞ: ð12Þ

For the effective action (9), it is necessary to analyze the

mass dimensions of the constants Ið3Þnn0 and I
ð4Þ
nn0 in the natural

units with ℏ ¼ c ¼ 1. From the following result,

½YM1M2���Mqþ1
� ¼ ½Mðpþ2Þ=2� ¼ ðpþ 2Þ=2; ð13aÞ

½ŶðnÞ
μ1μ2���μqþ1

� ¼ ½ŶðnÞ
μ1μ2���μqz� ¼ ðpþ 1Þ=2; ð13bÞ

½X̂ðnÞ
μ1���μq � ¼ ½X̂ðnÞ

μ1���μq−1 � ¼ ðp − 1Þ=2; ð13cÞ

½UðnÞ
1 � ¼ ½UðnÞ

2 � ¼ 1=2; ð13dÞ

we have

½Ið3Þnn0 � ¼ 2; ½Ið4Þnn0 � ¼ 1: ð14Þ

Further from the action (9), the equations of motion for
the effective fields can be obtained as

1ffiffiffiffiffiffi
−ĝ

p ∂μ1ð
ffiffiffiffiffiffi
−ĝ

p
Ŷ
μ1μ2…μqþ1

ðn0Þ Þ

−
X
n

ðIð3Þnn0X̂
μ2…μqþ1

ðnÞ þ Ið4Þnn0 Ŷ
μ2…μqþ1

ðnÞ Þ ¼ 0; ð15Þ

and

X
n0
Ið2Þnn0∂μ1ð

ffiffiffiffiffiffi
−ĝ

p
Ŷ
μ1μ2…μq
ðnÞ Þ

þ
X
n0
Ið4Þnn0∂μ1ð

ffiffiffiffiffiffi
−ĝ

p
X̂
μ1μ2…μq
ðn0Þ Þ ¼ 0: ð16Þ

On the other hand, substituting the KK decomposition
(2) into Eqs. (6a) and (6b), we get

1ffiffiffiffiffiffi
−ĝ

p ∂μ1ð
ffiffiffiffiffiffi
−ĝ

p
Ŷ
μ1μ2…μqþ1

ðnÞ Þ þ λ1X̂
μ2…μqþ1

ðnÞ þ λ2Ŷ
μ2…μqþ1

ðnÞ ¼ 0;

ð17Þ

and
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∂μ1ð
ffiffiffiffiffiffi
−ĝ

p
Ŷ
μ1μ2…μq
ðnÞ Þ þ λ3∂μ1ð

ffiffiffiffiffiffi
−ĝ

p
X̂
μ1μ2…μq
ðnÞ Þ ¼ 0; ð18Þ

where

λ1 ¼
e−ða1þp−2qÞA

ðqþ 1ÞUðnÞ
1

∂zðeðp−2qÞA∂zðUðnÞ
1 ea1AÞÞ; ð19aÞ

λ2 ¼
qe−ða1þp−2qÞA

ðqþ 1ÞUðnÞ
1

∂zðUðnÞ
2 eða2þp−2qÞAÞ; ð19bÞ

λ3 ¼
∂zðUðnÞ

1 ea1AÞ
qUðnÞ

2 ea2A
: ð19cÞ

It is clear that Eqs. (15), (16) and (17), (18) must be
consistent with each other, which results in that

Ið3Þnn0 ¼
m2

n

qþ 1
Ið1Þnn0 ¼

m2
n

qþ 1
δnn0 ; ð20Þ

Ið4Þnn0 ¼ m̄nδnn0 ; ð21Þ

and

λ1 ¼ −
m2

n

qþ 1
; ð22aÞ

λ2 ¼ −m̄n; ð22bÞ

λ3 ¼
m̄n

qþ 1
; ð22cÞ

where ½mn� ¼ ½m̄n� ¼ 1.
The above three equations are interesting. First, Eq. (22a)

is in fact a Schrödinger-like equation of UðnÞ
1 . With

Eq. (22c) the expressions (10b) and (12) are found to have
the following relationship:

Ið2Þnn0 ¼
ðqþ 1Þ2

m̄2
n

m2
n

qþ 1
δnn0 ¼ ðqþ 1Þδnn0 ; ð23Þ

Ið4Þnn0 ¼
m2

n

m̄n
δnn0 : ð24Þ

The consistency of Ið4Þnn0 in Eqs. (21) and (24) results in

m̄2
n ¼ m2

n: ð25Þ
Here we can choose m̄n ¼ þmn for the q-form field. But
for the ðp − qÞ-form field, which is dual to the q-form field
through the Hodge duality, it should be the negative −mn,
because this is the requirement of a new duality on the
brane. We will discuss this in Sec. II C. Then Eqs. (19a)–
(19c) and (22a)–(22c) are equivalent to the following

coupled equations of UðnÞ
1 and UðnÞ

2 :

∂zU
ðnÞ
2 ðzÞ þ p − 2q

2
A0ðzÞUðnÞ

2 ðzÞ ¼ −
qþ 1

q
mnU

ðnÞ
1 ðzÞ;

ð26Þ

∂zU
ðnÞ
1 ðzÞ − p − 2q

2
A0ðzÞUðnÞ

1 ðzÞ ¼ þ q
qþ 1

mnU
ðnÞ
2 ðzÞ;

ð27Þ
which can also be written as a Schrödinger-like equation for
each mode,

½−∂2
z þ Vq;1ðzÞ�UðnÞ

1 ðzÞ ¼ m2
nU

ðnÞ
1 ðzÞ; ð28aÞ

½−∂2
z þ Vq;2ðzÞ�UðnÞ

2 ðzÞ ¼ m2
nU

ðnÞ
2 ðzÞ; ð28bÞ

where the effective potentials are given by

Vq;1ðzÞ ¼
ðp − 2qÞ2

4
A02ðzÞ þ p − 2q

2
A00ðzÞ; ð29Þ

Vq;2ðzÞ ¼
ðp − 2qÞ2

4
A02ðzÞ − p − 2q

2
A00ðzÞ: ð30Þ

It is worth noting that the above two equations (28a)
and (28b) can be rewritten alternatively as

QQ†UðnÞ
1 ðzÞ ¼ m2

nU
ðnÞ
1 ðzÞ; ð31Þ

Q†QUðnÞ
2 ðzÞ ¼ m2

nU
ðnÞ
2 ðzÞ; ð32Þ

with the operator Q given by Q ¼ ∂z þ p−2q
2

A0ðzÞ. So we
have the following conclusions: (1) there is no eigenstate
with negative eigenvalue; namely, we always have m2

n ≥ 0.

(2) There is only one zero mode with m0 ¼ 0, Uð0Þ
1

or Uð0Þ
2 , that can survive with the boundary condition

Uð0Þ
1;2ðjzj → ∞Þ → 0. (3) The two base functions UðnÞ

1 and

UðnÞ
2 share the same mass spectrum except for m0 ¼ 0.
Now it is clear that by solving the two Schrödinger-like

equations (28a) and (28b) with the orthonormality con-
ditions (10a) and (10b), we can find the mass spectrum of
the KK modes that can be localized on the brane.
We usually classify the KK modes into massless and

massive ones, as the former are regarded as the field that
has been on the brane, and the latter are carrying the
information of extra dimensions, which can be distin-
guished from the ones that have been on the brane. For
a realistic brane world, these two types of KK modes are
expected to be localized on the brane. For the massless
mode, its analytical wave function can easily be obtained,
so we can check whether it can be localized on the brane
through the normalization condition. While for the massive
KK modes, we usually have to use a numerical method to
solve them from the Schrödinger-like equations. There may
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also exist bound massive KK modes. In the following we
will discuss the massless and massive ones separately.

A. Massless KK modes

For the massless KK modes Uð0Þ
1;2 with m0 ¼ 0, the

solutions can be obtained from Eqs. (28a) and (28b) or
Eqs. (26) and (27):

Uð0Þ
1 ðzÞ ¼ N1eþðp−2qÞA=2; ð33Þ

Uð0Þ
2 ðzÞ ¼ N2e−ðp−2qÞA=2; ð34Þ

where N1 and N2 are the normalization constants. Their
effective action reads

Sq;0 ¼
Z

dpþ1x
ffiffiffiffiffiffi
−ĝ

p
ðIð1Þ00 Ŷ

μ1���μqþ1

ð0Þ Ŷð0Þ
μ1���μqþ1

þ Ið2Þ00 Ŷ
μ1���μq
ð0Þ Ŷð0Þ

μ1���μqÞ; ð35Þ

where

Ið1Þq;00 ¼ N2
1

Z
dzeðp−2qÞA; ð36Þ

Ið2Þq;00 ¼ N2
2

Z
dze−ðp−2qÞA: ð37Þ

It can be seen that Ið1Þq;00 and I
ð2Þ
q;00 cannot be finite at the same

time for a brane with infinite extra dimension.
Then with (33) and (34), for the bulk q-form and its dual

ðp − qÞ-form fields (the duality is built through the Hodge
duality in the bulk), their KK decompositions now are

Yμ1���μqþ1
ðxμ; zÞ ¼ Ŷð0Þ

μ1���μqþ1
ðxμÞN1; ð38aÞ

Yμ1���μqzðxμ; zÞ ¼ Ŷð0Þ
μ1���μqðxμÞ

q
qþ 1

N2eð2q−pÞAðzÞ; ð38bÞ

ffiffiffiffiffiffi
−g

p ~Yμ1���μp−qþ1ðxμ; zÞ ¼
ffiffiffiffiffiffi
−ĝ

p ~̂Y
μ1���μp−qþ1

ð0Þ ðxμÞ ~N1eð2q−pÞAðzÞ;

ð38cÞ
ffiffiffiffiffiffi
−g

p ~Yμ1���μp−qzðxμ; zÞ ¼
ffiffiffiffiffiffi
−ĝ

p ~̂Y
μ1���μp−q
ð0Þ ðxμÞ p − q

p − qþ 1
~N2;

ð38dÞ

wherewe have supposed that there is only the zero mode that
is localized on the brane. Then substituting the above
decompositions (38) into the below bulk Hodge duality [34],

ffiffiffiffiffiffi
−g

p ~YM1���Mp−qþ1 ¼ 1

ðqþ 1Þ! ε
M1���Mp−qþ1N1���Nqþ1YN1���Nqþ1

;

ð39Þ

which can also be written as

ffiffiffiffiffiffi
−g

p ~Yμ1���μp−qz ¼ 1

ðqþ 1Þ! ε
μ1���μp−qzν1���νqþ1Yν1���νqþ1

; ð40aÞ

ffiffiffiffiffiffi
−g

p ~Yμ1���μp−qþ1 ¼ 1

q!
εμ1���μp−qþ1ν1���νqzYν1���νqz; ð40bÞ

the Hodge duality on the brane is naturally satisfied:

ffiffiffiffiffiffi
−ĝ

p ~̂Y
μ1���μp−q
ð0Þ ðxμÞ ¼ 1

ðqþ 1Þ! ε
μ1���μp−qν1���νqþ1 Ŷð0Þ

ν1���νqþ1
ðxμÞ;

ð41aÞ
ffiffiffiffiffiffi
−ĝ

p ~̂Y
μ1���μp−qþ1

ð0Þ ðxμÞ ¼ 1

q!
εμ1���μp−qþ1ν1���νq Ŷð0Þ

ν1���νqðxμÞ; ð41bÞ

where we have assumed that

N1 ¼
p − q

p − qþ 1
~N2; N2 ¼

qþ 1

q
~N1: ð42Þ

From (41a) we see that there is a duality between a massless
q-form field and a massless ðp − q − 1Þ-form one on the
brane:

Sq;0 ¼ −
1

2ðqþ 1Þ!
Z

dpþ1x
ffiffiffiffiffiffi
−ĝ

p
Ŷ
μ1���μqþ1

ð0Þ Ŷð0Þ
μ1���μqþ1

;

¼
~Sp−q−1;0 ¼ −

1

2ðp − qÞ!
Z

dpþ1x
ffiffiffiffiffiffi
−ĝ

p ~̂Y
μ1���μp−q
ð0Þ

~̂Y
ð0Þ
μ1���μp−q :

ð43Þ

From (41b), a massless (q − 1)-form field is dual to a
massless ðp − qÞ-form one:

Sq−1;0 ¼−
1

2q!

Z
dpþ1x

ffiffiffiffiffiffi
−ĝ

p
Ŷ
μ1���μq
ð0Þ Ŷð0Þ

μ1���μq ;

¼
~Sp−q;0 ¼−

1

2ðp−qþ1Þ!
Z

dpþ1x
ffiffiffiffiffiffi
−ĝ

p ~̂Y
μ1���μp−qþ1

ð0Þ
~̂Y
ð0Þ
μ1���μp−qþ1

:

ð44Þ

From the discussion about the localization of the zero
mode for a q-form field, we see that there is also a ðp − qÞ-
form or ðp − q − 1Þ-form zero mode for a bulk ðp − qÞ-
form field. It is interesting to note that for a q-form field and
its dual ðp − qÞ-form field, with Eq. (42), there are some
relationships between the normalization constants:

~Ið1Þp−q;00 ¼ ~N2
1

Z
dzeðp−2ðp−qÞÞA ¼ Ið2Þq;00

qþ 1
; ð45Þ
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~Ið2Þp−q;00¼
ðp−qÞ2
p−qþ1

~N2
2

Z
dzeð2ðp−qÞ−pÞA ¼ðp−qþ1ÞIð1Þq;00;

ð46Þ
where ~Ið1Þp−q;00 and ~Ið2Þp−q;00 are the normalization constants
appearing in the effective action of the ðp − qÞ-form field.
It is clear that if there is a localized q-form [or (q − 1)-form]
zero mode for a bulk q-form field, there must be a localized
ðp − q − 1Þ-form [or ðp − qÞ-form] zero mode for its dual
field. And this just satisfies the requirement of the Hodge
duality on the brane (41).
We have known that on some 3-brane models there is a

localized 1-form zero mode [58] from a bulk 1-form field,
but now it is seen that the localized 1-form also may be
from a bulk 2-form one. In fact, for any massless effective
q-form field dual to itself on the brane, we cannot be sure it
is from a bulk q-form or ðp − qÞ-form field.

B. Bound massive KK modes

Furthermore, for some brane backgrounds there may be
bound massive KK modes except for the localized zero
mode. In this case we are wondering if we substitute
the general KK decomposition into the Hodge duality in the
bulk and keep the Hodge duality on the brane valid, what
will happen for the bound massive KK modes for the
q-form and its dual fields. Let us consider this issue in the
following discussion.
For the bound massive KK modes, as the two

Schrödinger-like equations (28a) and (28b) are not inde-
pendent of each other, we can get the mass spectra from any
one of them with the corresponding orthonormality con-
dition (10a) or (10b). The effective action for these n-level
bound KK modes of the q-form field can be written as

Sq;n ¼ −
1

2ðqþ 1Þ!
Z

dpþ1x
ffiffiffiffiffiffi
−ĝ

p
Ŷ
μ1���μqþ1

ðnÞ ŶðnÞ
μ1���μqþ1

−
1

2q!

Z
dpþ1x

ffiffiffiffiffiffi
−ĝ

p �
Ŷ
μ1���μq
ðnÞ þ mn

qþ 1
X̂
μ1���μq
ðnÞ

�
2
:

ð47Þ

Different with the zero modes, which have two types
[q-form and (q − 1)-form], the bound massive KK modes
are all q-form fields, and each n-level bound massive
q-form KKmode couples with the n-level massless (q − 1)-
form mode.
This coupling is important. Because of it the effective

action (47) is in fact gauge invariant under the following
gauge transformation:

X̂ðnÞ
μ1���μq → X̂ðnÞ

μ1���μq þ ∂μ1Λ̂μ2���μq ; ð48Þ

X̂ðnÞ
μ2���μq → X̂ðnÞ

μ2���μq −
mn

qþ 1
Λ̂μ2���μq ; ð49Þ

where Λ̂μ2���μq is an antisymmetric tensor field. For a 1-form
field, the effective action is just the Stückelberg one. Then
we can fix the gauge by choosing

∂μ1X̂ðnÞ
μ1���μq ¼ 0; ð50Þ

under which we will simplify the action (47) and obtain the
physical masses of the massive bound KK modes.
With the definition

ŶðnÞ
μ1���μqþ1

¼ 1

qþ 1
ð∂μ1X̂

ðnÞ
μ2μ3���μqþ1

þ ∂μ2X̂
ðnÞ
μ3���μqþ1μ1

þ ∂μ3X̂
ðnÞ
μ4���μqþ1μ1μ2 þ � � �Þ; ð51Þ

we have

ŶðnÞ
μ1���μqþ1

Ŷ
μ1���μqþ1

ðnÞ ¼ 1

qþ 1
∂μ1X̂

ðnÞ
μ2μ3���μqþ1

∂μ1X̂
μ2μ3���μqþ1

ðnÞ

þ 1

ðqþ 1Þ2
× ð∂μ1X̂

ðnÞ
μ2μ3���μqþ1

∂μ2X̂
μ3���μqþ1μ1
ðnÞ þ � � �Þ:

ð52Þ

By using the gauge condition (50), the above expression
can be written as

ŶðnÞ
μ1���μqþ1

Ŷ
μ1���μqþ1

ðnÞ ¼ −
1

qþ 1
X̂ðnÞ
μ2μ3���μqþ1

∂μ1∂μ1X̂
μ2μ3���μqþ1

ðnÞ

þ total derivative terms: ð53Þ

While the term ŶðnÞ
μ1���μq X̂

μ1���μq
ðnÞ is in fact a total derivative one.

Therefore, under the gauge condition (50), the effective
action (47) for the n-level bound KK mode of the q-form
field turns out to be

Sgaugedq;n ¼ −
1

2ðqþ 1Þ!
Z

dpþ1x
ffiffiffiffiffiffi
−ĝ

p

×

�
−

1

qþ 1
ðX̂ðnÞ

μ1���μq□̂X̂
μ1���μq
ðnÞ −m2

nX̂
ðnÞ
μ1���μq X̂

μ1���μq
ðnÞ Þ

þ ðqþ 1ÞŶðnÞ
μ1���μq Ŷ

μ1���μq
ðnÞ

�
; ð54Þ

where □̂ ¼ ημν∂μ∂ν. Note that here we have considered the
case of a flat brane, i.e., ĝμν ¼ ημν. Now it is clear that the
n-level massive KK mode X̂

μ1���μq
ðnÞ (a massive q-form field on

the brane) decouples from the n-level massless KK mode
X̂
μ1���μq−1
ðnÞ [a massless (q − 1)-form field on the brane]. There

is still a gauge freedom for the n-level massless KK mode.
The equation of motion for the n-level massive KK

mode is
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ð□̂ −m2
nÞX̂μ1���μq

ðnÞ ¼ 0: ð55Þ

Neglecting the tensor structure, the propagator for the mode
can be calculated as

Gðx; yÞ ¼
Z

dpþ1k
ð2πÞpþ1

ie−ikðx−yÞ

k2 þm2
n
; ð56Þ

which is the Green’s function for (55) with k the momen-
tum of the mode. Therefore, the physical mass for the KK
mode is

m2
phy ¼ m2

n: ð57Þ

On the other hand, we find that the effective potentials of
the q-form and its dual ðp − qÞ-form fields have the
following relationships:

~Vp−q;1ðzÞ ¼ Vq;2ðzÞ; ~Vp−q;2ðzÞ ¼ Vq;1ðzÞ: ð58Þ

Therefore, for the ðp − qÞ-form field there also exist bound
massive ðp − qÞ-form KK modes with the same mass
spectra mn and the corresponding massless ðp − q − 1Þ-
form modes. So that we could say that the n-level (n > 0)
bound KK modes for the q-form and ðp − qÞ-form field are
dual to each other. Next, we will prove this duality by
considering the Hodge duality in the bulk and derive the
duality between them on the brane.

C. A new duality on the brane

From the relationships (58), we have ~UðnÞ
1 ¼ c1U

ðnÞ
2 ,

~UðnÞ
2 ¼ c2U

ðnÞ
1 , where ~UðnÞ

1 and ~UðnÞ
2 are two functions

appearing in the KK decompositions of the dual ðp − qÞ-
form field:

~Xμ1���μp−qðxμ;zÞ ¼
X
n

~̂X
ðnÞ
μ1���μp−qðxμÞ ~UðnÞ

1 ðzÞe ~a1AðzÞ; ð59aÞ

~Xμ1���μp−q−1zðxμ; zÞ ¼
X
n

~̂X
ðnÞ
μ1���μp−q−1ðxμÞ ~UðnÞ

2 ðzÞe ~a2AðzÞ:

ð59bÞ

Here ~a1 ¼ ~a2 ¼ ðp − 2qÞ=2. The effective action for the
dual ðp − qÞ-form field corresponding to (9) reads

~Sp−q ¼ −
1

2ðp − qþ 1Þ!

×
X
n

X
n0

�
~Ið1Þnn0

Z
dpþ1x

ffiffiffiffiffiffi
−ĝ

p ~̂Y
μ1���μp−qþ1

ðnÞ
~̂Y
ðn0Þ
μ1���μp−qþ1

þ ~Ið2Þnn0

Z
dpþ1x

ffiffiffiffiffiffi
−ĝ

p ~̂Y
μ1���μp−q
ðnÞ

~̂Y
ðn0Þ
μ1���μp−q

þ ~Ið3Þnn0

Z
dpþ1x

ffiffiffiffiffiffi
−ĝ

p ~̂X
μ1���μp−q
ðnÞ

~̂X
ðn0Þ
μ1���μp−q

þ 2~Ið4Þnn0

Z
dpþ1x

ffiffiffiffiffiffi
−ĝ

p ~̂Y
μ1���μp−q
ðnÞ

~̂X
ðn0Þ
μ1���μp−q

�
: ð60Þ

Then with the relations ~Ið1Þnn0 ≡
R
dz ~UðnÞ

1
~Uðn0Þ
1 ¼ δnn0 , ~U

ðnÞ
1 ¼

c1U
ðnÞ
2 , and (10b), we have c1 ¼ q=ðqþ 1Þ. Similarly, we

get c2 ¼ ðp − qþ 1Þ=ðp − qÞ. Thus, we obtain the follow-
ing relations:

~UðnÞ
1 ¼ q

qþ 1
UðnÞ

2 ; ð61aÞ

~UðnÞ
2 ¼ p − qþ 1

p − q
UðnÞ

1 : ð61bÞ

With the two above relations, and considering the two

coupled equations of UðnÞ
1 and UðnÞ

2 (26) and (27), we can
find that

∂z
~UðnÞ
2 ðzÞ − p − 2q

2
A0ðzÞ ~UðnÞ

2 ðzÞ ¼ p − qþ 1

p − q
mn

~UðnÞ
1 ðzÞ;

ð62Þ

∂z
~UðnÞ
1 ðzÞ þ p − 2q

2
A0ðzÞ ~UðnÞ

1 ðzÞ ¼ − p−q
p−qþ1

mn
~UðnÞ
2 ðzÞ:

ð63Þ

While Eq. (63) is just equal to

∂zð ~UðnÞ
1 e ~a1AÞ

ðp − qÞ ~UðnÞ
2 ðzÞe ~a2A

¼ −
mn

p − qþ 1
¼

~Ið4Þnn0

p − qþ 1
; ð64Þ

which is similar to the one for the q-form field (19c).
This means that for the ðp − qÞ-form field, we have

~Ið4Þnn0 ¼ −mnδnn0 ; ð65Þ

so that for the massive bound KK modes of the ðp − qÞ-
form field, the effective action is
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~Sp−q;n ¼−
1

2ðp−qþ 1Þ!
Z

dpþ1x
ffiffiffiffiffiffi
−ĝ

p ~̂Y
μ1���μp−qþ1

ðnÞ
~̂Y
ðnÞ
μ1���μp−qþ1

−
1

2ðp−qÞ!
Z

dpþ1x
ffiffiffiffiffiffi
−ĝ

p

×

�
~̂Y
μ1���μp−q
ðnÞ −

mn

p−qþ 1
~̂X
μ1���μp−q
ðnÞ

�
2

: ð66Þ

According to the calculations about the propagators for the
q-form field, we can see that the physical masses for
massive KK modes of the ðp − qÞ-form field are also mn.
With the KK decompositions of the bulk q-form and its

dual fields (2) and (59), and considering the relations (19c)
and (64), the KK decompositions of the field strengths can
be written as

Yν1���νqþ1
ðxμ; zÞ ¼ N1Ŷ

ð0Þ
ν1���νqþ1

ðxμÞ
þ ea1A

X
n≥1

ŶðnÞ
ν1���νqþ1

ðxμÞUðnÞ
1 ðzÞ; ð67aÞ

Yν1���νqzðxμ; zÞ ¼ Ŷð0Þ
ν1���νqðxνÞ ~N1eð2q−pÞAðzÞ þ

q
qþ 1

ea2A

×
X
n≥1

�
ŶðnÞ
ν1���νqðxμÞ þ

mn

qþ 1
X̂ðnÞ
ν1���νqðxμÞ

�

×UðnÞ
2 ðzÞ; ð67bÞ

ffiffiffiffiffiffi
−g

p ~Yμ1���μp−qþ1ðxμ; zÞ

¼
ffiffiffiffiffiffi
−ĝ

p �
~̂Y
μ1���μp−qþ1

ð0Þ ðxμÞ ~N1eð2q−pÞA

þ eð ~a1þ2q−pÞAX
n≥1

~̂Y
μ1���μp−qþ1

ðnÞ ðxμÞ ~UðnÞ
1 ðzÞ

�
; ð68aÞ

ffiffiffiffiffiffi
−g

p ~Yμ1���μp−qzðxμ; zÞ

¼
ffiffiffiffiffiffi
−ĝ

p �
N1

~̂Y
μ1���μp−q
ð0Þ ðxμÞ þ p− q

p− qþ 1
eð ~a2þ2q−pÞA

×
X
n≥1

�
~̂Y
μ1���μp−q
ðnÞ ðxμÞ− mn

p− qþ 1
~̂X
μ1���μp−q
ðnÞ ðxμÞ

�
~UðnÞ
2 ðzÞ

�
:

ð68bÞ

Substituting the above field decompositions (68b) and
(67a) into the Hodge duality (40) and considering the
Hodge duality of the zero modes on the brane (41a) as well
as the relations (61), we obtain the following dual relation
between the n-level KK modes:

ffiffiffiffiffiffi
−ĝ

p �
~̂Y
μ1���μp−q
ðnÞ −

mn

p − qþ 1
~̂X
μ1���μp−q
ðnÞ

�

¼ 1

ðqþ 1Þ! ε
μ1���μp−qν1���νqþ1 ŶðnÞ

ν1���νqþ1
: ð69Þ

Similarly, we can derive another dual relation:

ffiffiffiffiffiffi
−ĝ

p ~̂Y
μ1���μp−qþ1

ðnÞ

¼ 1

q!
εμ1���μp−qþ1ν1���νq

�
ŶðnÞ
ν1���νq þ

mn

qþ 1
X̂ðnÞ
ν1���νq

�
: ð70Þ

With the above two relations it is easy to show that the two
effective actions on the brane of the n-level KK modes of
the bulk q-form and its dual ðp − qÞ-form fields are equal:

Sq;n ¼ ~Sp−q;n: ð71Þ

This means that a bound n-level massive q-form KK mode
coupling with an n-level massless (q − 1)-form mode is
dual to a bound n-level massive ðp − qÞ-form one coupling
with an n-level massless ðp − q − 1Þ-form mode. The
duality relations are given by Eqs. (69) and (70). If we
consider the gauge condition (50) for the n-level KK modes
of the q-form field and the corresponding condition for the
n-level KK modes of the dual ðp − qÞ-form field, then we
will find that a bound n-level q-form KK mode with mass
mn and an independent n-level massless (q − 1)-form mode
are dual to a bound n-level massive ðp − qÞ-form one with
the same mass and an independent n-level massless
ðp − q − 1Þ-form mode.

III. CONCLUSION AND DISCUSSION

In this work, we investigated a new localization mecha-
nism for a massless q-form field with a general KK
decomposition without any gauge choice. It was found
that for the KK modes of the q-form field, there are two
Schrödinger-like equations. By solving these two equations
we can obtain the mass spectra of the KK modes and
analyze their characters.
We found that for any q-form field there are two types of

zero modes, a q-form mode and a (q − 1)-form mode,
which cannot be localized on the p-brane at the same time.
We also found that an n-level massive bound KK mode
couples with an n-level massless (q − 1)-form mode, and
both of them may localize on some p-branes. This suggests
that if there are bound n-level massive vector KK modes for
a bulk vector field, they must couple with n-level massless
scalar fields. This is similar to the Higgs mechanism for a
massless vector field obtaining mass; the difference is that
the scalar field here is a part of the bulk vector field. By
analyzing the gauge invariant effective action of the n-level
KK modes and choosing a gauge condition, the n-level
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massive q-form KK mode decouples from the n-level
massless (q − 1)-form one.
Considering the general KK decomposition, we also

found that the Hodge duality in the bulk naturally becomes
two dualities on the brane. The first one is the Hodge
duality between a q-form zero mode and a ðp − q − 1Þ-
form one, or between a (q − 1)-form zero mode and a
ðp − qÞ-form one, which are indicated in (41a) and (41b).
The second duality is between two group KK modes: one is
an n-level q-form KK mode with mass mn and an n-level
massless (q − 1)-form mode; another is an n-level ðp − qÞ-
form one with the same mass mn and an n-level massless
ðp − q − 1Þ-form mode, which are suggested in (69) and
(70). The first kind of duality is the usual Hodge duality
between two massless form fields. But the second one is a
new type of duality between two groups of form fields
including massive and massless form fields. Note that the
prerequisite for those dualities is that the corresponding KK
modes should be localized on the brane. These dualities are
listed in Table I.
Because of the two dualities, there are some interesting

phenomena. For example, since a 1-form zero mode

(a massless vector) on a 3-brane is dual to itself according
to the Hodge duality on the brane, we cannot judge
whether it is from a bulk 1-form or a 2-form field. In fact,
for any q-form zero mode dual to itself on the p-brane, it
may be from a bulk q-form or ðp − qÞ-form one. The same
applies to the n-level KK modes. However, it does not
matter since the effective field theories on the brane for the
KK modes of the two dual bulk form fields are physically
equivalent.
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