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We present the first detailed computation of the conversion of a bound muon into an electron mediated
by a doubly charged SU(2) singlet scalar. Although such particles are not too exotic, up to now their
contribution to p-e conversion is unknown. We close this gap by presenting a detailed calculation, which
will allow the reader not only to fully comprehend the discussion but also to generalize our results to similar
cases if needed. We furthermore compare the predictions, for both the general case and an example model
featuring a neutrino mass at two-loop level, to current experimental data and future sensitivities. We show
that, depending on the explicit values of the couplings as well as on the actual future limits on the branching
ratio, y-e conversion may potentially yield a lower limit on the doubly charged singlet scalar mass, which is
stronger than what could be obtained by colliders. Our results considerably strengthen the case for low-
energy lepton flavor violation searches being a very valuable addition to collider experiments.
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I. INTRODUCTION

The standard model (SM) of elementary particle physics
is the most well-tested description of nature we know.
While some parts are amazingly precise, such as the
quantitative explanation of the anomalous magnetic
moment of the electron being accurate to ten digits [1],
other sectors of the SM still seem mysterious and/or
incomplete. For example, the SM suffers from internal
inconsistencies such as the hierarchy problem [2] or the
strong charge parity problem [3], it does not feature any
good candidate to explain the dark matter in the Universe
[4], and it also fails to explain neutrino masses and mixings
[5]. More generally, the last point illustrates that the flavor
structure of the SM is not well understood, i.e., how the
three generations of fermions combine to mass eigenstates.
In particular, in the lepton sector, we know from the
observation of neutrino oscillations [6—13] that lepton flavor
is not conserved, e.g., in processes like 7, — ©,. Yet, in the
charged lepton sector, we have not observed any flavor
changing reaction—even though all fundamental conserva-
tion laws such as energy, momentum, and angular momen-
tum would not forbid lepton flavor violating (LFV) decays
like 4 — ey or 7 — py. On the contrary, experimental limits
on the branching ratios of these processes are extremely
strong, e.g.: BR(u — ey) < 5.7x 107°@90% C.L. [14],
BR(z — ey) <33 x10%@9%0% C.L. [15], and
BR(z — py) < 4.4 x 1073@90% C.L. [15].

However, there is no fundamental reason for lepton
flavor to be conserved. While in the SM it is accidentally
conserved at tree level [16], already when augmenting the
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SM by massive neutrinos, LFV decays such as y — ey are
generated at one-loop level [albeit strongly suppressed by
the Glashow-Iliopoulos-Maiani (GIM) mechanism [17],
such that even in the most optimistic case the correspond-
ing branching ratio for 4 — ey would be no more than a
daunting 10~ [18,19]]. More generally, due to no reason
being present for lepton flavor to be conserved, any type of
physics beyond the SM has a strong tendency to create LFV
reactions [20]. Accordingly, once we experimentally
observe any type of LFV process, it would be an unam-
biguous and groundbreaking signal for physics beyond the
SM—which up to now is only verified in the lab by
neutrino oscillations.

Thus, the experimental hunt for LFV reactions is
regarded as a high-priority matter in experimental advances
alternative to high-energy colliders. While experiments
like MEG [14] (u — ey), BABAR [14] (z = ey, T = uy),
SINDRUM [21] (4 — 3e), or Belle [22] (z — 3e, 7 — 3y,
T~ > uete”, v — e utp~) obtain their best limits
from “clean” decays with initial and final states only
containing elementary particles, in the near future the
most dramatic experimental advances are to be expected
for the conversion of muons bound on atomic nuclei to
electrons (u-e conversion), with sensitivities quoted in
experimental proposals improving current limits by up to
seven orders of magnitude [23] Mtis this process we focus on
in this paper.

'Note that, although p-e conversion does intrinsically contain
nuclear physics uncertainties that make it more difficult to
interpret experimental limits, it is nevertheless clear that this
process will yield a limit by far better than what we could
possibly expect from experiments on u — ey.

© 2016 American Physical Society
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As u-e conversion was proposed more than fifty years
ago [24.,25], it is surprising that it has not even been
computed explicitly for some relatively generic settings.
The rate for p-e conversion has been calculated for
channels like light or heavy Majorana neutrino exchange
[26], Z'-exchange [27], some specific extended scalar
sectors [28], or several supersymmetric settings [29-31];
however, the generic example of this decay being mediated
by a doubly charged SU(2) singlet scalar has only been
briefly estimated [32]. In this paper, we close this gap by
presenting the first detailed computation of that very
process. Up to now, not much technical information is
available in the literature, which is why we chose to present
the computation in great detail and illustrate all important
steps and subtleties involved. Our results are fully general
and hold for any doubly charged singlet scalar S**
coupling to pairs of right-handed charged leptons by

Lirv = fapST (lga) gy + H.c. (such a coupling cannot
be forbidden in practice). We in passing also investigate the
validity of the approximation applied in Ref. [32] revealing
that, while we generally confirm the results obtained there,
the estimate based on effective field theory (EFT) turns
out to be not as accurate as anticipated. Furthermore, even
if the doubly charged scalar was, say, a component of a
Higgs triplet field, the principal computation would not
change very significantly, so that our results could even be
extended to this case. Thus, also to maximize the appli-
cability of our results and the interest to a wide readership,
we present our computation in a fairly detailed manner, to
ease the comparison with similar frameworks.

However, the purpose of our work is two fold. On top of
a very general computation, we also present an application
of our results to one particular example model. This model,
first presented in Ref. [33], features a doubly charged
singlet scalar field ST that, in addition to the coupling to
right-handed charged leptons [, and Iy, with strengths
fap» also features an effective coupling of strength £ to a
pair of W-bosons,

gvié —
Lgrv = Lgy — e STHEWLWH A+ fup ST (Ira)Lro
+Hc. -V, (1)
where V' = M3STHS™ 4+ Ag(STTS™)? + Ays(H'H)

(STTS77) and v = 246 GeV. This model is in some sense
the simplest setting one could possibly write down to
generate a light neutrino mass, because it contains only one
single particle with certain couplings in addition to the
SM.? Light neutrinos then receive a mass at two-loop level,
by a diagram containing ST as a crucial ingredient [33].
This implies that both the couplings (f,;, & &) as well as the

2Alternatively, one could view the setting as a whole class of
models that are at low energies described by the effective theory
defined by Eq. (1).
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mass (M) of the doubly charged scalar are constrained by
phenomenology. While in Ref. [33] all neutrino observables
and nearly all low-energy LFV observables, as well as
neutrinoless double beta decay and collider limits, have been
taken into account, the crucial process of u-e conversion had
not been investigated so far. This is another gap we close with
this paper on the technicalities of the process, which comple-
ments Ref. [34] that focuses in particular on the comple-
mentarity between high- and low-energy bounds.”

This paper is structured as follows. We first discuss the
long-range (i.e., photonic) contributions to y-e conversion in
great detail in Sec. II, which serves as a first approximation to
the true result. We then include the short-range (nonphotonic)
contributions in Sec. III, which only slightly modify the
branching ratios. We conclude in Sec. IV. Finally, technical
details are summarized in Appendixes A (Feynman rules)
and B (details on the scalar three-point function).

II. LONG-RANGE (PHOTONIC) CONTRIBUTIONS

The goal of this section is to derive the particle physics
part of the branching ratio for coherent y-e conversion in a
muonic atom, for the moment focusing on the long-range
contributions only, i.e., those diagrams that basically attach
a diagram for u — ey to a nucleus. As we will see, this
already comes very close to our final result because the
photonic contributions turn out to dominate the nonpho-
tonic short-range contributions by far. This is very con-
venient, because for the case of long-range contributions
being dominant, the total amplitude factorizes into a
particle physics and a nuclear physics part. Thus, the
nuclear physics factor (which quantifies all nuclear physics
contributions) can be computed separately and it can easily
be updated once improved computations become available
—as done for neutrinoless double beta decay.

A. The physics of u-e conversion

Taking into account gauge invariance,” the most general
form for the photonic matrix element (i.e., for the y= —
e~ —y vertex) can be written as [16,36-39]

M = —ieAz ()7.(p.) [(fﬁo<q2> T rsFa(a?)

v P Up
X <J’” - qqz ) + (fmi(@?) +75fe1(q?)) S
q my,
2 i)+ zi—ﬂysgg<q2>] Wi @)

*We are furthermore preparing a study of the lepton number
violating conversion p~ to a e® [35], which comprises an
experimental alternative to neutrinoless double beta decay.

“Note that, due to the (Abelian) Ward identity, it holds that
f3 = g3 = 0 for the photonic case. This is an additional cross
check for our computation and was confirmed when determining
the form factors.
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where ¢ = p,—p, is the photon momentum and
o’ =1 [y*.y].” The functions f are form factors that in
general depend on the momentum transfer. They are the
quantities that ultimately encode the loop structures
involved in the diagrams. Note that the amplitude as
reported in Eq. (2) is the same for both 4 — ey and p-e
conversion. However, both processes nevertheless yield
qualitatively different information. The reason is that
u — ey is strongly simplified by on-shell relations being
applicable only for external photons, in particular, g> = 0
(the photon is massless) and ¢,4* =0 (the photon is
transversal). On the contrary, in u-e conversion, the off-
shell part of the amplitude strongly contributes, which is
reflected in the resulting bounds on the effective model
used as an example here being very different for both
processes [34].

The decisive observable is the branching ratio of u-e
conversion with respect to ordinary muon capture, which is
simple if the long-range contributions dominate [36],

5 4 2
8a’m, Z w2 F,

BR(:“_N - E_N) |long—range = r =2 (3)

—particle’
capt
where a is the fine structure constant and I'¢,, is the rate for
ordinary muon capture (with emission of a v,) on the
nucleus under consideration, which is quasi-identical to the
total rate. Furthermore, the effective atomic charge Z%; =

5 A [©,drr? |y, (r)|?p,(r) [with @ ,(r) being the

a3mf‘
1s wave function of the muon bound to a nucleus of atomic
number Z] and the nuclear matrix element (NME) F, =

4z [®,dr-=sin(rm,)p,(r) can both be calculated easily if

the proton charge density p,(r) inside the nucleus
is known.

Let us discuss the physics of u-e conversion before
entering the actual computation. In Eq. (3), all the particle
physics is contained in the factor Egmcle, which is our main

quantity of interest. It is explicitly given by [36]

Egau‘ticle = |fE0(_m/%) + fMl(_m/%)|2

+ | fea (=m) + frao(=mg) . (4)

Thus, in our computation, we “only” need to extract the
form factors fgogimomi from the amplitude and to
evaluate them at a four-momentum transfer of
q* = —m}. Once we achieve that, we can immediately
use Eq. (3) to obtain the branching ratio for u-e conversion.

However, there are several other aspects to the process
that have to be discussed before we can start our compu-

tation. While the basic principle behind u-e conversion, the

[TPEL]

*In order to prevent any confusion, we do not use the letter “u
as the Lorentz index; instead, we only use it to refer to the muon.
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capture of a bound muon with subsequent emission of a fast
electron, is easy to grasp, several subtleties make this
process comparatively difficult to compute in practice.
Further (technical) details on this discussion can be found,
e.g., in [37,40-42].

First, let us have a look at the initial state muon. It is not
free but in the 1s bound state of a muonic atom. Also the
final state electron is not free, as it does feel the influence of
the electric field of the remainder of the atom present in the
final state. Thus, to take into account all resulting effects, it
is easiest to perform the computation in real space and to
use the solutions of the Dirac equation in a Coulomb
potential instead of the spinors corresponding to free
particles: ue<pe) - l/_/e(pw }") and uﬂ<pﬂ) - ll/ﬂ(p/l’ }").

Second, a simplification arises from the muon mass
being the dominant energy scale compared to the binding
energies E; involved or to the electron mass: m, > m, >

E,~13.6eV- Z—:Z. Thus, we can set the electron mass to
zero, m, ~ 0, and we can treat the muon nonrelativistically.
This furthermore implies that the kinematics of the process
are in effect very similar to those of a f-channel diagram,
with both the initial state muon and the initial (and final)
state nucleus being nearly at rest; we can thus approxi-
mate ¢* = —m,.

Third, given the nature of the process, it is unavoidable to
consider some atomic and nuclear physics aspects.
Fortunately a standard formalism exists to take them into
account. For example, the photon couples to electric
charges (no matter if it is on or off shell), which means
that the corresponding part of the matrix element must be
proportional to the proton charge density p¥)(r)
in the nucleus: (N|gy,q|N) « Zep'*)(r)8,y. Thus, the
full amplitude for the process must have the following
structure:

M [ @ e IV (20 (0 (9

where IV includes the form factors and Lorentz structure
displayed explicitly between the two spinors in Eq. (2).
Given that the nucleus is taken to be nonrelativistic, its
four-current density consists of only the 0-component to a
good approximation, which is why effectively only I'
contributes to the amplitude.® This implies further simpli-
fications: the prefactor ¢* = pj, — p? in front of the form
factors f5 and g3 reduces to ¢° = m, —m, =0 for the
case of a nonrelativistic muon in the initial state dictating
the electron energy in the final state. Thus, even for

Note that at this point we have in fact broken Lorentz
invariance, because we have chosen a particular system—namely,
the rest frame of the nucleus. However, for a nonrelativistic bound
system this makes perfect sense because all relevant quantities
can be expressed easily and, after all, we can compute a Loretz-
invariant amplitude in any frame.

055039-3



TANJA GEIB and ALEXANDER MERLE

non-vanishing f; and g3, they would not contribute to the
conversion process.

Finally, we need to discuss the forms of the muon and
electron wave functions. They depend on the details of the
atomic physics configuration. We follow the standard
approach taken in textbooks [40], and write the fermion
spinor in terms of “upper” and “lower” radial components f
and g. Since we work in the Dirac representation, only the
upper component survives in the nonrelativistic limit (i.e.,
for the muon). Encoding the angular part in spherical
harmonic spinors € ;,,, we can thus describe the physics of
both the muon and the electron by wave functions of the
following form:

F(Qjum > ’ (©)

l//'lm = ( 7
’ (_I)I/MH I)Q(V)le’m

with total angular momentum j, orbital angular momenta /
and I' = 2j — I, and spin projection m. In the 1s state, the
muon has quantum numbers (j,1,I',m)=(1/2,0,1,+1/2).
Thus, angular momentum conservation dictates quantum
numbers of (1/2,0,1,+£1/2) or (1/2,1,0,£1/2) for the
final electron. Depending on the configuration, different
parts of the amplitude in Eq. (2) will contribute (e.g., only
structures featuring ys survive for / = 1). Exploiting that
the initial state muon is nearly at rest, while the final
state electron is highly relativistic, we can furthermore set
g70=0 as well as fI=' =—¢/=" and ¢/=' = f=0. Finally,
because the two final states with /=0 and [ =1 are
distinguishable, we have to sum over probabilities rather
than amplitudes; hence the form in Eq. (4).

B. Determination of the form factors

In our example model, or more generally in any setting
featuring a doubly charged scalar coupling to right-handed
charged leptons as in Eq. (1), u-e conversion is realized at
one-loop level only. The decisive diagrams are those in

|

. . . dk
lMI = _4QSefeafaﬂAv(q )ue(pe)
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which the initial state muon turns into a virtual antilepton/
S™~ combination, which then turns into an electron. A
photon can couple to either of these particles, thus implying
four different diagrams (see Fig. 1, diagrams -1V).” In
principle, one could also have a loop containing a W-boson
and a neutrino, with three possibilities to couple a photon to
(see Fig. 1, diagrams V—VII). The latter three diagrams are,
however, strongly suppressed by the GIM mechanism [17].

Furthermore, one could in either of these diagrams trade
the photon for a Z-boson, which yields another seven
diagrams. In addition, a Z-boson could also couple to the
neutrino line (which the photon could not); see diagram
VIII in Fig. 1. One could also replace all Z-boson lines by
Higgs bosons. However, all these diagrams with heavy
exchange particles contribute to the short-range part of the
amplitude, cf. Sec. IIl, which is by far subdominant.
Finally, there could also be box diagrams with two W-
bosons each; see diagrams IX-X in Fig. 1. These could
mediate the process but are GIM suppressed, too [43].
Thus, starting with the long-range/photonic part, the only
relevant diagrams are I-IV as displayed in Fig. 1. We
compute these in the following.

Beginning with momentum assignments, we have
chosen the photon momentum to be incoming, i.e., we
use ¢’ = p, — p, = —q in order to adapt a notation con-
sistent with our tool of choice, Package-X [39], to reliably
compute the loop integrals. We furthermore use the
approximation of a massless electron, which only intro-
duces an error at the sub% level. We also use the fact that
the electron is on shell and the muon is approximately on
shell (as it is only bound nonrelativistically): p2 = m?2 = 0,
py =m;, and ¢'* = —m.

In order to obtain the decisive matrix elements, we make
use of the Feynman rules given in Figs. 8—12; see Appendix A.
Let us now go through all contributions in detail. From
diagram I in Fig. 1(a), we obtain the matrix element,

P k(2p,—2k+q')

(2n)4 [k —m? +ie][(p, —k+q')> = M3 +i€][(p,— k)* = M} + ie] "

(), (7)

where d = 4 — 2¢ is the dimension of the integral, and we have written the matrix element in terms of the charge Qg = 28
We use Package-X [39], where the most general form of the matrix element given in Eq. (2) is put in the form of

! v

iM = ie, (¢ (p.) K? -4 )F1<q’2> +

! v l'Ul/p /
+ <7” - q—%) ysG(g?) + =2
q m

l'o.ypql) q/y
——LF5(q"%) +2-—F3(q")
u ny,

q/I/
75Ga(q'?) + 2m—75G3<q/2) uy(Py)s (8)
u

to compute the form factors Fy, F,, F3, G|, G5, and Gs. The form factors obtained from the Package-X computation are

related to the ones from Eq. (2) by

"In Figs. 1(a)—1(j), the gray parts indicate that the quarks are bound within the nucleus. We solely need the black part of each diagram
to determine the form factors, so that we are displaying the hadronic part only for the sake of illustration.
$This seemingly too formal notation serves to display the cancellation of divergences more clearly.
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fro(@®) = =Fi(q").

fwo(d®) = Gi(4"),
Fe1(@%) = Ga(q?),
fMl(qz) Fi(q /2)’
f3(a%) = =F3(q"),
93(q%) = =Gs(4"). 9)

Before calculating the factor 2 from the form factors,

partlcle
we first check our computation by taking a closer look at
the UV divergences. Since there is no tree-level three-point
|

d?k

P (k+4 +m,)
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vertex connecting muon, electron, and photon, and thus no
counterterm in the Lagrangian, the combination of dia-
grams -1V in Fig. 1 must be finite. We thus need to extract
the divergent part from each matrix element, which for
diagram I is given by

2
- QSef:afaﬂA

aqdiv .t
M= e

u(q/)ﬁe (pe>PL7yu/4 (pﬂ>'
(10)

The matrix element for the second diagram given in
Fig. 1(b) yields

yy(k + ma)PR

iMu = _4Ql+efZafaﬂAv(ql)ae(pe) / (Zﬂ)d [k2

where Q;+ = 1, and it adds

div __ _ !
iMi (4n)l e

to the divergent part.
From Fig. 1(c), we extract

—m2 + ie][(p, — k)?

1
- QlJr ef:afa;tA

}uﬂ(pﬂ), (11)

— M3+ ie][(k + q')* — m2 + i€

u(q,)ﬁe(pe)PLyﬂyDYpPRuy(py) (12)

dk v’ p,.PLk
] = —4Q,-ef* . faA, (G )i K 13
iMyy 0. efeafau v(q )ue<pe) / (Zﬂ)d [pl% 4 ie][(p” — k)2 — M% + ie] [kz — mzzz 4 ie] uﬂ(pu)a ( )
with Q,- = —1, and obtain
My = - 28 @i ()P PuPLE (P) (14)
l m — (471') 2 feafay q )Ue\Pe)V pﬂ Lp/,tuy p/l .
Finally, the matrix element of Fig. 1(d) leads to
iMry = =40, ef taf 0uAu () e (Pe) / = st t(Py)
TR af R EREPT | a) (p P = mi iy — ko 4 = M3+ i€l = md ]
(15)

with Q,- = —1 and a divergent contribution of
div i 2 Qﬂ = !
= P
M (4”) em feafa;t ( )ue(pe) L(ﬁﬂ +q)
X (pu+ 4’ +my, )y u,(py)- (16)

In d = 4 dimensions, the Lorentz structures simplify due to
the relations y”y"y, = =2y and pp = p? and upon em-
ploying the approximate on-shell conditions. As a conse-
quence, the divergent part of the u-e conversion amplitude
takes the form

1
- ef:afaﬂAv(q/)ﬁe(pe)

i
(47[)2 €
X [(2QS +201 — Q- — Qﬂ*)PLYU]”ﬂ(Pﬂ),

iMI =

(17)

which indeed vanishes as soon as we enter the charges
explicitly, as to be expected.

Checking with Package-X confirms that all form factors
are finite. It also shows that, under the assumption of both
muon and electron being approximately on shell in combi-
nation with kinematic relations following a vanishingly
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small momentum of the nucleus, both F3 and Gz vanish exactly, which confirms the general structure in Eq. (2) for the
photonic case and agrees with the considerations of the previous section, where the same arguments led to ¢ = —¢'* — 0
and thereby to the disappearance of these structures from the branching ratio.

We have also extracted the finite parts of the form factors, which are the actual physics contributions. They take the
following forms:

Fi(=mj) = Gy(=m})

1 2m?
= E 2m2(=5m2 +6 5M2) —2S,m%(m? +3m2 — M2)1n g
T 12822m} 4 er“f“”{ (=3 Oy - SME) = 28, + 3 = M) In 2m2 + m2(1+5,)
4 4Sgm2(m2 + m2 — M2)1 [ 2M5 ]+(3 2(2m2 —m2 — 4M3) + 5m} — TmiM3% + 6M%) 1 [mz}
mi(m2 + m?2 — n m2(2m2z —m? — mt—Tm n
N (7 S 2M§+mﬁ(1+$s) u S u urts s M_%
+ 2T ,(—6m% + m2 + 6M3) ln{ 2m,Ms ] +2m2[(m} + 8m2im?: 4+ M — 2M%(m2 +2m2))
# mﬁ—mﬁ—l—M%—Ta H # H
><CO[O,—mﬁ,mﬁ;ma,MS,ma]+2(m2—2M§(m3—Zmﬁ)—|—M‘;)CO[O,—mﬁ,mﬁ;MS,ma,MSﬂ}, (18)

as well as

Fy(=mj}) ==G,(-m})

1 2m?
= 2 - 6 M? 28, 3 —3M3)1 4
12877.’2 ;44[1;Tfeafay|: m ( m + m + )+ m ( m +m S) Il|:2m3+mlzl(1+sa):|
+4Ssm2(—3m2+m?%+3M3)In 2M5 + (m3(=2m2 = Tm2 +4M3%) +mj} +5miM3 —2M?%) In "
N a f S 2M§+mﬁ(l+55) a a (7 S (Z wts S M%
2T, (2m2 —3m2 —2M2)1 2myMs 2m2[(=3m —3ME+ 2M2(3m2 +2m?
+ a( nmy— m/l_ S) n mﬁ—mi‘FM%—Ta + m/t[(_ mg— S+ S( ma+ mﬂ))
x Col0,—mg, m2m, . Mg.m,] +2(=3mg+2m3 (3M3 +2m) —3M§)CO[O,—mﬁ,mﬁ;MS,ma,Ms]]} . (19)

Here, we have used the following abbreviations:

= /1 +4m?/m2, Sg=1/1+4M3/m2,

Ty =\ (g = my, = M) (mg -+ m, = M) (g = my, + M) (mg + m, + Ms). (20)

Moreover, the scalar three-point function in four dimensions is given by [39]

1 1—x
Colp?. p3. Q% my, my, my) = —/) dXA dy[pix® + p3y* + (pi + p3 — Q)xy + (m} — m§ — pi)x
+ (m3 — m§ — p3)y + m§ — ie] ™", (21)

which corresponds to the assignment given in Fig. 13 in Appendix B and which makes use of Q = p; — p».
The scalar three-point function in Eq. (21) agrees with the original one from Passarino and Veltman [44-46] upon
rearranging the mass terms and considering the change of metric,” such that

] — _Cgassarino—Veltman[_

2 2 2. 2 2 2.
Colp1, p3, Q% my, my, mg pi> =P, =0 my, my, my).

°In order to compare the scalar three-point function from Passarino and Veltman with the one given in Eq. (21), one needs to switch
the Minkowski metric from (—1,1,1,1) to (1,—1,—1,—1). One also needs to shift the outer Feynman parameter x = 1 — x’, such that

Jo dx fdy = [o dx’ [§7 dy.
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Inserting the form factors listed in Egs. (18)—(19) into Eq. (4), we eventually obtain

Eganicle \feo(=mz) + fan (=mp) P + | fao(=mz) + f i (—=mp)|?

= |=Fi(=m) + Fo(=m)? + |Gy (=m}) + Go(=mj)
= 2|F\(=my) = Fo(-mp)?
1 2M?
2 — M3) +4Sgm2(M% — m2)1 2
512t a;ff”f“”( il = M3) + ASgmy MG = me) “[2M§1 (14 S5)
+ 28, ,m2(m% + ms — M3) ln[ 2m; } — (2mg 4+ my = 3mIM5 + 2M% + mim? — 4miM3) In [m_%}
: . 2m% +mi(1+8,) : : M3
2 _ 2 2 2m My 202 2 2 2 2
+2T,(2mg — my, — 2M) In e Sy + 2my (mg — M) [(=mg — 2my; + M)
a u a
2
x Col0, —=m2, m%;m,, Mg, m,| + 2(—m3 + m2 + M3%)Co[0, —m2, m?%; M, ma,MS]]> (22)

We can greatly simplify this expression by exploiting the mass hierarchy Mg > m, , .. Hence, each term in Eq. (22) is

expanded around Mg — oo up to O(1/M%), which has to be done in a careful manner.

' That way, we observe delicate

cancellations at the orders M‘S‘, M%, and Mg, such that the remaining expression takes the form

=2
partlcle 288 2 Mé

a=e.u,t

at leading order. Including the next-to-leading contribution
would change our result by roughly 4%/at per mille level
for the 7z contribution/the ¢ and e contributions being
dominant, as we have checked numerically. Note that
the cancellations mentioned may not materialize numeri-
cally when employing the full expression in Eq. (22) in case
large numbers are not treated with sufficient accuracy in a
numerical computation.

Let us take a moment to compare our results to the
previous ones obtained in Ref. [32], based on an
estimate using EFT. We should in fact recover the
results obtained there in the limit of a sufficiently heavy

"®While the expansion of the first few terms does not make a
problem, the Passarino-Veltman functions require a cautious
treatment. To this end, we rewrite the Passarino-Veltman func-
tions in terms of dilogarithms. Instead of the Mathematica
function PolyLog[2,x], Package-X [39] uses its own function
DiLog[x,A]. The latter has a branch cut discontinuity in the
complex x plane running from 1 to co. For real x < 1 or complex
x the DiLog[x,A] is equivalent to PolyLog[2,x]. However, for real
x > 1, the side of the branch cut that DiLog[x,A] evaluates is
given by the prescription lim,_oLi,[x + iAe]. Thus, the sign of A
fixes where DiLog evaluates. To expand the DiL.og functions in
the limit Mg — oo, we need to insert numerical values for A.
Since the As all consist of combinations of m,,m,, and Mg, we
fix the scalar mass within A to an arbitrary value (considering
Mg > m,), and expand the remaining function.

Z feafap<4m m, —my +2(=2m% +m )y/4m§+mﬁArctanhlL
\/4mg +m3,

2

’

2
+m;In []lnjlz} )

(23)

|

scalar. To perform this consistency check, it is first of all
useful to look at the form factors themselves, which are
displayed in the left and middle panels of Fig. 2 (in a
zoomed version in the latter case), in units of f;,f . As
can be seen, the magnitudes of the form factors f9,
(= —f40) are in all cases a = e, p, 7 bigger for smaller
scalar masses; however, they later on decrease from

0(1078) —0(1077) for Mg~ 100 GeV to O(10719) —
O(10™%) for Mg~ 1000 GeV. The form factors
f% =—f%, in turn, do not depend on the charged

lepton masses and they decrease from about O(10~%) for
Mg~ 100 GeV to O(107!'!) for Mg~ 1000 GeV. That
already implies that the approximation for the numerical
values of the form factors used in Ref. [32] for the case
of doubly charged scalars is only accurate to about 10%.
This can also be seen from the right panel of Fig. 2,
displaying the ratio between the form factors f%, and
f%;, and it implies a percent accuracy of the photonic
decay rate when computed with f%, and f9, being
neglected. Note that, however, as we see in Sec. III,
short-range contributions lead to a modification of the
same size.

For completeness, let us display the explicit versions
of the purely photonic form factors in the limit of a very
large M:
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2.%10°6 2.x107% - 20 - - T
' Form factors as functions of Mg Form factors as functions of Mg Form factor ratios as functions of M
(zoomed)
1.x 107} 1.x 1078}
- é‘iﬂﬂ' ______ Ei li‘ T 15+ |fEol =151
- of—==== - O ————=====
g Jig 5 -
= _1x10°f = ix10f £ F 0l
= o o 3 =
8 JEo & i N
= -2.x107} — -2.x107%} /o
e S5r IR
~3.x10°6 So="/ko | -3.x10°% feo a __ o ] ikl
o, =—fe Io==/o a __ra
M1=—JEl o ra Sho=—fEo
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FIG. 2. Form factors and ratios of form factors as functions of M.
S0 S C. Nuclear physics, experimental aspects,

Fiafan  Tiakan

2my + my log(57¢) . \/ma 4 4ma(ms —2m3)

1271'2M§w 12ﬂ2mﬂM§
m
x Arctanh <7”> ,
\ /ml% + 4m?

fo — fan . om;

* T - 2172 ° (24)
feafau feafaﬂ 24rx MS
evaluated at g*> = —m?. While our formulas for the form

factors are basically identical to those obtained in Ref. [32],
note that this reference seems to contain a relative sign
difference between fg, and f,,0 compared to our results,
which can alter the resulting numerical predictions. Given
that we have automatized our computation to a high degree
and that we have explicitly performed several decisive
cross-checks, such as showing that the divergent parts of
the loop amplitudes contained in Eqgs. (10), (12), (14), and
(16) do indeed cancel, we are confident that all our relative
signs should be correct.

The expression displayed in Eq. (23) is our final result
for the photonic contribution of the doubly charged scalar
to u-e conversion. In combination with Eq. (3), it can be
used to compute the corresponding branching ratio for any
choice of Yukawa couplings f,, and scalar mass Mg, as
long as the nuclear physics quantities entering the equa-
tions are known. However, these quantities suffer from
uncertainties that we currently cannot resolve. Thus, when
aiming at a bound on the squared particle physics amplitude
displayed in Eq. (23), it is easiest to absorb all uncertainties
into the experimental bounds, meaning that an experimen-
tal upper bound on the branching ratio translates into a
range of upper bounds on Egamcle. This one can do as long
as the nuclear physics and particle physics parts factorize,
as is the case in Eq. (3).

and resulting bounds

The main nuclear physics quantities entering the branch-
ing ratio in Eq. (3) are Z, Z, and F,. Out of those, the
atomic number Z can be trivially looked up; however,
the computation of the effective atomic charge Z.; and of
the nuclear matrix element F, require knowledge of the
proton charge density p,(r), with r being the distance to
the center of the nucleus. A good reference summarizing
the nuclear physics aspects is Ref. [37]: based on the classic
Refs. [47,48], the authors assign different simplified
nuclear models (such as harmonic oscillator models as
well as different Fermi- and Gaussian-type models) to the
different nuclei. In order to use values that are as updated as
possible, we have however instead relied on the online
database called The Nuclear Charge Density Archive [49],
whose data are to the greatest extent identical to those used
in the previous references, but they nevertheless contain
some updates or smaller corrections. We stress that, from a
nuclear physics point of view, the process of u-e conversion
would certainly deserve more attention. Although some
example computations of NMEs exist [50-54], they still
seem not as advanced and/or up to date as the compara-
tively involved computations of NMEs for neutrinoless
double beta decay (see, e.g., Refs. [55-62]), and, in
particular, they do not cover all relevant cases. On the
other hand, the process of u-e conversion was recognized
by parts of the nuclear physics community also in recent
years [50], so that hopefully, at some point, it will be clear
how safe the bounds obtained truly are.

The relevant nuclear charge densities are displayed in
Fig. 3 for the isotopes under consideration. The corre-
sponding effective atomic charges and NME:s are displayed
in Table 1. Note that, as long as the particle physics and
nuclear physics parts factorize, cf. Eq. (3), all nuclear
physics dependence can be absorbed into the experimental
bounds. Hence, we can conveniently compare bounds from
different experiments that constrain the same particle
physics amplitude.
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FIG. 3. Electric charge densities of the isotopes under consid-
eration. The normalizations are chosen such that [ d*rp,(r) = Z
for each isotope.

The relevant nuclei we have taken into consideration
are those for which either existing limits can be found or
that are planned to be used in future experiments. The
best existing limits were all obtained by the SINDRUM II
experiment: BR(u~Ti— e~ Ti) <4.3x10712@90% C.L. on
BTi [63], BR(u"Au — e"Au) <7 x 1073@90% C.L.
on 7Au [64], and BR(u"Pb — ¢"Pb) < 4.6 x 107!
@90% C.L. on 2%Pb [65]. Projections for future sensitiv-
ities are announced by DeeMe [66] for 28Si,
BR(u~Si — ¢7Si) < 1 x 1074, by COMET [67] for
27AI,  BR(u™Al = e"Al) <2.6x 107" and by
PRISM/PRIME [69] for *8Ti, BR(u"Ti — ¢ Ti) < 1x
10~'8. However, due to the nuclear physics increasing or
decreasing the rate for certain nuclei, it is not a priori clear
whether the nuclei used in actual experiments have the
greatest discovery potential. In order to disentangle these
tendencies, we have depicted in Fig. 4 both the general
discovery potential (i.e., the possible limit on the parameter
Eparticle) Tor a given limit on the branching ratio versus the
actual future sensitivities and past limits. The left panel
exhibits how far down a limit on =, could go for a
hypothetical bound of 1 x 107'® on the branching ratio
assumed for all isotopes (which is identical to the quoted
future sensitivity by PRISM/PRIME for “8Ti). As one can
see, the best isotope for y-e conversion and thus the (quite
literally) golden channel would be the transition on '*7Au,
followed by 2°®Pb and “3Ti. Glancing at the right panel, the
true best future sensitivity is in fact expected to be reached
for “Ti by PRISM/PRIME. These simple considerations
imply that, if it was possible to build a future experiment

"Note that a slightly worse sensitivity of BR(u~Al —
e"Al) < 6 x 1077 is announced by Mu2e [68].

PHYSICAL REVIEW D 93, 055039 (2016)

TABLE 1. Atomic numbers Z, effective atomic charges Z.g
according to Eq. (127) of Ref. [36], and NMEs F, according to
Eq. (129) of Ref. [36] for the isotopes under consideration. We
also quote the rates for ordinary muon capture, cf. Table VIII in
Ref. [37] (note the typo “Pb-207” in that reference).

Isotope Z Zoss F, Ceapt[108/5]
Al-27 13 22.79 0.633 0.7054
Si-28 14 24.37 0.621 0.8712
Ti-48 22 35.85 0.504 2.59
Au-197 79 75.86 0.180 13.07
Pb-208 82 75.44 0.151 13.45

with BR(y"Au — e~Au) < 1 x 107" instead of BR
(4~ Ti — e~ Ti), we might even be able to boost our limit
on Zpuicle €ven further than currently planned.

To get a first impression of the limits one can obtain from
this process, we ignore relative phases for the time being,
i.e., we take f7, = f,. To get a feeling for how strong the
constraints could get, we choose the following scenarios: as
limiting cases we take a rather optimistic scenario with
comparatively large couplings, f,, = 107> (Ya,b = e, p,
7), and a rather pessimistic scenario with small couplings,
fap = 107*. As we will see, these scenarios indeed com-
prise “envelopes” of the more concrete scenarios, although
of course they comprise no strict boundaries, e.g., even
more optimistic scenarios could be consistent with data if
the scalar mass Mg was chosen to be sufficiently large.

On the other hand, in Ref. [33], three categories of valid
benchmark points were introduced. They have been found
by numerically scanning the parameter space for two-loop
mass generation of light neutrinos using the Lagrangian
given in our Eq. (1).

(1) Red points: f,, =0 and f,, =0,
(ii) Purple points: fee = 0 and f,, =
(iii) Blue points: f,, = ‘” fef

These categories of points were chosen such that they
reproduce all relevant low-energy phenomenology, i.e., all
neutrino oscillation parameters as well as all LFV / lepton
number violating (LNV) bounds, with p-e conversion
being the only exception. Note that the consistency of
these benchmark categories partially arises from correla-

f;u'f
er
;4

tions, like f,, = — % fer for the purple points, which lead
7

to cancellations in the rate for y — e¢y. However, these
cancellations do not appear anymore in y-e conversion, as
we illustrate in the following. In order to not only show a
few isolated points as found in Ref. [33], we for illustrative
purposes present idealized scenarios that roughly corre-
spond to the three categories of benchmark points. The
explicit parameter choices for these scenarios are displayed
in Table II, and they approximately correspond to the
average of the values reported in Table VII of Ref. [33].

We are now ready to present our results for y= — e~
conversion when only taking the photonic (long-range)
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FIG. 4. Discovery potential and future sensitivities/current limits on =y. for different isotopes under consideration for u-e

conversion.

contributions into account. Figure 5 summarizes all the
information we have collected so far, and it also illustrates
how strongly the doubly charged scalar mass can be
constrained. We have displayed the particle physics parts
of the amplitude as functions of the doubly charged scalar
mass My, i.e., the photonic/long-range contribution =, jcie
from Eq. (23). The next step is to compare the predictions
to the experimental bounds. As already indicated, we
have collected several current (SINDRUM II [63-65])
and future (DeeMe [66], COMET [67], Mu2e [68], and
PRISM/PRIME [69]) limits on the branching ratio of
u~ — e~ conversion. However, due to both nuclear physics
uncertainties and experiments on different isotopes poten-
tially pushing one and the same particle physics observable,
we have decided to display a range of bounds in Fig. 5. The
nominally best limits are thereby represented by the bold
horizontal lines, and the variation among the different
isotopes and/or experiments is indicated by the lightly
colored rectangles that absorb all uncertainties as long as
the particle physics part of the amplitude can be extracted.
Moreover, we have included the sensitivity expected to
be reached in phase I of COMET. The corresponding bound

TABLE II. Upper part: Couplings for the three scenarios
discussed in the text. Lower part: Combinations of couplings
entering the y-e conversion amplitude. Bold figures indicate the
dominant contributions.

Red Purple Blue
fee 1016 10-1 107!
Fe 1072 1073 10
fer 101 1072 1072
Fou 104 1073 1073
fue 1073 1074 104
feefen 10-18 10-18 10-5
fz;tf;m 10_6 10_6 1077
fZ‘rfm- 10724 10-6 107¢

Al
particle

able is represented by the dashed green line and stems from
the single event sensitivity of BR(u~Al — e~ Al) = 3.1 x
10~ reported in Ref. [70]. Note that we have not indicated
the variation with nuclear physics uncertainties, because we
have not found any reliable up-to-date information. It is,
however, evident how to include information on this point,
so that it is easy to update our plot once this information is
available.

Looking at the numbers, it is evident that we can in fact
obtain very strong bounds on the doubly charged scalar
mass from not having observed y-e conversion. In Table III,
we have displayed both the current limits and the future
sensitivities as well as the sensitivity that will be reached
within COMET’s phase 1. The ranges displayed in Table III
are obtained by taking both the most optimistic (i.e., the
bold horizontal lines in Fig. 5) and the most pessimistic
(i.e., the upper edges of the lightly colored rectangles in

of 2 = 3.87 x 10715 on the particle physics observ-

—— —
[~ —e” conversion
particle physics contribution Epyicle

10—10,

1071

Current Limit

1074 COMET phase I

ticle

Spart

-
=

Future

10716

107181 photonic

contributions only

-20 .
10 10 100

1000 164 165 10°
Mg [GeV]

FIG. 5. Bounds on the particle physics contribution Zpqicie
arising from the photonic (long-range) contributions only.
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Lower limits on the mass Mg resulting from p-e conversion, displaying the range from the most

pessimistic to the most optimistic values. Figures are deliberately shown with a too-good precision, in order to ease

the comparison with Table IV.

Current limit (GeV)

Future sensitivity (GeV)

COMET I (Al-27) (GeV)

Black curve Mg > 708.6 — 2390.2 M > 5500.0 — 70369.3 M > 10401.9
Blue curve Mg > 131.9 — 447.1 Mg > 1031.5 — 13271.3 Mg > 1954.1
Purple curve Mg > 42.5-152.3 Mg > 360.7 — 4885.2 Mg > 694.5
Red curve Mg >339-118.1 Mg > 276.3 — 3656.1 Mg > 528.0
Gray curve Mg >4.1-159 Mg > 38.7 — 548.7 Mg > 757

Fig. 5) bounds at face value. This accounts for the possible
variations among the different experiments. However, we
stress once more that further variations due to nuclear
physics uncertainties may well be possible. While these are
not expected to dramatically change our results, they may
be able to at least change the last few digits in the figures
quoted in Table IIl. Nevertheless, it is evident that even
the most pessimistic limits are in fact quite impressive,
revealing that, for doubly charged scalars, y-e conversion
may be able to lead to bounds stronger than those obtained
by colliders [34].

The question to answer is why the bounds from p-e
conversion seem to be significantly stronger than those for
u — ey obtained in Ref. [33]. This is particularly surprising
when disregarding the short-range contributions, as we do,
since then at first sight u-e conversion looks just like a
u — ey diagram attached to a nucleus, cf. Fig. 1. However,
the result can be understood by carefully comparing
the amplitudes for both processes. The branching ratio
of 4 — e + y depends on an amplitude of the form

A°<|f2efe;4 +f:;4f;m +f:rfw|'cv (25)

where C is a flavor-independent constant incorporating
all non-Yukawa couplings. As explained, the benchmark
points in Ref. [33] were chosen such that all experimental
bounds are fulfilled. In particular, for the purple and blue
points, cancellations appear in Eq. (25), which allow one to
evade the (quite strong) bound from y — ey. On the other
hand, glancing at Eq. (23), the amplitude for y-e conversion
is of the form

A |Coftefeu+ Cufeufyu + Cofeaf wl. (26)

where now the constant C from Eq. (25) has gained a flavor
dependence, C — C, , ;. Thus, one cannot simply extract
this factor from the amplitude in Eq. (26) and, in particular,
the cancellations at work to evade the ¢ — ey bound will
not work for p-e conversion anymore. Instead, compara-
tively large values of the Yukawa couplings are strongly
constrained by the experimental limits. This is perfectly
consistent with the figures quoted in the lower part of
Table 1II, where the sizes of the combinations

(feeS es Feuf up [ eef ou) appearing in Eq. (26) are estimated

for the three scenarios. The largest such combination
appears for the blue scenario, |f7,f.,| ~ 107>, while the
red and purple scenarios instead seem to yield a very
similar size. Indeed this tendency is perfectly visible in both
Fig. 5 and Table III, where the bounds on the blue scenario
indeed turn out to be stronger than those on the red and
purple scenarios, which are quite similar.

Summing up, we have shown that already the photonic
(long-range) contributions to u-e conversion lead to com-
paratively strong lower bounds on the scalar mass M.

III. SHORT-RANGE (NONPHOTONIC)
CONTRIBUTIONS

The next step is to include the nonphotonic (short-range)
contributions to y-e conversion.

A. Computing the form factors

The nonphotonic contributions to the u-e conversion
amplitude are commonly subsumed into four fermion
interactions, i.e., we are considering pointlike (short-range)
operators coupling one y and one e to two quarks. It is
a priori not clear whether these contributions could modify
the u-e conversion rate significantly. Quite generally,
including these terms spoils the factorization of the
branching ratio into nuclear physics and particle physics
parts, such that Eq. (3) is not applicable anymore. In
general, the effect on the particle physics amplitude will be
to now turn into a combined amplitude incorporating both
photonic (long-range) and nonphotonic (short-range) con-
tributions, the latter being dependent on Z and N,

Zparticle — Zcombined (Z N ) = Zphotonic + Znonphotonic (Z N )

However, as we will see, in our case the short-range
contributions turn out to be completely subdominant.
Thus, although Eq. (3) is in general not correct, applying
it would introduce only a very small error, and we can thus
approximate Zricle = Sphotonic 0 @ Very good precision.
We in the following illustrate how to explicitly compute the
short-range contributions to u-e conversion.

Considering effective operators up to dimension 6, a
general interaction of an electron and a muon with two
quarks is described by [36]
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FIG. 6.

q=u.d,s,

Integrating out the Z-boson results into a short-range contribution.

[(QLS(q)aMR + Irs(q)€rHL)TG + (ILP(g)CLHR T+ IrP(q)CRML)TY 5T

V(g)CLY ML + Grv(¢)€RY HR)TYvq + (Gra(q Ly Hi + Ira(q)€RY HR)GYLY 59

Gr
ﬁnon otonic — — /=
phot V2 Z
(9L
1

+
+ 3 (9L7(q) L0 R + GRT(q)€ROML)G0,,q + H.C.|. (27)

The effective four fermion couplings given above origi-
nate from integrating out all particles that could possibly
be exchanged between two quarks and two charged
leptons. In our setup, the dominant nonphotonic contri-
bution arises from the Z-boson exchange between two
quarks in the nucleus and the particle physics loop,
depicted in diagrams I-IV in Fig. 1. The terms involving
neutrinos in the loops are again GIM suppressed [17],
which is the case for both categories, penguin diagrams
(diagrams V—VIII) and box diagrams (diagrams I[X-X).
The diagrams based on Higgs exchange are suppressed
even further, a back-of-the-envelope estimate resulting in
a suppression of O(1073) compared to the other short-
range contributions, which are already suppressed them-
selves. We thus completely disregard the diagrams based
on Higgs exchange. Note that, in order to consistently
obtain the form factors 9xK(q) (X=R,Land K=3S, P,
|

ig

V, A, T), we match the relevant set of diagrams to the
four fermion operators using a generic u-e-Z interaction
I',; see Fig. 6.

The Feynman rules tell us

()
q°—Mz M7

7,1 + k sin®0y + s5,75]q. (28)

ig
4. cos Oy

4

for the “full theory” diagram on the left. Here, the
coefficients k, and s, depend on the quark being up or
down type: kysp =4/3, Sqsp =1, kyoy =—8/3, and
Suc. = —1. By contracting the bosonic propagator, i.e.
taking the limit M2 > ¢'?, the matrix element takes
the form

: _ i _ .
IM= Me(Pe)F»”ﬂ(Py)M—%g”prmh[l + k,sin* 0y + s,75]q
9 = ; 7 — U
=T a0 Me(pe)ruuy(py) (1 + quleeW) + Sq qy 754 . (29)
4MZ Ccos 9W \p— —

vector coupling axial vector coupling

Apparently, only the vector and axial vector structures are realized. Since we consider coherent y-e conversion, however,
only the vector coupling will ultimately contribute to the branching ratio. Taking into account gauge invariance, the most
general form for the generic coupling I', can be written as [39]

” i0,,9" ”
U, =rPAL(q7)+——P.B.(q?)+2

my, + m,

/

. Ip
16,4 9y

m, +m,

+

PrBr(g'? 22—
rBr(q"?) + 4 m

q,

———P;C.(q" PrAR(q"”
g 1(q"%) +7,PrAR(q'%)

PrCr(q"?). (30)
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However, as mentioned earlier, we only take into
account effective operators with mass dimension up to
six. Since the combined mass dimension of four spin-1/2
fields and the momentum ¢’ already exceeds dimension 6,
we can consistently drop such terms. Moreover, the doubly
charged scalar solely couples to right-handed leptons. Since
we assume the electron to be massless, all form factors g; g
vanish identically. Thus, the dominant contribution to the
short-range part of coherent y-e conversion emerges from
just one single term. After rewriting the couplings in
Eq. (29) such that they match those in Eq. (27), the
relevant effective Lagrangian is given by

ﬁnonphotonic
Gr2(1 + k,sin?0y,) cos Oy, _ _
_ ‘7% ’ g Ar(q?) eg v, kRrAY" .-
=9Rrv(q)

(31)

However, this Lagrangian still operates at quark level, while
what we are interested in is the analogous vertex coupling the
muon and the electron to nucleons. Converting the Lagrangian

in Eq. (31) to nucleon level, the new coupling constants g§?}<

and gg(l;( can be reexpressed in terms of the nucleon form

factors Ggé“’ ) and G%”"), see Ref. [36] for details,
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Taking the limit of isospin invariance, we can relate

the proton and neutron form factors [27]: G%‘JJ) _
G%i,n)’ G%M) — G(I?-P), and Gggﬁp) _ Gﬁ?'"). Furthermore,

itis GI”) =2, G =1, and G{'"” = 0 for the vector
current. Again employing the nonrelativistic approxi-
mation for the muon wave function, the branching

ratio of coherent p-e conversion takes the general
form [36],

Pl Eom)Ghd 24
87z2zrc.dpt
< [|(Z+ N) (953 + 95v)
+(Z- )(gLS + gLV)|2
+(Z+ N)(gRS + gRV)
+(Z- )(gRS +9Rv)| ],

BR(u™N - ¢™N) =

(33)

under the assumptions of equal proton and neutron
densities as well as a quasiconstant muon wave
function within the nucleus. Here, G, is Fermi’s
constant and a = e?/(4x) = ¢*sin® Oy, /(4x). All other
quantities are defined as in Eq. (3).

Within our framework there are neither scalar contribu-

tions, i.e., g(LOS‘U = g;eos’]) = 0, nor contributions that include
(0.1)

left-handed electrons, i.e., g;,, = 0. Moreover, we take the
electron to be massless, which leads to E, = [p,| = m,,. In
combination with Egs. (31)—(32), the branching ratio hence

simplifies to

|(3(Z + N) — 4Zsin*0y ) Ag(—m2))

? (34)

_ Z IxK(q qp +G(""))
q u,d,s
= Z oxko(GE” =G (32)
q u,d,s
|
8 ZiZF?, 4cos?Oy
BR(4"N — e"N) = @y Zen 2
Leapt 1287aZ>M? wsin 20y

where we have used G, = ax Here, we have

V2M2, sin? 0y
rewritten the nonphotonic branching ratio such that we
can extract a Z,onohoonic 10 analogy to the photonic
contributions. However, in contrast to the photonic part
Ephotonic» One cannot factorize the particle and nuclear
physics contributions, in the sense that =,q,photonic depends
on the nuclear characteristics (Z,N): Zjonphotonic =
Enonphotonic(Z: N). While this looks as if it made the
distinction between particle physics and nuclear physics
|

d’k

==2
"~ Tnonphotonic

|
parts impossible, it turns out that the dependence on (Z, N)
is in reality so weak that it can be dropped without changing
the results. This is again a reflection of the short-range
contribution being subdominant by far.

In order to determine the form factor Ag(q’?), we
proceed in a way similar to what we did for the photonic
form factors, meaning that we consider the process y — eZ
for an off-shell gauge boson. From diagram I in Fig. 1(a),
we obtain the matrix element,

PLk(Zpu -2k + q/)v

iMI = _8f2afaﬂg/ sin HWZD(ql)ﬁe(pe) / (

2m) [k* = mg)[(pu =k + ¢')?

uy(pu)s (35

- M3][(p, — k)* - M3]
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where we have dropped the +ie terms for brevity. For diagram II, see Fig. 1(b), the matrix element is given by

A’k Py(k+4 +m,)y, (1 —4sin’Oy +ys)(k +m,)Pg

M= @ W= rEll(p, - kP = MK + )2 =7l

~Fiufon g ZEP.) w(p).  (36)

From Fig. 1(c), we extract

d’k 7,(=1+4sin? Oy + ys)p,kPpg
2m)* pplk* = mg][(p, — k)* = M3]

M = ~fiuf o ot 20 | () (37)

And, finally, from Fig. 1(d),

d’k P k(p, +m,)y, (=1 + 4sin’0y + 75)
2m)?  —mi[k* —mZ)[(p. — k)* — M3]

iMIV feafaucosa ”(q/)ﬁe(pe)/( uﬂ(pﬂ)' (38)

Again using Package-X, we compute each diagram’s contribution to Ag, and combine them using ¢’ = gtan 0y,. Because of
the absence of a tree-level three-point vertex connecting muon, electron, and Z-boson, the form factor Az has to be UV
finite. Similarly to the photonic case, the UV divergences occurring in the individual diagrams I-IV cancel each other, thus

leaving A finite. As before, we can simplify the form factor by exploiting the mass hierarchy Mg > m, , . to obtain
AR(—mﬁ) = 5442 cos ewM§ Seaf au (m m2 (=3 + 8sin’Qy) + 24 /4m2 + m (2m sinQy,
2(3 — 45in6yy))Arctanh | ———~ 3 2misin®6y) In| " 39
+ m(3 — 4sin®Qy ) ) Arctanh | ————| + (3mgzm, + 2m;sin’Oy,) In I (39)
\/4m2 + mﬁ

where the sum over a = e, p, 7 is implied. So, the somewhat artificial (because in reality not dominating) nonphotonic

particle physics factor =, ,n5noonic can be deduced to be

m2|3(Z + N) — 4Zsin*Oy |*
184327 22 M, Missin® 6,

=2
“—nonphotonic ~

a=e.pu,t

+ m2(3 — 4sin’6y ) ) Arctanh l e

\/4m§+mﬁ

at leading order.

B. The total branching ratio

In general, both the photonic and nonphotonic proc-
esses contribute to p-e conversion. Kinematics dictate
that ¢'> = —m2, which in combination with the non-
relativistic approximation of the muon wave function
implies that the photonic (long-range) contribution can

effectively be treated as an addition Ag&o‘}l) to the

vectorial coupling constants gﬁfw; see Eq. (141) of

Ref. [36]. We thus obtain

gk = gy + gy, where
0, 4\/’(171'
Agpy) =5 (Fa(=md) = Fy(=mf)).  (41)
me

> fiafan <mﬂm§(—3 + 8sin0y) + 24/4m2 + m2(2m?sin?0y,

(40)

5

+ (3mZmy, + 2m;sin*Gy) 1 {—])

with the form factors F; and F, explicitly given in
Egs. (18) and (19), respectively. We can now understand
why the nonphotonic (short-range) contributions are
subdominant: while both |Fy(—m?2) — F{(-mZ2)| and
|Ag(—=m2)| are of O(m’/M3), we can see from
Eq. (41) that the photonic (long-range) contributions
are considerably less suppressed, receiving a relative
enhancement factor that should naively be of the order
of a/(Gpm?) ~M3,/m? ~10°.

Replacing the purely nonphotonic couplings in favor of
the ones given above in Eq. (41), we can derive the general
branching ratio in analogy to the derivation of Eq. (34). The
combined branching ratio, incorporating both photonic
(long-range) and nonphotonic (short-range) contributions,
takes the form
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_ _ 8a’ m, z4 ffZF
BR(” N—e N> r : gombined(z’ N)’
capt
ith =2
\%% combined — 81 927T4Z2MWSIH49W a; Tfeafay (

+24/4m2 + m2(2m2sin20y + m2 (3 — 4sin?0y)) Arctanh l il

m2
+ (3m2my, + 2m3sin’0y) In [—“} +
H H M% 3

+ 2(=2mj + m})\/4m3 —i—mzArctanhL/i

at leading order in the small ratios m2/M?3.

As already pointed out and as is now clearly visible from
Eq. (42), =combined 1S NOt a pure particle physics quantity, in
the sense that it also depends on the nuclear characteristics
Z and N. However, we can nevertheless use it to compare
the impact of a certain bound on the new physics param-
eters, as long as we take into account the variation with Z
and N. Thus, when plotting =, inea @S @ function of the
scalar mass Mg, one would not only obtain a simple line but
a band, the width arising from varying Z and N. However,
as we see, numerically this variation is very mild, since it
only affects the subdominant contribution to the decay—in
a logarithmic plot, the width of the band would not even be
visible. Thus, in practice, we can disregard the variation
with Z and N whenever we present a bound just for
illustrative purposes.

We are now ready to present our final results for y~-e~
conversion, which are displayed in Fig. 7. In contrast to

—— —
[t~ —e” conversion
particle physics contribution Ecombined

10—10

combined

fnon—photonic

10712

Current Limit

1074

bined

COMET phase I

=
—coml

Future

10—16

10—18

20 .
107 10 100

1000

FIG. 7. Bounds on the full particle physics contribution

= .
—combined*
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2(3(Z + N) — 4Zsin?0y,)

T (mﬂmﬁ(—S + 8sin’fy)

\/4m2 +m,24

16 M3,Zsin%0
2> Awssm W<4m2mﬂ—m3

3172 H
m”MS

m2
—&—mﬂn[—“]
M ))
|

Fig. 5, we present both the total contribution [Z . bineds
cf. Eq. (42)] and the nonphotonic/short-range contribution
[Enonphotonic> €f- Eq. (34)]. Note that the latter quantity is in
fact not physical, as explained, in the sense that in reality it
does not occur in isolation, i.e. without the long-range
contributions. However, artificially separating them makes
it evident that the short-range contributions are indeed very
subdominant, by several orders of magnitude for each of
the benchmark scenarios displayed. Thus, it is an excellent
approximation to take Z.ombined = Sphotonic and to com-
pletely disregard the short-range part, effectively going
back to our intermediate result from Egs. (23) and (3).
Furthermore, as explained above, the lines representing the
nonphotonic contributions for the different scenarios are in
fact bands with finite widths, due to their dependence on
the isotope under consideration. However, the widths are so
small that they would hardly be visible in the logarithmic
plot presented in Fig. 7.

Furthermore, we extract the bounds on the scalar mass
Mg obtained from the combination of photonic and
nonphotonic contributions in analogy to Sec. IIC. The
resulting ranges of lower limits displayed in Table IV
differ from the values for the purely photonic contribu-
tions only at the per mille level, cf. Table III. While this
confirms that we can render the nonphotonic contribu-
tions negligible, it is also visible that—depending on the
combinations of couplings—the naive estimate of the
effect of the nonphotonic contributions may under-
estimate them by several orders of magnitude. Thus, it
is in fact not a priori clear that the short-range diagrams
are always negligible, contrary to what was claimed
earlier in Ref. [32].

Although we can neglect the nonphotonic contributions
due to their smallness, there are two interesting observa-
tions related to them, which we briefly discuss. First, we
cannot distinguish the blue from the purple nonphotonic
contributions, while they differ by about an order of

: (42)

4m2 4+ m?
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TABLEIV. Lower limits on the mass Mg resulting from the total branching ratio for u-e conversion, displaying the
range from the most pessimistic to the most optimistic values. Figures are deliberately shown with a too-good
precision, in order to ease the comparison with Table III. Indeed, the figures are nearly identical to those obtained
when only taking into account the photonic contribution, just as to be expected from Fig. 7.

Current limit (GeV)

Future sensitivity (GeV)

COMET I (Al-27) (GeV)

Black curve Mg > 708.1 —2388.6 Mg > 5497.1 — 70326.3 Mg > 10396.1
Blue curve Mg > 131.9 —447.1 Mg > 1031.4 — 13269.4 Mg > 1953.9
Purple curve Mg >425-152.2 Mg > 360.6 — 4880.6 Mg > 693.9
Red curve Mg >339-118.1 Mg > 276.3 —3656.1 Mg > 528.0
Gray curve Mg >41-159 Mg > 38.7 —548.4 Mg > 757

magnitude in the photonic case. This can again be under-
stood by having a close look at the amplitudes for both
processes. The amplitude that enters the nonphotonic
Enonphotonic takes the form

A |fzefeuD(me) + f:ﬂfﬂﬂD(mﬂ) + f:TfTHD(mT)L

where the function D(m,), which is proportional to the
form factor Ay for a fixed m,,, strongly varies with m,. The
dominant term (without including the couplings f7,f )
stems from the 7 propagating in the loop, i.e., D(m,). It
exceeds the x4 and e contributions by about three to four
orders of magnitude. Furthermore, neither the combination
feef eunor fo,f ., see Table 11, can bypass this difference in
the blue and purple scenarios. Thus, the equality of the
nonphotonic contribution of blue and purple scenarios is
traced back to the identical combination of f7.f,, in both
scenarios.

The second observation is that—in contrast to the
photonic case where the red scenario consistently attains
values more than an order of magnitude higher—the red
and gray scenarios are comparable in the nonphotonic case.
Following the argument given above, the gray scenario
should dominate, due to f7.f;, = 1078 (gray) in compari-
son to f3.fr, = 1072* (red), which seems to contradict the
observations from the plot. However, for the red scenario,
feefru is smaller than the combinations f7,f., and f7,f .,
by at least six orders of magnitude; see Table II. It hence
overcompensates the dominance of D(m,) such that
feufuuD(m,) is the relevant contribution in the red sce-
nario. The latter yields the same order of magnitude results
as the f;.f,,D(m,) contribution of the gray scenario.

Summing up, we have presented a detailed computation
of u-e conversion mediated by a doubly charged SU(2)
singlet scalar coupling to pairs of right-handed charged
leptons. The formulas obtained are general; however, for
illustration the numerical results focus on the scenarios
obtained in Ref. [33]. In all cases, the current/future lower
bounds on the doubly charged scalar mass Mg resulting
from the nonobservation of y-e conversion turn out to be
very strong, which illustrates the value of new measure-
ments of u-e conversion.

IV. CONCLUSIONS AND OUTLOOK

In this paper, we have presented the first detailed
computation of y-e conversion, i.e., a reaction turning a
muon bound to a nucleus into an electron, for the case of
the process being mediated by a doubly charged singlet
scalar particle. After having identified the decisive
Feynman diagrams, we have computed the resulting
amplitude for the conversion and we have mapped it to
the known most general amplitude for the process. We
have taken into account both the long-range and short-
range contributions, the latter of which are however
subdominant and can be neglected in practice. Our results
are fully general and hold for any doubly charged singlet
scalar coupling to pairs of right-handed charged leptons,
thereby closing a big gap in our current knowledge on p-e
conversion. Even for doubly charged scalars that are not
singlets under SU(2), such as the doubly charged com-
ponent of a Higgs triplet field, most of the computation
presented practically stays the same—a generalization of
our results is both possible and doable with moderate
effort.

In addition, we have investigated how strongly the
parameters related to the doubly charged scalar can be
constrained by future experimental limits on the process,
which are expected to dramatically improve within the
coming years. For illustrative purposes, we have also
included an explicit example of a model that generates a
valid light neutrino mass at two-loop level and that
contains our general setting as a subset. As we have
seen, despite intrinsic nuclear physics uncertainties, the
limits to be expected strongly constrain the mass of the
doubly charged scalar, so much so that future indirect
limits from u-e conversion are even likely to be more
stringent than the direct limits that will be obtained by
the LHC. Thus, realistically, experiments on lepton
flavor violation can serve as a valuable addition to
collider studies in the hunt for new physics beyond
the SM.
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Note added.—Recently, a related paper [71] appeared,
which focuses more on the muon (g —2) computation,
but also treats low-energy LFV, in particular y-e conver-
sion, and collider phenomenology. Our paper, however,
gives much more detail on the computation of p-e con-
version, and, in particular, it allows one to reproduce our
results and to adopt them in similar cases. Thus, Ref. [71]
and the present paper complement each other.

APPENDIX A: FEYNMAN RULES

In order to obtain the decisive matrix elements in
Secs. II B and III A, we make use of the Feynman rules
given in Figs. 8-12. Here, P, y are the left-/right-handed

PHYSICAL REVIEW D 93, 055039 (2016)

projectors, the indices «, f are Dirac spinor indices,
and a,b = e,pu,7 denote the lepton flavor. The doubly
charged scalar’s interactions are described by means of the
covariant derivative D, = 8,, +igJYB .- The hypercharge is
given by Y =0 —1; (=42 for §¥*), such that the
covariant derivative takes the form D, = 8,4 +2ieA,F
2ig sin@yZ,. Note that, since there are LNV vertices in
our theory, we naturally encounter vertices with clashing
arrows. For a consistent treatment using the Feynman rule
language, we choose a fixed orientation of the “fermion
flow” for each diagram, i.e., the order in which each
fermionic chain is written down, and adjust the Feynman
rules [72]. For example, when reversing the fermion flow
from Fig. 10(a) to the opposite direction as displayed in
Fig. 10(b), we instead work with the antifield /¢ = CI,”
and alter the Feynman rules accordingly. In Figs. 8—12, the
red arrow indicates the orientation of the fermion flow, i.e.,
of lepton number.

AN S S-- 4,
_______ Qifab(PR)uﬂ -_—_ - - - - = 2If:b(PL)aj
Qy /’x?
(O ()*
(a) Outgoing S™~ (b) Incoming S™—
FIG. 8. Two-lepton and S~ interactions with ff:> = fs;).
- LN
--—-——---—--- —2ie(p + k)"
S =
L) .
————————— P

(a) 3-point vertex: two doubly charged
scalars and photon

P k

e - - - - — - 2ig’ sin O (p + k)~

(c) 3-point vertex: two doubly charged
scalars and Z-boson

(b) S~ propagator

FIG. 9. S77 and its interaction with neutral gauge bosons.
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P p—q

(a) Usual orientation of 'fermion flow’

72‘8(’\/'/)&;’1
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- P
7:6(71/);’3(1

(b) Reversed ’fermion flow’

FIG. 10. Electromagnetic vertex.

(t)? (la)®

Z,

(a) Usual orientation of ’fermion flow’

FIG. 11.
—_—
P
I i(ptma)
. p2—m2+ie
(a) Usual orientation of ’fermion flow’ for
a propagating particle
-—
P
% i(ptma)

p2—m2+ie

(c) Reversed 'fermion flow’ for an antipar-
ticle

FIG. 12.

Toogw ([ —1+4 sin® Oy + 7)) .5

P

1ol (7'[L = 4sin® O + %) g

Z,

(b) Reversed ’fermion flow’

Z-boson vertex.

i(—ptma)
p2—m2+tie

(b) Reversed ’fermion flow’ for a particle

(Anti-) leptonic propagator and its alteration with the fermion flow.

APPENDIX B: THE SCALAR THREE-POINT FUNCTION

The kinematical configuration corresponding to the scalar three-point function given in Eq. (21) is displayed in Fig. 13.

FIG. 13.

055039-19
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