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General relativistic observables for the ACES experiment
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We develop a high-precision model for relativistic observables of the Atomic Clock Ensemble in Space
(ACES) experiment on the International Space Station (ISS). We develop all relativistic coordinate
transformations that are needed to describe the motion of ACES in Earth orbit and to compute observable
quantities. We analyze the accuracy of the required model as it applies to the proper-to-coordinate time
transformations, light-time equation, and spacecraft equations of motion. We consider various sources of
nongravitational noise and their effects on ACES. We estimate the accuracy of orbit reconstruction that is
needed to satisfy the ACES science objectives. Based on our analysis, we derive models for the relativistic
observables of ACES, which also account for the contribution of atmospheric drag on the clock rate. We
include the Earth’s oblateness coefficient J, and the effects of major nongravitational forces on the orbit of
the ISS. We demonstrate that the ACES reference frame is pseudoinertial at the level of accuracy required
by the experiment. We construct a Doppler-canceled science observable representing the gravitational
redshift. We derive accuracy requirements for ISS navigation. The improved model is accurate up to < 1 ps
and ~4 x 1077 for time and frequency transfers, correspondingly. These limits are determined by the

higher-order harmonics in Earth’s gravitational potential.
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I. INTRODUCTION

The Atomic Clock Ensemble in Space (ACES) experi-
ment [1] is being developed by the European Space Agency
[2] and Centre National d’Etudes Spatiales (CNES) [3], to
be flown on the International Space Station (ISS) in 2017
and 2018. The ACES experimental package consists of
two atomic clocks: the cold-atom clock Projet d’Horloge
Atomique Par Refroidissement d’Atomes En Orbite
(PHARAO) [4] (developed by CNES [5]) and a space
hydrogen maser (SHM, developed by SpectraTime SA
[6,7]). The experiment will be attached to the external
payload facility on the European Columbus module on the
space station. Associated with ACES is the European Laser
Timing (ELT) experiment [8].

Placed in a microgravity environment on the ISS, the
expected overall frequency stability of PHARAO/is 1 x 10716
(see Table I). The short-term frequency stability of PHARAO
will be evaluated by direct comparison to the SHM. Long-
term stability will be measured by comparison to ultrastable
ground clocks and systematic frequency shifts will be
evaluated in situ. The medium-term frequency instability
will be evaluated by direct comparison to ultrastable ground
clocks. The long-term stability will be determined by on-
board comparison to PHARAO.

To compare time and frequency between various ground
clocks, ACES will use a two-way microwave system called

also enable comparison of primary frequency standards with
an accuracy at the 1071¢ level. Additionally, high-precision
time transfer will be facilitated by the ELT experiment, with
an overall planned accuracy of 50 ps and a per-pass space-to-
ground clock comparison precision of 4 ps.

With an atomic clock offering such accurate performance
in the microgravity environment, ACES will conduct
several tests of fundamental physics. Specifically, ACES
will conduct gravitational redshift measurements, test
Lorentz invariance, and search for possible variations in
the fine structure constant. It is expected that the uncertainty
on the gravitational redshift measurement will be below
50 x 107 for an integration time corresponding to one ISS
pass. However, with the ultimate accuracy of PHARAO,
ACES may reach an uncertainty level of 2 x 1079,
Measurements can reach a precision level of &c/c =
107!% in the search for anisotropies of the speed of light.
Time variations of the fine structure constant a can be
measured at the level of precision ¢/a < 1 x 10716 y~I,

TABLE 1. Anticipated frequency and timing stability of the
ACES package [1,9-11]. Note that one pass is ~300 s.

ACES performance
parameter I's 300s 10°s 10* s 1d 10d

PHARAO 10-13 3x10716 10716
frequency stability
SHM frequency

2.1x10715 1.5x10°1

the microwave link (MWL) [12-14] (Table I). Given the gability ) s s -
anticipated accuracy of the MWL, ACES is expected to Cg’r‘;},“;j;‘s’o;‘ew ps bs ps
provide absolute synchronization of ground clock time  Noncommon view 0.3 ps 6ps 23 ps
scales with an uncertainty of 100 ps. The experiment will companson
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To reach its science objectives, ACES will rely on the
time and frequency stability of the SHM, PHARAO, the
MWL and clocks over one ISS pass. The most important
component of a clock is an oscillator, the periodic oscil-
lation of which has to be generated, maintained and read
out by suitable means. As it is known, an oscillator on board
the ISS is subject to many classical disturbances. In addition
to relativistic gravity, clock performance is affected by
nongravitational forces external to the station and also by
the dynamical environment on the ISS. This environment is
rather complex and includes forces and torques due to causes
such as extended structure vibrations, frequent thruster
firings, spacecraft docking and undocking, ongoing human
activity, thermal imbalance, outgassing, etc. Some of these
effects directly impact the trajectory of the ISS and, con-
sequently, the relativistic timing and frequency transfer
observables of ACES. Other effects will directly impact
the clock stability by producing unwanted acceleration noise
at the clock’s location. These effects should be accounted for
in a classical description of an oscillator subjected to various
sources of acceleration noise.

Although a Newtonian formulation of the coordinate
reference systems for the ISS is readily available [15], it is
not sufficient for ACES. The requirement to formulate
models of ACES observables within the framework of
Einstein’s general theory of relativity was recognized early
on during mission development [16,17]. ACES will rely on
accurate navigation of the ISS and accurate timing mea-
surements between the station and ground-based terminals.
The experiment will require precision timing of all critical
events related to the transmission and reception of various
microwave and optical signals used on ACES for time and
frequency transfer, as well as navigation. The resulting time
series of high accuracy radio-metric and optometric data will
provide the time transfer accuracy that is needed to perform
tests of fundamental physics with ACES. Based on the
anticipated performance of hardware that will be involved in
the ACES experiment, the models for the ACES observables
must be accurate at the level of 1 ps and 5f/f =1 x 1071°
for time and frequency transfers, correspondingly. We will
use these numbers in developing relativistic models for
observables on the ACES experiment.

To describe the dynamics around the Earth we will
introduce several reference frames, each with its own
coordinate chart. In the immediate vicinity of the Earth
we can introduce a set of local coordinates defined in the
frame associated with the Earth: The origin of the Geocentric
Coordinate Reference System (GCRS) is the Earth’s center
of mass (see Fig. 1). Positions of ground stations are given
with respect to another terrestrial coordinate system, the
Topocentric Coordinate Reference System (TCRS; see also
Ref. [18]). We also consider the Spacecraft Coordinate
Reference System (SCRS), the origin of which is fixed at
the ISS’ center of mass. We also use ACES Coordinate
Reference System (ACRS) associated with the ACES
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FIG. 1. Schematic relationship of the coordinate systems
discussed in the text (not to scale).

package. The definition and properties of the TCRS,
together with useful details on relativistic timekeeping in
the Solar System, are givenin [19]. The SCRS was discussed
in [19] in the context of the GRAIL mission. Here we
introduce the SCRS on the ISS and we define the ACRS
together with appropriate coordinate transformations.
Previous studies of ACES [10,16,17,20] offered relativ-
istic models of the basic experimental observables: time
and frequency transfer. Some of these efforts treated the ISS
as a free-falling platform, moving on a geodesic worldline
in the GCRS. However, the motion of the space station is
subject to nongravitational forces that are present in the
near-Earth environment (as discussed in [10,21]), including
atmospheric drag, solar radiation pressure and thermo-
elastic cycling. As the shape of the space station is
complex, its center of mass does not coincide with its
center with respect to nongravitational forces. This mis-
match results in torques that affect the orientation of the
ISS. Also, the presence of these dissipative forces results in
the ISS constantly losing altitude, in apparent violation of
naive models of energy-momentum conservation.
Furthermore, as the ISS orbits the Earth, its extended
structure vibrates and flexes, resulting in a complex profile
of nongravitational acceleration noise on the station.
This paper is organized as follows: In Sec. II we discuss
the conventional definitions of the GCRS and TCRS,
including representations of the metric tensor in these
reference systems and the coordinate transformations
between them. We also present the equations of motion
for Earth-orbiting spacecraft and light-time equations. We
pay special attention to contributions by various non-
gravitational forces acting on the ISS and the ACES
package, including atmospheric drag and solar radiation
pressure. In Sec. II D we present the coordinate reference
frames important for the ACES experiment, namely the
SCRS and the ACRS, again including representations of
the metric tensor and coordinate transformations, at a level
of accuracy appropriate for ACES. In Sec. Il we discuss
the formulation of the relativistic observables of the ACES
experiment. We present models for time and frequency
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transfer and evaluate the navigational requirements needed
to fulfil the science objectives of ACES. We conclude with
a set of recommendations and an outlook in Sec. IV.

II. REFERENCE FRAMES AND THE
EQUATIONS OF MOTION

A properly defined set of coordinate reference frames
simplifies the discussion of the observables of an experi-
ment. Because of its high-precision science objectives and
its deployment on the ISS, ACES presents a set of unique
features. One of the primary challenges is the presence of
various nongravitational forces acting on the experimental
payload. In this section we present descriptions of various
reference frames relevant to ACES. We pay particular
attention to the dynamical environment relevant to each
of these reference frames. Although our analysis is moti-
vated by the ACES experiment, the results obtained here
are relevant to other missions that will use precision clocks
to reach their science objectives [22].

The coordinate systems that represent the ACES experi-
ment are each characterized by a unique set of harmonic
potentials including the scalar potential w and the vector
potential w*. Using these harmonic potentials, we represent
the metric tensor of a reference frame in the form'

2 2
goo = 1 =S w+Sw +0(c™9),
C C
4 A =5
90a = _y{lﬂgw + O(C )’

2
Gap = Vap =+ 7&,&?‘4} + 0(0_4)' (1)

For the standard nonrotating GCRS, the scalar gravita-
tional potential is formed as a linear superposition of the
gravitational potential Ug, of the isolated Earth, and the tidal
potential ul%! of all other Solar System bodies:

'The notational conventions used in this paper are as follows.
Latin indices (m, n, ...) are space-time indices that run from 0 to 3.
Greek indices a, 3, ... are spatial indices that run from 1 to 3. In
case of repeated indices in products, the Einstein summation rule
applies: e.g., a,,b™ =3 _ a,b™. Bold letters denote spatial
(three-dimensional) vectors: e.g., a=(a;,a5,a3), b = (by, by, b3).
The dot is used to indicate the Euclidean inner product of spatial
vectors: e.g., (a-b)=a,b; + ayb, + asb;. Latin indices are
raised and lowered using the metric g,,,. The Minkowski (flat)
space-time metric is given by 7,,, = diag(1,—1,—1,—1), so that
Yuw@b* = —(a-b). We use powers of the inverse of the speed
of light, ¢~!, and the gravitational constant G as bookkeeping
devices for order terms: in the low-velocity (v < ¢), weak-field
(GM/r < c?) approximation, a quantity of O(c™2) = O(G), for
instance, has a magnitude comparable to v?/c> or GM/c?r. The
notation O(a*, b”) is used to indicate that the preceding expression
is free of terms containing powers of a greater than or equal to k
and powers of b greater than or equal to 7.
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Wg = UE + l/lgdal + O(C_4). (2)

Ug is conveniently represented in the form

= GidE (1 - Z <RVE) J P zo(cos )

=2

+ZZ( > P4 (cos 0)(Cyy cos ke

=2 k=1

+ S, sin k¢)>, (3)

where My is the Earth’s mass, Ry is its equatorial radius,
J, = —Cyy are the zonal harmonics coefficients of the
Earth mass distribution, P, are the Legendre polynomials,
while Cy; and S, are relativistic normalized spherical
harmonic coefficients that characterize the Earth.

At the level of accuracy required by the ACES experi-
ment, the tidal potential % can be given in terms of
Newtonian contributions only (mostly due the Moon and
the Sun):

g™ = Z(Ub(rbE +x) = Up(rpe) — X - VU, (rpg))

bAE
GM

_22317 (npe - X)> = x%) + O(rji, ¢ 7). (4)
b2E “TDE

where U, is the Newtonian gravitational potential of body
b, ryg is the vector connecting the center of mass of body b
with that of the Earth, and VU, denotes the gradient of the
potential. The potential can be expanded to higher-order
terms if necessary.

The vector harmonic potential wf; captures the contri-
bution of the Earth’s rotation, defined as

M
W = C;rf X xSgl + 0. e (5)

Equation (5) explicitly accounts only for the largest rota-
tional moment, Sg, which is the Earth’s spin moment
(angular momentum per unit of mass), Sg =9.8 x 10% m?/s.

Although ACES data will be transmitted, received, and
analyzed in GCRS, using TCRS, SCRS, and ACRS, we
still need access to a global inertial reference frame to
account for the presence of the Solar System bodies. For
these purposes, we need one global coordinate chart,
defined for the inertial reference frame that covers the
entire Solar System. The Solar System Barycentric
Coordinate Reference System (BCRS) has its origin at
the Solar System barycenter. It is a convenient reference
system for the purpose of describing the motion of the
Earth, the Moon, and the Sun [23-25], whose dynamics
will be important for ACES. In particular, the ellipticity of
Earth’s orbit introduces annual variations of solar gravity
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potential at the location of the ACES clock which must be
accounted for, as it was done, for instance, in [26].
Otherwise, GCRS fully satisfies the needs of the ACES
experiment.

A. Terrestrial reference frames

The formulation of the GCRS treats the Earth’s trajectory
in the Solar System as being determined solely by gravi-
tational forces—a well-justified assumption. Indeed, the
largest nongravitational force acting on the Earth is that due
to the solar radiation pressure, which is responsible for
acceleration of 1.95 x 107'® m/s?, which is negligible for
the ACES experiment. Further details on the formulation of
the GCRS are in [23-25,27].

In Ref. [23], we showed that the transformations between
the harmonic coordinates of the GCRS {x"} = (ct, x) and
a nonrotating bodycentric reference system {y”} =
(ct,,y,) associated with a body a may be written as below:

tﬂ ]
t=1t,+ C_z{(vao ’ ya) + / |:5V310 + "_Vgxt:| dl‘i,}
tll

0

+ 0™t (6)

- 1
- ngtYa +5 aaoyﬁ

Va, (Vao : Ya) 2

_ -2 1
X_Xa0+ya+c E

. aao>} L O, )

where x,, = X, () is the vector that connects the origin of
the {x"} reference system with that of the {y'}.

The quantity w¢,, in (6) and (7) is a combination of
potentials evaluated at the origin of a particular reference
frame. This combination consists of (i) the Newtonian
gravitational potential (including, if necessary, multipole
corrections) due to all bodies in the Solar System other than
body a, at the location of body a, and (ii) a contribution
from nongravitational forces acting on the body a. Next,
V4, =X, is the geocentric velocity of the body a and
a, =X, = —Vwé, + O(c™?) its Newtonian acceleration
due to wg,,, i.e., the combined effect from gravitational and
nongravitational forces acting on the body.

Introducing r, = x — X, , the inverses of the transfor-
mations (6) and (7) can be written as [19,23-25]

i
t,=1— c‘z{(va0 -Ty,) +/ [Evﬁo +v‘v§xt] dt’}
)

+ O(c™)t, (8)

1
Yo =T+ C_z{_

D) Va, (Vao : ra) + V_Vgxtra

1
- Eauorg + ra(ra : au“)} + O(C_4)' (9)
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Note that the ¢=* terms in (6) and (8) are of the order of
~viss/c* = 4.3 x 107" and are therefore negligible for the
ACES experiment. For the complete post-Newtonian form
of transformations (6)—(9), consult Ref. [23].

Applying the coordinate transformations (6) and (7)
together with the external potentials w¢,, and acceleration
a,, from the metric tensor of the GCRS given by (1) one
can derive the metric tensor g3, of the nonrotating
coordinate reference system associated with an object a
(see details in [23]):

2 2
Goo =1 =3 wa + 3wz +0(c™),
C C
) 4 _
Gou = —Vaxgwﬁ +O(c™),

2
op = Vap + Vap zWa O(c™), (10)

where w, and w/ are the scalar and vector harmonic
potentials representing gravity and inertia in a particular
coordinate reference system associated with the body a.

For completeness, we also include the TCRS, which can
be obtained by transforming the GCRS metric g%, using (6)
and (7), where the “external” potential wS, is now the
gravitational potential wg given by (2) and evaluated at the
surface of the Earth:

Wi (o) = U(ye) + Y (Up(rss +¥e) = Uy (x45)
b7E.

—¥c - VU, (rg)) + O(c™?), (11)

where y is the position vector in the GCRS of a particular
ground station. Note that Ug(yc) must be treated as
the potential of an extended body and include a multi-
polar expansion with sufficient accuracy, taking into
account time-dependent terms due to tidal effects on
the elastic Earth. The corresponding acceleration is
ac = —=Vwg(¥e)-

The proper time 7¢, kept by a clock C located at the
GCRS coordinate position rc(7), and moving with
the coordinate velocity ve = dre/dt = [@g X r¢), where
wg is the angular rotational velocity of the Earth at C, is
determined by

dTC 11

di =1 —? Ea)lzar%(e)smzﬁ—f— UE(rc)

+ 0(3.89 x 10717), (12)

where 6 is the latitude of C and the error bound is set by the
lunar tides at the location of the tracking station.

The largest contribution to dzc/dt comes from the
velocity and mass monopole terms, which are estimated
to produce an effect of the order of c¢?(JwiR} +

GMg/Rg) ~ 6.97 x 10710, The quadrupole term produces
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a contribution of the order of ¢ 2GMgJ,/(2Rg) ~
3.77 x 10713, which is large enough to be included in
the model. Contributions of other zonal harmonics range
from —c23GMgJ,/(8Rg) ~4.23 x 10716 (from J,) to
c25GMgJg/(16Rg) ~ 1.18 x 107!6 (from Jg). Although
individual contributions of these and other terms are quite
small to warrant their place in the model, their cumulative
effect may be noticeable at the level of up to 3 x 10713,

In practice, time measurements are based on averages of
clock and frequency measurements on the Earth surface
[28]. For this purpose, the time coordinate called Terrestrial
Time (TT) is defined. TT is related to TCG = ¢ linearly by
definition:

—=1-Lg. 13
1L (13)
|

GM 0 (GMg SN -
_ 3Er_a_{ EZ

r re r =i

GM GM ..
+c2—r3E{{2(ﬂ+y)TE—yr-r}r+2(y+1)(1"

GM,

3
TbE

>

2+ 1) M8 (1 %] x #]) -
cp 2B

where r is the position of the satellite in the GCRS, r is its
velocity, n = r/r is the unit vector in the direction of the
spacecraft, p is the Sun-Earth vector, Sg is the Earth’s
angular momentum per unit mass, and GMg and GMg are
the gravitational coefficients of the Earth and Sun, respec-
tively. Furthermore, r,z = rg —r;, is the position of the
body b with respect to the Earth in the BCRS and n,z =
r,e/rpe 1S the unit vector in this direction. The first two
terms in this equation represent the gradient of the New-
tonian relativistic gravitational potential of the extended
Earth, given by (3). The coefficients f and y are the
parameterized post-Newtonian parameters, equal to 1 in
general relativity. Lastly, ayg is the contribution of non-
gravitational forces (to be discussed in Sec. II B 2).

As expected, Newtonian acceleration has the largest effect
on Earth-orbiting spacecraft. For satellites in the vicinity of the
Earth (up to geosynchronous Earth orbit) the terms in Eq. (15)
can be evaluated with respect to the main Newtonian accel-
eration, as follows: The Schwarzschild terms (second line) are
afew parts in 10'° (high orbits) to 10° (low orbits) smaller; the
effects of Lense-Thirring precession (frame dragging, first
term on the third line) and the geodesic (de Sitter) precession
(last term on the third line) are about 10''=10'? smaller. The
main effect of the Schwarzschild terms is a secular shift in the
argument of perigee while the Lense-Thirring and de Sitter
terms cause a precession of the orbital plane at a rate of the
order of 0.8 mas/y (geostationary) to 180 mas/y (low orbit) for
Lense-Thirring and 19 mas/y (independent of orbital altitude)

(B(mpg - )Ny — 1) + ayg + O(10712 m/s?),
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IAU Resolution B1.9 (2000) turned L into a defining
constant with its value fixed to L = 6.969290134 x 10710,

This definition accounts for the secular term due to the
Earth’s potential when converting between geocentric
coordinate time (TCG) and the time measured by an
idealized clock on the Earth geoid [28-31]. Using
Eq. (12), we also have

ch _dTC dt o

Lv2 4 Us(ye)
dtrr  dt dtpp ¢ T YEl¥c

ik
G722

+0(3.89 x 10717). (14)

B. Spacecraft motion in the GCRS

In the GCRS, the relativistic equations of motion of an
artificial Earth satellite are given as [24,25,28,32]

RE ¢ .
(T) P (cos 0)(Cyy cos kg + Sz sin k¢)}

N GM
C7ry

{[F x (Sg —3n(n - Sg))]}

(15)

for de Sitter. The Lense-Thirring terms are less important than
the geodesic terms for orbits higher than Laser Geodynamics
Satellite (LAGEOS) (altitude above 6000 km) and more
important for orbits lower than LAGEOS.

1. Gravitational effects on the ISS orbit

Equation (15) consists of seven terms, the first of which
represents the largest force acting on the ISS, the contri-
bution of the Earth gravitational monopole (~8.69 m/s?).
The second term arises from treating the Earth as an
extended body and represents the contribution from the
spherical harmonics, contributing a few parts in 10~ (for
J,) to a few parts in 107°~1077 (for harmonics of higher
order) relative to the monopole term. The third term is the
post-Newtonian contribution from the Schwarzschild met-
ric, contributing up to 2.85 x 10~ m/s?, including also the
contribution due to the eccentricity of the ISS orbit
(erss ~ 0.0006), which is ~1.37 x 10711 m/s?. The fourth
term represents the Lense-Thirring precession due to the
Earth’s angular momentum, Sg = 9.8 x 10% m?/s, amount-
ing to an acceleration of the order of ~2.15 x 10710 m/s2.
The fifth term is due to the contribution of solar gravity on
the ISS orbit, with a magnitude of ~4.56 x 10~ m/s?.
The sixth term represents the tidal potential (mostly due to
the Earth and the Sun). The tidal acceleration due to the
Moon is of the order of ~5.85 x 10~7 m/s?> whereas for the
Sun it is ~2.69 x 1077 m/s. Finally, nongravitational
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forces are captured by the symbol ayg and will be
discussed in the next subsection.

The relativistic geocentric equations of motion of a
satellite that are recommended by the International Earth
Rotation and Reference Systems Service [33] may include
the contribution from the relativistic quadrupole moment of
the Earth at the 1/c¢? order. It is estimated that the
corresponding J, term would contribute ~2.85 %
107" m/s? for the ISS. As such, the relativistic effects
of the Earth’s oblateness are small for the ISS and may be
neglected in the analysis.

The independent variable of the satellite equations of
motion may be, depending on the time transformation
being used, either TT or TCG. Although the distinction is
not essential to compute this relativistic correction, it is
important to account for it properly in the Newtonian part
of the acceleration.

2. Nongravitational forces acting on the ISS

The trajectories of Earth-orbiting spacecraft can be
significantly affected by nongravitational forces.
Atmospheric drag is especially significant for the ISS,
which has a very large surface area compared to its weight
(i.e., it has a low ballistic coefficient), while moving in a
low-Earth orbit. Another significant contribution is due to
solar radiation pressure and related torques. Other, lesser
contributions include radiation pressure from the Earth,
interactions with the Earth’s magnetic fields, outgassing,
thermoelastic deformations and extended structure vibra-
tions of the ISS [34]. However, for the ISS these contri-
butions are small compared to the effect of the main
nongravitational forces and will be addressed elsewhere.

The ISS is orbiting at an altitude of ~400 km. It is
constantly losing altitude due to atmospheric drag. The
station is regularly boosted to prevent atmospheric reentry.
The atmospheric drag force on the station acts in the
opposite direction of its velocity vector and is responsible
for deceleration given by

cA

Ayg = _zd—mpatmvznv’ (16)
where c, is the drag coefficient, p,, is the air density at the
station location, v is the station’s velocity with respect to
the atmosphere, n,, = v/v is the unit vector in the direction
of velocity, and A is the cross-sectional area of the station in
the direction of its motion through the atmosphere. The
drag coefficient and cross-sectional area are dependent on
the geometric shape and orientation of the station. These
are generally determined through experiment or numerical
simulations. Earth orbiting satellites typically have very
high drag coefficients c; in the range of about 2—4.

The atmospheric density p,, varies by up to 2 orders of
magnitude as it responds to solar and geomagnetic activity
[34]. The MSISE-90 model of the Earth’s upper atmos-
phere [35] provides p,, as a function of solar activity. At
the altitude of 400 km, the atmospheric density is expected
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TABLE II.  Select parameters of the ACES mission [39], along
with corresponding symbols and approximate formulas used in
the text.

Parameter Symbol Value
ISS orbital altitude hiss 400 km
ISS orbital eccentricity e 0.0006
ISS orbital inclination iIss 51.6°
ISS mass Miss 420000 kg
ISS cross-sectional Alss 3400 m?
area”
ACES position in Yao 30 m
SCRS

Geocentric velocity

Mean orbital
frequency

Geocentric
acceleration

Va0 = (GMg/(Rg + hiss))"/? 7.67 ks
0 = (GMg/(Rg + hiss)*)'/? 1.13 mHz

ano = GMg/(Rg + hiss)*  8.70 m/s?

“Based on the size of the solar panels.

to be in the range p,m = (3.89-50.4) x 107! kg/m?,
corresponding to mean to extreme high solar activity.

To estimate the magnitude of a, 4, we use the current mass
of the ISS [36] m = m;gg = 4.2 x 10° kg; see Table II. The
largest cross-sectional area, based on the size of the solar
panels, can be estimated at A <8 x (36.5 mx 11.6 m) =
3387 m?. We use ¢, = 2 for the ISS used in orbit analysis
[37]. Substituting these values in Eq. (16), we obtain

la,q| = (1.8-23.9) x 1076 m/s. (17)

These values® (corresponding to mean and extreme high
solar activity) are approximately 3 orders of magnitude
larger than relativistic accelerations in the motion of the ISS.

Computational models for solar radiation pressure are
usually developed prior to launch. These models can be
used to compute the acceleration as a function of spacecraft
orientation and solar distance:

2f oA
asr(r) = cm®r2 n®5 (18)

where fo = 1367 W/(m? AU?) is the solar constant at
1 AU, ng, is the unit vector in the direction of the Sun and r
is the distance between the spacecraft and the Sun. Using
the physical parameters of the ISS and its orbit, an upper
limit of Eq. (18) can be obtained:

lag| <7.3x 1078 m/s?, (19)

which is nearly 10® times smaller than the Newtonian
acceleration and over ~10? to 103 times smaller than the
deceleration due to atmospheric drag. However, solar

2Our estimates are consistent with the values derived in [38] that
relied on the data representing earlier configuration of the ISS.
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radiation pressure will in general perturb the eccentricity,
which may have to be counteracted by actively controlling
the orbit. This acceleration, if not accounted for, will result
in an error in the estimated radial position of the ISS. Over a
time interval At this error is 6r = %5aAt2, where da is the
unmodeled acceleration. If the effect of solar radiation
pressure was completely unmodeled, over a period of
At = 10° s, the position error due to solar pressure would
be ~0.04 m, which is negligible over the time scale of one
orbital revolution.

3. Equation of motion appropriate for the ISS

The orbit of the ISS (hence, ACES) is presumed known
to an accuracy of ~10 m [10,38]. Atmospheric drag
corrupts the orbital estimates for the ISS, making it
impractical to keep terms below ~1x 1077 m/s%
Consequently, we may neglect all the relativistic terms
[O(c™2) and smaller], i.e., terms three through five in (15),
truncating the equation of motion to its Newtonian form:

oo s(ny

X Pz (cos 0)(Cpy cos ke + Sz sin k(ﬁ)}

GM
- Z 3 . (3(nyg - T)myp — 1)
b#E "bE

i;:

CdA

- %patmﬁ"znv + O(l X 10_7 m/sz)a

(20)
where the bound is provided by the solar radiation
pressure (19).

C. Light travel time

Knowing the time that it takes for a signal to travel
between the Earth and a spacecraft is required both for
radio-metric navigation and for clock synchronization.
Given a time of transmission #; and a time of reception
15, the positions of the transmitter (x 5 ) and receiver (xg) are
related by the light-time equation

b=t = RO %), (21)

where R(x,,Xp) is the total geodesic one-way distance
traveled by light between the transmitter and receiver. To
first order in G, in Ref. [25] it was derived as

GME

R(xa(t1).xg(t2)) = [Xp(t2) —

a1+ 72+ 7raig2
Xln|——=———>=
T'al T 7TB2—TAIB2

Xa(t)|+(1+7)

] +0(c73,7,),

(22)
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with ro; = [xa(#)| and rg, = |xg(#,)| being the distances
of the transmitter and receiver from the origin of GCRS
and rp1po = |Xg(t:) — X (#;)| is their spatial separation.
The logarithmic contribution in (22) is the Shapiro gravi-
tational time delay [28] that, in the case of ACES, is all due
to the Earth (contributions from the Moon and the Sun are
negligible). Between the ISS and the ground, the Shapiro
time delay is 0.5-3.1 mm (i.e., 1.8-10.4 ps). The next-order
term in this expression would be the one due to Earth’s
quadrupole [25] whose presence extends the standard
formulation given in [28,40]. The largest contribution
from the quadruple will be for a ground-based receiver.
It amounts to ~3um (or 0.01 ps) and is negligible for
ACES, providing the corresponding bound in (22).

These computations are applicable when signals travel in
a vacuum. This is not the case for signals between ground
stations and spacecraft in low-Earth orbit. These signals
experience propagation details due to the charged particle
environment in the exosphere and, most notably, due to the
properties and composition of the troposphere. There is
extensive literature available on this topic (see, e.g.,
[5,14,41-46]), a comprehensive discussion of which is
beyond the scope of our present paper.

D. Coordinate systems on the ISS

Observables on board the ISS are naturally described in a
coordinate system (the SCRS) associated with the space
station’s center of mass. However, this choice must be
scrutinized for a precision experiment that is intended to
detect minute gravitational effects, if the experiment is not
located at the station’s center of mass, as it is subject to tidal
accelerations as well as nongravitational forces, such as
structure vibrations. The ACES experiment is some dis-
tance away. For this reason, we also introduce the ACRS
and use the coordinate transformations between the SCRS
and the ACRS to estimate the relativistic corrections due to
the location of ACES. We begin, though, by establishing
the relationship between terrestrial and station reference
frames.

1. Coordinate transformations between GCRS and SCRS

To determine the metric tensor for the SCRS, we perform
the coordinate transformation between the GCRS coordi-
nates, {x} = (x* = ct,x), and coordinates of the non-
rotating ISS-centric reference system {yjis} = (ctss.y)
associated with the center of mass of the ISS. With the
help of (6) and (7), these transformations are taking the

form
fiss | 1
ISS /
/ [2 Viss T Wext:| dtISS}
I1ssg

(23)

1= tss + C_z{(VIss y) +

+ O(c™)ngs.
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1
X =Xgg +y+ 0_2{5 Viss(Viss - ¥) — WexcY
1
a3y ) | £O, (24

where X1g5 = Xg5(7) is the geocentric position vector of the
ISS and vigg = Xgg its geocentric velocity. The geocentric
acceleration of the ISS, ajgq = Xigg, is given by Eq. (20),
which is accurate to ~1 x 1077 m/s*> and accounts for
Newtonian gravity of the Earth together with the contri-
bution from the atmospheric drag.

The external potential w'Sy defined in the vicinity of the

ISS is given as

)+ > (Up(rse+y) = Up(rsp) =y - VU, (1y5))
b#E

ISS__
Wext UE

+(angy) +0(c™?). (25)

with the last term being the contribution of the nongravita-
tional forces acting on the space station. Evaluated at the
origin of the SCRS (y = 0) this potential is

- lSS
Wext UE + Z 2 3
b#E bE

3(nyg - Xiss)* — Xigg) + O(c™?),

(26)

where Ug is the contribution of extended Earth evaluated at
the center of mass of the ISS, as given by Eq. (3) at r =
|Xiss| = Rg + hiss (see Table IT). We can now substitute (3)
in (23) and evaluate all the terms. To facilitate our analysis,
we present the resulting equation in differential form:

dtigs

(1
7 1-c 2{2VISS+UE+;];2 3

(3(myg- XISS>2 —Xlzss)

+<alss-y>}+o<c-4>. @7)

The first term in curly braces in Eq. (27) is due
to the orbital velocity of the ISS. The actual velocity of
the ISS at the end of a time interval ¢ may be written as
the sum of the initial velocity vigg(#) and perturbations
from gravitational [8Vyy,, () = [/ a4,,(¢)dr'] and non-
gravitational [8vng(7) = [T ayg(f')dr’] accelerations:
Viss(t + 6t) = Vigs(t) + Vg (t) + dVng(2). Writing
Viss, (£ + 6t) = Vigg () + 0Vgry(t) and replacing ang(?)
with a constant value ayg representing the maximum
nongravitational acceleration allows us to estimate |vigq—
viss,| S 2(Viss, - ang )0t +agor>. The two largest terms
in ayg are given by Egs. (17) and (18). Given
vigs, ~ 7.67 km/s, over a time interval 5t = 103 s, the
contributions of these terms are given by, respectively,
2¢72(Vigs, 8,0) 0154110715 and 2¢7%(vigs, -2y ) 51.51.3x
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10717, whereas the contribution of the term o a% for that
time interval is ~O(1072°). Therefore, we estimate that
atmospheric drag contributes ¢ (Visg, - 8,0) < 2.04 X
10715 to clock desynchronization, whereas the contribu-
tions of other nongravitational accelerations are negligible.

The monopole term in the Newtonian potential of
the Earth at the ISS location Ug is responsible for a
contribution of c2GMg/ rigs = 6.55 x 1071°, We estimate
that the quadrupole term produces a contribution of

c2GMgJ,R:/ (2risg) = 3.14 x 10713, Contributions of
J4 and Jg are given by —c23GMgJ4RE/(8r3gs) ~ 3.12 %
1071% and Jg is ¢"25GMgJgRS/(167]ss) ~7.68 x 10717,
which are significant. Although individual contributions of
other zonal harmonics (i.e, J;, k> 7) are small, their
cumulative effect may be noticeable at the level up
to €550 & 3 x 10716,

The constant rate eg5o would likely be absorbed in other
terms during clock synchronization. What is important
is the variability in the entire error term egg(2) =
€rsso 1 Serss (1), where the amplitude of the variable term
dergs (1) is due to seasonal changes in the Earth hydro-
sphere, crust, etc., and is expected to be of the order of
Seigs (1) ~ 3 x 1077, resulting in the ultimate uncertainty in
ACES clock instabilities 6(dz,/dt),, at that level. Thus,
the mission may consider including the higher spherical
harmonics in the model for Earth gravity potential.
Conversely, the ACES data could be used for accurate
determination and study of the lowest spherical harmonics
(i.e, Ji, k € [2,10]), which could be a valuable scientific
result for geodesy [47].

The next 1/c? term in (27) is the sum of the Newtonian
tides due to other bodies (mainly the Sun and the Moon) at
the origin of the SCRS. These terms are small for the ISS
being of the order of 4.40 x 10~!7 for the Moon and 2.02 x
10~!7 for the Sun, and, thus, they may be omitted for
ACES.

The last 1/c? term in (27) is the acceleration-induced
redshift for clocks on the ISS. Although this term vanishes
at the origin of the SCRS, ACES will not be located at the
center of mass of the ISS, but at some distance of y,o, =
30 m away from it. Such an offset leads to acceleration-
induced redshift between a fictitious clock at the origin
of the SCRS and the atomic clocks of the ACES package.
The dominant term in agg, given by aygg,, yields a surpris-
ingly large contribution: ¢ ?(ayss, Yao)=2.91x10"".
Contributions from nongravitational accelerations are
O(1072%) and thus can be safely neglected.

As a result, the temporal part of coordinate transforma-
tion (23) [also given by (27)] takes the following form:

dt 1 7
% =1- C_2{2VIZSS0 + (VISSO ’ Vad) + Ug + (aISSo ’ Y)}

+ 044 x 10717), (28)
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where the accuracy bound is set by the omitted contribution
from the lunar and solar tides [third 1/c? term in (27)].

We also evaluate the 1/c? terms present in the spatial
transformations (24). Taking, for example, the term with
the Newtonian potential we determine that its contribution
is of the order of « C_zl_]EyA() < C_Z(GME/TISS>}/A0 =
6.55 x 1071%,,. Even for the largest separation on the
ISS, yigs = 120 m, this termis only ~7.86 x 1078 m. As the
uncertainty in the geocentric position of the ACES package
is expected to be ~1 m, this value is exceedingly small. The
other 1/¢? terms in (24) are also negligible. Thus, the entire
package of 1/c? terms in (24) may be omitted.

As a result, the spatial part of the coordinate trans-
formations between GCRS and SCRS (24) takes a simple
form:

X = xigs +y + O(6.55 x 10710y, (29)

Compared to (23) and (24), the coordinate transforma-
tions (28) and (29) have a much simplified form but are
accurate enough to describe the ACES observables and will
be used for this purpose in the remainder of the paper.

2. Metric tensor of the SCRS on the ISS

Using the formalism of Eq. (1), the metric tensor of the
SCRS can be expressed in the harmonic coordinates of this
SCRS, {yjts} = (ctiss, y), using scalar and vector poten-
tials that incorporate both gravitational and nongravita-
tional contributions [19,23]:

wiss = Uss + ujse' + (ang - y) + O(c™?).  (30)

GM 1 . )
Wiss = — erQS: [nss X Sg] — 10 (3y(y-ang) — aNGyz)
+ O(c7?). (31)

Of the terms present in Eq. (30), contributions to clock
desynchronization by the gravitational potential due to the
self-gravity of the ISS at a distance y=|y|=30m away
from that point are given by 8(dracps/dt)ss=c>Uss=
c2Gmyss/|yiss|=1.0x10723,  which is negligible.
Similarly, contributions from the tidal term,
S(dtacgs/d)iay = ¢ uiss' = c*{GMg[3(niss - y)* —y°]/
2riss +O(*, ™)} =1.3x1072°, can also be dropped.
Finally, estimating the contributions from nongravitational
forces by using the largest nongravitational force, atmos-
pheric drag, we find that the magnitude of these contribu-
tions, &(dzacgs/d)ng=C"*(anG"y)~@aaya0=8.2x107*",
means that the third term can also be omitted.

As the center of figure of the ISS does not coincide with
its center of mass, the nongravitational forces may result in
torques applied to the entire space station, changing the
attitude orientation of the ISS. The ISS is maintained in a
“torque equilibrium attitude” [48], which means that the
cumulative effect of torque over a full orbit is near zero, but
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during an orbit, significant accelerations may be present. To
estimate the order of magnitude of such torques, we model
the space station as a spherical, homogeneous m = 4.2 x
10° kg mass of R = 30 m radius, with moment of inertia
I = 2mR?/5, and assume that atmospheric drag, the largest
nongravitational force acting on the station, is displaced by
up to 1 m relative to the center of mass at some point during
the orbit. The torque, then, is given by 7 =r x (may) <
10 N - m, and the rotational acceleration is a=7/I~107"s72,
At y =30 m, this translates into an acceleration of
g ~2.0x107° m/s?,  contributing  5(dracgs/dt)yy <
¢ 2ayqy ~ 107!, which is negligible.

The space station also rotates. Normally it completes one
revolution per orbit, but higher rotation rates are also
possible. However, even at the unrealistically high rotation
rate of @ = 1°/s, ey = wigy a9 = 0.009 m/s?, which would
contribute to the frequency comparison of the ACES
clocks at the level of S(dracgs/dt)=(ayq-Yao)/c* =

3.05x 1078, still small compared to our accuracy goal for
ACES.

In Eq. (31), the first term  contributes
c*GMg([niss x Sg] - viss)/ (2rkg) < 4 x 10721, which is
negligible. The second term, a gravitomagnetic term that
results in the dragging of inertial frames and a clock
redshift, is due to temporal variability of the nongravita-
tional accelerations. Taking ang = a,q@iss, Where wigg 1S
the orbital frequency of the ISS, this contribution amounts
to ™ (da wissyioviss)/S < 1.9 x 10732, which is exceed-
ingly small.

As a result, the SCRS at the position of the ACES
package on the ISS may be treated as inertial, with the
metric tensor given by the Minkowski space-time with
insignificant deviations due to noninertial contributions:

g8S =1+ 0(3.1x1078) =1,
9SS = 0(6.3 x 10716) = 0,
B =1+ OBIX 10 =py (32)

This Minkowski metric covers the entire space station and
may be used to analyze and process the data for the ACES
experiment. In (32), the error terms for temporal, gi>, and

spatial, gi°, components are provided by a sudden non-

gravitational torques changing the attitude of the ISS by
1°/s, while the error bound for the mixed terms, gy, is due
to omitted contribution from the Earth’s spin moment. As a
result, to a good approximation, the metric tensor of the
SCRS can be taken in the form of the Minkowski metric
(32), which is sufficient to describe the relativistic observ-
ables of the ACES experiment. The SCRS may be treated as
a locally inertial frame that covers the entire ISS. Together
with the coordinate transformations (28) and (29) the metric
tensor (32) completes formulation of the SCRS.
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E. ACRS

To describe the observables of the ACES experiment, we
need to introduce the ACRS coordinate reference system
located at the center of mass of the ACES package. The
coordinate transformation between the SCRS and the
ACRS will be given in a form similar to (23) and (24):

a1 _
hiss = 1A + C_z{(Vo “¥Ya) + / (5"(2) + W?xt) dtf«x}
I,

0

+ O(c™)14, (33)

1 _
Yiss = Yao +¥Ya + C_z{EVO(VO “YA) — WhYa

1
+ 5 agys — Ya(¥a - ao)} +O(c™?), (34)

where Y0 = Yao(fiss) is the positional vector of the ACES
package with respect to the SCRS, with |y,o| = 30 m.
Also, vy =y and ay = ¥,( are the velocity and accel-
eration of the ACRS as seen from the SCRS, correspond-
ingly. The external potential w2, is the potential due to the
gravity of the ISS evaluated at the ACES location. Its
magnitude is wa,/c? = Uss/c? < 1.0 x 10723, making
this term negligible.

The velocity vy = yag is mostly due to extended struc-
ture vibrations of the ISS. If we assume that the ISS vibrates
at the ACES location at w.;, = 10 Hz with the amplitude
dyip, = 0.1 m, this motion leads to a vibrational velocity of
Vyip = Oyip®yin, = 1 m/s, which will be responsible for a
contribution of 5(dfiss/dts)q, = 3¢ 0%, = 5.56 x 10718
to ACES clock desynchronization. (As environmental
factors on the ISS may increase the magnitude of this
effect, it is important to analyze it in more detail, which we
plan to do in a separate publication.)

Based on this analysis, we conclude that the coordinate
transformations between the SCRS and the ACRS (33)
and (34) may be given as

tISS = I + C_Z(Vvib . yA) + 0(56 X 10_18)[A, (35)

Yiss = Yao +Ya + O(5.6 x 1078y, (36)

where the bound is set by the vibrations of the ISS at the
location of the ACES package. As a result, the metric tensor
representing the ACRS has the nearly Minkowski form:

g =1+0(1x1079), g =01 x 10°2),
gaAﬂ =y + O(1 x 10716). (37)
Furthermore, Eq. (35) implies that the proper time of an

atomic clock at the origin of the ACRS is nearly equivalent
to the time of the SCRS, namely:
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d‘L'A
dtigs

=1+ 0(5.6 % 10719). (38)

Using the coordinate transformations (28) and (29)
between the SCRS and the GCRS, we can relate ACES
proper time to GCRS geocentric time, TCG. Dropping
quadrupole terms from the expression as well as the
acceleration-dependent term ¢ aygs -yao=0(4.2x107'%),
we obtain

—

dt 1 (1
d_?: —g{iVﬁ + (VA " Vaa)

GM Rg]232% — 12
(A==
ra rA 2ry

+ O3 x 10716). (39)

Clearly, (39) may be obtained directly by defining the
ACRS via a coordinate transformation between the GCRS
and ACRS. However, by introducing the hierarchy of
reference systems GCRS — SCRS — ACRS, we were able
to discuss the appropriate gravitational and nongravita-
tional forces and related torques at each step of these
transformations.

Note that the accuracy of (39) may be improved to
O(4.4 x 107'7) by including several terms with the gravi-
tational harmonics beyond J,. Such an improvement may
be needed to be consistent with the ultimate ACES clock
accuracy, which is expected to be at the level of 1 x 1071
at 1 d.

Concluding, we emphasize that, contrary to our original
expectations, the ACES coordinate reference system may
be treated as a quasi-inertial one. One can use the
coordinate transformations and the metric tensor discussed
in this section to describe the relativistic observables of the
ACES experiment. However, the proposed Space Optical
Clock mission [22] will require the introduction of a more
accurate set of coordinate reference systems.

ITII. MODELING THE RELATIVISTIC
OBSERVABLES FOR ACES

Now that we have successfully formulated all the
coordinate systems and coordinate transformation rules
required to describe the ACES experiment and associated
ground stations, we can proceed with modeling the timing
and frequency observables of ACES.

A. Timing observables

First, we consider the generic two-way scenario shown in
Fig. 2, representative of the European Laser Timing (ELT)
experiment [8], operating in conjunction with ACES.
Depicted are the worldlines of two terminals: A (e.g., a
ground station) and B (the ACES experiment). Proper times
of transmission and reception, time stamped by local clocks,
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FIG. 2. Timing events for paired one-way scenarios: Depicted
(not to scale) are the trajectories of the terminals A and B, with
corresponding proper times 7, and zg and with four events in the
GCRS, corresponding to a one-way signal transmission at xg(7;)
and its reception by the A terminal at x,(7,), and, similarly,
another one-way signal transmission at X, (#3) by terminal A and
reception of this signal at xg(#4).

are recorded at both locations. Thus, a signal emitted at
Ta(t1) = 7a; (Where the tilde is used to indicate that 7 is a
discrete data point in a measurement sequence, as distin-
guished from the continuous variable 7 representing proper
time) will be recorded at 74, = 75; + 67, where 67%
captures the finite precision of the time stamp and
other instrumental uncertainties. We similarly introduce
the time of the first signal’s reception along worldline B,
T, = (1) + 67 = Tpo + 675, and the corresponding
quantities for the return signal: 75, = 7g(3) + 67f = Tp3 +
67 and 7%, = TA(t4) + 67, = Taq + 67). We assume that
01%,, 67, 07}, and 07} are constant and known ahead of time
(through instrumental calibration) though, in general, the
emission and reception delays are different: 675 # 67 and
07y # ot. For convenience, we introduce the following
combinations corresponding to pseudoranges:

jod — Zr ~e jd I ~c
ATpig2 = Tpy — Tag> ATg3a4 = Thg — Th3» (40)

ot _~r ~c jpd __ e oI
ATp1ad = Tag — Tars AZgyps = T3 — Tpp-  (41)

These values are all functions of the coordinate time
quadruplet of coordinate times {7,1,,13,1%,}. Using
Eq. (21), we can use these coordinate times to form the
light travel times

_ 1
Aty =ty — t; = ¢ 'Rap(Xp1.Xa2)s

Aty =ty — 13 = ¢ "Rap(Xp3. Xa4). (42)
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where

Ras(Xa1:Xp2) = [Xg2 — Xa1] + (1 +7)
GMg In [rAl + rgy + [XB2 — XA1|:|
c? a1+ B2 = [XB2 = Xa
+ O(c73,7,,G?), (43)

X

Rap(Xp3: Xa4) = [Xas — Xp3| + (1 +7)
GMg [”A4+'”B3+ XA4_XB3|:|
X In

6‘2

as + g3 = [Xa4 — Xp3|
+ O3, 15, G?). (44)

where we used the shorthand x,; = XA (#1), Xp2 = X (1),
Xp3 = Xg(73), and X4 = X5 (#4) to indicate the various
positions along the two worldlines. Additionally, we can
form the time intervals Aty = 1, — t; and Aty3 = 13 — 1,
which correspond to the intervals of proper time measured
by the clocks on A and B.

1. Clock synchronization

The quantities (40) and (41) together with (42) and (43)
and (44) allow us to express At = t3 — t;, which is required
for synchronization of two clocks [16,24,49]:

At - t3 - tl - (At14 + At23 + Atlz - At34). (45)

N =

At is known because it is expressed in terms of At¢, and
At,3, which are measured at the two terminals, and Az,
and Ats,, which are computed from Egs. (42)—(44).

The sum of the two Egs. (42) may also be written as

1
I3—1 = 5(04 — 1)+ (55 — 1) + ¢ "Rap(Xp1. Xp2)

— ¢ "R (Xa3. Xp4))- (46)

The difference between the two range measurements
Rag(Xg1,Xa2) and Rap(Xa3,Xps) produces a correction
to the the sum of the two clock time intervals measured at
the two terminals. This correction depends on the range rate
between the two terminals [50]. Equation (46) can also be
written as

1 1
(1 +1)—=(tr+ 1) = 2_C(RAB(XA3v Xp4)

1
2 2
— Ra(XB1, Xa2)), (47)
which represents the essence of Einstein’s procedure for
clock synchronization.

Clearly, for ideal clocks and perfect measurements, (47)
is an exact identity. However, for realistic measurements,
when various sources of noise are present in the system,
(47) could lead to an observational model that may be used
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to evaluate the stability of clock synchronization
[41,51,52]. The baseline approach in ACES is to use the
MWL hardware to enable time and frequency transfer [14].
Alternatively, the ELT may also be used for this purpose,
relying only on the timing information in Eqs. (40) and
(41). Below, we develop the appropriate relativistic models.

To express the observed clock offset, we use the
quadruplet {75,,7%,, 785, T4} of the time tags reported
by terminals A and B:

1, . - ~ ~
ST = 5((721 + Tha) — (Tho + 783))- (48)
This term can also be computed as follows:

1 jay A
STap " :E((Tm —7a1) + (Ta1 = 1)) + (Fas —7a4)

+ (TA4 - t4) +5TZ +5Tg)

1 A A
_5((TB2 —7py) + (tg2 —12) + (Zp3 — 7p3)

+(TB3—Z3) +5’l'eB ‘|‘5T{3)

1 1
+5((f4—f3) —(t—11)) +2—c(5§ﬂn—5?tzm)v (49)

where the terms in the equation above represent five groups
of terms that have the following meaning:

(1) The quantities (%Al _TAI)’ (%A4_TA4) and (%Bz _TBZ)’
(%3 — 7p3) represent the differences between re-
corded time tags and proper times. These clock errors
may be modeled as quadratic functions of the
measured proper time. For example, the time tag
error (74, — 751) is given as

(Ta1—7a1) = an +Pa(Tar —Ta0)

r . .
+§yA(TAl —2p0)2 +O(AT])).  (50)

where 7, is aspecified epochand AZy; = To; — Ta-
The constants a,, /4 and y, are to be estimated
during the data analysis. The other time tag errors are
modeled in a similar manner.

(ii) The quantities (zo; — #;), (7as — 14) and (zg, — 1),
(g3 — t3) are the general relativistic differences
between proper time and coordinate time. These
relationships are established by integrating Eqs. (12)
and (39).

(iti) The error terms 07§, o7%, and or§;, ot are instru-
mental delays due to fixed propagation paths be-
tween the optical systems, detector electronics and
the time tag unit. These delays are usually measured
and calibrated before the flight.

(iv) The terms (2, — t3) and (¢, — t,) represent the coor-
dinate light transfer time elapsed between the signal
emission at one terminal and its reception at the
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opposing terminal, related to pseudoranges as given
by (42).

(v) The term (657" — &55") is the difference the atmos-
pheric signal propagation delay during uplink and
downlink.

In the case of the ELT experiment, the signal received on
the ISS is time stamped at the reception and is simulta-
neously returned by a retroreflector. Thus, 7y, = 7§,
A7gyp; = 0 and (48) becomes

(Ta1 + Tha) = Tho- (51)

N[ =

obs __
N

Furthermore, 7j;, = 7§, and, therefore, (49) becomes

Ccomj 1 A A
NS P = 5((TA1 —Ta1) + (ta1 — 11) + (Faq — Tag)
+ (a4 — t4) 4 675 + 67%) — (g2 — 72)

1
+ (g2 — 1) + 67) + 3 (RaB(XB3, Xa4)

— Ra(Xar:Xp2)) + % (655" — 613"). (52)

This model could be used to evaluate clock desynchroni-
zation in the ACES experiment. It may also be used to
develop an appropriate simulation code that is needed to
understand the features of ACES. Note that when two
ground-based clocks are used for common view compari-
son (see Table I) in a terrestrial reference frame, the Sagnac
effect must also be accounted for, as discussed in [53].

The first 1/c¢ term in (52) represents the difference
between optical paths [given by (43) and (44)] of the two
signals traveling between receiver and transmitter in a two-
way communication link. This term depends on the geo-
centric positions of both the ACES and a ground station.
This information, in particular, is helpful to investigate the
accuracy needed for trajectory reconstruction of the ISS in
order to satisfy the ACES’ science requirements. Similar
questions were addressed previously under different sets of
assumptions [10,13,20,38].

Using (52), we evaluate the geometric uncertainty due to
imprecision in the ISS navigation:

com; 1
0T p|geom e (Ras(XB3, Xa4) — Rap(Xa1: Xg2))

(|xa4 = XB3| = [Xp2 = Xa1]), (53)

1
-~ 2¢
where we neglected the contribution from the Shapiro
delay, which, even in the absolute sense, contributes

<10 ps. For the ELT experiment, where t3 =t,, (53)
becomes

1
5TCAO];np|geom = Z—C(HAB Vap)(ts — 1) + O(c™?).  (54)
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Consider the case in which the velocity of the ground-based
station is well known and the largest systematic error comes
from the uncertainty in the velocity of the ISS. We take the
instant with the longest round-trip time At;, = t, — t; of
A =271 /(rg+hygs)* —ri~2c7 1/ 2rghigs =15.2ms.
The angle between two unit vectors N g and ¥y at that
instant is also small, cos(figg, Vg) ~ 1 — higs/rg. Then,
assuming that the timing accuracy for the ISS pass is better
than 6735 | eom < 0.3 ps, from (54) we have the accuracy
at which the ISS velocity needs to be known:

c2
V2rghiss

which is equivalent to the requirement that the geocentric
position of the ACES package on the ISS be known to
AhISS S 2(rE + hISS)AvB/UISS = 208 m, assuming that
this positional error is responsible for the entire timing
error of 0.3 ps. On the other hand, as we see from (52),
there will be many contributions to the timing error, with
the ISS positional error being just one of them. Thus, based
on the anticipated precision of the time transfer experi-
ments, we require that the ISS positional error contributes
less than 10% of the timing error of 0.3 ps, which translates
into a requirement that the geocentric position of ACES be
known to 6y, < v/0.1-20.8 m = 6.3 m. This is consistent
with earlier estimates [10] and can be achieved with
existing navigation capabilities [38].

Avg < 0.3 ps = 0.012 m/s, (55)

2. Two-way pseudorange

The time observables (40) and (41) may also be used to
develop a two-way pseudorange estimate. Similarly to (48),
we use the time tag quadruplet {7, 75, 753, T4 } to derive
an expression for the observed two-way pseudorange,
which is half the sum of the one-way pseudoranges:

obs __

s = 7 C(ATp1py + ATpiag) = EC(A%A1A4 — AZp)p3)

c((Thg —7a1) — (T3 — T82))s (56)

R = | —

where all the times are the actual time measurements
reported by the two terminals. In the case of the ELT
experiment [8], 75, = 755, and Eq. (56) becomes

1 ~e ~r
570 = B c(Ths — Ta1)- (57)

The computed pseudorange is given by

—

5pcomp _

AB = 5 C(ATp gy + Alpsas)

2
1 jaS g 2 A 2
EC((TB2 =15 + (Thy — T83)) (58)

PHYSICAL REVIEW D 93, 045027 (2016)

where now times are modeled times for those reported by
the clocks on stations A and B. To facilitate computation,
this expression is written as a sum of the following terms:

1 A A
5Pap :EC((TM —Tpg) +(Tas —1a) = (Ta1 —Ta1)

|
— (a1 —l1)+572—572)—EC((TBs—Tm)
+ (83— 13) — (782 — 7B2) — (g2 — t2) + O7 — 67)
1 1
+§C((f4—f3)+(f2—f1))+§(5?t2m+5§2“ ;
(59)

where all the quantities present in this equation are defined
after (49).

For the ELT experiment, 7y, = 7§3, and, therefore, (59)
becomes

comp

TN c((Tag — Tag) + (Tag — tg) = (Ta1 — 7a1)

N =

— (TAI _tl) +5TrA —6TeA)

1
+ 5 (Rag(Xa1.Xp2) + Rap(Xp2. Xa4))

1
3 B+ ). (60)

The two-way range model (60) may be used to improve
navigation of the ACES package on the ISS. If enough
satellite laser ranging (SLR) stations participate in the laser
ranging campaign, ACES may be able to completely
address its precision navigation needs. Although geodetic
satellites yield trajectory reconstruction accuracy at the level
of ~1 cm, the ISS will not allow for such a precision. As we
discussed earlier, the station is subject to significant non-
gravitational forces whose presence degrades the trajectory
reconstruction. Nevertheless, because of its potential nav-
igational value, the use of SLR for ACES needs further
investigation, especially within the ELT experiment [13].

B. Frequency observables: The gravitational redshift

The MWL component of ACES utilizes three different
microwave frequencies (one uplink, two downlink) to
provide for reliable (not weather-dependent) transfer of
timing and frequency information. In particular, for fre-
quency observables, the combined use of uplink and down-
link observables allows for the formulation of a science
observable, from which the effects of the Doppler frequency
shift and atmospheric noise are canceled to the first order.

To formulate the gravitational redshift observable, we
assume the presence of a one-way and a two-way frequency
observable. Two-way, in this context, means a coherent
retransmission of a signal received from the ground. We
assume that the signal retransmission is instantaneous.
Such an observable can always be synthesized using the

045027-13



TURYSHEV, YU, and TOTH

three radio frequency observables that are produced by the
MWL experiment.

We use 7, to represent the proper time transmission of a
signal from worldline A at proper time 7, (¢, ), which is then
received at worldline B at proper time 7g,. An infinitesimal
interval d7,; at the transmitter corresponds to an infini-
tesimal interval d7p, at the receiver. The number of cycles
transmitted during this interval, dn, is equal to the number
of cycles received at the receiver. On the other hand, the
number of cycles is the product of the signal frequency and
the time interval; therefore fX (751)d%a1 = f} (Tp2)d?p,, OF

d%Bz ’

T8 (m2) = fR(TA1) (61)
Similarly, this signal is immediately retransmitted to the
ground at the same frequency and then received at 7,5 in a
two-way retransmission scheme, and the received fre-
quency is given by

dTBZ d%Al d%BZ

A (Eas) =

= fR(a1) (62)

I8 (TBz)

dig, diys

Similarly, a one-way signal transmitted from B at 7p, at
frequency f (g, ) is received at station A at the frequency

dig,

— 63
dTaz (63)

TR (Ea3) = f3 (282)
The one-way frequency shift between the transmission and
the reception frequency includes contributions from the
relativistic Doppler effect, from atmospheric noise, and
from the gravitational redshift. In contrast, the frequency
shift in the two-way transmission includes twice the
contributions from the relativistic Doppler effect and from
atmospheric noise, but gravitational redshift contributions
are canceled out to first order [16,54]. This allows for the
formulation of a first-order “Doppler-canceled” observable
in the form

/& (%a3) — JACB(%Bz) _ IJ?ZAW(%/F) _]ACA(%AI)'
fB(Tsz) 2 Fa(tar)

For ACES, the removal of the first-order Doppler effect will
be enabled by the MWL [14], which will also allow for the
removal of the troposphere time delay, as well as the
removal of instrumental delays and common mode effects.
This observable can also be computed from the ratio of
proper times that, in turn, can be estimated from orbits:

a3 1 [d2
5comp: B2_1 - Al_l ) 65
Ty [d%M 2 | dins (65)

To develop Eq. (65) further, we use the differential
equation that relates the rate of the proper times, 7, and g,

3 = (64)
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as measured by a ground-based and on-board clock in
Earth’s orbit, correspondingly, to the time in GCRS,
denoted here as  (see Ref. [23]) as

d 1 2

1= R U] + O ang

dr 1 [v3

Tf =1- C |:28 + UE(yB)} + O(C_4). (66)

Taking into account that (dr,/dt—1)~(drg/dt—1)~107°,
and assuming that time tag errors 7, and instrumental drifts
o074, are small, we can rewrite d7,, in the following form:

N ATy —7 dots, dr
i = (1+ (Adt o th> (d_f>fldtl o,

(67)

where we use (dra/dt), to mean the value of the
expression (66) at t = ¢, and the error term e, is

__[dra d(iy — 1)  doT 4
om [ () ) oy

For €4 to be less than the frequency stabilization
accuracy anticipated from on ACES, ie., e, <1077,
the time tag errors (i.e., scale and clock acceleration
errors) 8ty = d(#s —75)/dt and instrumental drifts
8t = dotS /dr must not exceed 675, 675 < 10 ns/s.
Otherwise the approximation needs to be updated to
include (68), which we omit below. Using (50), our
approximation results in

d<%A - TA)

dr TAO) + O(ATA’ )

(69)

5tp = = fa+7ralta

As a result, to approximation appropriate for ACES, (67)
takes the following linearized form:

. . d
dipy = (1 4+ 8tp +61%) (%) dr. (70)
4l

Similarly, we have the other two expressions

: d
diny = (1 + 8ty + 67 (%) ., (71)
13
: d
digy = (1 + 54y + 611, (%) dr,. (72)
15

Therefore, the ratio of the estimates of proper times in
(65) may be expressed via the ratio of their coordinate
counterparts as
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dTB2 dTB dTA -1 dtz
| + %y + 87, — 645 — O Ta) L 73
G 0T o Oty — 0t - )<dt>2<dt . dis (73)
d%Al . . dTA dTA _ldt1
= (140615 — o7 [ 2) (£2) 2 74
By, O TA)(dt \ldr ), dn, (74)

As a result, Eq. (65) takes the form

dt 1 /dr : . dr dry\ ! dt
™ = (2 1) - (=L -1 1+ 6ty + 6t —6tp —67) [ —2) (=2)] —-1[|==
g <dl3 > 2 (d I3 > {( 9%+ 0% ~ O TA)< dt )\ dt ], dt;

oo (), (@),

where the instances of coordinate time ¢, and #; are related
by (42). Although events of the original signal emission at
t; and its ultimate reception at #; are not connected by the
same light cone, we nevertheless may compute the total
time elapsed between the two events (as was first observed
in [55]). Indeed, taking #, = 3 in (42), we have

1 =13 —c ' (Rap(Xa(11). Xp(12))
+ Rea(xp(t2), Xa(13))). (76)

Thus, the total coordinate time elapsed between the two
events is fully determined by the locations of the two
stations. In fact, using the first equation in (42) and (76) we
have the following exact expression for the ratio of
coordinate times present in (75):

atm
j—z =1- idd’; [Rea(Xp2. Xa3)] — idj—z% (77)
|
écomp:i—[R (Xa1,Xg2) — Rpa(Xg2, X )]+1d
I 2cds AB (XAl XB2 BA (XB2, XA3

The resulting expression is valid for arbitrary worldlines
of A and B. Although (79) contains all three values of time,
11, 1, t3, any two of these values are determined by the
third. We choose the time of final reception at A, #3, as the
independent variable. The values of #; and 7, may be
explicitly expressed via #3 as #,(t3) and 1,(#3) by applying
the transformations (42) and (76). Furthermore, (12)
and (66) relate the coordinate time #; to the proper time
743 and can be integrated to determine t3 = #3(753) and
vice versa.

1d
1] <1 —Ed—%[RBA(st,XM)]

dt[

dt
1] dt; "
|
dt 1d
d—t; =1- - d[ [RAB(XAD XBZ) + 7Q'BA(XBZ’ XA3)]
1 d atm atm
cdn —— (04T + 04%3), (78)

where we introduced atmospheric delay 6375 for the signal

from station A on the uplink and atmospheric delays 6353,
555 for the downlink leg of the two-way signal originating
at station A and the downlink signal originating at B,
respectively. This allows us to account for the fact that
atmospheric delay is a frequency-dependent effect increas-
ing the length of the propagation path in the atmosphere.
Note that, due to the relativistic frequency shift, atmos-
pheric delay is different for uplinks and downlinks.

The results given by Eqgs. (77) and (78) allow us to
present (75), describing the frequency difference between
the signal transmitted from B and received at A, comparing
it to the local oscillator at A, as

1
cdn; (2(53§T12+53§31%) 5%%)
dTB dTA -1
|:(1+5TB+5TB—5TA 57A)(dt> (W)h -

1 ) ) dry drpa\~ 1d
— c __ Ir _ _ _ -
2 [(1+5TA 5TA)< dt )t, ( dt )t_; 1] (1 caty

1 déglzra
C dfg

1d
Lo ).

(79)

Rag(Xa1.Xp2) +Rpa(Xp2. Xa3)]

To simplify the model (79), we evaluate the terms on the
right-hand side of this equation using the ACES configu-
ration. To do this, we estimate the following ratio:

dz dea\™' 1 (1
B <7f> (T:) -2 <§ (VEs — Vas) + Ur(xp2)
153 13

- UE(XA3)) +0O(c™)

~3.675 x 10710, (80)
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This term is significant and must be kept in the model. The
1/c* terms in (80) produce contributions of the order of
~5x 1071, which is beyond the ACES capability and
may be omitted. Next, using expansions presented in
Appendix B of [25] we evaluate the term

1 d 1d
Ed7t3 [RBA(st, XA3)] = Ed73 |XA(13) — xg(12)| + 0(0‘3)
1

=z (na3pa - Vaspa) + O(c™?)
=271 %107 + O(7 x 10719),
(81)

where Traspy=Tpy—Ta3, 7a382=|Fa3B2|> Ma3p2=Ta382/
Y'A3B2> and VaA3B2 = VB2 — Va3. Thus, this term also must

be included in the model. However, the atmospheric
contribution may be omitted from this term. Indeed,
atmospheric delay is 615" ~2 m and, even if it changes
at a rate of ~2m/s, the resulting term ¢ !'&" =
6.67 x 10™°, multiplied by (80), produces a negligible
contribution.

Similarly we evaluate the factor in the square brackets in
second term of (79). Thus, using (66) we have

dTA dTA -1 1d V12\
- (E2) (E2) Ay At
<dt),l<dt)t3 c2d1{2+ £(Xa) | At
+ O(Af3, ™), (82)

where At;3 = t3 —t;. The magnitude of the right-hand
side can be easily evaluated. For the time of transmission in
the two-way case, we get Af3 ~2d,g/c, with maximal
value of A = d0%/c =2c7"\/(rg + higs)? — 1% ~
2¢7'\/2rghiss = 15.2 ms. Therefore, the right-hand side
of (82) has the magnitude

v
dt |2 ra

%] 2w 30 (83)

Cc
|

1
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which is negligible for ACES, allowing us to drop from
(79) the combination of terms proportional to (82).

To simplify the third term in (79), we need to express
time #; via t3, which can be done by using (76):

2 2
I =13— ;’"AsBz - C_Q(rA3B2 Vaz) +O(c7). (84)

Next, using formulas from Appendix B of [25], the third
term in (79) takes the form

RAB(XAl,XBz) - RBA(XBZ’ XA3)

2 2ra3B2
= (rasp2 - Vaz) + 2 (Viz — (Tasp2 - 2a3))

+0(c™), (85)

where a, = v, is the acceleration of station A. To take the
derivative d/dt; from (85) we first need to account that 7,
and a faction of #;. Thus, using (77), with sufficient
accuracy, we have

dt, 1

d_t3 =1- - (Maspa - Vaspa) + O(c72). (86)

As a result, the third term in (79) takes the form
1 d
2cd [3

1 1
Z?((Vmsz “Va3) + (Fazp2-2a3)) (1 _E(nA3B2 'VA3B2>>

[RaB(Xa1,XB2) —Rpa(Xp2,XA3)]

1 .
+c—3”A3Bz(((3VA3 —Vpy)-ax3) — (Faspa-aa3)) +O(c7?).

(87)

As a result, Eq. (79) may be written as

1 1
o = 2 (E Vassz + Ue(Xp2) = Ug(Xa3) = (Fas: - 3A3)> <1 — (Masp2 - VA3132)>

1 . 1
+ —57a382(((3Va3 — VB2) - 8a3) — (Fasp2 - 2a3)) + p

+ = (675 — ot%) + O(1.3 x 10718).

N = o

This quantity is fully determined by the worldlines of the
two stations at various moments of signal propagation. We
introduced pi :.% (65, 4 6%5%) — 8853, which denotés
temporal change in the asymmetry of the atmospheric

delay between down- and uplinks during the combination of

. 2 . 2 e 1
Pgtﬁl + (67 + 61y — 6%p — 57A) <1 s (Masp: - VA3B2)>

(83)

|

atwo-way and a one-way communication link used to cancel
the first-order Doppler shifts. We can see that the first-order
Doppler cancellation scheme given by Eqgs. (64) and (65)
also greatly reduces contributions associated with various
noise sources, especially atmospheric noise. Originally, with

045027-16



GENERAL RELATIVISTIC OBSERVABLES FOR THE ACES ...

accuracy up to 1/c?, Eq. (88) was developed for the Gravity
Probe A experiment [54], which was later updated for ACES
to include the 1/ ¢ terms in [16]. Our results are similar, but
they were developed using a different approach, which
allows for a significant generalization.

As a last step, we express all the quantities in (88) using
the proper time of final reception, 7,3, corresponding to
|
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coordinate time #3. This can be done by using the relation
between t, and t;, which to sufficient order is

1
h=1n —TaB + O(c™?). (89)

As a result, we are able to express the model (88) for the
Doppler-canceled gravitational redshift in its most conven-
ient form:

Com; 1 l 1
5,7f P — —2 <2viB + Ug(xg) — Ug(Xa) = (rap - aA)) <1 _E(nAB 'VAB)>

1 R L u e
_grAB(z(VAB ap) + (Va - asp) + (rag - ay)) + EP?»IVH + (0t + Ot — 6T — 073) <1

+ = (575 — 67) + O(1.3 x 10718),

l\)l'—

where a,g = ag — a, and all the quantities are expressed
in terms of t3. Ultimately, ACES will be able to test the
gravitational redshift to an uncertainty level of < 2.0 x
107% in 10 d of integration time. Therefore, the contribution
of each term in (90) must be known to an appropriate
accuracy. We address these questions and the related
precision of the ISS orbit in the following subsection.

Note that one can also use timing observables to
investigate the relative frequency stability between the
clocks on the ground and those is space. In Sec. III A,
we introduced desynchronization between the two clocks
with observable 67 ,5(?), given by (51) and the model (52).
The local time stability of these measurements may allow
for a precise estimation of a time drift over a short duration
(around 1 min), according to this approximation of the
derivative:

13} °b‘ 1 1 1
? ?{51'%;; <I+ET> —5fglg<t—§T>} and
0
5fCOmp 1 comp 1 Com 1
= T Pli—_T 1
o T{é t+s — 67, 3 (91)

These quantities correspond to a relative frequency offset,
Of ap» seen by the station A during the time interval 7" with
respect to the nominal frequency f( of the oscillator at A.
Such a quantity may allow the use of laser ranging data
from the ELT experiment for an independent verification of
6f ag/fo established by the MWL.

C. Precision of ISS navigation

Now we can address the question of navigational pre-
cision for the ISS, which is needed to satisfy the ACES
requirements based on the anticipated precision of the
redshift experiment. To do that, we consider the proper-
to-coordinate time transformation for the clock on the ISS
that is given by (39). We begin with presenting this equation

_%(nAB 'VAB)>

(90)

|
in terms of the Keplerian elements of the orbit of the ISS
including the semimajor axis a, eccentric anomaly & =
M + esin & (with M being the mean anomaly), eccentric-
ity e, and orbital radius » = a(1 — ecos&).

Collecting all the terms relevant to establishing the orbit
of the ACES clocks, we have

dTB GME 3 7 RE 3 . .
B =- T |~E| " ( 1-Zsin?
dr Za, {2+2 [ Mo

3 R 3
+2<1— J2E|: E] <1——sin2io>>e0cosé’0
27%E |4, 2

R.T2
+2e3c0s2Ey + J o {—E} sin?iycos2(wqy + u)
do

VA0

C4A
—coseAOa—Jr - patmao}+(’)(4.4x 10717,
0

(92)

where i is the inclination, w is the altitude of perigee and u
is the true anomaly. Also, the subscript 0 refers to an
unperturbed quantity and the error term is set by the
lunar tides.

The first term in Eq. (92) evaluates to 9.83 x 107'% and is
responsible for the largest frequency shift for a clock on
Keplerian orbit around the Earth. The second term, which is
of the order of 1.73 x 107!3, represents perturbation due the
Earth’s oblateness. The third term is the eccentricity
correction, which was evaluated to be 7.86 x 10713,
Note that oblateness contributes an ~1 x 107'® correction
to this term. The fourth term is a quadratic eccentricity
correction with a magnitude of 4.72 x 107!, The fifth term
has an amplitude 3.86 x 10~'3. The sixth term amounts to
~3.39 x 107'® and is due to the shift of the ACES position
with respect to the center of origin of the SCRS on the ISS.
The last term has the magnitude of up to ~1.15 x 10~'# is
due to atmospheric drag. The contributions of all these
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terms are significant at the expected level of accuracy
of ACES.

Considering the first term in Eq. (92) [or, similarly, the
first two terms in (88) for the redshift experiment], we see
that during a 90-min ISS orbit, the altitude of the space
station must be known to

3GME -1 dTA dTA
oag = = 5 —2) <6.89 x 105 —2
o= o {2&%] < dr ) =20 ar ) ™

(93)

It is anticipated that during an integration time of 10° s, the
frequency stability of the ACES clock is dominated by the
stability of the MWL and should be better than §f/f =
8(drp/dt) = 2.1 x 10713 (Table I). To estimate the size of
allowable navigational error, we rely on the “rule of thumb”
stating that no individual contribution to the total error shall
exceed 10% of the total error. This implies that the position
of the ISS on its orbit around the Earth should be known

with accuracy better than da, < v/0.1-14.47 m =4.58 m
(i.e., similar to [11,21]). As the orbital plane of the ISS
precesses with each revolution, it is necessary to track the
orbital changes on a permanent basis. Therefore, a combi-
nation of several methods of orbit determination may be
needed, including the use of traditional radio-tracking in
conjunction with GPS and SLR (for instance, as part of the
ELT experiment).

The presence of the J, term in (92) may be accounted for
within a perturbation theory. Perturbations of the ISS orbits
due to Earth’s quadrupole are a significant fraction of the
change in semimajor axis associated with the correspond-
ing orbit change. One needs to estimate the effect of the
Earth’s quadrupole moment on the orbital elements of a
Keplerian orbit of the space station and also on the change
in frequency induced by an orbit change. Accounting for
the perturbation in Keplerian orbital elements of the ISS
orbit including the semimajor axis a, eccentric anomaly
E=M+esinE (with M being the mean anomaly),
eccentricity e, and orbital radius r = a(l —ecos&), we
can compute perturbations to each of the terms %, in
GMy/ ry and the quadrupole term in (39) [or, equivalently,
in Eq. (92)]. The corresponding calculations are lengthy but
straightforward and are well known. Here we present only
the final relevant result to the frequency shift of the ACES
clock induced by the orbital parameters of the ISS.
Considering only the last periodic term in (92), the
additional time elapsed for an orbiting clock may be
given as

At-’z - -

GM Rg|?
ey [—E} sinzio/ dtcos 2(wg + nt),
ao path

cag
(94)
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where the true anomaly was replaced by u = nt, with n =
(GMg/ ag)% being the approximate mean motion of the ISS.
Integrating and dropping the constant of integration
(assuming as usual that such constant time offsets are
lumped with other contributions) gives the periodic rela-
tivistic effect on the elapsed time of a clock due to Earth’s
quadrupole moment:

GM Rg 12
Aty = —7;%]2]; {—E} sin?iy sin2(wg + nt).  (95)
- 2c ago

The phase of this effect is zero when the ISS passes through
Earth’s equatorial plane going northwards. The magnitude
of this effect At; acgs = 1.70 x 10710 s, which is signifi-
cant for the ACES experiment. Contributions of higher
zonal harmonics in the Earth’s gravitational potential are
beyond the ACES sensitivity and may be neglected.

Next, we consider the frequency shift due to the ACES
position on the ISS. By parameterizing the ACES position
vector with respect to the SCRS as ypg = yaohag, We may
present the relevant term in (39) in the form

dTB 1 GME
i I T A /) |
( dt > loc C2 (aISSO yAO) CZCZ% yA()(nISSO nAO)

<291 x 107 cos by, (96)

where cosf,, = (nsg, - Nyg) With ngg being the unit
vector in the direction to the ISS from GCRS.

As the reference systems introduced on the ISS accel-
erate in the Earth’s gravity field, their clocks follow
different worldlines separated by a small, but finite dis-
tance. Such a separation leads to an acceleration-induced
redshift between the clocks at the origins of the SCRS and
the ACRS. Instrumentally, this effect represents a constant
bias in the ACES clocks compared to the time in the SCRS.
Because of the small eccentricity of the ISS orbit of ¢ =
0.006 (see Table II), any variability in (96) will be at least e
times smaller and, thus, insignificant. The ACES package
will be located on the exterior surface of the Columbus
module being at ~30 m from the ISS center of gravity. In
addition, the package will be at ~3.5 m in the nadir
direction from that point. This position results in
cos@y, = 0.12, thereby reducing the effect (96) to
3.39 x 10716, which is small, but still significant for ACES.

The near-Earth environment also contributes to the clock
rate, especially the atmospheric drag which depends on the
air density, p,m, at the ISS altitude. Thus, the density of the
upper Earth’s atmosphere must be monitored.
Equation (92) suggests that one needs to know the quantity

5patm GME CdA -1 dTB
- 2 T Patm o
Pam m dt

C

dt
= 8.80 x 10135 =2 ), 97
x (dt) ©7)
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which implies that the atmospheric conditions along the
orbital track of the ISS must be known to an accuracy better
than 18%, which may be challenging as this effect is
dissipative and changes each orbital pass. Furthermore, due
to unavoidable orbital boosts needed to raise the altitude of
the ISS, the air density will also change.

Atmospheric drag results in the lowering of the semi-
major axis of the ISS, leading to a change of the
gravitational potential and velocity of the station. This
change may indirectly affect relativistic observables.
Assuming a circular orbit for the ISS, we approximate
the changes in the semimajor axis a and orbital velocity v,
using the equations

clA
[Aaad}rev =2z - patma(z)’
m
CdA
[A’Uad}rev =7 m Pam@ V0, (98)

where a is the initial length of the semimajor axis and v is
the initial velocity. For the ISS, we determine that during
each revolution, atmospheric drag causes the station’s
altitude and velocity to change by up to —18.4 m and
0.01 m/s, respectively, during the period with mean solar
activity; and by up to —239 m and 0.13 m/s during extreme
solar activity. These numbers are of course worst-case
estimates, calculated by assuming that the entire area of the
solar panels contributes to the effect (i.e., that the solar
panels are perpendicular to the velocity vector with respect
to the atmosphere). Nevertheless, to compensate for this
drop in orbital velocity, the ISS periodically has to reboost
and regain velocity and orbital altitude.

Orbital changes due to atmospheric drag (98) will have a
direct impact on the relativistic time and frequency observ-
ables of ACES. Taking, for instance, the velocity change
per revolution Av,., [given by the second equation in (98)],
from (39) we see that, depending on the solar activity, these
changes produce the contribution to proper-to-coordinate
time of the order of (dr, /dt),q and, as a result, its effect on
frequency stability may be given as

dry 1 C4A 2
<1 — ?> y = C_2 (VISSO . Vad)rev < ﬂﬁpatmaoyo
B GME CdA

T o = (0.89-11.54) x 10715,
C m

(99)

Although there is no explicit dependence of this effect on
the ISS orbit, there is implicit dependence as the air density
at the ISS orbit is a function of its altitude and orbital
inclination. Atmospheric drag results in the loss of the
ISS orbital altitude, causing changes of the gravitational
potential at the clock’s location. Such an altitude
decrease results in the change of the clock rate per orbital
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revolution at the level of (1—dzy/dt),y=c ">V Ug[Aayq]
(1.78-23.11)x10715,

An order-of-magnitude improvement in the contribution
of position errors to the ACES’ frequency transfer stability
to 5f/f = 1 x 107'® would put even tougher requirements
on the knowledge of the ISS position and the air density at
its altitude. In fact, in accord with (93) and (97), one would
have to require that the geocentric position of the ISS and
the air density for each orbit must be known to 0.2 m and
2%, correspondingly. If the orbital parameters of the ISS
would stay constant over many days, these new require-
ments would not matter. In that case, the corresponding
effects would contribute only constant once-per-orbit
terms, which could be estimated and removed in the data
analysis. However, we know that this is not true [38] and
the trajectory of the space station changes significantly
each orbit. Therefore, finding ways to mitigate the related
uncertainty deserves further study.

rev.

IV. CONCLUSIONS AND RECOMMENDATIONS

We considered the formulation of a relativistic model for
the observables of the ACES mission. We derived an
analytic expression that characterizes the process of form-
ing the frequency comparison observables. This material
can be used to improve the accuracy of modeling of the
ACES fundamental observables.

We presented a hierarchy of relativistic coordinate
reference frames that are needed to ACES. We introduced
the geocentric (GCRS), topocentric (TCRS), spacecraft
(SCRS), and ACES-centric coordinate reference systems,
together with the structure of the corresponding metric
tensors in each of these systems and the form of the proper
relativistic gravitational potentials—all presented at the
accuracy required for ACES. We presented the rules for
transforming time and position measurements between the
reference frames involved. We demonstrated, by meticu-
lously computing all possible forces, that contrary to initial
expectations the ACES reference frame is pseudoinertial at
the level of accuracy required by the ACES experiment. We
also emphasized the need to recognize the importance of
the barycentric (BCRS) reference frame for proper model-
ing of the solar gravity potential at the ACES’ location.

We considered the model for the relativistic observables
of the ACES experiment. The currently implemented
proper-to-coordinate time transformation is a concern as
it accounts only for the monopole contribution of the
Earth’s gravity field omitting higher multipoles. As such,
the current model is accurate only up to 3.86 x 10~!3 for
ACES. Including the Earth’s oblateness J, improved the
relation between proper and coordinate times. In the
improved model, J, is responsible for a periodic effect
of the order of 170 ps (or ~10.2 cm peak to peak)
for ACES.

After accounting for the Earth’s oblateness J,, the error
term in the updated model for ACES is at the level of
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3 x 1071, the limit set by the higher other gravity har-
monics in the gravitational potential of the extended Earth.
The conventional form of the light-time solution is accurate
up to the order of ~2 x 1071 s (due to the Earth’s J,
coefficient) and, thus, it is adequate for ACES. The usual
form for relativistic terms in the spacecraft equations of
motion are also adequate for the task. They are accurate up
to the contribution coming from a relativistic term due to
Earth’s oblateness [56], which was evaluated to be of the
order of ~2.85 x 10~!'! m/s? for a LEO spacecraft, which
may be important for some high-precision orbit determi-
nation in the near future. However, the presence of the
nongravitational forces, especially atmospheric drag, limits
the equation to only ~1.0 x 10~ m/s? [from (19)] result-
ing in (20), which is adequate for the anticipated positional
accuracy needed for ACES.

In a practical sense, the small relativistic terms that we
calculated are easily absorbed into constant and periodic
ad hoc biases that are introduced during data analysis, with
no impact whatsoever on mission objectives or the quality
of the mission’s results. Yet the existence of these terms and
the fact that they are observable at the level of sensitivity of
the ACES experiment demonstrate that ACES is already a
practical instrument for relativistic geodesy. For future
spacecraft that operate at even greater accuracy, accounting
for these relativistic terms will be essential.

As we discussed, the ISS is a subject to many non-
gravitational forces and related torques; therefore, the ISS
may not be treated as a free-falling platform. Although any
direct effect of nongravitational accelerations on clock rates
is negligible, these forces still affect the ACES experimen-
tal precision. The effect is indirect and comes from the
uncertainties introduced in the estimates of the ISS trajec-
tory. In fact, the ACES experiment must rely on the
navigational precision of the ISS to reach its science
objectives.

In particular, it is necessary to consider the effect due to
attitude variations. While this effect is small, it is larger than
that of the atmospheric drag and, thus, it is of concern. If
such a contribution to the frequency comparison is of a
systematic origin, it is possible to develop a model to
calibrate ACES observables and remove such an unwanted
effect. However, attitude variations at this level may occur
during various mission events (e.g., docking and undocking
of the crew and cargo supply vehicles, configuration
changes in the ISS, crew exercise, thruster firings, etc.).
It may be necessary to monitor the dynamical environment
on the ISS to keep track of those changes in order to be able
to account for their likely effects on the ACES clock.

Comparing the newly developed models for time transfer
and gravitational redshift given by (52) and (90), we see
that frequency transfer puts more demanding requirements
on the orbit of the space clock. Similar questions were
addressed previously under different set of assumptions
[10,13,20,38]. Our intent here was to explicitly describe the
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sources of systematic error that could affect the time and
frequency transfer measurements on ACES. We developed
a set of relativistic models for the ACES observables and
were able to dissect the total error into various dynamical
contributions. In this work, we found that to satisfy the
anticipated stability of the frequency transfer, the geo-
centric position of the ACES clock and the air density at the
ISS altitude must be known to ~4.6 m and 18%, corre-
spondingly, consistent with earlier results [9]. We inves-
tigate the ways to satisfy these requirements including the
use of the advanced facility for high-precision satellite laser
ranging being currently developed at JPL and implemen-
tation of the new data analysis strategy that relies on
processing the clock and navigational data together.

To evaluate navigational needs of ACES, we used an
approach typical for deep space navigation, where the clock
(or USO) is treated as part of navigational subsystem that has
adirect impact on navigation and, thus, on science. The orbit
of a spacecraft in this case is typically determined in a joint
data analysis relying on the clock and relevant navigational
data—the process that could also be used to estimate various
science data parameters. Although, our results are similar to
those obtained earlier (i.e., [9]), our approach is somewhat
different from the sequential data analysis flow adopted for
ACES, where the GPS navigational solutions are used to
calibrate the MWL products, which then are used to process
the ACES clock data for science investigations. The for-
mulation presented here allows one to process the ACES
clock measurements together with the data from other
spacecraft instruments and subsystems. Such a concurrent
data analysis capability is new and could be used as a general
tool for future ACES-like experiments with clocks of higher
precision (for instance, [22]).

Concluding, we mention that we have begun to address the
issues above by developing a comprehensive modeling,
simulation, and data analysis software system for ACES.
To that extent, we already initiated the development of a
simulation system relying in part on existing software suite
developed for other missions (i.e., Optical Payload for
Lasercomm Science [57]). We pay special attention to the
issues related to ISS navigation and combination of various
data types needed to achieve not only high-precision navi-
gation but also highly accurate science models. The high-
accuracy models for the time transfer and the gravitational
redshiftexperimentdeveloped here will be used to process the
ACES measurements for science data analysis. The corre-
sponding software suite relying on the models obtained here
is currently being developed. Preliminary results are encour-
aging and will be published in subsequent publications.

ACKNOWLEDGMENTS

This work was performed at the Jet Propulsion
Laboratory, California Institute of Technology, under a
contract with the National Aeronautics and Space
Administration.

045027-20



GENERAL RELATIVISTIC OBSERVABLES FOR THE ACES ...

[1] L. Cacciapuoti and C. Salomon, J. Phys. Conf. Ser. 327,
012049 (2011).

[2] http://www.esa.eu/.

[3] http://www.cnes.fr/.

[4] https://pharao.cnes.fr/en/PHARAO/index.htm.

[5] P. Laurent, M. Abgrall, A. Clairon, P. Lemonde, G.
Santarelli, C. Salomon, D. Massonnet, and L. Cacciapuoti,
in Proceedings of the Frequency Control Symposium, 2008
IEEE International, 2008, Honolulu (IEEE, New York,
2008), pp. 795-800.

[6] http://www.spectratime.com/.

[7]1 D. Goujon et al., in Proceedings of the EFTF-2010 24th
European Frequency and Time Forum, Noordwijk, 2010
(IEEE, 2010), pp. 1-6.

[8] I. Prochazka, L. Cacciapuoti, U. Schreiber, and W. Schifer,
in Proceedings of the Conference “From Quantum to
Cosmos,” Universite Nice Sophia Antipolis, France, 2013
(unpublished), https://artemis.oca.eu/spip.php?article446.

[9] L. Duchayne, F. Mercier, and P. Wolf, in SF2A-2007: Proceed-
ings of the Annual Meeting of the French Society of Astronomy
and Astrophysics, edited by J. Bouvier, A. Chalabaev, and C.
Charbonnel (Société francaise d"astronomie et d'astrophysique
(SF2A), 2007), p. 93.

[10] L. Duchayne, F. Mercier, and P. Wolf, Astron. Astrophys.
504, 653 (2009).

[11] Atomic Clock Ensemble in Space (ACES), ESA-HSO-
COU-020, Rev 2.0, 2010, http://wsn.spaceflight.esa.int/
docs/Factsheets/20 ACES LR.pdf.

[12] W. Schifer, M. Kufner, A. Seidel, M. Hess, and J. Kehrer, in
Proceedings of the Workshop on “ACES and Future GNSS-
Based Earth Observation and Navigation,” 2008, Munich,
Germany (unpublished), http://www.iapg.bv.tum.de/aces.html.

[13] U. Schreiber, 1. Prochazka, P. Lauber, H. Urs, S. Wolfgang,
L. Cacciapuoti, and R. Nasca, in Proceedings of the
Frequency Control Symposium, 2009 Joint with the 22nd
European Frequency and Time Forum (IEEE, 2009),
pp- 594-599.

[14] P. Delva, F. Meynadier, P. Wolf, C. Le Poncin-Lafitte, and P.
Laurent, Time and frequency transfer with a microwave link
in the ACES/PHARAO mission, in Proceedings of the
European Frequency and Time Forum (EFTF), Gothen-
burg, Sweden, 2012 [arXiv:1206.6239].

[15] NASA SSP 30219], Space Station Reference Coordinate
Systems, International Space Station Program (NASA, 2008),
http://pims.grc.nasa.gov/plots/user/tibor/SSP30219J_ISS_
Coord_Systems.pdf.

[16] L. Blanchet, C. Salomon, P. Teyssandier, and P. Wolf,
Astron. Astrophys. 370, 320 (2001).

[17] G. Petit and P. Wolf, Metrologia 42, S138 (2005).

[18] D.D. McCarthy, technical report, U. S. Naval Observatory,
2010, IERS Conventions, http://www.iers.org/IERS/EN/
Publications/TechnicalNotes/tn36.html.

[19] S.G. Turyshev, O. L. Minazzoli, and V.T. Toth, J. Math.
Phys. (N.Y.) 53, 032501 (2012).

[20] M. Wermuth, O. Montenbruck, A. Helm, and L. Cacciapuoti,
in Proceedings of the 6th ESA Workshop on Satellite
Navigation Technologies, European Workshop on GNSS
Signals and Signal Processing, (NAVITEC), 2012 (IEEE,
2012), pp. 1-7.

[21] N. Ashby, S. Jeffers, P. Bijunath, and M. Weiss (private
communication).

PHYSICAL REVIEW D 93, 045027 (2016)

[22] S. Schiller et al., The Space Optical Clocks Project:
Development of high-performance transportable and bread-
board optical clocks and advanced subsystems, in Proceed-
ings of the European Frequency and Time Forum (EFTF),
Gothenburg, Sweden, 2012 [arXiv:1206.3765].

[23] S.G. Turyshev and V.T. Toth, Int. J. Mod. Phys. D 24,
1550039 (2015).

[24] S.G. Turyshev, V. T. Toth, and M. V. Sazhin, Phys. Rev. D
87, 024020 (2013).

[25] S.G. Turyshev, M. V. Sazhin, and V. T. Toth, Phys. Rev. D
89, 105029 (2014).

[26] N. Ashby, T.P. Heavner, S.R. Jefferts, T. E. Parker, A. G.
Radnaev,and Y. O.Dudin, Phys. Rev. Lett. 98,070802 (2007).

[27] M. Softel et al., Astron. J. 126, 2687 (2003).

[28] T.D. Moyer, Formulation for Observed and Computed
Values of Deep Space Network Data Types for Navigation,
JPL Deep-Space Communications and Navigation Series
(Wiley-Interscience, New York, 2003).

[29] S. A. Klioner, Astron. Astrophys. 478, 951 (2008).

[30] S. A. Klioner, N. Capitaine, W. Folkner, B. Guinot, T. Y.
Huang, S. Kopeikin, G. Petit, E. Pitjeva, P. K. Seidelmann,
and M. Soffel, in Relativity in Fundamental Astronomy:
Dynamics, Reference Frames, and Data Analysis, edited by
S. Klioner, P. K. Seidelmann, and M. Soffel (Cambridge
University Press, Cambridge, England, 2010).

[31] S. M. Kopeikin, M. Efroimsky, and G. Kaplan, Relativistic
Celestial Mechanics of the Solar System (Wiley-VCH,
New York, 2011).

[32] O. Montenbruck and B. Gill, Satellite Orbits, 3rd ed.
(Springer, New York, 2005).

[33] P. Gérard and L. Brian, IERS Technical Note 36 [IERS
Conventions (2010), Frankfurt am Main: Verlag des Bun-
desamts fiir Kartographie und Geodisie, 2010. 179 pp.,
ISBN 3-89888-989-6, 2010].

[34] K. Soénica, Artif. Satell. 50, 1 (2015).

[35] For details on the MSISE-90 model of the Earth’s upper
atmosphere, please consult http://www.braeunig.us/space/
atmos.htm.

[36] For data on the ISS, see http://www.nasa.gov/mission_
pages/station/main/onthestation/facts_and_figures.html.

[37] See details at http://spaceflight.nasa.gov/realdata/sightings/
SSapplications/Post/JavaSSOP/orbit/ISS/SVPOST.html.

[38] O. Montenbruck, S. Rozkov, A. Semenov, S.F. Gomez, R.
Nasca,and L. Cacciapuoti,J. Spacecr. Rockets48, 1055 (2011).

[39] S. Gomez, in Memorandum No. EG-DIV-10-040, JSC,
NASA, Houston, 2010, pp. 1-2.

[40] S. G. Turyshev, Annu. Rev. Nucl. Part. Sci. 58, 207 (2008).

[41] J. B. Abshire and C. Gardner, IEEE Trans. Geosci. Remote
Sens. GE-23, 414 (1985).

[42] C. Gardner, Appl. Opt. 15, 2539 (1976).

[43] V. Mendes, G. Prates, E. Pavlis, D. Pavlis, and R. Langley,
Geophys. Res. Lett. 29, 53 (2002).

[44] V. Mendes and E. Pavlis, Geophys. Res. Lett. 31, L.14602
(2004).

[45] P. Fridelance, E. Samain, and C. Veillet, Exp. Astron. 7, 191
(1997).

[46] P.L. Bender, in Proceedings of the Symposium on Refrac-
tion of Transatmospheric Signals in Geodesy (SPIE
Conference Series, Bellingham, WA, 1992), pp. 117-125.

[47] D. Svehla, M. Rothacher, C. Salomon, J. Wickert, A. Helm,
G. Beyerle, M. Ziebart, and J. Dow, in Proceedings of the

045027-21


http://dx.doi.org/10.1088/1742-6596/327/1/012049
http://dx.doi.org/10.1088/1742-6596/327/1/012049
http://www.esa.eu/
http://www.esa.eu/
http://www.esa.eu/
http://www.cnes.fr/
http://www.cnes.fr/
http://www.cnes.fr/
https://pharao.cnes.fr/en/PHARAO/index.htm
https://pharao.cnes.fr/en/PHARAO/index.htm
https://pharao.cnes.fr/en/PHARAO/index.htm
https://pharao.cnes.fr/en/PHARAO/index.htm
http://www.spectratime.com/
http://www.spectratime.com/
http://www.spectratime.com/
https://artemis.oca.eu/spip.php?article446
https://artemis.oca.eu/spip.php?article446
https://artemis.oca.eu/spip.php?article446
https://artemis.oca.eu/spip.php?article446
http://dx.doi.org/10.1051/0004-6361/200809613
http://dx.doi.org/10.1051/0004-6361/200809613
http://wsn.spaceflight.esa.int/docs/Factsheets/20 ACES LR.pdf
http://wsn.spaceflight.esa.int/docs/Factsheets/20 ACES LR.pdf
http://wsn.spaceflight.esa.int/docs/Factsheets/20 ACES LR.pdf
http://wsn.spaceflight.esa.int/docs/Factsheets/20 ACES LR.pdf
http://wsn.spaceflight.esa.int/docs/Factsheets/20 ACES LR.pdf
http://wsn.spaceflight.esa.int/docs/Factsheets/20 ACES LR.pdf
http://www.iapg.bv.tum.de/aces.html
http://www.iapg.bv.tum.de/aces.html
http://www.iapg.bv.tum.de/aces.html
http://www.iapg.bv.tum.de/aces.html
http://www.iapg.bv.tum.de/aces.html
http://www.iapg.bv.tum.de/aces.html
http://arXiv.org/abs/1206.6239
http://pims.grc.nasa.gov/plots/user/tibor/SSP30219J_ISS_Coord_Systems.pdf
http://pims.grc.nasa.gov/plots/user/tibor/SSP30219J_ISS_Coord_Systems.pdf
http://pims.grc.nasa.gov/plots/user/tibor/SSP30219J_ISS_Coord_Systems.pdf
http://pims.grc.nasa.gov/plots/user/tibor/SSP30219J_ISS_Coord_Systems.pdf
http://pims.grc.nasa.gov/plots/user/tibor/SSP30219J_ISS_Coord_Systems.pdf
http://pims.grc.nasa.gov/plots/user/tibor/SSP30219J_ISS_Coord_Systems.pdf
http://dx.doi.org/10.1051/0004-6361:20010233
http://dx.doi.org/10.1088/0026-1394/42/3/S14
http://www.iers.org/IERS/EN/Publications/TechnicalNotes/tn36.html
http://www.iers.org/IERS/EN/Publications/TechnicalNotes/tn36.html
http://www.iers.org/IERS/EN/Publications/TechnicalNotes/tn36.html
http://www.iers.org/IERS/EN/Publications/TechnicalNotes/tn36.html
http://www.iers.org/IERS/EN/Publications/TechnicalNotes/tn36.html
http://dx.doi.org/10.1063/1.3692166
http://dx.doi.org/10.1063/1.3692166
http://arXiv.org/abs/1206.3765
http://dx.doi.org/10.1142/S021827181550039X
http://dx.doi.org/10.1142/S021827181550039X
http://dx.doi.org/10.1103/PhysRevD.87.024020
http://dx.doi.org/10.1103/PhysRevD.87.024020
http://dx.doi.org/10.1103/PhysRevD.89.105029
http://dx.doi.org/10.1103/PhysRevD.89.105029
http://dx.doi.org/10.1103/PhysRevLett.98.070802
http://dx.doi.org/10.1086/378162
http://dx.doi.org/10.1051/0004-6361:20077786
http://dx.doi.org/10.1515/arsa-2015-0001
http://www.braeunig.us/space/atmos.htm
http://www.braeunig.us/space/atmos.htm
http://www.braeunig.us/space/atmos.htm
http://www.braeunig.us/space/atmos.htm
http://www.braeunig.us/space/atmos.htm
http://www.nasa.gov/mission_pages/station/main/onthestation/facts_and_figures.html
http://www.nasa.gov/mission_pages/station/main/onthestation/facts_and_figures.html
http://www.nasa.gov/mission_pages/station/main/onthestation/facts_and_figures.html
http://www.nasa.gov/mission_pages/station/main/onthestation/facts_and_figures.html
http://www.nasa.gov/mission_pages/station/main/onthestation/facts_and_figures.html
http://spaceflight.nasa.gov/realdata/sightings/SSapplications/Post/JavaSSOP/orbit/ISS/SVPOST.html
http://spaceflight.nasa.gov/realdata/sightings/SSapplications/Post/JavaSSOP/orbit/ISS/SVPOST.html
http://spaceflight.nasa.gov/realdata/sightings/SSapplications/Post/JavaSSOP/orbit/ISS/SVPOST.html
http://spaceflight.nasa.gov/realdata/sightings/SSapplications/Post/JavaSSOP/orbit/ISS/SVPOST.html
http://spaceflight.nasa.gov/realdata/sightings/SSapplications/Post/JavaSSOP/orbit/ISS/SVPOST.html
http://dx.doi.org/10.2514/1.52657
http://dx.doi.org/10.1146/annurev.nucl.58.020807.111839
http://dx.doi.org/10.1109/TGRS.1985.289431
http://dx.doi.org/10.1109/TGRS.1985.289431
http://dx.doi.org/10.1364/AO.15.002539
http://dx.doi.org/10.1029/2001GL014394
http://dx.doi.org/10.1029/2004GL020308
http://dx.doi.org/10.1029/2004GL020308
http://dx.doi.org/10.1023/A:1007982512087
http://dx.doi.org/10.1023/A:1007982512087

TURYSHEYV, YU, and TOTH

Workshop on “ACES and Future GNSS-Based Earth
Observation and Navigation,” 2008, Munich, Germany
(unpublished), http://www.iapg.bv.tum.de/aces.html.

[48] R.R. Kumar, M. L. Heck, and B. P. Robertson, in Guidance,
Navigation and Control Conference (American Institute of
Aeronautics and Astronautics, Reston, VA, 1990).

[49] S. G. Turyshev, M. V. Sazhin, and V. T. Toth, Phys. Rev. D
89, 105029 (2014).

[50] J.J. Degnan, J. Geodyn. 34, 551 (2002).

[51] E. Samain, P. Exertier, C. Courde, P. Fridelance, P.
Guillemot, M. Laas-Bourez, and J.-M. Torre, Metrologia
52,423 (2015).

PHYSICAL REVIEW D 93, 045027 (2016)

[52] P. Exertier, E. Samain, N. Martin, C. Courde, M. Laas-
Bourez, C. Foussard, and P. Guillemot, Adv. Space Res. 54,
2371 (2014).

[53] N. Ashby, Living Rev. Relativity 6, 1 (2003), http://www
Jivingreviews.org/lrr-2003-1.

[54] R.E. C. Vessot et al., Phys. Rev. Lett. 45, 2081 (1980).

[55] V. A. Fock, The Theory of Space, Time and Gravitation
(Fizmatgiz, Moscow, 1959) (in Russian) [English trans-
lation, Pergamon, Oxford (1964)].

[56] C.M. Will, Phys. Rev. D 89, 044043 (2014).

[57] For details see http://phaeton.jpl.nasa.gov/external/projects/
optical.cfm.

045027-22


http://www.iapg.bv.tum.de/aces.html
http://www.iapg.bv.tum.de/aces.html
http://www.iapg.bv.tum.de/aces.html
http://www.iapg.bv.tum.de/aces.html
http://www.iapg.bv.tum.de/aces.html
http://www.iapg.bv.tum.de/aces.html
http://dx.doi.org/10.1103/PhysRevD.89.105029
http://dx.doi.org/10.1103/PhysRevD.89.105029
http://dx.doi.org/10.1016/S0264-3707(02)00044-3
http://dx.doi.org/10.1088/0026-1394/52/2/423
http://dx.doi.org/10.1088/0026-1394/52/2/423
http://dx.doi.org/10.1016/j.asr.2014.08.015
http://dx.doi.org/10.1016/j.asr.2014.08.015
http://dx.doi.org/10.12942/lrr-2003-1
http://www.livingreviews.org/lrr-2003-1
http://www.livingreviews.org/lrr-2003-1
http://www.livingreviews.org/lrr-2003-1
http://dx.doi.org/10.1103/PhysRevLett.45.2081
http://dx.doi.org/10.1103/PhysRevD.89.044043
http://phaeton.jpl.nasa.gov/external/projects/optical.cfm
http://phaeton.jpl.nasa.gov/external/projects/optical.cfm
http://phaeton.jpl.nasa.gov/external/projects/optical.cfm
http://phaeton.jpl.nasa.gov/external/projects/optical.cfm
http://phaeton.jpl.nasa.gov/external/projects/optical.cfm
http://phaeton.jpl.nasa.gov/external/projects/optical.cfm

