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Quantum supersymmetric FRW cosmology with a scalar field
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We analyze the quantum supersymmetric cosmological Friedmann-Robertson-Walker model with a
scalar field, with a conditional probability density and the scalar field identified as time. The Hilbert space
has a spinorial structure and there is only one consistent solution, with a conserved probability density. The
dynamics of the scale factor is obtained from its mean value. The uncertainty relations are fulfilled and the
corresponding fluctuations are consistent with a semiclassical Universe. We give two examples which turn

out to have negative potential.
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I. INTRODUCTION

Supersymmetric quantum cosmology has been broadly
studied in in the past years, see e.g. [1,2]. For uniform
spaces, it can be obtained from the “minisuperspace”
formulation [3] of four dimensional supergravity [4].
The Wheeler-deWitt equation is traced back to the “square
root” of the Hamiltonian constraint, i.e. the supersymmetric
generator constraints. Additional to these constraints, in
these formulations there are also Lorentz constraints [3,4],
which strongly restrict the solutions [5]. An alternative
formulation for supersymmetric models has been given in
[6], by means of a “world line” superfield approach, where
the time variable is extended to a (supersymmetry) super-
space. This formulation has been worked out for all Bianchi
models [7], and under the inclusion of matter [6]. We
follow an approach of this type, by means of the covariant
formulation of one-dimensional supergravity [8], given by
the so called “new” ® variables [9,10], which allows us to
write supergravity invariant actions in a covariant Wess-
Zumino gauge. The solution of the Wheeler-DeWitt equa-
tion is the wave function of the Universe, and depends on
the degrees of freedom of the 3-space metrics. Hence, there
is not an external time, as if there would not be dynamics.
This is the so called problem of time, and with all its
implications is one of the main problems of quantum
gravity, subject of study since the early times of general
relativity, see e.g. [11-13]. In fact, it has been argued that
instead of an external time, time arises as a result of the
interactions inside the Universe. One of the aspects of this
problem is the interpretation of the wave function of the
Universe and how time could arise consistently, with a
conserved probability. The operator ordering ambiguities in
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the constraints can be tackled considering that the
Hamiltonian constraint should be self-adjoint, and that
the supersymmetric generators, which classically are
obtained by complex conjugation of the others, are
Hermitian conjugated. This requires self-adjoint bosonic
momenta, and for the fermions suitable conjugation rela-
tions. This can be a problem, for instance in the Friedmann-
Robertson-Walker (FRW) model, as in the classical theory
the scale factor satisfies a > 0, but the hermiticity of its
momentum would require the whole real line [12]. In the
supersymmetric theory, the Hamiltonian constraint is
modified by the addition of fermionic terms, in such a
way that the anticommutator of the supersymmetry gen-
erators closes to it. Thus the Wheeler-DeWitt equation is
modified, and the supersymmetric constraints give first
order equations for the wave function, which is spinorial
and the number of its independent components can be very
high. However, the constraints can restrict this wave
function strongly, leading to quite simple solutions [4].
Here we consider a FRW model with a real scalar field, and
we argue that its supersymmetric theory could contribute to
the understanding of the mentioned aspects of the problem
of time. We show, for a nonvanishing superpotential, that
from the solutions of the supersymmetric constraints, only
one is consistent. This solution vanishes at a = 0, allowing
that its canonical conjugated momentum is self-adjoint for
a > 0. Further, a definition for the probability that the
Universe has some value of a is given, as the conditional
probability that the Universe has this value of @ and a value
¢ of the scalar field, if the Universe is at ¢ regardless of a,
and then the scalar field is identified with time [12]. With
this interpretation, the probability density depends on this
time and is conserved, and the uncertainty relation of a with
its momentum is fulfilled. We compute then the mean value
of a as a function of time, and its acceleration. Considering
that the actual observable regarding the scale factor is the
red shift, we compute the quantum fluctuations of the
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velocity of the scale factor, which reduce notably in the
region corresponding to the present era, consistently with a
semiclassical behavior. We give two examples, which turn
out to have negative potential. The resulting universes
expand from a singularity, and after one or more inflationary
periods collapse to a singularity again, consistently with the
results of [14,15], where this type of potentials are studied.

The outline of the paper is as follows. In the second section
we extend the FRW model with a scalar field to a world line
supergravity model and sketch the Hamiltonian analysis, in
the third section we perform the quantization, in the fourth
section we discuss the interpretation and show the results
based on the examples, one of a stable potential and the other
of an unstable one. In the last section we draw some
conclusions.

II. SUPERSYMMETRIC FRW MODEL
WITH A SCALAR FIELD

Let us consider the action of a scalar field with a four
dimensional FRW metric

1 37
=— |: 3—+3Nka+5aT—Na3V(¢) dt, (1)

where N is the lapse function and a is the scale factor. This
Lagrangian is invariant under time general reparametriza-
tions. From the equations of motion of this action, with
N =1, the Friedmann equations and the conservation

equation for a perfect fluid turn out, 3a—"22 =p+k, % + Z—f =
—(p+k) and p+3(p+p) =0, with p=1¢> + V(¢p)
the energy density, and p = %q’)z — V(¢) the pressure for
the perfect fluid ¢(¢). The Hamiltonian constraint of (1) is
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After quantization it becomes the Wheeler-DeWitt equation
for the wave function of the universe, where the ordering
ambiguity of the first term must be fixed.

A. Supersymmetric formulation

Supersymmetric cosmology can be obtained from one
dimensional supergravity [16], which can be formulated as
general relativity on the extension of the time coordinate to
the superspace of supersymmetry [10], t = z™ = (1,0, ©),
where ® and @ are anticommuting coordinates. The basic
quantities are the superfields, see e.g. [9], which transform as
5:®(z) = =¢M(2)0y®(z), and their covariant derivatives
are V4@ = V4 (z)0,,®, where the index A transforms
as a scalar. VA (z) is the superspace vielbein, whose super-
determinant gives the invariant density & = Sdet V4,
5:& = (=1)"9y/(ME), which in the covariant Wess-
Zumino gauge [10] is & = —e —%(G\I/ +OW), see e.g.
[8]. Therefore, in order to obtain the supersymmetric
cosmological model of (1), superfields for the scale factor
and the scalar field must be assigned

A(t,0,0)

= a(t) +i®A(1) + iOA(t) + B(1)@0O, (3)

P(1,0,0) = ¢(1) + iij(t) + iOn(t) + G(1)OO. (4)
The supersymmetric generalization of the action is given by
I = I, + I, where I is the cosmological supersymmetric

generalization of the free FRW model and 7, the matter term
[6,8]

3 _
=2 / E(AVeAVeA — VEA?)dOdB L, (5)
I = K_12 / EA’ {—%v@)@v@@ + W(®)|dOdddr.  (6)

Upon integration over the Grassmann parameters in (5) and
(6), we find the total component Lagrangian [§]
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The fields B and G do not contain kinetic terms and are eliminated solving their equations of motion B =
la='22—LYanii and G =W’ —3a~'(ij — An). Then, making the rescalings A — ka="/?1, A — ka™'/?A, n - ka~

11 — xa~3/?ij, the Lagrangian becomes

G(ij — An) — ea>’GW'|. (7)
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As in the bosonic case, the kinetic terms have different
signs, pointing to the presence of ghosts. Following the
usual interpretation, in this Lagrangian there are Goldstino
fields as follows. Upon substitution of the equations of
motion of the auxiliary fields, the supersymmetry trans-
formations of the fermions A and »n become o4 =
C(Vk—aW/2) +--- and &y =W’ +---. Thus if any
the fields on the right-hand side (r.h.s.) of these equations
has nonvanishing vacuum expectation value or k # 0, the
corresponding fermion is a Goldstino. However in one
dimension, the appearance of this fermion does not mean
necessarily that supersymmetry is spontaneously broken.

B. Hamiltonian analysis

The canonical momenta of (8) are z, = 0 and

5 it +7i) + 3Vkea™ 22 === ea” i +

3ivk 3k
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1 o 3
”¢=K—26‘la3¢—ﬂe‘la3(u/n—v/ﬂ)+3(/111+/1n), (10)

m, ==3i,  m=-3il, (11)

m, = =1, TG == (12)

Equations (11) and (12) are second class constraints
and the corresponding Dirac brackets are {a,7,}, =1,

{p. 74}, =1, {A.2}p ==L {n.ii}p = i. Using the stan-
dard definition for the Hamiltonian and solving the second
class constraints, the Hamiltonian of the theory is

1

1 _
H=NHy+-wS—-=yS, (13)
6 3 1 - 2 2
T, =——e laa+=e a2 (yd - ), 9)
K K where
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9 -3 3 - - 3vk Ok? -
5 W)L =3 Wb + 3 W/ () (a7~ Tn) + W' ()i~ 3ka™' A1+ Tfa_l,m - (14)
1 3 6 k 1 3 ] 3 ) 3

S = kaim A+ ka2myn — lfafl +—aW(p)l+ i(J%W’(qﬁ)n + ga_ilnﬁ, (15)

K K K

- - 3 6i - - i 3i -

S =ka“m )+ Ka“2m i) + l\/_a%/l - —a%W(qb)/l - ia%W’(gb)ﬁ - ga_%/lnﬁ, (16)

K K

which close under the Dirac brackets
{8.8}p = =2iHy,  {Ho.S}p = {Ho.S}p =0. (17)
From (2) we see that the scalar potential is

3 1

V($) = 3vka ' W(g) = T W3 ($) + 5 W?(9). (18)
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III. QUANTIZATION

Under canonical quantization, the Hamiltonian con-
straint is imposed as a second order differential equation
on the wave function, giving the Wheeler DeWitt
equation. In the supersymmetric case, the supercharges
(15) and (16) give first order differential equations, from
which the Hamiltonian follows (17). From the Dirac
brackets we get

1

am)=lprg=i. (D) =g. {nm=-1. (19

the rest of the (anti)commutators being zero. In parti-
cular 22 =5*> = 2> = i7* = 0. The bosonic momenta are
|
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represented by derivatives and the fermionic degrees of
freedom have been represented in various ways, for
instance by Dirac matrices [4] or as derivatives of the
canonical conjugated variables [17]. Here we will quantize
in the simplest way, as done in [18], starting from a vacuum
state, annihilated by the fermionic operators 4 and #, and on
which new states are created by 4 and 7. Then we apply the
operators S and S on a general state obtained in this way,
and then we look for their null eigenstates. We use gradated
Weyl ordering to fix the ordering ambiguities, i.e. products
of operators which classically commute are symmetrized,
and products of fermionic operators are antisymmetrized.
Thus, the quantum constraints are

3i [ 6ivk 3i
S = g (61_%71'“ + ﬂua_%)/l + Ka_%ﬂ',/,ﬂ + —la%W(q’))/l + ia%W’(qﬁ)n - l\/_a%/l + %a_%ﬂ[n, 7, (20)
K K K
) ) 3 o 6i Y )
5=X (a‘%na + ﬂua‘%)/l + Ka_%ﬂ'd,ﬁ - —la%W(q’))ﬂ - ia%W’((,b)ﬁ + l\/_a%/l - ﬁa‘%l[n, 7). (21)
2 K K K 4
The anticommutator of these operators is {S, S} = —2H,,, hence the quantum Hamiltonian is

2

3k

1 3i - 3k -
Hy=—-—«*a"'7 +ian,) + K—a‘%é - Elkza‘%(,,(ﬁr‘] +n) = —=a-=3Vka 'L +=—a'n.7] (22
K

12 2

3w+ 2

4k 2«?

3k

2 4

The last term is due to the operator ordering. Thus, S = S,
and H,, is self-dual, as ensured by the second term on the
right-hand side of (24).

The Hilbert space is generated from the vacuum state |1),
which satisfies A|1) =#|1) = 0. Hence, there are four
states

1), 2)=v6Il1). [3)=7|l) and |4)=V627]1).

(25)

which are orthogonal and have norms (2]2) = (1|1),
(3]3) = —(1]1) and (4|4) = —(1|1). Therefore a general
state will have the form

V) = wi(a.9)[1) +w2(a.9)2) +ws(a.9)[3)
+yu(a. §)4). (26)

FR W)~ VR )+ 2

2

9

W) + 5 5@ W) + WA R S W@ A+ WD -Tn) (23)

8 2

O A - S 24
TR [, ][n,n]—aa : (24)
[

Hence
) = %[v/z(wﬁ)lw @) (27)
nlv) = —ys(a, d)|1) +wa(a. $)[2), (28)

) = (@ d)2) +ys(@d)). (29)

V6
i) = i@ d3) — @ dl4).  (30)
| W) = _%w2<a,¢>|1>, (31)
i) = =—y(a.g)) (32)
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Therefore, from the constraint equation S|¥) = 0, we get

(&,—3 2W—|—ga—ga )w4:0, (34)
K?

1
<a¢ - —203W’) wy =0, (35)
K
while for S¥ = 0, we get

\/—<8¢—|—1aW)

—a<a +32 a’W — f 1 —1>y/3_0 (36)
K2 8
(3 —I—iazW ga—%a )1//1:0, (37)
1
Op + 2@ W )y, = 0. (38)

The equations for y; and w4 can be straightforwardly
solved yielding the, up to constant factors, unique solutions

. (39)

K2

yi(a.d) = aiexp [_ W(g) ~ 3\/zaz]

W(g) - 3\/Ea2} R

x
yila.p) = at eXp{ >

Further, the equations of y, and w3 can be written as

[aa —Kia w(¢)+6\—fa + ]l//z(a )

V8|0 - Sew @)t =0 @

6k

[aaa+;a3w<¢>—a n ]m(a,qs)

8

V8|0 S @) |wted) =0 @)

These equations might have nontrivial solutions,
which could be obtained by a power series ansatz in the

variable a, i.e. wy(a,¢) =, 5o, (¢p)a" and y3(a,p) =
Y nsoPn(@)a". If there is a solution, it can be seen that the
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coefficients in these power series contain exponentials of
the form e®? and e~®%, with undetermined coefficients,
where w,, are real numerical factors. In fact, these expan-
sions have the form

wo(a, ¢) = Z(Cnew"¢ + dne—wntlﬁ)an

n>0

+ terms dependent on e ¢W,  (43)
Vg (Cl, ¢) = Z(cnem,,(/) — dne_“’n‘/’)a"

n>0

+ terms dependent on e W,  (44)

where w,, = ﬁ (n+ %), and ¢, and d,, are arbitrary constants.
In fact, for W = 0, the solutions of (41) and (42) are
vaa.p)=a 3]  (aeVO) 4 f_(ae=?/VO) andyrs(a.p)=
a”V8[f , (ae?/Ve)=f_(ae~?/V®)], where f, are arbitrary
functions, as a consequence of the fact that there
are two variables. Therefore, in general the solution
to the constraint equations is |U) = Cyy(a,®)|1) +

Coyy(a. §)[2) + Caws(a. )[3) + Cawula, $)|4),  where
the factors are arbitrary constants. The norm of this state is

(W) = @c [ . dads
LGP / va(a. ) 2dadg
PN / v (a. ) 2dadg

~le | |w4<a,¢>|2dad¢}<1|1>. (45)

If we want to have a probabilistic interpretation, it is desirable
that (45) is well defined and always positive. Thus, we keep in
this expression, as consistent solutions, only the ones whose
wave functions y;(a, ¢) are square integrable. Moreover, the
operators which represent observables must be self-adjoint.
We count here as observables the phase space variables a, ¢,
7, and 7, and the Hamiltonian H,,. Thus, in order that the
integrals in (45) are well defined and the operators a, ¢, 7, =
—ihd/da and my = —ihd/0¢ are self adjoint, first their
definition domains must be stated. In quantum mechanics, the
integration from —oo to oo and the vanishing boundary
conditions of the wave function at the limits, ensure that
the momenta are self-adjoint. However, classically a > 0,
which poses a problem for quantization, see e.g. [11].
Nevertheless, whatever the integration range of « is, if there
are nontrivial solutions for y, and w3, these solutions
are not square integrable, considering that ¢ ranges from
—oo to oo. Thus, we exclude these possible solutions and
|U) = Cyy (a, p)|1) + Capala, p)|4). In this case, we
observe that the solutions (39) and (40) vanish at a = 0;
hence 7, and H,, are self-adjoint, keeping a > 0,
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| v@pmteddo= [ muladiviapda. @0

Further, in order that the integrals are well defined, a first
condition is that the corresponding wave function vanishes as
a — ocooras¢ — £oo. Therefore, fory;, the argument in the
exponential must blow up to negative infinity, i.e. 3a>v/k —
a*W(¢) - —oo0 as a — co or as ¢p — ~+oo. In particular the
condition regarding a — oo, requires that W(¢) is always
positive. In the case of 4, the inverse situation holds: W(¢)
must be always negative and it should have the limit
W(¢ - +o0) —» —oo. Therefore, only one of both wave
functions (39) or (40) can be normalizable. Thus, for a given
nonvanishing superpotential, there is only one square inte-
grable wave function, whose norm (45) can be chosen to be
positive, hence

(W) = Cy(a.p)|1) = Cyy(a.p)[1), if W(g)>0 or

(47)

W) = Cy(a.9)4) = Cyy(a.@)|4), if W(g) <0,  (43)

where

@'|W(¢)| - 3vka®

2 s

y(a.¢) = aiexp| - . (49)

and (1|1) is chosen to be 1 in the first case, and —1 in the
second case. Note that these states are bosonic. Thus, given a
nonvanishing superpotential, there is only one consistent
wave function.

In the following, we will restrict ourselves to the case
k = 0. If we impose the condition that these states are
normalized to unity, then the normalization constant is

=g L] )@

In fact, the old problem of time shows at this stage, i.e. that
from this wave function we cannot make any prediction as
there is no time. In other words, if (45) is well defined and
positive, to it corresponds rather a sort of static universe.

IV. INTERPRETATION

As already long ago discussed, the universe has to be
self-contained regarding time [19], i.e. the clock is part of it.
In particular, it can be in the form of a scalar field [11].
Further, nowadays the universe is classical and in fact, its
gravitational evolution has been classical excluding its very
first moments, when anyway the meaning of time would be
expected to be blurred by the strong quantum space-time
fluctuations, and in any case we would require full quantum
gravity. Thus, regarding time, one would be rather inter-
ested on the classical information, which is rendered when

PHYSICAL REVIEW D 93, 043505 (2016)

the mean values of the observables are computed. Here we
consider the FRW model with a scalar field, in a super-
gravity framework. Hence, the main observable is the scale
factor, which on the other side is the only parameter of the
space metric. As a first step regarding interpretation, we
consider the square module of the wave function as the
probability density of finding a certain three geometry, i.e,
in the model we are considering, a geometry with the value
a for the scale factor and ¢ for the scalar field [12,20]. We
consider further two examples, whose probability densities
are shown in Figs. 2 and 8, and to which would correspond
a frozen universe. These figures show a well-defined path
along the maxima relative to the direction of the coordinate
a, which suggests that we consider evolution along this
path, i.e. we would have a sort of effective wave function,
given by a section of constant ¢, in such a way that this
coordinate would be identified with time. Actually, a
computation of the mean value of the scale factor gives

(@) = (wlalw) = |C2 / "y / ® daaly(a. ). (51)

Thus, if we restrict for a while the integration of ¢ to
a finite interval [¢,¢,], then, from the mean value
theorem we get (a)= [°daaly(a.@)*/ [§°daly(a.¢')|*
where ¢, ¢ € [¢,.¢,] are such that [ d¢p [ daaly(a, P)|* =
Ap [ daaly(a.p)P. and [ dp [ daly(a.§) = A x
[ daly(a,¢')*. This suggests to us that we consider time
given by the scalar field ¢» — 7, with a probability ampli-
tude [12]

1
Ji° dalw(a, §)P .

- SR smenf ]

(52)

\I](a’f) - W(a’¢)

which is normalized at each time, [$°da|¥V(a,7)]> = 1.
Thus, the corresponding probability density amounts to

|‘I’(a,r)|2 _ |W(a’ ¢)|2

= = daly(a. )P 53)

=

i.e. it is the conditional probability of the universe of being
at a and ¢, if the universe is at ¢ regardless of a. Further, a
conservation equation for this probability density can be
given %|\Il(a,t)|2—%[é%(ln|W(r)|)a|\I/(a,r)|2] =0. Thus,
under the preceding assumption, which assigns to ¢ the
character of the clock, the classical setup arises from mean
values with the probability amplitude (52). For instance the
mean value of the scale factor is

043505-6
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e L T3/12)[ & )
a(r)—A a|¥(a,7)|*da= T(3/4) [2|W(1)|] . (54)

The validity of the previous assumption can be verified by a
computation of the quantum fluctuations

CT(3/4)r(17/12)-T(13/122[ «* %3
()= I(3/4)? {2|W(T)J - (55)

and

(Am,)? =21

L(13/12) [IW(T)I]M, (56)

(3/4) | 4«

from which the uncertainty relation follows

1
AalArn, = W
x \/21r(13/12)[r(3/4)r(17/12) —-1(13/12)}
~ 0.68. (57)

Note that we have set A = 1.

In order to compute the uncertainty in the measurement
of the scale factor we would be tempted to use (55).
However, the scale factor is determined from its velocity
through measurements of the red shift and the big-bang
assumption. Nevertheless, the fluctuations for the velocity
cannot be obtained from d/dza(7), hence we estimate them
from a(1) = —6x*a~'z,+ fermionic terms, obtained from
(9). Thus, considering that the mean values of the fermionic
variables vanish, Ad = a~!(|a|Aa + k*/6Arn,), where the
quantities from the right-hand side are computed from (54),
(55) and (56), considering a — a(z). For the two examples
considered, these fluctuations are shown in Figs. 5 and 11.
It is remarkable that these fluctuations reduce considerably
their size in the region which would correspond to the
actual era, consistently with a semiclassical behavior.

In this formulation the Hubble factor has the simple
expression

13W(7)
C12W(r)

H(r) = (58)

where W = % W. In the following, dot and double dot will
mean derivatives with respect to 7.

There are some comments in order. First, for a given
nonvanishing superpotential, there is only one consistent
state, solution to the constraint equations. Further, this state
is invariant under supersymmetry transformations, hence
supersymmetry is unbroken.

In the following, we discuss two examples. These
examples are somewhat representative of what can happen.

PHYSICAL REVIEW D 93, 043505 (2016)

The first one is of a stable potential and the second one of
an unstable potential.

A. Stable potential

As an example of the preceding results consider the
superpotential

W(¢p) = %mz((i)2 +c)(e7? + e?). (59)

This superpotential is positive for any value of ¢ only if
¢ > 0. To it corresponds a stable scalar potential (18), with
a stable minimum at ¢ = 0 and V(0) = —c?m*, see Fig. 1.
In the following, in the figures we set k = 1. Thus the
condition that the superpotential does not vanish, requires
that this potential is negative in a neighborhood of the
minimum. This class of potentials have been studied in
[15], where it has been shown that they describe universes
which after inflation stop to expand, and eventually
contract again to a singularity. In particular, these potentials
can be the basis for models of cyclic universes. Moreover,
the evolution described by these potentials is similar to the
behavior resulting from potentials unbounded from
below [14,15].

The wave function profile corresponding to (59) is
shown in Fig. 2. Further, the evolution of the mean value
of the scalar factor, a(z), is shown in Fig. 3, where we have
used the freedom to fix the free parameter ¢ in order to
produce a profile where a(z = 0) = 1. This evolution is
consistent with the results of [15]. Thus, we have a growing
Universe from the past at 7 = —co to the time 7 = 0, when
it reaches its maximum, and then it starts to collapse as
7 — o0. It can be seen that this potential satisfies the usual
initial conditions a(z) — 0 and d(z) — 0 as 7 —» —oo, and
also exhibits this behavior at 7 — oo. Furthermore, we
depict the corresponding behavior for d(z) in Fig. 4. In
Fig. 5 we show the quantum fluctuations of the velocity of
the scale factor, which correspond to the fluctuations of the

V(¢)

0.6}
04+

0.2r

Z04 02 ~—_ — o2 04 ¢

FIG. 1. Stable potential generated by the superpotential (59),
m =1 and ¢ = 0.24.
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FIG. 2. Dependence profile of |y (a, ¢)|? for the superpotential
(59), m =1 and ¢ = 0.24.

BT 5 ¢

FIG. 3.
c=0.24.

Profile of a for the superpotential (59), m =1 and

FIG. 4. Profile of a for the superpotential (59), m =1 and
c=0.24.
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FIG. 5. Profile of a, including its quantum fluctuations, for the

superpotential (59), m =1 and ¢ = 0.24.

red shift. As mentioned, these fluctuations reduce in the
region corresponding to the present era.
Finally, for the Hubble parameter we get

c+ (r=2)t—[c+ (t +2)1)e*
3(c +72)(1 + &%)

H(7) = (60)

It has limits H — 1/3 as 7—> —oco0, and H - —1/3
as 7 — oo.

B. Unstable potential

Another example is the superpotential
W(p) =— —im2¢3+im2¢4+e‘/’ (61)
12 24 '

which is positive for any value of m. In [8] it has been
shown that the superpotential corresponding by (18) to a
quartic tachyonic potential, is given by an infinite power
series, which is locally approximated by (61). However,
(61) is interesting by itself, because its scalar potential
V(¢) has properties which lead to instabilities, as discussed
in [15]. Indeed, V(¢) has negative local minima, being
otherwise positive in a neighborhood of the origin, and at
the same time it is unbounded from below for ¢p — +c0.
This behavior is shown for m = 3 and m = 6.6 as follows.
In Fig. 6 are shown the details of the local minima that are
located in the central part of Fig. 7, the last corresponding
to the large scale behavior. From the last figure, it is
interesting to note that —V(¢) has two negative minima,
including the global one; hence it corresponds to a potential
similar to the one of the example of the preceding
subsection. For m = 3, the graphics of the wave function
squared is quite similar to Fig. 2, and for m = 6.6 it is
shown in Fig. 8. Further, the mean value of the scale factor
is shown in Fig. 9. Its evolution is consistent with the one of
the previous example, Fig. 3. For both values of m there is a
singularity at the origin and at some point a collapse; for
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FIG. 6. Central region of the unstable potential generated by the
superpotential (61), m = 3 for the solid line and m = 6.6 for the
dashed line.
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FIG. 7. Unstable potential generated by the superpotential
(61), m =3 for the solid line and m = 6.6 for the dashed
line. The details of its central region are shown in Fig. 6.

FIG. 8. Dependence profile of |y (a, ¢)|* for the superpotential
(61), m = 6.6.
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=== a(¢) for m=6.6
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¢

FIG. 9. Profile of a for the superpotential (61), m = 3 for the
solid line and m = 6.6 for the dashed line.

m = 3 the evolution is like in Fig. 3, but for m = 6.6 there
is a second, shorter inflationary phase before collapse. Note
that this last structure cannot be associated directly to the
structure of the potential for this value of m in Fig. 6, as can
be seen from a comparison of the details of both Figures. It
can be easily seen that this model satisfies as well the
boundary conditions a(¢) — 0 and d(7) — 0, as t - +oo.
The acceleration d(t) is shown in Fig. 10. In Fig. 11 the
quantum fluctuations of the velocity of the scale factor are
shown for m = 6.6. Similar to the preceding case, these
fluctuations reduce notably in the region corresponding to
the present era.
The Hubble parameter (58) is in this case

2m?(3 = 27)7> — 24¢°
H(7) = . 62
(z) 3m? (7 —2)7 + 72¢° (62)

It has the limits H - 0 as 7 > —oo, and H — —1/3
as 7 — 0.

=== V(¢) for m=6.6
— V(¢) for m=3

1
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FIG. 10. Profile of d for the superpotential (61), m = 3 for the
solid line and m = 6.6 for the dashed line.
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FIG. 11. Profile of &, including its quantum fluctuations, for the
superpotential (61), m = 6.6.

V. CONCLUSIONS

We have studied the world line supersymmetric theory of
FRW universe, with a scalar field. The action is constructed
in the superfield formalism following [8,10]. The quanti-
zation is formulated in the canonical formalism. The
operator ordering ambiguities in the supersymmetric con-
straints are solved by means of the Weyl ordering, leading
to “zero point” contributions. The Hilbert space has an
indefinite inner product. However, provided the super-
potential is nowhere vanishing, there is only one consistent
solution to the constraint equations. This solution is
bosonic and can be chosen to have positive norm and
can be normalized. The examples considered, which
correspond to stable and unstable potentials, with

PHYSICAL REVIEW D 93, 043505 (2016)

probability densities shown in Figs. 2 and 8, suggest an
interpretation of the scalar field ¢ as clock, in such a way
that a time dependent, conditional probability density is
obtained from the section of constant ¢ of the wave
function [12], properly normalized. Considering that the
actual universe is classical, from this probability density the
measurable information is obtained via mean values of the
observables, in our case limited to the scale factor. With this
setting, the Heisenberg uncertainty relation for the scale
factor and its canonical momentum is satisfied. The two
considered examples, whose corresponding scalar poten-
tials are shown in Figs. 1, 6 and 7, are consistent with the
results of Refs. [14,15], as they lead to inflationary
scenarios with initial and final singularities. Moreover,
there may be more than one inflationary phases, as happens
in the example of Sec. IV B for m = 6.6. The quantum
fluctuations of the velocity a, corresponding to the actual
measurable quantity regarding the scale factor, the red shift,
are computed from the fluctuations of z,, and are shown in
Figs. 5 and 11 for the worked examples. It is remarkable
that these fluctuations reduce considerably their size in the
region corresponding to the present era. It would be
interesting to make a more detailed study of more realistic
cosmological models, as well as under the inclusion of
additional matter fields. It could be explored also the
introduction of effects like noncommutativity [21].
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