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We analyze a spin precession of slow neutrons in the Einstein-Cartan gravity with torsion, chameleon
and magnetic field. For the derivation of the Heisenberg equation of motion of the neutron spin we use the
effective low-energy potential, derived by Ivanov and Wellenzohn [Phys. Rev. D 92, 125004 (2015)] for
slow neutrons, coupled to gravitational, chameleon, and torsion fields to order 1=m, wherem is the neutron
mass. In addition to these low-energy interactions we switch on the interaction of slow neutrons with a
magnetic field. We show that to linear order approximation with respect to gravitational, chameleon, and
torsion fields the Dirac Hamilton operator for fermions (neutrons), moving in spacetimes created by
rotating coordinate systems, contains the anti-Hermitian operators of torsion-fermion (neutron) inter-
actions, caused by torsion scalar and tensor space-space-time and time-space-space degrees of freedom.
Such anti-Hermitian operators violate CP and T invariance. In the low-energy approximation the CP and T
violating torsion-fermion (neutron) interactions appear only to order Oð1=mÞ. One may assume that in the
rotating Universe and galaxies the obtained anti-Hermitian torsion-fermion interactions might be an origin
of (i) violation of CP and T invariance in the Universe and (ii) of baryon asymmetry. We show that anti-
Hermitian torsion-fermion interactions of relativistic fermions, violating CP and T invariance, (i) cannot be
removed by nonunitary transformations of the Dirac fermion wave functions and (ii) are conformal
invariant. According to general requirements of conformal invariance of massive particle theories in
gravitational fields [see R. H. Dicke, Phys. Rev. 125, 2163 (1962) and A. J. Silenko, Phys. Rev. D 91,
065012 (2015)], conformal invariance of anti-Hermitian torsion-fermion interactions is valid only if the
fermion mass is changed by a conformal factor.
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I. INTRODUCTION

Recently [1] we have derived to order Oð1=mÞ the most
general effective low-energy potential for slow Dirac
fermions with mass m, coupled to gravitational, chameleon
and torsion fields in the Einstein-Cartan gravity. We have
reduced the obtained potential to order Oð1Þ in the large
fermion mass expansion. We have shown that the torsion
pseudoscalar and tensor degrees of freedom can be, in
principle, measured in terrestrial laboratories through
minimal torsion-fermion couplings by using rotating devi-
ces. This is similar to the experiments by Atwood et al. [2]
and by Mashhoon [3]. These experiments used a rotating
two-crystal neutron interferometer and a neutron interfer-
ometer in a rotating reference frame, respectively. We have
assumed that the measurements of the transition frequen-
cies between quantum gravitational states of ultracold
neutrons in the qBounce experiments [4–9] as functions
of an angular velocity ~ω of a rotating mirror should provide
a new level of highly precise probes of the properties of the
Einstein-Cartan gravity, dark energy, and evolution of the
Universe. In turn, the measurements of the phase shift of

the slow neutron wave function as a function of an angular
velocity ~ω by a rotating neutron interferometer [10] should
be of use for terrestrial probes of new gravitational,
chameleon, and torsion interactions, derived in [1].
In this paper we propose an analysis of a spin precession

of slow neutrons in the Einstein-Cartan gravity with
torsion, chameleon and magnetic fields. As has been
mentioned by Lehnert et al. [11], a spin precession of
slow neutrons is a very sensitive technique to search for
possible exotic neutron interactions. In the experiment [11]
for the measurement of an upper bound of the linear
superposition of constant torsion scalar and pseudoscalar
degrees of freedom ζ, caused by torsion-fermion inter-
actions by Kostelecky et al. [12], a neutron spin rotation in
the liquid 4He was investigated. The upper bound
jζj < 9.1 × 10−23 GeV, obtained by Lehnert et al. [11],
is by a factor 105 larger compared with the estimate
jζj < 10−27 GeV, obtained in [13] by using the estimates
in Table I by Kostelecky et al. [12]. A spin dynamics of
Dirac fermions with mass m in curved spacetimes has been
also investigated by Obukhov et al. in [14–16].
The paper is organized as follows. In Sec. II we calculate

the effective low-energy potential, derived in [1], to linear
order in gravitational, chameleon, and torsion fields in the
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spacetime with the Schwarzschild metric, taken in the weak
gravitational field approximation and modified by the
chameleon field and rotation with an angular velocity ~ω.
We show that the linearized effective low-energy potential
contains the anti-Hermitian interactions, vanishing at zero
angular velocity. In Sec. III we give a detailed analysis of
the anti-Hermitian interactions. In Sec. IV we derive the
Heisenberg equation of motion for a neutron spin preces-
sion in terms of the angular velocity operators, caused by
(i) a magnetic field, (ii) gravitational and chameleon fields,
and (iii) a torsion field, defining Hermitian and anti-
Hermitian torsion-fermion interactions. In Sec. V we show
that the anti-Hermitian Hamilton operator and, correspond-
ingly, the anti-Hermitian effective low-energy potential of
torsion-fermion interactions, violating CP and T invari-
ance, (i) cannot be removed by nonunitary (non-Hermitian)
transformations [16–24] (see also [1]); (ii) are conformal
invariant [20,21]; and, referring to the experiments by
Atwood et al. [2] and by Mashhoon [3], (iii) can be in
principle observable. It should be emphasized that, accord-
ing to the general requirements of conformal invariance of
massive particle theories in gravitational fields under
conformal transformation ~gμν → O2g

̬
μν (see, for example,

Brans and Dicke [25], Dicke [26], and Silenko [21]), anti-
Hermitian torsion-fermion interactions are conformal
invariant only if the fermion mass m is changed by a
conformal factor O, i.e., m → O−1m

̬
. In Sec. VI we

summarize the obtained results and discuss some possible
consequences of the anti-Hermitian torsion-fermion inter-
actions. In the Appendix we give a detailed calculation of
the operator Gĵ, responsible for the anti-Hermitian part of
Dirac Hamilton operator, and of the effective low-energy
potential of slow fermions, coupled to gravitational, cha-
meleon, and torsion fields to linear order approximation in
curved spacetimes with rotation.

II. SCHRÖDINGER-PAULI EQUATION
FOR SLOW NEUTRONS IN EINSTEIN-CARTAN

GRAVITY WITH TORSION, CHAMELEON,
AND MAGNETIC FIELDS

The Schrödinger-Pauli equation for slow neutrons,
coupled to gravitational, chameleon, torsion, and magnetic
fields in the Einstein-Cartan gravity [1], is equal to

i
∂Ψðt; ~rÞ

∂t ¼ HFWΨðt; ~rÞ; ð1Þ

where Ψðt; ~rÞ is the wave function of slow neutrons and H
is the Foldy-Wouthuysen Hamilton operator given by

HFW ¼ −
1

2m
ΔþmUE − ~μ · ~Bþ ~Φeffðt; ~r; ~SÞ; ð2Þ

where m is the neutron mass, Δ is the Laplace operator,
UE ¼ ~g · ~r is the gravitational potential of the Earth with

the Newtonian gravitational acceleration ~g, and ~B is a
magnetic field. The neutron magnetic dipole moment

~μ ¼ 2κnμN~S [27] is expressed in terms of the neutron
anomalous magnetic moment κn ¼ −1.9130427ð5Þ,
measured in nuclear magnetons μN ¼ e=2mp ¼
3.1524512605ð22Þ × 10−8 eVT−1 [28], which is defined
in terms of the electric charge e and mass mp of the proton,

and the neutron spin operator ~S ¼ 1
2
~σ, where ~σ are the 2 × 2

Pauli matrices [29]. Then, ~Φeffðt; ~r; ~SÞ ¼ Φeffðt; ~r; ~SÞ − UE,

where Φeffðt; ~r; ~SÞ is the effective low-energy potential for
slow neutrons, coupled to gravitational, chameleon, and
torsion fields [see Eq. (A.15) of Ref. [1]]. We would like to
note that we have included the interaction of slow neutrons
with a magnetic field to linear order approximation of the
magnetic field. Since below we analyze the contributions of

the effective low-energy potential Φeffðt; ~r; ~SÞ to linear
order approximation of gravitational, chameleon, and
torsion fields, we have neglected all interactions containing
the products of a magnetic field with gravitational, cha-
meleon, and torsion fields.
The calculation of the effective low-energy potential

Φeffðt; ~r; ~SÞ we perform in the curved spacetime with the
line element [1] (see also [15])

d~s2 ¼ ~V2ðxÞdt2 þ ηĵ l̂ ~Wĵ
jðxÞ ~Wl̂

lðxÞðdxj − KjðxÞdtÞ
× ðdxl − KlðxÞdtÞ; ð3Þ

where ĵ ¼ 1, 2, 3 and j ¼ 1, 2, 3 are indices of theMinkowski
and curved spacetime, respectively, and ηĵ l̂ is a spatial part of
the metric tensor in the Minkowski spacetime. The functions
~V2ðxÞ and ~Wĵ

jðxÞ are defined by an arbitrary gravitational
field. In comparison with Obukhov et al. [15] the functions
~V2ðxÞ and ~Wĵ

jðxÞ are modified by the chameleon field. In
turn, the functions KjðxÞ, caused by rotations, are not
modified by the chameleon field. The vierbein fields in terms
of which slow neutrons couple to gravitational, chameleon,
and torsion fields in the Einstein-Cartan gravity with the
metric tensor in Eq. (3) are equal to [1]

~e0̂0ðxÞ ¼ ~VðxÞ; ~eĵ0ðxÞ ¼ − ~Wĵ
jðxÞKjðxÞ;

~e0̂jðxÞ ¼ 0; ~eĵjðxÞ ¼ ~Wĵ
jðxÞ;

~e0
0̂
ðxÞ ¼ 1

~VðxÞ ; ~e0
ĵ
ðxÞ ¼ 0;

~ej
0̂
ðxÞ ¼ KjðxÞ

~VðxÞ ; ~ej
ĵ
ðxÞ ¼ ~Wj

ĵ
ðxÞ: ð4Þ

The vierbein fields in Eq. (4) have been calculated at the

assumption that the functions ~Wĵ
jðxÞ and ~Wj

ĵ
ðxÞ obey the

orthogonality relations [1]
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~Wĵ
jðxÞ ~Wj

l̂
¼ δĵ

l̂
; ~Wj

ĵ
ðxÞ ~Wĵ

l ¼ δjl; ð5Þ

which are fulfilled for the Schwarzschild metric in the weak gravitational field approximation [13]. In terms of the vierbein
fields Eq. (4) the effective low-energy potential Φeffðt; ~r; ~SÞ is given by

Φeffðt; ~r; ~SÞ ¼ ðA− 1ÞmþBþ 2Cl̂Sl̂ þ iLj ∂
∂xj þ

1

2m
ηĵ k̂

�Dj
ĵ
Dk

k̂

A
− δj

ĵ
δk
k̂

� ∂2

∂xj∂xk

þ 1

4mA
ηĵ k̂Dj

ĵ

∂Dk
k̂

∂xj
∂
∂xk þ

1

4m
ηĵ k̂Dk

k̂

∂
∂xk

�Dj
ĵ

A

� ∂
∂xj þ

1

2mA
iϵĵ k̂ l̂Sl̂D

j
ĵ

∂Dk
k̂

∂xj
∂
∂xk

−
1

2m
iϵĵ k̂ l̂Sl̂D

k
k̂

∂
∂xk

�Dj
ĵ

A

� ∂
∂xj þ

1

2mA
ηĵ k̂GĵD

k
k̂

∂
∂xk þ

1

4m
ηĵ k̂Dk

k̂

∂
∂xk

�
Gĵ

A

�

−
1

2m
iϵĵ k̂ l̂Sl̂D

k
k̂

∂
∂xk

�
Gĵ

A

�
þ 1

mA
iSk̂KDk

k̂

∂
∂xk þ

1

2m
iSk̂Dk

k̂

∂
∂xk

�
K
A

�
þ 1

2mA
ηĵ k̂Gk̂D

j
ĵ

∂
∂xj

þ 1

4mA
ηĵ k̂Dj

ĵ

∂Gk̂

∂xj þ
1

2mA
iϵĵ k̂ l̂Sl̂D

j
ĵ

∂Gk̂

∂xj þ
1

2mA
ηĵ k̂GĵGk̂ þ

1

mA
iSk̂KGk̂ þ

1

mA
iSĵKDj

ĵ

∂
∂xj

þ 1

2mA
iSĵDj

ĵ

∂K
∂xj þ

1

mA
iSĵKGĵ þ

1

2mA
K2 −

1

4mA2
ηĵ k̂Dj

ĵ
Dk

k̂

∂A
∂xk

∂
∂xj −

1

8mA
ηĵ k̂Dj

ĵ

∂
∂xj

�Dk
k̂

A
∂A
∂xk

�

−
1

4mA
iϵĵ k̂ l̂Sl̂D

j
ĵ

∂
∂xj

�Dk
k̂

A
∂A
∂xk

�
−

1

4mA2
ηĵ k̂GĵD

k
k̂

∂A
∂xk −

1

2mA2
iSk̂KDk

k̂

∂A
∂xk þ

1

4mA3
ηĵ k̂Dj

ĵ
Dk

k̂

∂A
∂xj

∂A
∂xk : ð6Þ

The operators A, B, Cl̂, Dj
ĵ
, Gĵ, K, and Lj are equal to [1]

A ¼ ~e0̂0ðxÞ;

B ¼ −
1

2
i~e0̂0ðxÞ

1ffiffiffiffiffiffi
−~g

p ∂
∂xj ð

ffiffiffiffiffiffi
−~g

p
~ej
0̂
ðxÞÞ

þ 1

2
ið~e0̂0ðxÞÞ2 ~ej0̂ðxÞ

1ffiffiffiffiffiffiffiffiffiffiffiffi
−~gðxÞp ∂

∂xj ð
ffiffiffiffiffiffiffiffiffiffiffiffi
−~gðxÞ

p
~e0
0̂
ðxÞÞ;

Cl̂ ¼ 1

4
~e0̂0ðxÞð ~ω0ĵ k̂ðxÞ~e00̂ðxÞ þ ~ωlĵ k̂ðxÞ~el0̂ðxÞ

þ ~ωl0̂ ĵðxÞ~elk̂ðxÞ − ~ωlĵ 0̂ðxÞ~elk̂ðxÞÞϵĵ k̂ l̂;
Dj

ĵ
¼ −~e0̂0ðxÞ~ejĵðxÞ;

Gĵ ¼
1

2
~e0̂0ðxÞð ~T α

αlðxÞ~elĵ ðxÞ þ ~ω0ĵ 0̂ðxÞ~e00̂ðxÞ
þ ~ωlĵ 0̂ðxÞ~el0̂ðxÞ þ ~ωlĵ k̂ðxÞ~ell̂ðxÞηl̂ k̂Þ

þ 1

2

�
~e0̂0ðxÞÞ2 ~ejĵðxÞ

1ffiffiffiffiffiffiffiffiffiffiffiffi
−~gðxÞp ∂

∂xj ð
ffiffiffiffiffiffiffiffiffiffiffiffi
−~gðxÞ

p
~e0
0̂
ðxÞ

�
;

K ¼ −
1

4
~ωlĵ k̂ðxÞ~e0̂0ðxÞ~ell̂ðxÞϵĵ k̂ l̂;

Lj ¼ −~e0̂0ðxÞ~ej0̂ðxÞ: ð7Þ

Here ~gðxÞ ¼ − detf~gμνðxÞg, where the metric tensor in the
Jordan frame ~gμνðxÞ is related to the metric tensor in the
Einstein frame gμνðxÞ by ~gμνðxÞ ¼ f2ðxÞgμνðxÞ [30,31],
where the conformal factor fðxÞ ¼ eβϕðxÞ=MPl is defined

in terms of the chameleon field ϕðxÞ, the chameleon-matter
coupling constant β, and the reduced Planck mass MPl ¼
1=

ffiffiffiffiffiffiffiffiffiffiffiffi
8πGN

p ¼ 2.435 × 1027 eV with the Newtonian gravi-
tational constant GN [28]. The spin connection ~ωμα̂ β̂ðxÞ is
defined by [1,13]

~ωμα̂ β̂ðxÞ ¼ −ηα̂ φ̂ð∂μ ~e
φ̂
ν ðxÞ − ~Γα

μνðxÞ~eφ̂αðxÞÞ~eνβ̂ðxÞ; ð8Þ

where α ¼ 0; 1; 2; 3 and α̂ ¼ 0; 1; 2; 3 are the indices in the
four-dimensional curved and Minkowski spacetime, re-
spectively. The affine connection ~Γα

μνðxÞ is determined by

~Γα
μνðxÞ ¼ gfαμνg þ ~Kα

μνðxÞ; ð9Þ

where gfαμνg are the Christoffel symbols [32]

gfαμνg ¼ 1

2
~gαλ

�∂ ~gλμ
∂xν þ ∂ ~gλν

∂xμ −
∂ ~gμν
∂xλ

�
ð10Þ

and ~Kα
μνðxÞ ¼ − 1

2
ð ~T α

μνðxÞ − ~T μ
α
νðxÞ − ~T ν

α
μðxÞÞ is the

contorsion tensor, expressed in terms of the torsion field
~T α

μνðxÞ ¼ ~gασðxÞ ~T σμνðxÞ [13]. For the analysis of the
effective potential Eq. (6) we assume a motion of Dirac
fermions with mass m in the curved spacetime with the
Schwarzschild metric, taken in the weak gravitational field
approximation and modified by the contributions of the
chameleon field and rotation. The line element of such a
spacetime is given by [1]
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d~s2 ¼ ð1þ 2UþÞdt2þ 2ð1− 2U−Þ ~K ·d~rdt− ð1− 2U−Þd~r2;
ð11Þ

where we have neglected the contribution of the terms of
order ~K2 that is well justified in terrestrial laboratories [33]
and kept the contributions of the chameleon field to linear
order. The potentials U� are equal to [13]

U� ¼ UE �
β

MPl
ϕðxÞ: ð12Þ

To linear order contributions of the gravitational and
chameleon field, the vierbein fields Eq. (4) read

~e0̂0ðxÞ ¼ 1þUþ; ~eĵ0ðxÞ ¼ −ð1 −U−ÞKĵðxÞ;
~e0̂jðxÞ ¼ 0; ~eĵjðxÞ ¼ ð1 −U−Þδĵj;
~e0
0̂
ðxÞ ¼ 1 −Uþ; ~ej

0̂
ðxÞ ¼ þð1 −UþÞKjðxÞ;

~e0
ĵ
ðxÞ ¼ 0; ~ej

ĵ
ðxÞ ¼ ð1þ U−Þδjĵ: ð13Þ

In the spacetime with metric Eq. (11) and the vierbein fields
Eq. (13), the operators A, B, Cl̂, Dj

ĵ
, Gĵ, K, and Lj,

calculated to linear approximation in gravitational, chame-
leon, and torsion fields, are equal to

A ¼ 1þUþ;

B ¼ −
1

2
idiv ~K;

Cl̂ ¼ −
1

4
ðrot ~KÞl̂ þ 1

8
ϵl̂ ĵ k̂ðT ĵ k̂ 0̂ þ T k̂ 0̂ ĵ þ T 0̂ ĵ k̂Þ þ

1

4
ϵl̂ ĵ k̂KĵT 0̂ 0̂ k̂ þ

1

4
ϵl̂ ĵ k̂T ĵ k̂ âK

â

¼ −
1

4
ðrot ~KÞl̂ þ 1

4
Bl̂ þ 1

6
KKl̂ þ 1

4
ϵl̂ ĵ k̂KĵM0̂ 0̂ k̂ þ

1

4
ϵl̂ ĵ k̂Mĵ k̂ âK

â;

Dj
ĵ
¼ −ð1þ Uþ þ U−Þδjĵ;

Gĵ ¼ −
1

2

∂
∂xĵ ðUþ þU−Þ þ

1

2
ðT 0̂ ĵ l̂ þ T l̂ ĵ 0̂ÞKl̂ þ 1

2
KĵT l̂ k̂ 0̂η

l̂ k̂

¼ −
1

2

∂
∂xĵ ðUþ þU−Þ þ

2

3
E0̂Kĵ þ

1

2
ðMl̂ ĵ 0̂ þM0̂ ĵ l̂ÞKl̂;

K ¼ −
1

8
ϵĵ k̂ l̂T ĵ k̂ l̂ þ

1

8
ϵĵ k̂ l̂KĵT 0̂ k̂ l̂

¼ −
1

4
Kþ 1

12
~K · ~B þ 1

8
ϵĵ k̂ l̂KĵM0̂ k̂ l̂;

Lj ¼ −Kj; ð14Þ

where Bl̂ ¼ 1
2
ϵl̂ ĵ k̂ðT ĵ k̂ 0̂þT k̂ 0̂ ĵþT 0̂ ĵ k̂Þ; K ¼ 1

2
ϵĵ k̂ l̂T ĵ k̂ l̂,

Mσ̂ μ̂ ν̂ (M0̂ 0̂ k̂, M0̂ ĵ l̂, Ml̂ ĵ 0̂ and Mĵ k̂ l̂); and E0̂ ¼ T α̂
α̂ 0̂

are torsion axial-vector, pseudoscalar, tensor, and scalar
degrees of freedom, respectively [1,13]. For the calculation
of the operators in Eq. (14) we have used the following
irreducible representation of the torsion field T σμν [12] (see
also [1,13]):

T σ̂ μ̂ ν̂ðxÞ ¼
1

3
ðησ̂ μ̂E ν̂ðxÞ − ησ̂ ν̂Eμ̂ðxÞÞ þ

1

3
ϵσ̂ μ̂ ν̂ α̂Bα̂ðxÞ

þMσ̂ μ̂ ν̂ðxÞ: ð15Þ

The torsion field T σ̂ μ̂ ν̂ðxÞ, antisymmetric with respect to
indices μ̂ and ν̂, possesses 24 independent components,
where the 4-vector E ν̂ðxÞ and axial 4-vector Bα̂ðxÞ fields
with four independent degrees of freedom each are
defined by

E ν̂ðxÞ ¼ ησ̂ μ̂T σ̂ μ̂ ν̂ðxÞ;

Bα̂ðxÞ ¼ 1

2
ϵα̂ σ̂ μ̂ ν̂T σ̂ μ̂ ν̂ðxÞ: ð16Þ

The residual 16 degrees of freedom are absorbed by the
tensor Mα̂ μ̂ ν̂, which obeys the constraints ησ̂ μ̂Mσ̂ μ̂ ν̂ ¼
ϵα̂ σ̂ μ̂ ν̂Mσ̂ μ̂ ν̂ ¼ 0. Then, ϵσ̂ μ̂ ν̂ α̂ and ϵα̂ σ̂ μ̂ ν̂ are the Levi-

Cività tensors such as ϵ0̂ 1̂ 2̂ 3̂ ¼ −ϵ0̂ 1̂ 2̂ 3̂ ¼ −1 [29]. For the
derivation of the axial-vector field Bα̂ in terms of the torsion
field T σ̂ μ̂ ν̂ðxÞ we have used the relation ϵα̂ σ̂ μ̂ ν̂ϵσ̂ μ̂ ν̂ β̂ ¼
−6δα̂

β̂
[29]. Now we rewrite the effective low-energy

potential Eq. (6) omitting the terms, which contributions
are smaller compared to the terms of the linear order
approximation
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Φeffðt; ~r; ~SÞ ¼ ðA − 1Þmþ Bþ 2Cl̂Sl̂ þ iLj ∂
∂xj þ

1

2m
ηĵ k̂

�Dj
ĵ
Dk

k̂

A
− δj

ĵ
δk
k̂

� ∂2

∂xj∂xk

þ 1

4mA
ηĵ k̂Dj

ĵ

∂Dk
k̂

∂xj
∂
∂xk þ

1

4m
ηĵ k̂Dk

k̂

∂
∂xk

�Dj
ĵ

A

� ∂
∂xj þ

1

2mA
iϵĵ k̂ l̂Sl̂D

j
ĵ

∂Dk
k̂

∂xj
∂
∂xk

−
1

2m
iϵĵ k̂ l̂Sl̂D

k
k̂

∂
∂xk

�Dj
ĵ

A

� ∂
∂xj þ

1

2mA
ηĵ k̂GĵD

k
k̂

∂
∂xk þ

1

4m
ηĵ k̂Dk

k̂

∂
∂xk

�
Gĵ

A

�

−
1

2m
iϵĵ k̂ l̂Sl̂D

k
k̂

∂
∂xk

�
Gĵ

A

�
þ 1

mA
iSk̂KDk

k̂

∂
∂xk þ

1

2m
iSk̂Dk

k̂

∂
∂xk

�
K
A

�
þ 1

2mA
ηĵ k̂Gk̂D

j
ĵ

∂
∂xj

þ 1

4mA
ηĵ k̂Dj

ĵ

∂Gk̂

∂xj þ 1

2mA
iϵĵ k̂ l̂Sl̂D

j
ĵ

∂Gk̂

∂xj þ
1

mA
iSĵKDj

ĵ

∂
∂xj þ

1

2mA
iSĵDj

ĵ

∂K
∂xj

−
1

4mA2
ηĵ k̂Dj

ĵ
Dk

k̂

∂A
∂xk

∂
∂xj −

1

8mA
ηĵ k̂Dj

ĵ

∂
∂xj

�Dk
k̂

A
∂A
∂xk

�
−

1

4mA
iϵĵ k̂ l̂Sl̂D

j
ĵ

∂
∂xj

�Dk
k̂

A
∂A
∂xk

�
: ð17Þ

Plugging the operators Eq. (14) into Eq. (17) we arrive at
the following effective low-energy potential,

~Φeffðt; ~r; ~SÞ ¼ Φð1Þ
eff ðt; ~r; ~SÞ þ Φð2Þ

eff ðt; ~r; ~SÞ þ Φð3Þ
eff ðt; ~r; ~SÞ

þ Φð4Þ
eff ðt; ~r; ~SÞ; ð18Þ

where we have denoted

Φð1Þ
eff ðt; ~r; ~SÞ ¼ mðUþ −UEÞ− i ~K · ~∇− i

1

2
div ~K

þ 1

2
~S · rot ~K −

1

2
~S · ~B −

1

3
K~S · ~K

−
1

2
~S · ð ~K × ~MÞ þ 1

2
Sĵϵ

ĵ k̂ l̂Mk̂ l̂ âK
â; ð19Þ

with ð ~MÞk̂ ¼ −M0̂ 0̂ k̂. The effective low-energy potential
Eq. (19) agrees well with the result, obtained in [1]. Then,

the potential Φð2Þ
eff ðt; ~r; ~SÞ, taking the form

Φð2Þ
eff ðt; ~r; ~SÞ ¼ −

1

2m
~∇ðUþ þ 2U−Þ · ~∇−

1

2m
ðUþ þ 2U−ÞΔ

−
1

8m
ΔðUþ þ 2U−Þ

−
i
2m

~S · ð ~∇ðUþ þ 2U−Þ× ~∇Þ

þ i
2m

K~S · ~∇þ i
4m

~S · ~∇K; ð20Þ

reproduces the results, obtained in [13]. The potentials

Φð3Þ
eff ðt; ~r; ~SÞ and Φð4Þ

eff ðt; ~r; ~SÞ are equal to

Φð3Þ
eff ðt; ~r; ~SÞ ¼ −

i
6m

ð ~K · ~BÞ~S · ~∇ −
i

12m
~S · ~∇ð ~K · ~BÞ

−
i
4m

ðϵĵ k̂ l̂KĵM0̂ k̂ l̂Þ~S · ~∇
−

i
8m

~S · ~∇ðϵĵ k̂ l̂KĵM0̂ k̂ l̂Þ ð21Þ

and

Φð4Þ
eff ðt; ~r; ~SÞ ¼ −

2

3m
E0̂

~K · ~∇ −
1

3m
~∇ · ðE0̂

~KÞ

−
1

2m
ðMl̂ ĵ 0̂ þM0̂ ĵ l̂ÞKl̂ ∂

∂xĵ
−

1

4m
∂
∂xĵ ððMl̂ ĵ 0̂ þM0̂ ĵ l̂ÞKl̂Þ

þ 2

3m
i~S · rotðE0̂

~KÞ

−
1

2m
iϵĵ k̂ l̂Sl̂

∂
∂xĵ ððMâ ĵ 0̂ þM0̂ ĵ âÞKâÞ;

ð22Þ

and define new torsion-fermion (neutron) low-energy
interactions. On the whole the effective low-energy poten-
tial Eq. (18) possesses the following properties. First of all,
we would like to accentuate that to linear approximation in
gravitational, chameleon, and torsion fields there are no
new chameleon-fermion interactions in comparison with
those calculated in [13]. To order 1=m the potential

Φð3Þ
eff ðt; ~r; ~SÞ describes new torsion-fermion interactions of

torsion axial-vector ~B and tensor M0̂ k̂ l̂ degrees of free-

dom. Then, the effective low-energy potential Φð4Þ
eff ðt; ~r; ~SÞ,

containing new torsion interactions with slow fermions to
order 1=m, is anti-Hermitian. It violates invariance under
time reversal transformation (or T-invariance) and under
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charge-parity transformation (or CP-invariance). In Sec. III
we discuss in detail such a property of the effective low-

energy potential Φð4Þ
eff ðt; ~r; ~SÞ.

III. SPACETIME METRIC AND
ANTI-HERMITICITY OF THE EFFECTIVE

LOW-ENERGY POTENTIAL Φð4Þ
effðt;~r;~SÞ

First of all we would like to note that the metric Eq. (11)
is not invariant under time reversal transformation t → −t.
As a result, one can expect a possible violation of T-
invariance [34]. Since a violation of time reversal invari-
ance is yielded by the effective low-energy potential

Φð4Þ
eff ðt; ~r; ~SÞ, below we analyze step by step the appearance

of such a potential.
The operator Φð4Þ

eff ðt; ~r; ~SÞ one may obtain from the
following terms of the effective low-energy potential
Eq. (17):

δΦeffðt; ~r; ~SÞ ¼
1

2mA
ηĵ k̂GĵD

k
k̂

∂
∂xk þ

1

4m
ηĵ k̂Dk

k̂

∂
∂xk

�
Gĵ

A

�

−
1

2m
iϵĵ k̂ l̂Sl̂D

k
k̂

∂
∂xk

�
Gĵ

A

�

þ 1

2mA
ηĵ k̂Gk̂D

j
ĵ

∂
∂xj þ

1

4mA
ηĵ k̂Dj

ĵ

∂Gk̂

∂xj
þ 1

2mA
iϵĵ k̂ l̂Sl̂D

j
ĵ

∂Gk̂

∂xj : ð23Þ

In the linear approximation for interacting gravitational,
chameleon, and torsion fields the potential Eq. (23) reduces
to the form

δΦeffðt; ~r; ~SÞ ¼ −
1

m
ηĵ k̂Gĵ

∂
∂xk̂ −

1

2m
ηĵ k̂

∂Gĵ

∂xk̂
þ 1

m
iϵĵ k̂ l̂Sl̂

∂Gk̂

∂xĵ ; ð24Þ

where we have replaced A → 1, Dk
k̂
→ −δk

k̂
, and Dj

ĵ
→ −δj

ĵ

[see Eq. (14)]. Setting Kĵ ¼ 0 we get (see the Appendix)

Gĵ ¼ −
1

2

∂
∂xĵ ðUþ þ U−Þ: ð25Þ

The contribution of the operator Gĵ, given by Eq. (25), is
important for the derivation of the gravitational-chameleon

part of the effective low-energy potential Φð2Þ
eff ðt; ~r; ~SÞ,

which is Hermitian. This confirms the correctness of the
terms proportional to Gĵ and Gk̂ in the effective low-energy

potential Φeffðt; ~r; ~SÞ.
In the curved spacetime with torsion and metric Eq. (11)

the operator Gĵ acquires a certain contribution of the
torsion field (see the Appendix)

Gĵ ¼ −
1

2

∂
∂xĵ ðUþ þ U−Þ þ

2

3
E0̂Kĵ

þ 1

2
ðMl̂ ĵ 0̂ þM0̂ ĵ l̂ÞKl̂: ð26Þ

Another confirmation of the correctness of the calculation
of the contribution of torsion field to the operator Gĵ is a

cancellation of the part independent of Kĵ. Indeed, a direct
calculation of the torsion Kĵ-independent part in the
operator Gĵ gives (see the Appendix)

GĵjtorsionKĵ¼0
¼ 1

2
T α̂

α̂ ĵ þKĵ 0̂ 0̂ þKĵ l̂ k̂η
l̂ k̂

¼ 1

2
T 0̂ 0̂ ĵ þ

1

2
T ĵ l̂ k̂η

l̂ k̂ þ 1

2
Kĵ 0̂ 0̂ þ

1

2
Kĵ l̂ k̂η

l̂ k̂ ¼ 0:

ð27Þ

In the right-hand side (r.h.s.) of Eq. (27) the first and second
terms are canceled by the third and fourth ones, respec-
tively. This agrees well with results obtained by Kostelecky
[35] (see also [13]). In turn, the contribution of the Kĵ-
dependent part (see the Appendix)

GĵjtorsionOðKĵÞ ¼
1

2
ðKĵ 0̂ l̂ þKĵ l̂ 0̂ÞKl̂ −

1

2
KĵK0̂ l̂ k̂η

l̂ k̂

¼ 1

2
ðT 0̂ ĵ l̂ þ T l̂ ĵ 0̂ÞKl̂ þ 1

2
KĵT l̂ k̂ 0̂η

l̂ k̂

¼ 2

3
E0̂Kĵ þ

1

2
ðMl̂ ĵ 0̂ þM0̂ ĵ l̂ÞKl̂ ≠ 0; ð28Þ

which is fully correlated with the Kĵ-independent part
through the affine connection (see the Appendix), does not
vanish. Hence, taking the operator Gĵ, given by Eq. (26),

we obtain the effective low-energy potential Φð4Þ
eff ðt; ~r; ~SÞ,

which is anti-Hermitian only due to the contribution of
torsion and contains both torsion-nonspin-matter and
torsion-spin-matter interactions. Thus, we have proved that

the appearance of the anti-Hermitian potential Φð4Þ
eff ðt; ~r; ~SÞ

is not a mistake of the calculation but an objective reality,
caused by the presence of the torsion scalar E0̂ and tensor
Ml̂ ĵ 0̂ andM0̂ ĵ l̂ degrees of freedom in rotating coordinate
systems.

IV. HEISENBERG’S EQUATION FOR SPIN
OPERATOR OF SLOW NEUTRONS
IN EINSTEIN-CARTAN GRAVITY
WITH TORSION, CHAMELEON,

AND MAGNETIC FIELDS

A time evolution of the neutron spin operator ~S is
described by Heisenberg’s equation of motion [36]
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d~S
dt

¼ ∂~S
∂t þ i½H; ~S�: ð29Þ

Since the spin operator ~S does not depend explicitly on
time, the partial derivative in Eq. (29) is equal to zero. This
yields

d~S
dt

¼ i½H; ~S�: ð30Þ

Since the operator of the kinetic energy of slow neutrons
commutes with a neutron spin, we arrive at the equation

dSâ

dt
¼ ϵâ b̂ ĉΩmb̂Sĉ þ i½ ~Φeffðt; ~r; ~SÞ; Sâ�; ð31Þ

where Ωmb̂¼−κnμNBb̂ with Bb̂¼ð−~BÞb̂ (or ~Ωm¼−κnμN ~B)
is the standard angular velocity of the neutron spin
precession in the magnetic field ~B [27]. For the calculation

of the term ϵâ b̂ ĉΩmb̂Sĉ ¼ ð ~Ωm × ~SÞâ, where Ωmb̂ ¼
ð− ~ΩmÞb̂ and Sĉ ¼ ð−~SÞĉ, we have used the commutation

relation ½Sb̂; Sâ� ¼ iϵâ b̂ ĉSĉ. The contribution of the com-

mutator ½Φeffðt; ~r; ~SÞ; Sâ� can be written in the following
standard form:

i½ ~Φeffðt; ~r; ~SÞ; Sâ� ¼ ϵâ b̂ ĉΩb̂Sĉ ¼ ð ~Ω × ~SÞâ; ð32Þ

where ~Ω is the angular velocity operator of the neutron spin
precession, determined by

~Ω ¼ ~Ωr þ ~Ωgr-ch þ ~Ωt þ ~Ωh̄; ð33Þ

where the indices r, gr-ch, t and h̄ mean “rotation,”
“gravitation-chameleon,” “torsion,” and “anti-Hermitian,”
respectively. The angular velocity operators in the r.h.s. of
Eq. (33) are equal to

Ωb̂
r ¼ −

1

2
ϵb̂ k̂ l̂

∂
∂xk̂ Kl̂;

Ωb̂
gr-ch ¼ −

i
2m

ϵb̂ ĵ k̂
∂
∂xĵ ðUþ þ 2U−Þ

∂
∂xk̂ ;

Ωb̂
t ¼ −

1

2
Bb̂ −

1

3
KKb̂ þ 1

2
ϵb̂ ĵ k̂KĵM0̂ 0̂ k̂ −

1

2
ϵb̂ k̂ l̂Mk̂ l̂ ĵK

ĵ −
i
2m

K
∂
∂xb̂ −

i
4m

∂
∂xb̂ K

þ i
6m

ð ~K · ~BÞ ∂
∂xb̂ þ

i
12m

∂
∂xb̂ ð

~K · ~BÞ þ i
4m

ðϵĵ k̂ l̂KĵM0̂ k̂ l̂Þ
∂
∂xb̂ þ

i
8m

∂
∂xb̂ ðϵ

ĵ k̂ l̂KĵM0̂ k̂ l̂Þ;

Ωb̂
h̄
¼ −

2

3m
iϵb̂ k̂ l̂

∂
∂xk̂ ðE0̂Kl̂Þ þ

1

2m
iϵb̂ k̂ l̂

∂
∂xl̂ ððMĵ k̂ 0̂ þM0̂ k̂ ĵÞKĵÞ: ð34Þ

For the coordinate system, rotating with an angular velocity ~ω, where Kĵ ¼ −ϵĵ k̂ l̂ωk̂xl̂ ¼ −ð~ω × ~rÞĵ, we get

Ωb̂
r ¼ −ωb̂;

Ωb̂
gr-ch ¼ −i

3

2m
ð ~∇UE × ~∇Þb̂ þ i

1

2m
β

MPl
ð ~∇ϕ × ~∇Þb̂;

Ωb̂
t ¼ −

1

2
Bb̂ þ 1

3
ð~ω × ~rKÞb̂ − 1

2
ðxb̂ðωk̂M0̂ 0̂ k̂Þ − ωb̂ðxk̂M0̂ 0̂ k̂ÞÞ þ

1

2
ϵb̂ k̂ l̂Mk̂ l̂ ĵϵ

ĵ p̂ q̂ωp̂xq̂

−
i
2m

K
∂
∂xb̂ −

i
4m

∂
∂xb̂ K −

i
6m

ð~ω · ð~r × ~BÞÞ ∂
∂xb̂ −

i
12m

∂
∂xb̂ ð~ω · ð~r × ~BÞÞ

þ i
4m

ððωk̂xl̂ − ωl̂xk̂ÞM0̂ k̂ l̂Þ
∂
∂xb̂ þ

i
8m

∂
∂xb̂ ððω

k̂xl̂ − ωl̂xk̂ÞM0̂ k̂ l̂Þ;

Ωb̂
h̄
¼ −

2

3m
ið ~∇E0̂ × ð~ω × ~rÞ þ 2E0̂ ~ωÞb̂ þ

1

2m
iϵb̂ k̂ l̂

∂
∂xl̂ ððMĵ k̂ 0̂ þM0̂ k̂ ĵÞϵĵ p̂ q̂ωp̂xq̂Þ: ð35Þ

The experimental analysis of the spin-rotation couplings, calculated above, can be, for example, carried out by a neutron
interferometer [37–49] with rotating interferometers [2,3,49].
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V. PROPERTIES OF THE DIRAC HAMILTON
OPERATOR IN CURVED SPACETIMES

The anti-Hermitian interactions appear also in the
Hamilton operator of a relativistic Dirac fermion with
mass m. Indeed, as has been shown in [1] the Hamilton
operator of a relativistic Dirac fermion is equal to

H0 ¼ H0 þ δH0, where H0 ¼ γ0̂m − iγ0̂~γ · ~∇ is the
Hamilton operator of a free Dirac fermion with mass m
and δH0 is the interaction Hamilton operator equal to [1]

δH0 ¼ ðA − 1Þγ0̂mþ Bþ Cl̂Σl̂ þ ðDj
ĵ
þ δj

ĵ
Þiγ0̂γĵ ∂

∂xj
þ Fĵiγ

0̂γĵ
∂
∂tþ Gĵiγ

0̂γĵ þ Kγ5 þ Lĵi
∂
∂xĵ : ð36Þ

For the operators A, B, Cl̂, Djĵ, Gĵ, K, and Lĵ, given by
Eq. (14), the Hamilton operator can be represented in the
form δH0 ¼ δH0

h þ δH0̄
h
, where δH0

h and δH0̄
h

are the
Hermitian and anti-Hermitian parts of the Hamilton oper-
ator Eq. (36), respectively, equal to

δH0
h ¼ Uþγ0̂m− ðUþ þU−Þiγ0̂~γ · ~∇−

1

2
iγ0̂ ~∇ðUþ þU−Þ

−
1

2
idiv ~K − i ~K · ~∇þ 1

4
~Σ · rot ~K −

1

4
~Σ · ~B −

1

6
K~Σ · ~K

þ 1

4
ϵl̂ ĵ k̂Σl̂KĵM0̂ 0̂ k̂ þ

1

4
ϵl̂ ĵ k̂Σl̂Mĵ k̂ âK

â −
1

4
Kγ5

þ 1

12
~K · ~Bγ5 þ 1

8
ϵĵ k̂ l̂KĵM0̂ k̂ l̂γ

5 ð37Þ

and

δH0̄
h
¼ −i

2

3
E0̂

~K · γ0̂~γ þ i
1

2
ðMl̂ ĵ 0̂ þM0̂ ĵ l̂ÞKl̂γ0̂γĵ: ð38Þ

One may assume that in the rotating Universe and galaxies
[50] (see also [51]) the torsion-fermion interaction Eq. (38)
might be an origin of (i) violation of CP and T invariance in
the Universe and (ii) of baryon asymmetry [28].

A. Standard nonunitary transformation
of Dirac fermion wave functions and

anti-Hermitian torsion-fermion
interactions

It is well known that the Hamilton operator of the Dirac
fermions with mass m, moving in the curved spacetime
with a metric gμν, is not Hermitian. In order to get a
Hermitian Hamilton operator one has to perform the
standard nonunitary transformation of the wave function
of the Dirac fermions ψ → ð ffiffiffiffiffiffi−gp

e0̂0Þ1=2ψ 0, where g is a

determinant of the metric tensor gμνðxÞ and e0̂0ðxÞ is a
vierbein field [14–21,24] (see also [1,13,22,23]). As has

been shown in [1], the Hamilton operator H0 ¼ γ0̂m − iγ0̂~γ ·

~∇þ δH0
h þ δH0̄

h
has been already obtained by means of the

standard nonunitary transformation ψ → ð ffiffiffiffiffiffi
−~g

p
~e0̂0Þ1=2ψ 0,

where ~g is a determinant of the Jordan-frame metric tensor
~gμνðxÞ and ~e0̂0ðxÞ is a vierbein field in the Jordan frame [see
Eq. (13) of Ref. [1]]. The appearance of the anti-Hermitian

term δH0̄
h
in the Hamilton operator H0 ¼ γ0̂m − iγ0̂~γ · ~∇þ

δH0
h þ δH0̄

h
is fully related to the spacetime metric Eq. (11)

as a functional of the vector ~K, caused by rotations, or more
generally to the spacetime metric Eq. (3) [see also Eq. (20)
of Ref. [1]], proposed by Obukhov et al. [14–16].

B. Nonunitary transformations of Dirac fermion
wave functions and removal of anti-Hermitian

torsion-fermion interactions

Now wewould like to show that the anti-Hermitian (non-
Hermitian) Hamilton operator δH0̄

h
, given by Eq. (38),

cannot be removed by a nonunitary (non-Hermitian) trans-
formation of the Dirac fermion (neutron) wave function.
After the standard nonunitary transformation of the Dirac
fermion wave function ψ → ð ffiffiffiffiffiffi

−~g
p

~e0̂0Þ1=2ψ 0 [see Eq. (13) of
Ref. [1]] we arrive at the following Dirac fermion action,

Sψ ¼
Z

dtd3xψ 0†ðt; ~rÞ
�
i
∂
∂t − H0

�
ψ 0ðt; ~rÞ

¼
Z

dtd3xψ 0†ðt; ~rÞ
�
i
∂
∂t − H0 − δH0

h − δH0̄
h

�
ψ 0ðt; ~rÞ;

ð39Þ

where H0 ¼ γ0̂m − iγ0̂~γ · ~∇. In order to analyze a possibil-
ity to remove the term δH0̄

h
we make a nonunitary

(non-Hermitian) transformation

ψ 0ðt; ~rÞ ¼ ζψ 00ðt; ~rÞ; ð40Þ

where ζ ¼ 1þQ ¼ 1þ ηĵ k̂O
ĵγk̂ and Oĵ is a Hermitian

nondifferential operator, i.e., Qĵ† ¼ Qĵ. The operator ζ is a
nonunitary (non-Hermitian) operator ζ† ¼ 1þQ† ¼
1 − ηĵ k̂O

ĵγk̂ ≠ ζ. Then, for the derivation of the Dirac
Hamilton operator H00, we use the following relations
ζ†δH0

h ¼ δH0
h and of ζ†δH0̄

h
¼ δH0̄

h
and δH0

hζ ¼ δH0
h and

δH0̄
h
ζ ¼ δH0̄

h
. Plugging Eq. (40) into Eq. (39) we transcribe

the action Sψ into the form

Sψ ¼
Z

dtd3xψ 00†ðt; ~rÞ
�
i
∂
∂t − H00

�
ψ 00ðt; ~rÞ;

ð41Þ
where the Hamilton operator H00 is equal to

H00 ¼ H0 þ δH0
h þ δH0̄

h
þ ½H0; Q� − i

∂Q
∂t : ð42Þ
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Plugging Q ¼ ηĵ k̂O
ĵγk̂ into Eq. (42) and calculating the

commutator ½H0; Q� we get

H00 ¼ H0 þ δH0
h þ δH0̄

h
þ 2mηĵ k̂Q

ĵγ0̂γk̂ − iγ0̂
∂Qĵ

∂xĵ
− 2iγ0̂Qĵ ∂

∂xĵ þ εĵ l̂ k̂γ0̂Σĵ
∂Qk̂

∂xl̂ − i
∂Qĵ

∂t γĵ: ð43Þ

It is obvious that for the Hermitian operator Qĵ, i.e., Qĵ† ¼
Qĵ corresponding to a non-Hermitian transformation with
the operator ζ† ≠ ζ, the term 2mηĵ k̂Q

ĵγ0̂γk̂ cannot cancel
the contribution of the anti-Hermitian operator δH0̄

h
. The

use of the anti-Hermitian operator Qĵ → iQĵ, correspond-
ing to a Hermitian (unitary) transformation with an operator
ζ ¼ 1þ iQ ¼ 1þ iηĵ k̂O

ĵγk̂ such as ζ† ¼ ζ, allows us to
shift the Hamilton operator δH0̄

h
, which is the odd operator

according to the Foldy-Wouthuysen classification [52], to
the region of interactions of order Oð1=mÞ. In detail such a
unitary transformation or the Foldy-Wouthuysen trans-
formation for the derivation of the effective low-energy
potential Eq. (17) has been performed in [1]. The linearized
version of this effective low-energy potential is given
by Eq. (18).

C. Non-Hermiticity of Dirac Hamilton operator,
η-representation and anti-Hermitian

torsion-fermion interactions

An alternative transition from a non-Hermitian Hamilton
operator of the Dirac massive fermions, moving in the
curved spacetime with an arbitrary metric tensor gμνðxÞ, to a
Hermitian form can be performed by using the η-repre-
sentation of the Dirac fermion wave functions [24]. In the
η-representation the Dirac Hamilton operator becomes
Hermitian without the standard nonunitary transformation
of the Dirac fermion wave function ψ → ð ffiffiffiffiffiffi

−~g
p

~e0
0̂
Þ1=2ψ 0 and

the dynamics of the Dirac fermions is described by the
pseudo-Hermitian quantum mechanics [24] (see also
[53–55]). Since in our analysis of the torsion-fermion
interactions within the Einstein-Cartan gravity with the
chameleon field we use the standard nonunitary trans-
formation of the Dirac fermion wave function
ψ → ð ffiffiffiffiffiffi

−~g
p

~e0
0̂
Þ1=2ψ 0, the dynamics of the Dirac fermions,

and the contributions of the anti-Hermitian torsion-fermion
interactions, violating CP and T invariance, to the observ-
ables can be described within the formalism of the standard
relativistic and nonrelativistic quantum mechanics [56,57].

D. Conformal invariance of anti-Hermitian
torsion-fermion interactions

As has been shown by Silenko [20], the Dirac and Foldy-
Wouthuysen Hamilton operators for massless fermions in

the curved spacetimes with arbitrary metric ~gμν are invariant
under conformal transformation ~gμν → O2g

̬
μν if the wave

function of massless fermions is subjected to the nonunitary
transformation ψ 0 → O3=2ψ

̬
. In [21] the results, obtained in

[20], have been extended to massive fermions coupled to
the gravitational field and torsion in the Einstein and
Einstein-Cartan gravity, respectively, with the requirement
that the fermion mass transforms under the conformal
transformation ~gμν → O2g

̬
μν as follows: m → O−1m

̬
. This

agrees well with the dimensional analysis of general
relativity, carried out by Dicke [26] for the reduction of
the Brans-Dicke gravitational theory [25] to the Einstein
gravity, coupled to an effective scalar field. According to
Silenko [21], the vector Kj and the contorsion tensor
~Kαμν ¼ − 1

2
ð ~T αμν − ~T μαν − ~T ναμÞ are not changed by the

conformal transformation ~gμν → O2g
̬
μν, i.e., Kj → K

̬ j ¼
Kj and ~Kαμν → K

̬

αμν. Since the Hamilton operator δHĥ is
expressed in terms of the components of the contorsion
tensor Kα̂ μ̂ ν̂ and the vector Kĵ,

δH0̄
h
¼ GĵjtorsionOðKĵÞ iγ

0̂γĵ

¼ 1

2
ðKĵ 0̂ l̂ þKĵ l̂ 0̂ÞKl̂iγ0̂γĵ −

1

2
KĵK0̂ l̂ k̂η

l̂ k̂iγ0̂γĵ

¼ −i
2

3
E0̂

~K · γ0̂~γ þ i
1

2
ðMl̂ ĵ 0̂ þM0̂ ĵ l̂ÞKl̂γ0̂γĵ; ð44Þ

it is invariant under the conformal transformation

~gμν → O2g
̬
μν, i.e., δH0̄

h
→ δH

̬ 0̄
h, where GĵjtorsionOðKĵÞ , given by

[see Eq. (28)]

GĵjtorsionOðKĵÞ ¼
1

2
ðKĵ 0̂ l̂ þKĵ l̂ 0̂ÞKl̂ −

1

2
KĵK0̂ l̂ k̂η

l̂ k̂; ð45Þ

is conformal invariant GĵjtorsionOðKĵÞ → G
̬

ĵjtorsionOðKĵÞ . Under the

conformal transformation ~gμν → O2g
̬
μν the vierbein fields

transform as follows: ~eα̂μ → Oe
̬ α̂
μ and ~eμα̂ → O−1e

̬ μ
α̂. Since

the fermion mass transforms as m → O−1m
̬
, the operators

mA ¼ −m~e0̂0 and Dj
ĵ
¼ −~e0̂0 ~e

j
ĵ
[see Eq. (7)] are invariant

under the conformal transformation, i.e., mA → m
̬
A
̬
and

Dj
ĵ
→ D

̬ j
ĵ. In order to show that the effective low-energy

potential Φð4Þ
eff ðt; ~r; ~SÞ is conformal invariant we transcribe

the effective low-energy potential δΦeffðt; ~r; ~SÞ, given by
Eq. (23), into the form
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δΦtorsion
eff ðt; ~r; ~SÞ ¼ 1

2mA
ηĵ k̂GĵjtorsionOðKĵÞD

k
k̂

∂
∂xk

þ ηĵ k̂Dk
k̂

∂
∂xk

�
1

4mA
GĵjtorsionOðKĵÞ

�

− iϵĵ k̂ l̂Sl̂D
k
k̂

∂
∂xk

�
1

2mA
GĵjtorsionOðKĵÞ

�

þ 1

2mA
ηĵ k̂Gk̂jtorsionOðKĵÞD

j
ĵ

∂
∂xj

þ 1

4mA
ηĵ k̂Dj

ĵ

∂
∂xj Gk̂jtorsionOðKĵÞ

þ 1

2mA
iϵĵ k̂ l̂Sl̂D

j
ĵ

∂
∂xj Gk̂jtorsionOðKĵÞ : ð46Þ

Because of the conformal invariance of mA → m
̬
A
̬
,

Dj
ĵ
→ D

̬ j
ĵ, and GĵjtorsionOðKĵÞ → G

̬

ĵjtorsionOðKĵÞ the effective low-

energy potential Eq. (46) is conformal invariant, i.e.,

δΦtorsion
eff ðt; ~r; ~SÞ → δΦ

̬ torsion
eff ðt; ~r; ~SÞ. This proves the con-

formal invariance of the effective low-energy potential

Φð4Þ
eff ðt; ~r; ~SÞ, i.e.,Φð4Þ

eff ðt; ~r; ~SÞ → Φ
̬ ð4Þ
eff ðt; ~r; ~SÞ. Thus, we have

shown that after the nonunitary transformation of the Dirac
fermion wave function ψ → ð ffiffiffiffiffiffi

−~g
p

~e0
0̂
Þ1=2ψ 0 in the Jordan

framewith the metric tensor ~gμνðxÞ the non-Hermitian (anti-
Hermitian) torsion-fermion interactions, violating T and
CP invariance, are conformal invariant. This agrees well
with the results obtained by Silenko in Ref. [21].

E. The argument on behalf of observability
of anti-Hermitian torsion-fermion interactions

Now we would like to discuss a possible observability of
the anti-Hermitian torsion-fermion interactions, violating
CP and T invariance. For the coordinate system, rotating

with an angular velocity ~ω, the vector ~K is equal to ~K ¼
−ð~ω × ~rÞ [14,15,33]. The effective low-energy potential
Eq. (18) is equal to

~Φeffðt; ~r; ~SÞ ¼ Φð1Þ
eff ðt; ~r; ~SÞj ~K¼−ð~ω×~rÞ þ Φð2Þ

eff ðt; ~r; ~SÞj ~K¼−ð~ω×~rÞ

þ Φð3Þ
eff ðt; ~r; ~SÞj ~K¼−ð~ω×~rÞ

þ Φð4Þ
eff ðt; ~r; ~SÞj ~K¼−ð~ω×~rÞ: ð47Þ

Here the effective low-energy potentialΦð1Þ
eff ðt;~r;~SÞj ~K¼−ð~ω×~rÞ

is

Φð1Þ
eff ðt; ~r; ~SÞj ~K¼−ð~ω×~rÞ ¼ mðUþ −UEÞ − ~ω · ~L − ~ω · ~S

−
1

2
~S · ~B þ 1

3
K~S · ð~ω × ~rÞ

−
1

2
~S · ð ~M × ð~ω × ~rÞÞ

−
1

2
SjϵjklMklaϵ

abcωbxc; ð48Þ

where ð ~MÞk ¼ −M00k [1]. InEq. (48) the first termmðUþ −
UEÞ describes the chameleon-matter interaction [58,59],

whereas the terms −~ω · ~L and −~ω · ~S, where ~L ¼ −~r × i ~∇
is the orbital momentum operator of slow fermions (neu-
trons), agree well with the results, obtained by Hehl and Ni

[33]. The interactions −~ω · ~L and −~ω · ~S were investigated
and observed in the experiments by Werner et al. [60], by
Atwood et al. [2] and by Mashhoon [3]. Since the effective

low-energy potentials ΦðnÞ
eff ðt; ~r; ~SÞj ~K¼−ð~ω×~rÞ for n ¼ 2; 3; 4

are calculated from the general effective low-energy potential

Eq. (6) as well as the potential Φð1Þ
eff ðt; ~r; ~SÞj ~K¼−ð~ω×~rÞ, the

observability of the interactions −~ω · ð~Lþ ~SÞ supports in
principle an observability of the torsion-fermion interactions
in the effective low-energy potential Eq. (48), the Hermitian

interactions Φð2Þ
eff ðt; ~r; ~SÞj ~K¼−ð~ω×~rÞ and Φð3Þ

eff ðt; ~r; ~SÞj ~K¼−ð~ω×~rÞ
and, correspondingly, the anti-Hermitian interaction

Φð4Þ
eff ðt; ~r; ~SÞj ~K¼−ð~ω×~rÞ, respectively.

VI. CONCLUSION

We have derived the operator of the angular velocity of
the neutron spin precession in the Einstein-Cartan gravity
with torsion and chameleon fields. For the calculation of
such an operator we have used the most general effective
low-energy potential for slow Dirac fermions, coupled to
gravitational, chameleon, and torsion fields to order 1=m,
where m is the fermion mass [1]. In order to adapt such an
effective low-energy potential to the experimental analysis
of the contributions of fermion-gravitational, fermion-
chameleon, and fermion-torsion interactions we have
linearized it with respect to gravitational, chameleon,
and torsion fields. Such a linearization we have carried
out in the curved spacetime with the Schwarzschild metric,
taken in the approximation of the weak gravitational field
and modified by a rotation with an angular velocity ~ω and
the chameleon field. We have shown that in the curved
spacetime with such a modified metric torsion scalar,
pseudoscalar, axial-vector, and tensor degrees of freedom
couple to slow neutrons through minimal torsion-fermion
couplings [1]. The obtained linearized effective low-energy
potential Eq. (18) is the generalization of the effective low-
energy potential, derived in [13].
An important peculiarity of the linearized effective low-

energy potential Eq. (18) is the appearance of the anti-
Hermitian part. Such a part of the effective low-energy
potential comes from the operator Gĵ and proportional to
the vector Kĵ ¼ −ð~ω × ~rÞĵ, related to a rotation of a
coordinate system. A possible violation of Hermiticity of
a low-energy potential for slow fermions, coupled to
gravitational, chameleon, and torsion fields in terms of
the vierbein fields Eq. (4), caused by the metric Eq. (3),
might be expected because of a noninvariance of the metric
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tensor Eq. (3) and, correspondingly, Eq. (13) in a rotating
coordinate system with respect to time reversal trans-
formation, i.e., a noninvariance under the t → −t trans-
formation. We have found that the anti-Hermitian part
contains the terms proportional to the vector Kĵ and
dependent on the torsion scalar E0̂ and space-space-time
Mĵ k̂ 0̂ and time-space-space M0̂ k̂ ĵ tensor degrees of free-
dom. For the confirmation of the correctness of such an
anti-Hermitian part we have pointed out that the contribu-
tion of the operator Gĵ is important for the correct
derivation of the effective low-energy potential for slow
fermions (neutrons), coupled to gravitational and chame-
leon fields. Another argument on behalf of the correctness
of such an anti-Hermitian part is the cancellation of the
torsion vector components in the Kĵ-independent part of
the operator Gĵ. Such a cancellation agrees well with the
results obtained by Kostelecky [35] (see also [13]). In the
Appendix we have given a detailed calculation of the
operator Gĵ to linear order in the gravitational, chameleon,
and torsion field approximation.
It is obvious that an anti-Hermitian part Φð4Þ

eff ðt; ~r; ~SÞ of
the effective low-energy potentialΦeffðt; ~r; ~SÞ violates T (or
time reversal) invariance. Since the effective low-energy

potential Φeffðt; ~r; ~SÞ is invariant under CPT transforma-

tion, the anti-Hermitian part Φð4Þ
eff ðt; ~r; ~SÞ violates also CP

invariance, i.e., invariance under charge-parity transforma-
tion. A violation of CP and T invariance in the spacetime
with the asymmetric Kerr metric, which is analogous to a
spacetime in the coordinate system rotating with an angular
velocity [14], has been discussed by Hadley [34]. We
would like also to mention that violation of parity and time
reversal invariance in the spin-rotation interactions has been
discussed by Papini [61] and Scolarici and Solombrino [62]
in the model with a modified Mashhoon’s potential of the
spin-rotation coupling [3].
Finally we would like to discuss the results obtained in

Sec. V. As has been shown in [16–23] the well-known
non-Hermiticity of the Dirac Hamilton operator for rela-
tivistic fermions, moving in the curved spacetime with an
arbitrary metric ~gμνðxÞ or in an arbitrary gravitational field,
can be removed by a nonunitary transformation
ψ → ð ffiffiffiffiffiffi

−~g
p

~e0̂0Þ1=2ψ 0, where ~g is the determinant of the

metric tensor ~gμνðxÞ and ~e0̂0 is the vierbein field. Such a
property of the Dirac Hamilton operator is also retained in
the curved spacetime with an arbitrary metric, torsion,
and chameleon field [1,13]. In Sec. V we have shown that
(i) the anti-Hermitian Hamilton operator of torsion-fermion
interactions δH0̄

h
in the Dirac Hamilton operator H0 ¼

γ0̂m − iγ0̂~γ · ~∇þ δH0
h þ δH0̄

h
, obtained by means of the

nonunitary transformation of the Dirac fermion wave
functions ψ → ð ffiffiffiffiffiffi

−~g
p

~e0̂0Þ1=2ψ 0, cannot be removed by any
additional nonunitary transformations and (ii) the existence

of these anti-Hermitian torsion-fermion interactions is fully
caused by the properties of the curved spacetimes with
rotation, described by the metric Eq. (3).
We have also pointed out that our analysis of the Dirac

Hamilton operator and a derivation of the anti-Hermitian
torsion-fermion interactions are not related to the
analysis of the non-Hermiticity of the Dirac Hamilton
operator by means of the η-representation [24], requiring
pseudo-Hermitian quantum mechanics for the description
of a dynamics of Dirac fermions in curved spacetimes
[24,53,54].
Then, we have discussed conformal invariance of the

anti-Hermitian torsion-fermion interactions. As has been
shown by Silenko [20], quantum field theories of massless
particles, coupled to arbitrary gravitational fields or moving
in curved spacetimes with arbitrary metrics, are conformal
invariant under conformal transformation ~gμν → O2g

̬
μν,

where O is a conformal factor. The requirement of
conformal invariance of quantum field theories of massive
particles in curved spacetimes with arbitrary metrics can be
fulfilled if and only if particle masses are changed by the
conformal factor as follows: m → O−1m

̬
[21] (see also

[25,26]). We have shown that under the condition m →
O−1m

̬
the relativistic anti-Hermitian Hamilton operator

δHh̄ and the anti-Hermitian effective low-energy potential

Φð4Þ
eff ðt; ~r; ~SÞ are conformal invariant.
We have discussed also an observability of the anti-

Hermitian torsion-fermion interactions. As a result, we may
argue that the anti-Hermitian torsion-fermion interactions
can be in principle observable. First, an observability of the
obtained anti-Hermitian torsion-fermion interactions is
supported by their derivation, carried out on the same
footing as the effective low-energy potentials Φð1Þ

eff ðt; ~r; ~SÞ
and Φð1Þ

eff ðt; ~r; ~SÞ, which have been derived earlier in
[1,13,22,33]. Second, an observability of the anti-
Hermitian torsion-fermion interactions Eq. (22) and
Eq. (38) is supported experimentally as follows. In the

effective low-energy potential Φð1Þ
eff ðt; ~r; ~SÞ the interactions

δΦð1Þ
eff ðt; ~r; ~SÞj ~K¼−ð~ω×~rÞ ¼ −~ω · ~L − ~ω · ~S; ð49Þ

derived also by Hehl and Ni [33], have been investigated
experimentally by Werner et al. [60], by Atwood et al. [2],
and by Mashhoon [3]. This makes reliable in principle an
observability of the anti-Hermitian torsion-fermion inter-
actions, described by the relativistic anti-Hermitian
Hamilton operator Eq. (38) and the anti-Hermitian effective
low-energy potential Eq. (22).
The analysis of reliability and observability of the

obtained anti-Hermitian torsion-fermion interactions makes
meaningful the assumption that in the rotating Universe and
galaxies [50] (see also [51]) the torsion-fermion interaction
δHh̄ in Eq. (38) as well as the low-energy effective potential

Φð4Þ
eff ðt; ~r; ~SÞ in Eq. (22) might be an origin of (i) violation of
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CP and T invariance in the Universe and (ii) of baryon
asymmetry [28].
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APPENDIX: DETAILED CALCULATION
OF THE OPERATOR Gĵ

In the appendix we give a detailed calculation of the
operator Gĵ. According to Eq. (7) it is defined by

Gĵ ¼
1

2
~e0̂0ðxÞð ~T α

αlðxÞ~elĵ ðxÞ þ ~ω0ĵ 0̂ðxÞ~e00̂ðxÞ
þ ~ωlĵ 0̂ðxÞ~el0̂ðxÞ þ ~ωlĵ k̂ðxÞ~ell̂ðxÞηl̂ k̂Þ

þ 1

2
ð~e0̂0ðxÞÞ2 ~ejĵðxÞ

1ffiffiffiffiffiffiffiffiffiffiffiffi
−~gðxÞp ∂

∂xj ð
ffiffiffiffiffiffiffiffiffiffiffiffi
−~gðxÞ

p
~e0
0̂
ðxÞÞ:

ðA1Þ

Using
ffiffiffiffiffiffi
−~g

p ¼ 1þUþ − 3U− [1] and the vierbein fields
Eq. (13) we transcribe the r.h.s. of Eq. (A1) into the form

Gĵ ¼
1

2
~T α

αĵðxÞ þ
1

2
~ω0ĵ 0̂ðxÞ þ

1

2
~ωlĵ 0̂ðxÞKl

þ 1

2
~ωlĵ k̂ðxÞηlk̂ −

3

2

∂Uþ
∂xĵ ; ðA2Þ

where we have made the replacements ð1þ Uþ þ
U−Þ ~T α

αĵðxÞ → ~T α
αĵðxÞ and 1þ Uþ þ U−Þ ~ωlĵ k̂ðxÞηlk̂ →

~ωlĵ k̂ðxÞηlk̂ and calculated

1

2
ð~e0̂0ðxÞÞ2 ~ejĵðxÞ

1ffiffiffiffiffiffiffiffiffiffiffiffi
−~gðxÞp ∂

∂xj ð
ffiffiffiffiffiffiffiffiffiffiffiffi
−~gðxÞ

p
~e0
0̂
ðxÞÞ ¼ −

3

2

∂Uþ
∂xĵ ;

ðA3Þ

keeping only the linear order contributions of the gravita-
tional, chameleon, and torsion fields. Since we keep the
contributions to order OðKĵÞ, we get

1

2
~T α

αĵðxÞ ¼
1

2
T 0̂ 0̂ ĵ þ

1

2
T l̂ k̂ ĵη

l̂ k̂;

1

2
~ω0ĵ 0̂ðxÞ ¼

1

2
Kĵ

∂U−

∂t −
1

2

∂Uþ
∂xĵ þ 1

2
Kĵ 0̂ 0̂ þ

1

2
Kĵ 0̂ l̂K

l̂;

1

2
~ωlĵ 0̂ðxÞKl ¼ −

1

2
Kĵ

∂U−

∂t þ 1

2
Kĵ l̂ 0̂K

l̂;

1

2
~ωlĵ k̂ðxÞηlk̂ ¼

∂U−

∂xĵ þ 1

2
Kĵ l̂ k̂η

l̂ k̂ −
1

2
KĵK0̂ l̂ k̂η

l̂ k̂: ðA4Þ

Plugging Eq. (A4) into Eq. (A2) we derive the operator Gĵ

in the following form:

Gĵ ¼ −
1

2

∂
∂xĵ ðUþ þ U−Þ

þ 1

2
ðT 0̂ 0̂ ĵ þ T l̂ k̂ ĵη

l̂ k̂ þKĵ 0̂ 0̂ þKĵ l̂ k̂η
l̂ k̂Þ

þ 1

2
ððKĵ 0̂ l̂ þKĵ l̂ 0̂ÞKl̂ − KĵK0̂ l̂ k̂η

l̂ k̂Þ: ðA5Þ

Using the properties of the contorsion tensor [1] and the
irreducible representation of torsion Eq. (15) we transcribe
Eq. (A5) into Eq. (26) [see also Eq. (14)].
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