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We propose the study of unpolarized transverse momentum dependent gluon parton distributions as
well as the effect of linearly polarized gluons on transverse momentum and rapidity distributions of J=ψ
and ϒ production within the framework of transverse momentum dependent factorization employing a
color evaporation model (CEM) in an unpolarized proton-proton collision. We estimate the transverse
momentum and rapidity distributions of J=ψ and ϒ at LHCb, RHIC and AFTER energies using TMD
evolution formalism.
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I. INTRODUCTION

In recent years, transverse momentum dependent parton
distributions (TMDs) and fragmentation functions (TMFs)
have gained a lot of interest both theoretically and exper-
imentally. These are objects that play an essential role for
example in single spin asymmetries, where one of the
colliding beams/target is polarized. In order to gain infor-
mation on TMDs, one needs a process like semi-inclusive
deep inelastic scattering (SIDIS) or Drell-Yan (DY), where
one observes the transverse momentum of a produced
particle. There are interesting theoretical issues associated
with the TMDs like universality and factorization [1], and a
lot of theoretical work has been done in the past few years to
shed light on these issues. However, more experimental data
are required to fully understand them. There are interesting
and useful data from HERMES, COMPASS, JLab, as well
as from Tevatron, LHC, Belle and BABAR collaborations.
The ultimate goal is to obtain a global fit for the TMDs
using all data. However, the problem lies in the fact that
the data from SIDIS are at a low energy compared to the
data for a DY process [2]. It has been shown that in the range
ΛQCD ≪ k⊥ ≪ Q where k⊥ is the transverse momentum
and Q is the large momentum scale of the process, radiative
gluon emission plays an essential role and these need to be
resummed, giving rise to the evolution of TMDs [3],
whereas for low k⊥, nonperturbative physics dominates.
To get a complete picture, one would need to use a lot of
data from different experiments in different kinematics.
Here it is important to first investigate the unpolarized
TMDs. Not only is this important to understand the behavior
of TMDs in general over a large range of momentum scales,
but also it is important for spin-dependent studies as these
lie in the denominator of spin asymmetries. Information on
quark and antiquark TMDs can be obtained for example
from SIDIS; however, gluon TMDs can be best studied in
pp and pp̄ collisions.
It has been pointed out [4] that gluons can be linearly

polarized even inside an unpolarized hadron provided that

gluons should have nonzero transverse momentum with
respect to the parent hadron. The gluon-gluon correlation
function contains the information regarding linearly polar-
ized gluons. Formally, the gluon correlator of the unpo-
larized spin − 1

2
hadron is parametrized in terms of leading

twist transverse momentum dependent (TMD) distribution
functions [5] i.e., fg1ðx;k2⊥Þ and h⊥g

1 ðx;k2⊥Þ. Here, fg1
represents the likelihood of finding an unpolarized gluon
with a longitudinal momentum fraction x and transverse
momentum k⊥ inside an unpolarized hadron, and h⊥g

1 ,
Boer-Mulders function, describes the distribution of lin-
early polarized gluons within the unpolarized hadron (time-
reversal even, or T-even). In general, quarks can also be
transversely polarized within the unpolarized hadron.
Quark distribution function h⊥q

1 is a time-reversal odd
(T-odd) function. Experimentally, large cos 2ϕ azimuthal
asymmetry was observed in the DY process [6,7]. It was
also noticed in SIDIS by EMC [8] and ZEUS [9] experi-
ments. As suggested in [10], the observed cos 2ϕ azimuthal
asymmetry can be explained by the Boer-Mulders effect.
Quark Boer-Mulders function (h⊥q

1 ) has been explored in
SIDIS process [11] assuming a relation with Sivers
function f⊥q

1T [12,13]. It was noticed in [11] that the
Cahn effect [14,15] also leads to the cos 2ϕ asymmetry
with a comparable contribution as that of the Boer-Mulders
effect. Moreover, an antiquark Boer-Mulders function was
estimated in the DY process [16] by measuring azimuthal
asymmetry. Recent analysis on h⊥q

1 has been given
in Ref. [17].
However, no experimental investigation to extract the

gluon Boer-Mulders function (h⊥g
1 ) has been carried out

until date. Hence, the quantification of h⊥g
1 is still enigmatic

except knowing its theoretical upper bound [18]. Towards
this, numerous proposals have been introduced to inves-
tigate h⊥g

1 , theoretically. The diphoton production has
been suggested to probe the linearly polarized gluons in
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pp → γγ þ X at relativistic heavy ion collider (RHIC) [19].
Additionally, SIDIS and hadronic collision [20] processes
were also proposed to probe h⊥g

1 in heavy quark and dijet
production respectively. It has been shown that h⊥g

1 causes
the imbalance of dijet in a hadronic collision [21] through
which an estimation of the average intrinsic transverse
momentum of the partons can be obtained. It was observed
that Higgs boson transverse momentum distribution at
LHC can be modified by the presence of linearly polarized
gluons in the unpolarized hadrons [22–24]. The modified
transverse momentum spectrum provides a way to deter-
mine whether the Higgs is a pseudoscalar or scalar [23].
The effect of linearly polarized gluons on the transverse
momentum distribution in heavy quark pair production
(ηc;b, χc0;b0 and χc2;b2) has been studied in pp collision [25]
using nonrelativistic QCD (NRQCD).
TMD factorization framework for SIDIS and DY proc-

esses has now been derived [1]. TMD functions depend on
the intrinsic transverse momentum k⊥ along with the
longitudinal momentum fraction x of the partons whereas
in collinear factorization the parton distribution functions
(pdfs) depend only on x in which the transverse momentum
is integrated out. In addition, these depend on the momen-
tum scale Q. The transverse momentum (PT) spectrum of a
particular final state hadron in the scattering process seems
to have a Gaussian distribution [2]. This prompted the
assumption that TMD pdfs exhibit a Gaussian shape. A
simple Gaussian model in which the TMD pdf factorizes
into an exponential factor function of only k⊥ with a
Gaussian width hk2⊥i and collinear pdf which is a function
of both x and probing scale Q, seems to describe the
experimental data (E288) of the DY process [26] as
shown in Ref. [2]. The evolution of Q2 is taken only in
collinear pdf which is known as Dokshitzer-Gribov-
Lipatov-Altarelli-Parisi (DGLAP) or collinear evolution.
However, the Gaussian model was proven to be unsuc-
cessful to explain the high PT data of Z boson production in
the DY process at CDF [27] [2]. Moreover, Gaussian width
depends on the energy of the experiment to describe PT
distribution of high energy data [2]. In order to explain the
high PT data one must look beyond DGLAP evolution. As
mentioned before, TMD factorization framework endows
us evolution of TMDs [1]. By implementing the evolution
of TMDs, Ref. [3] has shown that u quark TMD pdf has a
suppression at low k⊥ and a broad tail at high k⊥ values.
The evolution of TMDs describes the high PT spectrum of
Z and W boson productions perfectly [28]. It is very useful
to study the evolution effect on PT distribution because the
present as well as future experiments do operate at different
energies. In this work, the framework of Ref. [29] is used to
implement TMD evolution.
In the recent past, a great attention has been paid to study

charmonium and bottomonium productions as they provide
the mechanism of the formation of a bound state. Here we
introduce a clean promising process to estimate the

unpolarized gluon TMD fg1ðx; k⊥Þ and linearly polarized
gluon distribution h⊥g

1 ðx; k⊥Þ in J=ψ and ϒ production in
unpolarized proton-proton collision i.e., pp → QQ̄þ X in
the framework of transverse momentum dependent fac-
torization. The partonic subprocesses for charmonium and
bottomonium production are the two gluon fusion process
gg → QQ̄ and qq̄ → QQ̄, at leading order (LO).
Among existing three models for charmonium and

bottomonium production, the first one is the color singlet
model (CSM) [30]. In CSM, the cross section for heavy
quarkonium production is factorized similar to QCD
factorization theorem. The production process can be
decomposed into two steps. The first step is creation of
an on shell heavy quark pair which is calculated perturba-
tively. The other step is the binding of the QQ̄ pair into a
physical color singlet state which is encoded in the long
distance factor, the wave function. Generally the wave
function is obtained by fitting data or from potential
models. CSM suggests that spin and color quantum
numbers of QQ̄ pair do not alter during hadronization
process. Therefore, to produce a physical color singlet state
it requires that the QQ̄ pair should be in a color singlet
state. Thus the name CSM for this model. Nevertheless,
CSM is unable to describe the large transverse momentum
spectrum of J=ψ , ϒ and ψð2sÞ [31,32].
The second one is the NRQCD model [33] in which the

cross section is factorized just like CSM. The quarkonium
cross section is a product of short and long distance factors
summed over all possible color, spin and angular momen-
tum quantum numbers of the QQ̄ pair. In this model the
formation of a heavy quark pair is either in a color octet
or color singlet state. The short distance factor can be
calculated with appropriate quantum numbers using per-
turbation theory. The long distance factor, the nonpertur-
bative matrix element, describes the transition probability
of the QQ̄ pair from colored state to colorless physical
state, which can be expanded in powers of υ where υ is the
relative velocity of the heavy quark in the quarkonium rest
frame. The values are υ2 ¼ 0.1 and 0.3 for bottomonium
and charmonium respectively.
The third model is the color evaporation model (CEM),

which was first developed in 1977 by Halzen, Matsuda [34]
and Fritsch [35]. In CEM, it is assumed that the heavy
quark pair is produced perturbatively with definite spin
and color quantum numbers which can be calculated up to a
desired order in αs. Thereafter, the heavy quark pair
radiates soft gluons to evolve into any physical color
neutral quarkonium state with quantum numbers different
than that of the initial heavy quark pair. The process of
hadronization of the quarkonium from a heavy quark pair is
usually referred to as a nonperturbative process. The CEM
acquired the name “color evaporation”, since the color of
the initial QQ̄ pair does not affect the final quarkonium
state. According to CEM, the cross section of the
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quarkonium state is some long distance factor times the
cross section of the QQ̄ pair with invariant mass below the
threshold mass. Typically, the long distance factors are
considered to be universal which are determined by fitting
the heavy quark pair cross section with experimental
data. Schuler and Vogt [36] determined the long distance
factors for J=ψ and ϒ to be 0.055 and 0.087 respectively.
Amundson et al. [37] introduced another constraint in
CEM, namely the probability of producing a color singlet
quarkonium state is only 1=9 of the heavy quark pair
production. The long distance factors deduced in this
version of CEM for J=ψ and ϒ are 0.47 [37] and 0.62
[38] respectively. The general prediction of CEM is that the
probability of forming any quarkonium state is independent
of the color and spin quantum numbers. This model is
found to be in close match with the experimental data with
an inclusion of a phenomenological factor in the cross
section that is dependent on the Gaussian distribution of the
transverse momentum of the quarkonium [39]. Given its
simplicity, the present work employs the CEM to advance
the understanding of the TMDs and their evolution. As a
whole, the paper contains five sections including introduc-
tion. Section II presents the formalism for J=ψ and ϒ
production. The TMD evolution formalism is presented in
Sec. III. Numerical results are presented in the Sec. IV
along with the conclusion in Sec. V.

II. CHARMONIUM (J=ψ) AND BOTTOMONIUM
(ϒ) PRODUCTION

The formalism for charmonium and bottomonium pro-
duction in CEM is explained as follows. The cross section
for this production is proportional to the rate of production
of QQ̄ pair which is integrated over the mass values
ranging from 2mQ to 2mQq̄ [40], see also [41,42]

σ ¼ ρ

9

Z
2mQq̄

2mQ

dM
dσQQ̄

dM
; ð1Þ

where mQ is the mass of a charm or bottom quark and mQq̄

is the mass of the lightest D meson for charmonium and B

meson for bottomonium.
dσQQ̄

dM can be calculated perturba-
tively and M is the invariant mass of the QQ̄ pair. The
probability of producing the quarkonium is zero if the
invariant mass of a heavy quark pair is more than 2mQq̄.
Here ρ is long distance factor, and we have taken 0.47 [37]
and 0.62 [38] for production of J=ψ and ϒ respectively.
We consider the following process (unpolarized proton-

proton collision) for charmonium and bottomonium
production

hðPAÞ þ hðPBÞ → QQ̄ðqÞ þ X; ð2Þ

where the four momenta are given within round brackets.
We choose the frame in which the proton A is moving

along þẑ axis and proton B is moving along −ẑ axis in the

center of mass (c.m.) frame with four momenta Pμ
A ¼ffiffi

s
p
2
ð1; 0; 0; 1Þ and Pμ

B ¼
ffiffi
s

p
2
ð1; 0; 0;−1Þ respectively. The

Feynman diagrams for formation of aQQ̄ pair are shown in
Fig. 1. The assumption that the TMD factorization holds
good at sufficiently high energies is adopted in similar lines
with Refs. [4,43]. The cross section using generalized CEM
and TMD factorization formalism for Eq. (2) is

dσ ¼ ρ

9

Z
dxadxbd2k⊥ad2k⊥b

× fΦμν
g ðxa;k⊥aÞΦgμνðxb;k⊥bÞdσ̂gg→QQ̄

þ ½Φqðxa;k2⊥aÞΦq̄ðxb;k2⊥bÞ
þ Φq̄ðxa;k2⊥aÞΦqðxb;k2⊥bÞ�dσ̂qq̄→QQ̄g; ð3Þ

where xa, xb are the longitudinal momentum fractions and
k⊥a, k⊥b are the transverse momentums of the incoming
gluons and quarks. Here, q ¼ u; ū; d; d̄; s; s̄ and Q ¼ c or
b, depending on whether J=ψ or ϒ is produced. The gluon
field strengths Fμνð0Þ and FμνðλÞ that are evaluated at a
fixed light front time λþ ¼ λ:n ¼ 0 are used to define the
gluon correlator (omitting gauge link) Φμν

g . Here, n is a
lightlike vector and is conjugate to the proton four
momentum P. At leading twist, the gluon correlator of
an unpolarized hadron contains two TMD gluon distribu-
tion functions [5]

Φμν
g ðx;k⊥Þ ¼

nρnσ
ðk:nÞ2

Z
dðλ:PÞd2λT

ð2πÞ3
× eik:λhPjTr½Fμρð0ÞFνσðλÞ�jPijLF

¼ −
1

2x

�
gμνT fg1ðx;k2⊥Þ

−
�
kμ⊥kν⊥
M2

h

þ gμνT
k2⊥
2M2

h

�
h⊥g
1 ðx;k2⊥Þ

�
: ð4Þ

The quark correlator with omitting the gauge link is defined
as [20]

FIG. 1. Feynman diagrams for gluon-gluon fusion and qq̄
annihilation processes at leading order [38].
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Φqðx;k⊥Þ ¼
Z

dðλ:PÞd2λT
ð2πÞ3 eik:λhPjψ̄ð0ÞψðλÞ�jPijLF

¼ 1

2

�
fq1ðx;k2⊥ÞPþ ih⊥q

1 ðx;k2⊥Þ
½k⊥; P�
2Mh

�
; ð5Þ

and the antiquark correlator is given by [20]

Φq̄ðx;k⊥Þ ¼ −
Z

dðλ:PÞd2λT
ð2πÞ3 e−ik:λhPjψ̄ð0ÞψðλÞ�jPijLF

¼ 1

2

�
fq̄1ðx;k2⊥ÞPþ ih⊥q̄

1 ðx;k2⊥Þ
½k⊥;P�
2Mh

�
: ð6Þ

Here k2⊥ ¼ −k2⊥, gμνT ¼ gμν − Pμnν=P:n − nμPν=P:n and
Mh is the mass of a hadron. The unpolarized and the
linearly polarized gluon distribution functions are respec-
tively denoted by fg1ðx;k2⊥Þ and h⊥g

1 ðx;k2⊥Þ. Similarly,
fq;q̄1 ðx;k2⊥Þ and h⊥q;q̄

1 ðx;k2⊥Þ represent the distribution of
unpolarized and transversely polarized quark (antiquark)
respectively.
The dσ̂, the partonic cross section for gg → QQ̄ and

qq̄ → QQ̄, is given by

dσ̂gg;qq̄→QQ̄ ¼ 1

2ŝ
d3pQ

2EQ

d3pQ̄

2EQ̄

1

ð2πÞ2

× δ4ðpa þ pb − pQ − pQ̄ÞjMgg;qq̄→QQ̄j2;
ð7Þ

where pa and pb are the four momentum vectors of
incoming gluons and quarks, and pQ ðpQ̄Þ is the produced
quark (antiquark) four momentum. Let us define a four
momentum vector q ¼ ðq0;qT; qLÞ of the QQ̄ pair, where
q0, qL and qT are the energy, longitudinal and transverse
components respectively. The four momentum of a
quarkonium pair is q ¼ pQ þ pQ̄ and using this relation

one can rewrite
d3pQ̄

2EQ̄
¼ d4pQ̄δðp2

Q̄ −m2
Q̄Þ. By changing the

variables pQ̄ and q0 and qL to q and M2 and y (rapidity)
respectively [44], we get

d3pQ̄

2EQ̄
¼d4qδððq−pQÞ2−m2

QÞ;

dM2dy¼2dq0dqL: ð8Þ

The partonic cross section can be written as

σ̂gg;qq̄→QQ̄ ¼ 1

2M2

Z
d3pQ

2EQ

δððq − pQÞ2 −m2
QÞjMgg;qq̄→QQ̄j2: ð9Þ

The differential cross section Eq. (3) can be written as
functions of transverse momentum, rapidity and squared
mass of quarkonium using Eqs. (8) and (9)

d4σ
dydM2d2qT

¼ ρ

18

Z
dxadxbd2k⊥ad2k⊥bδ

4ðpa þ pb − qÞ

× fΦμν
g ðxa;k⊥aÞΦgμνðxb;k⊥bÞσ̂gg→QQ̄

þ ½Φqðxa;k2⊥aÞΦq̄ðxb;k2⊥bÞ
þ Φq̄ðxa;k2⊥aÞΦqðxb;k2⊥bÞ�σ̂qq̄→QQ̄g: ð10Þ

To obtain the differential cross section in terms of TMD
distribution functions, we substitute Eqs. (4), (5) and (6) in
Eq. (10)

d4σ
dydM2d2qT

¼ ρ

18

Z
dxadxbd2k⊥ad2k⊥bδ

4ðpa þ pb − qÞ

×

�
1

2xaxb
× ½fg1ðxa;k2⊥aÞfg1ðxb;k2⊥bÞ

þ wh⊥g
1 ðxa;k2⊥aÞh⊥g

1 ðxb;k2⊥bÞ�σ̂gg→QQ̄ðM2Þ

þ 1

4

X
q

½fq1ðxa;k2⊥aÞfq̄1ðxb;k2⊥bÞ

þ fq̄1ðxa;k2⊥aÞfq1ðxb;k2⊥bÞ�σ̂qq̄→QQ̄ðM2Þ
�
;

ð11Þ

where w is weight factor of the transverse momentum

w ¼ 1

2M4
h

�
ðk⊥a:k⊥bÞ2 −

1

2
k2⊥ak

2⊥b

�
: ð12Þ

In most parts of this study, the transversely polarized
quark and antiquark contributions have been neglected
since the gluon channel is dominant, as shown later.
The total partonic cross sections σ̂ are calculated perturba-
tively [45]

σ̂gg→QQ̄ ¼ πα2s
3M2

��
1þ γ þ 1

16
γ2
�
ln
1þ ffiffiffiffiffiffiffiffiffiffi

1 − γ
p

1 −
ffiffiffiffiffiffiffiffiffiffi
1 − γ

p

−
�
7

4
þ 31

16
γ

� ffiffiffiffiffiffiffiffiffiffi
1 − γ

p �
; ð13Þ

σ̂qq̄→QQ̄ ¼ 2

9

�
4πα2s
3M2

��
1þ 1

2
γ

� ffiffiffiffiffiffiffiffiffiffi
1 − γ

p
; ð14Þ

where γ ¼ 4m2
Q

M2 and M2 ¼ ŝ,
ffiffiffî
s

p
is the center-of-mass

energy of the partonic subprocess. In line with Ref. [44],
the four momentum conservation δ function can also be
written as

δ4ðpa þ pb − qÞ ¼ δðEa þ Eb − q0Þδðpza þ pzb − qLÞ
δ2ðk⊥a þ k⊥b − qTÞ ð15Þ
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¼ 2

s
δ

�
xa −

Meyffiffiffi
s

p
�
δ

�
xb −

Me−yffiffiffi
s

p
�
δ2ðk⊥a þ k⊥b − qTÞ:

ð16Þ

After performing integrations over xa and xb, the two δ
functions in Eq. (16) gives

xa;b ¼
Mffiffiffi
s

p e�y: ð17Þ

ffiffiffi
s

p
is the center-of-mass energy. The expression for the

cross section obtained is as follows:

d4σ
dydM2d2qT

¼ ρ

9s

Z
d2k⊥ad2k⊥bδ

2ðk⊥a þ k⊥b − qTÞ
�
1

2
½fg1ðxa;k2⊥aÞfg1ðxb;k2⊥bÞ

þ wh⊥g
1 ðxa;k2⊥aÞh⊥g

1 ðxb;k2⊥bÞ�σ̂gg→QQ̄ðM2Þ

þ 1

4

X
q

½fq1ðxa;k2⊥aÞfq̄1ðxb;k2⊥bÞ þ fq̄1ðxa;k2⊥aÞfq1ðxb;k2⊥bÞ�σ̂qq̄→QQ̄ðM2Þ
�
: ð18Þ

We can eliminate k⊥b by integrating and finally we reach

d2σffþhh

dydq2T
¼ d2σff

dydq2T
þ d2σhh

dydq2T
; ð19Þ

where

d2σff

dyd2qT
¼ ρ

18s

Z
dM2

Z
d2k⊥a

�
fg1ðxa;k2⊥aÞ × fg1ðxb; ðqT − k⊥aÞ2Þσ̂gg→QQ̄ðM2Þ

þ 1

2

X
q

½fq1ðxa;k2⊥aÞfq̄1ðxb; ðqT − k⊥aÞ2Þ þ fq̄1ðxa;k2⊥aÞfq1ðxb; ðqT − k⊥aÞ2Þ�σ̂qq̄→QQ̄ðM2Þ
�
; ð20Þ

and

d2σhh

dyd2qT
¼ ρ

18s
1

2M4
h

Z
dM2

Z
d2k⊥a

�
ðk⊥a:ðqT − k⊥aÞÞ2 −

1

2
k2⊥aðqT − k⊥aÞ2

�

× h⊥g
1 ðxa;k2⊥aÞh⊥g

1 ðxb; ðqT − k⊥aÞ2Þσ̂gg→QQ̄ðM2Þ: ð21Þ

Here, ϕk⊥a
is the azimuthal angle of gluon and quark and

the azimuthal angle of the quarkonium is ϕqT .

III. TMD EVOLUTION

In the present section, we discuss the model used for the
TMDs as well as the TMD evolution. As per the general
conception, we assume that unpolarized distribution func-
tions of gluons, quarks and antiquarks TMDs do simply
depend on a Gaussian form of gluon’s and quark’s trans-
verse momentum [46]

fg;q1 ðx;k2⊥Þ ¼ fg;q1 ðx;Q2Þ 1

πhk2⊥i
e−k

2⊥=hk2⊥i: ð22Þ

Here, TMD pdf is factorized into k⊥ and x dependencies.
Q2 dependence is only in fg;q1 ðx;Q2Þ which is the usual
collinear pdf evaluated at scale Q2. We have chosen

Q2 ¼ M2 that is known as collinear or DGLAP evolution.
The factorized form of h⊥g

1 [25] is given by

h⊥g
1 ðx;k2⊥Þ ¼

M2
hf

g
1ðx;Q2Þ

πhk2⊥i2
2ð1 − rÞ

r
e
1−k2⊥

1

rhk2⊥i; ð23Þ

where r is the parameter which has the range 0 < r < 1.
The Eq. (23) obeys the model independent positive bound
[18] for all values of x and k⊥

k2⊥
2M2

h

jh⊥g
1 ðx;k2⊥Þj ≤ fg1ðx;k2⊥Þ: ð24Þ

In this work, we use two values for squared intrinsic
average transverse momentum of gluons and quarks i.e.,
hk2⊥i ¼ 0.25 GeV2 and 1 GeV2 [25]. The parameter values
chosen are r ¼ 1

3
and 2

3
[25].
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A. Model-I

In model-I, we do not use an upper limit of the transverse momentum integration. The exponential behavior of
unpolarized and linearly polarized TMDs allows us to integrate analytically with respect to k⊥a, and we obtain

d2σff

dydq2T
¼ βρ

36s

Z
4m2

Qq̄

4m2
Q

dM2e−q
2
T
β
2

�
fg1ðxaÞfg1ðxbÞσ̂gg→QQ̄ðM2Þ þ 1

2

X
q

½fq1ðxaÞfq̄1ðxbÞ þ fq̄1ðxaÞfq1ðxbÞ�σ̂qq̄→QQ̄ðM2Þ
�
; ð25Þ

and

d2σhh

dydq2T
¼ βρrð1 − rÞ2

72s

Z
4m2

Qq̄

4m2
Q

dM2

�
1 −

βq2T
r

þ β2q4T
8r2

�
e½2−

β
2rq

2
T �fg1ðxaÞfg1ðxbÞ × σ̂gg→QQ̄ðM2Þ; ð26Þ

where β ¼ 1
hk2⊥i

.

B. Model-II

In this model, we consider the effective intrinsic motion of the gluons for Gaussian distribution to be restricted to
kmax ¼

ffiffiffiffiffiffiffiffiffiffiffi
hk2⊥ai

p
[47]. Hence the expressions for quarkonium production are given by

d2σff

dydq2T
¼ β2ρ

36sπ2

Z
4m2

Qq̄

4m2
Q

dM2

Z
dϕqT

Z
kmax

0

dk⊥ak⊥a

Z
dϕk⊥a

e−Δβ

×

�
fg1ðxaÞfg1ðxbÞσ̂gg→QQ̄ðM2Þ þ 1

2

X
q

½fq1ðxaÞfq̄1ðxbÞ þ fq̄1ðxaÞfq1ðxbÞ� × σ̂qq̄→QQ̄ðM2Þ
�
; ð27Þ

and

d2σhh

dydq2T
¼ β4ρð1 − rÞ2

18sr2π2

Z
4m2

Qq̄

4m2
Q

dM2

Z
dϕqT

Z
kmax

0

dk⊥ak⊥a

Z
dϕk⊥a

×

�
1

2
k4⊥a −

1

2
k2⊥aq

2
T − qTk3⊥a cosðϕk⊥a

− ϕqT Þ þ q2Tk
2⊥acos

2ðϕk⊥a
− ϕqT Þ

�
× e½2−

β
rΔ�fg1ðxaÞfg1ðxbÞσ̂gg→QQ̄ðM2Þ;

ð28Þ

where k⊥a is the magnitude of the transverse momentum and Δ ¼ 2k2⊥a þ q2T − 2qTk⊥a cosðϕk⊥a
− ϕqT Þ.

For the evolution of TMDs we adopted the formalism Ref. [29] as mentioned in the Introduction. The TMD evolution
formalism has been formulated in two-dimensional coordinate space (b⊥-space). Therefore, transverse momentum
dependent gluon-gluon correlator function is Fourier transformed into b⊥-space which is defined as

Φðx;b⊥Þ ¼
Z

d2k⊥e−ik⊥:b⊥Φðx;k⊥Þ; ð29Þ

and the inverse Fourier transformation is

Φðx;k⊥Þ ¼
1

ð2πÞ2
Z

d2b⊥eik⊥:b⊥Φðx;b⊥Þ: ð30Þ

After performing delta function integrations in Eq. (10) with respect to k⊥b, the differential cross section of quarkonium can
be written as following

d4σ
dydM2d2qT

¼ ρ

9s

Z
dxadxbd2k⊥aΦ

μν
g ðxa;k⊥aÞΦgμνðxb;qT − k⊥aÞσ̂gg→QQ̄δ

�
xa −

Meyffiffiffi
s

p
�
δ

�
xa −

Me−yffiffiffi
s

p
�
: ð31Þ

In the evolution of TMDs, only TMD pdfs of gluons are considered. Quark contribution is neglected because of its
insignificance in the quarkonium production as depicted in Fig. 3. Substituting Eqs. (29) and (30) in (31), one can obtain the
following differential cross section in b⊥-space as,
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d4σ
dydM2d2qT

¼ ρ

9s
1

ð2πÞ2
Z

dxadxbd2b⊥eiqT :b⊥Φμν
g ðxa;b⊥ÞΦgμνðxb;b⊥Þσ̂gg→QQ̄δ

�
xa −

Meyffiffiffi
s

p
�
δ

�
xa −

Me−yffiffiffi
s

p
�
: ð32Þ

In lines of Ref. [29], the gluon correlator function in b⊥-space is given by

Φgðx;b⊥Þ ¼
1

2x

�
gμνT fg1ðx;b2⊥Þ −

�
2bμ⊥bν⊥
b2⊥

− gμνT

�
h⊥g
1 ðx;b2⊥Þ

�
: ð33Þ

The differential cross section of quarkonium in terms of b⊥-space pdfs is obtained by inserting Eq. (33) in Eq. (32)

d4σ
dydM2d2qT

¼ ρ

18s
1

2π

Z
∞

0

b⊥db⊥J0ðqTb⊥Þffg1ðxa; b2⊥Þfg1ðxb; b2⊥Þ þ h⊥g
1 ðxa; b2⊥Þh⊥g

1 ðxb; b2⊥Þgσ̂gg→QQ̄ðM2Þ; ð34Þ

where J0 is the Bessel function of zeroth order. TMD pdfs
depend not only on the renormalization scale μ but also on
ζ. Here, ζ is an auxiliary parameter which is introduced to
regularize the light cone divergence in TMD factorization
formalism [1]. Collins-Soper (CS) and renormalization
group (RG) equations are obtained by taking evolution
in ζ and μ respectively [1,3]. Using CS and RG equations
one obtains the evolution of TMDs from the initial scale
Qi ¼ c=b�ðb⊥Þ to the final scale Qf ¼ Q [3,48]:

fðx; b⊥; Qf; ζÞ ¼ fðx; b⊥; Qi; ζÞRpertðQf;Qi; b�Þ
× RNPðQf;Qi; b⊥Þ; ð35Þ

where Rpert and RNP are perturbative and nonperturbative
parts respectively. c=b� is the initial scale where c ¼ 2e−γϵ

bearing Euler’s constant γϵ ≈ 0.577. Here, b�ðb⊥Þ ¼
b⊥ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þð b⊥
bmax

Þ2
p ≈ bmax when b⊥ → ∞ and b�ðb⊥Þ ≈ b⊥ when

b⊥ → 0 is usually known as b� prescription. This pre-
scription is used to separate out the nonperturbative part
from the evolution kernel since the evolution kernel is not
valid at larger values of b⊥ [1]. The separated nonpertur-
bative part is embodied in the exponential containing the
nonperturbative Sudakov factor, RNP. The evolution kernel
is given by [29]

RpertðQf;Qi;b�Þ ¼ exp

�
−
Z

Q

c=b�

dμ
μ

�
A log

�
Q2

μ2

�
þB

��
;

ð36Þ

where A and B are anomalous dimensions of evolution
kernel and TMD pdf respectively which have a perturbative
expansion like

A ¼
X∞
n¼1

�
αsðμÞ
π

�
n
An

and

B ¼
X∞
n¼1

�
αsðμÞ
π

�
n
Bn:

The first order expansion coefficients in αs are A1 ¼ CA

and B1 ¼ − 1
2
ð11
3
CA − 2

3
NfÞ. The anomalous dimensions

are derived up to 3-loop level [49]. The perturbative
Sudakov factor, in our case, is the same for unpolarized
and linearly polarized gluon TMDs [28,50]. The evolution
kernel resummed up to next-to-leading log accuracy in
exploration of Sivers asymmetry in SIDIS and DY proc-
esses [28]. Generally, the nonperturbative factor, RNP, is
extracted by fitting with experimental data. We choose the
nonperturbative Sudakov factor as given in Aybat et al. [3]
which describes the SIDIS and Z boson data with good
accuracy.

RNP ¼ exp

�
−
�
g2
2
log

Q
2Q0

þ g1
2

�
1þ 2g3 log

10xx0
x0 þ x

��
b2⊥

�
; ð37Þ

where the best fit parameters are [29]

g1 ¼ 0.201 GeV2; g2 ¼ 0.184 GeV2; g3 ¼ −0.129;

Q0 ¼ 1.6 GeV; bmax ¼ 1.5 GeV−1; x0 ¼ 0.009:

ð38Þ

Following [29] we have chosen x ¼ 0.09. So far no
experimental data is available to extract the nonperturbative
fitting parameters of linearly polarized gluon TMD. Hence
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the same nonperturbative Sudakov factor is chosen for
linearly polarized gluon TMD pdf which is considered
for unpolarized distribution function. However, as dis-
cussed in [29], the Q independent part of the nonperturba-
tive Sudakov factor is expected to depend on spin, so one
should in principle use a different Q-independent part for
the linearly polarized gluon distribution but the difference
does not affect the result at large Q. The TMD distribution
function fðx; b⊥; Qi; ζÞ is formally written in terms of a
product of convolution of coefficient function and standard
collinear pdf [3]

fg=pðx; b⊥; Qi; ζÞ

¼
X
i¼g;q

Z
1

x

dx̂
x̂
Ci=gðx=x̂; b⊥; αs; μ; ζÞfi=pðx̂; c=b�Þ

þOðb⊥ΛQCDÞ: ð39Þ

The coefficient function is calculated perturbatively which
is different for each TMD pdf and independent of process.
The collinear pdf produces the perturbative tail at small b⊥

values which is evaluated at scale c=b� rather than Q in
contrast to the DGLAP evolution. We neglect quark
contribution since it’s effect is small compared to gluon.
The unpolarized and linearly polarized TMD pdf at leading
and first order in αs are given by [29]

fg1ðx; b⊥; Qi; ζÞ ¼ fg=pðx; c=b�Þ þOðαsÞ; ð40Þ

h⊥g
1 ðx; b⊥; Qi; ζÞ

¼ αsðc=b�ÞCA

π

Z
1

x

dx̂
x̂

�
x̂
x
− 1

�
fg=pðx̂; c=b�Þ þOðα2sÞ:

ð41Þ

Now we can write Eq. (34) as follows by using Sudakov
factors and TMD pdfs

d2σffþhh

dydq2T
¼ d2σff

dydq2T
þ d2σhh

dydq2T
; ð42Þ

where

d2σff

dydq2T
¼ ρ

36s

Z
4m2

Qq̄

4m2
Q

dM2

Z
∞

0

b⊥db⊥J0ðqTb⊥Þfg1ðxa; c=b�Þfg1ðxb; c=b�Þσ̂gg→QQ̄ðM2Þ

× exp

�
−2

Z
Q

c=b�

dμ
μ

�
αsðμÞ
π

A1 log

�
Q2

μ2

�
þ αsðμÞ

π
B1

��
exp

�
−
�
0.184 log

Q
2Q0

þ 0.332

�
b2⊥

�
; ð43Þ

and

d2σhh

dydq2T
¼ ρC2

A

36sπ2

Z
4m2

Qq̄

4m2
Q

dM2

Z
∞

0

b⊥db⊥J0ðqTb⊥Þα2sðc=b�Þσ̂gg→QQ̄ðM2Þ

×
Z

1

xa

dx1
x1

�
x1
xa

− 1

�
fg1ðx1; c=b�Þ

Z
1

xb

dx2
x2

�
x2
xb

− 1

�
fg1ðx2; c=b�Þ

× exp

�
−2

Z
Q

c=b�

dμ
μ

�
αsðμÞ
π

A1 log

�
Q2

μ2

�
þ αsðμÞ

π
B1

��
exp

�
−
�
0.184 log

Q
2Q0

þ 0.332

�
b2⊥

�
: ð44Þ

IV. NUMERICAL RESULTS

In this section we present our numerical results. As for
CEM, the squared invariant mass of the quark pair is
integrated from 4m2

Q to 4m2
Qq̄. For J=ψ production, we

have taken charm quark mass (mc ¼ 1.275 GeV) for mQ

and lightest D meson mass (mD ¼ 1.863 GeV) for mQq̄.
Moreover, bottom quark mass (mb ¼ 4.18 GeV) for mQ

and lightest B meson mass (mB ¼ 5.279 GeV) for mQq̄

have been considered for ϒ production. MSTW2008 [51]
has been used for pdfs to obtain the differential cross
section.
We have calculated the LO transverse momentum (qT)

and rapidity (y) distributions of J=ψ and ϒ; we also

present the cross section differential in qT using TMD
evolution formalisms at center-of mass energies of LHCb
(

ffiffiffi
s

p ¼ 7 TeV), RHIC (
ffiffiffi
s

p ¼ 500 GeV) and AFTER
(

ffiffiffi
s

p ¼ 115 GeV) experiments. The rapidity of quarkonium
is integrated in the range of y ∈ ½2.0; 4.5�, y ∈ ½−3.0; 3.0�
and y ∈ ½−0.5; 0.5� for LHCb, RHIC and AFTER respec-
tively, to obtain the differential cross section as a function
of qT . The rapidity distribution of quarkonium has been
calculated by integrating qT for all energies. The conven-
tions in the figures are the following. In all the figures, “ff”
denotes contributions of unpolarized TMDs only in the
cross section and “ff+hh” means both unpolarized pdfs and
linearly polarized gluon distributions are taken into
account.
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The transverse momentum and rapidity distributions
have been estimated in model-I from Eqs. (25) and (26)
and model-II from Eqs. (27) and (28) by employing a
Gaussian model. In Figs. 2 and 3 we have divided the result
by the total cross section for the kinematics of each
experiment, as a result, we got overlapping curves inde-
pendent of the center-of-mass energy of the experiment and
the mass of the quarkonium. For different values of
Gaussian width hk2⊥i and parameter r the qT distribution
of J=ψ and ϒ has been shown in Figs. 2 and 3. Figure 2 is
for r ¼ 2=3 and Fig. 3 is for r ¼ 1=3. The invariant mass
square of the heavy quark pair (M2) which has very narrow
range from 4m2

Q to 4m2
Qq̄ in this model is used as a scale to

evolve the pdfs for all experiments using DGLAP evolution
equation in these plots. We have noticed that linearly
polarized gluons do not contribute to integrated qT cross
section of charmonium and bottomonium in DGLAP
approach. The transverse momentum distribution of J=ψ

and ϒ in model-I shown in Figs. 2 and 3 is in agreement
with results [25] for χc;b0 quarkonium production obtained
by NRQCD framework. It is seen in the Figs. 2 and 3 that
the inclusion of linearly polarized gluon contribution to the
unpolarized gluon cross section have greatly modulated the
transverse momentum distribution of charmonium and
bottomonium mostly at low qT, qT < 0.5 GeV. So meas-
uring the cross section of charmonium production at low
transverse momentum can help to disentangle the linearly
polarized gluon contribution. The normalized transverse
momentum dependent cross section of quarkonium is
higher in model-II compared to model-I. In Fig. 3, we
have also shown the qq̄ contribution in quarkonium
production. This is extremely small, compared to the gluon
channel in the kinematics of the experiments considered.
Therefore we have not considered contribution of this
channel in TMD evolution approach.
Rapidity distribution of charmonium and bottomonium

has been obtained in models-I and II using DGLAP
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FIG. 2. Differential cross section (normalized) of J=ψ and ϒ production in pp → QQ̄þ X at LHCb (
ffiffiffi
s

p ¼ 7 TeV), RHIC
(

ffiffiffi
s

p ¼ 500 GeV) and AFTER (
ffiffiffi
s

p ¼ 115 GeV) energies using a DGLAP evolution approach for r ¼ 2
3
. The solid [ff-(I)] and dot dashed

[ff-(II)] lines are obtained by considering unpolarized gluons and quarks in model-I and model-II respectively. The dashed [ff þ hh-(I)]
and tiny dashed [ff þ hh-(II)] lines are obtained by taking into account unpolarized gluons and quarks plus linearly polarized gluons in
model-I and model-II respectively. See the text for ranges of rapidity integration.
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FIG. 3. Same as in Fig. 2 but for r ¼ 1
3
. The dashed lines qq̄-(I) and qq̄-(II) represent qq̄ contribution in model-I and model-II

respectively.
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FIG. 4. Rapidity (y) distribution of (a) J=ψ (left panel) and (b) ϒ (right panel) in pp → QQ̄þ X at LHCb (
ffiffiffi
s

p ¼ 7 TeV) energy and
qT integration range is from 0 to 0.5 GeV using the DGLAP evolution approach for hk2⊥i ¼ 1 GeV2 and r ¼ 1

3
. The convention in the

figure for line styles is same as Fig. 2.
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FIG. 5. Rapidity (y) distribution of (a) J=ψ (left panel) and (b) ϒ (right panel) in pp → QQ̄þ X at RHIC (
ffiffiffi
s

p ¼ 500 GeV) energy
and qT integration range is from 0 to 0.5 GeV using the DGLAP evolution approach for hk2⊥i ¼ 1 GeV2 and r ¼ 1

3
. The convention in

the figure for line styles is same as Fig. 2.
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FIG. 6. Rapidity (y) distribution of (a) J=ψ (left panel) and (b) ϒ (right panel) in pp → QQ̄þ X at AFTER (
ffiffiffi
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p ¼ 115 GeV) energy
and qT integration range is from 0 to 0.5 GeV using the DGLAP evolution approach for hk2⊥i ¼ 1 GeV2 and r ¼ 1

3
. The convention in

the figure for line styles is same as Fig. 2.
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FIG. 7. Differential cross section of (a) J=ψ (left panel) and (b) ϒ (right panel) as a function of qT in pp → QQ̄þ X at LHCb
(

ffiffiffi
s

p ¼ 7 TeV) energy using the TMD evolution approach. The solid (ff) and dashed (ff þ hh) lines are obtained by considering
unpolarized gluons only and unpolarized plus linearly polarized gluons respectively.
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FIG. 8. Differential cross section of (a) J=ψ (left panel) and (b) ϒ (right panel) as a function of qT in pp → QQ̄þ X at RHIC
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p ¼ 500 GeV) energy using the TMD evolution approach. The convention in the figure for line styles is same as Fig. 7.
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FIG. 9. Differential cross section of (a) J=ψ (left panel) and (b) ϒ (right panel) as function of qT in pp → QQ̄þ X at AFTER
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p ¼ 115 GeV) energy using the TMD evolution approach. The convention in the figure for line styles is same as Fig. 7.
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evolution for hk2⊥i ¼ 1 GeV2 and r ¼ 1
3
which is shown in

Figs. 4–6. Figure 4 is for the kinematics of LHCb, Fig. 5 is
for RHIC and Fig. 6 is for the kinematics of AFTER. We
have chosen a different rapidity range for different experi-
ments, that are given above. In order to show the effect of
linearly polarized gluons, we have chosen a small qT bin,
namely 0 < qT < 0.5 GeV in all these plots. The cross
section decreases with increasing rapidity at LHCb energy.
Rapidity distribution is enhanced by considering the
linearly polarized gluons apart from unpolarized gluons
in the cross section. Moreover, the enhancement is more in
model-I compared to model-II. The y distribution behavior
for hk2⊥i ¼ 0.25 GeV2 is also same as Figs. 4–6 except the
change in magnitude. The distributions of qT and rapidity
decrease gradually with increasing kmax ¼

ffiffiffiffiffiffiffiffiffiffiffihk2⊥ai
p

in
model-II.

Within TMD evolution formalism using Eqs. (42)–(44),
the transverse momentum dependent cross section of
quarkonium is shown in Figs. 7–9. Figure 7 is for the
kinematics of LHCb, Fig. 8 is for RHIC and Fig. 9 is for
AFTER. In theses plots, we have integrated over the
rapidity in the ranges given above for different experiments.
The effect of h⊥g

1 in the qT distribution in the TMD
evolution approach is not as dominant as in the DGLAP
evolution approach, particularly for ϒ, although it is sizable
at low qT. The mass of the ϒ is more than that of J=ψ , and
this effect is suppressed by the mass. Only one loop in αs
has been taken to integrate the Sudakov factor in Eq. (36).
In TMD evolution approach, the rapidity distribution of
quarkonium is shown in Figs. 10–12 in which the qT bin
0 < qT < 4 GeV has been considered. Figure 10 is for the
kinematics of LHCb, Fig. 11 is for RHIC and Fig. 12 is for
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FIG. 10. Rapidity (y) distribution of (a) J=ψ (left panel) & (b) ϒ (right panel) in pp → QQ̄þ X at LHCb (
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p ¼ 7 TeV) energy, and
qT integration range is from 0 to 4 GeVusing the TMD evolution approach. The convention in the figure for line and color styles is same
as Fig. 7.
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FIG. 11. Rapidity (y) distribution of (a) J=ψ (left panel) & (b) ϒ (right panel) in pp → QQ̄þ X at RHIC (
ffiffiffi
s

p ¼ 500 GeV) energy,
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the kinematics of AFTER. The effect of h⊥g
1 in the rapidity

distribution in the TMD evolution approach is also not as
dominant as in the DGLAP evolution approach. The
transverse momentum distribution of quarkonium is
reduced in TMD evolution formalism compared to
DGLAP evolution formalism. Figure 13 represents the
decline of qT distribution in TMD approach in contrast to
DGLAP-model I. Here we have chosen the kinematics of
LHCb experiment. The rapidity is integrated over the
region y ∈ ½2.0; 4.5� TMD pdfs are evolved in TMD
evolution from the initial scale (c=b�) to the final scale
(Q), where Q has been set equal to quarkonium mass i.e.,
Q ¼ M which is the relevant scale for production of
charmonium and bottomonium.

V. CONCLUSION

Summarizing, we studied transverse momentum and
rapidity distributions of J=ψ and ϒ in an unpolarized
proton-proton collision within the formalism of transverse
momentum dependent factorization. Since a long time, a lot
of efforts have been put forward to understand the hadro-
nization of heavy quarks into mesons, both experimentally
and theoretically. However, none of the models (CSM,
NRQCD and CEM) could describe the transverse momen-
tum dependent cross section of J=ψ completely by fitting
with experimental data [52]. Therefore, it would be
interesting to include the linearly polarized gluon contri-
bution in the cross section to fit the experimental data to the
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FIG. 12. Rapidity (y) distribution of (a) J=ψ (left panel) & (b) ϒ (right panel) in pp → QQ̄þ X at AFTER (
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s

p ¼ 115 GeV) energy,
and qT integration range is from 0 to 4 GeVusing the TMD evolution approach. The convention in the figure for line and color styles is
same as Fig. 7.

(a)

0 1 2 3 4
0

2

4

6

8

10

qT GeV

d
d

q
T2

b
G

eV
2

DGLAP ff
DGLAP ff hh
TMD ff
TMD ff hh

(b)

0 1 2 3 4 5
0

50

100

150

200

250

300

qT GeV

d
d

q
T2

n
b

G
eV

2

DGLAP ff
DGLAP ff hh
TMD ff
TMD ff hh

FIG. 13. Differential cross section of (a) J=ψ (left panel) and (b)ϒ (right panel) in pp → QQ̄þ X at LHCb (
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evolution respectively. We have chosen r ¼ 1
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and hk2⊥i ¼ 1 GeV2 in model-I for DGLAP evolution.
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extent of reasonable accuracy. On the other hand, by
combining data from different experiments in different
kinematical regions one can quantify the magnitude of
h⊥g
1 . Most experiments measure spin and azimuthal

asymmetries to probe the transverse momentum depen-
dent parton distributions and get information on the
spin and angular momentum structure of the hadrons.
It is also important to get a quantitative understanding of
the unpolarized gluon TMD fg1ðx; k⊥Þ. This lies at the
denominator of the spin asymmetries, and its contribution
is important in the small x region that is expected to play
an important role in collider experiments for example, in
the future eRHIC. We employed the color evaporation
model (CEM), for its simplicity, to calculate the differ-
ential cross section of quarkonium production and to
illustrate the effect of linearly polarized gluons distribu-
tion. We studied the effect of TMD evolution at LHCb,
RHIC and AFTER energies. We found that the contri-
bution from the qq̄ channel is very small compared to the
gluon channel. We observed that the inclusion of linearly
polarized gluons significantly modulated the transverse

momentum distribution of J=ψ and ϒ at low qT. We
further noticed that the rapidity distribution has been
enhanced by taking the presence of linearly polarized
gluons into account inside the unpolarized proton. By this
we conclude that charmonium and bottomonium produc-
tion via gluon fusion process is a very useful tool to probe
the unpolarized gluon TMD and linearly polarized gluons
distribution. We also point out that recent results from
RHIC [53] seem to indicate that the effect of TMD
evolution may not be that large in the case of single
spin asymmetries, and therefore it is very interesting to
have more experimental input, also for unpolarized
processes. Heavy quarkonium production will be a useful
channel to investigate the effect of TMD evolution on the
gluon TMDs.
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