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The low-energy limit of the massless two-loop five-point amplitudes for both type IIA and type IIB
superstrings is computed with the pure spinor formalism and its overall coefficient determined from first
principles. For the type IIB theory, the five-graviton amplitude is found to be proportional to its tree-level
counterpart at the corresponding order in α0. Their ratio ties in with expectations based on S-duality since it
matches the same modular function E5=2 which relates the two-loop and tree-level four-graviton
amplitudes. For R-symmetry violating states, the ratio between tree-level and two-loop amplitudes at
the same α0-order carries an additional factor of −3=5. Its S-duality origin can be traced back to a modular
form derived from E5=2.
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I. INTRODUCTION

In this paper, we determine the low-energy limit of the
five-point closed-string amplitudes among massless
type IIA and type IIB states using the pure spinor (PS)
formalism [1,2]. The precise elaboration of overall coef-
ficients confirms the predictions [3,4] based on the non-
perturbative S-duality of the type IIB effective action [5].
This complements previous S-duality analyses of the five-
point amplitudes at one loop [6] as well as the four-point
amplitudes at two [7,8] and three loops [9].
S-duality constrains curvature couplings of the schematic

form D2kRn (and their supersymmetric completions) to
depend on the scalar fields through modular invariant
functions and thereby relates different loop orders in
perturbation theory. The subsequent two-loop analysis
probes the moduli-dependent coefficient of the D4R4 and
D2R5 interactions which was identified as the nonholomor-
phic Eisenstein series E5=2 in ten dimensions [3,4]. Its
perturbative terms relate the tree-level and two-loop con-
tributions of the corresponding graviton amplitudes and
their R-symmetry conserving superpartners.
Likewise, R-symmetry violating closed-string ampli-

tudes at different loop orders (involving, for instance,
four gravitons and one dilaton) are interlocked by modular
forms [10]. Given that R-symmetry violating four-
point amplitudes vanish, the five-point amplitudes in this
work furnish the simplest perturbative fingerprints of
their modular properties. Specifically, the tree-level and
two-loop results at the α0 order under discussion are

expected to originate from a certain modular derivative
of E5=2.
We verify the expected ratios by explicit computation at

the five-point level, i.e. by extracting the type IIB compo-
nents involving five gravitons as well as four gravitons and
one dilaton from the supersymmetric two-loop low-energy
limit. This is the first perturbative check at genus two for
the S-duality properties of the five-point interaction D2R5

and its R-symmetry violating counterparts.
Since the main objective of this work requires precise

control over normalizations, Sec. II contains a detailed
account on the conventions used (closely following [8,9]).
In Secs. III and IV, tree-level and one-loop amplitudes are
computed within the setup of Sec. II. Their rederivation
including prefactors paves the way towards comparing low-
energy limits across loop orders and the factorization check
for the two-loop amplitude carried out in the appendixes.
Moreover, the normalization of the five-point one-loop
amplitude has never been determined by direct computa-
tion. The main result on the two-loop five-point amplitude
is derived in Sec. V. Finally, Sec. VI is devoted to the
S-duality analysis of the above results and is suitable for
self-contained reading.

II. REVIEW OF CONVENTIONS

In this section the conventions used in the rest of the
paper are presented. They closely follow the conventions
used in [8,9] but deviations were taken when deemed
appropriate.

A. World-sheet fields

The world sheet action for the left-moving sector in the
nonminimal pure spinor formalism is [2]
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S ¼ 1

2πα0

Z
d2zð∂xm∂̄xm þ α0pα∂̄θα − α0wα∂̄λα

− α0w̄α∂̄λ̄α þ α0sα∂̄rαÞ; ð2:1Þ

where m ¼ 0; 1…; 9 and α ¼ 1;…; 16 are the vector and
spinorial indices of the ten-dimensional Lorentz group, and
α0 denotes the inverse string tension. In addition, λα and λ̄α
are bosonic pure spinors and rα is a constrained fermionic
variable,

ðλγmλÞ ¼ 0; ðλ̄γmλ̄Þ ¼ 0; ðλ̄γmrÞ ¼ 0: ð2:2Þ

The Green-Schwarz constraint dαðzÞ and the supersym-
metric momentum ΠmðzÞ are defined by

dαðzÞ ¼ pα −
1

α0
ðγmθÞα∂xm −

1

4α0
ðγmθÞαðθγm∂θÞ;

ΠmðzÞ ¼ ∂xm þ 1

2
ðθγm∂θÞ; ð2:3Þ

while the BRST charge and the energy-momentum tensor,

Q ¼
I

ðλαdα þ w̄αrαÞ;

TðzÞ ¼ −
1

α0
∂xm∂xm − pα∂θα þ wα∂λα þ w̄α∂λ̄α − sα∂rα;

ð2:4Þ

are related by fQ; bðzÞg ¼ TðzÞ, with the following expres-
sion for the b-ghost [2]

b¼ sα∂λ̄αþ 1

4ðλλ̄Þ ½2Π
mðλ̄γmdÞ−Nmnðλ̄γmn∂θÞ−Jλðλ̄∂θÞ

− ðλ̄∂2θÞ�þ ðλ̄γmnprÞ
192ðλλ̄Þ2

�
α0

2
ðdγmnpdÞþ24NmnΠp

�

−
α0

2

ðrγmnprÞ
16ðλλ̄Þ3

�
ðλ̄γmdÞNnp−

ðλ̄γpqrrÞNmnNqr

8ðλλ̄Þ
�
: ð2:5Þ

B. Scalar Green function and OPEs

The regularized scalar Green function Gðz; wÞ is written
in terms of the prime form Eðz; wÞ and the global
holomorphic one-forms ωIðzÞ as [11]

Gðz; wÞ ¼ −
α0

2
ln jEðz; wÞj2

þ α0π
Xg
I;J¼1

�
Im

Z
w

z
ωI

�
ðImΩÞ−1IJ

�
Im

Z
w

z
ωJ

�
;

ð2:6Þ

and satisfies

2

α0
∂z∂̄ z̄Gðz; wÞ

¼ −2πδð2Þðz − wÞ þ π
Xg
I;J¼1

ωIðzÞðImΩÞ−1IJ ω̄Jðz̄Þ;

2

α0
∂z∂̄w̄Gðz; wÞ

¼ 2πδð2Þðz − wÞ − π
Xg
I;J¼1

ωIðzÞðImΩÞ−1IJ ω̄Jðw̄Þ; ð2:7Þ

where ΩIJ is the genus-g period matrix to be defined in
Sec. II E. Furthermore,

ηðzi; zjÞ≡ ηij ≡ −
2

α0
∂
∂zi Gðzi; zjÞ: ð2:8Þ

The genus-g OPEs are [12,13]

xmðz;z̄Þxnðw;w̄Þ∼δmn Gðz;wÞ; pαðzÞθβðwÞ∼δβαηðz;wÞ;

dαðzÞdβðwÞ∼−
2

α0
γmαβΠmηðz;wÞ;

dαðzÞfðxðwÞ;θðwÞÞ∼Dαfηðz;wÞ;
dαðzÞΠmðwÞ∼γmαβ∂θβηðz;wÞ;

ΠmðzÞfðxðwÞ;θðwÞÞ∼−
α0

2
kmfηðz;wÞ; ð2:9Þ

where Dα ¼ ∂
∂θα þ 1

2
ðγmθÞαkm is the supersymmetric

derivative and fðx; θÞ represents a generic superfield.
It follows from (2.9) and (2.3) that

ΠmðzÞΠ̄nðw̄Þ ∼ α0

2
ηmn

�
2πδð2Þðz − wÞ

− π
Xg
I;J¼1

ωIðzÞðImΩÞ−1IJ ω̄Jðw̄Þ
�
: ð2:10Þ

Left and right movers can be kept separated in the
evaluation of the amplitude by expanding ΠmðzÞ ¼
Π̂mðzÞ þPg

I¼1 Πm
I ωIðzÞ and computing the holomorphic

square with

Πm
I Π̄n

J ¼ −
α0

2
ηmnπðImΩÞ−1IJ : ð2:11Þ

Using this prescription, contributions containing a single
zero mode Πm

I or Π̄m
I vanish.

C. SYM superfields and massless vertex operators

The closed-string massless vertex operators are related to
the holomorphic square of the open string vertex operators
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V ¼ λαAαðx; θÞ;

U ¼ ∂θαAαðx; θÞ þ ΠmAmðx; θÞ þ
α0

2
dαWαðx; θÞ

þ α0

4
NmnFmnðx; θÞ; ð2:12Þ

where Aαðx; θÞ; Amðx; θÞ;Wαðx; θÞ and Fmnðx; θÞ are the
super-Yang-Mills (SYM) superfields in ten dimensions.
Their equations of motion [14]

DαAβ þDβAα ¼ γmαβAm; DαAm ¼ ðγmWÞα þ kmAα;

DαFmn ¼ 2k½mðγn�WÞα; DαWβ ¼ 1

4
ðγmnÞαβFmn

ð2:13Þ

are solved by the θ expansions in [15] involving gluon
polarization vectors and gaugino wave functions. More
precisely, the closed-string vertex operators are given by

jVðzÞj2 ≡ VðθÞ ⊗ ~Vðθ̄Þek·x;
jUðzÞj2 ≡UðθÞ ⊗ ~Uðθ̄Þek·x; ð2:14Þ

where VðθÞ and UðθÞ are defined from (2.12) by stripping
off the plane-wave factor, e.g. UðzÞ ¼ UðθÞek·x.
Furthermore, each massless vertex is normalized with
a coefficient κ (see e.g. [7]) so the n-point amplitude
prescription contains an overall factor of κn. As shown in
Appendix A, unitarity relates it to the other string param-
eters (such as the coupling constant e−2λ)
via κ2e−2λ ¼ π=α02.

D. Integration on pure spinor space

The zero mode measures for the nonminimal pure spinor
variables in a genus-g surface have length dimension zero
and are given by [8]

½dλ�Tα1…α5 ¼ cλϵα1…α16dλ
α6…dλα16 ;

½dw� ¼ cwTα1…α5ϵ
α1…α16dwα6…dwα16 ;

½dλ̄�T̄α1…α5 ¼ cλ̄ϵ
α1…α16dλ̄α6…dλ̄α16 ;

½dw̄�Tα1…α5 ¼ cw̄ϵα1…α16dw̄
α6…dw̄α16 ;

½dr� ¼ crT̄α1…α5ϵα1…α16∂α6
r …∂α16

r ;

½dsI� ¼ csTα1…α5ϵ
α1…α16∂sI

α6…∂sI
α16 ;

½dθ� ¼ cθd16θ; ½ddI� ¼ cdd16dI: ð2:15Þ

The normalizations are [8]

cλ ¼
�
α0

2

�
−2 1

11!

�
Ag

4π2

�
11=2

;

cw ¼
�
α0

2

�
2 ð2πÞ−11

11!5!
Z−11=g
g ;

cλ̄ ¼
�
α0

2

�
2 26

11!

�
Ag

4π2

�
11=2

;

cw̄ ¼
�
α0

2

�
−2 ðλλ̄Þ3

11!ð2πÞ11 Z
−11=g
g ;

cr ¼
�
α0

2

�
−2 R

11!5!

�
2π

Ag

�
11=2

;

cs ¼
�
α0

2

�
2 ð2πÞ11=2R−1

2611!5!ðλλ̄Þ3 Z
11=g
g ;

cθ ¼
�
α0

2

�
4
�
2π

Ag

�
16=2

;

cd ¼
�
α0

2

�
−4
ð2πÞ16=2Z16=g

g ; ð2:16Þ

where Ag ¼
R
d2z

ffiffiffi
h

p
denotes the area of the genus-g

Riemann surface with metric h,

Zg ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

detð2ImΩÞp ; g ≥ 1; ð2:17Þ

and R is an arbitrary parameter capturing the freedom to
normalize the string tree-level amplitudes.1 As discussed in
[8], the final expressions for multiloop amplitudes are
independent of the area Ag. The tensors Tα1…α5 and T̄α1…α5

appearing in (2.15) are totally antisymmetric due to the
pure spinor constraint (2.2),

Tα1α2α3α4α5 ¼ ðλγmÞα1ðλγnÞα2ðλγpÞα3ðγmnpÞα4α5 ;
T̄α1α2α3α4α5 ¼ ðλ̄γmÞα1ðλ̄γnÞα2ðλ̄γpÞα3ðγmnpÞα4α5 ð2:18Þ

and satisfy T · T̄ ¼ 5!26ðλλ̄Þ3.
One can show using the results of [16] that the

integration over an arbitrary number of pure spinors λα

and λ̄β is given by

Z
½dλ�½dλ̄�e−ðλλ̄Þðλλ̄Þmλα1 � � � λαn λ̄β1 � � � λ̄βn

¼
�
Ag

2π

�
11 Γð8þmþ nÞ

302400
T α1…αn

β1…βn
; ð2:19Þ

where T α1…αn
β1…βn

are the γ-matrix traceless tensors discussed

in [9]. From T
α1…αp
α1…αp ¼ 1 it follows that [8]

1In previous works [8,9] the choice R ¼ ffiffiffi
2

p
=ð216πÞ was made

to match the tree-level conventions of [7]. In this work we deviate
from that motivation and the choice (2.24) will lead to tree-level
amplitudes (3.4) with unit overall coefficient.
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Z
½dλ�½dλ̄�ðλλ̄Þne−ðλλ̄Þ ¼

�
Ag

2π

�
11 Γð8þ nÞ

7!60
: ð2:20Þ

For an arbitrary superfield Mðλ; λ̄; θ; rÞ we define [8]

hMðλ; λ̄; θ; rÞiðp;gÞ

≡
Z

½dθ�½dr�½dλ�½dλ̄� e
−ðλλ̄Þ−ðrθÞ

ðλλ̄Þ3−p Mðλ; λ̄; θ; rÞ; ð2:21Þ

and therefore the pure spinor measure ðλγrθÞðλγsθÞðλγtθÞ×
ðθγrstθÞ≡ ðλ3θ5Þ is mapped to

hðλ3θ5Þiðp;gÞ ¼ Nðp;gÞhðλ3θ5Þi;

Nðp;gÞ ≡ 27
R
P

�
2π

Ag

�
5=2

�
α0

2

�
2 Γð8þ pÞ

7!
; ð2:22Þ

and the identity factor hðλ3θ5Þi
P ¼ 1 keeps track of the

normalization convention [1]

hðλγrθÞðλγsθÞðλγtθÞðθγrstθÞi ¼ P: ð2:23Þ

The choice P ¼ 2880 is convenient in view of the factori-
zation properties of pure spinor superspace kinematic
factors and has been observed in [17] to imply tree-level
normalizations compatible with RNS computations. Unless
otherwise noted, we use

R2 ¼ π5

25
; P ¼ 2880: ð2:24Þ

1. Abbreviations and (anti)symmetrization combinatorics

The (anti)symmetrization over n indices includes a factor

of 1=n!, the generalized Kronecker delta is δα1…αn
β1…βn

≡
δ½α1β1

���δαn�βn
and satisfies δα1…αn

α1…αn¼ðdnÞ where d¼10 (d ¼ 16)
for vector (spinor) indices. The integration over θ is given byR
d16θθα1 ���θα16¼ϵα1…α16 and ϵα1…α11γ1…γ5ϵα1…α11β1…β5¼

11!5!δγ1…γ5
β1…β5

.
Partitions of dα zero modes are denoted by

ðp1; p2;…; pgÞd, signaling the presence of pI factors of
dIα for I ¼ 1; 2;…; g. Accordingly, contributions from the
b-ghost will be labeled by their partition of dα zero modes
as Bm1…mr

ðp1;p2;…;pgÞ, where the vector indices take into account

that those contributions need not be Lorentz scalars.
Furthermore, we define

ðϵ · T · dIÞ≡ ϵα1…α16Tα1…α5d
I
α6 � � �dIα16 ;

ðλ̄rdIdJÞ≡ ðλ̄γmnprÞðdIγmnpdJÞ; ð2:25Þ

Dm1m2…mr
ð11þp1;11þp2;…;11þpgÞ ≡

Z Yg
I¼1

½ddI� ðϵ · T · dIÞ
11!5!

Bm1…mr
ðp1;p2;…;pgÞ:

ð2:26Þ

2. Frequent zero-mode integrals

Some integrals which are frequently used in the next
sections are summarized here.

Z
½ddI�ðϵ · T · dIÞdIα1dIα2dIα3dIα4dIα5
¼ 11!5!cdTα1α2α3α4α5 ;Z
½ddI�ðϵ · T · dIÞdIα1dIα2dIα3ðdIγmnpdIÞ

¼ 11!5!96cdðλγ½mÞα1ðλγnÞα2ðλγp�Þα3 ;����
Z Yg

I¼1

½dwI�½dw̄I�½dsI�e−ðwIw̄IÞ−ðdIsIÞ
����
2

¼
�
α0

2

�
4g 1

ð2πÞ16g22gZ22
g

����
Yg
I¼1

ðϵ · T · dIÞ
ð11!5!Þ

����
2

: ð2:27Þ

To prove the third integral one uses [8,16]

Z Yg
I¼1

½dsI�e−ðdIsIÞ¼
�
α0

2

�
2gð2πÞ11g=2Z11

g

Rg26gðλλ̄Þ3g
Yg
I¼1

ðϵ ·T ·dIÞ
ð11!5!Þ ;

Z Yg
I¼1

½dwI�½dw̄I�e−ðwIw̄IÞ¼ ðλλ̄Þ3g
ð2πÞ11gZ

−22
g : ð2:28Þ

E. Riemann surfaces and moduli space

A holomorphic field with conformal weight one in a
genus-g Riemann surface Σ can be expanded in a basis of
holomorphic one-forms as ϕðzÞ ¼ ϕ̂ðzÞ þPg

I¼1 ωIðzÞϕI ,
and ϕI are the zero modes of ϕðzÞ. If faI; bJg are the
generators of the H1ðΣg;ZÞ ¼ Z2g homology group, the
holomorphic one-forms can be chosen such that for
I; J ¼ 1; 2;…; g

Z
aI

ωJðzÞdz ¼ δIJ;
Z
bI

ωJðzÞdz ¼ ΩIJ;

Z
d2zωIω̄J ¼ 2ImΩIJ; ð2:29Þ

where ΩIJ is the symmetric period matrix with gðgþ 1Þ=2
complex degrees of freedom and d2z ¼ idz∧dz̄ ¼
2dReðzÞdImðzÞ [11]. We also define

Z
Σn

≡
Z Yn

i¼1

d2zi;

Δij ≡ ϵIJωIðziÞωJðzjÞ ¼ ω1ðziÞω2ðzjÞ − ω1ðzjÞω2ðziÞ:
ð2:30Þ

The moduli space Mg is defined as the space of inequi-
valent complex structures τi on the Riemann surface of
genus g and has complex dimension 3g − 3, for g > 1. For
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genus two and three, the dimension of the moduli space is
the same as the dimension of the period matrices
(3g − 3 ¼ gðgþ 1Þ=2 for g ¼ 2, 3) and the amplitudes
can be parametrized by the period matrix instead of the
moduli coordinates; more explicitly for genus two [11],

Z
d2yωIðyÞωJðyÞμiðyÞ ¼

δΩIJ

δτi
;

Z
M2

d2τ

����ϵi1i2i3 δΩ11

δτi1

δΩ12

δτi2

δΩ22

δτi3

����
2

¼
Z
F 2

d2Ω; ð2:31Þ

where d2τ≡Q3g−3
j¼1 d2τj, d2Ω≡Qg

I≤J d
2ΩIJ and F g

denotes the fundamental domain of Spð2g;ZÞ=Z2. To
avoid cluttering, the domains Mg and F g will be hence-
forth omitted.
The Spð2g;ZÞ-invariant measure for the genus-g moduli

space and its volume are [18]2

dμg ≡ d2Ω
ðdet ImΩÞgþ1

;
Z

dμg ¼ 2
Yg
k¼1

�
2k

πk
ΓðkÞζ2k

�
:

ð2:32Þ
In particular,

Z
dμ1 ¼

2π

3
;

Z
dμ2 ¼

4π3

335
;

Z
dμ3 ¼

26π6

36527
:

ð2:33Þ
F. The amplitude prescription

The multiloop n-point closed-string amplitude prescrip-
tion was given in [2]

Mð1Þ
n ¼ S1κn

Z
d2τ

Z
Σn−1

jhhN ð1Þðb; μÞV1ð0ÞU2ðz2Þ � � �

×UnðznÞiij2;

MðgÞ
n ¼ Sgκneð2g−2Þλ

Z Y3g−3
j¼1

d2τj

Z
Σn

jhhN ðgÞðb; μjÞU1ðz1Þ � � �

×UnðznÞiij2; g ≥ 2: ð2:34Þ

The symmetry factors for the one- and two-loop amplitudes
are S1 ¼ 1=2 [19,20] and S2 ¼ 1=2 [21]. Furthermore,
Sg ¼ 1 for3 g > 2. The b-ghost insertion is

ðb; μjÞ ¼
1

2π

Z
d2ybðyÞμjðyÞ; j ¼ 1;…; 3g − 3;

ð2:35Þ

where μj denotes the Beltrami differential for the modulus
parameter τj, and N ðgÞ is the BRST regulator [2]

N ðgÞ ≡ exp

�
−ðλλ̄Þ − ðrθÞ þ

Xg
I¼1

½ðwIw̄IÞ þ ðsIdIÞ�
�
:

ð2:36Þ

The bracket hh…ii in (2.34) denotes the path integral which
integrates out the nonzero modes through OPEs and addi-
tionally contains the zero-mode integration measure

h…i ¼
Z

½dθ�½dr�½dλ�½dλ̄�
Yg
I¼1

½ddI�½dsI�½dw̄I�½dwI�…

ð2:37Þ
After the integration over ½ddI�½dsI�½dwI�½dw̄I� has been
performed, the remaining variables λα; λ̄β; θδ and rα have
conformal weight zero and therefore are the same ones
which need to be integrated in the prescription of the tree-
level amplitudes. Using theorem 1 from [9] all correlators at
this stage of the computation reduce to pure spinor super-
space expressions whose component expansions can be
straightforwardly computed4 [23,24] from the θ expansions
in [15]. In particular, the last correlator to evaluate is a
combination of the zero-mode integration of tree-level pure
spinor variables (2.22) and xm [8]

N2
ðp;gÞ

�Yn
j¼1

ek
j·xj

	

¼ð2πÞ10δ10ðkÞ
�
α0

2

�
−1 29R2

π5P2

�
Γð8þpÞ

7!

�
2

I ðgÞ
n ; ð2:38Þ

where δ10ðkÞ≡ δ10ðPik
m
i Þ and I ðgÞ

n is the n-particle Koba-
Nielsen factor

I ðgÞ
n ≡ exp

�Xn
i<j

sijGij

�
; sij ≡ ki · kj: ð2:39Þ

Some products which appear in later sections are

N2
ð3;gÞ

�Yn
j¼1

ek
j·xj

	
¼ ð2πÞ10δ10ðkÞ

�
α0

2

�
−1
I ðgÞ
n ;

N2
ð2;gÞ

�Yn
j¼1

ek
j·xj

	
¼ ð2πÞ10δ10ðkÞ

�
α0

2

�
−1 1

2252
I ðgÞ
n ;

N2
ð0;gÞ

�Yn
j¼1

ek
j·xj

	
¼ ð2πÞ10δ10ðkÞ

�
α0

2

�
−1 1

283452
I ðgÞ
n :

ð2:40Þ
2The definition of d2Ω here is 2gðgþ1Þ=2 bigger than in the

original formula of [18].
3We thank Edward Witten for emphasizing this point to us.

4Note that rα variables are converted to Dα derivatives using
rαe−ðrθÞ ¼ Dαe−ðrθÞ [22].
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Given the above conventions in (2.47), the length dimen-
sion ½…� of the closed-string n-point amplitude is inde-

pendent of the genus; ½MðgÞ
n � ¼ nð2þ ½κ�Þ. Since ½κ� ¼ −2

(see Appendix A) the amplitudes are dimensionless.
Furthermore, in most of the calculations below overall
minus signs will not be rigorously tracked.
For four-point amplitudes it is convenient to use the

following shorthand notation for symmetric polynomials in
Mandelstam invariants (2.39):

σk ≡
�
α0

2

�
k
ðsk12 þ sk13 þ sk14Þ: ð2:41Þ

G. Multiparticle fields

The five-point amplitudes at genus g ¼ 1, 2 discussed in
this work reconcile zero-mode saturation with one OPE
among the vertex operators of both left and right movers.
The systematics of OPEs has been studied using multi-
particle fields in [25], starting with

V1ðz1ÞU2ðz2Þ ¼
jz12j−α0

2
s12

z21

�
α0

2

�
½V12 þQð…Þ�; ð2:42Þ

U1ðz1ÞU2ðz2Þ ¼
jz12j−α0

2
s12

z21

�
α0

2

��
∂θαA12

α þ ΠmAm
12

þ
�
α0

2

�
dαWα

12 þ
α0

4
NmnFmn

12

�

þ ∂1;2ð…Þ: ð2:43Þ

The suppressed BRST-exact terms in (2.42) and world
sheet derivatives in (2.43) drop out from the subsequent
computations. The two-particle superfields of interest in
this work are

Aα
12 ≡−

1

2
½A1

αðk1 ·A2Þ þ A1
mðγmW2Þα − ð1↔2Þ�;

Wα
12 ≡ 1

4
ðγmnW2ÞαF1

mn þWα
2ðk2 ·A1Þ− ð1↔2Þ;

Fmn
12 ≡Fmn

2 ðk2 ·A1Þ þF½m
2 pF

n�p
1 þ k½m12ðW1γ

n�W2Þ− ð1↔2Þ
ð2:44Þ

with a similar definition for Am
12, and

V12 ≡ λαA12
α ; QV12 ¼ s12V1V2: ð2:45Þ

Generalizations to p ≥ 3 particles, in particular the V12…p

mentioned in the context of tree amplitudes, can be found in
[25]. In a notation where A; B;C;… denote multiparticle
labels such as A ¼ 12…p, the simplest class of one-loop
kinematic factors are given by

TA;B;C ≡ 1

3
½ðλγmWAÞðλγnWBÞFmn

C þ ðC↔A;BÞ�: ð2:46Þ

They were firstly studied in the context of multiparticle
open-string amplitudes at one loop [26] and identified as
box numerators in one-loop amplitudes of ten-dimensional
SYM [27].

H. Length dimensions

For convenience, the length dimensions of various
fields and constants used throughout this work are sum-
marized here:

½α0� ¼ 2; ½xm� ¼ 1; ½km� ¼−1; ½κ� ¼−2;

½Gðz;wÞ� ¼ 2; ½ηij� ¼ 0; ½θα;λα; w̄α;sα� ¼ 1

2
;

½pα;wα; λ̄α;rα� ¼−
1

2
; ½Q� ¼ ½b� ¼ ½T� ¼ 0;

½A12…p
α � ¼ 3

2
−p; ½A12…p

m � ¼ 1−p;

½Wα
12…p� ¼

1

2
−p; ½F12…p

mn � ¼−p;

½VðzÞ� ¼ ½UðzÞ� ¼ 1; ½AYMð1;2;…;nÞ� ¼ n−4;

½δ10ðkÞ� ¼ 10; ½MðgÞ
n � ¼ 0: ð2:47Þ

III. TREE-LEVEL CLOSED-STRING AMPLITUDES

In this section the tree-level amplitudes involving n ¼ 3,
4, 5 closed-string states are reviewed and recomputed using
the normalization conventions of Sec. II. This ensures that
the S-duality discussion of Sec. VI uses amplitudes
computed with a uniform set of conventions (which differ
from [8,9]). For earlier references, see [28–31].

A. The amplitude prescription

The prescription to compute the n-point tree-level
amplitude in the PS formalism is [2]

Mð0Þ
n ¼ κne−2λ

Z Yn−2
i¼2

d2zijhhN ð0ÞV1ð0ÞU2ðz2Þ…

×Un−2ðzn−2ÞVn−1ð1ÞVnð∞Þiij2; ð3:1Þ

whereN ð0Þ ¼ e−ðλλ̄Þ−rθ is the zero-mode regulator at genus
zero. As explained below (2.36), hh…ii denotes the path
integral which reduces to the integration over the zero
modes of tree-level variables after the nonzero modes are
integrated out through OPEs. The pure spinor computation
of the n-point tree-level correlator can be found in [32]
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hKð0Þðz2;…; zn−2Þi≡ hhV1ðz1ÞU2ðz2Þ � � �Un−2ðzn−2ÞVn−1ðzn−1ÞVnðznÞii

¼
�
α0

2

�
n−3 Xn−2

p¼1

hV12…pVn−1;n−2;…;pþ1Vni
ðz12z23 � � � zp−1;pÞðzn−1;n−2 � � � zpþ2;pþ1Þ

þ Pð2;…; n − 2Þ; ð3:2Þ

where Pð2;…; n − 2Þ instructs one to sum over all permutations of 2;…; n − 2. The Möbius symmetry of the genus-zero
world sheet has been fixed by setting fz1; zn−1; zng ¼ f0; 1;∞g. The correlator (3.2) was later identified as a superposition
of SYM tree amplitudes [32] (see [33] for their pure spinor superspace representation),

hKð0Þðz2;…; zn−2Þi ¼
�
α0

2

�
n−3 s12

z12

�
s13
z13

þ s23
z23

�
� � �

�
s12
z12

þ � � � þ s1;n−2
z1;n−2

�
AYMð1; 2;…; n − 1; nÞ þ Pð2;…; n − 2Þ: ð3:3Þ

The multiparticle superfields V12 and V12…p in (3.2) are defined in (2.45) and [25], respectively. Therefore, the prescription
(3.1) yields

Mð0Þ
n ¼ κne−2λ

Z Yn−2
i¼2

d2zijhKð0Þðz2;…; zn−2Þið3;0Þj2
�Yn

j¼1

ek
j·xj

	

¼ ð2πÞ10δ10ðkÞ
�
α0

2

�
−1
κne−2λ

Z Yn−2
i¼2

d2zijhKð0Þðz2;…; zn−2Þij2I ð0Þ
n ; ð3:4Þ

where we used (2.22) and (2.40). Note that the Koba-
Nielsen factor (2.39) simplifies to I ð0Þ

n ¼ Q
n
i<j jzijj−α0sij at

genus zero.

B. The three-point amplitude

Using the formula (3.4) and taking I ð0Þ
3 ¼ 1 into

account, the three-point amplitude can be written down
immediately

Mð0Þ
3 ¼ ð2πÞ10δ10ðkÞ

�
α0

2

�
−1
κ3e−2λKð0Þ

3 ; ð3:5Þ

where Kð0Þ
3 ≡ jhV1V2V3ij2 ¼ jAYMð1; 2; 3Þj2 and (note

½Kð0Þ
3 � ¼ −2)

hV1V2V3i¼ ðe1 ·e2Þðk2 ·e3Þþe1mðχ2γmχ3Þþ cycð1;2;3Þ:
ð3:6Þ

The component expressions are derived from the θ expan-
sions of [15] and involve transverse polarization vectors
ei of the gluon as well as chiral spinor wave functions χi of
the gluino.

C. The four-point amplitude

Similarly, using the formula (3.4) the four-point ampli-
tude becomes

Mð0Þ
4 ¼ ð2πÞ10δ10ðkÞ

�
α0

2

�
−1
κ4e−2λ

Z
d2z2jhKð0Þðz2Þij2I ð0Þ

4 ;

ð3:7Þ

where the correlator is [32] (see also [34])

hKð0Þðz2Þi ¼ hhV1ðz1ÞU2ðz2ÞV3ðz3ÞV4ðz4Þii

¼
�
α0

2

��hV12V3V4i
z12

þ hV1V32V4i
z32

�

¼
�
α0

2

�
s12
z12

AYMð1; 2; 3; 4Þ; ð3:8Þ

and we used the following representation for the color-
ordered tree-level SYM amplitude,

AYMð1; 2; 3; 4Þ ¼ 1

s12
hV12V3V4i þ

1

s23
hV1V23V4i: ð3:9Þ

Furthermore, using the explicit form I ð0Þ
4 ¼jz2j−α0s12 j1−

z2j−α0s23 of the Koba-Nielsen factor at fz1; z3; z4g ¼
f0; 1;∞g, the integral in (3.7) boils down to [7]

Z
d2z2z

−α0
2
s12−1

2 z̄
−α0

2
s12−1

2 ð1 − z2Þ−α0
2
s23ð1 − z̄2Þ−α0

2
s23

¼ 2πs223

�
α0

2

�
2

B0 ð3:10Þ

with

B0 ≡ Γð− α0
2
s12ÞΓð− α0

2
s13ÞΓð− α0

2
s14Þ

Γð1þ α0
2
s12ÞΓð1þ α0

2
s13ÞΓð1þ α0

2
s14Þ

¼ 3

σ3
þ 2ζ3 þ ζ5σ2 þ

2

3
ζ23σ3 þ � � � : ð3:11Þ
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Hence, the four-point amplitude (3.7) is given by

Mð0Þ
4 ¼ ð2πÞ10δ10ðkÞ

�
α0

2

�
3

κ4e−2λ2πKð0Þ
4 B0; ð3:12Þ

where (note ½Kð0Þ
4 � ¼ −8)

Kð0Þ
4 ≡ js12s23AYMð1; 2; 3; 4Þj2

¼ js23hV12V3V4i þ s12hV1V23V4ij2: ð3:13Þ

1. The low-energy limit

From B0¼ð2=α0Þ3=ðs12s13s14Þþ��� and AYMð1;2;3;4Þ¼
hV12V3V4i=s12þhV1V23V4i=s23 the kinematic factor in
the amplitude (3.12) becomes

−
�
α0

2

�
3

Kð0Þ
4 B0 ¼ −

js12s23AYMð1; 2; 3; 4Þj2
s12s13s14

¼ jhV12V3V4ij2
s12

þ jhV31V2V4ij2
s13

þ jhV23V1V4ij2
s23

ð3:14Þ

where we used hV12V3V4i þ hV23V1V4i þ hV31V2V4i ¼
0 [35]. Therefore the low-energy limit of (3.12) is given by

Mð0Þ
4 ¼ ð2πÞ10δ10ðkÞκ4e−2λ2π

�jhV12V3V4ij2
s12

þ jhV31V2V4ij2
s13

þ jhV23V1V4ij2
s23

�
þOðα03Þ:

ð3:15Þ

D. The five-point amplitude

According to the formula (3.4), the five-point amplitude
is given by

Mð0Þ
5 ¼ ð2πÞ10δ10ðkÞ

�
α0

2

�
−1
κ5e−2λ

×
Z Y3

i¼2

d2zijhKð0Þðz2; z3Þij2I ð0Þ
5 ; ð3:16Þ

where

hKð0Þðz2; z3Þi ¼ hhV1U2ðz2ÞU3ðz3ÞV4V5ii

¼
�
α0

2

�
2
�hV123V4V5i

z12z23
þ hV12V43V5i

z12z43

þ hV1V432V5i
z43z32

þ ð2↔3Þ
�

¼
�
α0

2

�
2 s12s34
z12z34

AYMð1; 2; 3; 4; 5Þ þ ð2↔3Þ:

ð3:17Þ

After inserting (3.17) into (3.16), the α0 expansion of the
resulting integrals can be obtained through the KLT
procedure [29] and arranged in the form [36]

Mð0Þ
5 ¼ ð2πÞ10δ10ðkÞ

�
α0

2

�
κ5e−2λð2πÞ2Kð0Þ

5 ð3:18Þ

Kð0Þ
5 ≡ ~AT

54 · S0 ·

�
1þ 2ζ3

�
α0

2

�
3

M3 þ 2ζ5

�
α0

2

�
5

M5

þ 2ζ23

�
α0

2

�
6

M2
3 þOðα07Þ

�
· A45; ð3:19Þ

where ~AT
54 and A45 are two-component vectors of SYM tree

amplitudes

~A54 ≡
� ~AYMð1; 2; 3; 5; 4Þ

~AYMð1; 3; 2; 5; 4Þ

�
;

A45 ≡
�
AYMð1; 2; 3; 4; 5Þ
AYMð1; 3; 2; 4; 5Þ

�
; ð3:20Þ

and S0 denotes the momentum kernel [37], a convenient
basis choice for the Mandelstam invariants in the KLT
relations [29]

S0 ≡
�
s12ðs13 þ s23Þ s12s13

s12s13 s13ðs12 þ s23Þ

�
: ð3:21Þ

The 2 × 2 matrices M2nþ1 introduced in [36] describe the
momentum dependence of the α0 corrections and should not
be confused with the amplitudes MðgÞ

n . Their entries are
degree 2nþ 1 polynomials in Mandelstam invariants, e.g.
(see also [30,38])

M3 ≡
�
m11 m12

m21 m22

�
;

m12 ¼ −s13s24ðs1 þ s2 þ s3 þ s4 þ s5Þ
m11 ¼ s3½−s1ðs1 þ 2s2 þ s3Þ þ s3s4 þ s24� þ s1s5ðs1 þ s5Þ

ð3:22Þ

with m21 ¼ m12j2↔3 and m22 ¼ m11j2↔3 as well as si ≡
si;iþ1 subject to s5 ¼ s15. Higher-order analogues such as
M5 relevant for the comparison with the two-loop five-
point amplitude are available for download [39]. The
overall coefficient of the five-point amplitude (3.18) will
be verified by factorization at the lowest order in α0 in
Appendix A.

IV. ONE-LOOP CLOSED-STRING AMPLITUDES

In this section the overall coefficients of the four- and
five-point one-loop amplitudes are computed using the
conventions of Sec. II, ensuring that the S-duality analysis
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of Sec. VI is unaffected by different conventions in the
literature. Although the coefficient of the five-point ampli-
tude can be derived from factorization (see Appendix A),
its computation from first principles as done in Sec. IV C is
novel and validates the general method developed in [8].
For earlier references, see [40] for the original four-point
derivation, [7,8,20,41] for discussions on its overall coef-
ficient, and [4,26,42–46] for related extensions.

A. The amplitude prescription

According to (2.34), the n-point closed-string one-loop
prescription is

Mð1Þ
n ¼ 1

2
κn

Z
d2τ

Z
Σn−1

jhhN ð1Þðb; μÞV1ðz1ÞU2ðz2Þ � � �

×UnðznÞiij2; ð4:1Þ

where N ð1Þ is the genus-one instance of the zero-mode
regulator (2.36). The b-ghost insertion (2.35) reads

ðb; μÞ ¼ 1

2π

Z
d2ybðyÞμðyÞ; ð4:2Þ

where μ is the Beltrami differential for the modulus
parameter τ. In terms of the genus-one period matrix Ω,
equation (2.31) implies

Z
d2τj

Z
d2yω1ðyÞω1ðyÞμðyÞj2 ¼

Z
d2Ω: ð4:3Þ

At genus one, there are ð16Þd zero modes of dα and ð11Þs
zero modes of sα. Since there are no sα variables in the
vertex operators, and the term sα∂λ̄α from the b-ghost (2.5)
does not contribute in absence of sources for w̄α, the zero
modes of sα are entirely saturated by the regulator through
the factorN ð1Þ → ðs1d1Þ11. The remaining ð5Þd zero modes
must come from the b-ghost and the external vertices.
There are two canonical b-ghost contributions to saturate

the fermionic zero modes of dα, with either one or two
zero modes. Expanding ΠmðyÞ ¼ Π1

mω1ðyÞ þ Π̂mðyÞ and
dαðyÞ ¼ d1αω1ðyÞ þ d̂αðyÞ where ω1ðzÞdz ¼ dz is the
genus-one holomorphic one-form, one can show that
amplitudes up to (and including) five points receive
zero-mode contributions from only two terms5 in the
b-ghost (2.5)

Z
d2τjðb; μÞj2 ¼

�
α0

2

�
2 1

ð2πÞ2
1

1922

×
Z

d2ΩjBð2Þ þ Π1
mBm

ð1Þ þ � � � j2; ð4:4Þ

where the ellipsis represents terms relevant at ðn ≥ 6Þ
points and

Bð2Þ ≡ 1

ðλλ̄Þ2 ðλ̄γ
mnprÞðd1γmnpd1Þ;

Bm
ð1Þ ≡

�
2

α0

�
96

ðλλ̄Þ ðλ̄γ
md1Þ: ð4:5Þ

Since the vertex operators are independent of wα; w̄α and sα,
the integration over the zero modes ½dw1�½dw̄1�½ds1� is
readily performed using (2.27) and yields

����
Z

½ds1�½dw1�½dw̄1�e−ðd1s1Þ−ðw1w̄1Þ
����
2

¼
�
α0

2

�
4 1

ð2πÞ1622Z22
1

���� ðϵ · T · d1Þ
ð11!5!Þ

����
2

: ð4:6Þ

Defining

Dð13Þ ≡
Z

½dd1� ðϵ · T · d1Þ
ð11!5!Þ Bð2Þ;

Dm
ð12Þ ≡

Z
½dd1� ðϵ · T · d1Þ

ð11!5!Þ Bm
ð1Þ; ð4:7Þ

as a special case of (2.26), the amplitude (4.1) becomes

Mð1Þ
n ¼

�
α0

2

�
6 κn

ð2πÞ1821532
Z

d2Ω
Z22
1

×
Z
Σn−1

jhhKð1Þ
½d� ðz2;…;znÞiið3;1Þj2

�Yn
j¼1

ek
j·xj

	
: ð4:8Þ

The subscript ½d� of the kinematic factor

Kð1Þ
½d� ðz2;…; znÞ
≡ ðDð13Þ þ Πm

1 D
m
ð12Þ þ � � �ÞV1U2ðz2Þ � � �UnðznÞ ð4:9Þ

emphasizes the remaining integration over the dα zero
modes. The ellipsis along with Πm

1 D
m
ð12Þ refers to b-ghost

contributions which do not affect ðn ≤ 5Þ-point amplitudes.

1. Scalar and vector building blocks at genus one

The integration over the zero-mode d1α in (4.9) can be
done using (2.27) and gives

Dð13ÞVAðd1WBÞðd1WCÞðd1WDÞ ¼ 96cdTAjB;C;Dðλ; λ̄Þ;
Dm

ð12ÞVAðd1WBÞðd1WCÞðd1WDÞðd1WEÞ

¼ 96cd

�
2

α0

�
SmAjB;C;D;Eðλ; λ̄Þ; ð4:10Þ

where
5Terms containing a single Nmn zero mode vanish upon

integration over ½dw�½dw̄� [9].
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TAjB;C;Dðλ; λ̄Þ≡ ðλ̄γmnprÞ
ðλλ̄Þ2 VAðλγmWBÞðλγnWCÞðλγpWDÞ;

SmAjB;C;D;Eðλ; λ̄Þ≡
ðλ̄γmγrλÞ
ðλλ̄Þ VAðλγsWBÞðλγtWCÞðWDγrstWEÞ

ð4:11Þ

with multiparticle labels A;B;… (see Sec. II G).
At this stage theorem 1 from [9] can be used to factorize

ðλλ̄Þ from the expressions in (4.11). For a general kinematic
factor one then defines KAjB;…ðλ; λÞ ¼ ðλλ̄ÞpKAjB;… for
some power p as the result of this procedure. Doing this
for (4.11) leads to

hTAjB;C;Dðλ; λ̄Þið3;1Þ ¼ hTAjB;C;Dið2;1Þ;
hSmAjB;C;D;Eðλ; λ̄Þið3;1Þ ¼ hSmAjB;C;D;Eið3;1Þ ¼ 10hSmAjB;C;D;Eið2;1Þ;

ð4:12Þ

where symmetry of TAjB;C;D and SmAjB;C;D;E in ðB;C;DÞ and
ðB;C;D; EÞ, respectively, is inherited from (4.10). Note
that any appearance of SmAjB;C;D;E in ðn ≥ 5Þ-point one-loop
amplitudes occurs in the combination6

Tm
AjB;C;D;E ≡ Am

BTAjC;D;E þ Am
CTAjB;D;E þ Am

DTAjB;C;E

þ Am
ETAjB;C;D þ 10SmAjB;C;D;E; ð4:13Þ

where the factor of 10 is due to the conversion from
h…ið3;1Þ ¼ 10h…ið2;1Þ in (4.12).

B. The four-point amplitude

According to the formula (4.8), the four-point amplitude
is given by

Mð1Þ
4 ¼

�
α0

2

�
6 κ4

ð2πÞ1821532
Z

d2Ω
Z22
1

×
Z
Σ3

jhhKð1Þ
½d� ðz2; z3; z4Þiið3;1Þj2

�Y4
j¼1

ek
j·xj

	
: ð4:14Þ

It is easy to see that Dð13Þ is the only nonvanishing
contribution from the b-ghost since the external vertices
cannot provide four dα zero modes to saturate the Dm

ð12Þ
integral [2]. The integration over ½dd1� is readily performed
via (4.10) followed by (4.12)

hhKð1Þ
½d� ðz2; z3; z4Þiið3;1Þ ¼ 96cd

�
α0

2

�
3

hT1j2;3;4ið2;1Þ: ð4:15Þ
Note that the right-hand side is independent on the vertex
insertion points z2, z3 and z4 because only the zero modes

entered the computation. A straightforward application of
(2.40) then implies

Mð1Þ
4 ¼ ð2πÞ10δ10ðkÞ

�
α0

2

�
3 κ4

21452π2
jhT1j2;3;4ij2

×
Z

d2Ω
ðImΩÞ5

Z
Σ3

I ð1Þ
4 ;

¼ ð2πÞ10δ10ðkÞ
�
α0

2

�
3 κ4

28π2
Kð1Þ

4

Z
d2Ω

ðImΩÞ5
Z
Σ3

I ð1Þ
4 ;

ð4:16Þ
where in the second line we used [47] (note ½Kð1Þ

4 � ¼ −8)

hT1j2;3;4i¼ 40hV1T2;3;4i; Kð1Þ
4 ≡ jhV1T2;3;4ij2: ð4:17Þ

Note that the tree-level (3.13) and one-loop (4.17) kin-
ematic factors are related by [34]

Kð1Þ
4 ¼ Kð0Þ

4 ; ð4:18Þ

a well-known result first obtained by Green and
Schwarz [40].

1. The α0 expansion of the four-point amplitude

The α0 expansion of the four-point amplitude7 has been
extensively studied in a series of papers [41], where the
subleading term in

Z
d2Ω

ðImΩÞ5
Z
Σ3

I ð1Þ
4 ¼ 24π

3

�
1þ ζ3

3
σ3 þ � � �

�
ð4:19Þ

signals the absence of D4R4 interactions at one loop in ten
dimensions. Therefore, plugging the above result in the
four-point amplitude (4.16) leads to

Mð1Þ
4 ¼ ð2πÞ10δ10ðkÞ

�
α0

2

�
3 κ4

243π
Kð1Þ

4 þOðα06Þ: ð4:20Þ

C. The five-point amplitude

Using the general result (4.8) the five-point amplitude
(4.1) becomes

Mð1Þ
5 ¼ κ5

ð2πÞ1821532
�
α0

2

�
6
Z

d2Ω
Z22
1

×
Z
Σ4

jhhKð1Þ
½d� ðz2;…;z5Þiið3;1Þj2

�Y5
j¼1

ek
j·xj

	
; ð4:21Þ

6Writing the term Am
1 T2j3;4;5 is an abuse of notation since when

computing its component expansion the variables rα in the
definition of T2j3;4;5ðλ; λ̄Þ become covariant derivatives Dα (see
[22]) and must also act upon the superfield Am

1 .

7In addition to the analytic momentum dependence shown in
(4.19), threshold singularities arise from the integration region
where ImΩ → ∞. A careful treatment of these nonanalytic terms
can be found in [41].
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where

Kð1Þ
½d� ðz2;…; z5Þ ¼ ðDð13Þ þ Π1

mDm
ð12ÞÞV1U2ðz2Þ � � �U5ðz5Þ:

ð4:22Þ
The ½dd1� integration with the operators of (4.7) picks up
the terms with four and three dα zero modes from the
vertices, respectively. Using the multiparticle superfields of
[25,48] one arrives at

V1U2U3U4U5jd4 ¼
�
α0

2

�
4

V1ðd1W2Þðd1W3Þðd1W4Þðd1W5Þ;

V1U2U3U4U5jd3 ¼
�
α0

2

�
4

V12ðd1W3Þðd1W4Þðd1W5Þη12
þð2j2;3;4;5Þ

þ
�
α0

2

�
4

V1ðd1W23Þðd1W4Þðd1W5Þη23
þð2;3j2;3;4;5Þ

þ
�
α0

2

�
3

Π1
mV1Am

2 ðd1W3Þðd1W4Þðd1W5Þ

þð2j2;3;4;5Þ; ð4:23Þ

where the notation ðA1; A2;…; ApjA1; A2;…; AnÞ instructs
one o sum over all possible ways to choose p elements
A1; A2;…; Ap from the set fA1;…; Ang, for a total of ðnpÞ
terms.We haveω1ðzÞdz ¼ dz for the genus-one surface, and
ηij ¼ 1

zij
þOðzijÞ defined by (2.8) accounts for the singu-

larity from the OPEs among vertex operators. According to
(2.42) and (2.43), they introduce multiparticle superfields
Wα

23 and V12 defined in (2.44) and (2.45), respectively.
The integration over the zero modes of dα uses the

formulas (4.10) and (4.12) to yield

hhKð1Þ
½d� ðz2;…; z5Þiið3;1Þ ¼ 96cd

�
α0

2

�
3

hKð1Þðz2;…; z5Þið2;1Þ;

ð4:24Þ
where

Kð1Þðz2;…; z5Þ≡
�
α0

2

�
½η12T12j3;4;5 þ ð2j2; 3; 4; 5Þ�

þ
�
α0

2

�
½η23T1j23;4;5 þ ð2; 3j2; 3; 4; 5Þ�

þ Π1
mTm

1j2;3;4;5; ð4:25Þ
see (4.13) for the definition of Tm

1j2;3;4;5. In slight abuse of
notation, we keep track of the possibility to contract the
zero mode Π1

mTm
1j2;3;4;5 with right-moving counterparts Π̄1

n,
even though its contribution to the open string correlator is
already taken into account by the nonholomorphic term in
the expression (2.8) for ηij. Upon discarding Π1

m → 0 and

adjoining the Koba-Nielsen factor, (4.25) is precisely the
open-string correlation function for the five-point pure
spinor one-loop amplitude [26,46] (for the RNS derivation,
see [42,44]).
Therefore, the closed-string amplitude (4.21) becomes

Mð1Þ
5 ¼ κ5

27π2

�
α0

2

�
4
Z

d2Ω
Z−10
1

×
Z
Σ4

jhKð1Þðz2;…; z5Þið2;1Þj2
�Y5

j¼1

ek
j·xj

	

¼ ð2πÞ10δ10ðkÞ κ5

21452π2

�
α0

2

�
3
Z

d2Ω
ðImΩÞ5

×
Z
Σ4

jhKð1Þðz2;…; z5Þij2I ð1Þ
5 ; ð4:26Þ

where we used Z−10
1 ¼ ð2ImΩÞ5 and the identity (2.40) on

the second line. Integration by parts identities [4,6] allow
one to express (4.26) in terms of 37 basis integrals with
BRST-invariant kinematic numerators. The α0 expansion of
these integrals was analyzed in [4,6] and confirms the
absence ofD2R5 interactions at one loop in ten dimensions.

1. The leading-order contribution

The low-energy behavior of the Σ4 integral over

jhKð1Þðz2;…; z5Þij2I ð1Þ
5 in (4.26) is governed by two kinds

of contributions [4,6]:
(i) zero-mode contractions Π1

mΠ̄1
n → −ηmnðα02Þ π

ImΩ fol-
lowing (2.11) at g ¼ 1

(ii) kinematic poles8 from the residue of the world sheet
singularity η12η̄12 ∼ jz12j−2

η12η̄12I
ðgÞ
n ¼ −

�
2

α0

�
2π

s12
δ2ðz1 − z2ÞI ðgÞ

n þOðα00Þ: ð4:27Þ

Nondiagonal products of Green functions such as η12η̄13 or
η12η̄34 do not contribute to the leading order in α0. Hence,
we have

8Strictly speaking, the identity (4.27) is valid under integration
over one of z1, z2 and results from the behavior of the Koba-
Nielsen factor I ðgÞ

n ∼ jz12j−α0s12 as z1 → z2:

Z
d2z2η12η̄12I

ðgÞ
n ¼ 4π

Z
jz12jdjz12j

1

jz12j2
jz12j−α0s12 þOðα00Þ

¼ −
4π

α0s12
þOðα00Þ:

This only depends on the local properties of the world sheet and
therefore holds at any genus.
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Z
Σ4

jhKð1Þðz2;…; z5Þij2I ð1Þ
5

¼ −
�
α0

2

�
π

ImΩ
Kð1Þ

5

Z
Σ4

þOðα02Þ; ð4:28Þ

where the kinematic factor Kð1Þ
5 is defined by (note

½Kð1Þ
5 � ¼ −8)

Kð1Þ
5 ≡

�jhT12j3;4;5ij2
s12

þ ð2j2; 3; 4; 5Þ
�

þ
�jhT1j23;4;5ij2

s23
þ ð2; 3j2; 3; 4; 5Þ

�
þ jhTm

1j2;3;4;5ij2;

ð4:29Þ

and the integration over Σ4 gives
R
Σ4

¼ 24ImΩ4. This leads
to the following result for the one-loop five-point amplitude
(recall that

R
dμ1 ¼ 2π=3):

Mð1Þ
5 ¼ ð2πÞ10δ10ðkÞ

�
α0

2

�
4 κ5

29523
Kð1Þ

5 þOðα05Þ: ð4:30Þ

In Appendix A the overall coefficient in (4.30) will be
validated by factorization.

2. Components in type IIB and type IIA

The type IIB components of the kinematic factor (4.29)
are related to the first α0 correction of the five-point tree-
level amplitude (3.18) and (3.19) [23]:

Kð1Þ
5 jIIB ¼ 2552

�
α0

2

�
−3
Kð0Þ

5 jζ3

×



1∶ five gravitons

− 1
3
∶ four gravitons; one dilaton

: ð4:31Þ

The relative factor between the tree-level and one-loop
amplitudes at order α04 turns out to depend on the charges
of the external states under the R-symmetry of type IIB
supergravity, as has already been observed in [6].
Components with the same R-symmetry violation as four
gravitons and one dilaton give rise to an additional relative
factor of − 1

3
. This will be explained in Sec. VI C from an

S-duality point of view. Since R-symmetry violating four-
point amplitudes vanish [10], the five-point amplitudes in
this work provide the simplest context to study the S-
duality properties of interactions with R-charge. Also, five-
point amplitudes that violate R-symmetry by more units
than caused by a single dilaton insertion vanish at any
loop-order.
Type IIA components of the five-point low-energy limit

(4.30) cannot be expressed in terms of AYM bilinears.
Instead, we have

Kð1Þ
5 j5 gravitonsIIA ¼ 2552

�
α0

2

�
−3
½Kð0Þ

5 jζ3 − jϵme1k2e2k3e3k4e4k5e5 j2�;

ð4:32Þ

where the notation ϵme1k2e2k3e3k4e4k5e5 ≡ ϵmnp2q2…p5q5
10 ×

e1nk2p2
e2q2…k5p5

e5q5 has been used and the free vector index
m is contracted between the left- and right-moving factors in
the holomorphic square. The parity-violating type IIA com-
ponent with a B-field and four gravitons has been evaluated
in [6].
Upon insertion into (4.30), the kinematic factors (4.31)

and (4.32) give rise to the following low-energy limits for
the five-graviton amplitudes:

Mð1Þ
5 jα04IIB gravitons ¼ ð2πÞ10δ10ðkÞ

�
α0

2

�
κ5

243
Kð0Þ

5 jζ3 ;

Mð1Þ
5 jα04IIA gravitons ¼ ð2πÞ10δ10ðkÞ

�
α0

2

�
κ5

243
½Kð0Þ

5 jζ3
− jϵme1k2e2k3e3k4e4k5e5 j2�: ð4:33Þ

According to (4.31), the R-symmetry violating type IIB
components (e.g. four gravitons and one dilaton) carry an
extra factor of − 1

3
.

V. TWO-LOOP CLOSED-STRING AMPLITUDES

In this section we compute the low-energy limit of the
two-loop five-point amplitude including its overall coef-
ficient from first principles. This includes a recomputation
of the four-point amplitude using the conventions of Sec. II.
For previous two-loop four-point results, see [7,8,49–51].

A. The amplitude prescription

The n-point two-loop amplitude prescription (4.1) is
given by

Mð2Þ
n ¼ 1

2
κne2λ

Z Y3
j¼1

d2τj

×
Z
Σn

jhhN ð2Þðb; μjÞU1ðz1Þ � � �UnðznÞiij2; ð5:1Þ

where the zero-mode regulator N ð2Þ is defined in (2.36),
and the b-ghost insertion was specified in (4.2). At genus
two, there are ð16; 16Þd zero modes of dα and ð11; 11Þs zero
modes of sα. The latter are entirely saturated by the
regulator through the factor N ð2Þ → ðs1d1Þ11ðs2d2Þ11;
see the discussion below (4.3).
In presence of five vertex operators, it is easy to see that

the total number of dα zero modes from the b-ghosts can be
distributed as ðp; qÞ such that pþ q is either 5 or 6. These
two contributions can be separately computed using the
zero-mode expansion
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ðdγmnpdÞðzÞ → ðd1γmnpd1Þω1ðzÞω1ðzÞ
þ 2ðd1γmnpd2Þω1ðzÞω2ðzÞ
þ ðd2γmnpd2Þω2ðzÞω2ðzÞ

and the general formulas (2.31) as follows:

Z Y3
j¼1

d2τjjðb; μjÞj2

¼
�
α0

2

�
6 1

ð2πÞ61926
Z

d2ΩjBð3;3Þ

þ ðΠ1
mBm

ð2;3Þ þ Π2
mBm

ð3;2ÞÞ þ � � � j2: ð5:2Þ

The shorthand notations for different b-ghost contributions
are defined by9

Bð3;3Þ ≡ 1

ðλλ̄Þ6 ½2ðλ̄rd
1d1Þðλ̄rd1d2Þðλ̄rd2d2Þ�;

Bm
ð2;3Þ ≡

�
2

α0

�
96

ðλλ̄Þ5 ½2ðλ̄γ
md1Þðλ̄rd1d2Þðλ̄rd2d2Þ

− ðλ̄γmd2Þðλ̄rd1d1Þðλ̄rd2d2Þ�;

Bm
ð3;2Þ ≡

�
2

α0

�
96

ðλλ̄Þ5 ½2ðλ̄γ
md2Þðλ̄rd1d1Þðλ̄rd1d2Þ

− ðλ̄γmd1Þðλ̄rd1d1Þðλ̄rd2d2Þ�; ð5:3Þ

with the convention that ðλ̄rdIdJÞ≡ ðλ̄γmnprÞðdIγmnpdJÞ.
Note that Bð3;3Þ → −Bð3;3Þ and Bm

ð2;3Þ↔ − Bm
ð3;2Þ under the

interchange of zero-mode labels d1↔d2. As indicated by
the ellipsis in (5.2), two-loop amplitudes involving n ≥ 6
closed-string states allow for additional b-ghost contribu-
tions with fewer zero modes of dα.
Since the vertex operators are independent of wI

α, w̄α
I and

sαI , the integration over their zero modes can be performed
at an early stage using (2.27),

����
Z Y2

I¼1

½dwI�½dw̄I�½dsI�e−ðwIw̄IÞ−ðdIsIÞ
����
2

¼
�
α0

2

�
8 1

ð2πÞ3224Z22
2

����
Y2
I¼1

ðϵ · T · dIÞ
ð11!5!Þ

����
2

: ð5:4Þ

The tensor structure ðϵ · T · dIÞ is captured by the operators
Dð14;14Þ and Dm

ð14;13Þ defined in (2.26). They allow one to
rewrite the amplitude (5.1) as

Mð2Þ
n ¼

�
α0

2

�
14 κne2λ

ð2πÞ38251926
Z

d2Ω
Z22
2

×
Z
Σn

jhhKð2Þ
½d� ðz1;…; znÞiið3;2Þj2

�Yn
j¼1

ek
j·xj

	
; ð5:5Þ

where

Kð2Þ
½d� ðz1;…; znÞ≡ ðDð14;14Þ þ Π1

mDm
ð13;14Þ

þ Π2
mDm

ð14;13Þ þ � � �ÞU1ðz1Þ � � �UnðznÞ:
ð5:6Þ

The ellipsis along with Π2
mDm

ð14;13Þ accounts for b-ghost
zero-mode contributions which drop out from the sub-
sequent four- and five-point computations.

1. Scalar and vector building blocks at genus two

We shall now evaluate (5.6) on the part of the vertex
operators which contribute zero modes d1, d2. One can
show that

Dð14;14Þðd1WAÞðd1WBÞðd2WCÞðd2WDÞ
¼ 962c2dTA;BjC;Dðλ; λ̄Þ;

Dm
ð13;14Þðd1WAÞðd1WBÞðd1WCÞðd2WDÞðd2WEÞ

¼
�
2

α0

�
962c2dS

m
A;B;CjD;Eðλ; λ̄Þ;

Dm
ð14;13Þðd2WAÞðd2WBÞðd2WCÞðd1WDÞðd1WEÞ

¼
�
2

α0

�
962c2dS

m
A;B;CjD;Eðλ; λ̄Þ ð5:7Þ

with multiparticle labels A; B;… and scalar building
block

TA;BjC;Dðλ; λ̄Þ≡ 2

ðλλ̄Þ6 ðλ̄γm1n1p1
rÞðλ̄γdefrÞðλ̄γm2n2p2

rÞ

× ðλγm1defm2λÞðλγn1WAÞðλγp1WBÞ
× ðλγn2WCÞðλγp2WDÞ: ð5:8Þ

The two zero-mode patterns ðλ̄γmd1Þðλ̄rd1d2Þðλ̄rd2d2Þ and
ðλ̄γmd2Þðλ̄rd1d1Þðλ̄rd2d2Þ in the b-ghost contribution Bm

ð3;2Þ
given by (5.3) lead to distinct tensor structures Sð1ÞmA;B;CjD;E

and Sð2ÞmA;B;CjD;E such that

SmA;B;CjD;E ≡ Sð1ÞmA;B;CjD;E þ Sð2ÞmA;B;CjD;E ð5:9Þ

9The ð5; 5Þd zero modes from the b-ghosts and the vertices can
in principle be saturated by a b-ghost contribution
Bm
ð1;4Þ ∼ ðd2d2Þðd1d2ÞðΠmd2Þ. However, the integration over

the b-ghost insertions via (2.31) yields a τj integrand
∼ϵi1i2i3

δΩ22

δτi1

δΩ12

δτi2
ðΠm

1
δΩ12

δτi3
þ Πm

2
δΩ22

δτi3
Þ whose summands do not

depend on all entries of the period matrix and which vanish
upon contraction with the antisymmetric ϵi1i2i3 . The same
mechanism suppresses Π2

mBm
ð2;3Þ and Π1

mBm
ð3;2Þ from (5.2).
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with

Sð1ÞmA;B;CjD;Eðλ; λ̄Þ≡ −
2

ðλλ̄Þ5 ðλ̄γ
mγa1λÞðλ̄γm1n1p1

rÞðλ̄γm2n2p2
rÞðλγa2m1n1p1m2λÞðWAγa1a2a3WBÞðλγa3WCÞðλγn2WDÞðλγp2WEÞ;

ð5:10Þ

Sð2ÞmA;B;CjD;Eðλ; λ̄Þ≡
96

ðλλ̄Þ5 ðλ̄γ
mγb1λÞðλ̄γa1a2a3rÞðλ̄γb1b2b3rÞðλγa1WAÞðλγa2WBÞðλγa3WCÞðλγb2WDÞðλγb3WEÞ: ð5:11Þ

Note that the integrals of Dm
ð13;14Þ and D

m
ð14;13Þ give rise to the same kinematic structure SmA;B;CjD;E becauseDm

ð13;14Þ↔Dm
ð14;13Þ

under the interchange of zero-modes d1α↔d2α.

2. Kinematic symmetry properties at genus two

The above definitions in (5.7) manifest the symmetry properties

TA;BjC;Dðλ; λ̄Þ ¼ TðA;BÞjðC;DÞðλ; λ̄Þ ¼ TC;DjA;Bðλ; λ̄Þ ð5:12Þ

as well as

SðjÞmA;B;CjD;Eðλ; λ̄Þ ¼ SðjÞmðA;B;CÞjðD;EÞðλ; λ̄Þ ð5:13Þ
with j ¼ 1, 2. As demonstrated in Appendix C, gamma-matrix manipulations and the pure spinor constraint imply that the
kinematic factor (5.8) can be rewritten as

TA;BjC;Dðλ; λ̄Þ ¼ −
192

ðλλ̄Þ4 ðλ̄γamnrÞðrγapqrÞðλγmWAÞðλγnWBÞðλγpWCÞðλγqWDÞ ð5:14Þ

and satisfies the Jacobi identity,

TA;BjC;Dðλ; λ̄Þ þ TA;DjB;Cðλ; λ̄Þ þ TA;CjD;Bðλ; λ̄Þ ¼ 0: ð5:15Þ

The symmetry (5.15) assembles the holomorphic one-forms in the antisymmetric combinations Δij ¼ ϵIJωIðziÞωJðzjÞ,

Dð14;14ÞðdWAÞðzAÞðdWBÞðzBÞðdWCÞðzCÞðdWDÞðzDÞ
¼ 962c2dðTA;BjC;Dðλ; λ̄Þ½ω1ðzAÞω1ðzBÞω2ðzCÞω2ðzDÞ þ ω2ðzAÞω2ðzBÞω1ðzCÞω1ðzDÞ�
þ TA;CjB;Dðλ; λ̄Þ½ω1ðzAÞω1ðzCÞω2ðzBÞω2ðzDÞ þ ω2ðzAÞω2ðzCÞω1ðzBÞω1ðzDÞ�
þ TA;DjB;Cðλ; λ̄Þ½ω1ðzAÞω1ðzDÞω2ðzBÞω2ðzCÞ þ ω2ðzAÞω2ðzDÞω1ðzBÞω1ðzCÞ�Þ

¼ −962c2d½TA;BjC;Dðλ; λ̄ÞΔDAΔBC þ TD;AjB;Cðλ; λ̄ÞΔABΔCD�: ð5:16Þ

As will become clear later, the appearance of Δij in (5.16)
is a crucial requirement for modular invariance of the
amplitude.
Furthermore, it is shown in Appendix C that Sð1ÞmA;B;CjD;E

can be eliminated in favor of Sð2ÞmA;B;CjD;E to yield

SmA;B;CjD;Eðλ; λ̄Þ ¼ 2Sð2ÞmA;B;CjD;Eðλ; λ̄Þ þ Sð2ÞmA;D;EjB;Cðλ; λ̄Þ
þ Sð2ÞmB;D;EjA;Cðλ; λ̄Þ þ Sð2ÞmC;D;EjA;Bðλ; λ̄Þ:

ð5:17Þ

Together with the ten-term identity10

Sð2ÞmA;B;CjD;Eðλ; λ̄Þ þ ðD;EjA; B;C;D; EÞ ¼ 0; ð5:18Þ

one can show that (5.17) implies a vector generalization of
the scalar Jacobi identity (5.15)

10The identity (5.18) was checked to hold for its bosonic
(gluon) components [23], and it is believed to hold at the
superfield level using similar manipulations seen in Appendix C.
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SmA;B;CjD;Eðλ; λ̄Þ ¼ SmC;D;EjA;Bðλ; λ̄Þ þ SmB;D;EjA;Cðλ; λ̄Þ þ SmA;D;EjB;Cðλ; λ̄Þ: ð5:19Þ

This is instrumental to identifying Δij in the following permutation sum:

ðΠ1
mDm

ð13;14Þ þ Π2
mDm

ð14;13ÞÞðdWAÞðzAÞðdWBÞðzBÞðdWCÞðzCÞðdWDÞðzDÞðdWEÞðzEÞ

¼ 962c2d

�
2

α0

�
SmA;B;CjD;Eðλ; λ̄Þ½Π1

mω1ðzAÞω1ðzBÞω1ðzCÞω2ðzDÞω2ðzEÞ þ Π2
mω2ðzAÞω2ðzBÞω2ðzCÞω1ðzDÞω1ðzEÞ�

þ ðD;EjA;B;C;D; EÞ

¼ 962c2d

�
2

α0

�
SmA;B;CjD;Eðλ; λ̄Þ

X2
I¼1

ΔEAωIðzBÞΔCDΠI
m þ cycðA;B;C;D; EÞ: ð5:20Þ

Applying theorem 1 of [9] to the expressions (5.8) and (5.9)

TA;BjC;Dðλ; λ̄Þ≡ 1

ðλλ̄Þ3 TA;BjC;D;

SmA;B;CjD;Eðλ; λ̄Þ≡
1

ðλλ̄Þ2 S
m
A;B;CjD;E; ð5:21Þ

leads to

hTA;BjC;Dðλ; λ̄Þið3;2Þ ¼ hTA;BjC;Dið0;2Þ;
hSmA;B;CjD;Eðλ; λ̄Þið3;2Þ ¼ 8hSmA;B;CjD;Eið0;2Þ; ð5:22Þ

where the factor 8 comes from h…ið1;2Þ ¼ 8h…ið0;2Þ. As we
will see, the vector building block contributing to two-loop
amplitudes with five or more particles is

Tm
A;B;CjD;E ≡ Am

ATB;CjD;E þ Am
BTA;CjD;E

þ Am
CTA;BjD;E þ 8SmA;B;CjD;E; ð5:23Þ

where the factor of 8 is due to the use of (5.22). By (5.15)
and (5.19), it obeys the same symmetry properties as
SmA;B;CjD;Eðλ; λ̄Þ,
Tm
A;B;CjD;E ¼ Tm

ðA;B;CÞjðD;EÞ;

Tm
B;D;EjA;C ¼ Tm

A;B;CjD;E − Tm
A;D;EjB;C − Tm

C;D;EjA;B: ð5:24Þ
Hence, the manipulations shown in (5.20) carry over to
SmA;B;CjD;Eðλ; λ̄Þ → Tm

A;B;CjD;E.

B. The four-point amplitude

According to the general formula (5.5) the four-point
amplitude at two loops is given by

Mð2Þ
4 ¼

�
α0

2

�
14 κ4e2λ

ð2πÞ38251926
Z

d2Ω
Z22
2

×
Z
Σ4

jhDð14;14ÞU1U2U3U4ið3;2Þj2
�Y4

j¼1

ek
j·xj

	
;

ð5:25Þ

since the four vertices cannot provide enough dα zero
modes to saturate the terms with Dm

ð13;14Þ and Dm
ð14;13Þ in

(5.6) [2]. Using the formula (5.7), the Jacobi identity (5.15)
and the definitions (5.22) it is straightforward to verify that
[see (5.16)]

hDð14;14ÞU1U2U3U4ið3;2Þ
¼ −962c2d

�
α0

2

�
4

½hT1;2j3;4ið0;2ÞΔ41Δ23

þ hT1;4j2;3ið0;2ÞΔ12Δ34�: ð5:26Þ

Together with (2.40) and (5.22), this implies that

Mð2Þ
4 ¼ ð2πÞ10δ10ðkÞ

�
α0

2

�
5 κ4e2λ

2453652π6

Z
d2Ω

ðdet ImΩÞ5

×
Z
Σ4

jhKð2Þðz1;…; z4Þij2I ð2Þ
4 ; ð5:27Þ

where

hKð2Þðz1;…; z4Þi≡ hT1;2j3;4iΔ41Δ23 þ hT1;4j2;3iΔ12Δ34:

ð5:28Þ

In absence of singularities jzijj−2, using Riemann’s bilinear
identity (2.29) in the form of

Z
Σ4

Δ12Δ34Δ̄12Δ̄34 ¼ 26ðdet ImΩÞ2;
Z
Σ4

Δ12Δ34Δ̄41Δ̄23 ¼ 25ðdet ImΩÞ2 ð5:29Þ

leads to the following low-energy limit:

Z
Σ4

jhKð2Þðz1;…; z4Þij2I ð2Þ
4 ¼ 25ðdet ImΩÞ2Kð2Þ

4 þOðα02Þ;

ð5:30Þ
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where (note ½Kð2Þ
4 � ¼ −12)

Kð2Þ
4 ¼ jhT1;2j3;4ij2 þ jhT1;4j2;3ij2 þ jhT1;3j4;2ij2: ð5:31Þ

Finally, using the volume of the genus-two moduli spaceR
dμ2 ¼ 22π3=ð335Þ, one arrives at the following low-

energy limit:

Mð2Þ
4 ¼ ð2πÞ10δ10ðkÞ

�
α0

2

�
5 κ4e2λ

2383953π3
Kð2Þ

4 þOðα06Þ

¼ ð2πÞ10δ10ðkÞ
�
α0

2

�
5 κ4e2λ

210335π3
ðs212 þ s213 þ s214ÞKð1Þ

4

þOðα06Þ: ð5:32Þ
In the second line we used the BRST cohomology
manipulation [8,34]11

hT1;2j3;4i ¼ 214335s12hV1T2;3;4i ð5:33Þ
together with the definition (4.17) of the one-loop kin-

ematic factor Kð1Þ
4 [which in turn agrees with the tree-level

kinematic factor (3.13)].
An alternative presentation of the four-point two-loop

amplitude follows by plugging the result (5.33) in (5.27)
and using the definition [7]

Yðz1;…; z4Þ≡ s12Δ41Δ23 þ s14Δ12Δ34 ð5:34Þ
to obtain

Mð2Þ
4 ¼ ð2πÞ10δ10ðkÞ

�
α0

2

�
5 κ4e2λ

217π6
Kð1Þ

4

×
Z

d2Ω
ðdet ImΩÞ5

Z
Σ4

jYðz1;…; z4Þj2I ð2Þ
4 : ð5:35Þ

In the low-energy limit where I ð2Þ
4 → 1, using [7]

Z
Σ4

jYðz1;…; z4Þj2 ¼ 25ðs212 þ s213 þ s214Þðdet ImΩÞ2

ð5:36Þ

and
R
dμ2 ¼ 22π3=ð335Þ leads to the same answer (5.32).

C. The five-point amplitude

The five-point amplitude following from the general
formula (5.5) is given by

Mð2Þ
5 ¼

�
α0

2

�
14 κ5e2λ

ð2πÞ38251926
Z

d2Ω
Z22
2

×
Z
Σ5

jhhKð2Þ
½d� ðz1;…;z5Þiið3;2Þj2

�Y5
j¼1

ek
j·xj

	
; ð5:37Þ

where

Kð2Þ
½d� ðz1;…; z5Þ ¼ ðDð14;14Þ þ Π1

mDm
ð13;14Þ

þ Π2
mDm

ð14;13ÞÞU1ðz1ÞU2ðz2Þ � � �U5ðz5Þ:
ð5:38Þ

For the first term in (5.38), the external vertices must
contribute four dαðzÞ variables to saturate the remaining
ð2; 2Þd zero modes required by theDð14;14Þ integration. This
admits one OPE (2.43) resulting in a two-particle superfield
Wα

ij from (2.44) accompanied by the singular function ηij ∼
z−1ij defined in (2.8).
However, the OPE (2.43) only determines the residue of

the simple pole z−1ij and allows for two inequivalent
functions of the world sheet positions—either ∂iGijωIðzjÞ
or −∂jGijωIðziÞ. Their difference is regular in zij and drops
out from the low-energy behavior of the amplitude due to the
factor of δ2ðzi − zjÞ in (4.27). Since the ambiguity does not
affect the subsequent low-energy analysis, we will use the
notation ðdWijÞηij to leave the subtlety in the exact
dependence on zi, zj undetermined.
Another possible obstruction to extend the current

analysis beyond the low-energy limit might stem from
OPE singularities between the b-ghost and the vertex
operators (see for instance [52,53]). By arguments similar
to [9], these might affect the two-loop five-point amplitude
at order D4R5.
Similarly, for the last two terms in (5.38), the vertices

must provide five dα variables to saturate either ð2; 3Þd or
ð3; 2Þd zero modes. Together with the contributions from
the previous paragraph, we arrive at

U1U2U3U4U5jd4 ¼
�
α0

2

�
5

½ðdW12ÞðdW3ÞðdW4ÞðdW5Þη12
þð1;2j1;2;3;4;5Þ�

þ
�
α0

2

�
4X2
I¼1

Πm
I ωIðz1ÞA1

mðdW2ÞðdW3Þ

×ðdW4ÞðdW5Þþð1↔2;3;4;5Þ;

U1U2U3U4U5jd5 ¼
�
α0

2

�
5

ðdW1ÞðdW2ÞðdW3ÞðdW4ÞðdW5Þ:

ð5:39Þ

Using the formulas in (5.7) a long but straightforward
calculation leads to

hhKð2Þ
½d� ðz1;…; z5Þiið3;2Þ ¼

�
α0

2

�
4

962c2dhKð2Þðz1;…; z5Þið0;2Þ;

ð5:40Þ
where

11The normalization of T1;2j3;4 here is two times bigger than in
[8]; see definition (5.8).
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Kð2Þðz1;…; z5Þ≡ ½Tm
1;2;3j4;5

X2
I¼1

Δ51ωIðz2ÞΔ34ΠI
m þ cycð12345Þ�

þ
�
α0

2

�
½η12ðT12;3j4;5Δ24Δ35 þ T12;4j3;5Δ23Δ45Þ þ ð1; 2j1; 2; 3; 4; 5Þ�; ð5:41Þ

and Tm
1;2;3j4;5 is defined in (5.23). As detailed in (5.20), the symmetry property (5.24) of Tm

1;2;3j4;5 is crucial to obtain the first
line of (5.41) in terms of two factors of Δij. Similar to (4.25), the zero modes ΠI

m in the first line are understood to only
contract right-moving Π̄J

n via (2.11) since their contributions to the open string correlator are already captured by the
nonholomorphic term in ηij given by (2.8). After discarding ΠI

m → 0, (5.41) is the low-energy regime of the open-string
world sheet integrand for the five-point two-loop amplitude.
Collecting the above results, the low-energy regime of the two-loop amplitude of the closed string reads

Mð2Þ
5 ¼

�
α0

2

�
6 κ5e2λ

23732π6

Z
d2Ω

ðdet ImΩÞ5
Z
Σ5

jhKð2Þðz1;…; z5Þið0;2Þj2
�Y5

j¼1

ek
j·xj

	
þOðα07Þ

¼ ð2πÞ10δ10ðkÞ
�
α0

2

�
5 κ5e2λ

2453652π6

Z
d2Ω

ðdet ImΩÞ5
Z
Σ5

jhKð2Þðz1;…; z5Þij2I ð2Þ
5 þOðα07Þ; ð5:42Þ

where in the second line we used (2.40).

1. The low-energy limit

The low-energy limit of the genus-two integral in (5.42) can be extracted along the same lines as done at genus one. First
of all, (2.11) allows oneto perform contractions among left- and right-moving zero modes of Πm which can be integrated
over Σ5 using

Z
Σ5

Δ12

X2
I¼1

ΠI
mωIðz3ÞΔ45 × Δ̄12

X2
J¼1

Π̄J
nω̄Jðz̄3ÞΔ̄45 ¼ −28π

�
α0

2

�
ηmnðdet ImΩÞ2;

Z
Σ5

Δ12

X2
I¼1

ΠI
mωIðz3ÞΔ45 × Δ̄34

X2
J¼1

Π̄J
nω̄Jðz̄5ÞΔ̄12 ¼ 27π

�
α0

2

�
ηmnðdet ImΩÞ2;

Z
Σ5

Δ12

X2
I¼1

ΠI
mωIðz3ÞΔ45 × Δ̄23

X2
J¼1

Π̄J
nω̄Jðz̄4ÞΔ̄51 ¼ −26π

�
α0

2

�
ηmnðdet ImΩÞ2; ð5:43Þ

and cyclic permutations. Then, the subset of the terms
∼ηijη̄pq in (5.42) with “diagonal” labels i ¼ p and j ¼ q
contributes according to (4.27), resulting in ten permuta-
tions of

Z
Σ4

jhT12;3j4;5iΔ24Δ35 þ hT12;4j3;5iΔ23Δ45j2

¼ 25ðdet ImΩÞ2½jhT12;3j4;5ij2 þ cycð3; 4; 5Þ�;

where the integrals are identical to the four-point case
(5.30). Permutations of η12η̄13 or η12η̄34 from the holomor-
phic square in (5.41) do not contribute to the low-energy
limit (5.42).
By assembling the two sectors with and without con-

tractions between left and right movers, one can show that
the leading-order terms of the five-point two-loop ampli-
tude (5.42) are given by

Z
Σ5

jhKð2Þðz1;…; z5Þij2I ð2Þ
5

¼ 26π

�
α0

2

�
ðdet ImΩÞ2Kð2Þ

5 þOðα02Þ; ð5:44Þ

with kinematic factor (note ½Kð2Þ
5 � ¼ −12)

Kð2Þ
5 ≡ jhT12;3j4;5ij2

s12
þ jhT12;4j3;5ij2

s12
þ jhT12;5j3;4ij2

s12
þ jhTm

3;4;5j1;2ij2 þ ð1; 2j1; 2; 3; 4; 5Þ: ð5:45Þ

Hence, using
R
dμ2 ¼ 22π3=ð335Þ implies the following

low-energy limit of (5.42),
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Mð2Þ
5 ¼ ð2πÞ10δ10ðkÞ

�
α0

2

�
6 κ5e2λ

2373953π2
Kð2Þ

5 þOðα07Þ:

ð5:46Þ

2. Components in type IIB and type IIA

A long and tedious calculation [23] identifies the type
IIB components of the two-loop kinematic factor (5.45)
with the α0 correction ∼ζ5 of the five-point tree-level
amplitude (3.18) and (3.19):

Kð2Þ
5 jIIB ¼ −2283652

�
α0

2

�
−5
Kð0Þ

5 jζ5

×



1∶ five gravitons

− 3
5
∶ four gravitons; one dilaton

: ð5:47Þ

Similar to the kinematic factor (4.31) in the one-loop
low-energy limit, the relative coefficient to the tree-
amplitude depends on the total R-symmetry charge of
the external states, in line with S-duality. The components
considered in (5.47) extend to a variety of further state
combinations of alike R-symmetry charges by linearized
supersymmetry.
Similar to the analogous one-loop result (4.32),

type IIA components involve additional tensor
structures as compared to the AYM bilinears in the tree
amplitude,

Kð2Þ
5 j5 gravitonsIIA ¼−2283652

�
α0

2

�
−5

×

�
Kð0Þ

5 jζ5 −
1

2

X5
1≤i<j

s2ijjϵme1k2e2k3e3k4e4k5e5 j2
�
;

ð5:48Þ

where ϵme1k2e2k3e3k4e4k5e5 ≡ ϵmnp2q2…p5q5
10 e1nk2p2

e2q2…k5p5
e5q5 .

Upon insertion into (5.46), the kinematic factors (5.47)
and (5.48) give rise to the following low-energy limits for
the five-graviton amplitudes:

Mð2Þ
5 jα06IIB gravitons ¼ð2πÞ10δ10ðkÞ

�
α0

2

�
κ5e2λ

29335π2
Kð0Þ

5 jζ5 ;

Mð2Þ
5 jα06IIA gravitons ¼ð2πÞ10δ10ðkÞ

�
α0

2

�
κ5e2λ

29335π2

×

�
Kð0Þ

5 jζ5 −
1

2

X5
1≤i<j

s2ijjϵme1k2e2k3e3k4e4k5e5 j2
�
:

ð5:49Þ

According to (5.47), the R-symmetry violating type IIB
components (e.g. four gravitons and one dilaton) carry an
extra factor of − 3

5
.

VI. S-DUALITY PROPERTIES

In this section we are going to show that the type IIB
five-point amplitudes computed with the nonminimal
pure spinor formalism agree with expectations based on
S-duality.

A. Review of four-point S-duality

In the string frame, the SLð2;ZÞ-duality prediction for
the perturbative four-graviton type IIB effective action is
given by [3,54,55]

S4ptIIB ¼
Z

d10x
ffiffiffiffiffiffi
−g

p �
R4ð2ζ3e−2ϕ þ 4ζ2Þ

þD4R4

�
2ζ5e−2ϕ þ

8

3
ζ4e2ϕ

�

þD6R4

�
4ζ23e

−2ϕ þ 8ζ2ζ3 þ
48

5
ζ22e

2ϕ þ 8

9
ζ6e4ϕ

�

þ � � �
�
; ð6:1Þ

where the ellipsis refers to terms of higher order D≥8R4. A
dilaton dependence of the form eð2g−2Þϕ is associated with
the g-loop order in string perturbation theory. The tensor
structure of the covariant derivatives D and Riemann
curvature tensors R suppressed in the shorthand R4,
D4R4 and D6R4 will not be important in the following.
The coefficients of the R4 and D4R4 interactions can be
identified with the zero modes of the nonholomorphic
Eisenstein series

E3=2ðΦ; Φ̄Þ≡ 2ζ3e−3ϕ=2 þ 4ζ2eϕ=2 þ � � � ; ð6:2Þ

E5=2ðΦ; Φ̄Þ≡ 2ζ5e−5ϕ=2 þ
8

3
ζ4e3ϕ=2 þ � � � ð6:3Þ

depending on the complex axio-dilaton field Φ≡ C0þ
ie−ϕ. A relative factor of e�ϕ=2 stems from the trans-
formation between string frame and Einstein frame. The
Fourier modes in the ellipsis of (6.2) and (6.3) describe the
nonperturbative completion of the type IIB action [3,54] and
ensure modular invariance with respect to Φ. The prefactor
of theD6R4 operator in (6.1) was first predicted in [55] and
descends from a modular-invariant function which is made
explicit in [56].
The four-point amplitudes reviewed in the previous

sections exhibit the following low-energy behavior (in
both type IIB and type IIA theory):
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Mð0Þ
4 ¼ð2πÞ10δ10ðkÞ

�
α0

2

�
3

κ4e−2λ2πKð0Þ
4

×

�
3

σ3
þ2ζ3þ ζ5σ2þ

2

3
ζ23σ3þ�� �

�
;

Mð1Þ
4 ¼ð2πÞ10δ10ðkÞ

�
α0

2

�
3 κ4

243π
Kð0Þ

4

�
1þ ζ3

3
σ3þ�� �

�
;

Mð2Þ
4 ¼ð2πÞ10δ10ðkÞ

�
α0

2

�
3 κ4e2λ

210335π3
Kð0Þ

4 ðσ2þ���Þ: ð6:4Þ

The loop and α0 orders are in one-to-one correspondence
with the curvature couplings eð2g−2ÞϕD2kR4 in the action
(6.1). Matching the ratio of the R4 interactions ∼ζ3 and ∼ζ2
with the values computed in (6.4) relates the coupling
constants eϕ and eλ,

e2ϕπ2

3ζ3
¼ e2λ

263π2ζ3
→ e2λ ¼ 26π4e2ϕ: ð6:5Þ

Furthermore, one can verify using the conversion factor
(6.5) that the ratios of all the interactions match between
their predicted values in the action (6.1) and the explicit
amplitude computations summarized in (6.4). The first
perturbative verification of the expressions in (6.1) was
achieved in [41,54] for genus one, in [7,49,57] for genus
two and [9] for genus three.

B. S-duality at five points for graviton couplings

We will now check if the above ratios predicted for
the four-point amplitudes at different loop orders also
hold for their corresponding five-point amplitudes at
one and two loops. The extension of the type IIB
effective action (6.1) beyond the four-point level com-
plements the four-curvature corrections D2kR4 by a tail
of operators12 D2ðk−lÞR4þl with higher powers of
curvature l ¼ 1; 2;…; k required by nonlinear
supersymmetry.
The result for the two-loop five-point amplitude

confirms that the five-field completion ðD4R4 þD2R5Þ
is accompanied uniformly by the zero modes of E5=2

given in (6.3). Similarly, the compatibility of the E3=2R4

interaction with five-point amplitudes was verified
through the one-loop analysis in [6]. These checks
are based on the α0 expansion of the five-point IIB
amplitudes at tree level, one and two loop computed in
the previous sections,

Mð0Þ
5 ¼ ð2πÞ10δ10ðkÞ

�
α0

2

�
κ5e−2λð2πÞ2Kð0Þ

5 ;

Mð1Þ
5 jα04IIB ¼ ð2πÞ10δ10ðkÞ

�
α0

2

�
κ5

243
Kð0Þ

5 jζ3

×



1∶ five gravitons

− 1
3
∶ four gravitons; one dilaton

;

Mð2Þ
5 jα06IIB ¼ ð2πÞ10δ10ðkÞ

�
α0

2

�
κ5e2λ

29335π2
Kð0Þ

5 jζ5

×



1∶ five gravitons

− 3
5
∶ four gravitons; one dilaton

; ð6:6Þ

where the tree-level factor Kð0Þ
5 is given by (3.19) [36].

Hence, the ratios of the corresponding five-point
interactions at one loop are easily checked to agree
with the perturbative terms in the Eisenstein series (6.2)
and (6.3),

Mð1Þ
5

Mð0Þ
5

jα04IIB gravitons ¼
e2λ

263π2ζ3
¼ 2e2ϕζ2

ζ3
; ð6:7Þ

and similarly at two-loops (recall that ζ2 ¼ π2

6
and ζ4 ¼ π4

90
),

Mð2Þ
5

Mð0Þ
5

jα06IIB gravitons ¼
e4λ

211335π4ζ5
¼ 4e4ϕζ4

3ζ5
: ð6:8Þ

Bymodular invariance of the Eisenstein seriesEs, (6.7) and
(6.8) confirm S-duality at the five-point level.

C. S-duality at five-points for dilaton couplings

The ratios of tree-level and loop amplitudes seen in (6.6)
depend on the R-symmetry charges of the external type IIB
states. Trading one of the five gravitons for a dilaton
introduces additional factors of − 1

3
and − 3

5
into the

comparison of low-energy limits. These numbers have a
natural explanation from the Einstein frame presentation of
the leading terms in (6.1),

R4E3=2ðΦ; Φ̄Þ þ ðD4R4 þD2R5ÞE5=2ðΦ; Φ̄Þ þ � � � ; ð6:9Þ

see (6.2) and (6.3) for their perturbative contributions.
Processes which violate the R-symmetry of type IIB

supergravity (such as the scattering of four gravitons and
one dilaton) are associated with operators which transform
with modular weight under S-duality [10]. Hence, by
modular invariance of the type IIB action, they must be
accompanied by modular forms of opposite weights. The
latter can be obtained from modular invariant functions
such as Es by acting with the modular covariant derivative

D∶ eqϕ → q · eqϕ: ð6:10Þ
12In addition, novel couplings of the form D2kR≥5 without a

four-field representative in their supersymmetric completion
might arise, e.g. the D6R5 interaction identified at one loop [6].
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The modular forms obtained from E3=2 and E5=2 are
characterized by the following perturbative terms (with
Fourier-modes in the ellipsis):

DE3=2ðΦ; Φ̄Þ ¼
�
−
3

2

�
2ζ3e−3ϕ=2 þ

�
1

2

�
4ζ2eϕ=2 þ � � � ;

ð6:11Þ

DE5=2ðΦ; Φ̄Þ ¼
�
−
5

2

�
2ζ5e−5ϕ=2 þ

�
3

2

�
8

3
ζ4e3ϕ=2 þ � � � :

ð6:12Þ

In comparison with (6.2) and (6.3), the ratio between tree-
level and higher-genus contributions is deformed by the
covariant derivative in (6.10), namely by − 1

3
and − 3

5
in

cases of E3=2 and E5=2, respectively. The modular forms in
(6.11) and (6.12) multiply the R-symmetry violating
counterparts of R4 and ðD4R4 þD2R5Þ interactions which
in turn describe the dilatonic amplitude components in
(6.6). Hence, the covariant derivative in (6.10) holds the
key for the S-duality origin of the relative factors between
graviton and dilaton amplitudes in (6.6). It would be
interesting to extend the analysis to higher orders in α0
and to compare the ratios between amplitudes at tree level
and two loops for higher-derivative operators with and
without R-symmetry charges, as was done in [6] at one loop
up to order ðα0Þ9.

VII. CONCLUSION

As the main result of this work, we have computed the
low-energy limit of the five-point two-loop amplitude
among massless type II closed-string states. The superspace
representation of the result is given in (5.45) with prefactors
made precise in (5.46). The type IIB components involving
five gravitons as well as four gravitons and one dilaton were
found to match the tree-level amplitude at the correspond-
ing order in α0; see (5.47). The determined ratios tie in with
the S-duality expectation based on the E5=2 coefficient of
the ðD4R4 þD2R5Þ operator in the effective action [3] and
its counterpart DE5=2 with modular weight; see (6.12).
The computation was performed using the nonminimal

pure spinor formalism [2] where the normalizations can be
reliably kept track of and where the b-ghost is explicitly
known. However, subtle issues regarding possible OPE
singularities between the b-ghost and the vertex operators
(see for instance [52]) currently prevent the determination
of the five-point two-loop amplitude to all orders in α0.
These subtleties did not affect the two-loop low-energy
analysis of this work, but it would certainly be desirable to
extend the five-point correlator in (5.41) to all orders in the
low-energy expansion. Starting from the Zhang-Kawazumi
invariant expected at the subleading order in α0 [57], the
systematics of the low-energy expansion and the threshold

corrections deserve to be studied along the lines of the one-
loop results in [41]. The α0 expansion of the corresponding
open string amplitudes at two loops calls for a higher-genus
generalization of the elliptic multiple zeta values [58]
which were studied in the context of planar one-loop
amplitudes in [59].
Also, it would be rewarding to cast the kinematic factors

into the language of the minimal pure spinor superspace of
[1] and to bypass the computational steps required by the
extra world sheet variables of the nonminimal pure spinor
formalism. In particular, this concerns the evaluation of
covariant derivatives originating from rα and the tensor
manipulations required to arrange the λ̄α into contractions
with λα. For the three-loop four-point kinematic factors of
[9], a much simpler BRST-equivalent representation in
terms of (minimal) pure spinor superspace has recently
been found [48].
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APPENDIX A: WORLD SHEET FACTORIZATION
OF THE AMPLITUDES

In this appendix we show that five-point multiloop
amplitudes computed in the main body of this work
factorize correctly on their massless poles as required by
unitarity. We first fix the overall normalization κ of the
vertex operators by imposing unitarity for the four-point
amplitude at tree level. After that there is no freedom left to
adjust parameters and we proceed to check the factorization
of the higher-loop amplitudes.

1. Factorization of the four-point tree-level amplitude

The factorization constraint for the massless pole s12 in
the four-point amplitude reads

Mð0Þ
4 js12 ¼ α04

Z
d10k
ð2πÞ10

X
x

Mð0Þ
3 ð1; 2; xÞMð0Þ

3 ð−x; 3; 4Þ
k2x

;

ðA1Þ
where the notation js12 projects to the pole in s12 and
discards regular terms in s12, the sum

P
x runs over all

states x in the supergravity multiplet and −x represents the
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state x at momentum −kx and complex conjugate polari-
zation. This is depicted in Fig. 1.
On the one hand, recall the low-energy limit (3.15) of the

four-point amplitude

Mð0Þ
4 js12 ¼ ð2πÞ10δ10ðkÞκ4e−2λ2π jhV12V3V4ij2

s12
: ðA2Þ

On the other hand, a short computation using the factori-
zation constraint (A1) yields

Mð0Þ
4 js12 ¼ α04

Z
d10k
ð2πÞ10

X
x

Mð0Þ
3 ð1; 2; xÞMð0Þ

3 ð−x; 3; 4Þ
k2x

¼ ð2πÞ10δ10ðkÞκ6e−4λ
�
α0

2

�
−2
α04

1

2s12
jhV12V3V4ij2;

ðA3Þ

where the three-point amplitude is given by

Mð0Þ
3 ð1; 2; xÞ ¼ ð2πÞ10δ10ðk1 þ k2 þ kxÞ

×

�
α0

2

�
−1
κ3e−2λjhV1V2Vxij2 ðA4Þ

and we used

Z
d10k

δ10ðk1 þ k2 þ kxÞδ10ð−kx þ k3 þ � � � þ knÞ
k2x

¼ 1

2s12
δ10ðk1 þ k2 þ k3 þ � � � þ knÞ ðA5Þ

together with the explicit component sum [23]

X
x

hV1V2VxihVxV3V4i ¼ hV12V3V4i þOðs12Þ: ðA6Þ

Therefore, equating (A2) and (A3) leads to

κ2e−2λ ¼ π

α02
: ðA7Þ

2. Factorization of the five-point tree-level amplitude

The normalization of the five-point tree amplitude (3.18)
will be checked through its factorization on the massless s12
pole according to

Mð0Þ
5 js12 ¼ α04

Z
d10k
ð2πÞ10

X
x

Mð0Þ
3 ð1; 2; xÞMð0Þ

4 ð−x; 3; 4; 5Þ
k2x

;

ðA8Þ

where the three-point amplitude was recalled in (A4) and

Mð0Þ
4 ð−x; 3; 4; 5Þ ¼ ð2πÞ10δ10ð−kx þ k3 þ k4 þ k5Þκ4e−2λ

× 2π

�jhVxV3V45ij2
s45

þ jhVxV4V35ij2
s35

þ jhVxV5V34ij2
s34

�
þOðα03Þ: ðA9Þ

Using (A7) and the result of a component expansion [23]

X
x

hV1V2VxihVxV3V45i ¼ hV12V3V45i þOðs12; s45Þ;

ðA10Þ

the factorization constraint (A8) gives

Mð0Þ
5 js12 ¼ ð2πÞ10δ10ðkÞ

�
α0

2

�
κ5e−2λð2πÞ2

×

�jhV12V3V45ij2
s12s45

þ jhV12V35V4ij2
s12s35

þ jhV12V5V34ij2
s12s34

�����
s12

þOðα03Þ: ðA11Þ

This ties in with a component comparison of the terms with
a pole in s12,

FIG. 1. The factorization of the tree-level four-point amplitude
in the massless pole s12 in terms of three-point amplitudes. This
condition was used to fix the normalization constant κ2 ¼ πe2λ

α02

in Eq. (A7).

FIG. 2. Factorization channel of the five-point two-loop am-
plitude into a tree-level three-point and a four-point two-loop
amplitude.
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~AT
54 · S0 · A45js12 ¼

�jhV12V3V45ij2
s12s45

þ jhV12V35V4ij2
s12s35

þ jhV12V5V34ij2
s12s34

�����
s12

; ðA12Þ

which confirms the normalization of the five-point closed-
string amplitude (3.18).

3. Factorization of the five-point one-loop amplitude

From the low-energy limit of the five-point amplitude
(4.30), it follows that

Mð1Þ
5 js12 ¼ ð2πÞ10δ10ðkÞ

�
α0

2

�
4 κ5

29523

jhT12j3;4;5ij2
s12

þOðα05Þ

¼ ð2πÞ10δ10ðkÞ
�
α0

2

�
4 κ5

233

jhV12T3;4;5ij2
s12

þOðα05Þ; ðA13Þ

where in the second line we used hT12j3;4;5i ¼
40½hV12T3;4;5i − s12

11
hA12j3;4;5i� (as shown in Appendix B)

and discarded the contact term since it does not contribute
to the s12 pole.
One the other hand, given the three-point tree (A4) and

the low-energy limit of (4.16),

Mð1Þ
4 ¼ ð2πÞ10δ10ðkÞ κ4

243π

�
α0

2

�
3

jhV1T2;3;4ij2 þOðα04Þ;

ðA14Þ

the factorization constraint

Mð1Þ
5 js12 ¼ α04

Z
d10k
ð2πÞ10

X
x

Mð0Þ
3 ð1; 2; xÞMð1Þ

4 ð−x; 3; 4; 5Þ
k2x

ðA15Þ

together with (A5) yields

Mð1Þ
5 js12 ¼ ð2πÞ10δ10ðkÞα04

�
α0

2

�
2 κ7e−2λ

253π

1

s12

×
X
x

jhV1V2Vxij2jhVxT3;4;5ij2 þOðα07Þ:

ðA16Þ

One can show via a component expansion that the
kinematic factors satisfy [23]

X
x

hV1V2VxihVxT3;4;5i ¼ hV12T3;4;5i þOðs12Þ: ðA17Þ

By (A7), one finally arrives at

Mð1Þ
5 js12 ¼ ð2πÞ10δ10ðkÞ

�
α0

2

�
4 κ5

233

jhV12T3;4;5ij2
s12

þOðα05Þ;

ðA18Þ

in complete agreement with the expression (A13).

4. Factorization of the five-point two-loop amplitude

In the low-energy limit of the five-point two-loop
amplitude (5.46), the terms with a pole in s12 are given by

Mð2Þ
5 js12 ¼ ð2πÞ10δ10ðkÞ

�
α0

2

�
6 κ5e2λ

2373953π2

×

�jhT12;3j4;5ij2
s12

þ jhT12;4j3;5ij2
s12

þ jhT12;5j3;4ij2
s12

�
:

ðA19Þ

The s12-channel factorization (Fig. 2) constraint in the low-
energy limit

Mð2Þ
5 js12 ¼ α04

Z
d10k
ð2πÞ10

X
x

Mð0Þ
3 ð1; 2; xÞMð2Þ

4 ð−x; 3; 4; 5Þ
k2x

ðA20Þ

for the factorization into a tree-level three-point amplitude
(3.5) and a two-loop four-point amplitude (5.32)

Mð0Þ
3 ¼ ð2πÞ10δ10ðkÞ

�
α0

2

�
−1
κ3e−2λjhV1V2V3ij2;

Mð2Þ
4 ¼ ð2πÞ10δ10ðkÞ

�
α0

2

�
5 κ4e2λ

2383953π3
½jhT1;2j3;4ij2

þ jhT1;4j2;3ij2 þ jhT1;3j4;2ij2� þOðα06Þ; ðA21Þ

yields

Mð2Þ
5 js12 ¼ ð2πÞ10δ10ðkÞ

�
α0

2

�
4 α04κ7

2393953π3

�jhT12;3j4;5ij2
s12

þ jhT12;4j3;5ij2
s12

þ jhT12;5j3;4ij2
s12

�
; ðA22Þ

where we used (A5) and [23]

X
x

hV1V2VxihTx;3j4;5i ¼ hT12;3j4;5i þOðs12Þ: ðA23Þ

Therefore, the constraint (A7) (α02κ2 ¼ πe2λ) implies the
agreement of (A22) with (A19) and establishes the correct
factorization of the five-point two-loop amplitude.
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APPENDIX B: ONE-LOOP KINEMATIC
FACTORS: NMPS VERSUS MPS

REPRESENTATION

From Eqs. (3.7) and (4.7) of [46] and using the
definitions (2.46) it follows that

T12j3;4;5 ¼ ðλλ̄ÞV12½36T3;4;5 þ 4ðλγmW4ÞðλγnW5ÞF3
mn�

þ s12J12j3;4;5;

T1j23;4;5 ¼ ðλλ̄ÞV1½36T23;4;5 þ 4ðλγmW23ÞðλγnW4ÞF5
mn�

þ s23ðJ13j2;4;5 − J12j3;4;5Þ ðB1Þ
with

J12j3;4;5 ≡ ðλγmW4ÞðλγnW5Þ½V1V2ðλ̄γmnW3Þ
þ 2ðλλ̄ÞV2ðA1γmnW3Þ − ð1↔2Þ�: ðB2Þ

Since (4.11) is totally symmetric in 3,4,5 it is possible to
rewrite (B1) more conveniently by averaging it over its
permutations and using theorem 1 of [9] to factor out ðλλ̄Þ,

T12j3;4;5 ¼ 40ðλλ̄Þ
�
V12T3;4;5 −

1

11
s12A12j3;4;5

�
;

T1j23;4;5 ¼ 40ðλλ̄Þ
�
V1T23;4;5 −

1

11
s23ðA13j2;4;5 − A12j3;4;5Þ

�
;

ðB3Þ

where

A12j3;4;5 ≡ 1

6
½V1ðA2γmnW3Þ − V2ðA1γmnW3Þ�ðλγmW4Þ

× ðλγnW5Þ þ ð3↔4; 5Þ: ðB4Þ

Note that the admixtures of (B4) drop out from BRST

invariant combinations of (B3) such as hT1j23;4;5
s23

þ T12j3;4;5
s12

−
T13j2;4;5
s13

i; that is why the amplitudes obtained from the
minimal [26] and the nonminimal pure spinor formalism
[46] agree.

APPENDIX C: SYMMETRIES OF TWO-LOOP
KINEMATIC FACTORS

This appendix collects the superspace manipulations
responsible for some of the symmetry properties of the
two-loop scalar and vectorial kinematic factors.

1. The Jacobi-like identity of scalar kinematic factors

The kinematic factor (5.8)

TA;BjC;Dðλ; λ̄Þ ¼
2

ðλλ̄Þ6 ðλ̄γm1n1p1
rÞðλ̄γdefrÞðλ̄γm2n2p2

rÞðλγm1defm2λÞ½ðλγn1WAÞðλγp1WBÞðλγn2WCÞðλγp2WDÞ�;

is now demonstrated to satisfy the identity

TA;BjC;Dðλ; λ̄Þ þ TA;DjB;Cðλ; λ̄Þ þ TA;CjD;Bðλ; λ̄Þ ¼ 0: ðC1Þ

To see this one uses the gamma matrix identity

ðλ̄γdefrÞðλγm1defm2λÞ ¼ 48ðλλ̄Þðλγm1γm2rÞ − 48ðλγm1γm2 λ̄ÞðλrÞ ðC2Þ

together with ðλ̄γm2n2p2
rÞ ¼ ðλ̄γm2γn2γp2rÞ and ðλ̄γm2Þαðλ̄γm2

Þβ ¼ 0 to obtain

ðλ̄γm2n2p2
rÞðλ̄γdefrÞðλγm1defm2λÞ ¼ 48ðλλ̄Þðλ̄γm2n2p2

rÞðλγm1γm2rÞ
¼ 48ðλλ̄Þðλ̄γm2γm1λÞðrγm2n2p2rÞ; ðC3Þ

where the cyclic identity γm2

αðβγ
m2

γδÞ ¼ 0 and the constraint ðλ̄γmrÞ ¼ 0 were used to arrive at the second line. Therefore,

ðλ̄γm1n1p1
rÞðλ̄γm2n2p2

rÞðλ̄γdefrÞðλγm1defm2λÞ ¼ 96ðλλ̄Þ2ðλ̄γan1p1rÞðrγan2p2rÞ: ðC4Þ

After using (C4), the identity (C1) follows by noting that it is equivalent to

ðλ̄γan1p1rÞðrγan2p2rÞ þ ðλ̄γap2p1rÞðrγan1n2rÞ þ ðλ̄γan2p1rÞðrγap2n1rÞ ¼ 0; ðC5Þ

and (C5) can be shown using γaαðβγ
a
γδÞ ¼ 0.
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2. Relating vector kinematic factors

In order to prove the symmetry (5.17) of the vectorial
kinematic factor in (5.10) and (5.11), the pure spinor constraint
can be invoked to decompose the gammamatrices in the factor

ðWAγ
a1a2a3WBÞðλγa2m1n1p1m2λÞ

¼ −ðWAγ
a2γa1γa3WBÞðλγa2γm1γn1γp1γm2λÞ

contained in (5.10). The identity

ðWAγ
a2γa1γa3WBÞðλγa2γm1γn1γp1γm2λÞ

¼ −ðWAγ
a2γm1γn1γp1γm2λÞðλγa2γa1γa3WBÞ

− ðWAγ
a2λÞðλγm2γp1γn1γm1γa2γa1γa3WBÞ

then allows applications of the pure spinor constraint in the
form of ðλγrÞαðλγrÞβ ¼ 0, ultimately leading to

Sð1ÞmA;B;CjD;Eðλ; λ̄Þ ¼ Sð2ÞmA;B;CjD;Eðλ; λ̄Þ þ Sð2ÞmA;D;EjB;Cðλ; λ̄Þ
þ Sð2ÞmB;D;EjA;Cðλ; λ̄Þ þ Sð2ÞmC;D;EjA;Bðλ; λ̄Þ

which implies (5.17).
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