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Foliation-dependence of CFTs in Lorentzian-AdS/CFT
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In the Lorentzian AdS/CFT correspondence, CFTs are identified by asymptotic boundary surfaces and the
boundary conditions imposed on those surfaces. However, AdS can be foliated in various ways to give
different boundaries. We show that the CFTs obtained using certain distinct foliations are different. This
happens because the asymptotic region of a foliation overlaps with the deep interior region of another. In
particular, we focus on the CFTs defined on surfaces of large constant radius in global coordinates, Rindler-
AdS coordinates, and Poincaré coordinates for AdS;. We refer to these as global-CFT, Rindler-CFT and
Poincaré-CFT, respectively. We demonstrate that the correlators for these CFTs are different and argue that the
bulk duals to these should agree up to very close to the respective horizons but then start differing. Since the
BTZ black hole is obtained as a quotient of AdS;, we discuss the implications of our results for bulk duals of
periodically identified Poincaré and Rindler-CFTs. Our results are consistent with some recent proposals
suggesting a modification of the semiclassical BTZ geometry close to the horizons.
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I. INTRODUCTION

In Lorentzian AdS/CFT, the definition of a dual CFT
involves the conformal boundary surface on which it is
supposed to “live” [1] and the boundary conditions on that
surface [2—-5]. However, different foliations of AdS result in
different boundaries [6—8]. For example, one definition of a
boundary is on a surface of large radius in global coor-
dinates, another is on a surface of large radius in Poincaré
coordinates and yet another is on a surface of large radius
in Rindler-AdS coordinates. In this paper, we point out
an interesting subtlety of Lorentzian AdS/CFT. Fields
in Lorentzian AdS have both normalizable and non-
normalizable modes. Here we show that switching between
different foliations of spacetime results in a mixing between
these. In particular, for the metric, different foliations mix

the ggob) and 9,(12;;) pieces in the Fefferman-Graham expansion.

Since normalizable and non-normalizable modes corre-
spond to physical states and sources in the dual CFT, this
would presumably correspond to a mixing between these.
We regard the corresponding CFTs for these different
foliations as “different” (loosely speaking) in the above
sense. We refer to these CFTs as the global-CFT, the
Poincaré-CFT and the Rindler-CFT, respectively. For sim-
plicity, we discuss only AdS; which is also easiest to
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visualize, but many of the results are generalizable to higher
dimensions.

There is a quick way to see this. A CFT is defined on a
constant radial surface by performing a Fefferman-Graham
[9] expansion for some foliation, keeping the leading term
fixed and letting the subleading terms fluctuate [1]. It turns
out that every large global radius surface invariably
intersects surfaces of arbitrarily small Rindler-AdS radius
[7] (see Fig. 1). Thus, when defining the global-CFT one
invariably ends up imposing conditions on subleading
terms in the Fefferman-Graham expansion for the
Rindler-AdS foliation. Moreover, in some ranges of
parameters, the Fefferman-Graham expansion itself breaks
down due to a small Rindler-AdS radius. Conversely,
defining the Rindler-CFT one does not impose any con-
ditions on the global boundary outside a finite domain.
Similar arguments hold for the Poincaré-CFT.

Bulk horizons projected onto the global boundary give
the edges of the so-called causal diamonds. In Sec. II we
demonstrate the mismatch of Fefferman-Graham expan-
sions between various foliations at the edges of the causal
diamonds. The width of the mismatch region is controlled
by the UV cutoff. We also demonstrate how, in the vicinity
of the center of the causal diamonds, the various CFTs can
be viewed as conformally related. However, it should be
noted that due to the incompatibility of Fefferman-Graham
expansions at the edges of the causal diamond, the various
CFTs cannot be globally related by conformal transforma-
tions and are thus not truly equivalent.

In Sec. III we restrict the global CFT to be within the
causal diamond by focusing on causal developments of
subregions; we refer to these as Rindlerized-global-CFTs
and Poincarized-global-CFTs. Correlators within these can
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be analytically continued to the entire global boundary
cylinder. We demonstrate how the correlators of
Poincarized-global-CFTs (Rindlerized-global-CFTs) are
approximately the same as those of Poincaré-CFTs
(Rindler-CFTs) deep inside the causal diamonds but differ
at the edges. We regard this as evidence that, generically,
the correlators of Poincaré-CFT (Rindler-CFT) cannot be
analytically continued to outside the causal diamonds.

In Sec. III C we expound on how the CFTs are different,
in the above sense. We argue that seen as part of the global-
CFTs, there is an interaction between the Hilbert spaces
associated with the Rindlerized-global-CFTs whereas the
Hilbert spaces associated with the Rindler-CFTs are not
interacting. Thus, it may be possible to view the Rindler-
CFTs as a deformation of the global-CFTs which breaks the
concerned interaction. Similar ideas apply for the Poincaré-
CFTs. We hope to come back to this issue in the future.

In Sec. IV we investigate the implications for the bulk
physics. Since the correlators of these CFTs are different,
the bulk duals to these CFTs should be different also. As
the CFTs differ at the edges of the causal diamonds, and
since the causal diamonds are projections of bulk horizons
onto the global boundary, we conjecture that the bulk dual
of Rindler-CFTs and Poincaré-CFTs should resemble
semiclassical global AdS until very close to the respective
horizons and then start differing. The width of the transition
region is governed by the UV cutoff.

This result is particularly interesting in the context of
AdS;, where it becomes relevant to black holes. The BTZ
black hole [10] can be viewed as a quotient of AdS; space
[11]. The massless and massive ones come from foliating in
Poincaré and Rindler-AdS coordinates, respectively, and
periodically identifying along a spatial isometry. The
massless BTZ black hole has a singular horizon because
of vanishing size so the region behind the horizon is not
accessible in supergravity. However, for the massive BTZ
black hole the identification produces orbifold singularities
(interpreted as the eternal black hole singularity) behind the
horizons (interpreted as the eternal black hole event
horizons) but is innocuous on the horizons themselves.
Thus, one may be inclined to think that dynamics involving
horizon crossing in global AdS; might carry over trivially
to BTZ. One may further be inclined to think that such
dynamics and, more generally, the interior of the BTZ may
be captured by quotients of global-CFTs [12-15].

However, the discrete symmetries relevant for orbifold-
ing to obtain the BTZ black holes are isometries of constant
Poincaré and Rindler-AdS radial surfaces and not of
surfaces of constant global radius. Thus a natural question
is as follows: What are the bulk duals to periodically
identified Poincaré-CFTs (PIPCs) and periodically identi-
fied Rindler-CFTs (PIRCs)? The dynamics of the quo-
tiented bulk duals to global-CFTs (i.e. the BTZ black holes)
cannot be trivially assumed to give the dynamics of the bulk
duals to PIPCs and PIRCs. After periodic identification the

PHYSICAL REVIEW D 93, 046004 (2016)

edges of the causal diamonds correspond to large times, so
our results indicate that the correlators of PIPCs and PIRCs
differ from the naive ones found from the BTZ geometries
at late times [13]. Furthermore, our conjecture implies that
bulk duals to these CFTs will resemble the massless and
massive BTZ, respectively, until very close to the horizon
and then start differing.

In Sec. IV B we focus on the massless BTZ black hole.
In the case of the D1-D5 system the near-horizon naive
geometry is the massless BTZ x § x T* and the actual
geometries are the Lunin-Mathur geometries. The typical
ones resemble the massless BTZ black hole until very close
to the “would-be” horizon and then start differing. In
addition, the PIPC correlators dual to these geometries
show the late-time deviations from the naive ones. So in
hindsight, the ideas stated in the previous paragraph have
already been realized for this case.

In Sec. IV C we focus on the massive BTZ black hole.
The story for the massive BTZ black hole is not as well
settled as for the massless case. Recently Ref. [16] claimed
that the bulk is unstable to small fluctuations. Further,
problems related to the holographic relation between the
bulk and boundary proposed in [14] (see also [17]) have
been raised in [18-20]. In fact, Refs. [16,19,20] have made
conjectures which amount to claiming that the dual to
PIRCs have the regions behind the horizons removed and
end in capped (quantum) geometries beyond the would-be
horizons (see also [21,22]). Our results are consistent with
the proposals of [16,19,20] and raise further issues with the
proposal of [14].

II. DIFFERENT BOUNDARIES AND
DIFFERENT CFTS

A. Boundary CFT

To equate the dynamics in AdS to those in a CFT, one
needs the so-called dictionary between them. The first entry
in this dictionary is the definition of the “boundary”” on which
the CFT is supposed to live (loosely speaking, since AdS and
CFT are dual descriptions). Asymptotically AdS spacetimes
admit a Fefferman-Graham expansion of their metrics:

, AP0 o i b
ds* - 74— (r°g,p + 9.5 +O(r™2))dx*dx". (1)

The boundary is understood to be at a fixed large value of r
that we refer to as r.. This location is related to the cutoff of
the dual theory, and a CFT is obtained by taking 7. — 0. The
coordinates x“ span the field theory directions. Since the
metric blows up for large r, the metric on AdS does not define
a metric on the boundary but instead yields a conformal

structure. Thus, gggj) is the boundary metric up to
Weyl transformations [23]. The on-shell variation of the
gravity action, which includes the Einstein-Hilbert term,
the Gibbons-Hawking term, and a divergence-cancelling
counterterm [1],
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S:16;;G/ d1x\/ gD (R = 2A)

1
dix\/ g VK Se(g' ), (2
SﬂGa g Sald?). (2

gives

1
=3 /@ &y =g g (3)

where 7" is a symmetric tensor that is interpreted as the
expectation value of the stress tensor of the CFT [1]. The
variational principle is well posed if we impose Dirichlet
boundary conditions 6g<a%) =0.!

Imposing a boundary condition specifies the theory;
Dirichlet boundary conditions, in partlcular amount to
“holding the boundary fixed” [4]. Here, gib) is allowed to
fluctuate and captures information of the state. In fact for
flat boundaries, T ~ 953;;)’ and this information is thus
encoded in the stress tensor.

Implicit in the choice of boundary conditions is the
choice of surface on which such conditions are being
imposed. Equation (1) does not allow such a choice
because the choice has already been made by foliating
spacetime in a particular way. We will discuss more about
this issue of choice of boundary surfaces below.

B. States in the boundary CFT

In the special case of AdS; we have another way to
understand the boundary conditions. Brown and Henneaux
[24] have shown that diffeomorphisms with the asymptotic
(large r) form

Xt o xt =& — 82 £, (4)
C xR, (5)
r—r+; (+§*+8§) (6)
where x* = ¢4 x, preserve the asymptotic boundary
conditions
72
g+_:—3+(9(1), g+ =0(1), g__=0(1),
1
g =500, g, =007), g, =0(7)
(7)
In the r — oo limit the transformations of x* induce

conformal transformations on the boundary CFT, and this

!Certain other boundary conditions are also allowed [3-5], but
for simplicity we only discuss Dirichlet boundary conditions.
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FIG. 1. The boundary of AdS for global foliation is shown in
gray. This is a surface of constant radius in global coordinates for
large values of the radius. The yellow surfaces are surfaces of
constant Rindler-AdS radius. It is easy to see that fixing boundary
conditions on the global boundary imposes conditions on small
Rindler-AdS radial surfaces also. Conversely, putting boundary
conditions on just large Rindler-AdS radial surfaces does not put
any boundary conditions on the global boundary outside a finite
domain. Thus, the global-CFT and the Rindler-CFT are different
and imply different dynamics for the bulk.

is reflected in changes in ¢'® while at the same time
keeping 69 = 0.

We see from (6) that conformal transformations inducing
diffeomorphisms change the location of the boundary
surface. So different foliations permitting asymptotic
Fefferman-Graham forms do not immediately imply that
the associated CFTs are genuinely different. In particular,
they are not different if they are related by a Brown-
Henneaux transformation as then there is a conformal
mapping between the two.”

C. Global vs Rindler boundary

1. Global and Rindler-AdS foliations
and their boundaries

One can write the global AdS; line element as’

— (p* + 1)d7* + pd¢? (8)

*We thank Nemani Suryanarayana for discussions on this
pomt

3For definiteness we discuss only three-dimensional AdS. The
results can be generalized to higher dimensions in a straightfor-
ward way for most of the paper. An exception is the discussion of
the BTZ black hole which can be viewed as a quotient of AdSs;
higher-dimensional eternal AdS black holes cannot be obtained
as quotients of AdS.
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(a) Finite cutoff surfaces

FIG. 2.

(b) Infinite cutoff surfaces

(a) The global cutoff surface p = p,. is shown in red, and the Rindler cutoff surface rg = rg. is shown in blue. (b) When we

take p,. to infinity, all the rg surfaces bunch up along the edges of the “causal diamond.” Two of them are shown in the figure.

where p € [0, ), 7 € (00, 00) and ¢ ~ ¢ + 27z.* These
coordinates cover the entire manifold. It is often useful to
conformally compactify p and visualize AdS; as a solid
cylinder (Fig. 1). Similarly, one can also write the metric for
the Rindler-AdS wedges in BTZ form:

2
drR

rR2—1

dS2 = (rR2 - l)d[Rz + rdesz (9)

where rg € (1, ), fg € (—00,0) and xg € (—o0, ).
There is an acceleration horizon at rg =1 and
these coordinates cover the region outside the horizon
[6,25-28]. The rest of AdS; may be viewed as a Kruskal-
like extension of these coordinates. The temperature
associated with the acceleration horizon can be read off
by Wick rotation, and demanding the absence of a conical
singularity, it turns out to be -

One can perform a large p expansion to write (8) in the
Fefferman-Graham form [9] and define a CFT on the
cylindrical boundary S'x R at p = p, — c0. One can
also perform a large rg expansion to write (9) in the
Fefferman-Graham form and define two CFTs on
R x R' at rg = rg, — 00.° We refer to the former

‘Al throughout this paper we set the AdS radius to unity.

There are ways to foliate AdS to give an inner horizon as well
[15,29] that corresponds to a rotating BTZ string. For simplicity
we will not discuss those.

®Care must be taken to redefine the radial coordinates to put
the metric in the Fefferman-Graham form to read off the values of

0 2
Gun) and gl

CFT as the global-CFT and the latter CFT pair as the
Rindler-CFTs.

It has been claimed that these two CFTs are equivalent
(see [2,30], for example). We will argue that this is not
the case.

Let us begin by writing down the expressions relating
global to Rindler-AdS coordinates:

cosh 2xp + cosh 2ty

p?=(rg?=1) 5 + sinh?xz,  (10)
18°3 Sinth
tp =— , 11
cotg \/rg? — 1 coshig (11)
Vrr? — 1 sinht
tang = YR SR (12)

rr coshxg’
and the inverse relations
rR> =1 = —(p? + 1)sin’z + p’sin¢, (13)

p  cos¢

ﬁcosr’
VP +1sine

p  sing’

tanh xg = —

(15)

tanh g =

From (13) it is clear that for any given p., one gets
rg = 1 (the Rindler-AdS horizon) for suitable values of
¢ and z. Said differently, the bulk acceleration horizon
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intersects the cylinder of any radius p., and imposing
boundary conditions on the cylinder to define the
global-CFT will always impose conditions on the metric
for small rg when xg, tg are large enough. This behavior
persists when p. — oo. This is shown in Fig. 2(b). If,
on the other hand, one wants to define the Rindler-CFT,
then one needs to take large rg,. and permit arbitrarily large
xg and ftg. Then one takes rg. — oo. This is clearly not
consistent with the above procedure. This justifies our
claim that the Rindler-CFT pair is different from the
global-CFT.

2. Global-CFT vs Rindler-CFT

One may still wonder if the two CFTs are approximately
the same in any sense. After all, when p, and rg,. are
comparable, then one would expect the CFTs defined
on the two surfaces to be related by conformal transforma-
tions. To analyze this, let us consider the global-CFT to see
when it can be related to the Rindler-CFT by conformal
transformations. In what follows we want p to be large so we
take p ~ O(e™") with € < 1. In this limit (13)—~(15) become

rg? = p?(sin?¢ — sin’z) + cos’t, (16)
1
tanth:—<1 —2> cosg (17)
2p°) cost
tanh g = (14— ) 307 (18)
anh 1y = — | —.
R 2p%) sing

Equation (16) shows us that we have two distinct
possibilities. One is when (sin> ¢ —sin>z) ~O(1) so
that we have rg ~ p ~ O(e™!) and the other is when (sin? ¢ —
sin?7) ~ O(e?) so that we have rg ~ O(1) < p. We consider
these two possibilities in detail.

Large rg: For this limit we consider (sin’¢ — sin® )~
O(1). We define ¢p = ¢ — /2 and further consider the limit
¢.7 < 1. In this limit it is easy to see that we get

re=p(1-3@+3). (19

tR—xg=(t—¢)+ + 5=, (20)

fR+xg=(1+¢)+ (21)

Viewed as a diffeomorphism p — 1,7 — fg, ¢ — xR,
the above is realized as a Brown-Henneaux diffeo-
morphism (4)-(6) with & = —1 (7 4+ ¢)>. Note, one
can take the limits 7y — oo and p — oo together, and
this means that the Fefferman-Graham expansions in

PHYSICAL REVIEW D 93, 046004 (2016)

us

¢
FIG. 3. We open up the global boundary cylinder for better
visualization. The colored regions are the causal diamonds and
are the interior of the curve the bulk Rindler-AdS horizons trace
on the boundary cylinder. The global boundary cylinder is taken
to be large with p ~ O(e™!") and e < 1. The region where the
Rindler-AdS radial coordinate rg ~ O(1) is shown in blue. This
is the region where the Fefferman-Graham expansions in p and rg

are not consistent and the Rindler-CFT cannot be approximated
by the global-CFT.

—T —7/2 0 /2

the two radial coordinates are consistent. Writing the
metric in the Fefferman-Graham form (1)7 and using
Brown-Henneaux diffeomorphisms, we get

drg? 1
—Rz + rR?(—dig® + dxg?) + 5 (dig? + dxg?)

dp* 2 2 NI 2
:p—2‘|‘,0 (—dT +d¢)—§(d’l' +d¢) (22)

which shows that the negative Casimir energy vacuum

state of the global-CFT appears to be an excited state of

the Rindler-CFT.
Small rg: For this limit we consider (sin’¢ — sin’z)<
O(e€?). This region is shown on the boundary cylinder in
Fig. 3. To show that the Rindler-CFT and global-CFT are
not conformally related, it suffices to show this in any one
part of this region. We consider ¢ ~ O(e) and 7 ~ O(€?).
The relations (13)—(15) become

e = A+ 1~ O(1), (23)

’As explained in footnote 6 this involves a redefinition of the
radial coordinates for both foliations, but to avoid clutter we use
the same labels.
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2% :% [ﬂiz N ¢2] ~ ), (24) D. Global vs Poincaré boundary
1. Global and Poincaré coordinates and boundaries
T 1 l, The story is analogous for the global vs Poincaré
fr = o <1 T 20? T €¢ > ~O(e). (25) foliations. The metric in the Poincaré coordinates is
- . . dr 2
Similarly, the relations (10)-(12) become ds? — rP2 + o (=dp? + dxp?) (29)
P
e 1
P="5 RY O(e™). (26) where rp € (0,00) and tp,xp € (—00,00). There is a
5 Cauchy (“Poincaré”) horizon at rp = 0. The relations
—1 . L .
b—2 'R e ~ Ofe), (27) between the global and Poincaré coordinates are
R
1
=1 p =3yl + (=137 — 1)+ 4y,
=2 YR T w L O(e). (28) 2
'r 2tp
tant = ) 2 2N (30)
This does not have an interpretation as a small diffeo- rp + (1 +xp™ = 1p7)
morphism and hence cannot be interpreted as a Brown-
Henneaux diffeomorphism. In addition, the coordinate tan¢p = — 2xp (31)

rr is now O(1) so it cannot be used as an expansion rp2 4 (=1 + xp? — 1p?)
parameter for Brown-Henneaux diffeomorphisms or
Fefferman-Graham expansions. Thus, now one cannot and the inverse relations are
simultaneously take the limits p — oo and rg — 0.
In summary, the two CFTs are approximated by each other \/——2
when ry scales as p, and this is in the vicinity of the center of rp=\/1+picost+pcosg.
the causal diamond. On the other hand, the two CFTs are
d%s‘Fin-ct when p is large but rg is smqll, and this happens inthe torp = /1 + P2 sinz, (33)
vicinity of the edges of the causal diamond. The width of the
region in which rg goes from O(p) to O(1) is proportional to _
the UV cutoff scale of the CFT. Xprp = psing. (34)

B>

(a) Finite cutoff surfaces (b) Infinite cutoff surfaces

(32)

FIG. 4. (a) Global cutoff surface p = p, is shown in red and Poincaré cutoff surface rp = rp,. is shown in blue. (b) When we take p.. to
infinity, all the rp surfaces bunch up along the edges of the causal diamond. Two of them are shown in the figure.
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The global-CFT is defined on the p. — oo surface, and
the Poincaré-CFT is defined on the rp, — oo surface. In
Fig. 4(a) we plot two such surfaces without taking the
cutoff to infinity. In Fig. 4(b) we conformally compactify
the global cylinder and see that surfaces of different
constant 7p bunch up at the edges of the causal diamond.
As in the Rindler-AdS case, imposing boundary conditions
on the global boundary imposes conditions on small rp
surfaces also. This justifies our claim that Poincaré-CFT
and global-CFT are different.

2. Global-CFT vs Poincaré-CFT

As before we would expect the global and the Poincaré-
CFTs to be approximately the same when p,. and rp,. are
comparable since then one would expect the CFTs defined
on the two surfaces to be related by conformal trans-
formations. To analyze this we will consider the global-
CFT and try to see if and when it can be related to the
Poincaré-CFT by conformal transformations. We want
p large so we take p ~ O(e7!) with € < 1. In this limit
(32)—-(34) become

rp = p(cost + cos¢) + cos, (35)

cos ¢
2p%(cos T + cos (/))) . (36)

sint
p=———
cos T + cos ¢

_ sin ¢ p— cosT RNEY)
cos T + cos ¢ 2p*(cost + cos ¢h)

Xp

Equation (35) shows us that we have two distinct possibil-
ities. The first is when (cos ¢ + cosz) ~ O(1) so that we
have rp~p~ O(e7!), and the other is when (cos¢ +
cos7) ~ O(e) so that we have rg ~ O(1) < p. We consider
these two possibilities in detail.

Large rp: For this limit we consider (cos¢ + cosz)~
O(1). We further consider the limit ¢, 7 < 1. We get

rp = 2p<1 —%(12 -+ ¢2)>, (38)
T— 3 T
s =y (=) + S EED
1 (t+¢)  (t—9¢)
tP+xP—§(T+¢)+ o + 87 (40)

Viewed as a diffeomorphism p — 1rp, 7 —> L1p,
¢ — %xp, the above is realized as a Brown-Henneaux
diffeomorphism (4)—(6) with &* = — L (7 & ¢)*. One
can take the limits rp — o0 and p — oo together, and
this means that the Fefferman-Graham expansions in
the two radial coordinates are consistent. Writing the

PHYSICAL REVIEW D 93, 046004 (2016)

s Ve

s

¢
FIG. 5. We open up the boundary cylinder for better visuali-
zation. The colored region is the causal diamond and is the
interior of the curve the bulk Poincaré horizon traces on the global
boundary cylinder. The boundary cylinder is taken to be large
with p ~O(e™!) and e < 1. The region where the Poincaré
radial coordinate rp ~ O(1) is shown in blue. This is the region
where the Fefferman-Graham expansions in p and rp are not

consistent and the Poincaré-CFT cannot be approximated by the
global-CFT.

metric in the Fefferman-Graham form ( 1)8 and using
Brown-Henneaux diffeomorphisms, we get

d 2
rPZ + rpz(—d[pz + deZ)
I'p
dp* 2 2 o Lo.s 2
:p—2+p (—dT +d¢)—§(d‘i —‘rd¢) (41)

which shows that the negative Casimir energy vacuum
state of the global-CFT appears to be the vacuum state
of the Poincaré-CFT with zero energy.
Small rp: For this limit we consider (cos ¢ + cos ) < O(e).
This region is shown on the boundary cylinder in Fig. 5. To
show that the Poincaré-CFT and global-CFT are not
conformally related it suffices to show this in any one

part of this region. We define ¢ = m — ¢ and consider ¢ ~
O(y/€) and 7 ~ O(e). The relations (32)—(34) become

fAs explained in footnote 6 this involves a redefinition of the
global radial coordinate, but to avoid clutter we use the same
label.
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o = 50 +1~0(1), (42)
2
@=§~am (43)
Xp = 5 ~O(e”17?). (44)
é

Similarly, the relations (30) and (31) become

p=rpxp’ ~Oe™"), (45)
e=2" o), (46)
Xp
~ 2
¢ =—~0(c?). (47)
Xp

This does not have an interpretation as a small
diffeomorphism and hence cannot be interpreted as
a Brown-Henneaux diffeomorphism. Additionally, the
coordinate rp is now O(1) so it cannot be used as an
expansion parameter for Brown-Henneaux diffeomor-
phisms or Fefferman-Graham expansions. Also, now
one cannot simultaneously take the limits p — oo
and rp — 0.
As before, we see that the two CFTs are approximated by
each other when rp scales as p, which is in the vicinity of
the center of the Poincaré causal diamond. On the other
hand, the two CFTs are distinct when p is large but rp is
small, and this happens in the vicinity of the edges of the
Poincaré causal diamond. The width of the region in which

/2

—m/2

-7 —/2 0 /2 ™

(a) Rindlerized-global-CFT
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rp goes from O(p) to O(1) is controlled by the UV cutoff
scale of the CFT.

III. CORRELATION FUNCTIONS IN
GLOBAL-CFT, RINDLER-CFT,
AND POINCARE-CFT

A. Differences between global-CFT and Rindler-CFT

Consider the coordinate transformations

tanh xg’ = — f:)ssf (48)
tanh 1! = :::;; (49)

This is a change of coordinates from the plane to a causal
diamond that is the development of ¢ € (0,7) in the
cylinder. In Fig. 6(a) we plot the causal diamond (and
also its antipodal version).

The two-point function of a primary operator O of
weight A, A on the cylinder is fixed by conformal
invariance:

@ 0(0,0 ! ! * 50
T’ ) ~ T . A ’
(0. $100.0) ~ (g i) - 50

2 2

and under the conformal transformation (48) and (49), it
becomes

1 1 24
) - D)
sinh(®5) sinh (%)

(Ot x)0(0.0)) ~ (

More general correlation functions inside the causal dia-
monds can be obtained from the ones on the cylinder, and

/2

—m/2

- —/2 0 /2 ™
¢

(b) Rindler-CFT

FIG. 6. 'We open up the boundary cylinder for better visualization. In (a) one formally divides the global-CFT into two halves and
follows their causal development inside the causal diamonds. This is analogous to “Rindlerizing the global-CFT.” This is not the same as
the Rindler-CFT (b). While the two theories are approximately equal deep inside the diamonds, they start differing at the edges. The
global-CFT is defined everywhere, but the Rindler-CFT is defined only inside the diamonds. Correlation functions of the latter do not

give those of the former under analytic continuation.
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conversely the correlation functions inside a causal dia-
mond give the correlation functions on the rest of the
cylinder by analytic continuation.

The coordinate transformations (48) and (49) are analo-
gous to the coordinate transformation to go from
Minkowski spacetime to Rindler spacetime [31] and so,
even though the CFT in the diamond is the same as the
global-CFT, we refer to it as Rindlerized-global-CFT as it is
restricted to the causal diamond.

The new coordinates #g’,xg’ on the global boundary
cylinder can be related to the Rindler-AdS coordinates
IR, Xr in the large p limit using (17) and (18):

1

tanh xg = tanh xg’ (1 - —2> (52)
2p
1

tanh 7y = tanh t’ <1 + —2> . (53)
2p

We can use these to understand what the correlators of
the global-CFT imply for the correlators of the Rindler-
CFT. In the center of the causal diamonds e™®, e % >
O(e) and we have ty’ ~ tg, xg" ~ xg. The correlators of the
Rindler-CFT can be approximated by

1 1 24
O(tR, xr)0(0,0)) =~ | — ——— . 54
Ot )00.0) » (e ) - 59
However, when e™®, ¢™* ~ O(€) we get
e = 72 L (55)
4p?
e 2w = 72w _ (56)
4p*’

and if we are considering the global-CFT, then for e™**,
e~ ~ O(e) the correlators will continue to be given by
(51) but in the same limit e ™%, e™® ~ O(¢), and the
Rindler-CFT correlators will now deviate from the
form (54).

Let us try to understand what this means. If we were to
consider the Rindler-CFT in a thermal state, then the
correlators would be given by (54) for all values of
fr,Xg since the two-point function in this case is fixed
by conformal invariance. In other words, if we were to
regulate the Rindler-CFT by putting some boundary con-
ditions at xg;, = —X and Xgp. = X, then the correlators
would be different for different boundary conditions but

°To be precise, since we are considering the CFT with a cutoff,
there will be corrections of the form O((tz’ + xg’)/p) to (51) and
similar corrections to (54). These corrections are of a similar
nature as the UV cutoff for both the CFTs are related. However,
for the deviations of the Rindler-CFT correlators for large values
of xg, tg from (54), we see that the UV cutoff of the global-CFT
induces an IR cutoff for the Rindler-CFT.

PHYSICAL REVIEW D 93, 046004 (2016)

would all approach (54) in the limit x — oo irrespective of
the boundary conditions.

However, what we see above is that if we consider the
global-CFT with a UV cutoff, then the Rindler-CFT
correlators differ from (54) at the edges of the causal
diamond. In the limit that the cutoff is pushed to infinity, the
deviation from (54) happens at larger and larger values of
fr, Xg but is always present.

Conversely, if we consider the Rindler-CFT then the
correlators of the Rindlerized-global-CFT will differ from
(51) at the edges of the causal diamond, and this immedi-
ately implies that the global-CFT correlators will not be the
vacuum correlator (50). In fact, since the Rindler-CFT is
not even defined outside the causal diamond, it seems likely
that analytic continuation of correlators outside the causal
diamonds will not work. This is shown in Fig. 6(b).

B. Differences between global-CFT and Poincaré-CFT

The analysis is similar to that in Sec. III A so we will be
brief. Consider the coordinate transformations

sinz
Z‘/:4, 57
P cos T + cos ¢ (57)
;L sin ¢

= 58
P cosS7 + cos ¢ (58)

This is a change of coordinates from the plane to a causal
diamond, which is the development of ¢ € (0,27) in the
global cylinder. We open up the cylinder and plot this
causal diamond in Fig. 7(a).

Lucher and Mac [32] showed that correlation functions
within this causal diamond can be analytically continued to
the whole cylinder. This is because they are the same CFT
related by coordinate transformations and so have the same
dynamics. We refer to the CFT restricted inside this causal
diamond as the Poincarized-global-CFT. The two-point
correlator of a primary operator of weight A, A inside the
causal diamond is

(Ot 3')0(0.0)) = (tl) C )

The coordinates #p’, xp’ on the global boundary cylinder
can be related to Poincaré coordinates #p, xp in the large p
limit using (36) and (37):

1+ZP,2_XP,2>
¢ :z'<1+— , (60)
P P 4p2

l—tp/2+Xp/2>
P . A (61)
Y P( 4p?

We can use these to understand what the correlators of the
global-CFT imply for the correlators of the Poincaré-CFT.
When tp, xp ~ O(1) we have fp/ & tp, xp’ & xp. This is the
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3

- 0 7r¢

(a) Poincarized-global-CFT

PHYSICAL REVIEW D 93, 046004 (2016)

T 0

"¢
(b) Poincare-CFT

FIG. 7. 'We open up the boundary cylinder for better visualization. In (a) we show the causal development of the interval (0, 2x).
Correlation functions inside can be analytically continued to the full cylinder [32]. This is not the same as the Poincaré-CFT (b). While
the two theories are approximately equal deep inside the diamond, they start differing at the edges. The global-CFT is defined
everywhere but the Poincaré-CFT is defined only inside the diamond. Correlation functions of the latter do not give those of the former

under analytic continuation.

center of the causal diamond, and the correlators of the
Poincaré-CFT in this limit have the same expression as
those of the Poincarized-global-CFT:

O 1000}~ (1)

Ip” — Xp

However, when fp,xp ~ O(e™!) the two start differing. If
we are considering the global-CFT then for #p/, xp’ ~
O(e™") the correlators will continue to be given by (59).
But in the same limit #p, xp ~ O(e™!), and the Poincaré-
CFT correlators will now deviate from the form (62).

If we were in the vacuum state of the Poincaré-CFT, the
correlators would be given by (62) for all values of #p, xp
since this is determined by conformal invariance. In other
words, if we put boundary conditions at xp,;, = —x and
Xpmax = X the correlators would be sensitive to these
boundary conditions, but in the limit x — oo they would
go to (62). We see precisely this kind of deviation for the
Poincaré-CFT correlators when considering the global-
CFT. Conversely, if we consider the Poincaré-CFT then
the correlator of Poincarized-global-CFT will differ from
(59) at the edges of the causal diamond, and this implies the
global-CFT correlators will be different from (50). Since
the Poincaré-CFT is not even defined outside the causal
diamond, it seems likely that analytic continuation of
correlators outside the causal diamond will not work.
This is shown in Fig. 7(b).

C. Relating the CFTs

We have argued that the various CFTs are different. An
interesting question is whether it may be possible to view
the Rindler-CFTs and the Poincaré-CFTs as deformations
of the global-CFT. It seems the answer is yes.

From Sec. III A we see that the Rindlerized-global-CFTs
and Rindler-CFTs are both defined on two copies of R"!.
The former is in a particular entangled state (thermofield
double state) by construction [31], and we can consider the
latter in the same state. The two then appear to be the same
but there is a subtle difference. In the case of the
Rindlerized-global-CFT the Hilbert spaces associated with
the two are the same as the ones associated with the
intervals (0, ) and (r, 27) in global coordinates. These two
Hilbert spaces are interacting (see Sec. II of [19]) across the
points ¢» =0 and ¢ = z. This suggests that one may
(roughly) think of the global-CFT as the pair of Rindler-
CFTs with an interaction between them across their
respective boundaries. Similarly, one may (roughly) think
of the global-CFT as the Poincaré -CFT with an interaction
across its two ends. We hope to make this rough picture
more precise in the future.

IV. IMPLICATIONS FOR BULK PHYSICS

A. Conjecture for the bulk dual of Rindler-CFT
and Poincaré-CFT

We have established that correlation functions of
Rindler-CFT, Poincaré-CFT, and global-CFT are different.
Next we would like to understand the implications of this
for the bulk physics. In general, local bulk physics is quite
difficult to examine using the boundary field theory.
However, global causal structures suggest some interesting
new physics.

One might have expected that global AdS is dual to all
these CFTs, but since their correlators are different, the bulk
duals must be different too. Since the correlators are
approximately equal until very close to the edges of the
causal diamonds and since the causal diamonds are
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the projections of the event horizons, we conjecture that the
bulk duals to the Rindler-CFT and the Poincaré-CFT will
have a semiclassical description that matches that of the
global-CFT until very close to the respective horizons and
then start differing. The exact differences will depend on
the boundary conditions on the Rindler-CFT and Poincaré-
CFT; we discuss two specific cases below.

B. Implications for the massless BTZ black hole

The massless BTZ black hole can be viewed as a quotient
of AdS; [33] that amounts to foliating in Poincaré
coordinates and periodically identifying xp ~ xp + 27.
The question we want to ask is, what is the bulk dual
when we periodically identify the xp coordinate for the
Poincaré-CFT? We refer to this as the periodically iden-
tified PIPC.

Let us begin by reviewing how the naive two-point
functions of the PIPCs are obtained. Consider Euclidean
AdS; (see Appendix B for details). The boundary has the
topology S%. According to [23], in Poincaré coordinates the
boundary is at rp = co (which has a topology R?) with a
point at rp = 0 added. The boundary to the bulk propagator
is given by

Kguchdean(rp’ Xp, IE,P; rPB’ xPB — 07 tPB — 0)

rpA when rp8 =0

~ A
p B __
(1+rp2[)<p2+tp2]) when rp® = oo,

where terms with superscripts denote boundary coordinates
and A is interpreted as the conformal weight of the
associated CFT operator. Naively, one obtains the boundary
two-point function for the orbifolded geometry by sum-
ming over images of the Wick-rotated rp? = oo case of
(63) and then using standard techniques to obtain

(O(tp, xp)O0(0,0)) prpe

(63)

- 1
- k;oo (xp + tp + 27k)*2 (xp — tp + 27k)*2 "

(64)

However, there is a problem with this procedure, and that
is why we have crossed out the subscript on the correlator
above. In Appendix B we explain that even in the Euclidean
case the asymptotic limits of different foliations are not
consistent. In particular, on a global $? of constant radius,
large values of xp correspond to small values of rp5. In the
limit in which the global radius is taken to infinity, the
transition region shrinks to zero in size and is captured by
the “point at rp = 0.” For our purposes this implies that the
rp? = 0o case of (63) is only correct for xp,tp values
smaller than the UV cutoff scale. In the Wick-rotated case
this means it is valid only inside the Poincaré causal
diamond away from the edges [see Fig. 7(b)]. Thus, the

PHYSICAL REVIEW D 93, 046004 (2016)

method of images can only be used as an approximation
deep inside the causal diamond. Since the Poincaré-CFT
and the global-CFT differ at the edges of the causal
diamond and since under periodic identification the edges
correspond to late times, the correct two-point function of
PIPC would be approximated by (64) for early times but
differ at late times. Consequently, according to our con-
jecture the bulk dual should resemble the massless BTZ
until very close to the horizon but then should start
differing. The length scale over which the transition takes
place is governed by the UV cutoff.

Remarkably, we realize in hindsight that in the case of
the D1-D5 system which flows in the IR to an V' = (4,4)
CFT, all this has been explicitly shown to be the case.
Naively, the metric and dilaton of the D1-D5 system (with
appropriate RR fluxes) are

2 —

1
Shaive = \/‘m
4 m 4
+ V9195 de,z + A /;Z le2
i=1 i=1

62¢:?7 91:1+%’ 95:1+%’ (65)
5

<_dtP2 + d.xPz)

where the charge radii are related to quantized charges by
Q.5 = gl?n, 5. The near-horizon limit of this geometry is
massless BTZ x T* x $3. So when the direction xp is
compactified the D1-D5 CFT plays the role of the PIPC.

However, the actual microstates of the D1-D5 system are
not described by the massless BTZ. Instead they corre-
spond to the Lunin-Mathur 2-charge fuzzball geometries
[34-38]:

ds?. = !

string — /—§1§5
4 - 4

VY dit+ 1Y az
i=1 5=l

(—(dtp — Aydx')? + (dxp + B;dx')?)

g L dv
62(/):%, §;C:1+Q5/ T ——
s (%) L Jo [%-F(v)P
. 05 /L |F(v)2dv
g1(x) = + = = ——
' LJo |i=F(u)P
- L Fi(v)d
Ai(x)——%/ q(# dB = —x,dA, (66)
L Jo x=F(v)?

where x, is taken with respect to the flat metric for the
noncompact x; space and v = xp — fp. The solutions are

governed by the profile function F (v). The length of
integration is given by L = 27205 and one further has
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0 =% [* auiwy. (67)

For these solutions we see that if |F(v)| < b, then at large
distances, r > b, we recover the naive metric (65). Near

r$b metrics for different profile functions F(v) differ from
each other.

The two-point functions in CFT states dual to these
geometries have been worked out in the weak coupling
limit [39]. For a subset of these states (conical-defect
geometries [40,41]) we reproduce the result

<O(IP’ xP) O(O’ 0)>conicalfdefect
— 1

1
s XpFip+2mk\2 s xp—tp+2mk\2
—0 (2]’1 s T) (2]’[ S T)

~

(68)

where n is the order of the conical defect. In general,
Ref. [39] found from studying the correlators that

“For large central charge (which leads to a good semi-
classical limit), and sufficiently small time separation, a
typical Ramond ground state of vanishing R-charge has
the M = 0 BTZ black hole as its effective description.”

This is consistent with our claim that the true Poincaré-
CFT correlators agree with the global-CFT correlators deep
inside the causal diamond which, after periodic identifi-
cation, corresponds precisely to sufficiently small time
separation). Reference [39] further states that

“At large time separation this effective description breaks
down. The CFT correlators we compute take over, and
give a response whose details depend on the microstate.”

This, in particular, implies that none of the CFT
correlators match the naive one (64) at large time separa-
tion. This is consistent with our claim that the correlators of
the global-CFT and those of Poincaré-CFT disagree at the
edges of the causal diamond (which after periodic identi-
fication just means large time separation).

Thus, in the case of massless BTZ embedded in type IIB
supergravity compactified on S' x 7% and S! x K3, it is
already known that the correct bulk dual to PIPC is not
obtained from a simple orbifolding of AdS;. Instead the
correct bulk duals of PIPC resemble the massless BTZ until
very close to the horizon, and then quantum gravity effects
modify the bulk and cut off the geometry outside the
would-be horizons. This is shown in Fig. 8.

C. Implications for the massive BTZ black hole

The massive BTZ black hole can be viewed as a quotient
of AdS; [11] that amounts to foliating in Rindler-AdS
coordinates and periodically identifying xg ~ xg + 27. As
before, the question we want to ask is, what is the bulk dual

PHYSICAL REVIEW D 93, 046004 (2016)

Looks like
Black hole
far away

No Horizon
No Singularity

QG States W

Singular
Horizon

(a) (b)

FIG. 8. (a) The geometry of the D1-D5 black hole has an outer
flat space connected by a neck to the massless BTZ black hole.
(b) The geometry of a generic state has outer flat space connected
by a neck to a throat which ends in a smooth cap without horizons
and singularities.

when we periodically identify the xi coordinate for the
Rindler-CFTs? We refer to these as the PIRC:s.

The Carter-Penrose diagram of the massive BTZ is
shown in Fig. 9(a). There are two regions outside the
horizons which are asymptotically AdS. These regions
have shared future (past) regions behind event horizons
which end (begin) in a spacelike singularity. When viewed
as an orbifold of global AdS;, the event horizons are the
Rindler-AdS acceleration horizons and the singularities are
orbifolding singularities.

In [14], Maldacena proposed that the massive BTZ black
hole is dual to two decoupled CFTs which can be thought
as living on the two boundaries (see Fig. 9) with topologies
R x S' and are in a particular entangled state called the
thermofield double state (for details see [14]). In particular,
the two CFTs are also supposed to capture the dynamics
behind the horizons. This is a remarkable proposal:
Imagine two excitations which we call boundary-Alice
and boundary-Bob on either CFT. Since the CFTs are
decoupled, these excitations have vanishing amplitude to
interact. Yet their dual versions, bulk-Bob and bulk-Alice,
have a nonzero amplitude to interact in the shared future
region. While this may perhaps be possible if we consider a

CFTy CFTg

FIG. 9. The massive BTZ has two asymptotically AdS regions.
These regions share the future and past regions behind the event
horizons.
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Z, identification [42], with excitations also respecting the
same identification, it seems hard to understand for the
usual eternal BTZ black hole. Conceptual puzzles related to
this issue have been raised in [18-20] and other puzzles
with this picture have been raised in [16].

Nevertheless, one of the reasons to trust this picture has
been that orbifolding in the bulk is innocuous at the
horizons, even though its effects are felt inside at the
orbifolding singularity. Thus, one hopes that the smooth-
ness of horizons would be maintained. Further, it has been
thought that the dual CFT to this orbifolded bulk can be
described as quotients of the global-CFT [12—-15]. One may
then hope that the correlators from within the fundamental
domain may be continued to the entire cylinder, and this
could, in principle, be a dual description to dynamics
behind the horizons."

In these kinds of discussions it is either implicitly or
explicitly assumed that the boundary CFT for studying
Rindler-AdS and that for studying global AdS are the same
(see Sec. I1.4 of [43] and Sec. I1.2 of [15] for instance). In
this paper we have explicitly shown that this is not the case.
Since the Rindler-AdS radial coordinate rg becomes the
radial coordinate of massive BTZ under orbifolding and the
CFT dual to the BTZ is supposed to live on a surface of
constant large radius, the CFT associated with the massive
BTZ would be the Rindler-CFT instead of the global-CFT.

This difference is particularly relevant for the calculation
of the CFT two-point function for the PIRCs. The naive
two-point function for the periodically identified Rindler-
CFT is obtained in the following way. Reference [13] takes
the Wick-rotated version of the rp? = oo case of (63) and
uses the large rg limit of the coordinate transformation
between Poincaré and Rindler-AdS coordinates:

a2 —
rRiletRixR N etRj:xR’ (69)

'r

tp:tXp:

rp = rge”® (70)

to get the bulk-boundary propagator in Rindler-AdS
coordinates:

K Ringler—aas (TR: Xr. IR 1RP = 00, 0% = 0, 1% = 0)

rr2e R A2
= <[ —2+(1 RXI{ l‘R)(l xR+’R)]2> . (71)

To obtain the boundary two-point function from the
orbifolded geometry, Ref. [13] sums over the images of
(71) and then using standard techniques [23] obtains

"We thank Masaki Shigemori for discussions on this point.
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Rindler
CFTr

Rindler
CFT.

FIG. 10. According to the proposalsin [16,19,20] the bulk dual to
two decoupled CFTs on S' x R that are in the thermofield double
state (which is equivalent to our PIRCs) are quantum geometries
which resemble the massive BTZ at large distances but get capped
outside the would-be horizons. Thus, there are no shared future or
past regions. Our results are consistent with these proposals.

(O(xg, tr)O(0,0)) pire

1 2A
~ . 72
Z (smh IR—XR— 2117[) Slnh(rk+x|§+2nﬂ)> ( )

n=—o0

Again, there is a problem with this procedure because we
have crossed out the subscripts on (71) and (72). Not only is
the Wick-rotated version of the rp? = 0o case of (63)
already an approximation for xp,?p deep inside the
Poincaré causal diamond (as explained in the previous
section), but moreover, Ref. [13] further takes a large rg
limit which means we are restricting ourselves to xg, fg
deep inside the Rindler-AdS causal diamonds. One cannot
then use the method of images on such an approximated
propagator (71). Thus, the two-point function (72) is at best
an approximation to the correct propagator for the PIRC for
early times. This is good because the correlators (72) show
a large time decay which is inconsistent with unitary CFTs
[14,22,44].

The correct two-point function of PIRC should resemble
(72) until very close to the edge of the causal diamonds.
After periodic identification, the edges correspond to late
times. So consequently the two should agree at early times
but not at late times. Consequently, according to our
conjecture the bulk dual should resemble the massive
BTZ until very close to the horizon and then start differing.
The length scale over which the transition takes place is
governed by the UV cutoff.

Our results support the conjecture forwarded by one of
us in [19] (see also [16,20]), which states that the true bulk
dual to the PIRCs is the one shown in Fig. 10 where the
bulk dual resembles the massive BTZ outside the horizons,
but there are no shared future and past regions. The
spacetime caps off in “fuzzballs””''; This picture resolves
the problems raised in [16,18—20].]2

For a review on fuzzballs see [45-50].
"For an alternate proposal for modifying the bulk see [22].
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(a) Finite cutoff surfaces

FIG. 11.

(b) Infinite cutoff surfaces

(a) The global cutoff surface p = p, is shown in red, and the spherical Rindler-AdS cutoff surface rgg = rgr, is shown in blue.

(b) When we take p,. to infinity, all the rqr surfaces bunch up along the top and bottom edges of the “causal strip” which may be thought of as
the union of causal diamonds for all the Rindler-AdS observers [51]. Two such constant rgg surfaces are shown in the figure.
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APPENDIX A: GLOBAL BOUNDARY VS.
SPHERICAL RINDLER BOUNDARY

In this appendix we study one more foliation of global
AdS which involves acceleration horizons in the bulk
reaching out to the boundary—the spherical Rindler-AdS
metric.”” The metric is

BGeneralizations of this foliation were recently studied in
[51], and similar considerations apply to those foliations also.

d 2
ds? :%4— (rsr?—1)(=df3g +cosh’tsrdg?),

: (A1)

where rgg € (1, 0), tsg € (—00, ) and ¢ ~ ¢ + 2z. The
relation between the spherical Rindler-AdS and global
coordinates is

p = \/rsg? — 1 coshtgg, (A2)
r'sr 1
cott = (A3)

A /rSR2 -1 sinh ISR ’
and the ¢ coordinate is the same. The inverse relations are
rsg = coshpcosz, (A4)

coshpsint
Vcosh? pcos?z— 1

sinh tSR = (AS)

We see the same theme as before. We can define the global-
CFT by fixing boundary conditions on p.. However, for
large enough tgg, we get a rgg = 1 surface (and all other
small rqg surfaces) intersecting the global cylinder (see
Fig. 11). Imposing boundary conditions on the large p.
surface puts conditions on small rqg surfaces also. Different
boundary conditions suggest that bulk physics would also
be different close to the horizon scale. It is possible that the
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de Sitter CFT dual to spherical Rindler-AdS may be
viewable as a deformation of the global-CFT. We hope
to come back to this issue in the future.

APPENDIX B: EUCLIDEAN VERSION

Euclidean AdS,, is a ball with the boundary having the
topology of S?. Specializing to AdS; we can write the
metric in coordinates which enjoy the symmetries of
Euclidean AdS:

dp?

ds2:~2
p-+1

+ P2(d6* + sin20dg?).

(B1)

We can also use Poincaré coordinates (29) with Poincaré
time Wick rotated:

dry’ 2 2 2
, B + rp (dl‘p’E + pr )
P

ds* = (B2)

One can also foliate AdS; by Wick rotating the global time
for global coordinates or the Rindler-AdS time for Rindler-
AdS coordinates. However, for our purpose the above two
suffice.

The relations between these coordinates are

N 1
\/;TH =5 -+ (1 + 5% +1pg?)). (B3)

P

tan = i (B4)

cosf) — i(l —rp*(1 = xp” — 1p7))
ﬁ 9

(B5)
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and the inverse relations are

re=\/p? +1—pcos, (B6)
xprp = psinfcos ¢, (B7)
tpplp = p sin @ sin ¢. (B3)
The large p limits of (B6)—(B8) are
rp = 2sin%(6/2)p. (B9)

- 1

Xp = COt(9/2> COS¢<1 —m>, (BIO)
. 1

tP,E :Cot(9/2) Sln¢<1 —W> (Bll)

If we take a large sphere at p ~ O(e™!) with € < 1 then we
have two cases. One has @ ~ O(1) for which rp ~ j, and the
other has 6 ~ O(e'/?) for which rp ~ O(1). In the latter
regime xp® + fp* ~ O(e™!). In the limit that the UV cutoff
is taken to infinity one can think of the boundary of
Euclidean AdS; being at rp = co with “a point added at
zero” [23]. However, as in the Lorentzian case, for any
large but finite p, surfaces of arbitrarily small rp intersect
the surface of constant p.
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