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We study the phenomenology of the exotic Higgs bosons in the Georgi-Machacek model at future
electron-positron colliders such as the International Linear Collider (ILC), assuming the collision energies
of 500 GeV and 1 TeV. We show that the existence of the neutral and singly charged Higgs bosons in the
5-plet representation under the custodial SUð2ÞV symmetry can be readily identified by studying various
energy and invariant mass distributions of the WþW−Z final state. Moreover, their masses can be
determined with sufficiently high precision to test the mass degeneracy, a feature due to the custodial
symmetry of the model. A synergy between such searches at the ILC and the doubly charged Higgs search
at the LHC will make the 5-plet Higgs boson study more comprehensive.
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I. INTRODUCTION

Since the discovery of the 125 GeV Higgs boson at the
CERN Large Hadron Collider (LHC), efforts have been
made to study in more detail its properties, particularly how
it interacts with other particles in the standard model (SM).
Part of the mission of such an endeavor is exploring
whether there is an extended Higgs sector and, if so,
how it will help us understand nature. Certain new physics
models, such as exotic Higgs bosons may hold answers to
some long-lasting questions in particle physics, such as the
origin of neutrino mass, the identity of dark matter, and the
realization of a strong first-order phase transition for
electroweak baryogenesis.
As an extension of the SM in the Higgs sector, the

Georgi-Machacek (GM) model [1,2] has some unique and
desirable properties in comparison with other Higgs-
extended models. The GM model has a doublet field ϕ
with hypercharge Y ¼ 1=2 and a triplet field composed of a
complex triplet χ with Y ¼ 1 and a real triplet ξwith Y ¼ 0.
By starting with a Higgs potential with the custodial
SUð2ÞV symmetry and the vacuum alignment between
the complex and real triplets, the model preserves the
electroweak rho parameter ρ ¼ 1 at tree level while
allowing the possibility of a triplet vacuum expectation
value (VEV), vΔ, as large as up to a few tens of GeV.
Through appropriate Yukawa couplings with the leptons,
such a VEV can contribute to the mass of neutrinos à la the
type-II seesaw mechanism [3]. The couplings between the

triplet field and leptons lead to lepton-number-violating
processes and possibly even lepton-flavor-violating ones.
Another consequence of the custodial symmetry is mass
degeneracy within each Higgs multiplet [4,5]. It has been
demonstrated to be possible to determine the mass and
check this property at the LHC [5].
A distinctive feature of the model is that, among the

exotic Higgs bosons, there is a doubly charged Higgs
boson, H��

5 , in the 5-plet representation. Such a particle
can lead to phenomenologically prominent and interesting
signatures at colliders: decays into a pair of like-sign
leptons or W bosons, depending on the magnitude of
vΔ. Due to the mixing between the Higgs doublet and
triplet fields, the couplings between the SM-like Higgs
boson h and the weak gauge bosons can be stronger than
their SM values [6–10] and lead to discriminative phenom-
ena [9,11–14]. Another consequence of significant mixing
between the Higgs doublet and triplet fields is the pos-
sibility of a strong first-order phase transition for electro-
weak baryogenesis in some parameter space [15]. Besides,
the model has a tree-level H�

5 W
∓Z coupling, which is

known to be small in multidoublet models because they
appear only at loop levels [16–18].
Asmentioned above, the doubly chargedHiggs boson can

be searched for using the like-sign dilepton and diboson
modes. LHC results on the former in the past few years had
placed a lower bound of about 400GeVon its mass for some
generic benchmark points of the model [19–21]. The like-
sign diboson production with leptonic decays of the W
bosons had also been searched for by the ATLAS
Collaboration using the 4.7 fb−1 data at the 7 TeV run
[22], from which a mass lower bound of ≲70 GeV was
derived [23]. More recently, the ATLAS also measured the
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total production cross section of like-sign W bosons and a
pair of jets in the 8 TeV run [24]. The reported production
cross section in the vector-boson scattering fiducial region
had been employed to constrain the triplet VEVas a function
of the doubly chargedHiggsmass [25]. Of particular interest
to the current work is that the 95% C.L. upper bound on vΔ
from the LHC data [25] is at the level of several tens of GeV,
opening up the possibility of studying the GMHiggs bosons
at lepton colliders.
Although in the case of a large triplet VEV the exotic

Higgs bosons have diminishing Yukawa couplings with
charged leptons, the 5-plet Higgs bosons can still be
produced via productions in association with weak gauge
bosons that serve as promising detection channels at lepton
colliders, such as the International Linear Collider (ILC)
[26–29], the Compact Linear Collider [30], and the circular
electron-position collider [31] or the electron-positron
branch of the Future Circular Collider. There are a few
earlier studies in this direction. References [32,33] exam-
ined the possibility of probing this sector using the
uniquely featured tree-level vertex of H�

5 W
∓Z at high-

energy eþe− colliders.
In this paper, we concentrate on the study of how one can

test the GM model at the ILC with proposed colliding
energies of 500 GeV and 1 TeV. We show that with a
cleaner collider environment, it is easier to determine the
5-plet mass with high precision at the ILC than the LHC.
We point out that the vector-boson associated production
processes with the WþW−Z channel can be used to
determine the masses of H�

5 and H0
5. Besides, this channel

has a wider probing range in the 5-plet mass than the other
related multiple weak boson modes.
The structure of this paper is as follows. Section II

reviews the Georgi-Machacek model and, in particular,
gives the relations between model parameters and physical
observables. In Sec. III, we discuss possible decay patterns
of the 5-plet Higgs bosons in the model. Branching ratios
of different charged states are explicitly worked out as a
function of the mass difference between the 5-plet and
3-plet Higgs bosons. In Sec. IV, we give numerical results
regarding the production of the 5-plet Higgs bosons at the
ILC, assuming a center-of-mass energy of 500 GeV and
1 TeV. After analyzing the SM backgrounds of several
possible gauge boson final states of the exotic Higgs
production in the model, we concentrate in Sec. V on
the WþW−Z events and show that the energy and invariant
mass distributions of a subset of these final-state particles
can be used to determine the 5-plet mass. Section VI
discusses how the searches for the 5-plet Higgs bosons at
the ILC complement the corresponding searches at the
LHC. Our summary is given in Sec. VII.

II. THE MODEL

The Higgs sector of the GM model is com-
posed of an isospin doublet field ϕ with the

hypercharge1 Y ¼ 1=2, a complex triplet field χ with
Y ¼ 1, and a real triplet field ξ with Y ¼ 0. The doublet
and triplet fields can respectively be expressed in the
following SUð2ÞL × SUð2ÞR-covariant doublet and triplet
forms:

Φ ¼
�

ϕ0� ϕþ

−ϕ− ϕ0

�
; Δ ¼

0
BB@

χ0� ξþ χþþ

−χ− ξ0 χþ

χ−− −ξ− χ0

1
CCA; ð1Þ

where we use the convention that χ−− ¼ ðχþþÞ�,
χ− ¼ ðχþÞ�, ξ− ¼ ðξþÞ� and ϕ− ¼ ðϕþÞ�. The neutral
components in Eq. (1) can be parametrized as

ϕ0 ¼ 1ffiffiffi
2

p ðϕr þ vϕ þ iϕiÞ;

χ0 ¼ 1ffiffiffi
2

p ðχr þ iχiÞ þ vχ ; ξ0 ¼ ξr þ vξ; ð2Þ

where vϕ, vχ and vξ are the VEVs for ϕ, χ and ξ,
respectively.
The most general Higgs potential invariant under the

SUð2ÞL × SUð2ÞR ×Uð1ÞY gauge group is given in terms
of the matrix representations defined in Eq. (1) by

VH ¼m2
1trðΦ†ΦÞ þm2

2trðΔ†ΔÞ þ λ1½trðΦ†ΦÞ�2
þ λ2½trðΔ†ΔÞ�2 þ λ3tr½ðΔ†ΔÞ2�

þ λ4trðΦ†ΦÞtrðΔ†ΔÞ þ λ5tr

�
Φ† τ

a

2
Φ
τb

2

�
trðΔ†taΔtbÞ

þ μ1tr

�
Φ† τ

a

2
Φ
τb

2

�
ðP†ΔPÞab

þ μ2trðΔ†taΔtbÞðP†ΔPÞab; ð3Þ

where τa and ta (a ¼ 1, 2, 3) are the 2 × 2 (the Pauli
matrices) and 3 × 3 matrix representations of the SUð2Þ
generators, respectively. The matrix P diagonalizes one of
the adjoint representation matrices of the SUð2Þ generator,
and is explicitly expressed as

P ¼

0
B@

−1= ffiffiffi
2

p
i=

ffiffiffi
2

p
0

0 0 1

1=
ffiffiffi
2

p
i=

ffiffiffi
2

p
0

1
CA: ð4Þ

The soft-breaking terms with μ1 and μ2 of the Z2 symmetry
(under the transformations of Φ → þΦ and Δ → −Δ) in
the Higgs potential are necessary to obtain the decoupling
limit to the SM when taking them to infinity. We note that
no CP-violating term is allowed in the above potential.
When we take vΔ ≡ vχ ¼ vξ, the SUð2ÞL × SUð2ÞR

1In our paper, the relation between the electric charge Q and
the third component of the isospin T3 is given by Q ¼ T3 þ Y.
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symmetry is reduced to the custodial SUð2ÞV symmetry. In
that case, the masses of the weak gauge bosons are given by
the same forms as those in the SM:

m2
W ¼ g2v2

4
; m2

Z ¼ g2v2

4cos2θW
; ð5Þ

where v2 ≡ v2ϕ þ 8v2Δ ¼ 1=ð ffiffiffi
2

p
GFÞ. Thus, the electroweak

rho parameter ρ≡m2
W=ðm2

Z cos
2 θWÞ is unity at tree level.

The component scalar fields can be classified into the
irreducible representations of 5-plet, 3-plet and singlet
under SUð2ÞV. That is, the scalar fields from the doublet
Φ can be decomposed as 2 ⊗ 2 → 3 ⊕ 1, and those from
the triplet Δ can be done as 3 ⊗ 3 → 5 ⊕ 3 ⊕ 1. Among
these SUð2ÞV multiplets, the 5-plet states directly become
physical Higgs bosons, i.e., H5 ¼ ðH��

5 ; H�
5 ; H

0
5Þ. For the

two 3-plets, one of the linear combinations corresponds to
the physical Higgs field, i.e.,H3 ¼ ðH�

3 ; H
0
3Þ, and the other

becomes the Nambu-Goldstone (NG) bosons G� and G0

which are absorbed into the longitudinal components of the
W� and Z bosons, respectively. Furthermore, we have two
SUð2ÞV singlets which are mixed with each other in
general, with one of the two mass eigenstates being
identified as the discovered 125 GeV Higgs boson.
Because of the SUð2ÞV invariance, different charged
Higgs boson states belonging to the same SUð2ÞV multiplet
are degenerate in mass.
The scalar bosons in the mass eigenbasis are related to

their weak eigenstates defined in Eqs. (1) and (2) via the
following orthogonal transformations:

�
ϕi

χi

�
¼ UCP-odd

�
G0

H0
3

�
;

0
B@

ϕ�

ξ�

χ�

1
CA ¼ U�

0
B@

G�

H�
3

H�
5

1
CA;

0
B@

ϕr

ξr

χr

1
CA ¼ UCP-even

0
B@

h

H0
1

H0
5

1
CA: ð6Þ

The above three transformation matrices are given by

UCP-odd ¼
 
cH −sH
sH cH

!
;

U� ¼

0
BB@

1 0 0

0 1ffiffi
2

p − 1ffiffi
2

p

0 1ffiffi
2

p 1ffiffi
2

p

1
CCA
0
B@

cH −sH 0

sH cH 0

0 0 1

1
CA;

UCP-even ¼

0
BBB@

1 0 0

0 1ffiffi
3

p −
ffiffi
2
3

q
0

ffiffi
2
3

q
1ffiffi
3

p

1
CCCA
0
B@

cα sα 0

−sα cα 0

0 0 1

1
CA; ð7Þ

where cH ¼ cos θH and sH ¼ sin θH with tan θH ¼
2
ffiffiffi
2

p
vΔ=vϕ. We also introduced cα ¼ cos α and sα ¼ sin α.

The squared masses of the 5-plet Higgs bosons (m2
H5
),

the 3-plet Higgs bosons (m2
H3
) and the two singlet Higgs

bosons h (m2
h) and H (m2

H1
) are given by

m2
H5

¼
�
s2Hλ3 − 3

2
c2Hλ5

�
v2 þ c2HM

2
1 þM2

2; ð8Þ

m2
H3

¼ − 1

2
λ5v2 þM2

1; ð9Þ

m2
h ¼ ðM2Þ11c2α þ ðM2Þ22s2α − 2ðM2Þ12sαcα; ð10Þ

m2
H1

¼ ðM2Þ11s2α þ ðM2Þ22c2α þ 2ðM2Þ12sαcα; ð11Þ

and the mixing angle α is given by

tan 2α ¼ 2ðM2Þ12
ðM2Þ22 − ðM2Þ11

; ð12Þ

where

ðM2Þ11 ¼ 8c2Hλ1v
2; ð13Þ

ðM2Þ22 ¼ s2Hð3λ2 þ λ3Þv2 þ c2HM
2
1 − 1

2
M2

2; ð14Þ

ðM2Þ12 ¼
ffiffiffi
3

2

r
sHcH½ð2λ4 þ λ5Þv2 −M2

1�: ð15Þ

Here M2
1 and M2

2 are introduced to replace μ1 and μ2
according to

M2
1 ¼ − vffiffiffi

2
p

sH
μ1; M2

2 ¼ −3 ffiffiffi
2

p
sHvμ2: ð16Þ

These dimensionful parameters are independent of the
VEV, and are required in order to take the large-mass
limit for the 5-plet, 3-plet and singlet (H1) Higgs bosons.
From the above discussion, the five parameters λ1 − λ5 can
be rewritten in terms of physical parameters as

λ1 ¼
1

8v2c2H
ðm2

hc
2
α þm2

H1
s2αÞ; ð17Þ

λ2 ¼
1

6v2s2H
½2m2

H1
c2α þ 2m2

hs
2
α þ 3M2

2

− 2m2
H5

þ 6c2Hðm2
H3

−M2
1Þ�; ð18Þ

λ3 ¼
1

v2s2H
½c2Hð2M2

1 − 3m2
H3
Þ þm2

H5
−M2

2�; ð19Þ
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λ4 ¼
1

6v2sHcH

� ffiffiffi
6

p

2
s2αðm2

h −m2
H1
Þ

þ 3sHcHð2m2
H3

−M2
1Þ
�
; ð20Þ

λ5 ¼
2

v2
ðM2

1 −m2
H3
Þ: ð21Þ

The magnitudes of the λ parameters are theoretically
constrained by perturbative unitarity and vacuum stability.
From Eqs. (17)–(21), these constraints can be translated
into bounds on the physical parameters such as the
masses of the Higgs bosons and the mixing angles. In
Refs. [34,35], the S-wave amplitude matrix has been
calculated for all the possible two-to-two scatterings of
scalar bosons, including the NG bosons and physical Higgs
bosons, at high energies. By requiring that all the eigen-
values, given as functions of the λ parameters, be smaller
than a certain value (e.g., 1=2 or 1), we can obtain upper
bounds on certain combinations of the λ parameters. As an
independent constraint on the λ parameters, the vacuum
stability bound is obtained by requiring that the Higgs
potential be bounded from below in any direction of large
scalar boson fields. In Ref. [5], the vacuum stability
condition has been derived in all the possible directions
with two nonzero scalar fields.

III. DECAYS OF 5-PLET HIGGS BOSONS

Since the 5-plet Higgs bosons serve as a distinctive
signature of the model, we discuss in this section their
decay patterns. There are three types of interactions which
induce the decays of the 5-plet Higgs bosons at the tree
level, namely, (i) scalar-gauge-gauge interactions, (ii)
scalar-scalar-gauge interactions, and (iii) scalar-scalar-
scalar interactions. The interaction type (i) is proportional
to the triplet VEV vΔ, and induces the following decay
modes:

H��
5 → W�W�; H�

5 → W�Z;

H0
5 → WþW− and ZZ: ð22Þ

When the mass of the 5-plet Higgs bosons is smaller than
the total mass of the final-state gauge bosons in Eq. (22),
one or both of the gauge bosons must be off shell. In such
a case, the above decays should be understood to have
three- or four-body final states. In the following calcula-
tions, we consider up to the three-body final states. From
the interaction type (ii), the following decays are possible
as long as they are kinematically allowed:

H��
5 → W�H�

3 ; H�
5 → W�H0

3 and

ZH�
3 ; H

0
5 → W�H∓

3 and ZH0
3: ð23Þ

The decay rates of these modes are determined by the
weak gauge coupling in addition to the masses of the 5- and
3-plet Higgs bosons. From the interaction type (iii), the
following decays are considered as long as they are
kinematically allowed:

H��
5 → H�

3 H
�
3 ; H�

5 → H�
3 H

0
3;

H0
5 → H�

3 H
∓
3 and H0

3H
0
3: ð24Þ

For these decays, the rates depend on the following triple
scalar boson couplings:

λH��
5

H∓
3
H∓

3
¼ vffiffiffi

2
p
�
ðλ3 þ 2λ5ÞsHc2H þ λ5

2
s3H

þM2
1

v2
s3H þM2

2

v2
c2H
sH

�

¼ iffiffiffi
2

p λH�
5
H∓

3
H0

3

¼
ffiffiffi
3

2

r
λH0

5
Hþ

3
H−

3

¼ −
ffiffiffi
3

2

r
λH0

5
H0

3
H0

3
; ð25Þ

where we have defined the above λXYZ couplings as the
coefficients of the Lagrangian, L ¼ λXYZXYZ. In addition
to the above decay modes, there are also loop-induced
decays of H0

5, such as H0
5 → γγ and H0

5 → Zγ. Similar to
the SM Higgs boson decay, these decays are induced by the
W boson loop diagram, but have no fermion loop con-
tribution because of the fermiophobic nature of the 5-plet
Higgs bosons. In addition to the W loop contribution, the
physical charged Higgs bosons (i.e., H��

5 , H�
5 and H�

3 )
also contribute to the decays. In order to calculate the
charged scalar (H��

5 and H�
5 ) loop contributions to the

H0
5 → γγ and H0

5 → Zγ decays, one needs the trilinear
couplings:

λHþþ
5

H−−
5

H0
5
¼ −2 ffiffiffi

3
p

v

�
sHλ3 − M2

2

3sHv2

�
¼ −2λHþ

5
H−

5
H0

5
: ð26Þ

For the H�
3 contribution, we use λH0

5
Hþ

3
H−

3
given in Eq. (25).

We note that the H�
5 → W�Z decay is induced by the

H�
5 W

∓Z vertex at the tree level. One can make a com-
parison of this vertex with the same vertex in other Higgs-
extended models that also has singly charged Higgs bosons
H�. Typically, the magnitude of this vertex is small for two
reasons. First, if we consider a model whose Higgs sector
contains only doublets and singlets, this vertex does not
appear at the tree level [36] but at the loop level. As a result,
the magnitude of theH�W∓Z vertex is not significant. This
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vertex has been computed at the one-loop level in the
two-Higgs doublet model (THDM) in Refs. [16–18,37].
Second, if the Higgs sector includes isospin triplets or
larger isospin representations, this vertex appears at the tree
level. However, it is proportional to the VEV of such an
exotic field, which is strictly constrained by the electro-
weak rho parameter. Therefore, studying this vertex is one
good way to identify the GM model. The feasibility of
examining this vertex has been done for the LHC [38] and
the ILC [39].
In Fig. 1, we show the decay branching ratios of H��

5 ,

H�
5 andH0

5 as a function of the mass differencemH5
−mH3

in the upper, middle and lower panels, respectively. To be

specific, we have fixed mH5
¼ 300 GeV, vΔ ¼ 10 GeV

and M2
2 ¼ 0 in all the plots. Moreover, M2

1 ¼ m2
H3

in the

left plots and M2
1 ¼ 0 in the right plots. It is seen that the

two gauge boson decay modes are dominant when the mass
difference is small. When the mass difference gets larger,
the gauge boson associated decays in Eq. (23) and/or the
decays into two scalar bosons [Eq. (24)] become more
dominant. The difference in the value ofM2

1 does not affect
the decays of H��

5 and H�
5 much, while a small enhance-

ment appears in the branching ratios for H0
5 → γγ and

H0
5 → Zγ modes. This can be understood by the λ3

dependence in the triple scalar boson couplings in
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FIG. 1. Branching fraction of H��
5 (upper panels), H�

5 (middle panels) and H0
5 (lower panels) as a function of mH5

−mH3
in the case

of mH5
¼ 300 GeV, vΔ ¼ 10 GeV and M2

2 ¼ 0. The left and right panels show the case with M2
1 ¼ m2

H3
and M2

1 ¼ 0, respectively.
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Eq. (26), where a larger value of λ3 is given in the case
of M2

1 ¼ 0 as compared to the case of M2
1 ¼ m2

H3

[see Eq. (19)].
In Fig. 2, we show the total widths of H��

5 , H�
5 and H0

5

as functions of mH5
. In these plots, we take mH3

¼ mH5
, so

that only the diboson decays of the 5-plet Higgs bosons are
allowed. We can see that there is almost no difference
among the widths of H��

5 , H�
5 and H0

5, and that they
increase as mH5

gets larger. A larger width is also obtained
by taking a larger value of vΔ.
We here give a comment on the decay of the 3-plet Higgs

bosons. An important feature of the 3-plet Higgs bosons is
that they have no tree-level scalar-gauge-gauge couplings.
Instead, they have Yukawa couplings that are proportional
to tan θH [4] due to the mixing with the Higgs doublet, so
that their decay pattern is similar to that of the extra Higgs
bosons in the Type-I THDM [40]. A dedicated study of the
production and decays of the 3-plet Higgs boson has been
done in Ref. [5].
We also would like to mention some characteristic

properties of the SM-like Higgs boson h in the model.
First, its couplings with the weak bosons hVV can be larger
than those of the SM when vΔ ≠ 0 and α ≠ 0 due to the
tree-level mixing with the neutral scalar components from
the triplets [9,10,25]. This feature does not happen in an
extended Higgs sector that is only composed of isospin
doublets and singlets. In models with a triplet field or high
representations, this is allowed but the deviation in the hVV
couplings is constrained by the electroweak rho parameter,
unless protected by the custodial symmetry as in the GM
model. Therefore, when the hVV couplings are measured
to be larger than the SM predictions in future collider
experiments, this can be a smoking-gun signature to
identify the GM model.
Second, sizable deviations in the decay rates of loop-

induced processes, e.g., h → γγ and h → Zγ, are expected
due to the H��

5 , H�
5 and H�

3 loop effects. In particular, the
correlation between the deviations in the decay rates of
h → γγ and h → Zγ from the SM values gives us a hint for
the charged scalar particles running in the loop [5,41]

because the two decay modes have different sensitivities to
the charged scalars.

IV. PRODUCTIONS OF 5-PLET HIGGS
BOSONS AT THE ILC

In this section, we discuss the production processes of
the 5-plet Higgs bosons at the ILC. There are three types
of major production modes. The first type includes pair
productions of the doubly charged and singly charged
Higgs bosons:

eþe− → Z�=γ� → Hþþ
5 H−−

5 ; ð27Þ

eþe− → Z�=γ� → Hþ
5 H

−
5 : ð28Þ

The second type involves the vector-boson associated
(VBA) processes, as shown in Fig. 3:

eþe− → H��
5 W∓W∓; ð29Þ

eþe− → Z� → H�
5 W

∓; ð30Þ

eþe− → Z� → H0
5Z: ð31Þ

The third type has the vector-boson fusion (VBF) proc-
esses, as shown in Fig. 4:

eþe− → H�
5 e

∓νe; ð32Þ

eþe− → H0
5e

þe−; ð33Þ

eþe− → H0
5νeνe: ð34Þ

Among the three types of production modes, the cross
sections of the VBA and VBF processes depend on v2Δ,
while that of the pair production is determined solely by the
gauge coupling constant.
It is important to mention here that there is a pioneering

work by Gunion, Vega and Wudka [4], in which they
calculated the cross sections for pair production, VBF and
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FIG. 2. Total widths for H��
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black, blue and red curves respectively show the case of vΔ ¼ 10, 30 and 50 GeV.
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VBA productions at future eþe− colliders. In this section,
we show the production cross sections of these processes in
order to make this paper self-contained and to clarify the
maximum cross section allowed by the current constraints
of the LHC Run-I data.
In Fig. 5, the cross sections for the pair production, the

VBA and the VBF processes are shown in the left, center
and right panels, respectively, at the collision energiesffiffiffi
s

p ¼ 500 GeV (solid curves) and 1 TeV (dashed curves).
We take vΔ ¼ 50 GeV for the VBA and VBF processes.
The cross sections of these two types of processes for other
values of vΔ can be obtained readily by scaling with the vΔ
dependence.
Figures 6 and 7 show the contour plots for the cross

sections of the VBA and VBF processes, respectively.
In Ref. [25], the constraint on the parameter space on the

vΔ −mH5
plane has been studied using the data of same-

sign diboson events in the LHC Run-I experiment. The
current 95% C.L. upper bound is indicated in the same plots
by red dashed curves. The 5σ reach of the 14 TeV LHC
with luminosities of 300 fb−1 and 3000 fb−1 are shown as
blue and green dotted curves, respectively.
Before closing this section, we comment about produc-

tions of the 3-plet Higgs bosons. As we discussed in
Sec. III, the 3-plet Higgs bosons have the fermion-specific
nature; that is, there are H3ff̄ couplings but no H3VV
couplings. Therefore, their possible production mecha-
nisms at the ILC are the pair production eþe− → Hþ

3 H
−
3

and the fermion associated processes eþe− → ff̄H0
3 and

eþe− → ff̄0H�
3 . In Ref. [42], a comprehensive analysis on

the production and decay processes of the extra Higgs
bosons for four types of Yukawa interactions in the THDM
under a softly broken Z2 symmetry has been performed.
Due to the similarity between the 3-plet Higgs bosons and
the extra Higgs bosons in the Type-I THDM, production
cross sections similar to those for the Type-I THDM in
Ref. [42] are expected for the 3-plet Higgs bosons.
In Table I, we show the cross sections of three- and four-

gauge-boson final states in the SM. These cross sections
are calculated using CalcHEP_3.4.2 [43]. Among them, the
WþW−Z channel is the most relevant to the analysis given
in the next section. Its cross section is typically 1 order of
magnitude larger than the maximally allowed value of the
signal cross section.

V. RECONSTRUCTION OF 5-PLET HIGGS
BOSONS FROM WþW−Z EVENTS

We now show various distributions for the eþe− →
WþW−Z process, where there are two 5-plet Higgs
contributions: eþe− → H0

5Z → WþW−Z and eþe− →
H�

5 W
∓ → WþW−Z. In this section, we assume

mH3
> mH5

, where the branching fraction of the H5 →
VV decaymodes becomes 100%, because theH5 → Vð�ÞH3

and H5 → H3H3 modes are kinematically forbidden. The
production cross sections for these processes are given by

FIG. 3. Feynman diagrams of the VBA processes.

FIG. 4. Feynman diagrams of the VBF processes.
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σðeþe− → Z� → H0
5ZÞ ¼

g6Zv
2
Δ

32πs2
8

3

v2e þ a2e
ð1 − xZÞ2

λ1=2ðxZ; xH5
Þ
�
1þ 1

4xZ

�
ð1þ xZ − xH5

Þ2 − 1

3
λðxZ; xH5

Þ
��

; ð35Þ

σðeþe− → Z� → H�
5 W

∓Þ ¼ 2g4Zg
2v2Δ

32πs2
v2e þ a2e
ð1 − xZÞ2

λ1=2ðxW; xH5
Þ
�
1þ 1

4xW

�
ð1þ xW − xH5

Þ2 − 1

3
λðxW; xH5

Þ
��

; ð36Þ

TABLE I. Cross sections for the three- and four-gauge-boson final states in the SM with
ffiffiffi
s

p ¼ 500 GeV and
1 TeV.ffiffiffi
s

p
ZZZ WþW−Z WþW−WþW− WþW−ZZ ZZZZ

500 GeV 1.1 fb 39 fb 0.13 fb 0.036 fb 6.8 × 10−4 fb
1 TeV 0.86 fb 57 fb 0.79 fb 0.46 fb 3.0 × 10−3 fb
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FIG. 8. Energy (upper and center panels) and invariant mass (lower panels) distributions for the eþe− → WþW−Z process in the case
of

ffiffiffi
s

p ¼ 500 GeV and vΔ ¼ 30 GeV, including the ISR with the energy scale at
ffiffiffi
s

p
. We take mH5

¼ 200 GeV (black) and 300 GeV
(red). In all of these plots, both SM background processes and signal process are included.
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where xA ¼ m2
A=s, ve ¼ −1=4þ s2W , and ae ¼ −1=4.

The phase-space function λ is given by λðx; yÞ ¼
1þ x2 þ y2 − 2x − 2y − 2xy.
Consider two-to-two scattering processes eþe− → P1P2,

where P1 and P2 denote particles with masses ofm1 andm2

and energies of E1 and E2, respectively. The energies are
explicitly given by

E1 ¼
ffiffiffi
s

p
2

ð1þ x1 − x2Þ; E2 ¼
ffiffiffi
s

p
2

ð1þ x2 − x1Þ;
ðE1 þ E2 ¼

ffiffiffi
s

p Þ; ð37Þ

where xi ¼ m2
i =s. As a benefit of the ILC, we have the

information of the initial collision energy
ffiffiffi
s

p
. Therefore, by

measuring E1 and E2, one can reconstruct the masses m1

and m2 using Eq. (37) without ambiguity.
In Fig. 8, we show various distribution plots for the

eþe− → WþW−Z process. We take mH5
¼ 200 (black

curve) and 300 GeV (red curve) and the collision energiesffiffiffi
s

p ¼ 500 GeV and vΔ ¼ 30 GeV. The same are plotted in
Fig. 9, but for

ffiffiffi
s

p ¼ 1 TeV, vΔ ¼ 50 GeV and mH5
¼

600 GeV (black curve) and 700 GeV (red curve). We use
CalcHEP_3.4.2 [43] for this analysis, where the effect of
initial-state radiation (ISR) is taken into account with the
fixed ISR energy scale at

ffiffiffi
s

p
. In each of the figures, the

upper left plot shows the distribution in the energy of theW
boson, EW ; the upper right plot shows the distribution in the
energy of the Z boson, EZ; the center left plot shows the
distribution in the total energy of the WZ system, EWZ;
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FIG. 9. Same as Fig. 8, but for
ffiffiffi
s

p ¼ 1 TeV and vΔ ¼ 50 GeV. Here we take mH5
¼ 600 GeV (black) and 700 GeV (red).
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the center right plot shows the distribution in the total
energy of the WW system, EWW ; the lower left plot shows
the distribution in the invariant mass of the WZ system,
MWZ; and the lower right plot shows the distribution in the
invariant mass of the WW system, MWW . We note that the
distribution for W ðWZÞ is for either Wþ or W− (WþZ or
W−Z), as there is no difference between the two. In both
MWZ and MWW distributions, the peak appears at around
mH5

due to the contribution from H�
5 and H0

5, respectively.
In the case of mH5

¼ 700 GeV, it is difficult to find a peak
(see the bottom panels in Fig. 9). The reason is that the
signal cross section is suppressed, while the widths of H�

5

and H0
5 become large for a larger value of mH5

. Thus, the
height and width of the peak in the invariant mass
distribution becomes smaller and broader, respectively.
From the simultaneous observation of the two peaks in
MWZ and MWW at the same position, we can test the
degeneracy of H�

5 and H0
5 in mass, which serves as the

evidence for the custodial symmetry in the GM model.

VI. DISCUSSIONS

We now discuss how the searches for the 5-plet Higgs
bosons at the ILC, as investigated in this paper, can be
complementary to those at the LHC.
At the LHC, the most promising processes for H��

5 are
the VBF processes, i.e., qq → q0q0W�W� → q0q0H��

5 →
q0q0W�W�. In order to obtain a sufficiently large cross
section to discover H��

5 in this process, we need a large
triplet VEV, because the H��

5 W∓W∓ vertices are propor-
tional to vΔ. In the GMmodel, such a large value is allowed
without conflict with the experimental data as alluded to in
Sec. II. The parameter region which allows the 5-σ
discovery of H��

5 is shown in Fig. 6 by the blue (green)
dotted curve, where the collision energy and the integrated
luminosity are taken to be 14 TeV and 300 ð3000Þ fb−1,
respectively. To obtain these discovery reaches, leptonic
decays of the same-sign W boson are assumed. For
example, a 5-σ discovery is expected by taking vΔ ≳
17ð20Þ GeV and mH5

¼ 500ð800Þ GeV, assuming the
collision energy of 14 TeV and the integrated luminosity
of 300 fb−1.
For the detection of H�

5 and H0
5, one can use the similar

VBF processes such as qq → q0q0W�Z → q0q0H�
5 →

q0q0W�Z and qq → q0q0WþW−=ZZ → q0q0H0
5 →

q0q0WþW−=ZZ. It must be emphasized here that the
above-mentioned processes are not significant in the
minimal Higgs triplet model because of the strong restric-
tion on the triplet VEV from the electroweak rho parameter.
The discovery reaches for these processes are worse than
that of H��

5 because of larger cross sections in the SM
backgrounds. A dedicated simulation study for these VBF
processes was done in Ref. [5], and it was shown that the
significances of the signatures via the H�

5 and H0
5

productions are smaller than that via the H��
5 production.

For example, in the case of mH5
¼ 140 GeV and

vΔ ¼ 20 GeV, the signal significances have been given
to be about 23, 8.2 and 3.9 for the collision energy of
14 TeV and the integrated luminosity of 100 fb−1 after
imposing appropriate kinematic cuts [5]. In the analysis, the
leptonic decays ofW and Z bosons were assumed. As noted
in Sec. III, the SM-like Higgs boson coupling hVV can be
larger than the corresponding SM value when vΔ ≠ 0 and
α ≠ 0. If such an enhancement is realized, the cross section
of the VBF process mediated by the neutral Higgs bosons
(i.e., h, H0

1 and H0
5) would also be enhanced, rendering a

larger signal significance for the process. The VBF proc-
esses with an enhanced hVV coupling were discussed in
Ref. [9], and were found to be promising for discovering
the 5-plet Higgs bosons at the LHC.
A further test for the identification of the GMmodel is to

check the mass degeneracy among H��
5 , H�

5 and H0
5. In

order to reconstruct the masses of these Higgs bosons, it is
better to use the hadronic decays of the weak bosons from
the decays of the 5-plet Higgs bosons. The energy
resolution for the dijet system turns out to be important
for the reconstruction. In particular, the ability to discrimi-
nate the dijet event from aW boson and a Z boson is crucial
in the test of mass degeneracy.
Now, let us discuss the value of ILC experiments for

testing the GM model after the LHC experiments. One of
the most important advantages at the ILC is the good energy
resolution for jet systems. At the ILC, the target energy
resolution σE for a dijet system is σE ¼ 0.3 ×

ffiffiffiffiffiffiffi
Ejj

p
GeV

[44] where Ejj is the dijet energy. Therefore, σE ≃ 3 GeV
for Ejj ≃ 100 GeV, which allows us to distinguish dijets
fromW andZ. Because of this detector performance, testing
the GMmodel at the ILC has the following two advantages.
First, the precise measurement of the H�

5 W
∓Z vertex (or

more generally the H�W∓Z vertex for physical singly
charged Higgs bosons H�) is possible via the eþe− →
Z� → H�W∓ process. In Ref. [39], the feasibility of
measuring the H�W∓Z vertex has been discussed by using
the recoil method, i.e., the reconstruction of a hadronic W
boson decay, where only leptonic decays of H� were
considered. Second, the good dijet energy resolution makes
the analysis of the eþe− → WþW−Z process discussed in
Sec. V realistic. As discussed in Sec. V, the observation of
the distinctive peaks at the same position in the invariant
mass distributions ofMWW andMWZ indicates that there are
neutral and singly charged particles with degenerate mass.
Testing the mass degeneracy can be the direct evidence that
identifies these particles as the 5-plet Higgs bosonsH�

5 and
H0

5 for the GM model.
Finally, we would like to comment on a signal and

background simulation of the eþe− → WþW−Z process
with the actual final state such as multilepton plus jets at the
detector level, which is not performed in this paper. Such an
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analysis is needed to clarify the feasibility of the method
proposed in this paper to test the masses of 5-plet Higgs
bosons, and that would be best done by our experimental
colleagues who have full information about detector design
and efficiency.

VII. CONCLUSIONS

We studied in this work the phenomenology of exotic
Higgs bosons in the GM model in the environment of the
ILC, assuming the colliding energies of 500 GeV and
1 TeV. We showed how the decay branching ratios of the
three charged states of 5-plet Higgs fields depend on the
mass difference between the 5-plet and the 3-plet. It was
found that except in the large mass splitting regime, the
branching ratios did not change much as the parameter M2

1

varies from mH3
to 0, except that the H0

5 → γγ=Zγ decay
rates became larger in the latter case. It was also noted that
the h → γγ=Zγ decay rates were expected to differ from
their SM values due to the participation of the charged
Higgs bosons in the loop.
We then studied the production of the 5-plet Higgs

bosons at the ILC, i.e., the pair production, the vector-
boson associated production and the vector-boson fusion
production at

ffiffiffi
s

p ¼ 500 GeV and 1 TeV. While the pair
productions can only be used in the case of mH5

<
ffiffiffi
s

p
=2,

the vector-boson associated and vector-boson fusion
processes are valid even when the mass is larger thanffiffiffi
s

p
=2. In particular, we found that the vector-boson

associated production had a bigger cross section than the
vector-boson fusion processes at

ffiffiffi
s

p ¼ 500 GeV. Forffiffiffi
s

p ¼ 1 TeV, the cross section of the vector-boson fusion
process is larger than that of the vector-boson associated
process, especially in the small-mass region, e.g.,
mH5

≲ 500 GeV, while they become comparable when
mH5

≳ 500 GeV.
We showed explicitly that with a cleaner collider

environment, it would be easier to determine from various
energy and invariant mass distributions of the WþW−Z
final state the masses of H�

5 and H0
5 with high precision at

the ILC than at the LHC. Combined with the information of
the H��

5 mass, one would be able to have a comprehensive
test of the mass degeneracy within the 5-plet, thereby
identifying the GM model. Finally, we discussed how the
ILC study of the Higgs bosons in the GM model would
complement that at the LHC.
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