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We demonstrate the usefulness of flavor neutrino masses expressed in terms of M,,, M,, and M,,.
The analytical expressions for the flavor neutrino masses, mass eigenstates and physical CP-violating
Majorana phases for texture two zeros are obtained exactly.
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I. INTRODUCTION

The atmospheric neutrino oscillations have been
experimentally confirmed by the Super-Kamiokande
Collaboration [1]. A similar oscillation phenomenon, the
solar neutrino oscillation, has been long suggested [2] and
has finally been confirmed by various collaborations [3].

Theoretically, the neutrino oscillations are realized if
neutrinos have different masses and can be explained by
mixings of three flavor neutrinos (v,,v,,v,). These mix-
ings are well described by a unitary matrix U [4] involving
three mixing angles 8,, 6,3, 63, which converts three
neutrino mass eigenstates (vy,v,,v3) Wwith masses
(my,my, my) into (v,,v,,v,). Furthermore, leptonic CP
violation is induced if U contains phases which are given
by one CP-violating Dirac phase 6 and two CP-violating
Majorana phases a,, as [5].

There have been various discussions of the flavor
neutrino mass matrix to ensure the appearance of the
observed neutrino mixings and masses [6]. The flavor
neutrino mass matrix M is parametrized by

Mee M(Eﬂ Mer
M= | M, M, M,
Me‘r M;u' Mrr

: (1)

where diag(m,, m,, my) = UTMU. The elements of the
mass matrix, M; j (i, j = e, u, 7), are functions of the mixing
angles, mass eigenstates and CP phases:

Mij :f(91279237913,m1,m2,m3’5’0527053)- (2)

Our recent discussions [7] have found that M,,, M.,

M, as well as my, m,, m3 are expressed in terms of M,,,

M,,, M, as follows:

M

UUTTHT — f(Meev M

ewMer791279237813v5) (3)
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and
m1.2,3 = f(Meev Mew Merv 9127 923’ 9137 57 ap, a3)' (4)

Various specific textures of flavor neutrino mass matrices
for the maximal CP violation and the maximal atmospheric
neutrino mixing have been obtained by using the relation of
Eq. 3) [7].

In this article, we would like to remind the reader about
the useful formulas for the flavor neutrino masses
expressed in terms of M,,, M,,, M. In Sec. II, we show
the useful formulas. In Sec. III, to demonstrate the use-
fulness of flavor neutrino masses expressed in terms of
M, M,, and M,,, we use the formulas to find exact
analytical expressions for flavor neutrino masses, mass
eigenstates and CP-violating Majorana phases in the
texture two zeros. To confirm results of our discussions
more concretely, we study the following three subjects
based on numerical and semi-analytical calculations:
(1) the consistency between our results and conclusions
obtained from other papers, (2) the upper limit of the
effective Majorana neutrino mass for the neutrino less
double beta decay for maximal Dirac CP violation and
(3) the dependence of the CP-violating Majorana phases
on the CP-violating Dirac phase. Section IV is devoted to a
summary.

II. FORMULAS

A My 22 e

We summarize the useful formulas found in Ref. [7]. We
adopt the standard parametrization of the unitary matrix
U = UK [8] with Uy = UFPC where

1 0 0 c13 0 sz

UPS =10 ¢ 523 0 1 0
0 —s23 3 —s;3¢ 0 €13
cp sp 0
x| =sp ¢ 0], (5)
0 0 1
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and Equations (10) and (11) are the useful formulas which we
‘ ‘ ‘ introduce in the Introduction.
K o diag(el(/’]/z’ e"/’z/z’ 614)3/2)’ (6)
where c¢;; =cos6,;; and s; =sin6,; (as well as 1;; = B. Different parametrizations of U
tan6;;) and 0;; represents the v;-v; mixing angle There are alternative parametrizations of the unitary

(i,j = 1,2,3). The phases ¢, stand for the Majorana ~ matrix U. There are nine parametrizations of U, in the
phases. The physical Majorana CP violation is specified by ~ general case [9]. Because the reactor mixing angle is small
two combinations made of ¢y, ¢,, ¢ such as a; = ¢, — ¢, (sin?@,3 < 1), the following four patterns [as well as the

in place of ¢; in K [5]: standard pattern UFPS in Eq. (5)] are of great interest:
. H i /2 Liaz/2
K = diag(1, e/%, /7). (7) Uy = R3(023)R12(012)R13(613)
Defining L0 0 cp s 0
=|0 ¢ 53 =52 ¢ 0
M+ = s23Me;4 + C23Mer’ 0 —S53  Ca3 0 0 1
M_= CZ3ME/4 —$23M ;. (8) Ci3 0 S13€_i5
and X 0 1 0 , (12)
) _ 6 0 c
1 tiaeit S13€ 13
MY — _< L )M_
C13 tan 2912 tan 2923 .
i1 Uy = Ra3(023)R12(012)Ro3(613)
————+ 153¢” | M,
tan 2913 2 1 O 0 C12 S12 0
1 — 26 = 0 C3 §73 —S12 Ci2 0
- éMew (9)
2 0 —S823 Cr3 0 0 1
we can derive 1 0 0
, x| 0 €13 si3e™ |, (13)
M. = 1 t13€_15 M 0 —s ei5 c
pp C13 tan 2912 Sin 2923 B B "
e? 1 i 11
+ <tan2913 - §t136’ )M+ Uy' = R3(013)R23(023)R12(015)
1+€—2i(§ © 3 0 spze™ 0 0
+TM€€ _MMT C0529237 = 0 1 0 0 ¢ 523
i i
MTT _ < 1 l‘.13€ zé)M_ —Sl3el 0 C13 0 —823 (€23
C13 tan 2912 Sin 2923 Ci2 S12 0
e | x| =spp ¢ 0], (14)
—— 13" |M
+ (tan 20,, 2'1¢ ) + 0 0 1
1+€_2i5
+ #Mee + ML? €0s 26053, and
M, = MY sin26,, (10)
and Uy = Ri2(013)Ro3(023)R12(012)
C13 s13e_[5 0 1 0 0
) t . i
myem = — 2 M_ —te0M, 4+ M,,, =| —-s3e® 3 O 0 3 523
c
13 0 0 1 0 —s33 23
mye™ = it M_—t1,3¢°M , + M,,. cn s 0
) 1 . . X | =s12 ¢ 0. (15)
mye~its = 76—15M+ +e?®M,,. (11) 0 0 1

13
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Since experimental analyses of neutrino oscillations are
based on UgDGK, numerical values of the mixing angles
other than UEPSK need to be modified as

sin2911>]2)G — |(U%))12|2
(Ul + 1(Up)a?
sinZaPDG — |(UE))23|2
2 Unl + (U
sinzel;?G = |(U5)13|2, (16)

where {05, 5 are 05,33 in UgPY, which are directly
compared with experimental data.

It is possible to express M, . ., in terms of M, ., .. in
these different U’s. As an example, in the case of U}), we

find that

My = (L ey
HH tan260,, 2

e—15 t
+ - = M
crptan26y3  sin 26,3
1+ 2@
2

M,, — M,(g) €0s 26,3,

M ! L e\ m
=|—=——=<1pe
=~ \tan20,, 27 -

T (T N Y
Cl2 tan 2913 sin 2923 +

1 + e—2i5

M.+ MY cos 20,5,

M, = MY sin26,, (17)
where
M(O) — _ +1t e—2i§ M
e tan260;, 2 12 -
—id t
+ € I M,
C1p tan 2913 tan 2923
1— e—2i§
- TM o (18)

Roughly speaking, except for the sign of 6, Eq. (17) is
obtained from Eq. (10) by the replacement of M;; — e’M,; j
(i,j=mp, 1), M, <> M_ and 6, <> 6;5. The replacement
of 6, <> 013 can be understood as the effect of the
interchanged rotations between R,3(6,3) and R,(6;,) to
get Ul from UFPS. We have also numerically evaluated
sin 059313 and & and have observed that sin® 0}, ,; and &
indicate no significant deviation due to the smallness of
sin?@;3. On the other hand, |(U})3] = ci2513 requires
larger values of si3 to yield the same magnitude of

PHYSICAL REVIEW D 93, 053012 (2016)
sin? 'PS owing to the suppression by c?,. The neutrino
masses turn out to be

mle_i¢1 = —tle_ + |:% (%— 62i6>t12t23 —tl—3€i5j|M+

C12
+Mee7
iy _ 3
mye "2 _tle—+—M++M£’£”
C12
nmse iy — —tlze_ziéM_
3 (3e = 1) oty + ke
+e?°M,,. (19)

There is no simple relationship between Eqgs. (11) and (19)
realized by replacement of the masses and the mixing
angles.

It will be interesting to discuss the phase structure of M
determined by these different U’s because there appears to
be different dependence of & from the one derived by UEPC.
Since predictions of m , 5 in various U’s are expected to be
quite different from those by UFPS as has been learned
from the comparison between Egs. (11) and (19), the
Majorana phases may give different behaviors from those
predicted by UFPS. However, discussing experimentally
allowed regions for CP-violating phases including ¢ as well
as 0135313 in U{)‘H‘HI‘IV is beyond the scope of the present
discussions.

Moreover, there is another parametrization induced by
three Dirac CP-violating phases y,3, 713, ¥1» Without
explicitly referring to Majorana phases [10]:

1 0 0 ci3 0 53
U=10 c¢y3 353 0O 1 0
0 =53 ¢ =53 0 e
cp Sp 0
x| =55, ¢ 0, (20)
0 0 1
where §;; = s; je‘W*‘f'. All three Dirac CP-violating phases

723.13.12 are physical. These Dirac CP-violating phases are
related to the phases in the PDG version as y13 = § — a3/2,
Y12 = @ /2 and yo3 = (3 — @) /2 [11]. The advantages of
choosing 7,3 13,12 instead of §, a,, a3 have been discussed in
Refs. [10,11]. For an example, this alternative parametri-
zation provides that only the two Majorana phases appear
in the effective Majorana neutrino mass for the neutrinoless
double beta decay. Since constraints on 6 and a,, @3 to be
derived in Sec. III can be readily converted to those on y’s,
we use the PDG parametrization to compare our results
with conclusions obtained from other papers.

053012-3



TERUYUKI KITABAYASHI and MASAKI YASUE
III. TEXTURE TWO ZEROS

A. Candidates of texture two zeros

Texture two zeros for the flavor neutrino mass matrix
M;; (i, j = e, p, 7) have been extensively studied in the
literature (see, for example, Refs. [12—15]). There are 15
possible combinations of two vanishing independent ele-
ments in the flavor neutrino mass matrix. If we require a
nonvanishing Majorana effective mass for the neutrinoless
double beta decay and maximal or approximately maximal
CP violation, the interesting textures are the following
four [13,14] (or less [15]):

M, M, 0
By,: | M, 0 M, |
o M, M,
M,, 0 M.,
B,: 0o M, M, |,
M, M, 0
M, O et
B;: 0 0 M, |,
M, M, M,
M, M, 0
By | M, o My | (21)
0 M, O

The texture zeros in the Majorana neutrino mass matrix
can be realized by imposing appropriate symmetries on the
Lagrangian of neutrino mass models such as an Abelian
flavor symmetry (e.g., the cyclic group Z,) [12,13,16] as
well as a non-Abelian symmetry [15]. The stability of
texture zeros with respect to higher order corrections is
protected by these symmetries [12,13].

For example, By, B,, B3 and B, textures are obtained by
imposing the discrete cyclic group Z; [13] in the frame-
work of type-I [17] plus type-II [18] seesaw mechanism.
There are other symmetry realizations of B, B,, By and B,
textures. The B; and B, textures have been realized by
using A, or its Z3 subgroup [19]. The B3 and B, textures
have been obtained by softly breaking the L, —L,
symmetry [20].

B. Analytical solutions

The mass matrices based on the texture two zeros are
good examples to demonstrate the usefulness of the
formulas in Eqs. (10) and (11). For B; texture, because
of M,, = M,, = 0, it is evident that

Ma :fa(812v9237613’5)Mee7 (22)

mje_i¢j = f(012,03,013,6)M,,, (23)
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where a = ey, ur,7r and j =1, 2, 3. The nonvanishing
flavor neutrino masses M,,, M,,;, M, and mass eigenstates
my, m,, my are the functions of only M,, (with mixing
angles and phases fixed). More concretely, with the

following definitions in mind,

_ 2 2 -2is
Ay = ¢35 + 555677,

— 2 2 ,=2id
A2 — S23 + C23€ ! ’

2¢3 .
By =——2 — —35in20ye7",
! Ci3 tan 2612 13 2
253 )
By =——23 | t:sin20ye,
2 Ci3 tan 2012 13 2
sin 26 )
B3 = 23 + t13 COS 29236_15,

C13 tan 2612

co—» 53,670 1303
! tan 20,3 2 ’

2 ,—id 2 ,ié
c33€ t1385;€
23 13923

C, = 2( - )

tan 2913 2

) e—i5 t13€i5
C3 = Sin 2923 m + 3 y (24)
13

we obtain

M, = A M
M By +spCp

—epBy+ 5530y 1= e
M, = <_A1 CosBs + 9mCs 1€ sin2923>Mee,
3B + 523C 2
B C
M, = (_Al €238 + 53Co +A2> M,,, (25)
c3By + 523C
and

112C23 i6
=2 4 t13803€
myeit = <A T )M
+ 1>Mee,

"By + 553C,
+ e-m) M,,, (26)

__Cx3 + 1 i6
. 13523€
—igy __ Cizliz
mye” i = <A1 B C
3By + 593C

_ 53 ,—id

—1 13
mye” s = <A17
3By + $23C,

for B texture.

Similarly, the nonvanishing flavor neutrino masses as
well as mass eigenstates for B,, B; and B, textures are
expressed in terms of M,, as
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Ay
et — 71‘4887
52387 — €230,
=3B + cCy
M, = <A2—+A1 M. M,
$23B — €230,
§23B3 + 3 C; 1 — 200
— <A2 =L T L sin 2923)Mee,
§23By — €30,
(27)
and
112823 i5
. oo —Ij303e
mye”'h = <A2%+ 1>Mee,
52385 — €230,
523 i5
. — - —I1303¢€
mze_"/’z = <A2 Ciafi2 + 1>Mee7
52387 — €230,

€3 ,—id

—i t
mse iy — <A2 13

— B e_2i5> M,,, 28
52385 — €230, ( )

for B, texture,

M =$M
eT s23B1 — ¢23Cy

M. = (A S23B3 + C23C3 _ 1- 6_216

ee’

sin 2923) Mee,

. : 523B1 — c23C4 2
M. — 2<A (523B3 + €23C3) €08 2053 — 5311377
TT : sin 2053 (s23B) — ¢3C)
1= e—2i5
- TCOS 2923>Mee, (29)
and

oS3

mle_i¢l fr <Al —613
s23B1 = ¢23Cy

10
fi3c3€
T 1)M,,.
$23

is
ol SEIS X1
- o :
mye~ih = (Al Eut +1)|M,,,

s23B1 — c23Cy

Cﬁe—iﬁ
_i I3
mse ihy <A1~7

+ e_m)Mee, 30
s3B1 — ¢23Cy ( )

for B texture and

A
Me;t = _72Mee’
€23By + 52305

B C
3By + 523C,
—33By + 53Cy 1= e
M, = (_ by TenCs 1z sin2023>Mee,
c233By + $23C, 2
(31)
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and
11pCo3 4t i5
. 13523€
mle_l¢] = | Az - +1|M,,,
€23By + 523C,
€23 i0
. — I13803€
mye” i = (—Az—cm‘2 c +1|M,,,
3By + 5230,

523 ,—id

msye” s = (—A hs

— Bt e M, (32
% 3By + 523G, ) cer (32)

for B, texture.

The physical CP-violating Majorana phases a,, a3
depend on the CP-violating Dirac phase ¢ in all cases of
By, By, B; and B,. Since the mass eigenstate m; is obtained
as Eq. (23), the Majorana phase ¢; depends on not only &
but also arg(M,,) as follows:

¢; = —arg(mei) = —arg(f;(6)) — arg(M,,). (33)

On the contrary, the physical CP-violating Majorana phase
a; is specified by two combinations made of ¢y, ¢,, @3
such as

mn-mS) oo

which depends on the CP-violating Dirac phase 6. For
example, the functions f, f, and f3 are obtained from
Eq. (26) as

tpc j
12623 | t|3s23e’5

= A Cl3—+ 1,
Ji ! c23By + 53C

=2 4 fy3555€"

f2 —A Cialin ,
' eysB) + 515G,
fi=A i3 + e—2i5’ (35)

-
c23B1 + 523C

for B, texture. The function of f; for other textures is
immediately obtained from Eqgs. (28), (30) and (32).

The analytical expressions for the flavor neutrino
masses, mass eigenstates and the physical CP-violating
Majorana phases are obtained exactly. We observed that the
flavor neutrino masses and mass eigenstates for By, B,, B;
and B, depend on M,, (with mixing angles and phases
fixed). Also, the physical CP-violating Majorana phases
depend on the CP-violating Dirac phase 6. This clear
understanding is obtained from the observation based on
the formulas in Egs. (10) and (11).

C. Numerical calculations

Although we have reached our main goal of this paper to
see the usefulness of the formulas, some numerical and
semi-analytical calculations may be required to confirm
results of our discussions.
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First, we show the consistency between our results and
conclusions obtained from other papers. The results from
the precise parameter search for M;; [eV] are reported by
Dev et al. [13]. For B; texture, they obtained

M,, = 0.00018 + 0.00258i,
M, = -0.11001 — 0.002871,

22

M., = —0.01105 — 0.00024i, (36)

for M,,=0.10479+0.00127i with s3,=0.32, 53,=0.476,
53, = 0.0246 and § = —90.65°. The predicted values from
our exact expression in Eq. (25) are

M., = 0.000185 + 0.00258i,

M, = -0.110 — 0.00287i,

ut

M., = -0.0110 — 0.000237i, (37)

for the same values of M,,, s1,, 535, s1; and 8. The mass
eigenstates (m, m,, m3) are estimated by Meloni ez al. [14]
and, for B; texture, they reported

(my. my. m3) = (6.27,6.33,7.97) x 102 eV,  (38)

for M,, = 6.32 x 1072 eV with s}, = 0.306, 53, = 0.446,
53, =0.0229, 6 = —91.7°, a, =5.61° and a3 = 183.8°.
We have obtained the same masses from our exact
expression in Eq. (26). Similar consistency for the remain-
ing textures, B,, B3 and By, is also guaranteed.

Second, we estimate the upper limit of |M,,| by the
expression in Eq. (23) with observed data of > m, =
> ;lmje=%1|. To calculate f;(0)5,053,0,3.6), we use the
following values of three mixing angles [21]:

Sin2912 = 0304,
sin6,; = 0.452 or 0.579,
sin20,5 — 0.0219. (39)

The octant of 6,53 (i.e., lower octant 6,3 < 45° or upper
octant 0,3 > 45°) is still an unresolved problem. According
to Dev et al. [13] and Meloni ef al. [14], we employ the
values of 6,5 given for both octants which are shown in
Table I. For the CP-violating Dirac phase, the T2K
Collaboration has reported the result of their new analysis
[22] and has shown that the likelihood maximum is reached
at & = 270° and sin? 6,3 = 0.528.

Figure 1 shows the Y m, — |M,,| planes for 6 = 270°.
The wupper panel shows the relation for the NO,
my < m, < my, while the lower panel shows the relation
for the 10, m3y < m; < m,. The upper (lower) horizontal
dashed and dotted lines in the figures show the observed
upper (lower) limit of the sum of the light neutrino
masses » . m, from the recent results of the Planck [23]
(neutrino oscillation [21]) experiments. The upper limit is

PHYSICAL REVIEW D 93, 053012 (2016)

TABLE I Octant of 8,5 for B, B,, B3 and B, textures (£: lower
octant 6,3 < 45°% u: upper octant 6,3 > 45°) [13,14].

Ordering B, B, B3 B,
NO 4 u ¢ u
10 u 4 u ¢

> m,<0.17eV. The lower limits are > m,>
my + Anmy + Amz; 2 0.05 eV for NO (with m; = 0)
and > m, = 2|Ams| +my;=0.1eV for 10 (with
m3 = 0) where we have used the values of the squared
mass differences, Amizj =m? — m? as [21]

Am3, =7.5x 107 eV? for NO and IO,
Am3, =246 x 1073 eV?  for NO,
Am3, = =245 x 1073 eV?  for IO. (40)
The lines for B; and B3 as well as B, and B, almost
overlap each other because the neutrino mass spectrum is

quasidegenerate as m; = m, = mst3; for By, By or m; =
my = mjy /13, for By, B, [12,14]. The upper limit of |M,,| is

0.3 T T T T T T T
NO 6 =270 [deg] o

0.25

0.2

0.15

xm, [eV]

0.1

0.05 |-

0
0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09
[Meel [eV]

0.3 T T T T T T T

10 & =270 [deg]

0.25 - ~
0.2

0.15

zm, [eV]

0.1

0.05

0
0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09
[Meel [eV]

FIG. 1. Y m,—|M,,| planes for § = 270°. The upper panel
shows the relation for the normal ordering (NO) while the lower
panel shows the relation for inverted ordering (IO). The upper
(lower) horizontal dashed and dotted lines in the figures show the
observed upper (lower) limit of the sum of the light neutrino
masses from the recent results of the Planck (neutrino oscilla-
tions) experiments.
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FIG.2. Thedependence of the Majorana CP-violating phases a, and a3 on the C P-violating Dirac phase 6. The upper two panels show the
magnitude of a, (left) and a5 (right) for the NO while the lower two panels show the magnitude of a, (left) and a5 (right) for the 10.

around 0.05 eV (NO) or 0.06 eV (I0) for maximal CP
violation 6 = 270°. These upper limits are consistent with
the result in Ref. [14].

The theoretically expected half-life of the neutrinoless
double beta decay is proportional to the effective Majorana
neutrino mass mgs where |mgg| = |M,,| = | Y7 UZm,|.
The estimated magnitude of the effective Majorana mass
from the experiments is |M,,| =0.20-2.5 eV [24]. In
future experiments, a desired sensitivity of |M,,|= a few
102 eV will be reached [25].

Finally, we study the dependence of the CP-violating
Majorana phases a, and a3 on the CP-violating Dirac
phase 6. In Fig. 2, the upper two panels show the magnitude
of a, (left) and a3 (right) for the NO, while the lower two
panels show the magnitude of a, (left) and a5 (right) for the
I0. The behavior of the curves in Fig. 2 can be understand
by the semi-analytical expressions. For example, we obtain

f1 1 1
—=-2729 . —
fa + 0.287 — 0.0421¢% + —0.611 4+ 2.20¢%
Ji = —0.797 — 0.247¢%

/3

1
T 20669 —5.43¢" 1+ (0512 191e7)

(41)

with the mixing angles in Eq. (39) for B, texture in the case
of NO (we use a lower octant of 8,3), and f,/f, = 2.42 and
f1/f3=-1.19 for 6§ = 0° yield a, = 0° and a3 = 180°,
respectively.

IV. SUMMARY

We have demonstrated the usefulness of flavor neutrino
masses expressed in terms of M,,, M,, and M,,. The
analytical expressions for the flavour neutrino masses and
mass eigenstates for texture two zeros are obtained exactly.
These flavor neutrino masses and mass eigenstates depend
on M,, (with mixing angles and phases fixed). The
analytical expressions for the physical CP-violating
Majorana phases are also obtained exactly. These phases
depend on the CP-violating Dirac phase.

To confirm results of our discussions more concretely,
we have discussed the following three subjects based on
numerical and semi-analytical calculations: (1) the con-
sistency between our results and conclusions obtained from
other papers, (2) the upper limit of the effective Majorana
neutrino mass for the neutrinoless double beta decay for
maximal Dirac CP violation and (3) the dependence
of the CP-violating Majorana phases on the CP-violating
Dirac phase.
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