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Quantization of charged fields in the presence of critical potential steps

S.P. Gavrilov'”" and D. M. Gitman"**"
lDepartmem‘ of Physics, Tomsk State University, 634050 Tomsk, Russia
’P.N. Lebedev Physical Institute, 53 Leninskiy prospect, 119991 Moscow, Russia
3Department of General and Experimental Physics, Herzen State Pedagogical University of Russia,
Moyka embankment 48, 191186 St. Petersburg, Russia
*Institute of Physics, University of Sdo Paulo, CP 66318, CEP 05315-970 Sdo Paulo, SP, Brazil
(Received 8 September 2015; published 2 February 2016)

QED with strong external backgrounds that can create particles from the vacuum is well developed for
the so-called z-electric potential steps, which are time-dependent external electric fields that are switched on
and off at some time instants. However, there exist many physically interesting situations where external
backgrounds do not switch off at the time infinity. E.g., these are time-independent nonuniform electric
fields that are concentrated in restricted space areas. The latter backgrounds represent a kind of spatial
x-electric potential steps for charged particles. They can also create particles from the vacuum, the Klein
paradox being closely related to this process. Approaches elaborated for treating quantum effects in the
t-electric potential steps are not directly applicable to the x-electric potential steps and their generalization
for x-electric potential steps was not sufficiently developed. We believe that the present work represents a
consistent solution of the latter problem. We have considered a canonical quantization of the Dirac and
scalar fields with x-electric potential step and have found in- and out-creation and annihilation operators
that allow one to have particle interpretation of the physical system under consideration. To identify in- and
out-operators we have performed a detailed mathematical and physical analysis of solutions of the
relativistic wave equations with an x-electric potential step with subsequent QFT analysis of correctness of
such an identification. We elaborated a nonperturbative (in the external field) technique that allows one to
calculate all characteristics of zero-order processes, such, for example, scattering, reflection, and electron-
positron pair creation, without radiation corrections, and also to calculate Feynman diagrams that describe
all characteristics of processes with interaction between the in-, out-particles and photons. These diagrams
have formally the usual form, but contain special propagators. Expressions for these propagators in terms of
in- and out-solutions are presented. We apply the elaborated approach to two popular exactly solvable cases

of x-electric potential steps, namely, to the Sauter potential and to the Klein step.
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I. INTRODUCTION

The effect of particle creation by strong electromagnetic
and gravitational fields has been attracting attention already
for a long time. The effect has a pure quantum nature and
was first considered in the framework of the relativistic
quantum mechanics with understanding that all the ques-
tions can be answered only in the framework of quantum
field theory (QFT). QFT with external background is to a
certain extent an appropriate model for such calculations. In
the framework of such a model, the particle creation is
closely related to a violation of the vacuum stability with
time. Backgrounds (external fields) that violate the vacuum
stability are to be electriclike fields that are able to produce
nonzero work when interacting with charged particles.
Depending on the structure of such backgrounds, different
approaches for calculating the effect were proposed and
realized. Initially, the effect of particle creation was
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considered for time-dependent external electric fields that
are switched on and off at the initial and the final time
instants, respectively. In what follows, we call such kind of
external fields the t-electric potential steps. Scattering,
particle creation from the vacuum and particle annihilation
by the r-electric potential steps were considered in the
framework of the relativistic quantum mechanics, see
Refs. [1-4]; a more complete list of relevant publications
can be found in [4]. A general formulation of quantum
electrodynamics (QED) and QFT with ¢-electric potential
steps was developed in Refs. [5]. However, there exist
many physically interesting situations where external
backgrounds formally are not switched off at the time
infinity, the corresponding backgrounds formally being not
t-electric potential steps. As an example, we may point out
time-independent nonuniform electric fields that are
concentrated in restricted space areas. The latter fields
represent a kind of spatial or, as we call them conditionally,
x-electric potential steps for charged particles. The
x-electric potential steps can also create particles from
the vacuum, the Klein paradox being closely related to this
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process [6—8]. We recall that Klein considered the reflec-
tion and transmission of relativistic electrons incident on a
sufficiently high rectangular potential step (the Klein step)
and he had found that there exists a range of energy where
the transmission coefficient is negative and the reflection
coefficient is greater than one. There would apparently be
more reflected fermions than incoming. This is called the
Klein paradox. One can find a broader interpretation of
what should be called the Klein paradox, e.g., see [9-11].
These authors propose to speak about the Klein paradox
when one encounters a special behavior of stationary
solutions both for fermions and bosons, unusual for the
nonrelativistic quantum mechanics. For example, if the
electron kinetic energy belongs to the so-called Klein zone,
which is situated just below the range of obvious total
reflection, the stationary solutions penetrate through the
step, the sign of the kinetic energy being, however,
reversed. Just after the original Klein’s paper the problem
was studied by Sauter, who considered both the Klein step
[7] and a more realistic smoothed potential step,
—aFEtanh (x/a), which is called the Sauter potential [8].
To avoid confusion, the Klein paradox should be distin-
guished from the Klein tunneling through the square
barrier, e.g., see [12] and references therein. This tunneling
without an exponential suppression occurs when an elec-
tron is incident on a high barrier, even when it is not high
enough to create particles. Approaches elaborated for
treating quantum effects in the z-electric potential steps
are not directly applicable to the x-electric potential steps.
Some heuristic calculations of the particle creation by x-
electric potential steps in the framework of the relativistic
quantum mechanics were presented by Nikishov in
Refs. [2,13] and later developed by Hansen and Ravndal
in Ref. [14]. One should also mention the Damour work
[15], that contributed significantly in applying semiclass-
ical methods for treating strong field problems in astro-
physics. In fact, this work presents a first step to bridge the
gap between approaches to quantum effects in potential
steps developed within relativistic quantum mechanics and
QFT. Using the Damour’s approach, mean numbers of pairs
created by a strong uniform electric field confined between
two capacitor plates separated by a finite distance was
calculated in Ref. [16]. A detailed historical review can be
found in Refs. [12,14]. Nikishov had tested his way of
calculation using the special case of a constant and uniform
electric field, which is possible both for the r-electric
potential steps and the x-electric potential steps, see
[2,13,17]). At that time, however, no justification for such
calculations from the QFT point of view was known.
Thus, we face a situation when a material that is
commonly treated as a part of an introductory discussion
to the relativistic quantum mechanics, see, e.g., [18], is not
studied completely and has not an unique interpretation in
the research literature. For example, Nikishov [17] has
pointed out an inconsistency in the interpretation given by
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Hansen and Ravndal [14]. In spite of the recognized
achievements of this author in this area, there was no
response to his observation. For the first time numerical
simulations on space-time resolved data for the Klein
paradox in a three-particle problem were reported in
[10]. It was shown how electron-positron pairs are created
and found that the results contradict to conclusions made in
several works where the incoming electron was noted to
“knock out” electrons from the step [3] or to “stimulate”
[19] pair production. A clear reduction was shown instead
of the suggested enhancement of the pair-production rate at
those time instances, when the incoming electron wave
packet overlaps spatially with the potential step. Recently,
quantum simulations for the evolution of the Dirac spinor
in the presence of linear potential with trapped ions were
interpreted again as an electron transition to the negative
energy branch, see Ref. [11].

Although the attempts to formulate a consistent QFT
with potential steps as a background field [2,13-15,17]
have not been completed, a general understanding was
achieved that the Klein paradox is absent from a future
consistent QFT. In the recent years the main attention of
researchers was drawn to improving calculation technics, as
well as to special calculations and applications. Though our
present work is devoted to the formulation of such con-
sistent QFT and contains some applications only in order to
illustrate the general construction, we overview briefly, for
completeness, some recent results obtained after the review
[12] had appeared. We restrict this brief review only to
works, where the particle creation effect by potential steps
is considered, leaving the works devoted to quantum
relativistic motion in potential barriers or well potentials,
where the problem of bound states is principal, aside. The
main motivation for applications is due to a close con-
nection between particle creation by strong electrostatic
potentials, in particular, by the steps, and the Unruh effect,
the phenomenon of particle emission from black holes and
cosmological horizons, e.g., see reviews [4,20,21]. Recent
progress in laser physics allows one to hope that particle
creation effect will be experimentally observed in labo-
ratory conditions in the near future (see Refs. [22] for a
review). In achieving extreme field strengths, the inhomo-
geneity of the realistic field becomes important. There
appears an interest to study the effect in realistic inhomo-
geneous fields, in the main by using semiclassical and
numerical methods. The recent experimental demonstration
of the dynamic Casimir effect, and a soon expected
verification of an analog of the Hawking radiation by
using superconducting circuit devices, associates these two
academic problems with possible applications to condensed
matter physics [23]. In the recent years, in what concerns
applications to condensed matter physics, particle creation
by external fields became an observable effect in physics of
graphene and similar nanostructures, say, in topological
insulators and Weyl semimetals, this area being currently
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under intense development [24-27]. This is explained by
the fact that although the physics that gives rise to the
massless Dirac fermions in each of the above-mentioned
materials is different, the low-energy properties are gov-
erned by the same Dirac kinematics. The gap between the
upper and lower branches in the corresponding Dirac
particle spectra is very small, so that the particle creation
effect turns out to be dominant (under certain conditions) as
a response to the external electriclike field action on such
materials. In particular, the particle creation effect is crucial
for understanding the conductivity of graphene, especially
in the so-called nonlinear regime. Electron-hole pair
creation (which is an analog of the electron-positron pair
creation from the vacuum) was recently observed in
graphene by its indirect influence on the graphene con-
ductivity [28]. The conductivity of graphene modified by
the particle creation was calculated in the framework of
QED with t-electric potential steps in [29]. It should be
noted that the proof of the masslessness of charge carriers
in graphene was obtained in studying the Klein tunneling
through special potential barriers there. Soon after its
theoretical prediction [30], the Klein tunneling in graphene,
where the role of potential steps is played by p-n junctions,
was observed by several experimental groups [31] (For a
colloquium-style introduction to this subject see [32] and
recent review [25]). Numerical modeling of the Klein
tunneling through potential barriers in n-p-n and n-n’
junctions are in good agreement with theoretical predic-
tions [33]. Note that a sharp n-n’ junction can be described
by the step potential. However, electron’s kinetic energies
considered in that work do not allow one to speak about
particle creation effect. Possible experimental configura-
tions for testing the pair creation by a linear step of finite
length were proposed in [34]. Observation of the Klein
paradox in the context of so-called quantum quenches,
which can nowadays be performed in experiments with
ultracold atoms, is proposed in [35]. In achieving extreme
field strengths, the inhomogeneity of the field becomes
important. A number of works have been done to estimate
the pair production rate for electric fields, whose direction
is fixed and whose magnitude varies in one spatial
dimension [36,37]. These approaches are semiclassical,
essentially WKB. A Monte Carlo world line loop method
has been developed and applied to the vacuum pair
production problem in Ref. [38]. The world line instanton
method, in which the Monte Carlo sum is effectively
dominated by a single instanton loop, was extended to
one-dimensional inhomogeneous fields in Refs. [39]. The
agreement between these results is excellent. The world
line instanton technique was extended in Ref. [40] to
compute the vacuum pair production rate for spatially
inhomogeneous electric background fields, with the spatial
inhomogeneity being genuinely two or three dimensional.
A mathematical analysis of pair production rate by the
Sauter potential was presented in Refs. [41,42]. Loop
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corrections to two-point correlation functions in the case
of the time-independent electric field given by a linear
potential step were studied in Ref. [43].

In the present article, we consider a canonical quantiza-
tion of the Dirac and scalar (Klein-Gordon) fields in the
presence of the x-electric potential step as a background
[quantization of the action (2.7)] in terms of adequate in-
and out-particles and develop a calculation technique of
different quantum processes, such as scattering, reflection,
and electron-positron pair creation. At the first stage of the

quantization, a Dirac Heisenberg operator W(X) that
satisfies equal-time anticommutation relations and the
Dirac equation, as well, is assigned to the Dirac field
w(X), see Sec. IV. However, the complete program of
quantization includes also the second stage. At that stage
we have to construct a Hilbert space of state vectors, where
anticommutation relations are realized, and construct oper-
ators of all physical quantities of the system under con-
sideration. For the free Dirac field this second stage of the
quantization program is well known, see e.g., [44]. The
result is formulated in terms of a Fock space constructed on
the base of creation and annihilation operators of free Dirac
particles. For the Dirac field interacting with any external
background, the first stage of the canonical quantization of
the action (2.7) gives the same above-mentioned result. But
the second stage of the program has no universal solution
suitable for any background. Each specific background, or
a class of backgrounds, has to be analyzed separately. Here
it is desirable to find in- and out-creation and annihilation
operators that allow one to have particle interpretation of
the quantized Dirac field, as it was done in the case of -
electric potential steps in [5]. In the case under consid-
eration, the corresponding construction is possible, but it is
more complicated (probably, not any background allows
such interpretation of the quantized Dirac field). Another
problem is related to the time-independence of the back-
ground under consideration. Whereas when considering
t-electric potential steps that vanish at the time infinity one
can naturally introduce certain in- and out-creation and
annihilation operators starting first with the Schrodinger
representation and then passing to the Heisenberg picture,
this way of action is not possible in time-independent
backgrounds. Now one must quantize in the Heisenberg
picture from the very beginning. Then a new problem
appears: how to identify in- and out-operators. When doing
this, we believe that the time independent x-electric
potential steps, as well as any constant electromagnetic
field, is an idealization. In fact, any external field was
switched on at a remote time instant #;,, then it was acting
during a very large period of time 7, and finally it was
switched off at another remote time instant ¢, = t;, + 7.
We also believe that if T is large enough one can ignore
effects of switching the external field on and off. Besides, to
identify in- and out-operators it is important to perform a
detailed mathematical and physical analysis of solutions of
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the Dirac and Klein-Gordon equations with an x-electric
potential step. Such an analysis is presented below in
Secs. 1II and III, where we introduce special in- and out-
solutions of the Dirac and Klein-Gordon equations that are
used in the quantization program. It is here that we give
their physical interpretation to be confirmed further after
the quantization has been fulfilled in Secs. V, VI, and VII.
In the latter sections we present a calculation of different
quantum processes such as scattering, reflection, and
electron-positron pair creation. In Sec. VIII we discuss
quantum processes in complete QED and construct effec-
tive particle propagators in terms of the in- and out-
solutions introduced. In Sec. IX the developed theory is
applied to exactly solvable cases of x-electric potential
steps, namely, to the Sauter potential, and to the Klein step.
Finally, we present a consistent QFT treatment of processes
where a naive one-particle consideration may lead to the
Klein paradox. In Appendix A we consider some peculi-
arities of the quantization of the scalar field in the Klein
zone. In Appendix B we have studied the orthogonality
relations on the hyperplane ¢t = const for the different
ranges of quantum numbers. In Appendix C we have
studied one-particle mean values of the charge, the kinetic
energy, the number of particles, the current, and the energy
flux through the surfaces x =x; and x=uxg. In
Appendix D we show that stable electron wave packets
in the Klein zone can exist only in the left asymptotic
region, whereas stable positron wave packets can exist only
in the right asymptotic region. The main contributions to
the particle creation processes in a slowly alternating Sauter
field are found in Appendix E.

II. DIRAC EQUATION WITH x-ELECTRIC
POTENTIAL STEP AS AN EXTERNAL
BACKGROUND

First, we describe a typical x-electric potential step, for
which our construction is elaborated.

Potentials of an external electromagnetic field A#(X) in
d =D + 1 dimensional Minkowski space-time parame-
trized by coordinates X,

X=(X*u=0,1,...D) = (1,r),
X0 =1, r=(x',....xP) (2.1)

that correspond to an x-electric potential step are chosen
to be

AF(X) = (A°(x). A1 =0,j=1,2,...D), x=X', (22)

so that the magnetic field B is zero and the electric field E
reads

PHYSICAL REVIEW D 93, 045002 (2016)
E(X) = E(x) = (E,(x).0.....0).

E,(x) = —Ap(x) = E(x). (2.3)

The electric field (2.3) is directed along the axis x' = x,
it is inhomogeneous in the x-direction, and does not depend
on time ¢ [E(x) is a constant field]. The main property of
any x-electric potential step is

[x|—o0

E(x) — 0,

x—+oo

Ag(x) — Ag(Fe), (2:4)
where Aj(4o0) are some constant quantities, which means
that the electric field under consideration is switched off at
spatial infinity. In addition, we suppose' that the first
derivative of the scalar potential Ag(x) does not change
its sign for any x € R. For definiteness sake, we suppose
that

E(x) = —-A\(x) >0

Apl) <0= {A0<—oo> > Ao(--0)

. (25)

and that there exist points x; and xg (xg > xg.) such that for
x € S, = (—o0,x;] and for x € Sy = [xg, ™)) the electric
field is already switched off,

Ag(%)]yes, = Ao(—00),
Ao(x)|xes, = Ao(+00),

E(x)|ses, =0,

E(x)|ses, =0, (2.6)
whereas the electric field is not zero in the region
Sine = (x1, xg). It accelerates positrons along the axis x
in positive direction, and electrons in the negative direction.

As an example of the x-electric potential step, we refer to
the Sauter potential [8] given by Eq. (9.1).

Both the scalar potential Ay(x) and the corresponding
electric field E(x) are shown on the same figure Fig. 1.

Then in the d = D + 1 dimensional (dim.) Minkowski
space-time, we consider a classical Dirac field w(X)
interacting with an external electromagnetic field A¥(X)
(external background) representing an x-electric potential
step. The action of this system has the form®

5= [ w0 P, - my()dx.

P, =1i0, - qA,(X), (2.7)
where ¥ = w1y, and dX = dtdr.

The classical Dirac field describes particles of a mass m
and with a charge ¢. The corresponding quantum theory is
already charge symmetric, and contains particles of the

'That means that we do not consider external electric fields
that can create bound states for charged particles.
*Here we are using the natural system of units 7 = ¢ = 1.
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Ap(x)
E(x)

FIG. 1. x-electric potential step.

both signs of charges +|g|. We suppose that’ ¢ = —e,
which means that we consider electrons as basic particles
and positrons as their antiparticles.

In d dimensions, the Dirac field w(X) is a column with
204/2} components (we call it just a spinor in what follows),
and y# are 21921 x 2[4/2 gamma-matrices, see, e.g., [45],

v, =2, v = diag(1,-1,...,-1),
d
u,v=0,1,...,D.

The Dirac field w(X) satisfies the Dirac equation
(y"P,—m)y=0, which, when written in the Hamiltonian
form, reads (we have taken into account that A = 0 for
x-electric potential steps),

idow(X) = Ay (X).

H =y°(=iy/0; + m) + U(x), (2.8)
where A is the one-particle Dirac Hamiltonian and
U(x) = qAg(x) = —eAo(x) (2.9)

is the potential energy of the electron in the x-electric

potential step. It should be noted that A does not depend on
the time ¢ in the background under consideration.

III. STATIONARY STATES WITH GIVEN LEFT
AND RIGHT ASYMPTOTICS
A. General

Let us consider stationary solutions of Dirac equa-
tion (2.8), having the following form

w(X) =exp(—ipot+ipLX )W, p, (X).
Wpop, () = {1 [Po=UX)] =7 Dr=v1PL +m}p,p. (%),
r,=(X%...X%), p.=(p%....p°).

7P). be=-i0,,

X:(l‘,x,rl),

Y= (3.1)

¢ > 0 is the magnitude of the electron charge.
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where y,, , (x) and ¢, , (x) are spinors that depend on x
alone. In fact these are stationary states with the energy p,
and with definite momenta p, in the perpendicular to the
axis x directions. Substituting (3.1) into Dirac equation (2.8)
(i.e., partially squaring the Dirac equation), we obtain a
second-order differential equation for the spinor ¢, , (x),

{(P3=i°r'U'(x) = [po = U(x)]* + 1 +m*}p, p, (x) =0.
(3.2)

We can separate spinning variables by the substitution
®pop, (X) = @(x)v, where v is a constant spinor that is an
eigenvector for the operator y’y!, and ¢(x) are some scalar
functions. The latter operator has two eigenvalues y = +1,
such that y%'v, = yv,.Inaddition, in d > 3, equation (3.2)
allows one to subject the constant spinors v, to some
supplementary conditions that, for example, can be chosen
in the form

l.}/2s]/25+17))(,a =0,Vy4 for evend,
iy*thy» 2y, =ow,, foroddd,

o=(o,==+1,s=12.[d2-1), (33)

where the quantum numbers ¢, describe spinning degrees
of freedom (in (1 + 1) and (2 + 1) dimensions (d = 2, 3)
there are no spinning degrees of freedom described by the
quantum numbers o). In what follows we choose the
spinors v, , orthonormalized, v},gv}/ﬁ = 0,0, Taking
all the said into account, we use the following substitution
in Eq. (3.2):

Gpop, (¥) = 0 (X001 = (po,PL.0).  (3.4)

Then scalar functions cpg‘) (x) have to obey the second order
differential equation

(P2 = ixU'(x) = [po — U(x)]2 + p2 + m* Yo (x) = 0.
(3.5)

Thus, we are going to deal with solutions (3.1) of the
form

wi (X) =exp(=ipot +ip vy o (x),  Hy = poy,
0 (x) = {1°[po -~ UX)] = 7' pr—v1pL +m}e (x) Vo
(3.6)

One can easily verify (this is a well-known property
related to the specific structure of the projection operator in
the brackets {...}) that solutions w'(X) and w{ (X)
(3.6), which only differ by values of y are linearly
dependent. Because of this, it suffices to work with
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solutions corresponding to one of the possible two values of
- That is why, we sometimes omit the subscript y in the
solutions, in such cases it is supposed that the spin quantum
number y is fixed in a certain way. Due to the same reason,
there exists, in fact, only J ;) = 2/9/?/=! different spin states
(labeled by the quantum numbers o) for a given set pg, p | -
Special examples of solutions (3.6) are given in Sec. IX.

A formal transition to the case of scalar field can be done
by setting y = 0 in Eq. (3.5), ¢,(x) = (pﬁ,o) (x). Then one
can find a complete set of solutions of the Klein-Gordon
equation in the following form

W, (X) =exp (=ipot +ip, 1, ),(x),

n = (po.pL)- (3.7)

In what follows, we are going to use solutions (3.6) and
(3.7) with special left and right asymptotics. Let us describe
these solutions. In such solutions the functions ¢, (x) (with
the omitted index y) are denoted as ¢ (x) or $p,(x),
respectively, and satisfy the following asymptotic condi-
tions [we recall that Aj(x) =0 and the scalar potential
Ap(x) takes constant values in the regions S; and Sg, see
Eqgs. (2.6).]

Cwn('x) = (pIr:é'(x)’ X € SL - (_mﬂx]_,]ﬂ

{p% = [mo(L)* + 71 bl (x) = 0; (3.8)
pn(x) = (ﬂig(X), X € Sg = [xg, o),
{p% = [mo(R)]* + 77 }oryi (x) = 0. (3.9)

Here we have introduced the quantities 7y(L/R),

7o(R)=po—Ug, mo(L)=po—-UL, 7, = \/Im

U, =U(-0), Ur=U(+), (3.10)

Since py is the total energy of a particle, we interpret z4(R)
and 7y(L) as its asymptotic kinetic energies in the regions
Sg and Sy respectively. We call the quantity 7, the total
transversal energy or, for simplicity, the transversal energy
(in spite of the fact that it includes the rest energy as well).
The introduced kinetic energies satisfy the relation

7y(L) = mo(R) + U > 7y(R), (3.11)
where U is the magnitude of the electric step,
U=Ur-UL>0. (3.12)

At the same time one can see that in the asymptotic
regions Sy and Sy solutions of the Dirac equation v, (X)
are eigenfunctions of the operator A — U(x) with the
eigenvalues 7y(L) and mz(R), respectively. Thus, it is
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natural to call this operator the kinetic energy operator
[’_‘Ikin’

H = H - U(x),

ﬁkann (X)|x—>ioo = ﬂO(R/L)V/n (X) ‘x—»ioo‘ (313)
One-particle kinetic energy operator A" of the scalar
field [this field satisfies the Klein-Gordon equation written
in the Hamiltonian form (4.2)] has the same asymptotic
properties.
Equation (3.8) has a complete set of solutions (right
asymptotics) in the form of plane waves,

@R (x) = “Nexp (ipRx), (3.14)
with real momenta pR along the axis x,
PR =0\/[moR)P =71, {=sen(pt) =+ (3.15)

The corresponding solutions (3.6) of the Dirac equation are
denoted as ¢y, (X). They satisfy the condition

Plwn(X) = pRoy,(X), (3.16)

X = 400,
i.e., these are states with definite momenta pR as x — +o0.

Nontrivial solutions ¢y, (X) exist only for quantum
numbers n that obey the following relation

2 & {”O(R) - (3.17)

[mo(R)? > 7 2o(R) < -7,

Equation (3.9) has a complete set of solutions (left
asymptotics) @4 (x) in the form of plane waves,

@y (x) = Nexp (iptx), (3.18)
with real momenta p" along the axis x,
pr=0/mL)P -7, {=sen(ph) =+ (3.19)

The corresponding solutions (3.6) and (3.7) are denoted as
v, (X). They satisfy the condition

Prgw,(X) =plap, (X).  x— —co, (3.20)
i.e., these are states with definite momenta p* as x - —co.
The normalization factors A/ are determined in the next
section.
There exists a useful relation between absolute values of

the momenta pR and p",
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IpLI—-VAPRF-+2nRU\HPRF-%ﬂi4-U%
|pR| = \/|PL|2 =2 U0/ PP+ 22 + 12,

where i = sgnzy(L), nr = sgnzy(R).
Nontrivial solutions . (X) exist only for quantum
numbers 7 that obey the following relation

(3.21)

mo(L) > 7,

[7o(L))? > 7% < { (3.22)

ﬂo(L) < -7

In what follows we distinguish two types of electric
steps, noncritical and critical, by their magnitudes as
follows:

U < U, =2m, noncritical steps

u:{ . (3.23)

u>Uu,, critical steps

B. Ranges of quantum numbers

There exist some ranges of quantum numbers n where

solutions ¢/ R (x) have similar forms. These ranges and the
corresponding solutions are described below.

In the case of the critical steps, which is of the main
interest for us in the present article, there exist five ranges
Qi, k=1,...,5. We denote the corresponding quantum
numbers by ny, so that n, € Q,, see Fig. 2.

It should be noted that the curve plotted on Fig. 2 is the
potential energy U(x) (2.9) of an electron in the x-electric
step, such that electrons are accelerated to the left and
positrons to the right by the electric field (2.3).

In the case of critical steps U > U,., the range Q3 does
exist for the quantum numbers p, restricted by the
inequality,

2w, <UL (3.24)
Note that the range 3 often referred to as the Klein zone.
In the case of noncritical steps U < U, there exist only four
ranges, the range 5 is absent.

The manifold of all the quantum numbers 7 is denoted by
Q,sothat Q=Q; U--- U Qs.

Below, we describe all the ranges in detail. In this
connection, it should be noted that the ranges €24 and Q5 are
similar to the ranges €, and ; under the change of
electrons by positrons.

1. Ranges Q. and Qs

The ranges Q; and Qs exist for any U and includes the
quantum numbers n; and ns, respectively, that obey the
inequalities
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FIG. 2. Potential energy U(x) of electrons in an x-electric step.

pozUR+7TJ_<:>7T0(R)ZﬂJ_ ifl’lEQl,

Po < UL -7 p=4 —ﬂo(L) > T if ne Q5 (325)

for a given x|, see Fig. 2. Note that the inequalities (3.25)
imply the inequalities (3.22) for n; and (3.17) for ns. Then
it follows from Egs. (3.25) that in the ranges Q; and Qs
there exist solutions “y,(X) and .y (X). “w,(X) can be
interpreted as either a wave function of electron for n; or a
wave function of positron for ns with momenta p® along
the axis x, given by Eq. (3.15), whereas .y (X) can be
interpreted as either a wave function of electron for n; or a
wave function of positron for ns with momenta p along
the axis x, given by Eq. (3.19). The further analysis of these
solutions in the framework of QED, given in the Sec. IV
confirms this interpretation.

We believe that each pair of solutions W, (X), ¢ =4,
forms a complete set for any given n € Q; U Qs, the same
is true for each pair of solutions ¢y, (X). This means that
any given solution ¢y, (X) can be decomposed in terms of
two solutions _y,(X) and ,y,(X), whereas any given
solution .y (X) can be decomposed in terms of two
solutions Ty, (X) and ~w,(X) in the ranges Q; and Qs.

2. Ranges Q, and €y

The ranges €, and €, exist for any U and include the
quantum numbers 7, that obey the inequalities
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7[0<L>>7ZJ_ ifZJTJ_S[U,
if 27, > U, (3.26)

Ur—7 <po<Ur+mnry,

UL+7I'J_ < po < UR+JTJ_
and the quantum numbers n, that obey the inequalities

UL_HL<p0<UL+”JJ ﬂ'o(R)<—ﬂl ifzﬂ'lSU,

UL—JTL<p0<UR—7Il if2ﬂL>U. (327)
As a consequence of Egs. (3.26) and (3.27) there exist
solutions .y (X) with definite left asymptotics and

w,,(X) with definite right asymptotics. A (X) and
Sy, ,(X) can be interpreted as a wave function of electron
and positron, respectively. Nontrivial solutions “y,,_(X) and
W, (X) do not exist, since Eq. (3.26) contradicts Eq. (3.17)
and Eq. (3.27) contradicts Eq. (3.22).

The fact that any solution with quantum numbers n, has
zero right asymptotic and any solution with quantum
numbers 7, has zero left asymptotic imposes restrictions
on the form of the solutions éVz,unz(X) and ‘y, (X). In

particular, they cannot be independent for different {. For
example, because the set W, (X) is complete, any solution

¥y, (X) can be represented as

Y (X) = sy, () +y,, (X)eo. (328)
In the region S the superposition y, (X) has zero
asymptotics and therefore the corresponding Dirac current
in x-direction is zero. Using this consideration one can
easily find that |c,| = |c_|, such that Eq. (3.28) can be
written as
W, (X) = oy, (X)eT % 4y, (X)en. (3.29)
Following by the same logic, one sees that in the region S;.
the only allowed superposition of *y, (X) and ~y,, (X)
has zero asymptotics and therefore any solution y,,, (X) can
be written as
W, (X) = Ty, (X)e P 4y, (X)e™ . (3.30)
In fact, y,, (X) are wave functions that describe an
unbounded motion in x — —oo direction while y,, (X) are
wave functions that describe an unbounded motion toward
x = +o0. Equations (3.29) and (3.30) provide asymptotic
forms for these wave functions. These forms are sums of
two waves traveling in opposite directions, with equal

in magnitude currents, which means that we deal with
standing waves.

3. Range Q3

In the ©5-range (in the Klein zone) the quantum numbers
p. are restricted by the inequality (3.24) and for any of
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such 7| quantum numbers p, obey the double inequality,
see Fig. 2,
UL+ﬂ'L§p0SUR—7[l. (331)
Inequality (3.31) implies also that zy(L) >z, and
7o(R) < =z, . It follows from this inequality that there
exist solutions Cl;/,,3 (X) [see condition (3.17)]. On the other
hand, since the inequality (3.31) implies (L) > 7, and
(3.22), there exist solutions W, (X) as well. Thus, in the

range s there exist the following sets of solutions

{ow, O} v, (X)) (=% (332)

However, the one-particle interpretation of these solu-
tions based on energy spectrum in a similar way as has been
done in the ranges €; and s becomes inconsistent.
Indeed, it is enough to see the following contradiction:
from the point of view of the left asymptotic area, only
electron states are possible in the range €5, whereas from
the point of view of the right asymptotic area, only positron
states are possible in this range. Detailed consideration in
the framework of QED shows (see Sec. VII) that in a certain
sense the solutions ¢y, (X) describe electrons, whereas the

solutions W (X) describe positrons.

C. Orthogonality, normalization and completeness

In this subsection we study orthonormalization, mutual
decompositions and completeness of the solutions intro-
duced above. To this end it is convenient to use two types of
inner products in the Hilbert space of Dirac spinors. One of
them is defined on the hyperplane x = const, and the other
on the hyperplane ¢ = const.

1. Using inner product on x-constant hyperplane

Let us start with the inner product on the hyperplane
x = const. For any two Dirac spinors y(X) and y/(X) it has
the form

)= [y s (333

Due to the z-independence of the external field that
corresponds to the x-electric potential steps, we can provide
x-independence of the inner product (3.33) for two sol-
utions of the Dirac equation by imposing periodic boundary
conditions in the variables 7 and X/, j=2,...,D. Thus, we
consider our theory in a large space-time box that has a
spatial volume V| = ]_[jl-):2 K; and the time dimension T,
where all K; and T are macroscopically large. It is
supposed that all the solutions y(X) are periodic under

transitions from one box to another. Then the integration in
(3.33) over the transverse coordinates is fulfilled from
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—K;/2to +K;/2, and over the time ¢ from -7 /2 to +7/2.
Under these suppositions, the inner product (3.33) does not
depend on x. The limits K; — oo and T — oo are assumed
in final expressions.

It should be noted that usually QFT deals with physical
quantities that are presented by volume integrals on the
hyperplane ¢ = const. However, if we wish to extract
results of the one-particle scattering theory from a classical
field theory, all the constituent quantities, such as reflection
and transmission coefficients etc., have to be represented
with the help of the inner product (3.33) on the hyperplane
x = const. Indeed, in such a theory we observe, for
example, electric current, energy flux, or other types of
currents flowing through surfaces x = const situated in
asymptotic regions. In addition, we suppose that all the
measurements are performed during a macroscopic time
(say, the time 7)) when the external field can be considered
as constant. Then the currents under consideration can be
represented by integral of the form 7! fT dt....

We note that for ' = y the inner product (3.33) divided
by T represents the current of the Dirac field y/(X) across
the hyperplane x = const. For nondecaying wave functions
this current differs from zero.

For two different solutions of the form (3.6) the integral
in the right-hand side of Eq. (3.33) can be easily calculated
to be

(l//n’l//;l')x = VLT5n.n'I’ 1= Q;(X)yoylgiz(x)' (334)
Using the structure of spinors v,, one can represent the

current density Z as follows

- -

T = ¢,(x)(i0x = i0,)[po — U(x) + xid]e, (x).  (3.35)

Let us consider solutions {.y (X)} and {y,(X)} with
left and right plane-wave asymptotics, respectively. They
are orthogonal for different n and can be subjected to the
following orthonormality conditions

(v, g/ll/n/)x = {NL6¢ 6w . = sgnmo(L),
nEQl U92UQ3UQS,
(gl//n’ 4l/l//n’)x = gnRéC,C’én,n“ R = SgN7x, (R)’

neQ U U, uUQs. (3.36)

In justification of (3.36) one has to take into account that for
these states the relations

|mo(L)| > [pH, mo(R)| > ||
hold. This fact explains why the sign of the inner products,
which coincides with the sign of Z is due to the sign of the
quantity zy(L/R).

Then the normalization factors [with respect to the
inner product (3.33)] in solutions of the Dirac equation
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that have plane-wave asymptotics (3.14) and (3.18) have
the form

N=.cY, N =fcy,
:C = [2|p"l|mo(L) — xp™(] 72,
£C = [2|p¥||mo(R) — xPR(I7V/%.

Y =(V,T)"'2

(3.37)

In the K; — oo and T — oo limit one has to replace J,,
in normalization conditions (3.36) by &, ,6(py — p;) X
5(p. —p’,) and to set Y = (27)~(4=1)/2 in Egs. (3.37).

As was assumed, see subsection IIIB, each pair of
solutions .y (X) and Sy, (X) with given quantum numbers
n e Q) UQ; U Qs is complete in the space of solutions
with each n. Due to (3.36) the corresponding mutual
decompositions of such solutions have the form

oy (X) = 4w, (X)g(*) — —wa (X)g(_[),

R, (X) = Twa(X)g("le) = v (X)g(Clo).  (3.38)

where decomposition coefficients ¢ are given by the
relations:

(é’l//n’g/l//n/)x = 5n,nlg(§'|§/)7 g(é/‘g) = g(c|§/)*a

Substituting (3.38) into orthonormality conditions

(3.36), we derive the following unitary relations for the
decomposition coefficients™:

919 15) = 9 1)g(LI) = by,

g(g/‘+)g(+|§> - 9(¢/|_)9(_|§) = {NLnrde - (3.40)
In particular, these relations imply that
P =19C D eGP =19
9G17) _9(")
o)~ aCl.) 240

One can see that all the coefficients g can be expressed via
only two of them, e.g., via g(,|") and g(,|~). However,
even the latter coefficients are not completely independent,
they are related as follows:

9D = 19D = =g (3.42)
Nevertheless, in what follows, we will use both coefficients
9(;|7) and g(,|T) in our consideration. This maintains a

certain symmetry in writing formulas and, moreover,
allows one to generalize the consideration to the cases

*Similar relations are known in the r-electric potential steps,
see [5].
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when the inner potential may depend on several space
coordinates and to the case when solutions {,y (X)} and

{¢w,,(X)} are characterized by different sets of quantum
numbers, 1.e., the sets n and m do not coincide.

For any two solutions y(X) and y/(X) of the Klein-
Gordon equation, the inner product on the hyperplane
x = const has the form

- -

w) = [V ), = D Xduar. (343)

Orthonormality conditions for solutions of the Klein-
Gordon equation can be presented in form (3.36) where
n, = nr = 1. The normalization factors with respect to
inner product (3.43) are

N =¢cy,
£C=2pR[712,

(C=[2p7"2, (3.44)
where the factor Y is given by (3.37). In the Klein-Gordon
case all the relations presented above and that include
coefficients g hold true with the setting 7, = g = 1.

2. Using inner product on t-constant hyperplane

We recall that usually the inner product between two
solutions y(X) and y'(X) of the Dirac equation is defined
on t-const. hyperplane as follows:

v = [viwea. (345)

Such an inner product does not depend on the choice of the
hyperplane (does not depend on ¢) if the solutions obey
certain boundary conditions that allow one to integrate by
parts in (3.45) neglecting boundary terms. Since physical
states are wave packets that vanish on the remote bounda-
ries, the inner product (3.45) is time-independent for such
states. However, considering solutions that are generalized
states, which do not vanish at the spatial infinity, one should
take some additional steps to keep the inner product (3.45)
time independent. Sometimes to do this it is enough to
impose periodic boundary conditions (in all spatial direc-
tions) on Dirac wave functions and on the corresponding
external field. However, in the case under consideration, the
external field Ay(x) of x-electric potential steps with
different asymptotics at x — oo cannot be subjected to
any periodic boundary conditions in x-direction without
changing its physical meaning. That is why, to provide the
time independence of the inner product, one has to extend
the definition of the inner product. Under the assumption
that solutions with quantum numbers n form a complete set
of function in the corresponding Hilbert space at each time
instant ¢, it is enough to make such an extension for a pair
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w,(X) and y/,(X) with all possible n and »’. Such an inner
product is described below.

Let y,(X) and y/,(X) be solutions of the Dirac equation
that were described in the previous subsections III A and
[II B. They allow one to impose periodic conditions in the
coordinates X/, j = 2, ..., D with periodicity K ; (of course
it implies quantization of the corresponding transverse
momenta). Then the inner product for the pair y,(X)
and v/, (X) is defined as follows:

K®) + D

v = [ ar [T wicow,an vi=][x,
vV, -KL =2

(3.46)

and the limits K™®) — oo are assumed in final expres-
sions. As it is demonstrated in Appendix B, the so-defined
inner product is time-independent. In what follows the
improper integral over x in the right-hand side of Eq. (3.46)
is reduced to its special principal value to provide a certain
additional property important for us.

Finally, we obtain the following orthonormality rela-
tions, see details in Appendix B,

( 7y r>:(§l//nvgl//n’):5n,n’an nEQIUQ3UQ57
P 8tn
(Wrwl;”n’):(sn,n’Mn, n,”’GQQUQ4;

K® | z0(R

anzT (;(R) |g(+|+)‘2+0(1), I’ZGQIUQ5,
K® | z0(R

M, =252 g P00, e,

(3.47)

where M, for n € Q, U Q, are given by Egs. (B6). It
follows from Egs. (3.47) that densities (in the x-direction)
of the wave functions W i =1, 3,5 are dominating in the
region Sy, whereas the densities of the wave functions
51//,11,, i =1, 3, 5 are dominating in the region S .

In the limit K&R) — oo, with the account of condition
(B15), we obtain solutions normalized to the §-function,

({l//n’é’wn/) = (gl”n’z;l//n’) = 50’,0'/6([)0 - p6)5(pL _p/J_)an
n,n/ EQ] UQ3 Ugs,

(l//ml//n’):56.0’5(p0_p6)5(pL_pl)’ I’l,n/EQZUQ4;
Mn:|g(+|+)|27 ne Q) ULs;
M, =lg(.[)P. neQs. (3.48)

We recall that the inner product between two solutions
w(X) and y’'(X) of the Klein-Gordon equation is defined on
t-const. hyperplane as follows as a charge,
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w) = [ow(] e

PHYSICAL REVIEW D 93, 045002 (2016)

It is proportional to the field charge if w = y/'. It is assumed
that the improper integral over x in the right-hand side of
Eq. (3.49) is treated as its special principal value, in the

d(X) = < [0, = U(x)lw(X) ) ) (3.49) same spirit as in the Dirac case. One can verify that with this
w(X) inner product the following orthonormality relations hold
|
(Wn? ) =0, n# I/l/, v on, I’l/; (Wny l//n’z) = 5112,n’2Mn27 (me Wni) = _5n4,nﬁan4;
<Cl// ’ Wn) 0, ({l//nvgl//n’) = ((Wn’c:l//n/) = Sgn”O(L)(Sn,n’an n € UQs;
(gl// l//n) =0, (é‘l//nvgl//n’) = _(gl//nv (l//n/) = 5n,n’Mn’ ne 93’ (350)

where M, are given by Egs. (3.47). Unlike the Dirac case,
there are + signs in the right-hand side of Eq. (3.50). Then
it is natural to suppose that the solutions W Wngs W,

and Clpns describe positron states.

Thus, both for the Dirac and the Klein-Gordon equa-
tions, for each set of quantum numbers 7, there exist one or
two complete sets of solutions
(@) For VneQ UQs we have two (=) sets:

{ew,(X). 4w, (X)}

We believe that all these solutions allow one to construct
two complete (at any time instant 7) systems both in the
Hilbert space of Dirac spinors and in the Hilbert space of
scalar fields. In the Dirac case, this assumption is equivalent
to the existence of the propagation function G(X,X')
in the space of solutions, which satisfies the boundary
condition

G(X,X)|,_, = 6(r — V), (3.51)

(b) For VneQ; we have two ({==) sets:
{ew,(X). Cwa (X))}
(c) For V n € Q, UQ, we have the set {y,(X)}. and has the following form
G(X,X') ZG (X, X'),
(X, X ZM W (X (X)), i=24
Gi(X. X') = ZMZ,- [, () 07}, (X7) + 7w, (X) 7w, (X))
= S MG L, (O (X) + i, (O (O = LS:
G3(X.X') = ZMn3 W, O, (X)) 4y, (X) Ty (X))
= ZMn3 Wy (X) iy (X7) 7w, (X) Ty (X7)]. (3.52)

The propagation function G(X, X") in the space of scalar
fields satisfies the boundary condition

GX.X)=y =0, [i0, - UW)IG(X.X")|,—y = 6(r—1'),

(3.53)

and can be presented as

3 5
GX.X) =) Gi(X.X)=-> G(X.X). (354)
4

i=1 i=

|
where G;(X,X"), i =1, 2, 4, 5, have the form given by
Eq. (3.52) with clear understanding that y,, (X) are scalar
fields. The only G3(X, X") component has distinct form

ZM,,3 =W, (X) 1y, (X')

+ Ty, (X) Ty, (X))
—ZMng Y, (X) i, (X')

+ ‘l//n_g( )y, (X7)].

G5(X.X') =

(3.55)
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It should be stressed that there are two equivalent
representations for each propagation function G;(X,X’),
i = 1, 3, 5. In addition, our further construction is based on
the assumption that Dirac spinors (a) and (b) are divided in
the in-and out-solutions as follows:

in-solutions: ,y, .7y, ; W W W W
out-solutions: _y, , "y,5 LW, WS W W
(3.56)

while for scalar fields, the classification in the range €4
differs from the one given by Eq. (3.56) due to positions of
the left superscripts and subscripts =+,

in-solutions: y, .7y, 3 R 7 W Y
out-solutions: _y, ., "W,5 LW, W Ways Wi
(3.57)

There exist difficulties in interpreting the states .y, (X)
and “y, (X) in the framework of the one-particle theory.
There existed different point of view on such an interpre-
tation, see [2,17] and [14]. A consistent interpretation can
be obtained in the framework of QED and is presented in
Sec. VIL

IV. QUANTIZATION IN TERMS OF PARTICLES

In this and in the following sections, we treat the Dirac
and the scalar fields in terms of adequate in- and out-
particles. On the base of results of Sec. III, we decompose
quantum field operators in complete sets of the correspond-
ing solutions introducing some annihilation and creation
operators. Then using the well-known equal time (anti)
commutation relations for the quantum fields we establish
(anti)commutation relations for the introduced operators.
The problem of an identification of these operators as in
and out annihilation and creation operators is considered in
Secs. V-VIL.

The Dirac Heisenberg operator \i/(X ) is assigned to the
Dirac field y(X). This operator satisfies the Dirac equa-
tion (2.8) and the anticommutation relations

[U(X). ¥ (X)) ], = 0.

[@(X),@*(X’)]At:t, =6(r—r), (4.1)
e.g., see [44.,46]. .

The Klein-Gordon Heisenberg operator W(X) is
assigned to the scalar field y(X). In terms of the canonical

pair
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it satisfies the Klein-Gordon equation,

[i0, = U)]9(X) = A (X),

Hkin:<(1) _(8f)(2)+m2>, (4.2)

and the commutation relations

[(X). D(X)]_|,— = 0.

B00.8 0 ey =) (] () @)

e.g., see [44,46]. Here H"™ is the one-particle kinetic
energy operator A", It follows from Eq. (4.2) that

il (X) = [i0, — U(x)]¥(X).

The further quantization of the scalar field can be done in
the same manner as the quantization for Dirac field. That is
why, in what follows up to Sec. VIII, we consider only the
quantization of Dirac field in detail, adding some com-
ments about the scalar field when necessary, see
Appendix A for some peculiarities of the quantization in
the range Q5.

A. Introducing creation and annihilation operators

We consider the most interesting case U > 2m of the
critical steps. In this case we decompose the Heisenberg
operator of Dirac field W(X) in two sets of solutions
{ow, (X)} and {“y,(X)} of the Dirac equation (2.8)
complete on the hyperplane ¢ = const. Operator-valued
coefficients in such decompositions do not depend on
coordinates because both W(X) and the complete sets
satisfy the same Dirac equation (2.8). Our division of
the quantum numbers 7 in five ranges, implies the
representation for \i'(X) as a sum of five operators
U, (X),i=1,2,3,4,5,

(4.4)

For each of three operators ‘if,»(X ),i =1, 3,5, there exist
two possible decompositions according to the existence of
two different complete sets of solutions with the same
quantum numbers 7 in the ranges €;, €3, and Qs, see
completeness relation (3.52). Thus, we have:
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=§}Mﬂ”+%ﬁMM%M3+Wm®V%ﬂm]

_ ZM_I/Z [Fay,, (out) "y, (X) + _a,, (out)_y, (X)],

ZM 1/2

(in)w,, (X) + _bj, (in)_w,, (X)]

= ZM [ ay, (out) tw, (X) + b, (out) s, (X)].

Us(x) =

_ ZM’;:/

There may exist only one complete set of solutions with
the same quantum numbers n, and n4. Therefore, we have
only one possible decomposition for each of the two

operators W;(X), i = 2, 4,

ZM 2a,,p,,(X),
ZM“/%' (X).

We interpret all a and b as annihilation and all a” and b*
as creation operators; all a and a' are interpreted as
describing electrons and all » and b' as describing
positrons; all the operators labeled by the argument in
are interpreted as in-operators, whereas all the operators
labeled by the argument out as out-operators.

In this connection, we reiterate that the time-independ-
ence of the external field under consideration is an
idealization. In fact, it is supposed that the external field
was switched on at a time instant #;,, then it was acting as a
constant field during a large time 7, and finally it was
switched off at a time instant 7., = ,, + 7, and that one
can ignore effects of its switching on and off. Then we
suppose that in the Schrédinger picture one can introduce
creation and annihilation operators of particles at the initial
and final time instants. In the Heisenberg representation,
these operators when being developed to zero time instant
are called in-operators and out-operators. It is the well-
known procedure in QFT with z-electric potential steps.
Technical realization of this construction was presented in
Refs. [5]. In QED with constant fields, in particular, with
the x-electric potential steps, we quantize directly in the
Heisenberg representation. And here we encounter the
problem of identification of in-operators and out-operators.
Its final solution is presented in Secs. V, VI, and VIL

Taking into account the orthonormalization relations
(3.47) and the completeness relations (3.52), we find that
the anticommutation relations (4.1) for the Heisenberg

W, (X) =

¥, (X) = (4.6)

[45, (out) ., (X) + b} (out) “w,, (X)].

ZMnS” [ bis (in) Fyr, (X) + i (i), (X))

(4.5)

|

operator (4.4) yield the following anticommutation rules
for the introduced creation and annihilation in- or out-
operators (here we do not discuss commutation relations
between sets of in and out-operators):

All creation (annihilation) operators with different quan-
tum numbers n anticommute between themselves; all the
operators from different ranges €; anticommute between
themselves; all anticommutators in each range Q;,i = 1, 2,
3, 4, 5 have the form:

[a, (in). a, in)]

[*a,, (out), +a::’. (out)]

[, (in), @, (in)], =

(
= [ b, (in). b}, (in)]
— [, b, (out). b (o], =3y,
(b (in). B, ()], = by in). ], ()],
(1, out). .5} (ouD)].
= [ by (out). B! (out)]. = 6,
(4.7)

Some preliminary remarks about the division of creation
and annihilation operators into in- and out-type are in
order. Usually, when quantizing a field theory with a
time-dependent external background, we work in the
Schrodinger picture, where we have to define initial and
final asymptotic states. Even if the external field is switched
off at the time infinity, its potentials may be different from
zero there. Thus, the Schrodinger initial and final asymp-
totic states are different as it occurs in QED with t-electric
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potential steps. Then the Schrodinger initial and final
asymptotic states give rise to in- and out-states (the
corresponding operators) in the Heisenberg picture. In
the case under consideration, where we formally deal with
time-independent backgrounds, and quantize directly in the
Heisenberg picture, there appears the problem of identify-
ing in- and out-operators. In the case of x-electric potential
steps, we will be guided by the following physical con-
siderations: All the in-particles (created by the in-creation
operators from the vacuum) are moving from the asymp-
totic region Sy or Sy to the step, whereas all the out-
particles (created by the out-creation operators from the
vacuum) are moving from the step to the asymptotic region
SL or SR'

Below, after analyzing properties of one-particle states
created by the introduced operators, we confirm the
consistence of their division into in- and out-types.

B. Physical quantities

1. Classical physical quantities
Energy H of the classical Dirac field has the form

H = / wh(X)Hy(X)dr, (4.8)

where one-particle Hamiltonian A is given by
Eq. (2.8). The energy (4.8) is a gauge dependent quantity.
Substituting the one-particle kinetic energy operator A%,
given by Eq. (3.13), for H in the right-hand side (RHS) of
Eq. (4.8) we obtain a gauge invariant quantity H*", which
we call the kinetic energy of the classical Dirac field y(X),

Hkin — / WT (X)I:]kml//(X)dl',

HS = H —U(x). (4.9)

Decomposing the field w(X) over the complete set
w,(X), and dividing integral (4.9) in three integrals within
the regions Sy, S;, and Sg, as was done for the quantity R
in Eq. (B2), we reduce calculating the quantity (4.9) to
calculating the following matrix elements

int IR

int __

nl — hn,dx,
XL

HE = ML I 4 MR,

nl nl

L L
Hnl =
—_K@©
K®)
R _
Hnl —/ hn,dx,
AR

oy = / W (X)F5my (X dr

hnldx,

(4.10)

The matrix elements H™ are finite for any 7 and /, and
the terms H%, and HY, dominate in the limit K/®) — co.
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In the asymptotic regions Sy and Sy solutions v, (X) with
any n are eigenfunctions of the operator A" with the
eigenvalues 7y(L) and zy(R), respectively. That is why
only diagonal matrix elements H%; and HY, differ from zero
in the limit K&®) — co. Thus, the stationary states
introduced in Sec. III A diagonalize the introduced kinetic
energy (4.9). This is an important necessary condition in
the quantization procedure which provides in what follows
an interpretation in terms of particles.
The kinetic energy of a stationary state y,,(X) reads

£, = M3l / Vi (X) o — Um)lwa(X)dr.  (411)

The kinetic energy of a wave packet w(X) composed of
stationary states w,(X) is a sum of the partial ener-
gies (4.11).

One can easily see that stationary states with quantum
numbers n from the regions €, and €, have the following
kinetic energies

gn = ﬂO(L)’ gn = EO(R)'

2 4

(4.12)

Let us consider stationary states { . (X)} and {“y,(X)}
with quantum numbers n from the ranges Q;, 3, and Qs.
Their kinetic energies are denoted as ,£ and €&, respec-
tively. In the same manner, which was used in finding the
orthonormality relations of the corresponding solutions,
and retaining only the leading terms in the limit
KL/R) - o0, we obtain

& =VIMICE + B, 6, = VM (B +CEy),
Er=m(L) R, EX=m(R)Ry,

‘B =mo(L) Ry, “Ex =m(R)*Rg, (4.13)
where n € Q; U Q3 U Qs, and the quantities fRL/R and

Ry IR Are given by Eqgs. (B5) and (B7); in fact, they depend

also on the index n. Then, using Egs. (BS), (B7), (3.40),
and Eq. (B15), we find

U
€, = mR) + gD

n

U
€€, = my(L) ) lg(L| )2 neQ UQs, (4.14)

U
£, = 70(R) + = lg(, 7)1,

n

U
€, =m(l) S lo( I neQs  (415)

The energies 5n,-, i =1, 2 are positive, and the corre-
sponding solutions in Eq. (4.11) are electron states,
whereas all the energies 5,,‘,, i =4, 5 are negative, and

045002-14



QUANTIZATION OF CHARGED FIELDS IN THE ...

the corresponding solutions in Eq. (4.11) are positron
states,

Sn>0, VI’IEQIUQZ; gn<0, VHEQ4UQS

(4.16)

To estimate signs of energies (4.15), we note that they
contain two terms with opposite signs. It follows from
Eq. (3.42) that |g(,|7)|7> < 1. Then Egs. (4.15) imply

€= £, =U( =g )P 20, (4.17)

It has to be stressed that the latter condition is enough to
provide the existing of a vacuum in the further quantum
field theory.

Note that energies S,,i, i=1,2,4,5 for the stationary
states of bosons have the same form as for fermions in
(4.12) and (4.14). However, the corresponding relations for
bosons

U
(€, = mo(R) =5 lo(, ")

U
&y = mo(L) + B} 9 I neQs. (4.18)
differ  from  their fermionic  versions  (4.15).
Equations (4.18) imply the inequalities
45‘"3 > 0, §5n3 <0, (4.19)

which provide the positiveness of any boson excitations
over the vacuum.

2. Quantum physical quantities

After the second quantization, physical quantities of the
classical Dirac field turn out to be operators. In what
follows, we are going to consider some of them. The first
one is kinetic energy operator HN" which, just from the
beginning, we write in a renormalized form,

[kin = / UT(X) A (X)dr —Hy,  (4.20)

where the constant (in general, infinite) term H, corre-
sponds to the energy of vacuum fluctuations. Its explicit
expression will be given below.

Inserting decompositions (4.4), (4.5), and (4.6) in the
right-hand side of Eq. (4.20), we obtain a representation of
the kinetic energy in terms of the introduced creation and
annihilation operators,
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i=1 n;
HO_Z+6n +Z7[0(R)+Z(+5n +_En5)a
I]:I] +5”1+a;l( n),a a, (in)+~ En~ an] (in)~ anl(in)

=_&, _ay, (out)_a, (out)+*&, *ay, (out)”
A, =xo(L)ana,,, M, =-o(R)b},b,,,

A, _+5ng+an3( ut)“a +5n3+b23(0ut)+bn3
=€, aly (in)"a,, (in) ~_E,, b, (in)_b, (in).
ﬂ:ﬂnsz—+€n5+bn5(out)+b (out) —~&,. by, (out)~b,_(out)
=—_&,._bi(in)_b, (in)=*E, * b (in)*b,.(in).

(4.21)

a,, (out),

n; (OUt) — (out)

We stress that the existence of two different representa-
tions for physical observables in the ranges Q;, 3, and Qs
corresponds to the existence of two different complete sets
of solutions in these ranges. According to Egs. (4.14) and
(4.15), we have

& = &

n3

*5”5 + +gn5 = +5n5 + _8"5’

that is why the constant H, has the same value for any
possible choice of [I:l]nl_, i =1, 3, 5 in representation (4.21).
The formal expression of the charge operator 0 is

0-1 / Nt (), ¥ (x)]_d. (4.22)

Its decomposition in the creation and annihilation operators
introduced reads

5
Q = ZZQ""’
=1

0,, = —el,a}, (in),a, (in) + ~a, (in)"a, (in)]
= —e[_aj, (out)_a, (out) + *aj, (out)*a, (out)],
0., = —ean,a,, 0, = eby,b,,
0,, = —e[*aj, (out)*a,, (out) — b} (out), b, (out)]
= —e["aj, (in)"a,, (in) — by, (in)_b,, (in)],
Q,, = e[, b} (out), b, (out) + ~bj (out)~b,, (out)]

= e[_b},(in)_b, (in) + *b;,(in)*b, (in)].  (4.23)
We also will consider the energy flux of the Dirac field
through the surface x = const. Its QFT operator has the

form
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1 [ .

=— [ T%t¢dr
T / =

where 7' is the component of the operator of the energy
momentum tensor 7**, and the integral over dr, is defined
in Eq. (3.33). For our purposes, it is enough to work with
the canonical energy momentum tensor

F(x) (4.24)

{w (), Py (x) + [PL (0)]y,p(x) }-

NM—‘

Then the QFT operator F(x) reads

F(x) =7 / U (X)) BN (X)dtdr | . (4.25)

Another physical quantity useful for the further analysis
is the electric current of the Dirac field through the surface
x = const. The corresponding QFT operator has the form

J= _; / U (X)y0 U (X)drdr, . (4.26)

Inserting decompositions (4.4), (4.5), and (4.6) in the
right-hand part of the quantities (4.25) and (4.26), we can
obtain their representations in terms of the introduced
creation and annihilation operators. Then we can see that
the right-hand part of (4.25) is diagonal with respect to the
quantum numbers n for x € S and for x € Sk, whereas the
right-hand part of (4.26) does not depend on x and is
diagonal with respect to the quantum numbers 7 for any x.

C. Partial and total vacuum states

Let us define two vacuum vectors |0, in) and |0, out), one
of which is the zero-vector for all in-annihilation operators
and the other is zero-vector for all out-annihilation oper-
ators. Besides, the both vacua are zero-vectors for the
annihilation operators a,, and b,,,, which is consistent with
the anticommutation relations (4.7). Thus, we have

+a, (in)|0,in) = ~a, (in)|0,in) = 0,
_b,(in)|0,in) = *b, (in)|0,in) = 0,
a,,(in)|0,in) = _b,, (in)|0,in) = 0,

)=

a,,|0,in) = b,,4|0 in) =0, (4.27)

and
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_ay, (out) ) = +anl (out) ) =0,
+b, (out) ) = b, (out) ) =0,
b, (out)|0, out) = *a,, (out|0, out) =0,
ay, ) = ) =0. (4.28)

Then we postulate that the state space of the system
under consideration is the Fock space constructed, say, with
the help of the vacuum |0,in) and the corresponding
creation operators. One can verify (see Sec. V) that this
Fock space is unitary equivalent to the other Fock space
constructed with the help of the vacuum |0, out) and the
corresponding creation operators.

In this case, one can see that vacuum mean values of the
operator 11" (4.21) and of the charge operator Q are zero in
the both Fock spaces,

.in) = (0,
= (0,in|Q|0, in) =

(0, )

(0, out| 0|0, out) = 0.

Thus, according to Egs. (4.14), (4.16), and (4.17), these are
uncharged states with minimal kinetic energy and the
operator HX" is positively-defined in the ranges €,
i=1,2,4,5. One can verify that the introduced vacua
have minimum energy with respect to any uncharged
quasistationary states in the range 3. Indeed, in our
construction it is assumed that electrons and positrons
with quantum numbers in this range being in one of
corresponding asymptotic regions occupy quasistationary
states, i.e., they are described by wave packets that maintain
their forms sufficiently long in these regions. Only such
electron and positron wave packets have a physical mean-
ing. As we demonstrate in Secs. VIIC and D in the range
Qs, any electron wave packets that really have a physical
meaning can be localized only in the asymptotic region Sy,
(as in the range €,), whereas any positron wave packets
that really have a physical meaning can be localized only in
the asymptotic regions Sy (as in the range €,). Kinetic
energies of these wave packets are formed for electrons by
contributions of (L), for positrons by contribution
|7o(R)| and are, therefore, always positive.

Because any annihilation operators with quantum
numbers n; corresponding to different i anticommute
between themselves, we can represent the introduced vacua
as tensor products of the corresponding vacua in the five
ranges,

5
10.in) = J ] ®/0.in)®,
i=1
5
10, out) = [ ®0. out)®, (4.29)
i=1
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where the partial vacua |0,in)() and |0,out)?) obey
relations (4.27) and (4.28) for any n; and ¢.
It follows from relations (4.27) and (4.28) that

in) —

Let us rewrite relations (3.38) for solutions with quantum
numbers n; as follows

YO, i =24,

(4.30)

(X)) =g( ) I Ty (X) + _w (X)g ()],
(X)) = g7 =i (X) + 4w, (X) g ()
Ty (X) = g(t )™ e, (X) + 7y (X) g (T L)),
"y (X) =g 1) e (X) + T (X)g(F]0)] - (431)

where pairs of solutions in the RHS of Eqs. (4.31) are
orthogonal due to relations (3.47) at any fixed 7. We recall
that the relation

l9( [P

holds as a consequence of Eqgs. (3.42). Using these relations
and two possible representations (4.5) for the operator
@, (X), one can find direct and inverse canonical trans-
formations between the initial and final pairs of annihila-
tion operators of electrons:

=lg(, 1P +1 (4.32)

Fay(out) =nrg( [*) ™ v, (in) +g(7|) " g(*]-) "y (in),
—ay(out) =g(,[*) 7 g(_[*)1a, (in) =nLg("]-) ™ ", (in);
+a,(in) =g(_[7) 7 g(;[7)-a,(out) +nLg(*],) ™" a, (out).
“a,(in) =—nrg(_|7)"'_a,(out)

+9(*11)7"9(" 1) " a, (out). (4.33)

Canonical transformations between the initial and final
pairs of creation operators of electrons can be derived from
relations (4.33).

In the same manner, using relations (3.38) for solutions
with quantum numbers n € Qs, and two possible repre-
sentations for the operator Ws (X) given by (4.5), one can
find canonical transformations between the initial and final
pairs of positron creation operators. They can be obtained
from relations (4.33) by the substitution ,a, (in) >

+bj;5 (out), ~a,, (in) - by, (out), *a, (out) — by (in),
and _a, (out) — b (in).
Since the canonical transformations (4.33) do not mix
creation and annihilation operators, we can choose
0,in)) = |0, 0ut)), i=1,5. (4.34)
Together with their adjoint relations Eqs. (4.33) define an
unitary transformation Vg between in- and out-operators

in the range Q,
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{;a'(in)."a'(in). ;a(in). ~a(in). }

= Vg {Ta'(out), _a’(out), "a(out), ,a(out)}V}zl :

The unitary operator Vg has the form

Vo, =exp{ S *al(oula( 1) ap(ou) |
neQ,;

xexp{—g_auout)1n[g<-|_>g<-|+>-l]_

X exp { Z* »(out)In[g

neQ,

xexp{—%aZ(out)g(|+)‘l+an(0ut)}. (4.35)

a, (out) }

|+>g<-|+>-1]+an<out>}

Similar results take place in the range Qj:

{_b(in), +b' (in), _b(in), *b(in)}
= Vg {"b'(out), b’ (out), “b(out), +b(out)}VgS,

= exp{ ZJ?T (out)g )‘1‘b(0ut)}
nes
xexp{ =3 ou) o] g1~ -blown) |
nes

xexp{ 30" ou)nlo(* gl blown |

neQs

X exp { Z‘b*(out)g(ﬂ_)_ub(out)}. (4.36)

neQs

We recall, that the similar result (4.30) takes place in the
regions Q;, i = 2, 4. Both relations (4.30) and (4.34) mean
that the partial vacua |0, in>(i), i=1,2,4,5 are stable under
the action of the external field. In what follows, we denote
the tensor product of these partial vacua by |0),

10)= Hi=1,2,4,5® in) () = Hi=1,2.4,5®

Below, we are going to consider one-particle states
aj,(in/out) ) and b} (in/out) ) created
by the introduced creation operators from the vacuum.

The physical meaning of these states will be discussed
separately for each range of the quantum numbers 7.

Yy (4.37)

V. ONE-PARTICLE STATES IN THE
RANGES Q; AND Q4

A. General

We believe that according to the structure of the Dirac
energy spectra in the asymptotic regions Sy, and Sg, there
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exist only one-electron states in the range €, whereas in
the range 25 there exist only one-positron states.

We recall that condition (., ~<y,) =0 (B14) for
n € Q U Qs means that the sets of solution s {. (X)}

and {~°w,(X)} with opposite ¢ represent independent
physical states.

We associate the independent pair {,, (X), "y, (X)}
with electron in-solutions and the independent pair
{ow,,(X)} and {*y, (X)} with electron out-solutions.
Correspondingly, in the range 2, one-electron states are

“ay, (in)[0),
*aj, (out)|0).

], (in)[0).

_ay,, (out)|0),

(5.1)

We associate the independent pair {_y, (X)} and
{"w, (X)} with positron in-solutions and the independent
pair { v, (X)} and {7y, (X)} with positron out-
solutions. Correspondingly, in the range Q5, one-positron
states are

b}, (out)|0).

n

~big(in)|0),

B}, (oun)|0).

*b}(in)|0). (5.2)

B. Interpretation of states in Q; and Q;

To give an interpretation of states in Q; and Qs we have
studied one-particle mean values of the charge, the kinetic
energy, the number of particles, the current, and the energy
flux through the surfaces x = x; and x = xi. The corre-
sponding calculations are placed in the Appendix C 1.
Based on results of such calculations, we can finally
conclude:

(1) The states (5.1) are states with the charge —e. The

states (5.2) are states with the charge +e.

(2) All these states have positive energies and therefore
they can be treated as physical particle states,
namely states (5.1) represent electrons, whereas
states (5.2) represent positrons. Their currents
(C7) and (C8) also confirm this interpretation.

(3) Mean energy fluxes (C10) and (Cl11) of states
under consideration through the surfaces x = xj
and x = xg together with expressions for their
currents allow us to believe that:

(a) electrons _ af (in)[0) and Tay, (out)0) are
moving to the right, ,

(b) electrons _aj, (out)|0) and ~aj (in)|0) are
moving to the left;

(c) positrons _bj_(in)|0)~ b} (out)|0) are moving to
the right,

(d) positrons , b} (out)|0) and *+b}(in)|0) are mov-
ing to the left.
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Thus, we see that the asymptotic longitudinal physical

momenta of electrons are pi, = p" and pY, = p~,

whereas for positrons they are p;h = —pland pl;h = —pR.

(4) We classify electron states +af,l(in)|0) and

~aj, (in)|0) as in- states, because they are moving

to the step from the asymptotic regions S and Sg,
respectively, with definite asymptotic behavior there.
We classify electron states _a,, (out)|0) and

*a}, (out)|0) as out- states because they are moving
from the step to the asymptotic regions Sy and Sy,
respectively, having there definite asymptotics.

We classify positrons states _bj, (in)|0) and * b} (in)|0)
as in- states because they are moving to the step from
the asymptotic regions S; and Sg, respectively, having
their definite asymptotics. We classify positron states
+bjz5 (out)|0) and ~h; (out)|0) as out- states because they
are moving from the step to the asymptotic regions Sy, and
Sk, respectively, having their definite asymptotics.

In Fig. 3 we show in- and out-electron states in the range
Q, and in- and out-positron states in the range Qs. Here
electrons are drawn by circles with the sign minus inside
and positrons with the sign plus inside. The associated
arrows show the energy flux directions given by Egs. (C10)
and (C11). Thus, these arrows show the directions of
motion.

To justify completely our interpretation of the in- and
out-states, we first recall that it is impossible to refer (even
in the nonrelativistic quantum mechanics) to a direction of
motion of plane waves, which has no physical meaning,
since they are not localized. The scattering problem is
formulated for particles that are represented by wave
packets localized in some space areas. What do we demand

P,k
W, alinl o T dloulo) 2% My,
v, < o) Q, Lo dlinlo W,
P LLLLLLLL
Yo dllo) AANOAN U+ Q, Ulx)
e rJ TIIIIIIT
W, “a(in)o,in) @T> 0 T@ _bl(in)|0,in) W,
X, 3 X
: \ : -
+ out out
P, <—©  “d(out)|o,out) bl(out)|0,out) &= W,
LLLLLLL L we,
ot u ANNBANN BJ0) W,
SIS T T
in out
A, biin)lo) &= Q. bilout)lo) @@= P,
A, <0—MED b (out)[0) ,‘ <Z@ Blinlo) W,
FIG. 3. in and out-particles near an x-potential step.

045002-18



QUANTIZATION OF CHARGED FIELDS IN THE ...

from such localized packets? First of all, the localization
areas have to belong to one of the asymptotic regions S; or
Sg. Each of the localized wave packets must be composed
of states with asymptotic physical momenta p}%h or ppRh,
respectively, that have the same directions and belong to
one and the same range €2;. We call these packets
quasilocalized, because of not very rigid requirements
for their localization. Such wave packets are moving in
the same direction as their constituent waves. In the
scattering problem under consideration, we consider four
types of wave packets in each range Q; and Qs, two of
them being quasilocalized in the asymptotic region S, and
two of them in the asymptotic region Sg. All the packets
quasilocalized in S are formed of solutions .y (X),
whereas all the packets quasilocalized in Sy are formed
of solutions ¢y, (X). Indeed, in the asymptotic region Sy
and Sy solutions ,y (X) and Sy, (X), respectively, are
reduced to waves with definite asymptotic physical
momenta pll;h and pﬁh, respectively. That is why directions
of motion of the wave packets in these regions are well
defined.

The electron wave packets in the range Q,, composed of
solutions Ly, (X) or “w,(X), are moving to the region S;;
(in the QM scattering theory they are called incoming
waves), whereas the electron wave packets composed of
solutions _wy,(X) or Ty, (X) are moving away from the
region S;, (in the QM scattering theory they are called
outgoing waves). Thus, we believe that the first type of the
wave packets describe in-electron states with asymptotic
behavior formed before they meet the external field, and the
second type of wave packets describe out-electrons that
have asymptotic behavior observed after they have left the
region where the external field is present. That is the reason
for our definitions of in- and out- creation and annihilation
operators with quantum numbers 7; in the decomposition
of the quantized Dirac field (4.5). It is not difficult to give
similar interpretation for positron wave packets in the
range Qs. B

According to these definitions, we introduce absolute R
and relative R amplitudes of an electron reflection, and
absolute T and relative 7 amplitudes of an electron trans-
mission in the range Q; as

Ryn =Ry,

T+.n1 = CL'TJr,n] s

=

—,n —np°

=c,R
T_, =c,T_,, T_, =

and similar quantities for a positron in the range Qs as
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Rip = coRins  Ryn = (0]7by,(0ut)"bj(in)|0),
Ty = €T T+ ns = (015, (0ut) "y (in)|0),
R_‘,IS =c,R_,., = (0[ b, (out)_ b} (in)]0),
T_ny = Ty, = {0[7b,, (out) by, (in)|0),
(5.4)

where R and T are the corresponding relative amplitudes,
and ¢, = (0, ,in), see Sec. VIID.
Using canonical transformations (4.33) one can calculate
the relative electron amplitudes,
1

( 7). T =g M)
-n = —’7R9(_|—)_1

R, =
R_ (5.5)

Similar expressions can be obtained for the corresponding
positron amplitudes. They differ from Egs. (5.5) only by
phases.

As it follows from Egs. (3.41) and (3.42) the corre-
sponding probabilities satisfy the following relations

R W =R,
|RC,n|2 + |TZ_,'.n|2 = 1’

|T+n|2 |T—n|

ne Q] s QS‘ (56)
Equation (5.6) is just the condition of the probability
conservation, written in terms of relative probabilities of
reflection and transmission, under the condition that in all
other states with quantum numbers m # n partial vacua
remain vacua.

Now we see that according to Egs. (C4) the relative
probabilities coincide with the corresponding mean
values,

Né?l(”v _C> = |R§,n|27
NYn o) =|Te . neQ,Qs.  (57)

This nontrivial result may be interpreted as QFT justi-
fication of rules of time-independent potential scattering
theory, see Ref. [47], in the ranges Q; and Q5. To clarify
this point of view, let us consider one specific process in the
range Q;, namely, the evolution of the in-state . a;, (in)|0).
From the point of view of causal evolution this state can be
reflected, i.e., to pass to the out-state _a,, (out)|0) with the
probability R, ,,\2 and can be transmitted, i.e., to pass to
the out-state *a;;, (out)|0) with the probability |7, ,|2. Let
us try to apply the potential scattering theory to the same
problem, using our QFT picture. Then, we have to calculate
two mean currents in our in-state, one J related to the out-
particles _aj, (out)|0) and another one J; related to the out-
particles *aj, (out)|0). Both currents are proportional to the
mean numbers of the corresponding out-particles in our
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in-state and can be represented by these numbers in the
example under consideration. Then

Jr = (0l1a,, (in)[_ay, (out) _a,, (out)], aj (in)|0)
= lg( [Pl = [R., %
Jr = (0], a,, (in)[*a;, (out)"a,, (out)], aj (in)|0)

=lg(, )7 =T

Thus, we see that in the range €; realization of
rules of the potential scattering theory in the framework
of QFT allows one to obtain the correct result J + Jr = 1.

VI. ONE-PARTICLE STATES IN THE
RANGES Q, AND Q,

In the range €, there exist only one-electron states
ah,|0), whereas in the range Q, there exist only one-
positron states b,,|0),

ahl0).  bh,[0). (6.1)
Below, we study their interpretations and properties.

Using Egs. (3.36) we see that the renormalized QFT
currents, given by the operator J (C6) is zero in the states
under consideration,

= (0la,,da},|0) = J,, = (0]b,,Jb;,[0) =0.  (6.2)

We interpret the QFT states (6.1) as standing waves
(stationary waves) that present a result of interference
between two waves traveling in opposite directions, see
Egs. (3.29) and (3.30). In Fig. 3, we show these standing
waves in the ranges €, and €,. Here electron standing
waves are drawn as circles with the minus inside and
positrons with the plus inside.

It should be stressed that the case of the ranges €2, 4 can
be considered as a degenerate one with respect to the case
of the ranges Q; 5. This case could formally by extracted
from relation (5.5) by considering the limit T, =
nLg(,| ")~ =0, which implies that |g(, |")|*=|T,|> >
for the potential step under consideration. Then it follows
from the relation |R,|?+|T,[*=1 that |R,|*— 1, which
corresponds to the almost total reflection, when the currents
of incoming and outgoing waves with a given n almost
cancel each other. According to the definition of the charge
operator (4.22), the space distributions of the charge are
given by the densities [*y, (X)|* and | (X)[*. In turn this
means that linear charge density in the asymptotic regions
Sy, and SR are given by the quantities éVRL/R/K(IU and

L /R/K which were obtained in (B5) and (B7). We

note that |g(,|7)]? = |g(.|)|? in the case |g(,|7)* > 1
such that distributions for the charge density in the ranges
€, 5 become similar to the distributions in the ranges €2, 4.
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It is natural to expect that such a case is realized when
quantum numbers n; are close to the upper bound of the
range €2,, and the quantum numbers ns are close to the
lower bound of the range €.

Finally, in the ranges Q, 4 only the total reflection takes
place. This process can be well described in the framework
of one-particle quantum mechanics, see [48]. Its rigorous
description in the framework of QFT as a time-dependent
process leads to the same results confirming heuristic one-
particle quantum-mechanical interpretation.

One can, in principle, define in- and out-states related to
these opposite waves. It should be noted that, on the one
hand, this is not a trivial task, and, on the other hand, this
problem is the scope of our main goal, which is the
consideration of particle creation processes. The latter
processes are specific for the Q5 range, as it will be clear
in what follows. However, we represent below a brief
discussion of in- and out-states in the €, 4 ranges.

We believe that physical state vectors that correspond to
localized in- and out-electrons or positrons are some wave
packets composed of formal solutions introduced in the
ranges , and Q. In the region Sy the constituent waves
¥y, (X) have zero asymptotic values which implies that any
wave packet describing an electron is quasilocalized in the
region Sy . In the region Sy the constituent waves y,, (X)
have zero asymptotic values, which implies that any wave
packet describing a positron state is quasilocalized in the
region Sg.

VIL. ONE-PARTICLE STATES IN THE
RANGE Q;

A. General

First we recall (see Sec. III B 3) that according to the
structure of the Dirac energy spectra in the asymptotic
regions S; and Sy, there exist two sets {gy/ (X)} and
{Sw,,(X)} of solutions in the range Q that’ obey the

orthogonality relations (gz// “w,,) =0, see (B16). Thus,
in this range we have two pairs {_y,, (X). "y, (X)} and
{4w,,(X), Ty, (X)} of independent solutions. Each pair

forms a complete set of solutions in the range €.
According to Egs. (3.38), there exist relations between

solutions {,y, (X)} and {fw,, (X))},

(X)) = g( ) wa (X)) + v (X)),
v (X) = gC[) 7 Ly (X)g( ) = Twa (X)),
Twa(X) = gC 1) Ty (X)g(T1L) = —wa (X)),
“wa(X) = gC 1) My (X)g(t1L) + 4w, (X)] (7.1)

As it follows from Egs. (3.42), in the range under
consideration the coefficients ¢ satisfy the following
relation
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9C PP =g M+ 1. (7.2)

which differs from similar relation (4.32) in the range ;.

We  associate  the  first  independent  pair
{_v,,(X), "y, ,(X)} with in-solutions and the second
independent pair {,y, (X), *y,,(X)} with out-solutions.
Thus, solutions {~y,,(X), "y, (X)} are associated
with in- and out-electron states, whereas solutions
{wn,(X), 4w, (X)} are associated with in- and out-
positron states. Correspondingly, in the range Qs there
exist four types of one-particle QFT states,

~aj, (in)|0, in),

_b},(in)|0, in),

+aj,3 (out)

+b;, (out)

0, out),

0, out). (7.3)
Since no other ranges are considered in this section, the
quantum numbers n; are sometimes denoted by n for
simplicity.

Using both alternative decompositions (4.5) for W3(X)
and relations (7.1), we find the following linear canonical
transformations between the introduced in- and out- cre-
ation and annihilation operators

Fa,(out) = —g(_[*)™! _bi(in) + g(* 1)~ 9(*]4) "a, (in),
bi(out) = g(_[")~g(,[")-ba(in) + g("|,)™""a,(in),
~b(in) = g(;[7)~'g(_17) 1 b (out) = g(*| )", (out),
“ay(in) = g(;|7) 7" b (out)
+9(*12)7'g(712) " ay (out). (7.4)

Because these transformations entangle annihilation and
creation operators, the partial vacua |0,in)®) and |0, out)®
are essentially different. That is why, the total vacua |0, in)
and |0, out) are different as well, see Egs. (4.29) and (4.37).

B. Interpretation of states in Q;

To give an interpretation of states in Q3 we have studied
one-particle mean values of the charge, the kinetic energy,
the number of particles, the current, and the energy flux
through the surfaces x = x;, and x = xz. The correspond-
ing calculations are placed in the Appendix C 2. Based on
results of such calculations, we can finally conclude:

(1) The states

~aj, (in)|0, in), *+aj, (out)|0, out) (7.5)
are states with the charge —e. The states
_b},(in)|0,in), b} (out)[0,0ut)  (7.6)

are states with the charge +e. Equations (C17)
confirm these conclusions.
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(2) Each of these states belongs to one of the physical
wave packets that have positive energies as is
demonstrated in Sec. VIIC, and, therefore, they
can be treated as physical particle states, namely,
states (7.5) represent electrons, whereas states (7.6)
represent positrons. Their currents (C17) also con-
firm this interpretation.

(3) Mean energy fluxes (C19) of states (7.3) through the
surfaces x = x; and x = xy together with expres-
sions (C17) for their currents allow us to con-
clude that: .

(a) electrons  ~a,,(in)|0,in)  and  positrons
.b} (out)|0, out) are moving to the right;
(b) electrons  *aj, (out)|0,out) and positrons
_b},(in)|0,in) are traveling to the left.
We stress that in contrast to the ranges €, and Qs, in
the range Q3 signs of the energy fluxes of the
electrons are determined by signs of the quantum
number pR whereas signs of the energy fluxes of the
positrons are determined by signs of the quantum
number p“. This correlation follows from the fact
that in the region Sy the directions of the positron
motion coincides with the directions of positron
current and in the region Sy the directions of the
electron motion is opposite to the directions of the
electron current.

(4) We classify electron states ~ay,(in)|0,in) as in-
states, because they can move to the step only from
the asymptotic region S;. The latter statement is
based on our belief that the structure of the Dirac
spectrum in the region Sg forbids electrons to be
present in this region.

We classify electron states *aj,(out)0,out) as out-
states, because they can move from the step only to the
asymptotic regions Sy . The latter statement is based on our
belief that the structure of the Dirac spectrum in the region
Sgr forbids electrons to be present in this region.

We classify positrons states _b;, (in)]0, in) as in- states,
because they can move to the step only from the asymptotic
region Sg. The latter statement is based on our belief that
the structure of the Dirac spectrum in the region Sy, forbids
positrons to be present in this region.

We classify positrons states | b} (out)|0,out) as out-
states, because they can move to the step only from the
asymptotic region Sg. The latter statement is based on our
belief that the structure of the Dirac spectrum in the region
Sy, forbids positrons to be present in this region.

In Fig. 3 we show in- and out-states in the range €.

C. Discussion of the localization properties

Taking into account Egs. (3.41), one can verify that
all differential mean numbers (C13) are equal. That is
why, we introduce the unique notation N’ for all of
them,
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N§ = N} (out) = Nji(out) = N} (in) = Nji (in) = [g(..[7)[7>.
(7.7)

For the fermions under consideration, it is natural that the

quantity N¢' is always less or equal than one, Nj < 1. We

also note that the quantities 7(L) and |7y(R)| achieve their
minimal values on the boundaries of the range €23, namely,

mlnﬂ'o(L) =, min |]T0(R)| =7 . (78)

If N tends to zero, N — 0, then |g(,|7)|* = oo and,
at the same time, |g(,|")|*> — oo in accordance to rela-
tion (7.2).

The quantity N¢' can be calculated explicitly in the so-
called exactly solvable cases (see Introduction and Sec. IX).
However, we can derive some additional useful properties
of this quantity in the general case.

Taking into account the fact that no pair creation takes
place in the regions €, and €, we suppose that pair
creation vanishes near the boundaries of the range Qs,

Ny

-0 < Ny, 2(R)——r, 0,

- 0. (7.9)

n3—>Qz

Ny -0 < N iy

n3lny—Qy L)—r,

Note that in this case kinetic energies of electron or
positron plane waves given by Egs. (4.15) tend to their
values, ¢€,, — my(L) and ¢€,, = mo(R), near the bounda-

ries of the range €. Therefore, conditions (7.9) provide
that
(7.10)

€&, >0, £ <0

ns

near the boundaries of the range Q; and operator "
(4.21) is positively-defined in this part of the range Q3. We
believe that inequality (7.9) takes place for all nonpatho-
logical x-electric steps.

As was already mentioned, Eqs. (7.9) imply that
lg(.|7)* = 1g(.|")]* > 0. Then it follows from
Egs. (B5) and (B7) that the electron density |*y,(X)|? is
concentrated in the region Sy, whereas the positron density
|y, (X)|* is concentrated in the region Sg,

|CWn3 (X)|2|,,O(R)_,_M -0, x€ S8,

e, (X1 -0, xes, (711

Ty (L) =T

which means that these densities are continuous near the
boundaries of the range Q3. We see that conditions (7.9)
and (7.11) are equivalent. Thus we believe that conditions
(7.11) imply (7.9) near the boundaries of the range €.
For arbitrary n € Q3 some properties of N can be
established first in the case of weak external fields (but still
strong enough, U — 2z > 0, to provide the existence of
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the Q;-range) using a semiclassical approximation. In the
latter case a really strong restriction has to be imposed, that
N¢ is exponentially small, N§' < 1. Then it is natural to
expect that for any finite U < co and m # 0 the inequality
l9(1.|7)|7 < 27, /U holds, such that inequalities (7.10)
hold for arbitrary n € Q3. The condition N§ <« 1 and
Egs. (BS) and (B7) imply that for arbitrary n € Q5 the
electron density |y, (X)|? is concentrated in the region Sy,
whereas the positron density | (X)|* is concentrated in
the region Sy,

fwa, (X = 0,
|§Wn3 (X)|2 - 0’ DS SL'

X € SR’
(7.12)

Thus, the wave functions ¢y, (X) and W, (X) behave
quite similarly to the behavior of the corresponding
functions with n € Q,, Q.

In the general case when the quantities N§' are not small,
it is natural to expect a similar behavior, namely: the region
Sg 1s not available for electrons, a the region S; is not
available for positrons. However, when the quantities N
are not small, the latter property may hold only for the
corresponding wave packets, but not for the separate plane
waves. That means that Eq. (7.12) may not hold, that is,
these plane waves may be different from zero in the whole
space. Within our context it is assumed that electrons and
positrons in one of corresponding asymptotic regions may
occupy quasistationary states, i.e. they should be described
by wave packets that pertain their form sufficiently long in
one of corresponding asymptotic regions. In other words,
only such electron and positron wave packets have a
physical meaning in the problem under consideration.
This is what we shall keep in mind when discussing the
wave packets in what follows. We can demonstrate that in
the general case the electron wave packets that really have a
physical meaning can be localized only in the asymptotic
region Sy, whereas the positron wave packets that really
have a physical meaning can be localized only in the
asymptotic regions Sgr. This is a consequence of a specific
structure of plane waves ¢y, (X) and Vo, (X) in asymp-

totic regions S; and Sg. Indeed, this structure is quite
different from the structure of plane waves in the ranges Q;
and Q5. As was mentioned above, electron states with given
quantum numbers n; are states with a definite quantum
number pR, whereas positron states with given quantum
numbers n5 are states with a definite quantum number p".
This fact together with relation (7.1) implies, for example,
that a partial wave of an in-electron, ~y,,, (X), in the region
where the electron can really be observed, i.e., in the region
Si, is always a superposition of two waves with opposite
signs of the quantum number p", W, (X) and _yr,, (X). In
turn, this implies that in contrast to the ranges Q; and Qs,
the sign of pl is not related to the sign of the mean energy
flux in the region S; . The same holds true for a partial wave
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of an out-electron *y, (X). Similarly, one can see that
partial waves of both in- positron _y, (X), and out-
positron Ly, (X), in the region Sg, are always super-

positions of two waves with quantum number pR of
opposite signs and, therefore, signs of these quantum
numbers are not connected to the sign of the mean energy
flux in the region Sg. However, as it was demonstrated
above, these are states with well-defined asymptotic energy
flux, and therefore with the corresponding well-defined
asymptotic field momentum. One can demonstrate that
namely these properties of the constituent plane waves are
responsible for the fact that stable electron wave packets
can exist only in the region S;, whereas stable positron
wave packets can exist only in the region S, see details in
the Appendix D.

We stress that in the range 3, within each pair of
independent states with the same 7, the in- particles and
out- particles always move in opposite directions.

Mean values (C14) and (C17) are typical for the total
reflection. Indeed, all the mean particle numbers do not
change in the course of the interaction with the step field,
and the both electron currents are equal in magnitude and
have opposite directions, the same holding for the both
positron currents. We have demonstrated that electron
densities in €23 have a behavior similar to that in the Q,
range, vanishing in the Sy region, while positron densities
in Q3 behave similarly to the Q4 range, vanishing in the Sy
region.

Since the above-described properties of mean values
(C14) and (C17) hold true in the whole range Q;, we
believe that all the in-states in this range are subjected to the
total reflection. Once this is the case, the wave functions of
the in-states and of the out-states corresponding to them
have to be concentrated in the same regions on the left or on
the right of the x-electric step, similar to the behavior of the
particles in the ranges €, and Q,, respectively. Note that
kinetic energies of these physical states are sums of the
positive partial energies V| M;'°EL for electrons and
~V M ER for positrons, where the quantities *Ej; and
(ER are given by Eqs. (4.13).

Some additional arguments in favor of the given inter-
pretation are in order.

In the range Q3 no particles exist that could maintain the
direction of their motion after the interaction with the
external field. This peculiarity allows one to classify these
one-particle states as in- or out-states by using mean
currents (C17). The electric field under consideration
accelerates positrons along the axis x and electrons in
the opposite direction, that is why in the range 4
the current of out-electron states coincides with the
electric field direction, whereas the current of in-electron
states is opposite to the electric field direction. Thus,

*+a},(out)|0, out) and +bfh (out)|0, out) are out- states of
electrons and  positrons,  respectively, = whereas
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~aj},(in)[0,in) and _b},(in)|0,in) are in— states of elec-
trons and positrons, respectively. This also implies that
0,1in) is the in— vacuum and |0, out) is the out— vacuum.

Finally, ~aj, (in), ~ay,(in), _b},(in), _b,,(in) are creation
and annihilation operators of in— electrons and positrons
respectively, whereas *aj, (out), *a,, (out), _bf (out),
b, (out) are creation and annihilation operators of out-
electrons and out-positrons, respectively.

We come to the same conclusion considering the mean
values (C13). Thus, we see that the quantities N (out) and
N’ (out) are differential mean numbers of out-electrons and
out-positrons, respectively, created from the vacuum, since
electric currents composed of the corresponding states
coincide with the direction of the electric field. In this
case we face electron and positron pairs outgoing from the
state where no incoming particles were present. The mean
numbers of created electrons are equal to mean numbers of
created positrons, in full agreement with the charge con-
servation law.

Besides, it follows from Eq. (C13) that N%(in) and
N4(in) are differential mean numbers of electrons and
positrons, respectively, annihilated from the initial neutral
state of an electron-positron pair. The electric current
corresponding to this initial pair is directed opposite to
the electric field, that is why after the annihilation its
electron and positron components are equally reduced by
the quantity e M~I N,

Thus, we believe that the wave functions ~y,,(X) and
_y,,, (X) describe initial or incoming states of an electron
and a positron, respectively, whereas the wave functions
Ty, (X) and Ly, (X) describe final or outgoing states of
an electron and a positron, respectively.

This causal identification coincides with the one pro-
posed by Nikishov in the frame of relativistic quantum
mechanics in Refs. [2,17]. Note that it differs from another
identification in the frame of relativistic quantum mechan-
ics given in Refs. [14] and repeated, for example, in
Refs. [3,12]. In the Sec. VIIE we discuss this problem
in more detail.

D. Reflection and creation of particles in Q3

The total number N of pairs created from the vacuum is
the sum over the range Q5 of the differential mean numbers
Ny,

N=> Nr=> g™

ned ned;

(7.13)

Here we consider probability amplitudes of some sim-
plest processes in the range €. First of all, this is the
vacuum-to-vacuum transition amplitude which coincides
[due to Eq. (4.37)] with the total vacuum-to-vacuum
transition amplitude c,,
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¢ = 30, 0ut]0,in)® = ¢, = (0,

Jin).  (7.14)

Among other nonzero amplitudes we have to consider
two relative scattering amplitudes of electrons and
positrons,

W(_H—i_)n’n
W(_‘_)n’n =

and two relative amplitudes of a pair creation and a pair
annihilation,

¢; 10, out|*a,y (out)~a;(in)|0, in),

+
b,,(out)_bj(in)|0, in),

c; 10, out| ;. (7.15)

W<+ - |O)n’n =
W(Ol - +)nn’ -

¢; 10, out| Ta,, (out), b, (out)|0, in),

¢;'(0, out|_bj;(in)~a’, (in)|0, in).

(7.16)

As can be derived from relations (7.4), all the amplitudes
(7.15) and (7.16) are diagonal in the quantum numbers n
and can be expressed in terms of the coefficients g(*'| ¢) as
follows:

W) wn = Guwwal++).
wi(+H4) = g("[2)g(7]-)”
W(=|=)
wi(=1=) = gC1)gC 1) =g(IM)g(, ")
w(O] =) = Suwwa(0] = +),

w, (0] = +) = =g("[)7".
w(+=10),, = Supwa(+—10),

w,(+=10) = g(4[")7".

Recalling the physical meaning of the one-particle states
(7.3), we conclude that in the range 25 the total reflection is
the only possible form of particle scattering, with w(+|+),
and w(—|—), being relative probability amplitudes of a
particle reflection. The relative probability amplitude
w(+ —0),, describes creation of an electron-positron pair
of out-particles with given quantum numbers n, and the
relative probability amplitude w(0| — +),, describes anni-
hilation of an electron-positron pair of in-particles, each of
them having quantum numbers n.

Unitary relations (3.40) and their consequences (3.41)
and (3.42) imply the following connections for the intro-
duced amplitudes w:

P=g( Mg )

= 5n~n’wn(_|_ ’

(7.17)

Wi ()P = [wa(=|-) 2,
W (+ = [0)]7 = [w, (0] = +)P,
Wi (+ )2 = [wa (+ = [0)? = 1.,

wa(=) (k= ]0)°
) - wao = 8
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Referring to Egs. (7.17), relations (7.4) can be rewritten
as

~a, (in) = w,(+14) 7 [Fa, (out) + w, (+ = [0). 5} (out),
_by(in) = w, (= =) [+ b, (out) = w, (+ - [0)*aj(out)]
(7.19)

Together with their adjoint relations they determine a
unitary transformation Vg between the in- and out-
operators,

{=a'(in), ~a(in), _b"(in), _b(in)}
= VQ3{+aT(0ut),*a(out),+bT(0ut),+b(out)}sz3.

Since Egs. (7.18) and (7.19) coincide formally with the
corresponding equations for z-electric potential steps, the
unitary operator Vg can be taken from the works [5,49]. It
has the form

= exp{ Z*an (out)w
neQ;

x exp{—2+bn<out> 1nwn<—|—>+b,t<out>}

- 10),#i(ow) |

X exp { Z*an (out) Inw, (+]+)"a (out)}

ned;
X exp { ,(out)w, (0| —l—)*a,,(out)}.
nng

(7.20)

At the same time, the operator Vg relates the in- and
out-vacua, |0,in) = ) and therefore it determines
the vacuum—to-vacuum transmon amplitude c,,

= Dm0

The probabilities of a particle reflection, a pair creation,
and the probability for a vacuum to remain a vacuum can be
expressed via differential mean numbers of created pairs
N¢. By using the relation |w,(—|-)|*> = (1 — N&)~!, one
finds

= (0, 0ut|Vg,|0, out) (7.21)

P(+|4),v , = |{0,0ut| T a, (out)~aj(in)|0,n) >
1
=8P
n,n I—N,Clr v
P(+—10),,,, =1(0.0ut|*a, (out) . b, (out)|0,in) |2
NCr
:5,,’,,1_—;’\,’?&,,

P,=le,P=]]rs pi=(-N¥). (722)
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The probabilities for a positron scattering P(—|-),,,, and
a pair annihilation P(0| — +),,,, coincide with the expres-
sions P(+|+) and P(+ — |0), respectively.

We finish this section with some important remarks.
Note that p? given by Eq. (7.22) is the probability that the
partial vacuum state with given n remains a vacuum. One
can see that in the framework of developed QFT quantiza-
tion the total reflection of a particle off the x-electric
potential step is described by the conditional probability of
reflection of a particle with given quantum numbers n,
under the condition that all other partial vacua remain
vacua. Such a probability has the form |w,(+|+)[>p™.
Consequently, |w,(+|+)|?p" = 1. However, the probabil-
ity P(+[+),, is not equal to one as it follows from
Eq. (7.22). If all N§ < 1 then

1-P,~N=> N (7.23)

ne;

The vacuum instability is not essential if N§' — 0. Then
Py, =1, P(+[+),, = 1 and P(+ - 0),, = Ny

It should be noted that semiclassical approximations can
be used namely under the latter condition. We recall that, by
using the proper-time method, Schwinger calculated the
one-loop effective Lagrangian L in electric field and
assumed that the probability P, that no actual pair-creation
has occurred in the history of the field during the time 7 in
the volume V can be presented as P, = exp{—VT2ImL}
[50] (for a subsequent development, see the review [51]).
Schwinger interpreted 2ImL as the probability, per time
unit, and per volume unit, of creating a pair by a
constant electric field. This interpretation remains approx-
imately valid as long as the WKB calculation is applicable,
that is, VT2ImL < 1. Then the total probability of pair-
creation reads as 1 — P,~ VT2ImL. To calculate the
differential probabilities of pair-creation with quantum
numbers m (for instance, momentum and spin polariza-
tion), one can represent the probability P, as an infinite
product:

(7.24)

_ —2ImS
P, = He Mom,
m

where a certain discretization scheme is used, so that the
effective action S = VTL is written as S =)_,S,,. The
above-said is possible only if m are selected as integrals of
motion. Then, e~?™S» is the vacuum-persistence proba-
bility in a cell of the space of quantum numbers m. Using
the WKB approximation in the case 2ImS, <« 1, one
obtains for the probability of a single pair-production with
quantum numbers m and for the corresponding mean values
N, of created pairs the following relation:

N5, = P(+—10),,, ®2ImS,,. (7.25)
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E. Some comments on in- and out- states
in the Klein zone

It should be noted that in the works [2,13] of Nikishov he
gave a consistent (and correct to our mind) resolution of the
Klein’s paradox based on his original approach, which is a
combination of elements of second quantized theory and
relativistic quantum mechanics. In particular, treating the
Klein step, he interpreted solutions ¢y, (X) and v, (X) in
the way that correspond to our choice of in- and out- states.
After Nikishov’s works there appear a work of Hansen and
Ravndal [14] where they tried to use second quantized
quantum field theory to describe quantum effects near
x-electric potential steps. However, their interpretation of
the solutions ‘y,(X) and v, (X) was different from
Nikishov’s one. In terms of proposed by us quantization
they interpreted our in-states as out-states and our out-states
as in-states. Nikishov in his work [17] has pointed out that
this is a wrong interpretation. Our detailed analysis con-
firms his opinion. Nevertheless the interpretation of Hansen
and Ravndal was repeated in the textbook [3], in the review
[12], and in some other publications. To our mind Hansen
and Ravndal came to their interpretation treating processed
in the Klein zone by a misleading analogy with the one-
particle scattering, which really takes place in the ranges
and Q5. That is why they believed that in the range €25 signs
of the quantum numbers p* and pR define signs of particle
asymptotic longitudinal kinetic momenta in the regions Sy,
and Sy, respectively. If so, then one has to treat solutions
¢¥,, as describing one-electron states and solutions Sy, as
describing one-positron states, such that signs of the
corresponding quantum numbers p* and pR label incoming
and outgoing particles. However, our analysis of states in
the range 5, given in Sec. VII, does not confirm such a
correlation between signs of the asymptotical physical
longitudinal energy flux and quantum numbers p“ and
pR. We have demonstrated that the wave functions ~y,, (X)
and _y,, (X) describe incoming states of an electron and a
positron, respectively, whereas the wave functions *1//,13 (X)
and Ly, (X) describe outgoing states of an electron and a
positron, respectively. That is why we believe that the
particle-antiparticle and causal identification of wave
functions ¢y, (X) and v, (X) given in Ref. [14] is erro-
neous. Accepting this identification, one makes a mistake
in defining what are in- and out-vacua, and calculates, e.g.,
the quantity N%(in) (C13) instead of the mean number of
created pairs N¢(out) with all the ensuing consequences.
The correct causal interpretation is extremely important in
all problems where one has to use the causal (in-out)
propagator. Probably, the wrong interpretation did not
attract for a long time an attention since in majority works
devoted to the pair creation due to x-electric potential steps,
the only mean numbers N%(in) [instead of N¢(out)] and
functions of these numbers were calculated. However, in all
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the considered cases the quantities N%(in) and N¢(out)
coincide numerically.

VIII. COMPLETE QED AND MASSIVE
PARTICLE PROPAGATORS

Finally, it should be noted that quantization of the Dirac
field in the presence of an x-electric potential steps
developed in the present article serves as the base for
constructing the Furry picture in the complete QED, which
includes, apart from the matter (Dirac) field, the electro-
magnetic field as well. Formally, this Furry picture can be
formulated in full analogy with the case of the t-electric
potential steps considered in detail in Refs. [5]. Such a
theory allows one to consider all quantum processes with
charged particles moving in external background and
interacting with photons. Processes of zero order with
respect to the radiative interaction in such a theory do not
include the interaction with the photons, their treatment
was already presented above in Secs. [V-VIL

In complete QED with an external background any
possible process is described by the following matrix
element

S

(0, out|a(out) - - - b(out) - - - ¢ - - - S(¥, \IJT,Aﬂ) E
¢’ b(in) - - - a’(in)|0, in),

where ¢ and c¢' are creation and annihilation operators of
photons and S(¥, ¥, AM) is the S-matrix in the interaction
representation.

One sees specific terms influenced by vacuum instability
when the initial and final states of charged particles belong
to the range €;. In this range, every operator F' can be
expressed exclusively in terms of in-annihilating operators
and out-creation operators, using relations (7.19), and then
divided into two parts,

F=F5) +F®  FO0,in) =0, 0= (0,out|F+)
Then one can introduce a generalized normal form
N oui—in(--.) in which all F(=) are placed to the right from
all F(*). Wick’s theorem holds with generalized chrono-
logical couplings,

FG = FG—Nout—in(FG> <
~~

in)c; !,

——N— n
F(X)G(Y) = TF(X)G(Y) = N guin[F(X)G(Y)]
= (0,0ut|TF(X)G(Y)|0,in)c; ",

where 7' denotes the chronological ordering operation,
see [5].

To reduce any functional of field operators to the
generalized normal form in the range €3, we have to
represent the operator W;(X) (4.5) with the help of
Egs. (7.1) and (7.17) in the following form
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s —1/2r_ .
by(X) = Y M, (im)w,, (+4) Ty, (X)

n3

+ bT (OUt)Wm(_l_)—Wm(X)]’
Wi (x ZM [ an (0ut)w,, () 7y, (X)

+ by, (in)w,, (=] =)y, (X)]. (8.1)

Processes of higher orders are described by the Feynman
diagrams with two kinds of charged particle propagators in
the external field under consideration, namely, the so-called
in-out propagator S¢(X,X’), which is just the causal
Feynman propagator, and the so-called in-in propagator
S (X, X'),

S¢(X, X") = i(0, out| T W (X)¥T(X)y°]0, in)c;"

S¢(X, X') = i(0,in|T ¥(X)¥F(X")y°|0, in), (8.2)
where T in Eqs. (8.2) denotes the chronological ordering
operation.

Using Egs. (4.4), (4.5), (4.6), and anticommutation
relations (4.7), we find for the in-in propagator:

SE(X.X') = 0(t — £)S0.(X. X') = 0 — 1)S5(X, X),

ST (X, X') —IZG (X, X")y° + Si (X, X'),
5

SHX,X') = Z

—4
Sn(X.X) = iZMa Y, (X) ", (X)),

(X, X)) + S (X, X'),

Sn(X.X') =iy My, (X) g, (X)), (8.3)
where the functions G;(X, X’) are given by Eq. (3.52).
Calculation of the in-out propagator can be done in a

similar manner. Then, taking into account Eq. (7.19), we
obtain

SE(X.X') = 0(t— )8~ (x.) — O( — 1)S* (x.%').

2
ST(X.X) =i Gi(X. X’ + 8 (X. X)),
j=1

ST(X,X') :zZG(X X)y0 + ST(X.X'),

lZMn; W, (X
lZMn3 l//n3

Using relations (7.1), we can represent the difference
between both propagators as follows

“(X.X') W, (+4) 79, (X)),

"(X.X) = X)) 1, (X)), (8.4)
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SP(X,X') = SE (X, X') — S(X, X')
=—iy M| )W, (0]

ns

Wn3 - +)_l/_/n3 (X,>]

(8.5)

It is formed in the range €25 only and vanishes if there is no
pair creation.

IX. SAUTER POTENTIAL

A. Scattering, reflection, and pair creation
on the Sauter potential

Let us consider an x-electric potential step in the form of
the Sauter potential [8]. In this case
|
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Ao(x) = —aEtanh (x/a),
E(x) = Ecosh™?(x/a),

U(x) = —eAy(x) = eEatanh (x/a),

a >0,

(9.1)

see Fig. 1, and the asymptotic quantities introduced in
Sec. II are

Ugr = -Up = U(+) = ¢Ea,
my(L) = po + eEa,

U = 2¢Ea,
7o(R) = py — eEa.
Solutions (3.6) of Dirac equation (2.8) with special

asymptotic behavior at x — +oco are expressed via the
corresponding solutions of Eq. (3.5). The latter have the form

(@, () = N exp (ig| phpo)[1 + e/ s yy(x),

+u(x) = F(abCS) u(x) =
éVcon(JC)

fu(x)=F(c—a,c—

“u(x) =F(a,b;a+b+1—-c;1-

1

__“ L R 2
2(|p|+|p I)+2+

i
b=S5(pM + 1PN + 5 -

&=

where F(a, b; c; £) is the hypergeometric series of variable
& with the normalization F(a,b;c;0) =1, [52]. As was
already mentioned in Sec. II, the quantity y can be chosen
to be either y = +1 or y = -1, and N and ‘N are
normalization factors given by Eq. (3.37).

A formal transition to the Bose case can be done by
setting ¥ = 0 in Egs. (9.2). In this case n = (po,p. ), and
CN and ¢\ are normalization factors given by Eq. (3.44).

|

l\)l'—‘

sinh (za|p"|) sinh (za|p?|)

Fla+1l—c,b+1=-c;2=c;¢);
= SN exp (i| pU|x)[1 + e2/a]iClpi =P Da/2g y (x),
bic+1—a—-b;1-9),

&),

1 22 2\
—— (eEa*)* + iyeEa ,

4

1 22 2\'?
Z—(eEa) + iyeEa ,

<1 -+ tanh )

9.2)

[
For fermions, using Kummer’s relations and Eq. (3.39),
one can find coefficients g(,|~)* to be

LCT(c)I'(c—a—-D)
“Cr(c—a)(c—b)’

9(:17)" = —nr (9:3)

where |, C and ~C are constants given by Eq. (3.37). Then

94117 =

In a similar manner we obtain coefficients g(, |7)* for
bosons,

LCT(c)I'(c—a—-D)

“Me—are=0)

9(+|_)* =

where | C and ~C are given by Egs. (3.44) and parameters
a, b, and c are given by Eq. (9.2) at y = 0. Then

|sinh {zaleEa + 5 (|p"| - [p¥|)]} sinh {zaleEa — 3 (Ip"] = [P}

(9.4)

N sinh (za|p"|)sinh (za| p?|)
lg( 1) =

cosh? [ﬂ' (eEa*)? —i] +sinh?® [5 (| p"| = [ pR|)] '
(9.6)

Relations (9.4) and (9.6) for |g(,|7)|™* hold in the
ranges Q;, Qs, and Q3. However, their interpretations in
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the range Q; and in the ranges Q;, Qs are completely
different.

Using Egs. (5.5) and (5.6), we find reflection |R;, | and
transmission |7, |* probabilities for electrons in the range
Q, and for the positrons in the range Qs, that formally have
the same form in terms of the quantities |g(,|7)],

Real> =1 =Tl
ITeal? =19 )72 =11+ |9 PP

However, the latter quantities are given by Eq. (9.4) for
fermions and by Eq. (9.6) for bosons. As was already noted
in Sec. VB, Egs. (9.7) imply that [T, |* < 1.

In the range €5, the quantity N{' has the form N{ =
lg(1.|7)|72 (7.7), where |g(,.|7)| > are given by Eq. (9.4) for
fermions and by Eq. (9.6) for bosons. As was already
demonstrated, in the general case, for fermions one has
Ny <1

According to our interpretation presented in Sec. VII D,
it is known that in the range s, similar to the ranges €,
and Q,, the in-electron or the in-positron are subjected to
the total reflection such that the corresponding transmission
probabilities vanish. In this case, w,(+|+) and w,(—|-)
represent relative probability amplitudes of the reflection.
In spite of the fact that the transmission probabilities
vanish, the relative probabilities of the reflection are not
equal to unit due to the vacuum instability. The quantities
w,(+ —|0) and w, (0| — +) are relative probability ampli-
tudes of an electron-positron pair creation and annihilation,
respectively.

Using Eqgs. (7.17) and (A13), we can rewrite these
relative probabilities and the probability for a vacuum to
remain a vacuum as follows:

= 19GI = g P -«
= N§(1—kNg)™!
[P = Iwa(=12)12 = L9 PlgG I

(9.7)

w(+ = [0)?

— (1 _ Ncr)—l
=le,)? = [T po =TT (1 —rNg)
ned; ned;

for fermions

K= { i (9.8)
—1,

For the first time these formulas were obtained by
Nikishov in the framework of one-particle relativistic
quantum mechanics in Refs. [2,13].

Equations (9.4) and (9.6) allow one to verify that for any
7, # 0 one of the following limits holds true:

|g(+
|g(+

for bosons

)72 ~ lap®| = 0.
)72 ~ Jap*| = 0. (9.9)
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These limits imply the following properties of the coef-

ficients |g(_|7)| in the case of the Sauter step:

(@ |g(.7)7> = 0 in the range Q, if n tends to the
boundary with the range Q, (|p®| — 0)

() |g(.7)|™> = 0 in the range Qs if n tends to the
boundary with the range Q, (|p"| — 0)

(©) 19(+]7)7> = 0 in the range Q3 if n tends to the
boundary with the range Q, (|p®| — 0)

(d) |g(.7)|> = 0 in the range Qj if n tends to the
boundary with the range Q, (|p"| — 0)

Namely these properties are essential for supporting the
interpretation proposed by us in Secs. VI and VIIC.

B. Integral quantities

Usually Sauter potential is used for imitating a slowly
alternating electric field or a small-gradient field. To this
end the parameter « is taken to be sufficiently large. Let us
consider just this case, supposing that

eEa® > 1. (9.10)

Let us consider the total number N of pairs created
from the vacuum by Sauter potential with a large parameter
a. This quantity can be calculated using Eq. (7.13) with
differential numbers N; given by Eq. (E3) in the
Appendix E. In the case under consideration these numbers
are the same for fermions and bosons and do not depend on
the spin polarization parameters o,. Thus, for fermions, the
probabilities and mean numbers summed over all o, are
Ja) = 2181 times greater than the corresponding differ-
ential quantities. To get the total number N of fermion
pairs created in all possible states one has to sum over the
spin projections and then over the momenta p | and energy
Po- The latter sum can be easily transformed into an integral
as follows

> DM

PL.DoEQ; ©

V.TJy
:Wdil)/ dpodp N/,

(9.11)
where V | is the spatial volume of the (d — 1)- dimensional
hypersurface orthogonal to the electric field direction and T
is the time duration of the electric field. The total number of
boson pairs created in all possible states follows from
Eq. O.11) at Jq = L.

To calculate the integral in the right-hand side of
Eq. (9.11), we can find a subrange D C Q3 where this
integral is collected. It is demonstrated in Appendix E that
the quantity NS is almost zero in some areas near the
boundary of the range Q5. Such areas are characterized by
the conditions

malpR| <1 or za|p| < 1.
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For areas that are closer to the center of the range Q3, where
either 1 < za|pR| < mkma or 1< za|pt| < nkma, the
quantity N¢ satisfies Eqs. (E12). Therefore it is almost
zero if

Tmao
k<< —.

5 (9.12)

We assume that inequality (9.12) holds true together with
Eq. (E9), found in the Appendix E. Therefore, the main
contribution to integral (9.11) is due to the subrange D C €,
that is defined by Eqgs. (E7) and (E14) (see Appendix E). In
this subrange the functions N§ can be approximated by
Eq. (E15), and the integral (9.11) can be represented as

V. T
N ~ ap.1, .
(27)%! Amdg |

eEa—K/a
1, = 2/0 dpoe™",

where 7 is given by Eq. (E15). By using a variable s,
defined as T = A(s® + 1), one can represent the quantity /,,

as follows
_ max ﬂj
m =2 / e
0

where the number s,,,, is defined by the relation 7., =

(9.13)

(D f(po(s))ds,  (9.14)

(s + 1) and 7, is given by Eq. (E17). Note that the
expansion of 7 in powers of p, has the form
A+ A + (9.15)
T = [ e .
(eEa)? Po

The leading contribution to integral (9.14) is formed at
s — 0, or equivalently as py/eEa — 0. Using expansions

Po(s) = eEas(1 + c55% + cys* +-++)
= f(po(s)) = eEa(1 + 3cy8* + - -+,
where finite coefficients c¢,, ¢y, ..., can be found from

Eq. (9.15), we obtain the following asymptotic expressions
for the quantity 7, ,

S ma
- max (24
IPLNZeEaA e~ g g

~ ZeEoc/oo e~ g, (9.16)
0

Substituting it into integral (9.13) and neglecting
exponentially small contribution from the integration over
z, > K, /a, we find
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NV, Tn,

2eEa
— 2 dl/ /dp e—ﬂﬂs-&-l
)

It should be noted that the density n® (per the d — 1
space volume) of pairs created by t-electric potential step
given by the Sauter-type vector potential A;(x°) =
aEtanh (t/a) with large a(eEa® > max (1,m?/eE)) is
given by the same integral (9.17) as was demonstrated
for the first time in our work [53].

Finally, performing the integration over p ;, we obtain

(9.17)

J(d)aﬁ d m2
n‘r :W(eE)Z exp _”E . (918)
Here
o m2
5= / dtt™2(t 4 1)=4=2/2 exp (—m—)
0 el
1 d-2 m?
= Ul —— - pg—
vr <2’ 2 ’”eE>’

where W (a, b; x) is the confluent hypergeometric function
[52], and J 4y = 1 for bosons.

The vacuum-to-vacuum transition probability P, reads
P, = eXp (_ﬂNcr)’

2 (=1)ie; < : m2>
exp | —jr— |,
ek

= (G+D”
d=2 . m?

=61 /z0 —jr— .
€ \/_ ( 2 d eE>

” =
(9.19)

If eE/m? < 1, one can use the asymptotic expression for
the W-function [52],

U(1/2,—(d —2)/2; jam?/eE)
= (eE/jam*)'/? + O([eE/m?]*/?).

Then 6~ \/eE/m?, €; ~j7and p~1

In d = 4, the formula (9.19) reproduces a result obtained
in Ref. [41] for bosons, and a result obtained in Ref. [42]
for fermions.

C. The Klein step

The Klein paradox was discovered by Klein [6] who
calculated, using the Dirac equation, reflection and trans-
mission probabilities of charged particles incident on a
sufficiently high rectangular potential step (Klein step) of
the form
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UL,X <0
qAy(x) :{

: (9.20)
UR, x>0

where Uy and U, are constants. According to calculations
of Klein and other authors, for certain energies and
sufficient high magnitude U = Uy — Uy, of the Klein step,
there are more reflected fermions than incident. This is
what many articles and books call the Klein paradox. Let us
study quantum processes near the Klein step, applying our
approach to the Sauter potential with «a sufficiently
small, @ — 0.

The Sauter potential with constant asymptotic potentials,
Ur =-U; =U/2 = eEa and with small a,

Ua < 1, (9.21)

imitates the Klein step (9.20) sufficiently well, and co-
incides with the latter as @ — 0. Thus, the Sauter potential
can be considered as the regularization of the Klein step.

In the ranges Q; and Q5 the energy |py| is not restricted
from the above, that is why in what follows we consider
only the subranges, where

max {a|p"|, a|pR|} < 1. (9.22)

Then in the leading-term approximation in « it follows from
Egs. (9.4) and (9.6) that

4k
- _2 ~
|g(+| )| N(l_k)z’
ky =k, 2L for fermions
f b 7,(R)+x, °
_ . o(R)H . (9.23)
k, = 12, for bosons

[P"|

where k is called the kinematic factor.
Note that in the ranges Q; and Qs we have that both &,
and kf are positive and do not achieve the unit values,

ky # 1, kyp # 1.
It should be noted that the quantity |g(,|7)|™> was
calculated in Refs. [6,7,12,14] only at p,; =0.

Equation (9.23) contains these results as a particular case.
In the ranges Q; and Qs, coefficients g satisfy the same
relations for bosons and fermions,

g 1P =1g(, P+ 1. (9.24)

Therefore, reflection and transmission probabilities derived
from Egs. (9.23) have the same forms, common for bosons
and fermions
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4k
(1+k)*

2 -)[2 -2 _ <l_k>2
Reul” = 19 DPlg ()] N

Teal® = lg( )17 =

(9.25)

To compare our exact results with results of the non-
relativistic consideration obtained in any textbook for one
dimensional quantum motion, we set p; =0, then
n, =m, mo(L) =py=m+E, and 7y(R) = py—U =
m + E —U. In this case

mo(L) +m
ky = pkp. M:%

R [1—U/(E+2m)]~L.

For sufficiently small steps U< E+2m, we have
u~x1+U/(E+2m). In the nonrelativistic limit, when
E < m, we obtain

E-U
E k)

kb:kf:kNR:

which can be identified with nonrelativistic results, e.g., see
[48]. Relativistic corrections have different forms for
bosons and fermions,

U U
ky ~ KNR(1——, ke~ KNR(1+-——).
S G A ()

Let us consider the range €2;. Here quantum numbers p |
are restricted by the inequality 27, < U and for any of such
7 quantum numbers p, obey the strong inequality (3.31),
see Fig. 3. In this range the quantity |g(_ |~)|~? represents
the differential mean numbers of electron-positron pairs
created from the vacuum, NS = |g(.|7)|72. In this range
for any given 7| the absolute values of |pR| and |p"| are
restricted from above, see (D6). Therefore, condition (9.21)
implies Eq. (9.22). Then it follows from Eq. (9.4) that for
fermions in the leading approximation the following result
holds true

Aptllpt] Ak
U2 = (p" = 1p)7 (1 + Jkf])?

9 DI~ (9.26)

Note that expression (9.26) differs from expression
(9.23) only by the sign of the kinematic factor k;. This
factor is positive in Q; and Qs, and it is negative in Q5. In
the range Qs, the difference |p“|—|pR| may be zero at
po=0, which corresponds to k;=—(U+2x,)/(U-2x,).
Namely in this case the quantity |g(, |7)|™ has a maximum
at a given 7,
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max|g(,|7)|2 = 1 - 27 JUP. (9.27)

As it follows from Eq. (9.6) for bosons in the range Q4

and in the leading approximation, the quantity |g(, |7)|™
reads
4[ptllp®|
g 17)I7? ~ - (9.28)
" a®U/2+ (IpH| - [pR)?
It has a maximum at |p%| — [pR| =0,
max lo(, )2 = —— 1= (22)7]. 9.9)
X = -(== | :
It (al)? U

However, in contrast with the Fermi case the limit « — 0
in (9.28) is possible only when the difference |p"| — |pR| is
not very small, namely when

a?U /2 < (|p~] = |pR])*.

Only under the latter condition one can neglect an a-
depending term in Eq. (9.28) to obtain

NRIEES i (9.30)

1= k)2

which coincides with Eq. (9.23).

The same results for [g(..|7)| in the forms (9.26) and
(9.30) at p;, = 0 were obtained in Refs. [6,7,12,14].

In the range Qj, relation (9.24) still holds for bosons,
whereas for fermions we have

g 1P = 1g(, P - 1.

Relative probability amplitudes of the reflection and of
electron-positron pair creation follows from Egs. (9.8),
(9.26), and (9.30) to be

(9.31)

4|
(1+ k)’

—k)?
(=) = lg( ) Plg( 1)1 = 8 — k))z~

wa(+ = [0)]? = [g(. 1) =

(9.32)

We see that expressions (9.32) for |w,(+ —]0)|> and
|w,(=|=)|?> are quite similar to the forms of transmission
and reflection probabilities given by Egs. (9.25), respec-
tively. However, in case of fermions, the range of values of
these functions is quite different because k; <O in
Eq. (9.32). This is natural, since the interpretation of these
quantities in the range Qs differ essentially from their
interpretation in the ranges Q; and €Qs. This formal
similarity was the reason for the systematic misunderstand-
ing in treating quantum processes in the Klein zone.
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D. Klein paradox

We remind that the Klein paradox dating back to the
works of Klein [6] and Sauter [7,8] (see Sommerfeld [54],
as well) is that when considering scattering of relativistic
electrons on a high step potential in the context of the Dirac
equation one comes to a strange result that there is more
reflected electrons than incoming. One of the initial
resolutions of the paradox was reduced to the impossibility
that there is no possibility of establishing the appropriate
high-step potential. However, later Hund studied the para-
dox in connection with pair production [55] and it seems
that Feynman was the first to point out that the paradox
should disappear in a field-theoretical treatment [56]. A
detailed historical review can be found in Refs. [12,14].
The absence of the Klein paradox in the framework of
appropriate field theoretical interpretation of solutions of
the Dirac and Klein-Gordon equations was first demon-
strated by Nikishov in Refs. [2,13]. In these works
Nikishov used a reformulation of the Green theorem to
demonstrate an analogy between the propagation in time ¢
and in the space coordinate x and thus to identify solutions
of the Dirac equation that describe electrons and positrons.
Nikishov had tested his way of calculation using the special
case of a constant and uniform electric field. In this case,
explicit solutions of the Dirac and Klein-Gordon equations
can be found in the constant electric field, which can be
described either by a vector potential with only one nonzero
component A;(¢) = Et, or by a scalar potential Ay(x) =
—FEx alone, only, see details in [17]. The first case can be
treated as a degenerated t-electric potential step and the
second case can be treated as a degenerated x-electric
potential step. Comparison of exact solutions in these cases
allowed that author to confirm his interpretation for x-
potential steps referring to the well developed Feynman
interpretation of the t-electric potential step. His calcula-
tions give a clear qualitative explanation of the physics
involved in Klein scattering. However complete consid-
eration of the scattering on arbitrary x-electric potential
steps in the frame work of a consistent QFT consideration
was not given.

Applying our general approach to particular cases that
were studied by Nikishov, we obtain the same results. In
particular, his point of view that the scattering theory that
works within the ranges ; and Qs cannot be applied to the
range 5 has a clear support in our general approach.

In the ranges Q; and Qs transmission and reflection
probabilities for bosons and fermions are expressed via the
coefficients ¢ as follows

+) |—2,
PlgC 1

As follows from unitarity relations the sum of these prob-
abilities satisfies the relation of probability conservation,

Teal? = lg(,]
[Renl? = lg(,] (9.33)
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IR >+ [ Ten)? = 1. (9.34)

In particular, for the Klein step we obtain Eq. (9.25)

4k (1-k)?
+ _2: -)|2 + _2:
l9(+17)] Y l9( 1)l T)] (k7
k;, Fermi case
:{ / . (9.35)
k,, Bose case

In the range Q3, we obtain for the Klein step5

oy 4
9 =
AV

o PPl ) = (9.36)

where for fermions one has k = k; <0, see Eq. (9.26)
and Eq. (9.30).

If by analogy with the ranges Q; and Qs we believe that
l9(. 1) and [g(.|")Plg(,|*)|* are transmission and
reflection probabilities, respectively, then we have to accept
that there will apparently be more fermions reflected than
coming in. This is the situation first considered by Klein.
Besides, in this case there will apparently be more fermions
transmitted than coming in and the following relation will
hold true

9GPGO = 19 D)2 =1,

which does not imply Eq. (9.34). These contradictions do
not exist in the framework of our approach with correct
interpretation of the quantities (9.36). Indeed, as follows
from Eq. (7.17) the quantity |g(,|")|™> is the relative
probability of the electron-positron pair creation,

(9.37)

9( )7 = [wa(+ = 0) %, (9.38)
and |g(;|7)*|g(.|7)|7* is the relative probability of the
electron (positron) reflection,

l9C AP = wa(= =) = [w, (+HH)

in the range €;. Besides, the x-electric potential step
creates pairs in the region s, the differential numbers
of such pairs being N&' = |g(_, |7)|™* (7.7). In this situation
the many-particle nature of the problem is essential, and
relations of probability conservation are quite different in
the range Q3 and in the ranges ; and Q5. Unitarity of
canonical transformation between the in- and out- creation
and annihilation operators was proved in the general case in

(9.39)

3In Sec. IX C we have demonstrated that for bosons Eq. (9.30)
holds true only in a part of Q3, where the difference |pt| — | p®|is
not very small.
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Sec. VIID. Here it is enough to mention that for fermions
the quantity
Py = w,(+[+)[7? = (1 = N7) (9.40)
is the probability that the partial vacuum state with a given
n remains a vacuum. Due to the Pauli principle, if an initial
state is vacuum, there are only two possibilities in a cell of
the space with given quantum number n, namely, this
partial vacuum remains a vacuum, or with the probability
P w,(+ = |0)|? a pair with the quantum number n will be
created. Then Eq. (9.37) is just the condition of probability
conservation,
Pi+ pilwa(+=10) = L. (9.41)

It is obvious that many particle consideration is neces-
sary for correct interpretation of relation (9.37). The same is
true when we consider one-electron initial state with a given
n. Here again due to the Pauli principle, creation of a pair of
fermions with the same quantum number is impossible.
Then the total reflection of the initial particle on the x-
electric potential step is described by the conditional
probability of reflection under the condition that in all
other cells of the space with quantum numbers m # n
partial vacua remain vacua. Such a probability has the form
|w,, (+|+)|> p. Consequently,

wa(+-H)Ppi = L. (9.42)
This result is consistent with calculations of mean occu-
pation numbers given in Sec. C 2.

For bosons, in the range €3, the correct interpretation of
quantities [g(,[*)|™, [9(,[7)lg(,[7)|™ and |g(,|7)|
coincides with the one for fermions, they are relative
probabilities of a pair creation and electron/positron
reflection respectively. However, for bosons an additional
relation holds,

9 DP9 + g ()12 =1

It formally can be understood as relation (9.34). However,
here equation (9.43) is a relation for relative probabilities,
and does not admit an interpretation in the framework of
one-particle theory. Due to the vacuum instability the
probability conservation has to be considered in the
framework of many-particle theory, taking into account
that in the bosons case in a given state n any number of
pairs can be created. The unitarity of canonical trans-
formation between the in- and out- operators was proven in
Appendix A. Here it should be noted that for boson the
probability that the partial vacuum state with given n
remains a vacuum is

(9.43)

Py = w,(+HH)P = 1+ N~ (9.44)
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The conditional probability of a pair creation with a given
quantum numbers n, under the condition that all other
partial vacua with the quantum numbers m # n remain the
vacua is the sum of probabilities of creation for any number
[ of pairs

P(pairs|0), = p! [i (- — |o>|2f] (945)
=1

In this case Eq. (9.43) is the probability conservation law in
the form of a sum of probabilities of all possible events in a
cell of the space of quantum numbers n:

P(pairs|0), + pi = 1. (9.46)

X. SUMMARY

When quantizing charged fields (those of Dirac and
Klein-Gordon) in the presence of x-electric potential steps,
we succeeded to describe quantum theory of the systems
under consideration in terms of adequate in- and out-
particles. These particles represent positive-energy excita-
tions above the corresponding in- and out-vacua and have
all natural physical properties inherent to such particles in
various examples of known QFT models. In fact, the idea of
introducing such particles is an advancement of the well-
known Furry picture in QED with external magnetic field
[57] and of the generalized Furry picture in QED with
t-electric potential steps [5]. For the class of external
electromagnetic field, which we identify as the x-electric
potential steps, we define special solutions of the relativ-
istic Dirac and Klein-Gordon wave equations that expand
the corresponding Heisenberg field operators in adequate
in- and out-creation and annihilation operators related to
the in- and out-particles. Solutions, which we have used in
the implementation of the quantization program, were
chosen as stationary solutions with special asymptotic
behavior at the remote left and remote right sides of the
potential step (of course, this choice is not unique). These
solutions, by their asymptotic behavior, are labeled also by
a set of quantum numbers 7 that include the total energy p,,
transverse momenta p | , and the spin polarization (the latter
in the case of the Dirac field). In the most general case of
critical steps with the potential difference U > 2m, there
exist five ranges of quantum numbers n, where these
solutions have similar forms, and physical processes with
the corresponding in- and out-particles have similar inter-
pretation. A detailed consideration of various physical
processes with these particles had confirmed justified their
definitions and had demonstrated that:

(a) In the first range py > Ug + 7, (7, = \/p3 +m?)
there exist only in- and out-electrons, whereas in the
fifth range po < U, — ;| there exist only in- and out-
positrons. In these ranges electrons and positrons are
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subjected to the scattering and the reflection only. No
particle creation in these ranges is possible.

(b) In the second range Ur — 7| < py < Ur + 7, if
27, < U, similar to the first range, there exist only
electrons that are subjected to the total reflection. In
the fourth range U} — 7, < po < Uy, + 7, there exist
only positrons that are also subjected to the total
reflection.

(¢) In the third range Uy + 7, < pg < Ugr — z,, which
exists only for critical steps and for transversal
momenta that satisfy the inequality 27, < U, there
exist in- and out-electrons that can be situated only to
the left of the step, and in- and out-positrons that can
be situated only to the right of the step. In the third
range, all the partial vacua are unstable, processes of
pair creation are possible. The pairs consist of out-
electrons and out-positrons that appear on the left and
on the right of the step and move there to the left and to
the right, respectively. At the same time, the in-
electrons that move to the step from the left are
subjected to the total reflection. After being reflected
they move to the left of the step already as out-
electrons. Similarly, the in-positrons that move to the
step from the right are subjected to the total reflection.
After being reflected they move to the right of the step
already as out-positrons.

We elaborated a technique that allows one to calculate all
the above described processes (zero-order processes) and
also to calculate Feynman diagrams that describe all the
processes of interaction between the introduced in- and out-
particles and photons. These diagrams have formally the
usual form, but contain special propagators. Constructions
of these propagators in terms of introduced in- and out-
solutions are presented. It should be noted that calculations
in terms of these Feynman diagrams (as well as calculations
of zero-order processes) are nonperturbative, in such
calculations interaction with external field of x-electric
potential steps are taken into account exactly. Another
interesting feature is worth noting: when considering
reflection and transmission of in-particles in the first and
fifth ranges the formalism of QFT allows one to calculate
both the probability amplitudes of transitions between in-
and out-states and the mean currents of out-particles in the
in-states, testing in such a way the rules of one-particle
time-independent potential scattering theory and its
applicability.

Finally, the developed theory is applied to exactly
solvable cases of x-electric potential steps, namely, to
the Sauter potential, and to the Klein step. We present a
consistent QFT treatment of processes, where a naive
one-particle consideration might lead to the Klein
paradox. From this point of view we comment various
approaches known in the literature that use pure one-
particle consideration or its partial combination with
elements of QFT.
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APPENDIX A: SOME DETAILS OF SCALAR
FIELD QUANTIZATION

The quantization of scalar field in terms of adequate in-
and out-particles can be given along the same lines as the
quantization for Dirac field. Having results of Sec. III, a
quantum scalar field W(X) can be written as the sum

U(X) =323, ¥,(X) of five operators, each one ¥;(X) in
the range €;. The operators \if,-(X), i=1, 2,4, 5. have
similar to the fermionic case [see Egs. (4.5) and (4.6)]
decompositions in terms of the creation and annihilation

operators and only the operator W5(X),

=Y M [Fa,, (i), (X) + .5} (in) y, (X)]

n3

_ZM 1/2

n3

_ by, (out) _y,,, (X)],

ny (0U) "y, (X)
(A1)

is distinct from the corresponding form in Egs. (4.5) due to
the =+ signs in the right-hand side of Eq. (3.50). In what
follows, we consider some peculiarities of the quantization
of the scalar field in the range Q;.

Taking into account relations (3.50) and Egs. (3.53)—
(3.55), one can see that commutation relations (4.3) imply
the commutation rules for the introduced creation and
annihilation in- and out-operators: all creation (annihila-
tion) operators with different quantum numbers n commute
between themselves; all the operators from different ranges
Q; commute between themselves, and satisfy the canonical
commutation relations. One defines two vacuum vectors

,in) ), using introduced annihilation operators.
In the ranges Q;,i = 1, 2, 4, 5 the corresponding equations
have exactly the same form as in (4.27) and (4.28), whereas
in the range Q5 they are different since here the in- and out-
operators are different,

*a,,(in)|0,in) = ;. b, (in)|0,in) = O,

_b,,(out)|0, out) = ~a,_ (out)[0,out) = 0. (A2)
Partial and total vacuum states are related by Egs. (4.29),

(4.30), (4.34), and (4.37). The introduced vacua have zero
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energy and electric charge and all the excitations above the
vacuum have positive energies.

Canonical transformations between the in- and out-
operators in the ranges €; and €5 are similar to the
fermionic case. In particular, amplitudes of electron reflec-
tion and transmission in the range Q; have the same form
(5.5) as in the fermionic case. The form of amplitudes of
positron reflection and transmission in the range Q5 differs
from Egs. (5.5) only by phases.

Justification of the presented choice of in- and out-
operators can be done similarly to the fermionic case. In the
range Qj there appear some peculiarities, since here we
have different positions of + superscripts and subscripts in
comparing to the fermionic case, nevertheless the inter-
pretation of sets {¢y,(X)} as electron states and sets
{cw,(X)} as positron states is the same. The canonical

transformations between the in- and out-operators are
“a,(out) = g(; ")~y bj(in) + g(*]_)"'g("|-) *a,(in),

~bi(out) = g(,[7) 7 g(_[7) by (in) + g(*[ )~ Fa, (in),
byy(in) = g(_[*) ™ g(,|")-bu(out) = g(*|, )~ ~a, (out).
a,(in) = —g(_[*)™"' b3 (out)
+9C1) gt ) "au(our),  neQs.
(A3)

Differential mean numbers of out-particles created from
the in-vacuum are

Nii,(out) = (0, in|~az, (out)~a,, (out) 0, in) = |g(,[7)[ 2,
N% (out) = (0,in|_bj, (out)_b, (out)0,in) = |g(_|*)|™2.
(A4)

It can be shown that they are equal and define differential
mean number Ny of created pairs similarly to the fermionic
case given by Eq. (7.7). In contrast to the case of fermions,
the quantity NS is unbounded from above due to relation
(3.42) with formal setting n;, = ng = 1 for bosons. If Nj'
tends to zero, N — 0, then |g(,|7)|*> = oo and, at the
same time, |g(,|")> = co similar to the fermionic case.
The total number N of pairs created from the vacuum is
defined similarly to the fermionic case given by Eq. (7.13).

One can see that due to relation (3.42) withn, =ng =1
the differential mean numbers of out-particles in one-
particle in-states are

(0,in|* a, (in)~aj} (out)~a,(out)*a} (in)|0, in) = 1 4+ 2N,
(0,in|*a, (in)_b} (out)_b, (out)* a;(in)|0, in) = 2N¢,
(0,in| b, (in)_bj (out)_b,(out), b} (in)|0,in) = 1 4 2N,
(0,in|, b, (in)~a; (out)~a,(out), b} (in)|0,in) = 2N¢,
n e Qg
(AS)
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and see that Egs. (A5) are quite different from Eqgs. (C14)
obtained for fermions. This a consequence of the absence
of the Pauli principle. In this case 2N} is the differential
mean number of scalar electrons (positrons) created by the
external field. We see that the presence of a particle at the
initial state increases the mean number of created bosons. It
is known effect for bosons, e.g., see [49].

In the range 3, we consider relative scattering ampli-
tudes of scalar electrons and positrons,

W),y = €0, out]a, (out) * i (in)
W(=|=),1, = €71 (0 out|_b, (out) b (in)

,in),
(i), (A6)

and relative amplitudes of a pair creation and a pair
annihilation,

W(+ - |O)n’n
W(0| - +)nn’ =

¢; (0, out|~a,, (out)_b,(out)|0, in),
¢;'(0, out| b’ (in)*a’, (in)[0, in),

(A7)

where c,, is the vacuum-to-vacuum transition amplitude for
bosons

& =30,

’. >(3):C‘U:< .

(). (A8)

As follows from relations (A3), all the amplitudes (A6)
and (A7) are diagonal in the quantum numbers 7 and can be
expressed in terms of the coefficients g(*'| ¢) as follows:

W(HF)wn = S wal(+]+).
wa(+14) = g9 )™ = g(M)g(C) 7
W(=1=)w = Spwwa(=1-),
wa(=1=) = g(* g7 = g, ))g17)7
w(O] =) = Suwwa(0] = +),
w, (0] = +) = =g(*[,)7".
w(+ =10, = Suwa(+—10),
w,(+=10) =g(_[7)".n€Qs. (A9)

In the range Q3, similar to the case of fermions, the total
reflection is the only possible form of particle scattering,
with w(+|+), and w(—|-), being relative probability
amplitudes of a particle reflection.

Unitary relations (3.40) and their consequences (3.41)
and (3.42) with setting 77, = yg = 1 for bosons imply the
following connections for the introduced amplitudes w:
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o (H I = (=P
(= [O)2 = (0] = D2
i (HOR + (= [0 = 1,
wal=l=) wa(+ = [0y
(D) w0 =y A0

Using Eqgs. (A9), two lower lines in relations (A3) can be
rewritten as

Jran(in) = Wn(+|+)_l[_an(0u0 - Wn( - |0) bT (OUt)]’
(b, (in) = w,(=|=)" [Lby(0ut) — w, (+ — [0)~a(out)].
(A11)

Together with their adjoint relations they define an unitary
transformation Vg, between the in- and out-operators,

{*a'(in). *a(in). .b" (in). . b(in)}

= Vg, {"a'(out), ~a(out), _b(out), ,b(out)}V&}.
Since Egs. (A10) and (Al1) formally coincide with the
corresponding equations for the general case of time-
dependent external field, the unitary operator Vg, can be
taken, for example, from [49] or book [5]. The operator V¢,
relates the in- and out-vacua, |0,in) = Vg ) and
determines the vacuum-to-vacuum transition amplitude,

= Hwn(_ -

The probabilities of a particle reflection, a pair creation,
and the probability for a vacuum to remain a vacuum can be
expressed via differential mean numbers of created pairs
N¢. By using the relation |w,(—|-)[*> = (1 + N&)~!, one
finds

= (0,0ut|Vg,|0, out) (A12)

= (0. out|* a, (out)~a, (in)[0, in) [
=8 (1+N) Py,
P(+-10), , =1(0,0ut|"a,(out) b, (out)|0,in) >
=8, N5 (1 +N;)~' P,
P,=lc,P =[] pi. pi=(1+Ns)!

neQ;

P(+|+)nn

(A13)

The probabilities for a positron scattering P(—|—) and a
pair annihilation P(0| — +) coincide with the expressions
P(+|+) and P(+4 — |0), respectively.

Note that p? given by Eq. (A13) is the probability that
the partial vacuum state with given n remains a vacuum. If
all Nj} <1 then in the leading approximation the relation
1 —P,~ N is the same with the case of fermions. The
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vacuum instability is not essential if N§* — 0. Then like for
fermions P, — 1, P(+[+),, = 1 and P(+ —10),,, = Ny

Processes of higher orders are described by the Feynman
diagrams with two kinds of charged scalar particle propa-
gators in the external field under consideration, namely, the
so-called in-out propagator A¢(X,X’), which is just the
causal Feynman propagator, and the so-called in-in propa-
gator A (X, X'),

AC(X., X') = i(0, out|T & (X)) (x7)[0,in)c; .
AL(X,X') = i{0,in|T U(X)¥7 (X")[0, in). (A14)

We find the in-in propagator as

AS(X.X') = 0(1 — £)A (X X') — 0(1 — )AL (X, X),

2
ALX.X) =iY Gi(X.X') + A (X.X').
j=1

AF(X,X') = —ZZG (X.X') + AL (X, X)),
An(X.X) = IZMn3‘+wn3 (X) wi, (X),

Al (X, X) = _lZM,,3 w( (A15)

+‘//;3 (X,
where the functions G (X, X") are given by Eq. (3.52), and
obtain for the in-out propagator that

AC(X.X') = O(t — £)A“(X. X') — O( — 1)A* (X, X'),

2
AT(X.X) =Y G;(X.X')+ A7 (X.X),
j=1

AT(X,X) :—ZZG (X, X') + AT (X, X"),

IZMM o (

AT (X, X)) = —iZM,; Ly, (X)

ns

(X, X") X)w, (+14) Ty, (X)],

Wi (=[=) =y, (X))

(A16)

Using relations (3.38) with ;. = ng = 1 for bosons, we
can represent the difference between both propagators as
follows

AP(X,X') = AS (X, X') — A°(X, X')

= Y M Loy, (00w, (0] = ) s (X)),
(A17)

It is formed in the range Q3 only and vanishes if there is no
pair creation.
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APPENDIX B: ORTHOGONALITY AND
NORMALIZATION ON #-CONSTANT
HYPERPLANE

Integrating in (3.46) over the coordinates r, and using
the structure of constant spinors v, that enter the states

w,(X) and y/,(X), we obtain:
K®)
R = / Odx,
—K©L)

® = e/ Po=P)ig(x)[po + pfy — 2U(x)]
x [py = U(x) + xi0 ), (x).

(l//nv W;ﬂ = 55,0’5pbp’l VJ_R’

(B1)

Then we represent the integral R as follows

XL XR K®)
R:/ ®dx+/ @dx+/ Odx. (B2)
—_KL) XL XR

Due to our suppositions about the structure of the scalar
potential Ay(x) only the second terms in the right-hand side
of Eq. (B2) depends on the external field. At the same time,
the smoothness of the scalar potential allows us to believe
that this integral is finite. The first and the third terms are
calculated as integrals over the areas where the electric field
is zero but the scalar potentials, as being constant, differ
from zero. Thus, functions ¢@(x) and ¢'(x) entering the
quantity ® (B1) are different for the left and the right areas
even for equal quantum numbers n and n’.

First, we evaluate the quantity R for coinciding quantum
numbers n and »’, and then we calculate the norm squared
(y,,w,) of the introduced solutions for any . In this case
Eq. (B2) reads:

Rln:n’

RL = /XL @de,
_K©)

K®)
RR = / @Rdx,
YR

Op/r = @5 (x)2m0(L/R)[mo(L/R) + iy (x).

= Ri + Rint + Rg.

AR
Rint = / ®|n:n/dx < 00,
XL

(B3)

If we consider only solutions from the sets {,y (X)} and
{w,(X)}, then the first line in Egs. (B3) looks different in
the ranges n€ Q; UQy; U Qs, n€Q,, and n € Q.
Namely,

Rln:n’ = RL + RR + 0(1)’

Rln:n’ = RL + 0(1)’
Rln:n’ = RR + 0<1)’

HEQIUQ3U95,
nEQZ,

ne 94 s (B4)

where the designation O(1) is used here and in what
follows for the terms that satisfy the relation
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o(1)

KL/R) o0 KL/R) =0

Consider the quantities Ry,r (B3) defined by the
functions ¢ (x) and “g,(x). In this case we attribute
the corresponding index { to these quantities as follows:
Rir = (R g O Rir = “Rir Using Egs. (3.14),

L/R
(3.18), and (3.37), we obtain
L
R, = VKUV % +0(1),
R
‘Rp = Y2 K® %R) + 0(1). (B5)

This result allows one to find the square norm of the
states with n € Q, U Qy,

(l//n’l//n) = Mn’ ne QZ ) 94;
KL ﬂo(L)
=2— 1
M,, T r +0(1),
K® | z,(R
M, =25 — ”‘;(R) +o(1). (B6)

To calculate the quantities ;R and ¢R,, that correspond
to functions ¢, (x) with n € Q; U Q3 U Qs we have to use
relations between the functions . (x) and ‘g, (x). It
follows from Eq. (B1) that the matrix elements (y,.y,)
are diagonal in quantum numbers o. Using this fact, one
can easily see that relations (3.38) remain valid under
changing the functions .y (X) and ¢y, (X) to P, (x) and
Y@, (x). Using these relations, and taking into account
Egs. (3.14), (3.18), and (3.37), we find

Ry = K| 2L 9( [P + gl )P + 0(1),
R = &) g, [P + gl P+ 0).

(B7)

These results allow us to find square norms of states with
neQ UQ;UQs. They are

(W, ¥,) = R+ Ry
Note that these square norms are of the order of the large
numbers K™ and/or K®).
In the case n # n’, we already know that (y,,y/ )~
0s50p, p/,- Thus, it is enough to study the quantity
: Py

R|6=0’-pi=p1 potp) 1 order to make up a conclusion about
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the complete inner product (B1) for n # n'. Let us consider
solutions ,(X) and y’,(X) with a given asymptotic
behavior and for 6 = ¢/, p; =p’|, po # p;- In this case
po # ply implies p“ # p and/or pR # p®. That is why
the quantities ® are oscillating functions of x in the
both regions S; and Sy, and the modulus of the
quantity R|rf:rﬂm:pl, pop, 18 finite. Then for any n, n eQ

we have

W) = 0(1).  n#n. (B9)
One can easily verify that the relation
(Wn9I:h//:1’)_(I:]Wn’l//:1’) = 0(]) (B]O)

holds true for any stationary states. Thus, the Hamiltonian
H is Hermitian as K(/R) - co.

In what follows, such matrix elements always appear
divided by terms proportional K/®) such that they can be
neglected in the limits K(“/R) — co. Thus, we further
assume that all the wave functions (described in
subsections III A and IIIB) having different quantum
numbers n are orthogonal with respect to the introduced
inner product on the hyperplane ¢ = const,

(W w!,) =0, n#n'. (B11)

Then the complete orthonormality relations (3.47) for the
ranges , and €, follow from Eqgs. (B6) and (B11).

Orthonormality relations for solutions with quantum
numbers n € Q; U Q3 U Qs are considered below, they
are more complicated since such solutions have an addi-
tional quantum number (.

There always exist two independent solutions with
quantum numbers n € Q; U Q3 U Q5. In spite of the fact
that these solutions are obtained in the constant external
field, we believe that they represent asymptotic forms of
some unknown solutions of the Dirac equation with the
external field that is switched on and off at t - +o0 and
that effects of the switching on and off are negligible. We
believe that there exist orthogonal pairs of solutions
describing independent particle states at the initial and
final time instants, and [since the inner product (3.46) does
not depend on ¢ in the limits KR — co] that such
solutions remain orthogonal at arbitrary time instant.
Below, we are going to find out which solutions under
consideration form such orthogonal pairs.

Let us consider the inner products (., W)
neQ UQ;UQs. They are written [see (Bl) and
(B3)] in terms of the quantities R;. /R(§|§/) as follows
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Ru() = [ eulfax
4 K® 1
Rel,[) = / Or ([ )dx.
YR

Ok (") = (0 ()270 (L/R) 7o (L/R) + xid. ) g (),
neQ UQ;UQs. (B12)

As was mentioned before, relations (3.38) remain valid if
the functions .y (X) and “y,,(X) are changed to the

functions ,¢ (x) and C’go,,i (x). Using this fact, we express
the functions ¢¢, (x) in terms of (@, (x) in Ri(]*), and
the functions .o, (x) in terms of @ (x) in Rg(,|*). Then
taking into account Egs. (3.37), we obtain

R([€) = ¢m 2K W) ”(;(LL ) 9(|¥) +o(1),
Re(oF) = & ®) 20 o) + 0. (@13

Then we consider only the case n € Q; U Q5. For
n € Q, due to the inequalities zy(L) > 7o(R) > 7, both
sets of solutions describe electrons. For n € Qs, due to the
inequalities 74(R) < 7y(L) < —z |, both sets of solutions
describe positrons. In both cases n; = nr. Then it follows
from Egs. (B3) and (B13) that

(w,."“w,)=0. neQUQs  (Bl4)
if we assume that the quantities K(~/®) satisfy the following
relation

KL mo(L)| K®) m((R)| _ o) (B15)

oL R ;

that was first proposed by Nikishov in Ref. [17]. Condition
(B14) means that for n € Q; U Qs solutions . (X) and

~w,(X), represent independent physical states. The cur-
rents (3.36) of these independent physical states have
opposite directions.

Let us consider the range n € Q5. In this range, the
inequalities 7y(L) > 7, and 7y(R) < —z, hold true and
n, = —nr = +1. Then it follows from Eqgs. (B3), (B13),
and (B15) that

(,;ll/,,’cllln) =0, ne 93' (B16)
Thus, for n € Q; solutions ,y (X) and Sy, (X), represent
independent physical states. Formally, the difference be-
tween the two cases n € Q; U Qs and n € Q3 is owing to
the difference in signs in the unitarity relations for these
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cases. The currents (3.36) of these independent physical
states have the same directions.

Finally, using Eqgs. (3.40), (B8), and (B15), we obtain
the orthonormality relations (3.47) for the ranges. €,
i=1,3,5.

APPENDIX C: SOME MEAN VALUES

1. Mean values in Q; and Q5

I. All mean values of the QFT charge operator 0 given
by Eq. (4.22) in states (5.1) are —e, whereas all mean values
of the QFT charge operator O in states (5.2) are +e.

II. Using Egs. (4.21) and (4.16), we can verify that all the
kinetic energies of the states under consideration are
positive. For the electron states, we obtain:

(0], a, (in)HY" g (in)|0) = &, >0,
(01 ay, (in)H9"~ay, (in) |0) = ~¢,, > 0,
(0|_a,, (out) 1" _af (out)|0) = _&, >0,
(0 a,, (out) A"+, (out)|0) = *&, >0, (C1)

whereas for the positron states, we have

(0|_b,, (in)HY"_p;f (in)|0) = —_&,. > 0,
(0[*b,, (in) "1} (in)[0) = —*&,. > 0.
(0]4:b,,, (out) AN by} (out)|0) = -, &, >0,
(0[7b,,. (out) A"~ b} (out)|0) = =€, > 0. (C2)

III. Let us calculate differential mean values of out-
particles with respect to different in-states (5.1) and (5.2).
To this end we have to find the corresponding mean values
of the following operators,

N(f,),,l = *aj, (out)*a,, (out),
\ (_“,311 = _ay, (out)_a,, (out),
N(—b,LS = (out)~h,,(out),
N, = b}, (out) b, (out) (C3)

Technically it can be done by using canonical transforma-
tions (4.33) between in and out operators, derived in
Sec. IV C. Thus, we obtain
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= 0|+an (ln)NZ_,’n +aT (in)[0)
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= (0]-a,, (in) V) ~a}, (in)[0)
g2 (=~

9 I 1g 1) P

N (n5.+) = (0[*b,, (in)KL) +b} (in)[0)

_ {|g<+|+>|-2, L=+

(DP9,

NY) (ns. =) = (0]_b,, (in)NY) b}, (in)[0)
_ {|g<+|+>|-2, {=-

lgC P g )P,
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=
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-
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[=+
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oy

see (3.39) for the definition of the coefficients g.
Then it follows from relations (3.41) and (3.42) that

N, (ny,4) + N9 (1, +)
= N, (1, =) + N (ny, =) = 15
b b

NSL,),,S(nS, +) + N(—}ls (ns,+)

= N(+b,>n5("57 -)+ N(_”,Z,S (ns,—) = 1. (C5)

Thus, the number of electrons with quantum numbers 7,
and positrons with quantum numbers 75 are conserved in
the course of scattering off the x-electric potential step.

III. Using the electric current operator J (4.26), we
construct the corresponding renormalized operator J. Its
mean value in the vacuum state is zero,

[SY
|

J —(0]J]0), (0|3]0) = 0. (C6)

Then, using orthonormality condition (3.36), we calculate
currents created by one-electron states in the range €2;:

(0], (im) 3, (in)[0) = (M, T)! <0,
(0]~a,, (in)J-a}, (in)|0) = e(M,, T)™" > 0,
(0|_a,, (out)J_aj, (out)|0) = e(M,, T)™' >0,
(0[*a,, (out)J*aj, (out)|0) = —e(M, T)~" <0, (C7)

and currents created by one-positron states in the
range Qs:
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(O] -y (in)3_b3, (in)|0) = e(M,,, 7)™ > 0,

(O, (in) 3+ b1, (in)|0) = —e(M,, T)™" <0,
(0[1:b,,, (0ut) 3, b}, (out)|0) = —e(M,,T)~" <0,
(0|~ b,,, (out)J~ by, (out)|0) = e(M,,. T)~" > 0, (C8)

The quantities M, are given by Egs. (3.48), and the
combination (M, T)~! is the modulus of the probability
flux of a one-particle state through the hyperplane
x = const. One can see that signs of currents (C7) and
(C8) are always opposite to the signs of the asymptotic
values pR and pl, respectively. Thus, the one-particle
quantum mechanical interpretation of quantum numbers
pR and p“ as momenta holds true in the ranges
and Qs.

IV. Using energy flux operator F(x) (4.25), we construct
the corresponding renormalized operator F(x). Its mean
value in the vacuum state is zero,

N

F(x) = F(x) -

Then, with the help of this operator, we calculate mean
energy fluxes created by one-particle states (5.1) and (5.2)
through the surfaces x = x;, and x = xi. Using orthonor-
mality condition (3.36), we obtain for electrons in the
range Q:

(OIF(x)[0),  (0IF(x)0) =0. (C9)

—
=
~—
—
=
~
T
Q
=7
—~
—
=
=
=
=

F,, _(out) = (0|_a, (out)F(x.)_aj, (out)|0)
= —(MT) 'zy(L) <0, (C10)
and for positrons in the range Qs:
Fay —(in) = (0] by, (in)F (x1.) b (in) [0)
= (MT)~!|zo(L)] > 0,
F,—(0ut) = (0], (out) F(xg) b3 (0ut) |0)
= (MT)™!|zo(R)| > 0.
Fog - (in) = (O by, (in)F(xg ) * b (n)[0)
= —(MT)|m(R)| < 0,
Fo.+ (0ut) = (0], b, (out)F(x.). bj, (out)|0)
= —(MT) Y my(L)| < 0. (C11)
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We believe that the direction of the energy flux indicates
the direction of motion of the corresponding particle, which
is shown on Fig. 3 by the corresponding arrows.

This fact allows us to find longitudinal momenta of the
waves in the asymptotic regions S} and Sy by integrating
the corresponding energy fluxes over x. Such QFT quan-
tities differ from the quantum numbers p“ and pR that are
asymptotic longitudinal momenta of the corresponding unit
one-particle flux, for simplicity, we call them QM longi-
tudinal momenta of particles.

For example, QFT longitudinal momenta of electron
states are

1

= —|PL||9(+|+)|_27
IpR|Ig< )72,

m~ (U)K = =2 P g

. 1 _
~MK® = =2 [pN|g( )],

Pn1.+(in) = [Fn1,+(in)K(L)
Pn +<OUt) - [Fnl +(Ollt)K
P, _(out) =F

P, _(in) =F, (C12)

see Sec. III C. In the same manner, using Eq. (C11), we can
find longitudinal momenta of positron states.

These relations show that quantum numbers |zy(L/R)]
can be interpreted as kinetic energies of the unit particle
flux, both for electrons and positrons in the asymptotic
regions Sy and Sg, respectively. Then it follows from
Egs. (C12) that |p| and |pR| are modulus of asymptotic
longitudinal momenta of the unit of the corresponding one-
particle fluxes. One can also see that the sign of the mean
values [, (in/out) in electron states is { and in positron
states is —¢. The directions of the energy fluxes represent
the directions of the motion of both electrons and positrons.
Thus, we see that the asymptotic longitudinal physical
momenta of electrons are pl;, = p" and p, = p®, whereas
for positrons they are pi, =-p" and p¥,=-p®. This
matches with the standard interpretation of quantum
numbers of solutions of the Dirac equation. One can also
see that the electric current of electrons is opposite to the
direction of their energy flux (and to their asymptotic
longitudinal physical momenta), whereas the electric cur-
rent of positrons coincides with the direction of their energy
flux (and with the asymptotic longitudinal physical
momenta).

2. Mean values in Q;

I. By using relations (7.4), we find differential mean
numbers of out-particles in the vacuum |0, in), and differ-
ential mean numbers of in-particles in the out-vacuum
|0, out),
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Né(out) = (0, in[*a} (out)*a, (out)[0, in) = |g(_|*)|-2
N5 (out) = (0,in|, b} (out), b, (out)|0,in) = |g(,|7)|72,
Nii(in) = (0, out|~az(in)~a,(in)|0, out) = [g(,[7)[7%,
Nj(in) = (0, 0ut|_bj(in) b, (in)|0, out) = [g(_|*)|>.
(C13)

II. By using relations (3.42) we find differential mean
numbers of out-particles in one-particle in-states,

Thus, the one-electron in-state contains only one out-
electron and does not contain any out-positron, whereas
the one-positron in-state contains only one out-positron and
does not contain any out-electron, which is a consequence
of the Pauli principle. ‘

III. Using the operator H™ (4.21), we calculate kinetic
energies of all particles in the range €3,

(0,in|"a
(0,in|_b,

(0, out| T a, (out

in) AN~} (in)]0, in) =
1n)[H]kln b ()]0, in) =
"+ g (out)|0, out) = Enys
A" b (out)]0, out) = — &,

n;’

n(
(

in Enss

JH*
(0, out|, b, (out)il (C15)

One can verify that, with the account taken of (4.17), the
combinations (°£,, — CE ) are positive (as we demonstrate

in Sec. VII C, kinetic energles of physical wave packets of
electrons and positrons are also positive).

IV. Let us introduce renormalized (with respect to the
corresponding vacua) in- and out-operators of the electric
current flowing through the surface x = const,

A

J(in) = J = (0,in|J|0, in),

J(out) = J = (0, out|J|0, out), (C16)

where the operator J is given by Eq. (4.26). With the help of
Eq. (3.36) we find differential mean values of these
operators in all one-particle states (7.3),
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Jé(in) = (0,in|~a,(in)J(in)~a} (in)|0,in) = —e(M,T)~,
J%(in) = (0,in|_b,,(in)J(in)_b} (in)|0,in) = —e(M,T)"",

J4(out) = (0, out|*a, (out)J(out) " a} (out)|0, out)
=e(M,T)™,

J%(out) = (0, out|, b, (out)J(out) b7 (out)|0, out)
=e(M,T)7L. (C17)

One can see that the mean currents J¢(out) and J5(out) are
positive and have the same direction as the applied external
electric field, whereas the mean currents J¢(in) and J5(in)
are negative and have the opposite direction to the applied
external electric field. Both in- and out-electron states (7.3)
are states with definite quantum numbers pR, whereas both
in- and out-positron states (7.3) are states with definite
quantum numbers p. Therefore, signs of both currents
J%(in) and J%(out) coincide with the sign of pR, whereas
signs of both currents J%(in) and J5(out) coincide with the
sign of pt.

V. Using energy flux operator F(x) (4.25), we construct
the corresponding renormalized operators [F(x[in) and
F(x|out),

F(x|in) = F(x) — (0, in|F(x)|0, in),
F(x|out) = F(x) = (0, out|F(x)

0, out). (C18)

With the help of these operators, we calculate mean energy
fluxes through the surfaces x = x; and x = xi. Since
electron wave packets are localized in the region Sy, and
positron wave packets are localized in the region Sy, the
mean energy flux of electron partial waves is to be defined
through the surface x = x;, and of positron partial waves
through the surface x = xp. These mean values are ex-
pressed via energy fluxes of the Dirac field through the
surfaces x = x;, and x = xg, respectively. The latter fluxes
can be calculated using Egs. (3.36),

Fé(in) = (0,in|~a, (in)F(x; . in)"ay(in)|0, in)

= (M, T) "z (L),

Fé(out) = (0, out|*a, (out)F(x , out)*aj(out)
= —(M, 1)z (L),

(0,in|_b,, (in)F(xg, in)_b}(in)|0, in)

~(M, 1)~ |z (R)I,

F%(out) = (0, out|, b, (out)F(xg, out),, b (out)
= (M, T) "z (R)].

0, out)

F%(in)

0, out)
(C19)
To find the longitudinal momenta of particles in the

asymptotic regions S; and Sk, we have to integrate these
energy fluxes over x. Thus we obtain:
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1
Pi(in/out) = Fy(in/out) K™ = = pHlg(, )|

1
Py (in/out) = F(in/ou) K& = 5 2 |p¥|lg(.[ 7).
(C20)

We stress that in contrast to the ranges €; and Qs, signs
of the quantities related to the electrons in Egs. (C19) and
(C20) are determined by the signs of the quantum number
pR, but not by the signs of the quantum number pL,
whereas signs of the quantities related to the positrons are
determined by the signs of the quantum number p", but not
by the signs of the quantum number pR,

sgn(P4(in/out)) = —sgn(p®),

sgn(P%(in/out)) = sgn(p"). (C21)

Relations (C21) indicate a direct correlation between
directions of in- and out- energy fluxes and directions of the
corresponding currents, which is

sgnpR = sgnJ?(out) = sgnJ¢(out),

sgnp® = sgnJ’(in) = sgnJ(in). (C22)

One can see from these relations that in the range Q3, as
well as in the ranges Q; and Qs, the quantum numbers
|7o(L/R)| are kinetic energies per unit of one-particle flux
in the corresponding asymptotic regions. Direction of the
energy flux indicates the direction of the particle motion.
This direction coincides with the direction of positron
currents situated in the region Sz and is opposite to the
direction of the electron currents situated in the region S .

APPENDIX D: TOTAL REFLECTION
IN THE KLEIN ZONE

To consider the total reflection in the range 23 in the
general case of arbitrary strong electric field when Nj — 1
for some n € Qf" C Qj it is necessary to associate particles
with special wave packets that are stable enough. We
consider the Dirac case. The case of scalar field can be
given along the same lines.

There are in and out electron and positron states each of
them associated with the corresponding wave packet.
Electron in-states are composed from the plane waves
“,,(X), whereas electron out-states are composed from
the plane waves "y, (X). Positron in-states are composed
from the plane waves _y,, (X), whereas positron out-states
are composed from the plane waves (X). It is natural
to suppose that all these wave packets are localized at some
time instants in some areas that have a finite length on the
axis x. Let x = xp be a center of such an area at some time
instant. We represent such wave packets for electrons and
positrons as follows
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-1/2
Y (X) = N, D e MG 2oy, ()
ned;
—in/out({ = —/+) — electron states,
-1/2
gll/XF(X) - gNXF ZCCE'IXF)Mn / CWH(X)
ned;

—in/out({ = —/+) — positron states, (D1)

(xg)

where ¢¢,® and Cci"F) are some coefficients and ¢N,_and

ng are normalization factors,
F

|§NXF|—2 _ Z|CCI(1xF) ’ |CNxF|_2 _ Z|CC§1XF)|2'

ne; ned;

2

We are interested in the cases when particle wave packets
are localized in the asymptotic region Sy far enough from
the asymptotic region Sg, which means xg < xI' < x;, orin
the asymptotic region Sy far enough from the asymptotic
region S, which means xp > xk > xz. We assume that
minimal extension Ag of the whole wave packet along the
axis x, is much less than the distance between the points x}
and xg, or xk and x , Ap < xk — x;, xg — xF'. Similar to the
discussion related to Eqgs. (B3) and (B4), one can study
square norms of the introduced wave packets (fwa, ¢ W)
and (CWxF’ Cl//xF). One can separate contributions to these
square norms from the asymptotic regions S; and Sg, as
follows

(é‘l//va éVll/xF) = (Cl//xF’ é‘WXF)L + (gl//xw Cl//xF)R + 0(1)’
({l//va é'llle) = (é,ll/x]:’ Z:WXF)L + (gl//x}:’ é,lI/XF)R + O(l)’
(D2)

where

(gwa,‘fwa)L—/

1%
K® ;

Y )g = / dr. / Yl (X, (X,
XR

(CWxF’waF)L://

K®)
W)= |, ar, [ w0, ax. 03

R

Let us study integrals (D3) following the procedure
described in Appendix B. Taking into account the mutual
decompositions of the plane waves (3.38) and using spin
and coordinate factorization of Dirac spinors given by
Eq. (3.6), one can represent integrals (D3) in the following
forms
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XL
i) =N, P [ e [ ok pa
vV, -KL
K®)
(o= FN P [ s [ gl ()P
Vi XR
AL
(él//xF’gwa)L - |§NXF |2/ er/ L |4‘(’0f\:1: (X) |2dx’
vV, -KL)

K®)
_ 2 R 2
o =N P [ ars [ o oPas. (04

where

SR (X) = Z S exp (—ipot + ipRx + ip, 1)) ’
pr=ret v2[g(, )]

W) =D g el — g(L|F)em I

ne;
Ccfj‘F) exp (—ipot +ip.ry)

VgDl
A5 (X) = Y [o(F)el™ = g7l )em P

ne;
chfF) exp (—ipot +ip.r))
V2|g(, )]
(xF) _ - L .
5 - (€7 exp (=ipot + ip x +ip.r.)
C(pxF(X) - Z ’

ne; \/Elg(+|_>|

(Ds)

Absolute values of the asymptotic momenta |p“| and
|pR| are determined by the quantum numbers p, and p |,
see Egs. (3.15) and (3.19). This fact imposes certain
correlations between both quantities. In particular, one
can see from Eq. (3.21) that d|p“|/d|pR| <0, and at
any given p; these quantities are restricted inside the
range Qs,

pm = \/UU -2x,).

0 < |pR/H| < pm, (D6)

As an example, let us consider an electron wave
packet with a given spin polarization ¢ and transversal
momentum p |,

74NXFT

Y (X) == / M3 ey, (X)dpy, (D7)
T JpoeQs

where the integration over p is fulfilled for a given fixed
p. and the corresponding asymptotic scalar functions (D5)
are
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‘9 (X) L / “ei" exp (=ipot +ipur.)
27 ) pyeey \/§|g(+|_)|
* [g(|)elP" = g(_L[*)e= P ] d py,

T / £ exp(—ipot +ipRx+ip r,)
PoE3

R (X)) =—
(/)xp( ) 271_

(D8)
Using Egs. (3.10) and (3.15), we express p, via pR as

pPo=Ur —4/ (PR)* + 1.

Then we denote the mean value of pR in a wave packet in
Sg as pR, and the mean value of |p"| of the same packet in

S, as |pt|. Afterwards we chose coefficients ¢ci™ as
follows
£l 1 [+4p/2
———=dpy = _d|PR|/ déxg
l9(,[)] AN
exp [~ipolT/2 — i p| (xe + 6x)]
917l ’
(D9)
where the quantity [g(,[7)| = [g(;[7)|r_zx does not

depend on | pR|. This allows one to represent wave packets
(D8) as integrals over |pR|,

D [+Ar/2 pr

:—/ d5xF/ d|p®|
Ag J_ap2 0
XeXp[i\/(pR)2+ﬂi(t+CT/2)

]| (x = xp — ).

(D [+Ag2 pmax
%;F(X):—A / déxy / d|p®|
F.J-Ap/2 0

X exp {i\/(pR)2 + 7% (t+¢T)/2)
= 1R (xr + )|

<l el — g(_[0)e-n)
_ Texp [-iUr(t+CT/2) +ip, 1] .
2v2z(g(, )]

CoR (X)

‘p (D10)

The case p™* — 0 where |p™*(xg —xp —dxg)| <1,
takes place for relatively weak fields, or near the border
between Q3 and €,, and, as was already said above, is
characterized by big values of the quantity
l9(|7) ~19(;|T)| = oo. In this case, it follows from
(D10) that the asymptotic densities |“gX (X)|* tend to zero,

V29 P
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i.e., electron wave packets do not penetrate in the asymp-
totic region Sg, whereas the absolute values of the
coefficients in front of the incoming and outgoing plane
waves in the expression for ‘gL (X) are equal.

In the case when p™®* is not small, i.e., p™ A > 1, we
consider first the situation when xg € S, xp < 1, and
xp + 6xp < xb for all Sxg. In our general setting of the
problem we have -T/2<t<T/2 that is why
{(t+¢T/2) > 0 and therefore in the region Sy where
x > xg > 0 the exponent index in the expression (D10) for
@R (X) is not zero. Moreover, at any time instant, high-
frequency oscillations in the latter expression lead to
vanishing the asymptotic densities [*¢R (X)|* — 0. It is
easy to see that situation is quite different in the asymptotic
region Sy, where x <xf <x_ <0. Here ¢pf (X) is a
superposition of two types of plane waves with opposite
signs of the quantum number p'. That is why there always
exists such an area on the axis x where the exponent index
in the expression (D10) for gy (X) is zero. In particular,
when |t + (T /2| ~ 0, there always exists an x such that
|P®|(xg + xg) — [ p"|x = 0 for any (.

This corresponds to incoming wave packets at t — —7/2
for { = — and outgoing wave packets at t — T/2 for
¢ = +. Note that mean currents of these electron and
positron wave packets are zero unlike the mean currents of
constituent plane waves. To understand such a distinct
behavior, it useful to recall that mean currents are defined
by the inner product (3.33), which is, in particular, the
average value over the period of time from —7/2 to T/2,
where T is the time dimension of a large space-time box.
Thus, a certain direction of a wave packet in a given time
instant matches with the zero average current of this wave
packet.

Let us suppose now that xg € Sg, xg > xh, and
xp + 6xg > xk for all Sxg. In such a case there exist a
coordinate x € Sg and x > xk > xg > 0, such that the
exponent index in the expression (D10) for ‘@R (X) is
zero. However, since gpr;F (X) is a superposition of two
types of plane waves with opposite signs of the quantum
number pY, in the asymptotic region S; there always exists
such an area on the axis x where the exponent index in the
expression (D10) for Cq)kF (X) is also zero. This means that
such wave packets cannot represent an electron. This result
holds true for any electron wave packets. Indeed, in our
reasonings we have used only the general structure (D5) of
functions ‘@R (X) which consist of only one type of plane
waves with the same sign of the quantum number pR,
whereas the functions 540; (X) represent superpositions of
the two types of plane waves with opposite signs of the
quantum number p'. Namely this is the reason why
electron packets cannot be localized only in Sy and
cannot represent stable states describing electrons. We
see that in the framework of our consideration there are
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no electrons in the region Sy with quantum numbers from
the range Q5.

It is not difficult to give similar example for positron
wave packets and prove that they can be localized only in
one asymptotic region, namely in Sg.

Thus, in the range 5 there exists the same localization
of electrons as in the range €, and positron localization as
in the range €,. That is why in contrast to the ranges €,
and Qs, any initial and final wave packets in the range Q4
may come in and go out only to the same asymptotic
region, which corresponds to the total reflection both for
electrons and positrons.

APPENDIX E: DIFFERENTIAL MEAN NUMBER
IN SLOWLY ALTERNATING FIELD

The absolute values of |pR| and |p“| are related by
Eq. (3.21). In the range €5 these relations imply Eq. (D6)
and

0 <[lp"| = [p%|l < pm. (E1)

Therefore, for big a that satisfies Eq. (3.21), we obtain

1
na eEa—§||pL|—|pRH > 1. (E2)

As a consequence of (E2) the quantities N{ given by
Eq. (9.4) for fermions, and by Eq. (9.6) for bosons have
approximately the same form

N5t =1g(4 7)1
~ 4sinh (za|p"|) sinh (za|pR|) exp (—2zeEa?). (E3)

Then it follows from Eq. (E3) that if the range €25 is small
enough
eEa—n, - 0= map™ < 1. (E4)

then the quantities N3 are exponentially small.
Let us consider the opposite case of big ranges ;3 when

map™™ > 1 (ES)
and the quantities Ny’ are not small. Such ranges do exist if
eEa>m (E6)

and
ar; <K, (E7)
where K | is a given arbitrary number, ma < K | < eEa’.

In this case, we consider first finite subranges adjoining
the range 23 from inside. In such subranges

PHYSICAL REVIEW D 93, 045002 (2016)

NS =2sinh (za|pR|)
x exp |—zay/ (pR)? +77.'i:| if za|pR| < kma,
N¢ = 2sinh (za|p*|)

X eXp [—ﬂa\ /(p")? —}—ﬂﬂ if za|p"| < kma, (E8)

where k2 1 is a given arbitrary number, obeying the
inequality

kma < eEa’. (E9)
Near the borders of the range Q5;, we have
N = 2sinh (za|pR|)e=™1  if za|p?| < KO,
N¢ ~ 2sinh (za|p|)e~™" if za|p"| < K°, (E10)

where K° < 1 is an arbitrary number. The numbers N¢
given by Eq. (E10) are exponentially small, N < 2e™""7.

For border areas situated more close to the center of the
range Q3, where 1 < za|pRt|, we have

N v exp | —zal\/(p)? + 72 = ¥
if 1 < za|pR| < wkma,
N exp [—may/ (0 + 7 =[]

if 1 < za|pt| < mkma. (E11)
The numbers N§' are growing as n recedes from the borders
of the range Q5 and for any fixed 7 | achieves his maximum
when za|pR| - nkma, or a|p*| - zkma. In turn, this
maximum value grows as 7, — m. Thus, in the subranges
under consideration, we can estimate the quantities N§'

from above as
Tma
N < - .
o < exp ( il )

This quantity is exponentially small if for any given k the
ratio Z2¢ > 1 is big enough.

The main contribution to the particle creation is due to
the inner part of the range 5. This range is defined by the

following inequalities

(E12)

ma|pR| > mkma, na|pR| > nkma.  (E13)

They correspond to the following restrictions on the
energy po:
K = ay/(km)? + =7

alpg| < eEa® — K, (E14)

Inequalities (E7) and (E9) imply that K < eEa?. In such
a case, we can approximate the numbers (E3) as
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NS~ NGy = e,
r=a(2eEa—|p¥| - |p).  (EI5)
The function 7 is minimal at py = 0,
. ot
minz = 7|, :/1:&, (E16)

it grows monotonically as |pg| grows, and takes its
maximum value

PHYSICAL REVIEW D 93, 045002 (2016)

Tmax = T |py|—ebak/a ® K —kma+2/4  (El17)

on the boundary of the Q; range. In the wide range of
energies where a|p,| < eEa?, the numbers NS do not
depend practically on the parameter @ and have the form of
the differential number of created particles in an uniform
electric field [2,13],

N~ e,

(E18)
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