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We investigate constraints on the interactions of light dark matter with Standard Model quarks in a
framework with effective contact operators mediating the decay of heavy flavor bound state quarkonium to
dark matter and a photon. When considered in combination with decays to purely invisible final states,
constraints from heavy quarkonium decays at high intensity electron-positron colliders can complement
missing energy searches at high energy colliders and provide sensitivity to dark matter masses difficult to
probe at direct and indirect detection experiments. We calculate the approximate limits on the branching
fraction forϒð1SÞ decays to darkmatter and a photon.Given the approximate limits on the branching fractions
for all dimension six or lower contact operators,wepresent the corresponding limits on the interaction strength
for each operator and the inferred limits on dark matter-nucleon scattering. Complementary constraints on
dark matter annihilation from gamma-ray searches from dwarf spheroidal galaxies are also considered.
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I. INTRODUCTION

One of the strongest motivations for physics beyond the
Standard Model (SM) is the observational evidence for
gravitationally interacting nonbaryonic dark matter (DM)
[1]. If dark matter is permitted interactions with the SM, as
predicted bymanySMextensions, then possible signatures of
these interactions could arise in direct, indirect and collider
dark matter searches. Furthermore, if the scale of the new
physics mediating the dark matter-Standard Model inter-
actions is large relative to the energies relevant to the various
dark matter searches, then this ultraviolet (UV) scale can be
integrated out of the full Lagrangian theory and we can relate
potential dark matter signatures using the contact operator
approximation in a generalized effective field theory (EFT)
[2–15].
A well motivated class of dark matter candidates comes

from models with light dark matter (LDM). As opposed to
the more ubiquitous weakly interacting massive particles,
LDM particles have masses typically below the weak scale
and, thus, could produce nuclear recoils at direct detection
experiments with energies near or below threshold for
detection. Assuming the contact operator approximation is
valid, we can use EFT to relate complementary bounds on
dark matter-Standard Model interactions from monojet
searches at high energy colliders [16–28] to limits on
LDM scattering off of nuclei, possibly constraining dark
matter-nucleon interactions for dark matter masses beyond
the reach of direct detection. In a similar fashion, searches
for invisible bound state decays at high luminosity colliders
can constrain LDM interactions with the SM independent
of any particular UV physics model.

Previous studies have considered a variety of invisible
bound state decays [29–36] and, in a related paper, the
authors of [37] have thoroughly explored the complemen-
tary aspects of ϒð1SÞ and J=Ψ decays to purely invisible
final states. In this paper, we explore constraints from the
decay ϒð1SÞ → γ þ invisible and explore the possible
complementarity of searches between different bound state
decays, as well as the relationship between disparate dark
matter detection strategies. In particular, bound state
quarkonium decays to γXX are, at quark level in the matrix
element, identical to monophoton searches. However, in the
nonrelativistic limit, many of the possible DM-SM inter-
action structures can be constrained by a particular combi-
nation of bound state meson decays to γ þ invisible final
states and, thus, could possibly offer an important comple-
ment to monophoton searches. For simplicity and due to the
relative lack of data available for other choices of initial
state, we exclusively calculate constraints from the decays
of ϒð1SÞ. In principle, we will see that constraints from
different combinations of initial bound states and decay
channels (i.e., → invisible or → γ þ invisible) can con-
strain the same interaction structures. Results for ϒ decays
into final states with scalar dark matter were also presented
in [38], although the constraints on dark matter-quark
contact operators from radiative decays were approximated
with limits from ϒð3SÞ → γ þ invisible decays assuming
an on-shell mediator [39].
In this paper, we use the limit on ϒð1SÞ → γXX decays

for a particular DM-SM interaction structure and dark
matter spin to obtain limits on all contact operators, of
dimension six or lower, coupling scalar, fermion or vector
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LDM to bottomonium. In Sec. II, we discuss the current
experimental constraints on bound state decays to γ þ
invisible and on dark matter annihilation from observations
of dwarf spheroidal galaxies, then calculate the relevant
decay widths and annihilation cross sections, respectively. In
Sec. III, we present the associated limits on the strength of the
DM-SMcouplings and compare to results frommonojet dark
matter searches and direct dark matter detection.

II. CONTACT OPERATORS AND CONSTRAINTS

We assume the dark matter-quark interaction is mediated
by a UV physics model with heavy degrees of freedom that
can be integrated out of the Lagrangian and, thus, can be
parametrized as an effective four-point interaction,which can
be written as Lorentz-invariant contractions of quark and
dark matter bilinear structures. While the matrix element for
quark/antiquark annihilation, (qq → γXX), and the corre-
spondingmatrix element for bound statemeson decay can, in
principle, receive contributions from amplitudes with a
photon emitted by our heavy mediator, these contributions
will necessarily be suppressed by extra powers of the UV
scale relative to diagrams with photons emitted by the initial
state quarks [38]. We show the diagrams which yield the
leading order contributions to the matrix elements for our
bound state meson decays in Fig. 1.
In contrast to the contact operators considered in purely

invisible decays, the quark bilinears in the operators
mediating decays to dark matter with a photon in the final
state need not share the angular momentum and C=P
properties of the heavy quarkonium state. Assuming weak
interactions are negligible, the charge conjugation trans-
formation required of the quark bilinears in the DM-SM
interaction structures is determined by the presence or
absence of a photon in the final state. For the purely
invisible decays of the ϒð1SÞ with JPC ¼ 1−−, the quark
bilinear must be qγiq or qσ0iq, where i is a spatial index [7].
For ϒð1SÞ → γXX decays, the final state photon is intrinsi-
cally C-odd and, thus, the associated quark bilinears in the
operators mediating single-photon decays should be even

under charge conjugation. Therefore, the quark bilinear
for heavy quarkonium decays to → γ þ invisible must be
qq, ιqγ5q, qγ0γ5q or qγiγ5q and the effective operators
which can yield a nonvanishing matrix element for
ϒð1SÞ → γXX decays are orthogonal to the operators
which allow ϒð1SÞ → XX decays. When single-photon
decays are considered in tandem with operators permitting
purely invisible decays, all possible DM-SM interaction
structures of dimension six or lower can be constrained by
ϒ decays. The interaction structures1 permitting JPC ¼ 1−−

bound state decays to γ þ invisible are listed in Table I,
along with the angular momentum and C=P properties of
other possible bound states with nonvanishing matrix
elements for decays to→ invisible or → γ þ invisible final
states.2 If the interaction structures can permit s-wave dark
matter annihilation, then a bound can also be set by Fermi
observations of photons originating from dwarf spheroidal
galaxies. Lastly, we indicate whether or not constraints on
spin-independent (SI) or spin-dependent (SD) nucleon
scattering can be inferred from BABAR or Fermi limits.
While the authors in [37] had considered the comple-

mentarity between heavy quarkonium decays and other
dark matter detection strategies, Table I (and Table II,
located in Appendix A) makes clear that the various DM-
SM interaction structures will, in principle, have comple-
mentarity constraints due to decays of different bound
states to invisible final states. For instance, assuming
fermionic dark matter interacts through our F4 operator,

FIG. 1. Diagrams which yield the leading order contributions to matrix elements for quark/antiquark annihilation, (q̄q → γX̄X), and
the corresponding matrix elements for bound state meson decays, (ϒð1SÞ → γX̄X).

1In Tables I and II, we refer to spin-0, spin-1=2 and spin-1 dark
matter fields with ϕ, X and Bμ, respectively. In all other contexts,
unless specifically noted, a dark matter field of arbitrary spin will
be denoted X.

2Note that, while the authors in [37] had emphasized the
complementarity between constraints on light dark matter from
bound state decays to invisible final states and other dark matter
searches, here we note the relationship between the constraints
arising from a variety of bound state decays. In Appendix A, we
update the constraints from purely invisible decays and calculate
the relevant branching fractions and cross sections for the V7−
and V9− operators not considered in previous work.
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which arises from integrating out a pseudoscalar mediator,
constraints from ϒð1SÞ → γXX decays will be directly
related hbð1PÞ → γXX and ηbð1SÞ → XX decays. While
calculation of decays beyond ϒð1SÞ is beyond the scope of
this paper and constraints on invisible decays for less
ubiquitous bound states may pose experimental challenges,
we note the relationships between different bound state
decays make high luminosity colliders an invaluable tool in
determining the nature of SM interactions with LDM.

A. ϒð1SÞ Decays
Since we only consider the decay of s-wave meson

bound states in the nonrelativistic limit, the width for
decays to any particular final state should be proportional to

the value of the bound state wave function squared at the
origin, jψð0Þj2. For the ϒð1SÞ, the value of the bound state
wave function squared at the origin can then be determined
from the branching fraction to eþe−,

Bðϒð1SÞ → eþe−Þ ¼ 16πα2Q2
b
jψϒð0Þj2
ΓϒM2

¼ 0.0238� 0.0011; ð1Þ

assuming the photon exchange contribution to the decay
dominates the contribution from Z, h-exchange, with
M ¼ 9460.30� 0.26 MeV, Γϒ ¼ 54.02� 1.25 keV [40].
We can also calculate the SM contribution for ϒð1SÞ
decays to γ þ invisible [38], yielding

TABLE I. Interaction structures that can mediate ϒð1SÞ decays to invisible þ γ. Invisible (radiative) identifies the (JPC, S, L) bound
states that can be annihilated for invisible (invisibleþ γ) final states. Note that we only consider s- and p-wave bound states. If the
interaction structures can permit s-wave dark matter annihilation, then a bound can also be set by Fermi observations of photons
originating from dwarf spheroidal galaxies. Lastly, we indicate whether or not constraints on spin-independent (SI) or spin-dependent
(SD) nucleon scattering can be inferred from BABAR or Fermi limits.

Name Interaction structure Invisible Radiative Annihilation Scattering

F1 ðmq=Λ3ÞX̄Xq̄q ð0þþ; 1; 1Þ ð1−−; 1; 0Þ No SI
ð1þ−; 0; 1Þ

F2 ðmq=Λ3ÞιX̄γ5Xq̄q ð0þþ; 1; 1Þ ð1−−; 1; 0Þ Yes No
ð1þ−; 0; 1Þ

F3 ðmq=Λ3ÞιX̄Xq̄γ5q ð0−þ; 0; 0Þ ð1−−; 1; 0Þ No No
ð1þ−; 0; 1Þ

F4 ðmq=Λ3ÞX̄γ5Xq̄γ5q ð0−þ; 0; 0Þ ð1−−; 1; 0Þ Yes No
ð1þ−; 0; 1Þ

F7 ð1=Λ2ÞX̄γμXq̄γμγ5q ð0−þ; 0; 0Þ ð1−−; 1; 0Þ Yes No
ð1þþ; 1; 1Þ

F8 ð1=Λ2ÞX̄γμγ5Xq̄γμγ5q ð0−þ; 0; 0Þ ð1−−; 1; 0Þ Yes SD
ð1þþ; 1; 1Þ

S1 ðmq=Λ2Þϕ†ϕq̄q ð0þþ; 1; 1Þ ð1−−; 1; 0Þ Yes SI
ð1þ−; 0; 1Þ

S2 ðmq=Λ2Þιϕ†ϕq̄γ5q ð0−þ; 0; 0Þ ð1−−; 1; 0Þ Yes No
ð1þ−; 0; 1Þ

S4 ð1=2Λ2Þιðϕ†∂μϕ − ϕ∂μϕ
†Þq̄γμγ5q ð0−þ; 0; 0Þ ð1−−; 1; 0Þ No No

ð1þþ; 1; 1Þ
V1 ðmq=Λ2ÞB†

μBμq̄q ð0þþ; 1; 1Þ ð1−−; 1; 0Þ Yes SI

ð1þ−; 0; 1Þ
V2 ðmq=Λ2ÞιB†

μBμq̄γ5q ð0−þ; 0; 0Þ ð1−−; 1; 0Þ Yes No

ð1þ−; 0; 1Þ
V4 ð1=2Λ2ÞιðB†

ν∂μBν − Bν∂μB
†
νÞq̄γμγ5q ð0−þ; 0; 0Þ ð1−−; 1; 0Þ No No

ð1þþ; 1; 1Þ
V8þ ð1=2Λ2ÞðB†

ν∂νBμ þ Bν∂νB†
μÞq̄γμγ5q ð0−þ; 0; 0Þ ð1−−; 1; 0Þ Yes No

ð1þþ; 1; 1Þ
V8− ð1=2Λ2ÞιðB†

ν∂νBμ − Bν∂νB†
μÞq̄γμγ5q ð0−þ; 0; 0Þ ð1−−; 1; 0Þ No No

ð1þþ; 1; 1Þ
V10þ ð1=2Λ2ÞϵμνρσðB†

ν∂ρBσ þ Bν∂ρB
†
σÞq̄γμγ5q ð0−þ; 0; 0Þ ð1−−; 1; 0Þ No SD

ð1þþ; 1; 1Þ
V10− ð1=2Λ2ÞιϵμνρσðB†

ν∂ρBσ − Bν∂ρB
†
σÞq̄γμγ5q ð0−þ; 0; 0Þ ð1−−; 1; 0Þ Yes No

ð1þþ; 1; 1Þ
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Bðϒð1SÞ → ννγÞ ¼ 2.48 × 10−9: ð2Þ

As we will show, this contribution is small relative to the
current limits set by CLEO [41] and BABAR [42] on
ϒð1SÞ → γXX for any DM-SM interaction structure and,
thus, can be ignored. These searches operate at the ϒð2SÞ
resonance and use the transition ϒð2SÞ → πþπ−ϒð1SÞ to
identify ϒð2SÞ decays and reconstruct the ϒð1SÞ peak in
the recoil mass distribution, Mrec, by tagging two oppo-
sitely charged pions with kinematics,

M2
rec ≡ sþM2

ππ − 2
ffiffiffi
s

p
E�
ππ; ð3Þ

where E�
ππ is the energy of the dipion system in the center-

of-mass (c.m.) frame of the ϒð2SÞ, Mππ is the invariant
mass of the dipion system and

ffiffiffi
s

p ¼ 10023.26�
0.31 MeV is the ϒð2SÞ resonance energy [40]. In addition
to the pair of charged pion tracks, event selection, in the
most recent analysis [42], requires a single energetic photon

with E�
γ ≥ 150 MeV and −0.73 < cos θ�γ < 0.68, in the

c.m. frame of the ϒð2SÞ. The limits on ϒð1SÞ → γXX
decays also assume a DM-SM interaction structure with a
coupling between quarks and spin-0 dark matter which
could be modeled by either our S1 or S2 interaction
structure. The S1 and S2 interaction structures, we shall
see, yield identical decay widths.
We can calculate the branching fractions for ϒð1SÞ →

γXX given the relevant DM-SM interaction structures.
We present the fully integrated branching fractions as
functions of dark matter mass, ϒð1SÞ mass, mediation
scale, the branching fraction to eþ=e−, and phase
space integrals over the invariant mass squared of the
invisible system, which are expressed analytically in
Appendix C. Note that, for the fully integrated branching
fractions, the invariant mass squared of the invisible
system, X2, should be integrated over the entire kinemat-
ically allowed interval, 4m2

X ≤ X2 ≤ M2. The relevant
branching fractions are

BF1;F3ðγXXÞ ¼
Bðeþe−ÞM2m4

X

4π3αΛ6

�
I13=2 − 4

m2
X

M2
I23=2

�
;

BF2;F4ðγXXÞ ¼
Bðeþe−ÞM2m4

X

4π3αΛ6

�
I11=2 − 4

m2
X

M2
I21=2

�
;

BF7ðγXXÞ ¼
Bðeþe−ÞM2m2

X

12π3αΛ4

�
−4

m2
X

M2
I13=2 þ 16

m4
X

M4
I23=2 þ I−11=2þ

�
2 − 4

m2
X

M2

�
I01=2 þ 4

m2
X

M2
I11=2 − 48

m4
X

M4
I21=2

�
;

BF8ðγXXÞ ¼
Bðeþe−ÞM2m2

X

12π3αΛ4

�
8
m2

X

M2
I13=2 − 32

m4
X

M4
I23=2 þ I−11=2 þ

�
2 − 4

m2
X

M2

�
I01=2 − 8

m2
X

M2
I11=2

�
;

BS1;S2ðγXXÞ ¼
Bðeþe−ÞM2m2

X

32π3αΛ4

�
I01=2 − 4

m2
X

M2
I11=2

�
;

BS4ðγXXÞ ¼
Bðeþe−ÞM2m2

X

96π3αΛ4

�
I03=2 − 16

m4
X

M4
I23=2

�
;

BV1;V2ðγXXÞ ¼
Bðeþe−ÞM2m2

X

32π3αΛ4

�
3I01=2 þ

�
−4 − 12

m2
X

M2

�
I11=2 þ

�
4þ 16

m2
X

M2

�
I21=2 − 16

m2
X

M2
I31=2

�
;

BV4ðγXXÞ ¼
Bðeþe−ÞM2m2

X

96π3αΛ4

�
3I03=2 − 4I13=2 þ

�
4 − 48

m4
X

M4

�
I23=2 þ 64

m4
X

M4
I33=2 − 64

m4
X

M4
I43=2

�
;

BV8þðγXXÞ ¼
Bðeþe−ÞM2m2

X

24π3αΛ4

�
−2I13=2 þ

�
12

m2
X

M2
þ 3

�
I23=2 −

�
16

m4
X

M4
þ 12

m2
X

M2

�
I33=2

�
;

BV8−ðγXXÞ ¼
Bðeþe−ÞM2m2

X

24π3αΛ4

�
I13=2 þ I23=2 − 16

m4
X

M4
I33=2 − 16

m4
X

M4
I43=2

�
;

BV10þðγXXÞ ¼
Bðeþe−ÞM2m2

X

48π3αΛ4

�
I03=2 þ

�
2 − 12

m2
X

M2

�
I13=2 þ 32

m4
X

M4
I23=2 − 32

m4
X

M4
I33=2

�
;

BV10−ðγXXÞ ¼
Bðeþe−ÞM2m2

X

48π3αΛ4

�
I01=2 þ 2I11=2 − 16

m4
X

M4
I21=2 − 32

m4
X

M4
I31=2

�
; ð4Þ
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with phase space integrals, Imn , defined in Appendix C.
Note that, for compactness, we have written the branching
fractions in a form which somewhat obscures the mX
dependence and that the phase space integrals are defined
such that one can approximate the scaling Imn ∝ m−2ðmþ1Þ

X in
the low mass limit. We have approximated throughout the
calculation of the branching fractions that M ≃ 2mq,
ignoring the OðΛQCDÞ mass difference [38]. For operators
F1, F2, F3, F4 and F8, we assume the dark matter is a Dirac
fermion. Alternatively, if the dark matter were a Majorana
fermion, the branching fractions will be larger by a factor of
2 and the F7 operator would vanish. Similarly, we have
assumed complex fields for operators mediating quark
interactions with spin-0 and spin-1 dark matter. Conversely,
if we assumed real dark matter fields, operators S4, V4,
V8− and V10− would vanish and the remaining operators
will have a larger branching fraction by a factor of 2. The
branching fractions for spin-1 dark matter have terms
proportional to m−2

X or m−4
X due to the longitudinal

polarization modes of the dark matter. As discussed in
[37], constraints due to the unitarity of the associated
matrix elements are trivial for the decay of bound state
mesons, which are approximated to be nonrelativistic,
compared to the application of unitarity constraints to
monojet searches for spin-1 dark matter at LHC [28]. Note
that the branching fractions for S1, S2 and S4 match those
previously calculated in [38].
We also calculate the differential branching fractions for

ϒð1SÞ → γXX, with respect to photon energy and scatter-
ing angle, assuming polarized ϒð1SÞ produced in ϒð2SÞ →
πþπ−ϒð1SÞ transitions. For relativistic eþe− annihilating
through a photon, the resulting ϒð2SÞ is produced polar-
ized with its spin axis lying along the beam line. The
daughter ϒð1SÞ should also be polarized along the beam
line and we assume a negligible differential boost between
the rest frame of the ϒð2SÞ and that of the ϒð1SÞ. If we

partially integrate the polarized differential branching frac-
tions over the phase space of the photon given the relevant
analysis cuts, denoted θ0 for scattering angle and ω0 for
energy in the c.m. frame, we can approximate limits on the
full branching fraction of any interaction structure given the
constraints on our S1/S2 operators presented in [42]. We
present the differential branching fractions for decays of
polarized bound state mesons in Appendix B and we denote
the partially integrated branching fractions Bpol

i ðθ0;ω0Þ,
where i labels an interaction structure. For any set of cuts
on the photon phase space, we can define an efficiency for
each interaction structure,F iðθ0;ω0Þ¼Bpol

i ðθ0;ω0Þ=Bi. We
can multiply the limits onBS1;S2ðγXXÞ [42] byF S1;S2, given
the associated analysis cuts, and are left with approximate
limits on a partial branching fraction which is proportional to
the number of events observed in the detector, independent of
effective operator. The limit on the full branching fraction for
any operator is thengivenby the product of the limit onS1/S2
and the ratio F S1;S2=F i, plotted in Fig. 2.
The rescaling of each operator is virtually insensitive to the

photon energy threshold, ω0, and there are only small
corrections for some operators due the geometric acceptance,
θ0. As we demonstrate in Appendix B, the angular phase
space distributions for all scalar and pseudoscalar mediated
interaction structures are identical and factorizable. Thus, in
our approximation, the geometric acceptance of the S1/S2
branching fraction will exactly cancel that from the F1/F3,
F2/F4 and V1/V2 branching fractions, yielding a nearly
identical limit. Note that, our approximate rescaling of the
S1/S2 limits assumes uniform detector efficiency within the
phase space of the detector.While setting a true limit on each
interaction structure would require taking these details into
account, such analysis is beyond the scope of this paper and
our rescaled limits should be considered estimates of
experimental sensitivity.

FIG. 2. Approximate limits on Bðϒð1SÞ → γX̄XÞ for all relevant effective contact operators mediating interactions with spin-0 (left),
spin-1=2 (left) and spin-1 (right) dark matter rescaled from 90% C.L. BABAR limits [42].
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B. Dark matter annihilation

We calculate the cross sections for (XX → qq),
given effective operators which have associated matrix
elements that allow for s-wave dark matter annihilation.
Note that only nine of the operators which allow
JPC ¼ 1−− bound state meson decays to γ þ invisible also
allow for unsuppressed dark matter annihilation. The
corresponding tree-level dark matter annihilation cross
sections are

hσF2A vi¼3m2
qm2

X

2πΛ6

�
1−

m2
q

m2
X

�
3=2

;

hσF4A vi¼3m2
qm2

X

2πΛ6

�
1−

m2
q

m2
X

�
1=2

;

hσF7A vi¼3m2
X

πΛ4

�
1−

m2
q

m2
X

�
3=2

;

hσF8A vi¼ 3m2
q

2πΛ4

�
1−

m2
q

m2
X

�
1=2

;

hσS1A vi¼ 3m2
q

4πΛ4

�
1−

m2
q

m2
X

�
3=2

;

hσS2A vi¼ 3m2
q

4πΛ4

�
1−

m2
q

m2
X

�
1=2

;

hσV1A vi¼ m2
q

4πΛ4

�
1−

m2
q

m2
X

�
3=2

;

hσV2A vi¼ m2
q

4πΛ4

�
1−

m2
q

m2
X

�
1=2

;

hσV10−A vi¼ m2
X

3πΛ4

�
1−

m2
q

m2
X

�
3=2

: ð5Þ

Note that, while V8þ allows for s-wave annihilation, the
associated matrix element is suppressed by an additional
factor of v2 due to the timelike polarization of the spin-1 dark
matter and will vanish in the nonrelativistic limit [7]. If we
assume a flavor structure which relates b-quark couplings to
dark matter with light quark couplings, then Λ can be
constrained by a stacked analysis of the photon flux from
dwarf spheroidal galaxies [43–49]. The photon flux is
calculated as the product of a dark matter density
factor, which can be inferred from the rotation curves of
visible matter, and a particle physics flux, which can be
expressed as

ΦPP ¼ hσAvi
8πm2

X

Z
mX

Ethr

X
f

Bf
dNf

dE
dE: ð6Þ

For dark matter annihilation into a channel f with branching
ratio Bf, dNf=dE is the associated photon spectrum. Note
that Ethr ¼ 1 GeV is the energy threshold for the photon
analysis.

We produce the spectra for uu, dd and ss annihilation
channels in Pythia 6.403 [50], and then set bounds on Λ given
the 95% C.L. limit onΦPP from Fermi-LATobservations of
dwarf spheroidal galaxies [44],

ΦPP < 5.0þ4.3
−4.5 × 10−30 cm3 s−1GeV−2: ð7Þ

Uncertainty in the dwarf halo profiles yields the asym-
metric uncertainties, which are 95% C.L. systematic errors
[46]. Note that, since we consider complex dark matter, we
must weaken this bound by a factor 2, as a real dark matter
field was assumed in [44]. Also note that, although more
stringent limits on dark matter annihilation can be set by a
more sophisticated analysis using more recent Fermi data
[48], such an analysis is beyond the scope of this paper. We
do, however, note that such analyses tend to improve limits
on the dark matter annihilation cross section by factors of
2–10, depending on annihilation channel and sample of
dwarf galaxies [46–48].

III. RESULTS

We assume scalar and pseudoscalar mediated inter-
action structures have effective couplings proportional to
quark mass, while operators with pseudovector quark
bilinears couple universally to all quark flavors. This
particular choice of couplings is well motivated by any
UV completion which assumes minimal flavor violation.
For example, there is a class of models within the
framework of the next-to-minimal supersymmetric stan-
dard model with light neutralino dark matter which will
couple to quarks through a CP-odd Higgs boson [51].
We assume dark matter and quarks only interact through
a single interaction structure, although this choice, as
well as the flavor structure of the effective couplings, is
only a benchmark and, in general, need not correspond to
any particular UV completion. Also, while the effective
couplings are not scale invariant, we assume the effect of
renormalization group-running from the scale of bound
state decays to that of nuclear scattering to be negli-
gible [52,53].

A. Mediator scale

In Fig. 3 we plot bounds on Λ arising from limits on
invisible ϒð1SÞ → γXX decays, dark matter annihilation in
dwarf spheroidal galaxies and monojet/photon searches at
ATLAS [54,55] and CMS [56,57]. The upper left panel
shows bounds for scalar and pseudoscalar mediated inter-
action structures with scalar or fermionic dark matter. The
upper right panel shows constraints for pseudovector
mediated interaction structures with scalar or fermionic
dark matter. The lower center panel shows limits for
interaction structures with vector dark matter. Note that
the bounds from LHC searches and dwarf spheroids
primarily probe dark matter coupling to light flavor quarks,
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where constraints from ϒð1SÞ → γXX decays directly
probe couplings to b-quarks. Also, radiative bound state
decays are analogous to monojet/photon searches at LHC,
as the free quark annihilation matrix elements for qq →
γXX are identical, but evaluated at different energy scales.
While the monojet constraints are only published for dark
matter masses mX ≳ 1 GeV, in principal these constraints
are not threshold limited and extend to the massless dark
matter limit with respective mass dependencies similar to
those for the corresponding constraints from bound state
decays.

Constraints on the effective mediator scale can be related
to UV completions with heavy mediators of mass
Mmed ∼ gΛ, where g is a dimensionless coupling constant
for a given DM-SM interaction structure. The effective
contact approximation is only valid for mediators with
masses larger than the momentum transfers which appear in
the associated propagators. Thus, assuming g ∼Oð1Þ, the
limits from bound state meson decays satisfy
Mmed ≳ 10 GeV, ensuring that the effective contact
approximation is valid for all relevant contact operators.
Similarly, monojet searches at LHC can only set model

FIG. 3. Bounds on the mediator scale, Λ, for dark matter of mass mX arising from constraints on ϒð1SÞ → γX̄X decays, from
constraints on dark matter annihilation in dwarf spheroidal galaxies, and from monojet/photon searches at ATLAS [54,55] and CMS
[56,57]. The upper left panel shows bounds for scalar and pseudoscalar mediated interaction structures with scalar or fermionic dark
matter. The upper right panel shows constraints for pseudovector mediated interaction structures with scalar or fermionic dark matter.
The lower center panel shows limits for interaction structures with vector dark matter.
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independent bounds for mediator masses above ∼OðTeVÞ
and the range of validity for such constraints from bound
state decays is complementary. Alternatively, if we consider
simple UV completions of our effective operators outside
of the mass range where our effective contact approxima-
tion is valid, monojet searches can set bounds on lighter
mediator masses which are also beyond the sensitivity of
constraints from bound state decays (for example, see
[58,59]). However, we note that, even in simplified model
frameworks, the sensitivity of monojet constraints to
smaller mediator masses will eventually be limited by
the large transverse energy required in such searches. For
example, if we consider an s-channel UV completion, the
typical momentum transfer,

ffiffiffî
s

p
, in monojet events should

not be smaller than a few hundred GeVat LHC8. In order to
keep lowmX monojet constraints on Λ ∼OðTeVÞ constant,
we must rescale g to smaller values as we lower Mmed. For
M2

med ≲ ŝ, the momentum transfer will dominate the
propagator and the LHC monojet event rate will be sup-
pressed by ∼g4=ŝ2. In comparison, the constraints from
bound state decays will stay constant with an event rate
proportional to ∼g4=M4

med. As a result, bound state decays
in our effective field theory framework can constrain
mediator masses in the range where LHC monojet limits,
applied to simplified models, have limited sensitivity.
The relative strength of the limits from bound state

meson decays compared to those from LHC searches or
dark matter annihilation is highly dependent on assump-
tions made about the effective couplings for our contact
operators. As a benchmark, we have assumed scalar
and pseudoscalar mediated interactions have couplings
∼mq, which enhance the matrix elements for interactions
with b-quarks relevant for ϒð1SÞ → γ þ invisible decays.
For pseudovector mediated interaction structures con-
strained by ϒð1SÞ → γ þ invisible, as well as the operators
relevant for ϒð1SÞ → invisible decays, we make no such
assumption and the bounds are comparatively weak. The
associated suppression of the matrix elements for dark
matter annihilation is manifest in the cross sections for F2,
F4, S1, S2, V1, and V2 operators. Also note that the limit
on F8 from dwarf spheroids is somewhat weaker due to the
chirality suppression of the dark matter annihilation matrix
element. Astrophysical uncertainties can strengthen the
constraints from dark matter annihilation in dwarf sphe-
roidal galaxies by up to a factor of 10 or weaken them by up
to a factor of 2.

B. Dark matter-nucleon scattering

The effective operators which we consider that will yield
velocity independent terms in the respective dark matter-
nucleon scattering matrix element are F1 (SI), F8 (SD), S1
(SI), V1 (SI) and V10þ (SD).
For operators with scalar quark bilinears yielding spin-

independent scattering, the associated dark matter-proton
cross sections are

σF1SI ¼ μ2pm2
p

πΛ6

� X
q¼u;d;s

fpq þ 2

27

X
c;b;t

fpg

�
2

;

σS1;V1SI ¼ μ2pm2
p

4πΛ4m2
X

� X
q¼u;d;s

fpq þ 2

27

X
c;b;t

fpg

�
2

; ð8Þ

where mp is the proton mass and μp is the reduced mass of
the dark matter-nucleon system. As a benchmark, we
assume the nucleon form factors associated with the scalar
quark bilinear are fpu ¼ fnd ¼ 0.024, fpd ¼ fnu ¼ 0.035,
fp;ns ¼ 0.051 and fp;ng ¼ 1 −

P
q¼u;d;s f

p;n
q [60], although

the precise determination of scalar nucleon couplings varies
in the literature and there are possibly significant uncer-
tainties due to the strangeness content of the nucleon (for
recent discussions, [61–63]). The relative strength of
interactions between dark matter and different flavor quarks
can have a significant impact on the overall scattering cross
section. Here we have assumed operators with scalar quark
bilinears have an effective coupling proportional to the
quark mass, whereas in [37], the authors assume universal
quark coupling for spin-independent scattering through
interaction structures with vector quark bilinears. We also
consider constraints on dark matter scattering through
scalar or pseudoscalar mediated operators only assuming
interactions with b-quarks.
Similarly, for operators with pseudovector quark bilin-

ears yielding spin-dependent scattering, the associated dark
matter-proton cross sections are

σF8SD ¼ 3μ2p
πΛ4

� X
q¼u;d;s

Δp
q

�
2

;

σV10þSD ¼ 2μ2p
πΛ4

� X
q¼u;d;s

Δp
q

�
2

: ð9Þ

The nucleon spin form factors associated with the
pseudovector quark bilinear are Δp

u ¼ 0.84, Δp
d ¼ −0.43

and Δp
s ¼ −0.09 [64]. Note that, unlike spin-independent

scattering, we only assume universal quark coupling to
dark matter in the matrix elements yielding spin-dependent
cross sections, as there is no significant coupling to heavy
quark flavor in pseudovector mediated interactions.
In Fig. 4, we plot the bounds on spin-independent (left

panel) and spin-dependent (right panel) cross sections
mediated by operators which allow velocity independent
scattering in addition to ϒð1SÞ → γ þ invisible decays.
We also plot 95% C.L. bounds arising from Fermi-LAT
searches for dark matter annihilation in dwarf spheroidal
galaxies and 90% C.L. bounds arising from monojet and
monophoton searches (ATLAS [54,55] and CMS
[56,57]). The 90% C.L. exclusion contours from
CRESST II [65], SuperCDMS [66], LUX [67], PICO
[68] and PICASSO [69] are also shown, as are the
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DAMA/LIBRA [70], CRESST II (95% C.L.) [71],
CoGeNT [72] and CDMS II (silicon) [73] 90% C.L.
signal regions.

IV. CONCLUSIONS

We have calculated the branching fractions for bound
state quarkonium decays to final states with two dark
matter particles and a photon. Noting the previous results
for purely invisible final states [37], ϒð1SÞ decays can
constrain all possible dimension six or lower effective
contact operators coupling quarks to light dark matter of
spin-0, spin-1=2 or spin-1. In particular, the possible
complementarity of constraints between the decays of
various bound state mesons, along with a choice of final
state, offers a unique handle on the characteristics of light
dark matter interacting with heavy flavor quarks. We have
extrapolated the limits on the total branching fraction for
ϒð1SÞ → γXX decays for all relevant operators by
approximating the limits on the partial branching fraction
into the phase space of the detector considered in [42] and
rescaling to limits on the full branching fraction, given the
respective efficiencies of the analysis cuts, for each
operator. Once we approximate limits on the full branch-
ing for ϒð1SÞ → γXX decays, we then calculate the
bounds on the respective suppression scale, Λ, for each
operator.
In addition to the complementary constraints between

various bound state decays, we have also related con-
straints from meson decays to analogous monojet/

monophoton searches at hadron colliders and to searches
for photons from dark matter annihilation in dwarf
spheroidal galaxies. If one assumes scalar and pseudo-
scalar couplings respect minimal flavor violation, con-
straints from heavy quarkonium decays can be nearly as
stringent as other search strategies which probe inter-
actions with light flavor quarks and, thus, couple to light
quark masses. Collider constraints, in general, are not
threshold limited and can probe a dark matter mass range
which can prove challenging to access when observing
nuclear recoils at direct detection experiments or Standard
Model decay products at indirect dark matter searches.
Also, the contact operator approximation breaks down as
the mediation scale approaches the characteristic energy
scale of the process. While LHC searches can still set
stringent limits on dark matter-Standard Model inter-
actions through mediators with masses ≲OðTeVÞ, bound
state decays allow for model independent constraints to
be set for mediator masses ≳10 GeV. Together with
possibility of discriminating between effective operators
based on different initial/final state combinations, heavy
quarkonium decays can augment model independent
searches for dark matter at LHC.
Future analysis of heavy quarkonium decays at high

luminosity eþ=e− colliders should not only improve
sensitivity to invisible and invisbleþ γ final states, but
also yield limits for decays of bound states beyond the
more common JPC ¼ 1−− mesons. Improved bounds from
an upcoming Belle II analysis should enhance sensitivity

FIG. 4. Bounds on the dark matter-proton spin-independent (left panel) and spin-dependent (right panel) scattering cross sections for
dark matter of mass mX coupling to quarks through the indicated effective contact operator. The solid (dashed) exclusion contours
indicate 90% C.L. bounds arising from limits on ϒð1SÞ → γX̄X decays, assuming coupling to all (only b-flavor) quarks. The other
labeled exclusion contours indicate 95% C.L. bounds arising from Fermi-LAT constraints on dark matter annihilation in dwarf
spheroidal galaxies, and 90% C.L. bounds arising from monojet and monophoton searches (ATLAS [54,55] and CMS [56,57]). The
90% C.L. exclusion contours from CRESST II [65], SuperCDMS [66], LUX [67], PICO [68] and PICASSO [69] are also shown, as are
the DAMA/LIBRA [70], CRESST II (95% C.L.) [71], CoGeNT [72] and CDMS II (silicon) [73] 90% C.L. signal regions.
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to ϒð1SÞ → γXX decays by a factor ∼4 [74]. Also, with
enough data, Belle II will be capable of setting the first
limits on hbð1PÞ → γXX decays, which, as we have
shown, can be used to constrain particular subsets of
effective operators allowing for ϒð1SÞ → γXX decays.
Heavy quarkonium decays at high luminosity experiments
will continue to provide interesting constraints on
Standard Model interactions with low mass dark matter
candidates.
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APPENDIX A: CONSTRAINTS FROM
OPERATORS MEDIATING PURELY

INVISIBLE DECAYS

In a similar framework, the authors of [37] have studied
ϒð1SÞ (and J=Ψ) decays to invisible, emphasizing the
complementarity of dark matter constraints from direct,
indirect and collider searches. We update the results here
to demonstrate the relationship between the decays of
different bound states to either invisible or γ þ invisible
final states. We also calculate the invisible branching
fractions and annihilation cross section relevant for the
V7− and V9− operators which were not considered in
previous work. Assuming weak interactions are negli-
gible, the quark bilinears in the operators mediating
decays to a purely invisible final state must share the

TABLE II. Interaction structures that can mediateϒð1SÞ decays to invisible. Invisible (radiative) identifies the (JPC, S, L) bound states
that can be annihilated for invisible (invisibleþ γ) final states. Note that we only consider s- and p-wave bound states. If the interaction
structures can permit s-wave dark matter annihilation, then a bound can also be set by Fermi observations of photons originating from
dwarf spheroidal galaxies. Lastly, we indicate whether or not constraints on spin-independent (SI) or spin-dependent (SD) nucleon
scattering can be inferred from BABAR or Fermi limits.

Name Interaction structure Invisible Radiative Annihilation Scattering

F5 ð1=Λ2ÞX̄γμXq̄γμq ð1−−; 1; 0Þ ð0þþ; 1; 1Þ Yes SI
ð0−þ; 0; 0Þ
ð1þþ; 1; 1Þ

F6 ð1=Λ2ÞX̄γμγ5Xq̄γμq ð1−−; 1; 0Þ ð0þþ; 1; 1Þ No No
ð0−þ; 0; 0Þ
ð1þþ; 1; 1Þ

F9 ð1=Λ2ÞX̄σμνXq̄σμνq ð1−−; 1; 0Þ ð0þþ; 1; 1Þ Yes SD
ð1þ−; 0; 1Þ ð0−þ; 0; 0Þ

F10 ð1=Λ2ÞX̄σμνγ5Xq̄σμνq ð1−−; 1; 0Þ ð0þþ; 1; 1Þ Yes No
ð1þ−; 0; 1Þ ð0−þ; 0; 0Þ

S3 ð1=2Λ2Þιðϕ†∂μϕ − ϕ∂μϕ
†Þq̄γμq ð1−−; 1; 0Þ ð0þþ; 1; 1Þ No SI

ð0−þ; 0; 0Þ
ð1þþ; 1; 1Þ

V3 ð1=2Λ2ÞιðB†
ν∂μBν − Bν∂μB

†
νÞq̄γμq ð1−−; 1; 0Þ ð0þþ; 1; 1Þ No SI

ð0−þ; 0; 0Þ
ð1þþ; 1; 1Þ

V5 ð1=ΛÞιB†
μBνq̄σμνq ð1−−; 1; 0Þ ð0þþ; 1; 1Þ Yes SD

ð1þ−; 0; 1Þ ð0−þ; 0; 0Þ
V6 ð1=ΛÞB†

μBνq̄σμνγ5q ð1−−; 1; 0Þ ð0þþ; 1; 1Þ Yes No
ð1þ−; 0; 1Þ ð0−þ; 0; 0Þ

V7þ ð1=2Λ2ÞðB†
ν∂νBμ þ Bν∂νB†

μÞq̄γμq ð1−−; 1; 0Þ ð0þþ; 1; 1Þ No No

ð0−þ; 0; 0Þ
ð1þþ; 1; 1Þ

V7− ð1=2Λ2ÞιðB†
ν∂νBμ − Bν∂νB†

μÞq̄γμq ð1−−; 1; 0Þ ð0þþ; 1; 1Þ No No

ð0−þ; 0; 0Þ
ð1þþ; 1; 1Þ

V9þ ð1=2Λ2ÞϵμνρσðB†
ν∂ρBσ þ Bν∂ρB

†
σÞq̄γμq ð1−−; 1; 0Þ ð0þþ; 1; 1Þ No No

ð0−þ; 0; 0Þ
ð1þþ; 1; 1Þ

V9− ð1=2Λ2ÞιϵμνρσðB†
ν∂ρBσ − Bν∂ρB

†
σÞq̄γμq ð1−−; 1; 0Þ ð0þþ; 1; 1Þ Yes No

ð0−þ; 0; 0Þ
ð1þþ; 1; 1Þ
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angular momentum and C=P properties of the heavy
quarkonium state. Specifically, for ϒð1SÞ mesons with
JPC ¼ 1−−, the quark bilinear must be qγiq or qσ0iq,
where i is a spatial index [7]. Thus, the effective operators
which can yield a nonvanishing matrix element for
ϒð1SÞ → XX decays are orthogonal to the operators
which allow ϒð1SÞ → γXX decays. The interaction
structures permitting JPC ¼ 1−− bound state decays to
invisible are listed in Table II, along with the angular
momentum and C=P properties of other possible bound
states with nonvanishing matrix elements for decays to
→ invisible or → γ þ invisible final states. If the inter-
action structures can permit s-wave dark matter annihi-
lation, then a bound can also be set by Fermi observations
of photons originating from dwarf spheroidal galaxies.
Lastly, we indicate whether or not constraints on spin-
independent (SI) or spin-dependent (SD) nucleon scatter-
ing can be inferred from BABAR or Fermi limits.
As noted in the text, the various DM-SM interaction

structures will have complementarity constraints due to
decays of different bound states to invisible final states.
For example, assuming fermionic dark matter interacts
through our F5 operator, which arises from integrating out
a vector mediator, constraints from ϒð1SÞ → XX decays
will be directly related ηbð1PÞ → γXX, χb0ð1PÞ → γXX
and χb1ð1PÞ → γXX decays. As a result, between decays
to invisible and invisibleþ γ final states, every low-lying
bottomonium state can be used to constrain a variety of
dark matter interaction structures.
As pointed out by the authors of [28], a complete

set of dimension six or lower contact operators mediating
spin-1 dark matter interactions with quarks should include
C-odd Vð7-10Þ− interaction structures in addition to
the C-even Vð7-10Þþ operators considered in [7]. We have
included both groups of operators in our analysis of
bound state decays to γ þ invisible in this paper. We
calculate the branching fractions for bound state decays
to invisible through the V7− and V9− operators not
considered in [37],

BV7−ðXXÞ¼
Bðeþe−ÞM4

512π2α2Q2
bΛ

4

�
1−

4m2
X

M2

�
3=2M2

m2
X

�
1þ M2

4m2
X

�
;

BV9−ðXXÞ¼
Bðeþe−ÞM4

128π2α2Q2
bΛ

4

�
1−

4m2
X

M2

�
1=2

�
1þ M2

2m2
X

�
:

ðA1Þ

Note that, while the Vð7-10Þþ operators allow for the
dark matter fields to be real or complex, the Vð7-10Þ−
operators are only nonvanishing if we assume complex
dark matter. The V7þ and V9þ branching fractions to
invisible calculated in [37] also assumed operators with

complex dark matter, albeit with an extra factor of 2 in the
normalization of the operators. For completeness, we also
calculate the dark matter annihilation cross section for the
V9− interaction structure,

hσV9−A vi ¼ m2
X

3πΛ4

�
1 −

m2
q

m2
X

�
1=2�

1þ m2
q

2m2
X

�
: ðA2Þ

APPENDIX B: POLARIZED DIFFERENTIAL
BRANCHING FRACTIONS

We calculate the differential branching fractions for
ϒð1SÞ → γXX, with respect to photon energy and scatter-
ing angle, assuming polarized ϒð1SÞ produced in
ϒð2SÞ → πþπ−ϒð1SÞ transitions. For relativistic eþe−
annihilating through a photon, the resulting ϒð2SÞ is
produced polarized with its spin axis lying along the
beam line. We assume the dipion transition is dominated
by E1 · E1 gluon radiation, thus the daughter ϒð1SÞ
should also be polarized along the beam line. We also
assume a negligible differential boost between the rest
frame of the ϒð2SÞ and that of the ϒð1SÞ. The polari-
zation of the ϒð1SÞ and the lack of relative angular
momentum between the ϒð1SÞ and the dipion system
have been confirmed in the angular distributions of
charged leptons produced in subsequent ϒð1SÞ decays
and in the dipion system, respectively [75].
We can define the kinematics of the ϒð1SÞ → γX

decay, where X now denotes the invisible system con-
sisting of our dark matter particles. Since we are con-
sidering the rest frame of the ϒð2SÞ, and, to a reasonable
approximation, that of the ϒð1SÞ, we define Pϒ ¼
ðM; 0; 0; 0Þ. The photon will be emitted at an angle, θ,
relative to the beam line with an energy, ω, yielding
kγ ¼ ðω;ω sin θ; 0;ω cos θÞ. Finally, we only consider
ϒð1SÞ polarizations with spin projections on the beam
axis, ϵ�ϒ ¼ ∓2−1=2ð0; 1;�ι; 0Þ. Now we can calculate the
matrix elements squared for our polarized ϒð1SÞ decays,
given the relevant DM-SM interaction structures, and then
integrate over the full phase space of the invisible system,
leaving phase space distributions only in our observable
kinematic variables.
We write the differential branching fractions using

abbreviated notation for some of the phase space
factors,

λða; b; cÞ ¼ a2 þ b2 þ c2 − 2ab − 2ac − 2bc; ðB1Þ

with λϒ ¼ λð1; X2=M2; 0Þ and λX ¼ λð1; m2
X=X

2; m2
X=X

2Þ.
We also denote the possible angular dependencies for
ϒð1SÞ → γXX decays in our framework, fþθ ¼
1þ cos2 θ and f−θ ¼ 2 − 2 cos2 θ. The following are the
polarized differential branching fractions as functions of
dark matter mass, ϒð1SÞ mass, mediation scale, the
branching fraction to eþ=e−, and phase space factors:
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dBpol
F1;F3ðγXXÞ

dX2d cos θ
¼ 3Bðeþe−ÞM2

512π3αΛ6
λ1=2ϒ λ3=2X X2fþθ ;

dBpol
F2;F4ðγXXÞ

dX2d cos θ
¼ 3Bðeþe−ÞM2

512π3αΛ6
λ1=2ϒ λ1=2X X2fþθ ;

dBpol
F7ðγXXÞ

dX2d cos θ
¼ 3Bðeþe−Þ

128π3αΛ4
λ1=2ϒ

��
−
X2

3
λ3=2X þ X2λ1=2X
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f−θ þ 2

3
M2

�
1þ 2

m2
X

X2

�
λ1=2X fþθ

�
;

dBpol
F8ðγXXÞ

dX2d cos θ
¼ Bðeþe−Þ

64π3αΛ4
λ1=2ϒ
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X
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dBpol
S1;S2ðγXXÞ

dX2d cos θ
¼ 3Bðeþe−ÞM2

1024π3αΛ4
λ1=2ϒ λ1=2X fþθ ;

dBpol
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dX2d cos θ
¼ Bðeþe−ÞM2
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λ1=2ϒ λ3=2X
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M2
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�
;

dBpol
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dX2d cos θ
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1024π3αΛ4
λ1=2ϒ λ1=2X
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þ X4
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dBpol
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1024π3αΛ4
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dBpol
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dBpol
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;

dBpol
V10−

ðγXXÞ
dX2d cos θ

¼ Bðeþe−ÞM2

512π3αΛ4
λ1=2ϒ λ1=2X

�
1þ X2

2m2
X

��
X2

M2
f−θ þ fþθ

�
: ðB2Þ

Note if we integrate these differential branching fractions over the entire kinematic range, which is equivalent
to assuming an isotropically polarized bound state, we recover the fully integrated branching fractions reported
in Eq. (4).

APPENDIX C: PHASE SPACE INTEGRALS

We show the analytic results of the relevant integrals over the phase space of the invariant mass squared of the invisible
system, X2, noting the change of integration variables to x0 ¼ X2=4m2

X. The integrals are all of the form

Imn ðxÞ ¼
Z

x

1

�
1 −

1

x0

�
n
x0mdx0; ðC1Þ

where n ¼ 1=2, 3=2 and m is an integer such that −1 ≤ m ≤ 4. For calculation of the partially integrated branching
fractions, the allowed range of X2 is determined by the photon detection threshold, ωmin, as well as the dark matter mass,
such that 4m2

X < X2 < M2 − 2Mωmin. The full branching fractions are integrated over the entire kinematic range with
ωmin ¼ 0:
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Note that Imn ð1Þ ¼ 0 for all n and m, thus the integrals need only be evaluated at x ¼ ðM2 − 2MωminÞ=4m2
X.
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