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We consider a D1-brane as a natural probe of the group manifold with mixed three-form fluxes. We
determine the Lax connection for a given theory. Then we switch to the canonical analysis and calculate the
Poisson brackets between spatial components of Lax connections, and we argue for the integrability of a
given theory.
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I. INTRODUCTION AND SUMMARY

The integrability in the AdS=CFT correspondence is
fundamental for calculations beyond the perturbative
theory. A famous example is the duality between N ¼
4 super-Yang-Mills theory in four dimensions and type-
IIB theory on AdS5 × S5 with the Ramond-Ramond (RR)
flux, where the exact string spectrum and the spectrum of
anomalous dimensions in the super-Yang-Mills theory
can be described by Bethe-ansatz equations.1 The inte-
grability on the string theory side of the correspondence
is based on the existence of the Lax connection that
implies the existence of an infinite number of conserved
charges [5]. However, this is only a necessary condition
since the integrability of the theory also requires that
these conserved charges are in involution, as was stressed
in Ref. [6].
It is well known that integrability can be applied for

group manifolds with nontrivial RR and Neveu-Schwarz
Neveu-Schwarz (NSNS) fluxes. Such a famous example
is string theory on an AdS3 background with nontrivial
RR and NSNS fluxes. It turns out that in the case of pure
NSNS flux the string theory can be quantized using
world-sheet conformal field theory techniques [7–12]. On
the other hand, the RR AdS3 backgrounds have a more
complicated CFT description [13], while these back-
grounds are integrable as well [14,15].
On the other hand, the case of a mixed RR-NSNS AdS3

background is much more challenging either from the CFT
perspective or from the integrability point of view. One
possibility is to consider small derivations from the pure
NSNS point using the conformal perturbative theory [16].
Another possibility was suggested in Ref. [17], where the
starting point was a pure RR background with a new WZ
term that represents the coupling to the NSNS flux. This
beautiful construction leads to rapid progress in under-
standing of role integrability in the theory with mixed
fluxes; for related works, see [18–23].

It is well known that the AdS3 backgrounds with
different fluxes are related by U-duality transformations.
For example, type IIB S-duality relates AdS3 × S3 × T4

backgrounds supported by different three-form fluxes: the
pure RR flux background arises as the near-horizon limit of
a D1-D5-brane system, while a background supported by
mixed three-form flux involves the near-horizon limit of
NS5-branes and fundamental strings in addition to the D1-
and D5-branes. At the same time, the fundamental string
transforms under S-duality to the bound state of a D1-brane
and fundamental string. Then one can ask the question
whether a D1-brane could be considered as another probe
in string theory that naturally incorporates the coupling
between NSNS and RR fields. In fact, the low-energy
description of the D1-brane is given by Dirac-Born-Infeld
action together with a Chern-Simons term with explicit
coupling to RR and NSNS two-forms. We demonstrated in
our previous paper [24] that a D1-brane on the group
manifold with nontrivial NSNS flux is integrable. In this
paper, we extend the given analysis to the most general
background including a dilaton, Ramond-Ramond zero-
form Cð0Þ, and Ramond-Ramond two-form Cð2Þ together
with the three-forms F ¼ dCð2Þ and H ¼ dB that can be
expressed using the structure constants of the group that
defines the group manifold on which the D1-brane prop-
agates. We find that this D1-brane is integrable on the
condition that the dilaton and Ramond-Ramond zero-form
are constants. Then we perform a canonical analysis of the
given theory and calculate the Poisson brackets between
spatial components of Lax connections. We show that this
Poisson bracket has the form that ensures that the con-
served charges are in involutions up to the well-known
problems with terms containing a derivative of delta
functions that need special regularizations [25–27]. Then
we consider a concrete example, which is a D1-brane on an
AdS3 × S3 background with mixed RR-NS flux. We first
show that the equation of motion for this D1-brane can be
expressed as the equation of conservation of a specific
current which is, however, nonlinear due to the specific
form of D-brane action. Then, introducing an auxiliary
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metric and corresponding constraint, we can rewrite this
current to the manifestly linear form.2 Then fixing the
gauge and for certain backgrounds, we can find currents
whose conservation law is special and that is an analogue of
the holomorphic and antiholomorphic currents in the Wess-
Zumino-Witten (WZW) model [28]. Explicitly, we find that
this occurs in the case of a D1-brane in the near-horizon
limit of a D1-D5-brane background with zero electric flux.
Surprisingly, we also find that the same situation occurs in
the case of the background with nonzero RR and NSNS
fluxes that arises from a D1-D5-brane background through
specific SLð2; ZÞ transformation. This is a very interesting
result that suggests the possibility that for these values of
fluxes the D1-brane theory can be treated with the help of
powerful techniques of the two-dimensional conformal
field theory.
Let us outline our results. We show that a D1-brane can

be considered as a natural probe of backgrounds with
mixed flux. We mean that the given idea is very attractive
and should be elaborated further. For example, it would be
nice to explicitly determine a world-sheet S matrix for a
given theory in the AdS3 background with mixed flux. It
would also be nice to analyze classical solutions on the
world volume of a given theory corresponding to possible
magnon solutions and compare them with the string
solutions. We hope to return to these problems in the
future. It would also be interesting to try to extend the given
analysis to the supersymmetric D1-brane theory. A further
question that deserves detailed treatment is the question of
the conformal field theory description of a D1-brane with
electric flux on AdS3 × S3 with specific values of fluxes.
We hope to return to all these problems in the future.
This paper is organized as follows. In Sec. II, we

introduce a D1-brane on the group manifold background
with nontrivial NSNS and two RR forms. We analyze under
which conditions the world-sheet theory is integrable.
Then, in Sec. III, we perform a Hamiltonian analysis of
the given theory and calculate the Poisson brackets between
spatial components of the Lax connection. Finally, in
Sec. IV, we consider a D1-brane on various AdS3 × S3

backgrounds with three-form fluxes.

II. D1-BRANE ON GROUP MANIFOLD

In this section, we introduce D1-brane action that
governs the dynamics of the D1-brane on a general back-
ground. Recall that the given action is the sum of Dirac-
Born-Infeld and Chern-Simons terms and has the form

S ¼ −TD1

Z
dτdσe−Φ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
− detA

p

þ TD1

Z
dτdσððbτσ þ 2πα0F τσÞCð0Þ þ cτσÞ;

Aαβ ¼ GMN∂αxM∂βxN þ 2πα0F αβ þ BMN∂αxM∂βxN;

F αβ ¼ ∂αAβ − ∂βAα; ð1Þ

where xM;M;N ¼ 0; 1;…; D are embedding coordinates
of a D1-brane in the background that is specified by the
metric GMNðXÞ and NSNS two-form BMN ¼ −BNM

together with Ramond-Ramond two-form Cð2Þ
MN ¼ −Cð2Þ

NM.
We further consider a background with nontrivial dilaton Φ
and RR zero-form Cð0Þ. Furthermore, σα ¼ ðτ; σÞ are
world-sheet coordinates of the D1-brane, and bτσ; cτσ are
pullbacks of BMN and CMN to the world volume of the
D1-brane. Explicitly,

bαβ ≡ BMN∂αxM∂βxN ¼ −bβα; cτσ ¼ Cð2Þ
MN∂τxM∂σxN:

ð2Þ

Finally, TD1 ¼ 1
2πα0 is D1-brane tension, and Aα, α ¼ τ, σ is

a two-dimensional gauge field that propagates on the world
sheet of the D1-brane.
It is useful to rewrite the action (1) into the form

S ¼ −TD1

Z
dτdσe−Φ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
− det g − ð2πα0F τσ þ bτσÞ2

q

þ TD1

Z
dτdσððbτσ þ 2πα0F τσÞCð0Þ þ cτσÞ; ð3Þ

where gαβ ¼ GMN∂αxM∂βxN , det g ¼ gττgσσ − ðgτσÞ2.
From (3), we obtain the equations of motion for xM:

∂M½Φ�e−Φ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
− det g − ð2πα0F τσ þ bτσÞ2

q
− ∂α

�
GMN∂βxNgβα det gffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

− det g − ð2πα0F τσ þ bτσÞ2
p �

þ ∂MGKL∂αxK∂βxLgβα det g

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
− det g − ð2πα0F τσ þ bτσÞ2

p
þ ð2πα0F τσ þ bτσÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

− det g − ð2πα0F τσ þ bτσÞ2
p ∂MBKL∂τxK∂σxL − ∂τ

�
BMN∂σxNð2πα0F τσ þ bτσÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
− det g − ð2πα0F τσ þ bτσÞ2

p �

þ ∂σ

�
BMN∂τxNð2πα0F τσ þ bτσÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
− det g − ð2πα0F τσ þ bτσÞ2

p �
þ ∂MCð0Þðbτσ þ 2πα0F τσÞ þ Cð0Þ∂MbKL∂τxK∂σxL

− ∂τ½Cð0ÞbMK∂σxK� − ∂σ½Cð0ÞbKM∂τxK� þ ∂MC
ð2Þ
KL∂τxK∂σxL − ∂τ½Cð2Þ

MK∂σxK� − ∂σ½Cð2Þ
KM∂τxK� ¼ 0; ð4Þ

2This is a similar situation as in the case of the equivalence between Nambu-Goto and Polyakov action for a bosonic string.
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while the equations of motion for Aτ; Aσ take the form

∂τ

�
e−Φ

ð2πα0F τσ þ bτσÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
− det g − ð2πα0F τσ þ bτσÞ2

p þ Cð0Þ
�
¼ 0;

∂σ

�
e−Φ

ð2πα0F τσ þ bτσÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
− det g − ð2πα0F τσ þ bτσÞ2

p þ Cð0Þ
�
¼ 0: ð5Þ

The last two equations imply the existence of a constant
electric flux

e−Φð2πα0F τσ þ bτσÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
− det g − ð2πα0F τσ þ bτσÞ2

p þ Cð0Þ ¼ Π; Π ¼ const:

ð6Þ

With the help of this constant, we can express 2πα0F τσ þ
bτσ as

2πα0F τσ þ bτσ ¼
ðΠ − Cð0ÞÞ ffiffiffiffiffiffiffiffiffiffiffiffiffi

− det g
pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

e−2Φ þ ðΠ − Cð0ÞÞ2
q ; ð7Þ

so that the equations of motion (4) simplify considerably:

− ∂M

h ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e−2Φ þ ðΠ − Cð0ÞÞ2

q i ffiffiffiffiffiffiffiffiffiffiffiffiffi
− det g

p
þ ∂α

h
GMN∂βxNgβα

ffiffiffiffiffiffiffiffiffiffiffiffiffi
− det g

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e−2Φ þ ðΠ − Cð0ÞÞ2

q i
−
1

2
∂MGKL∂αxK∂βxL

ffiffiffiffiffiffiffiffiffiffiffiffiffi
− det g

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e−2Φ þ ðΠ − Cð0ÞÞ2

q
þ ΠHMKN∂τxK∂σxN þ FMKN∂τxK∂σxN ¼ 0; ð8Þ

where

HMNK ¼ ∂MBNK þ ∂NBKM þ ∂KBMN;

FMNK ¼ ∂MC
ð2Þ
NK þ ∂NC

ð2Þ
KM þ ∂KC

ð2Þ
MN: ð9Þ

Now we are going to be more specific about the back-
ground. When we consider group manifold G, we presume
that the metric GMN can be expressed as

GMN ¼ EM
AEN

BKAB; ð10Þ

where for the group element g ∈ G we have

J ≡ g−1dg ¼ EM
ATAdxM; ð11Þ

where TA is the basis of Lie algebra G of the group G. Note
that KAB ¼ TrðTATBÞ. Furthermore, from the definition
(11), we obtain

dJ þ J∧J ¼ 0 ð12Þ

that implies an important relation

∂MEN
A − ∂NEM

A þ fABCEM
BEN

C ¼ 0; ð13Þ

where

½TB; TC� ¼ TAfABC: ð14Þ

In the case of the fluxes FKLM;HKLM, we presume the
following relations between them and the structure con-
stants fABC of the Lie algebra G:

HMNKEM
AEN

BEK
C ¼ κfABC;

FMNKEM
AEN

BEK
C ¼ ωfABC; ð15Þ

where κ and ω are constants. The first formula is a well-
known relation that defines the Wess-Zumino term when
we describe the motion of string on a group space with B
flux.3 In the case of Ramond-Ramond flux, we introduce
this relation in order to preserve symmetry between NS-NS
and RR fluxes. At this place we will not discuss the
problem of whether background fields define a consistent
string theory background, and, hence, we can consider κ
and ω as free parameters. On the other hand, it is important
to stress that when we discuss a D1-brane on AdS3 × S3

with mixed fluxes these coefficients κ and ω have concrete
values in order to define a consistent string theory back-
ground. We will discuss this case in more detail in Sec. IV.
With the help of (15), we can write

EM
CHMKL∂τxK∂σxL ¼ κfCABJAτ JBσ ;

EM
CFMKL∂τxK∂σxL ¼ ωfCABJAτ JBσ : ð16Þ

Note that EM
A is inverse to EM

B defined as

EM
AEM

B ¼ δBA; EM
AEN

A ¼ δMN : ð17Þ

Now with the help of (13) and (16), we can rewrite the
equations of motion (8) to the form that contains the current
JAα ¼ EM

A∂αxM:

− EM
C∂M

h ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e−2Φ þ ðΠ − Cð0ÞÞ2

q i ffiffiffiffiffiffiffiffiffiffiffiffiffi
− det g

p
þ KCB∂α

h
JBβ g

βα
ffiffiffiffiffiffiffiffiffiffiffiffiffi
− det g

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e−2Φ þ ðΠ − Cð0ÞÞ2

q i
þ ΠκfCABJAτ JBσ þ ωfCABJAτ JBσ ¼ 0: ð18Þ

Now we are ready to analyze the integrability of the given
theory. Let us consider the following current:

3See, for example, [29] for a nice discussion and calculations
of the Poisson brackets of various currents.
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LA
τ ¼ AJAτ þ B

ffiffiffiffiffiffi
−g

p
gσα

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e−2Φ þ ðΠ − Cð0ÞÞ2

q
JAα ;

LA
σ ¼ AJAσ − B

ffiffiffiffiffiffi
−g

p
gτα

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e−2Φ þ ðΠ − Cð0ÞÞ2

q
JAα ; ð19Þ

where A and B are coefficients that will be determined by
the requirement that the current LA

α is flat. First of all, we
calculate

∂τLA
σ − ∂σLA

τ

¼ −AJBτ JCσ fABC þ BðΠκ þ ωÞfABCJBτ JCσ
− KABEM

B∂M

h ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e−2Φ þ ðΠ − Cð0ÞÞ2

q i ffiffiffiffiffiffiffiffiffiffiffiffiffi
− det g

p
;

ð20Þ

where we used the equations of motion (18) together with
the condition (13). As the next step, we calculate

fABCLB
τ LC

σ ¼ ðA2 − B2½e−2Φ þ ðΠ − Cð0ÞÞ2�ÞfABCJBτ JCσ :
ð21Þ

Collecting these two results together, we obtain

∂τLA
σ − ∂σLA

τ þ fABCL
B
τ LC

σ

¼ ð−Aþ BðΠκ þ ωÞ þ A2

− B2½e−2Φ þ ðΠ − Cð0ÞÞ2�ÞfABCJBτ JCσ
− KABEM

B∂M

h ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e−2Φ þ ðΠ − Cð0ÞÞ2

q i ffiffiffiffiffiffiffiffiffiffiffiffiffi
− det g

p
:

ð22Þ

Let us now discuss the result derived above. The expression
on the third line is proportional to the currents, while the
expression on the fourth line contains derivatives of the
background fields Cð0Þ and Φ. Then clearly the expressions
on the second and third lines have to vanish separately in
order for LA

α to be flat. The expression on the third line

vanishes when we require that
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e−2Φ þ ðΠ − Cð0ÞÞ2

q
is

constant. This can be ensured for nonzero electric flux Π
whenΦ andCð0Þ are constant. Then we have to demand that
the expression on the second line in (22) vanishes. If we
consider the ansatz B ¼ −ΛA, we find the solutions in the
form

A ¼ 1

1 − Λ2ðe−2Φ þ ðΠ − Cð0ÞÞ2Þ ð1þ ðΠκ þ ωÞΛÞ;

B ¼ −
Λ

1 − Λ2ðe−2Φ þ ðΠ − Cð0ÞÞ2Þ ð1þ ðΠκ þ ωÞΛÞ;

ð23Þ

where Λ is a spectral parameter. Finally, we should mention
that this is an on-shell condition. On the other hand, if we

calculate the Poisson bracket between these currents, we
have to express A and B given in (23) using an off-shell
form of the combinations e−2Φ þ ðΠ − Cð0ÞÞ2 and Π.
Explicitly, from (7), we obtain

e−2Φ þ ðΠ−Cð0ÞÞ2 ¼ e−2Φ detg
detgþ ð2πα0F τσ þ bτσÞ2

;

Π¼ e−Φð2πα0F τσ þ bτσÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−detg− ð2πα0F τσ þ bτσÞ2

p þCð0Þ:

ð24Þ

Inserting (23) and (24) into (19), we find an off-shell
formulation of the flat current. In the next section, we
express the spatial components of the flat current using
canonical variables and calculate a Poisson bracket
between them.
Let us summarize the results derived in this section. We

studied the dynamics of a D1-brane on the group manifold
with nontrivial NSNS and RR two-form fluxes and together
with a dilaton and RR zero-form. We argued that it is
possible to define the Lax connection for this theory, and
we showed that this Lax connection is flat on the condition
that the dilaton and RR zero-form are constant. The
existence of the Lax connection is a necessary condition
of integrability. The additional condition is that correspond-
ing conserved charges are in involution, which can be seen
from the form of the Poisson bracket between spatial
components of the Lax connection. The calculation of this
Poisson bracket will be performed in the next section.

III. POISSON BRACKETS OF THE
LAX CONNECTION

In this section, we calculate the Poisson brackets
between spatial components of the Lax connection. To
do this, we have to develop the Hamiltonian formalism
for D1-brane action in a general background. We start
with the action (3) and find the corresponding conjugate
momenta

pM ¼ δL
δ∂τxM

¼ TD1

e−Φffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
− det g − ð2πα0Fτσ þ bτσÞ2

p
× ðGMN∂αxNgατ det g

þ ð2πα0Fτσ þ bτσÞBMN∂σxNÞ
þ TD1ðCð0ÞBMN∂σxN þ Cð2Þ

MN∂σxNÞ;

πσ ¼ δL
δ∂τAσ

¼ e−Φð2πα0Fτσ þ bτσÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
− det g − ð2πα0Fτσ þ bτσÞ2

p þ Cð0Þ;

πτ ¼ δL
δ∂τAτ

≈ 0; ð25Þ

and hence
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ΠM ≡pM −
πσ

ð2πα0ÞBMN∂σxN

− TD1ðCð0ÞBMN∂σxN þCð2Þ
MN∂σxNÞ

¼ TD1

e−Φffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−detg− ð2πα0Fτσ þ bτσÞ2

p GMN∂αxNgατ detg:

ð26Þ

Using these relations, it is easy to see that the bare
Hamiltonian is equal to

HB ¼
Z

dσðpM∂τxM þ πσ∂τAσ − LÞ ¼
Z

dσπσ∂σAτ;

ð27Þ

while we have three primary constraints:

πτ ≈ 0; Hσ ≡ pM∂σxM ≈ 0;

Hτ ≡ 1

TD1

ΠMGMNΠN þ TD1ðe−2Φ þ ðπσ − Cð0ÞÞ2Þgσσ ≈ 0:

ð28Þ

Including these primary constraints to the definition of the
Hamiltonian, we obtain an extended Hamiltonian in the
form

H ¼
Z

dσðλτHτ þ λσHσ − Aτ∂σπ
σ þ vτπτÞ; ð29Þ

where λτ, λσ, and vτ are Lagrange multipliers corresponding
to the primary constraints Hτ ≈ 0, Hσ ≈ 0, and πτ ≈ 0,
respectively. Now we have to check the stability of all

constraints. The requirement of the preservation of the
primary constraint πτ ≈ 0 implies the secondary constraint

G ¼ ∂σπ
σ ≈ 0: ð30Þ

In the case of the constraints Hτ and Hσ , we can easily
show in the same way as in Ref. [24] that the constraintsHτ

and Hσ are first-class constraints and hence they are
preserved during the time evolution.
Now we are ready to proceed to the calculations of the

Poisson brackets between spatial components of the flat
current LA

σ for different spectral parameters Λ and Γ:

fLA
σ ðΛ; σÞ; LB

σ ðΓ; σ0Þg: ð31Þ

Recall that these are currents that define the monodromy
matrix and hence corresponding conserved charges. Using
(24) and (25), we find that the spatial component of the
current LA

σ expressed using canonical variables has the form

LA
σ ¼ 1þ Λðπσκ þ ωÞ

1 − Λ2ðe−2Φ þ ðπσ − Cð0ÞÞ2Þ

×

�
EM

A∂σxM −
Λ
TD1

EM
BKABΠM

�
: ð32Þ

In order to calculate (31), we need the following Poisson
brackets:

fxMðσÞ;ΠNðσ0Þg ¼ δMN δðσ − σ0Þ;
fEM

AðσÞ;ΠNðσ0Þg ¼ ∂NEM
Aδðσ − σ0Þ;

fEM
AðσÞ;ΠNðσ0Þg ¼ ∂NEM

Aδðσ − σ0Þ; ð33Þ
and also

fΠMðσÞ;ΠNðσ0Þg ¼ 1

2πα0
ðπσ þ Cð0ÞÞHMNK∂σxKδðσ − σ0Þ þ 1

2πα0
FMNK∂σxKδðσ − σ0Þ þ 1

2πα0
GBMNδðσ − σ0Þ; ð34Þ

and finally

fEM
AΠMðσÞ; EN

BΠNðσ0Þg

¼ −EM
DfDABΠMδðσ − σ0Þ þ EM

A

�
1

2πα0
ðπσ þ Cð0ÞÞHMNK∂σxK þ 1

2πα0
FMNK∂σxK þ 1

2πα0
GBMN

�
EN

Bδðσ − σ0Þ:

ð35Þ
With the help of these results, we obtain

fLA
σ ðΛ; σÞ; LB

σ ðΓ; σ0Þg ¼ −
1

TD1

fðΛÞfðΓÞðΓþ ΛÞKAB∂σδðσ − σ0Þ − 1

TD1

KAB

�
Γ
df
dπσ

ðΛ; σÞ þ Λ
df
dπσ

ðΓ; σÞ
�
Gδðσ − σ0Þ

−
1

TD1

fðΛÞfðΓÞ
�
Λþ Γ −

1

TD1

ΛΓ½ðπσ þ Cð0ÞÞκ þ ω�
�
KACfBCEEE

M∂σxMδðσ − σ0Þ

þ ΛΓ
T2
D1

fðΛÞfðΓÞKACfBCDKDEEM
EΠMδðσ − σ0Þ; ð36Þ
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where we introduced the function fðΛ; σÞ,

fðΛ; σÞ ¼ 1þ ΛðπσðσÞκ þ ωÞ
1 − Λ2ðe−2Φ þ ðπσðσÞ − Cð0ÞÞ2Þ ; ð37Þ

and used the fact that

∂σfðΛ; σÞ ¼
dfðΛ; σÞ

dπσ
∂σπ

σ ¼ dfðΛ; σÞ
dπσ

G: ð38Þ

Now we demand that the expression proportional to the δ function is equal to

−KADfBDCðXLC
σ ðΛÞ − YLC

σ ðΓÞÞ ¼ −KADfBDCðXfðΛÞ − YfðΓÞÞEM
C∂σxM

þ 1

TD1

KADfBDCðAfðΛÞΛ − BfðΓÞΓÞEM
EKCEΠM; ð39Þ

where X and Y are unknown functions. Comparing (36) with (39), we derive the following equations for X and Y:

1

TD1

fðΛÞfðΓÞ
�
Λþ Γ −

1

TD1

ΛΓððπσ þ Cð0ÞÞκ þ ωÞ
�

¼ XfðΛÞ − YfðΓÞ;
ΛΓ
TD1

fðΛÞfðΓÞ ¼ XfðΛÞΛ − YfðΓÞΓ: ð40Þ

These equations have the following solutions:

X ¼ Λ2

Γ − Λ
fðΛÞ
TD1

½1 − Γððπσ þ Cð0ÞÞκ þ ωÞ�;

Y ¼ Γ2

Γ − Λ
fðΓÞ
TD1

½1 − Λððπσ þ Cð0ÞÞκ þ ωÞ� ð41Þ

that are a generalization of the solutions found in Ref. [24] to the case of nontrivial Ramond-Ramond flux. In summary, we
obtain the final result

fLA
σ ðΛ; σÞ; LB

σ ðΓ; σ0Þg ¼ −
1

TD1

fðΛÞfðΓÞðΓþ ΛÞKAB∂σδðσ − σ0Þ − 1

TD1

KAB

�
Γ
dfðΛÞ
dπσ

þ Λ
dfðΓÞ
dπσ

�
Gδðσ − σ0Þ

−
1

TD1ðΓ − ΛÞK
ADfBDCðΓ2fðΓÞ½1 − Λððπσ þ Cð0ÞÞκ þ ωÞ�LC

σ ðΛÞ

− Λ2fðΛÞ½1 − Γððπσ þ Cð0ÞÞκ þ ωÞ�LC
σ ðΓÞÞδðσ − σ0Þ: ð42Þ

We see that the expression proportional to G ≈ 0 vanishes
on the constraint surface. We also see that there is still a
term proportional to the derivative of the delta function that
needs an appropriate regularization. Then the terms propor-
tional to the delta functions are a natural generalization of
the Poisson brackets of a flat connection of the principal
chiral model with the Wess-Zumino term to the background
with a RR background two-form. Note also that the form of
the expression proportional to the delta functions implies
that corresponding conservative charges are in involution,
which is the condition for the integrability of the given
theory [6].

IV. EXPLICIT EXAMPLE: D1-BRANE ONAdS3 × S3

WITH THREE-FORM FLUXES

In this section, we will analyze a D1-brane on AdS3 × S3

with three-form fluxes. Before we proceed to the analysis of
this specific background, we still consider an arbitrary group
manifoldwith nontrivial fluxes butwith a constant dilaton and
RR zero-form. Then note that, with the help of the flat
condition,we can rewrite the equation ofmotion into the form

∂αĴ
Aα ¼ 0; ð43Þ

where we introduced the current
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ĴAα ¼ TD1

h ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e−2Φ0 þ ðCð0Þ − ΠÞ2

q ffiffiffiffiffiffi
−g

p
gαβJAβ

þ ðΠκ þ ωÞϵαβJAβ
i
; ð44Þ

where ϵτσ ¼ −ϵστ ¼ 1. We see that the current ĴAα is
conserved. On the other hand, we see that the current ĴA is
nonlinear and there is nothing more to say about it. We can
make the given system more tractable when we introduce an
auxiliary metric γαβ that obeys the equation

Tαβ ≡ 1

2
γαβγ

μνgμν − gαβ ¼ 0: ð45Þ

It is easy to see that this equation has a solution γαβ ¼ gαβ. If
we further introduce light-cone coordinates

σþ ¼ 1

2
ðτ þ σÞ; σ− ¼ 1

2
ðτ − σÞ; ð46Þ

we can rewrite Eq. (43) into the form

∂þĴAþ þ ∂−Ĵ
A− ¼ 0; ∂� ¼ ∂

∂σ� ; ð47Þ

where

ĴAþ ¼ 1

2
ðĴAτ þ ĴAσÞ

¼ TD1

2

h ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e−2Φ0 þ ðCð0Þ − ΠÞ2

q ffiffiffiffiffiffi
−γ

p ðγταJAα þ γσαJAαÞ þ ðΠκ þ ωÞðJAσ − JAτ Þ
i
;

ĴA− ¼ 1

2
ðĴAτ − ĴAσÞ

¼ TD1

2

h ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e−2Φ0 þ ðCð0Þ − ΠÞ2

q ffiffiffiffiffiffi
−γ

p ðγταJAα − γσαJAαÞ þ ðΠκ þ ωÞðJAσ þ JAτ Þ
i
: ð48Þ

As the next step, we fix the auxiliary metric to have the form γαβ ¼ ηαβ; ημν ¼ diagð−1; 1Þ, keeping in mind that currents
still have to obey Eq. (45). In this gauge, ĴA� simplify considerably, and we obtain

ĴAþ ¼ −
1

2
ĴA− ¼ TD1

2

h
JAσ
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

e−2Φ0 þ ðCð0Þ − ΠÞ2
q

þ ðΠκ þ ωÞ
�
− JAτ

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e−2Φ0 þ ðCð0Þ − ΠÞ2

q
þ ðΠκ þ ωÞ

�i
;

ĴA− ¼ −
1

2
ĴAþ ¼ −

TD1

2

h
JAτ
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

e−2Φ0 þ ðCð0Þ − ΠÞ2
q

− ðΠκ þ ωÞ
�

þ JAσ
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

e−2Φ0 þ ðCð0Þ − ΠÞ2
q

− ðΠκ þ ωÞ
�i

; ð49Þ

where we introduced the light-cone metric with ηþ− ¼
η−þ ¼ −2; ηþ− ¼ η−þ ¼ − 1

2
so that ĴAþ ¼ ηþ−ĴA− ¼

− 1
2
ĴA−, Ĵ

A− ¼ η−þĴA− ¼ − 1
2
ĴAþ. We see that for

Πκ þ ω ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e−2Φ0 þ ðCð0Þ − ΠÞ2

q
ð50Þ

the current ĴAþ vanishes identically and Eq. (47) gives

∂þĴA− ¼ 0;

ĴA− ¼ 2TD1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e−2Φ0 þ ðCð0Þ − ΠÞ2

q
ðJAτ − JAσ Þ: ð51Þ

Note that we can write Ĵ− ¼ ĴA−TA ¼ 2g−1∂−g. Then from
(51) we obtain

1

2
∂þĴ− ¼ −g−1∂þgg−1∂−gþ g−1∂−∂þgg−1g

¼ g−1∂−½∂þgg−1�g ¼ 0; ð52Þ

so that there is a second current Ĵþ ¼ ∂þgg−1 that obeys
the equation

∂−Ĵþ ¼ 0: ð53Þ
Equations (51) and (53) strongly resemble the conserva-
tions of currents in the WZW model.
The previous analysis is valid for any groupmanifold with

NSNS and RR fluxes and for a constant dilaton and RR zero-
form.Nowwewould like toseewhether thecondition (50)can
be realized in a consistent string background.As the first case,
we consider an AdS3 × S3 ×M background with a pure RR
fluxwhereM is four torusT4 of four-volumeVM¼ð2πÞ4vα02
in themetricds2M that implies that eachxi is identifiedwith the
period 2πv1=4α01=2. The background has the form [30]
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ds2 ¼ r1r5ðds2AdS3 þ ds2S3Þ þ
r1
r5
ds2M;

F ¼ 2r25
g

ðϵþ �6ϵ3Þ;

e−Φ ¼ 1

g
r5
r1
; r5 ¼

ffiffiffiffiffiffiffiffiffiffiffiffi
gQ5α

0p
; r1 ¼

4π2α0ffiffiffiffiffiffiffi
VM

p
ffiffiffiffiffiffiffiffiffiffiffiffi
gQ1α

0p
;

ð54Þ

where ds2AdS3 and ds2S3 are line elements defined with the
group elements from SLð2; RÞ and SUð2Þ, respectively,
that define the currents JAα . Furthermore, ds2M is a Ricci-
flat metric on M with volume VM and where Q1 and Q5

are the D1- and D5-brane charge, respectively. Finally, ϵ is
a volume element of AdS3, and �6ϵ is a volume element
of S3, where �6 is the Hodge dual in six dimensions.
Using (54), we obtain

ĴA− ¼ −
TD1r25
g

"
JAσ

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ Π2

g2r21
r25

s
þ 1

!
− JAτ

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ Π2

g2r21
r25

s
þ 1

!#
;

ĴAþ ¼ TD1r25
g

"
JAσ

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ Π2

g2r21
r25

s
− 1

!
þ JAτ

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ Π2

g2r21
r25

s
− 1

!#
: ð55Þ

We see that ĴAþ vanishes identically in the case when Π ¼ 0, while ĴA− is equal to

ĴA− ¼ Q5

π
ðJAτ − JAσ Þ; ∂þĴA− ¼ 0: ð56Þ

This is the expected result, since in this case we have a D1-brane in the near-horizon limit of a D1-D5-brane system which is
S-dual to the configuration of a probe fundamental string in the near-horizon limit of the background NS-branes and
fundamental strings. These models are known as WZW models [28] and can be analyzed using powerful conformal field
techniques.
Let us now consider a D1-brane in this background. Recall that the type-IIB theory has nonperturbative SLð2; ZÞ

symmetry:

ĜMN ¼ e
1
2
ðΦ̂−ΦÞGMN; τ̂ ¼ aτ þ b

cτ þ d
;

B̂MN ¼ cCð2Þ
MN þ dBMN; Ĉð2Þ

MN ¼ aCð2Þ
MN þ bBMN; ð57Þ

where τ ¼ Cð0Þ þ ie−Φ and where ad − bc ¼ 1. Note that an S-duality transformation corresponds to the
following values of the parameters: a ¼ 0, b ¼ 1, c ¼ −1, and d ¼ 0. Then we find that the S-dual background
has the form

e−2Φ̂ ¼ g2r21
r25

¼ g2

v
Q1

Q5

;

dŝ2 ¼ e−Φds2 ¼ 1

g
r25ðds2AdS3 þ ds2S3Þ þ gds2M ¼ Q5α

0ðds2AdS3 þ ds2S3Þ þ gds2M;

H ¼ 2Q5α
0ðϵ3 þ �6ϵ3Þ; ð58Þ

so that it is easy to see that the currents ĴA have the form

ĴA− ¼ −TD1α
0Q5

"
JAσ

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g2Q1

vQ5

þ Π2

s
þ Π

!
− JAτ

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g2Q1

vQ5

þ Π2

s
þ Π

!#
;

ĴAþ ¼ TD1α
0Q5

"
JAσ

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g2Q1

vQ5

þ Π2

s
− Π

!
þ JAτ

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g2Q1

vQ5

þ Π2

s
− Π

!#
: ð59Þ
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It is clear that ĴAþ does not vanish for finite values of the
parameters. On the other hand, we easily see that ĴAþ
vanishes identically when we consider the formal limit
g → 0. Physically, this is the situation when a D1-brane
becomes infinite heavy and decouples so that the probe
can be considered as the collection of Π fundamental
strings. In this case, the model corresponds to the ΠQ5

level WZW model that can be studied by conventional
conformal field theory techniques. However, it is
important to stress that this is not possible in the case
of a finite value of the string coupling constant.
Finally, we consider a more general case when we

perform the SLð2; ZÞ duality transformation from the
near-horizon limit of a D1-D5-brane background. We begin
with the observation [7] that the near-horizon limit and S-
duality commute. Then for the general form of the SLð2; ZÞ
transformation (with C0 ¼ 0), we obtain (using τ� ¼ −τ)

Ĉð0Þ ¼ ace−2Φ þ bd
c2e−2Φ þ d2

; e−Φ̂ ¼ e−Φ

c2e−2Φ þ d2
:

dŝ2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2e−2Φ þ d2

p
ds2; B̂ ¼ cCð2Þ; Ĉð2Þ ¼ aCð2Þ:

ð60Þ

Let us start with the symmetric flux background that
corresponds to the following values of parameters a, b,
c, and d:

a ¼ 1; b ¼ 0; c ¼ 1; d ¼ 1: ð61Þ

It turns out that in this case the current ĴAþ vanishes
identically in the case when Π ¼ 0, while ĴA− is equal to

ĴA− ¼ Q5

π
ðJAτ − JAσ Þ; ∂þĴA− ¼ 0: ð62Þ

In fact, this remarkable result is valid whenever the
parameter b is equal to zero. Explicitly, when b ¼ 0, we
find from the condition ad − bc ¼ 1 that a ¼ d ¼ 1, which
implies

Ĉð0Þ ¼ ce−2Φ

c2e−2Φ þ d2
; e−Φ̂ ¼ e−Φ

c2e−2Φ þ d2
: ð63Þ

Then for Π ¼ 0 and for the background given above, we
obtain that the currents (49) have the form

ĴA− ¼ −
TD1r25
g

ðJAσ − JAτ Þ

×

 
gr1
r5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2e−2Φ þ 1

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e−2Φ

c2e−2Φ þ 1

s
þ 1

!
;

ĴAþ ¼ TD1r25
g

ðJAσ þ JAτ Þ

×

 
gr1
r5

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2e−2Φ þ 1

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e−2Φ

c2e−2Φ þ 1

s
− 1

!
; ð64Þ

where the first square root
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2e−2Φ þ 1

p
follows from

the definition of dual line element (60) and the second
one from the fact that e−2Φ̂ þ ðCð0ÞÞ2 ¼ e−2Φ

c2e−2Φþ1
. We

immediately see that the currents ĴA have the same
form as in the case of the original near-horizon limit
of a D1-D5-brane background where ĴAþ vanishes
identically.
Let us outline the results derived in this section. We

analyzed the conditions under which we can find hol-
omorphic or antiholomorphic currents for a D1-brane in
the background AdS3 × S3 with different combinations of
NSNS and RR fluxes. While the D1-brane is integrable
for any values of fluxes and world-volume electric flux, it
possesses two holomorphic and antiholomorphic currents
that allow a more powerful conformal field theory
analysis in the near-horizon limit of a D1-D5-brane
background on the condition that the electric flux is
zero. We also showed that this holds in the case of
AdS3 × S3 with mixed fluxes that is related to the
original D1-D5-brane system by the SLð2; ZÞ duality
transformation.
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