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The exclusive semileptonic decay B → πlν is a key process for the determination of the Cabibbo-
Kobayashi-Maskawa matrix element Vub from the comparison of experimental rates as a function of q2

with theoretically determined form factors. The sensitivity of the form factors to the u=d quark mass has
meant significant systematic uncertainties in lattice QCD calculations at unphysically heavy pion masses.
Here, we give the first lattice QCD calculations of this process for u=d quark masses going down to their
physical values, calculating the f0 form factor at zero recoil to 3%. We are able to resolve a long-standing
controversy by showing that the soft-pion theorem result f0ðq2maxÞ ¼ fB=fπ does hold as mπ → 0. We use
the highly improved staggered quark formalism for the light quarks and show that staggered chiral
perturbation theory for the mπ dependence is almost identical to continuum chiral perturbation theory for
f0, fB, and fπ . We also give results for other processes such as Bs → Klν.
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I. INTRODUCTION

The exclusive semileptonic process B → πlν is a key
one for flavor physics because it gives access to the
Cabibbo-Kobayashi-Maskawa matrix element Vub from a
process involving two “gold-plated” (stable in QCD)
mesons, B and π. Vub is determined by comparing the
experimental rate for the process to that determined
from theoretical calculations of hadronic parameters
known as form factors which are functions of the squared
4-momentum transfer, q2, between the B and the π. The
form factors encapsulate the information about how likely
it is for a π meson with a specific momentum to form when
a b quark inside a B meson changes into a u quark with
emission of a W boson. If the calculations of the form
factors are done in lattice QCD, then the full effect of QCD
interactions that keep the quarks bound inside the mesons is
taken into account.
Lattice QCD calculations for this process are particularly

difficult, however, because the results are sensitive to the
mass of the u=d quarks that form the π meson. Existing
lattice QCD calculations have used u=d quarks that have
heavier masses than in the real world, and results then have
to be extrapolated to the physical point. The value of the
u=d quark masses, and hence the π mass, also affects the q2

value for a given π spatial momentum and, since the form
factors are strongly varying functions of q2, this gives

further dependence on the quark masses. For recent lattice
QCD results for B → πlν form factors, see [1,2].
Lattice QCD calculations for the form factors are most

reliable close to the “zero recoil” point where the π has
small spatial momentum (and hence relatively small dis-
cretization errors). This corresponds to being close to the
maximum value of q2, ðmB −mπÞ2. In this regime it is
possible to use soft-pion relations coupled to heavy quark
effective theory to derive expectations for the functional
dependence of form factors on the heavy quark mass, mb,
and on the π meson mass. Since these relationships come
from a well understood theoretical framework, it is impor-
tant to test them against lattice QCD results.
It was apparent in quenched lattice QCD calculations

many years ago that there were large deviations between
lattice results and the expected dependence on mb and mπ;
see [3,4] for a review. Relatively heavy u=d quark masses
were used in these early calculations, often close to the s
quark mass.
Here, we revisit this issue with results from lattice QCD

that include the full effect of sea quarks (u, d, s, and c) but,
more importantly, include u and d quarks with masses at
their very small physical values for the first time. We focus
on the soft-pion relation which gives the scalar form factor
f0 at the zero recoil point in terms of the ratio of B and π
decay constants as mπ → 0 [5–8]:

f0ðq2maxÞ ¼
fB
fπ

: ð1Þ

This relationship has been shown to hold through
OðΛ=mhÞ in an expansion in powers of the inverse heavy
quark mass, mh [9], and we therefore expect it to work at
the 1% level for b quarks. A test of this in lattice QCD
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calculations can then provide important confirmation of
how well we understand the u=d quark mass dependence
for a process B → πlν, for which this is critical.
Here, we show that indeed the soft-pion relation does

emerge from lattice QCD calculations as mπ → 0 for a
fixed heavy quark mass tuned to that of the b. This
calculation builds on the very accurate results for fB and
fπ that we have been able to obtain at physical u=d quark
masses [10,11] and benefits from the fact that the renorm-
alization factors of the temporal vector and temporal axial-
vector heavy-light currents are the same for our light quark
formalism, so renormalization uncertainties are minimized.
In addition, we give a precise result for f0ðq2maxÞ for

physical u=d quark masses (where corrections to the soft-
pion relation are substantial). This is a useful comparison
point for lattice QCD calculations that are done with
unphysical u=d quark masses as a test of extrapolations
in the u=d quark mass. Although f0 is not accessible from
experiment, lattice QCD calculations of it should agree, and
it is important to test this using different discretizations of
QCD. f0ðq2maxÞ is the most accurately determined form
factor for a lattice QCD calculation of B → π decay and
thus a good number for calibration.
For comparison, we also give results for f0ðq2maxÞ for the

Bs → Klν decay, which is another physical process, and
for Bs → ηslν, which does not occur in the real world. The
latter decay is again useful for comparison between lattice
QCD calculations.
The paper is laid out as follows: In Sec. II we describe

the lattice calculation of the correlation functions needed
to extract the scalar form factor and its ratio to fB=fπ .
We use the highly improved staggered quark (HISQ) action
for the light quarks and improved nonrelativistic QCD
(NRQCD) for the b quark. In Sec. III we give the results
and determine the ratio both at the physical mπ and as
mπ → 0. Section IV includes a comparison of our values
with those from lattice QCD calculations that extrapolated
results from heavier-than-physical values ofmπ , and Sec. V
provides our conclusions. In the Appendix we discuss the
staggered quark chiral perturbation theory that we use for
fB, fπ , and f0 and show that it is, in fact, very continuum-
like in its approach to mπ ¼ 0.

II. LATTICE CALCULATION

We use ensembles of lattice gluon configurations pro-
vided by the MILC Collaboration [12] at three values of
the lattice spacing, a ≈ 0.15, 0.12, and 0.09 fm. The
configurations include the effect of u, d, s, and c quarks
in the sea using the HISQ formalism [13] and a gluon action
improved through Oðαsa2Þ [14]. These then give signifi-
cant improvements in the control of systematic errors from
finite lattice spacing and light quark mass effects over
earlier configurations.
We work at three different values of u=d quark masses

[which are taken to be degenerate and will be referred to as

light (l) quarks] in the sea. These correspond to approx-
imately one-fifth and one-tenth of the s quark mass and
the physical average u=d quark mass (ms=27.5 [15]). The
lattice spacing on these configurations is determined for
this calculation from the mass difference between the ϒ0
and the ϒ [16]. Table I lists the parameters of the
ensembles.
On these configurations we calculate l and s quark

propagators using the HISQ action. The l quarks are taken
to have the same mass as is used in the sea. For the s quarks,
we retune the valence mass to be closer to the physical s
quark mass, so it is slightly different than that in the sea
[16]. Values are given in Table II. We also calculate b quark

TABLE I. Details of gluon field configurations used in this
calculation [12]. a is the lattice spacing, fixed from the mass
difference between theϒ0 and theϒ in [16]. The first error is from
statistics and the second from NRQCD systematics in that
determination and from experiment. Sets 1, 2, and 3 are “very
coarse,” sets 4, 5, and 6 are “coarse,” and sets 7 and 8 are “fine.”
aml, ams, and amc are the light (u and d are taken to have the
same mass), strange, and charm sea quark masses. Sets 3, 6, and 8
have ml at close to its physical value. Ls=a and Lt=a are the
number of lattice sites in the spatial and temporal directions,
respectively, and Ncfg is the number of configurations in the
ensemble. We calculate propagators from 16 time sources on each
ensemble (four on set 8) to increase the statistics.

Set a=fm aml ams amc Ls=a Lt=a Ncfg

1 0.1474(5)(14) 0.013 0.065 0.838 16 48 1020
2 0.1463(3)(14) 0.0064 0.064 0.828 24 48 1000
3 0.1450(3)(14) 0.00235 0.0647 0.831 32 48 1000

4 0.1219(2)(9) 0.0102 0.0509 0.635 24 64 1052
5 0.1195(3)(9) 0.00507 0.0507 0.628 32 64 1000
6 0.1189(2)(9) 0.00184 0.0507 0.628 48 64 1000

7 0.0884(3)(5) 0.0074 0.037 0.440 32 96 1008
8 0.0873(2)(5) 0.0012 0.0363 0.432 64 96 620

TABLE II. Summary of the valence s quark mass and valence b
quark mass and other action parameters for the NRQCD action on
the different ensembles of Table I. The s and b quark masses in
lattice units (columns 2 and 3) were tuned in [16,17]. Column 4
gives the parameteru0L used for “tadpole improving” thegluon field
[10,16], and columns 5, 6, and 7 give the coefficients of kinetic and
chromomagnetic terms used in the NRQCD action. c1 (c6 has the
same value), c5, and c4 are correct through OðαsÞ [16,19].
Set amval

s amb u0L c1, c6 c5 c4

1 0.0641 3.297 0.8195 1.36 1.21 1.22
2 0.0636 3.263 0.82015 1.36 1.21 1.22
3 0.0628 3.25 0.8195 1.36 1.21 1.22

4 0.0522 2.66 0.8340 1.31 1.16 1.20
5 0.0505 2.62 0.8349 1.31 1.16 1.20
6 0.0507 2.62 0.8341 1.31 1.16 1.20

7 0.0364 1.91 0.8525 1.21 1.12 1.16
8 0.0360 1.89 0.8518 1.21 1.12 1.16
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propagators using the improved NRQCD [18] action
developed in [16,19].
The NRQCD Hamiltonian we use is given by [18]

e−aH ¼
�
1 − aδH

2

��
1 − aH0

2nh

�
nh
U†

t

×

�
1 − aH0

2nh

�
nh
�
1 − aδH

2

�
; ð2Þ

with

aH0 ¼ − Δð2Þ

2amb
;

aδH ¼ −c1
ðΔð2ÞÞ2
8ðambÞ3

þ c2
i

8ðambÞ2
ð∇ · ~E− ~E · ∇Þ

− c3
1

8ðambÞ2
σ · ð ~∇ × ~E− ~E × ~∇Þ − c4

1

2amb
σ · ~B

þ c5
Δð4Þ

24amb
− c6

ðΔð2ÞÞ2
16nhðambÞ2

: ð3Þ

Here, ∇ is the symmetric lattice derivative and Δð2Þ and
Δð4Þ the lattice discretizations of the continuum

P
iD

2
i andP

iD
4
i , respectively. amb is the bare b quark mass in units

of the lattice spacing. nh is a stability parameter set equal to
4 here. The gluon field is tadpole improved, which means
dividing all of the links, UμðxÞ, by a tadpole parameter, u0,
before constructing covariant derivatives or chromoelectric
or magnetic fields. For u0, we took the mean trace of the
gluon field in Landau gauge, u0L [16]. ~E and ~B are the
chromoelectric and chromomagnetic fields calculated from
an improved clover term [20]. They are made anti-
Hermitian but not explicitly traceless to match the pertur-
bative calculations done using this action.
Given the NRQCD action above, the heavy quark

propagator is readily calculated from a simple lattice time
evolution equation [18] which is numerically very fast. The
heavy quark propagator is given by

Gbðx; tþ 1Þ ¼ e−aHGbðx; tÞ; ð4Þ
with the starting condition

Gbðx; 0Þ ¼ ϕðxÞΓðxÞ: ð5Þ
Here, Γ is a matrix in (two-component) spin space and ϕðxÞ
is a function of spatial position, to be discussed below. We
can use such a function because we fix the gluon field
configurations to Coulomb gauge.
The terms in δH in Eq. (3) have coefficients ci whose

values can be fixed from matching lattice NRQCD to
full QCD perturbatively, giving the ci the expansion

1þ cð1Þi αs þOðα2sÞ. Here, we include OðαsÞ corrections
to the coefficients of the subleading kinetic terms, c1, c5,

and c6, and the chromomagnetic term, c4 [16,19]. The b
quark mass parameter, amb, is nonperturbatively tuned to
the correct value by calculating the spin average of the
“kinetic masses” of the Υ and ηb as described in [16]. We
are able to do this to 1%, limited by the accuracy of the
determination of the lattice spacing to convert the kinetic
mass to physical units. The values used for amb, u0L, and ci
on the different ensembles are given in Table II.
We use the same NRQCD action for both heavyonium

and heavy-light meson calculations since it is accurate for
both. For heavy-light calculations, which concern us here,
the power counting in the heavy quark velocity is equiv-
alent to power counting in inverse powers of the heavy
quark mass. The NRQCD action above is then fully
improved through OðαsΛ=mbÞ. It has already been used
for accurate calculations of the ϒ spectrum and properties
[16,17,21,22] and B, Bs, and Bc meson masses [23] and
decay constants [10,24], including those of their vector
partners.
For the calculation of the B → πlν form factor, we

need (Goldstone) π meson correlation functions, B meson
correlation functions and “three-point” correlation func-
tions that connect the Bmeson to the π. Here, we work with
B and π mesons at rest. The π meson correlators were
calculated in [11] and are simply given by

CπðtÞ ¼
1

4

�X
~x

trjgð~x; tÞj2
�
; ð6Þ

where gð~x; tÞ is a staggered quark propagator with a source
at t ¼ 0, tr denotes a trace over color indices and the angle
brackets denote an average over gluon field configurations
in the ensemble. We use random wall sources to improve
statistical errors. The factor of 1=4 is needed to account
for the number of staggered quark “tastes” because the
correlator is a staggered quark loop. Fitting these “two-
point” correlators to the standard multiexponential form

CπðtÞ ¼
Xnexp−1
k¼0

a2π;kðe−Eπ;kt þ e−Eπ;kðT−tÞÞ ð7Þ

allows the extraction of the ground-state π mass
(mπ ≡ Eπ;0). The amplitude aπ;0 gives h0jPjπi=ð ffiffiffiffiffiffiffiffiffi

2mπ
p Þ,

where P is the pseudoscalar density. Using the partially
conserved axial-vector current relation, we can convert this
to fπ:

fπ ¼ 2mlaπ;0
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2=E3

π;0Þ
q

; ð8Þ

and note that fπ is absolutely normalized here. Results for
mπ and fπ are given in [11]. Statistical errors below 0.1%
are obtained.
Staggered quarks have numerical efficiency advan-

tages as a result of having no spin degree of freedom.
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A four-component naive quark propagator, ~g, can be simply
obtained from a staggered quark propagator, g, from point x
to point y by reversing the staggering transformation:

~gðx; yÞ ¼ gðx; yÞΩðxÞΩ†ðyÞ

ΩðxÞ ¼
Y4
μ¼1
ðγμÞxμ : ð9Þ

We can then use ~g straightforwardly in combination with
other propagators that carry a spin component [25]—for
example, an NRQCD b quark propagator. B meson
correlators at zero spatial momentum were made in this
way in [10]. NRQCD b quark and staggered light quark
propagators are simply combined to make a pseudoscalar
meson [with operator Ψ̄bðxÞγ5ΨlðxÞ] as

CBðtÞ ¼
�X

~x

tr½TrΩ†ðxÞGbð~x; tÞ�g†ð~x; tÞ
�
: ð10Þ

Here, Tr is a spin trace. In this equation both Gb and g are
calculated from a simple delta function source at the origin
[and Ωð0Þ ¼ 1].
To improve our statistical precision, we use a random

wall source for both propagators, which adds the technical
complication thatΩ†ð~x; t ¼ 0Þmust be used, along with the
U(1) random noise field, as the source for the NRQCD
propagator [26]. In addition we use three different smearing
functions for the source of the b quark in Eq. (5): a delta
function and two exponentials with different radii, asm,
given in Table III. Thus, in Eq. (5), Γ ¼ Ωð~x; t ¼ 0Þ and,
for the smeared case,

ϕð~xÞ ¼
X
~y

eð−j~x−~yj=asmÞηð~yÞ; ð11Þ

with ηð~yÞ being a random field from U(1) and a three-vector
in color space. For the staggered quark propagator, the
source is simply ηð~xÞ.

We obtain a 3 × 3matrix of correlation functions from the
use of the three different smearings for the b quark at source
and sink. This can be fit to a multiexponential form as for the
π meson, except that the correlator has a simple exponential
form in time rather than a cosh because NRQCD b quarks
propagate in one direction in time only. To improve statistics
we average over forward-in-time and backward-in-time
directions. The fit enables us to extract B meson energies
(these are not equal to the meson masses because of the
NRQCD energy offset) and amplitudes that depend on the
smearing function used [23]. We use the fit function

CBðtÞ ¼
Xmexp−1

m¼0
cðϕsc; mÞc�ðϕsk; mÞe−Emt

− ð−1Þt Xmexp−1

m0¼1
dðϕsc; m0Þd�ðϕsk; m0Þe−E

0
m0 t;

ð12Þ

where sc and sk denote source and sink, respectively. The
second line captures the presence of “oscillating” opposite-
parity states in the correlator that are a result of using a
staggered light quark. Having multiple smearing functions
improves the fit significantly because they enhance the
signal for the ground state at small t values which counter-
acts the relatively poor signal/noise inB correlators at large t.
The decay constant for the B meson is defined from the

matrix element of the continuum temporal axial current
between the vacuum and a B meson at rest:

fBmB ¼ h0jA0jBð~p ¼ 0Þi: ð13Þ

To determine this accurately in our lattice QCD calculations
requires finding a good approximation to the continuum
A0 current in terms of bilinears made of HISQ light and
NRQCD b quarks.
The most accurate calculation to date is in [10], where we

use a matching through αsΛ=mb, consistent with the level
of accuracy in our improved NRQCD action:

A0 ¼ ð1þ z0αsÞ½Jð0ÞA0
þ ð1þ z1αsÞJð1ÞA0

þ z2αsJ
ð2Þ
A0
�; ð14Þ

with

Jð0ÞA0
¼ Ψ̄lγ5γ0Ψb

Jð1ÞA0
¼ −1

2mb
Ψ̄lγ5γ0γ ·∇Ψb

Jð2ÞA0
¼ −1

2mb
Ψ̄lγ · ∇ γ0γ5γ0Ψb: ð15Þ

The OðαsÞ matching coefficients z0, z1, and z2 are given in
Table IV. In [10] we used αs ≡ αVðnf ¼ 4; 2=aÞ to evaluate
the matching coefficients above. We do that again here and

TABLE III. Summary of the smearing radii of the smearing
functions used for the b quark propagators on the different sets of
configurations in Table I. These correspond to approximately
matching physical sizes, taking the optimal values on the coarse
lattices (where we tested different sizes) as those from set 4.
Column 3 gives the different T values used for the creation time
slice for the B meson.

Set asm T

1, 2 2.0, 4.0 10, 13, 16
3 2.0, 4.0 9, 12, 15
4 2.5, 5.0 14, 19, 24
5, 6 2.0, 4.0 14, 19, 24
7 3.425, 6.85 19, 24, 29
8 3.425, 6.85 20, 27, 34
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also give in Table IV the value of αs on each ensemble.
These are obtained by converting and running down the
result αMSðnf ¼ 5;MZÞ ¼ 0.1185ð6Þ [15,28].
To determine the matrix element of A0—and hence fB—

we calculate the matrix elements of each of the JðiÞA0
’s by

implementing that operator at the sink of the B meson

correlation function. For Jð0ÞA0
this is simply the local

operator used in Eq. (10) (since the γ0 has no effect on

a two-component NRQCD b quark), and Jð1ÞA0
and Jð2ÞA0

are
implemented by differentiating the appropriate propagator
before combining it into a meson correlator. For a B meson

at rest, the matrix elements of Jð1ÞA0
and Jð2ÞA0

are equal since
the momenta of the b and l quarks are equal and opposite.
From simultaneous fits, using Eq. (13), to the 3 × 3

matrix of B meson correlators described above, along with

correlators that have Jð1ÞA0
inserted at the sink, the amplitude

cðA0; 0Þ that corresponds to the annihilation of the ground-
state B meson with the A0 current can be determined. The
amplitude is given by

cðA0; 0Þ ¼
h0jA0jBiffiffiffiffiffiffiffiffiffi

2mB
p ¼ fB

ffiffiffiffiffiffiffi
mB
p
ffiffiffi
2
p : ð16Þ

Results for Φ ¼ fB
ffiffiffiffiffiffiffi
mB
p

for B and Bs are given on the sets
of gluon field ensembles used here in [10] and we use the
same B meson correlation functions here.
The new correlation functions that we have calculated

here are the three-point functions for B → πlν decay,
illustrated in Fig. 1. For these a light quark propagator
from a random wall source at t ¼ 0 is used, at time slice T
and convoluted with each of the b quark smearing
functions, as the source of a NRQCD b propagator. This
propagates backwards in time to time slice t where it is
connected via a temporal vector current to another identical
light quark propagator, joined to the first one at the source
time slice in the appropriate way to form a π meson. For this
to work with staggered light quark propagators, Ω matrices
must be inserted at T and t to reinstate the light quark spin.

Both the B meson and the π meson are at rest. We use
multiple T values so that we can fit the three-point function
both as a function of t and as a function of T. The T values
used on each ensemble are given in Table III.
Because of the chiral symmetry of staggered quarks, the

matching of the NRQCD-HISQ temporal vector current to
continuum QCD takes the same form as the temporal axial-
vector current:

V0 ¼ ð1þ z0αsÞ½Jð0ÞV0
þ ð1þ z1αsÞJð1ÞV0

þ z2αsJ
ð2Þ
V0
�; ð17Þ

with

Jð0ÞV0
¼ Ψ̄lγ0Ψb;

Jð1ÞV0
¼ −1

2mb
Ψ̄lγ0γ · ∇Ψb;

Jð2ÞV0
¼ −1

2mb
Ψ̄lγ · ∇ Ψb: ð18Þ

We calculate the three-point function inserting each of the

JðiÞV0
’s at the heavy-light vertex at t. We can then fit the three-

point functions along with the two-point correlators dis-
cussed above to determine the matrix element of V0

between π and B. For B and π at rest, the matrix elements

of Jð1ÞV0
and Jð2ÞV0

are equal, so we only calculate one of them.
The three-point correlation function is fit to the form

C3ptðt; TÞ

¼
Xnexp−1
j;k¼0

aπ;jVnnðj; kÞc�B;kfnπðEπ;j; tÞfnBðEB;k; T − tÞ

−
Xnexp−1
j;k0¼0

aπ;jVnoðj; k0Þd�B;k0fnπðEπ;j; tÞfoBðE0B;k0 ; T − tÞ;

ð19Þ

TABLE IV. Coefficients for the perturbative matching of the
temporal axial vector and temporal vector currents [see Eq. (14)]
from [10]. z0 ¼ ρ0 − ζ10, z1 ¼ ρ1 − z0, z2 ¼ ρ2 from [27].
Column 5 gives the values of αs used in the matching. This is
determined in the V scheme with four sea quarks at the scale 2=a.

Set z0 z1 z2 αVð2=aÞ
1 0.024(2) 0.024(3) −1.108ð4Þ 0.346
2 0.022(2) 0.024(3) −1.083ð4Þ 0.345
3 0.022(1) 0.024(2) −1.074ð4Þ 0.343
4 0.006(2) 0.007(3) −0.698ð4Þ 0.311
5 0.001(2) 0.007(3) −0.690ð4Þ 0.308
6 0.001(2) 0.007(2) −0.690ð4Þ 0.307
7 −0.007ð2Þ −0.031ð4Þ −0.325ð4Þ 0.267
8 −0.007ð2Þ −0.031ð4Þ −0.318ð4Þ 0.266

FIG. 1. A schematic diagram of the three-point correlator
needed for the B → πlν decay at zero recoil.
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where n denotes normal parity states and oscillating terms
again appear for the B meson from higher mass opposite-
parity (o) states. Here,

fnπðE; tÞ ¼ e−Et þ e−EðT−tÞ;
fnBðE; tÞ ¼ e−Et;
foBðE; tÞ ¼ ð−1ÞtfnBðE; tÞ: ð20Þ

The amplitudes aπ;k and energies Eπ;k are the same ampli-
tudes and energies as in the π two-point fits [see Eq. (7)]. The
amplitudes c�B;k and d�B;k0 and energies EB;k and E0B;k0 are
the same as in the B two-point fit [see Eq. (13)] for the
corresponding smearing function for the B meson.
The fit parameter Vnnð0; 0Þ is the result that we need for

the ground-state B to ground-state π matrix element for a
current, J, inserted at t. Using the standard relativistic
normalization of states,

VJ
nnð0; 0Þ ¼

hπjJjBi
2

ffiffiffiffiffiffiffiffiffiffiffiffi
mπmB
p : ð21Þ

Combining results from Jð0ÞV0
, Jð1ÞV0

, and Jð2ÞV0
as in Eq. (17)

gives an amplitude corresponding to the continuum QCD
current, V0, which we denote as VV0 . This is directly related
to the matrix element of V0 between π and B as in Eq. (21).
Since, at zero recoil,

hπjV0jBi ¼ f0ðq2maxÞðmB þmπÞ; ð22Þ

then

2
ffiffiffiffiffiffi
mπ
p

VV0 ¼ f0ðq2maxÞ
ffiffiffiffiffiffiffi
mB
p �

1þ mπ

mB

�
: ð23Þ

We can therefore directly extract f0ðq2maxÞ ffiffiffiffiffiffiffi
mB
p ð1þ

mπ=mBÞ from our fit results. Dividing by
ffiffiffi
2
p

times the
amplitude from Eq. (16) gives f0ðq2maxÞð1þmπ=mBÞ=fB.
Note that in forming this ratio the overall renormalization
factor of the temporal axial-vector current cancels [see
Eqs. (14) and (17)]. Hence, this ratio has significantly lower
systematic errors from renormalization/matching than the
individual quantities f0 and fB. The division can be done
inside the fit code, and therefore correlations between the fit
parameters can be taken into account to reduce statistical
errors. Because of the inclusion of relativistic/radiative
corrections to the currents, the ratio is accurate through
αsΛ=mb in a power counting in inverse powers of the b
quark mass. Multiplication by the amplitude and energy
combination that gives fπ is also readily done inside the fit
to give a result for

RBπ ¼
f0ðq2maxÞð1þmπ=mBÞ

½fB=fπ�
: ð24Þ

This is the quantity that we will work with, examining its
limit asmπ → 0, where the factor of ð1þmπ=mBÞ vanishes
and we expect the answer 1 from the soft-pion relation,
Eq. (1). From this we can also obtain the ratio at the
physical value of mπ , and thereby the value of f0ðq2maxÞ, at
that point.
We have also calculated the appropriate three-point

correlation functions for the processes Bs → Klν and
Bs → ηslν and combined these with the appropriate
two-point functions from [10,11] to obtain an analogous
ratio for f0ðq2maxÞ to that above (RBsK and RBsηs , respec-
tively). In these cases we can also extract a result for
f0ðq2maxÞ for physical quark masses that is accurate
through αsΛ=mb.

III. RESULTS

A. B → π

As discussed in Sec. II, we fit our results for three-point
functions for B → π and two-point functions for B and π
simultaneously to the forms given in Eqs. (7), (13), and
(20). We use a constrained fitting technique [29] so that we
can include uncertainties in our fitted results for the ground
state coming from the presence of excited states in the
correlation function. The prior value taken on the difference
in mass between adjacent states (both in normal and
oscillating channels) is 600(300) MeV and (for the B)
on the difference between the ground state and the first
oscillating state is 400(200) MeV. The prior taken on all
two-point amplitudes is 0.0(1.0) and, for three-point
amplitudes, 0.0(5.0). For our normalization of the raw
correlators, these widths correspond to three to five times
the ground-state value and so provide a loose constraint.
Figure 2 illustrates the quality of our results by showing a

plot of the ratio of three-point to two-point correlators for

FIG. 2. The ratio of the three-point correlator for B → π decay
to the product of two-point correlators for B and π as a function of
lattice time. The B is at t ¼ 0 and the π at T here since this
illustrates more clearly the convergence of results for different
values of T. Results are for coarse set 4, statistical errors only.
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B → π decay on coarse set 4. Statistical errors are small
and, although oscillating terms are strong on the B side of
the three-point correlator, it is clear that results at different
T values are consistent so that we are able to isolate ground-
state amplitudes.
The results from our two-point fits have been detailed in

[10] and [11] and we obtain results in good agreement with
those values here. Table V gives values for the ground-state
B to ground-state π three-point amplitude Vnnð0; 0Þ from
Eq. (20) for the case where the current inserted is Jð0ÞV0

and

Jð1ÞV0
(these two cases are fit simultaneously). We see that the

raw matrix element for the subleading current is 5%–8% of
the leading current. We also give results for the combina-
tion VV0 from Eq. (17) that corresponds to the full QCD
current (to the order to which we are working), V0. The
final column of Table V uses Eq. (23) to determine the
combination f0ðq2maxÞ ffiffiffiffiffiffiffiffiffi

amB
p ð1þmπ=mBÞ. We see signifi-

cant dependence on the mass of the π meson in these
results, a feature that was missing in earlier calculations that
could not reproduce the soft-pion theorem relationship for
f0ðq2maxÞ [4].
As discussed in Sec. II, we can also evaluate, directly

from our fits, the combination f0ðq2maxÞð1þmπ=mBÞ=½fB=
fπ� by dividing our three-point amplitude by appropriate
two-point amplitudes which are correlated within the fit.
This dimensionless ratio, in which the overall renormali-
zation factor for the lattice currents cancels, is tabulated
in Table VI. There we give the result both for the full
calculation, using currents V0 in the three-point amplitude
and A0 in fB, and for the calculation using just the leading
order current Jð0Þ in both cases. The difference between
the two is small, around 2%, because the impact of the
subleading currents largely cancels between f0ðq2maxÞ and
fB. Our statistical/fitting uncertainty is about at the same

level. The results for the full ratio are plotted in Fig. 3 as a
function of mπ . Again, dependence on mπ is clear, but no
dependence on the lattice spacing is seen since the
discretization effects evident for fB in [10] largely cancel
in the ratio.
In order to test the soft-pion theorem we need to fit our

results as a function ofmπ to extrapolate tomπ ¼ 0. Having
results for a range of small mπ values allows us to do this.
One key element of mπ dependence is purely kinematic

[30]: the fact that q2max depends on mπ through the formula

q2max ¼ ðmB −mπÞ2: ð25Þ

This will mean that, if results for different mπ’s fall on
similar f0 curves as a function of q2, there will be a
significant linear term in mπ coming from the shift
in q2max as mπ is reduced. A slope in mπ of order

TABLE V. Columns 2 and 3 give ground-state parameters
Vnnð0; 0Þ (in lattice units) from our combined two-point and

three-point fit for B → π decay. Vð0Þnn corresponds to current Jð0ÞV0

and Vð1Þnn to Jð1ÞV0
[see Eq. (18)]. Jð2ÞV0

has an amplitude equal to Jð1ÞV0

at zero recoil and thus is not given separately. In column 4 results
are combined as in Eq. (17) into an equivalent parameter for the
full QCD current, V0. Column 5 presents the results as the
combination gBπ0 ≡ f0

ffiffiffiffiffiffiffiffiffi
amB
p ð1þmπ=mBÞ in lattice units.

Set Vð0Þnn ð0; 0Þ Vð1Þnn ð0; 0Þ VV0 gBπ0 ðq2maxÞ
1 2.072(33) −0.115ð8Þ 2.017(33) 1.961(32)
2 2.581(40) −0.159ð5Þ 2.499(40) 2.037(33)
3 3.637(49) −0.247ð21Þ 3.505(61) 2.236(39)
4 2.110(32) −0.129ð3Þ 2.012(31) 1.761(27)
5 2.675(27) −0.182ð3Þ 2.532(27) 1.855(20)
6 3.837(50) −0.289ð5Þ 3.609(50) 2.061(28)
7 2.154(17) −0.156ð2Þ 2.010(17) 1.508(13)
8 3.829(91) −0.334ð10Þ 3.520(85) 1.683(41)

TABLE VI. Results for the ratio of f0ðq2maxÞ for B → π decay to
fB=fπ in the combination that appears naturally from our fits:
RBπ ≡ f0ðq2maxÞð1þmπ=mBÞ=½fB=fπ�. Column 3 gives the full
result and column 2 the result from using the leading order
NRQCD-HISQ current only, both in f0 and in fB.

Set fð0Þ
0
ðq2maxÞð1þmπ=mBÞ
ðfð0ÞB =fπÞ

RBπ ≡ f0ðq2maxÞð1þmπ=mBÞ
ðfB=fπÞ

1 0.696(11) 0.708(11)
2 0.726(12) 0.735(13)
3 0.777(12) 0.783(13)
4 0.712(12) 0.728(13)
5 0.729(8) 0.740(9)
6 0.806(11) 0.814(12)
7 0.703(6) 0.721(7)
8 0.777(24) 0.786(25)

FIG. 3. Results for the ratio RBπ [see Eq. (24)] of form factor
f0ðq2maxÞ [multiplied by ð1þmπ=mBÞ] to fB=fπ , plotted as a
function of mπ . Results from very coarse ensembles are shown as
crosses, coarse as open squares, and fine as open circles. These
include a small correction for finite-volume effects, as discussed
in the text. The grey band shows the fit described in the text,
agreeing with value 1 at mπ ¼ 0.
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−2mBdf0=dq2jq2¼q2max
might then be expected. An estimate

for this slope can be derived from a simple pole form for
f0ðq2Þ, behaving as f0ð0Þ=½1 − q2=m2

B�
0
�, where the B�0 is

the lowest scalar state in the Bmeson spectrum. This would
give a slope inmπ of f0ðq2maxÞ=Λ, where Λ is the difference
in mass between the B�0 and the B. Taking a Λ of the order
500 MeV results in a slope of 2 GeV−1. The term in m2

π

coming from the kinematics above would have a much
smaller slope, of Oð1=ð2ΛmBÞÞ, since there is no enhance-
ment by mB. This slope is then smaller than that for powers
of mπ coming from chiral perturbation theory and thus can
be absorbed into those terms in our fit.
From low-order chiral perturbation theory, we expect

simple powers of m2
π as well as chiral logarithms of

the form m2
π=ð4πfπÞ2 × logðm2

π=Λ2
χÞ (where we take

fπ ¼ 130 MeV). The appropriate staggered quark chiral
perturbation theory for these quantities is given in [31–33];
see also [34]. The way in which the masses of different
tastes of π meson appear in the chiral logarithm terms and
associated “hairpins” is discussed in the Appendix. It turns
out that the staggered chiral perturbation theory for fπ and
fB is very like the continuum form because discretization
effects from the masses of π mesons of different taste
almost entirely cancel out. Terms of this kind in fact cancel
between f0 and fB=fπ . This includes in particular all the
chiral logarithms with coefficient gB�Bπ .
The remaining chiral logarithms that do not cancel in the

ratio of f0ðq2maxÞ and fB=fπ take the form of an average
over tastes, t, ofm2

πG=ð4πfπÞ2 × logðm2
π;t=Λ2

χÞ. Here,mπG is
the mass of the Goldstone π meson in the final state, and
mπ;t is the mass of a π of taste t.mπG ≡mπ is the expansion
parameter for the chiral perturbation theory since its square
is proportional to the light quark mass. The masses of the
other taste π mesons, mπ;t, could contribute discretization
errors to the chiral perturbation theory, when compared to
the continuum chiral logarithms, since they differ by α2sa2

from mπG . These discretization errors would be relatively
benign since the chiral logarithm above vanishes as
mu=d → 0 even at nonzero lattice spacing. In fact, as shown
in the Appendix, hairpin diagrams also cancel most of these
discretization effects giving a dependence on mπ which is
almost identical to that of continuum chiral perturbation
theory. We therefore use continuum chiral perturbation
theory for our extrapolation to mπ ¼ 0 but allow for
mπ-dependent discretization errors to include the remaining
staggered taste-changing effects.
Combining results for fB, fπ , and f0 gives a coefficient

for the chiral logarithm above in f0fπ=fB of −4. Avalue of
−4 is a substantial coefficient, double that in fπ , for
example, so it might be expected that we need to pay
attention to finite-volume effects. We studied these for fπ
on these ensembles in [11] and found them to be well below
1%, except on set 1, which has the coarsest lattice spacing
and is furthest from the physical point and thus has very

little impact on any fit. Finite-volume corrections were
included in that study because they were significant at the
level of the statistical errors possible there. Here, statistical
errors are much larger and we find that finite-volume
effects are not significant. We include double the relative
finite-volume effect seen in fπ for the ratio f0fπ=fB in the
values shown in Fig. 3. This has a negligible impact on the
final result at a physical mπ and less than a 1% effect on
the value at mπ ¼ 0.
We fit the results for the ratio RBπ as a function of lattice

spacing and π meson mass to the following form:

RBπða;mπÞ ¼ RBπðphys; mπ ¼ 0Þ

×

�
1þ

X
j¼1;3

cjðaΛÞ2j þ dδa2;m2
π

þ
�
Λ
mb

�
2

ðaΛÞ2½e1δxm þ e2ðδxmÞ2�

þ
X
k¼1;4

fk

�
mπ

Λχ

�
k − g

�
mπ

4πfπ

�
2

log
m2

π

Λ2
χ

�
;

ð26Þ

with Λχ ¼ 1 GeV. Here, the cj coefficients provide for
regular discretization errors, which appear for our actions
as even powers of a only. We take Λ ¼ 400 MeV. The
coefficient d provides for light quark mass-dependent
discretization errors, as discussed above; more information
on these is given below. The terms with coefficients e1 and
e2 allow for discretization errors from higher-order terms in
the NRQCD action with coefficients that might depend on
amb. δxm ¼ ðamb − 2.7Þ=1.5, so it varies from −0.5 to 0.5
across the range used here for amb. We take Λ=mb ¼ 0.1.
The fk coefficients provide for mπ dependence expected
from kinematic effects from the dependence of q2max on mπ

(which includes in particular a linear term in mπ as
discussed above). Any dependence on (even) powers of
mπ from chiral perturbation theory will be subsumed into
this dependence. The final term is a chiral logarithm, for
which we allow coefficient g. As discussed above, we use
the continuum form for the chiral logarithm and allow for
mπ-dependent discretization effects from staggered
chiral perturbation theory with the δa2;m2

π
term. Our fits

are insensitive to the form that this term takes. We have
tried, for example, a form based on discretization effects
from averaging over π meson tastes in a logarithm:

δa2;m2
π
¼ m2

π

ð4πfπÞ2
logð1þ 2δt=m2

πÞ: ð27Þ

δt is one unit of taste splitting (see the Appendix). For our
final results we in fact use the simpler δa2;m2

π
¼ a2m2

π. In
neither case does the fit return a significant coefficient for
this term.
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We take a prior of 0.0(1.0) on almost all coefficients in
Eq. (26). The exceptions are a prior of 1.0(5) on
RBπðphys; mπ ¼ 0Þ; a prior of 0.0(3) on c1 since tree-level
a2 errors are missing from our action, so that the leading
term is αsa2; a prior of 0.0(5.0) on f1 since this linear term
in mπ is expected (from the arguments above) to have a
coefficient around 2 GeV−1 from its origin in the mπ

dependence of q2max and a prior of 4.0(1.0) on g, the
coefficient of the chiral logarithm, which is known up to
chiral corrections.
The chiral fit has a χ2/degrees of freedom (DOF) of

0.7 for 8 degrees of freedom and gives the result
RBπðphys; mπ ¼ 0Þ ¼ 0.987ð51Þ, i.e., 1 in agreement with
the soft-pion relation of Eq. (1), with an uncertainty of 5%.
Most of the parameters in the fit are not well determined by
the data, except for the linear term in mπ , which has the
coefficient −2.4ð5Þ, in agreement with our expectation.
Missing out the chiral logarithm changes things slightly,
giving a result 2σ below 1 at mπ ¼ 0 of 0.92(4). Leaving
the chiral logarithm unconstrained, i.e., giving g a prior of
0.0(10.0), results in a fitted value for g of 2(8), i.e., it is not
well determined by the results (but also not inconsistent
with its expected value).
From the fit we can extract the result at the physical value

of the π meson mass corresponding to equal mass u and d
quarks in the absence of electromagnetism. This is the
experimental mass of the π0, 135 MeV. There we find

RBπðphys; mπ ¼ mπ0Þ ¼ 0.805ð16Þ: ð28Þ

This is very insensitive to any of the details of the fit
because we have results at the physical π mass. The error
budget for RBπðphys; mπ ¼ mπ0Þ is given in Table VII.
Using our value of fB ¼ 0.186ð4Þ GeV [10] (for the
mu ¼ md ¼ ml case) and the experimental value for
fπþ ¼ 130.4 MeV, along with ð1þmπ0=mBÞ ¼ 1.0256,
gives

f0ðq2maxÞjB→π ¼ 1.120ð22Þð24Þ: ð29Þ

The first uncertainty comes from the fit to the ratio RBπ
and includes statistical and fitting errors. The second

uncertainty comes from our value for fB and includes
uncertainties from missing higher-order terms in the current
matching. We expect these to be very similar for f0 since
we have seen this to be the case for currents we have
included, so we do not include any additional systematic
errors specific to f0. We find finite-volume effects, as
discussed above, to give negligible uncertainty.
Taking instead our value of fBþ of 0.184(4) GeV [10]

gives

f0ðq2maxÞjBþ→π0 ¼ 1.108ð22Þð24Þ: ð30Þ

B. Bs → ηs
The decay mode Bs → ηs, in which we replace the l

quark in B → π with an s quark, is a useful calibration point
in lattice QCD. The ηs meson is a pseudoscalar meson with
valence quark content ss̄ but including the quark-line-
connected correlator only so that it cannot mix with other
flavor-singlet mesons. It is thus not a physical particle that
can appear in an experiment. However, its properties, mass,
and decay constant have been well studied in lattice
QCD [11,35].
The calculation for Bs → ηs proceeds exactly as

described in Sec. II for B → π. The valence s quarks have
the masses in lattice units given in Table II. Two-point
correlators for the Bs and ηs were calculated in [10,11]. In
Table VIII we give the results from this calculation for the
three-point amplitude for the Bs → ηs decay via a temporal
vector current with Bs and ηs at rest. We also give the result
derived directly from our fits for the ratio

RBsηs ¼
f0ðq2maxÞð1þmηs=mBs

Þ
½fBs

=fηs �
; ð31Þ

in which the overall renormalization of currents cancels.
The ratio RBsηs is plotted in Fig. 4 as a function of the mass

TABLE VII. Error budgets for the ratios RBπ , RBsK , and RBsηs
[defined in Eqs. (24), (33), and (31)] evaluated at the physical
value of mπ . Uncertainties are given as a percentage of the final
answer.

RBπ RBsK RBsηs

Stats/fitting 1.4 0.7 0.6
a dependence 1.3 0.6 0.4
NRQCD systematics 0.03 0.03 0.04
mπ dependence 0.5 0.2 0.1
s quark tuning � � � 0.03 0.01
Total (%) 1.9 1.0 0.7

TABLE VIII. Columns 2 and 3 give ground-state parameters in
lattice units Vnnð0; 0Þ from our combined two-point and three-

point fit for Bs → ηslν:V
ð0Þ
nn corresponds to current Jð0ÞV0

and Vð1Þnn

to Jð1ÞV0
[see Eq. (18)]. Jð2ÞV0

has an amplitude equal to Jð1ÞV0
at zero

recoil and thus is not given separately. In column 4 results are
combined as in Eq. (17) into an equivalent parameter for the full
QCD current, V0. Column 5 presents the results as the combi-
nation gBsηs

0 ≡ f0
ffiffiffiffiffiffiffiffiffiffiffiamBs

p ð1þmηs =mBs
Þ in lattice units and col-

umn 6 gives the ratio RBsηs defined in Eq. (31).

Set Vð0Þnn ð0; 0Þ Vð1Þnn ð0; 0Þ VV0 gBsηs
0 ðq2maxÞ RBsηs

1 1.329(14) −0.042ð2Þ 1.314(14) 1.886(21) 0.740(8)
2 1.323(10) −0.042ð1Þ 1.306(10) 1.867(15) 0.743(6)
4 1.325(7) −0.050ð0Þ 1.267(7) 1.648(9) 0.733(4)
6 1.322(2) −0.051ð0Þ 1.282(2) 1.652(3) 0.740(1)
8 1.347(6) −0.066ð0Þ 1.284(6) 1.418(6) 0.742(3)
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of the π meson made from the sea l quarks and as a function
of the lattice spacing, a. We have results only for a subset of
the ensembles used for B → π, but we see no dependence
of RBsηs on either mπ or a.
To fit the results for Bs → ηs decay and derive a physical

result for f0ðq2maxÞ, we use a similar fit form to that of
Eq. (26). We drop the chiral logarithm term as well as odd
powers of mπ from kinematic effects since these are no
longer relevant. We add a term allowing for a mistuning
of the s quark mass as hðm2

ηs − ½0.6885 GeV�2Þwith a prior
on h of 0.0(2). Here, 0.6885 GeV is the ηs mass in the
continuum and chiral limits determined from lattice
QCD [11].
Our fit has a χ2=DOF of 0.35 for 5 degrees of freedom

and gives a result at physical mπ for RBsηs of 0.740(5). For
this quantity the value at mπ ¼ 0 has no significance.
The physical result for RBsηs is very insensitive to any
details of the fit since we have results at the physical π
mass and there is almost no dependence on mπ and a. The
error budget is given in Table VII; the uncertainty is
dominated by statistics. The value of RBsηs can be converted
into a value for f0ðq2maxÞ using fBs

¼ 0.224ð5Þ GeV [10]

and fηs ¼ 0.1811ð6Þ GeV and ð1þmηs=mBs
Þ ¼ 1.1283

[11,15]. We find

f0ðq2maxÞjBs→ηs
¼ 0.811ð5Þð16Þ; ð32Þ

where the first error is from the ratio and the second from
fBs

and fηs . This is a substantially smaller value than that
for B → π and it is also more precise, reflecting smaller
statistical uncertainties in the raw data and the absence of
any dependence on mπ or a.

C. Bs → K

The decay mode Bs → Klν is a physical process in
which a b quark undergoes a weak transition to a u quark
inside a Bs meson. This process can then be used in a
similar way to B → πlν to determine Vub. Lattice QCD
calculations for the form factors for this process are now
starting to appear [2,36]. Here, we again give results for
the form factor f0 at zero recoil with u=d quark masses
going down to physical values. We again study the ratio
determined directly from our fits:

RBsK ¼
f0ðq2maxÞð1þmK=mBs

Þ
½fBs

=fK�
: ð33Þ

Table IX gives our results and Fig. 5 plots the results for
RBsK against mπ . We observe no significant a dependence
but some dependence on mπ because the K meson contains
a valence l quark. To fit the dependence of RBsK as a
function of mπ and a, we use a similar fit form to that used
earlier [see Eq. (26)]. We drop the odd powers of mπ from
kinematic effects since these now depend on mK , which
depends on ml and hence m2

π. As for Bs → ηs, we add
a term allowing for mistuning of the s quark mass as
hðm2

ηs − ½0.6885 GeV�2Þ with a prior on h of 0.0(2). We
also keep the chiral logarithm term from B → π, but we

FIG. 4. Results for the ratio RBsηs of Eq. (31) plotted against mπ

in the top panel and against the lattice spacing in the lower panel
(see Table VIII). The grey band gives the results of a fit described
in the text.

TABLE IX. Columns 2 and 3 give ground-state parameters in
lattice units Vnnð0; 0Þ from our combined two-point and three-

point fit for Bs → Klν:Vð0Þnn corresponds to current Jð0ÞV0
and Vð1Þnn

to Jð1ÞV0
[see Eq. (18)]. Jð2ÞV0

has an amplitude equal to Jð1ÞV0
at zero

recoil and thus is not given separately. In column 4 results are
combined as in Eq. (17) into an equivalent parameter for the full
QCD current, V0. Column 5 presents the results as the combi-
nation gBsK

0 ≡ f0
ffiffiffiffiffiffiffiffiffiffiffiamBs

p ð1þmK=mBs
Þ in lattice units and col-

umn 6 gives the ratio RBsK defined in Eq. (33).

Set Vð0Þnn ð0; 0Þ Vð1Þnn ð0; 0Þ VV0 gBsK
0 ðq2maxÞ RBsK

1 1.490(8) −0.060ð1Þ 1.465(8) 1.854(10) 0.656(4)
2 1.510(16) −0.064ð4Þ 1.481(16) 1.825(20) 0.639(7)
4 1.496(9) −0.069ð1Þ 1.445(9) 1.654(10) 0.662(4)
6 1.539(8) −0.075ð1Þ 1.480(8) 1.617(9) 0.623(3)
8 1.571(9) −0.094ð2Þ 1.483(9) 1.389(9) 0.623(4)
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expect the coefficient to be a lot smaller here, so we allow a
prior for the coefficient of 0(1). Again, for this quantity, we
will only extract a value at the physical value ofmπ (and not
mπ → 0) and, since we have results very close to that point,
the value is insensitive to the details of the fit.
Our fit has a χ2=DOF of 0.2 for 5 degrees of freedom and

gives a result at physical mπ for RBsK of 0.626(6) with error
budget given in Table VII. This can be converted into a value
for f0ðq2maxÞ using fBs

¼ 0.224ð5Þ GeV [10] and fKþ ¼
0.1561 GeV and ð1þmK=mBs

Þ ¼ 1.0927 [15]. We find

f0ðq2maxÞjBs→K ¼ 0.822ð8Þð18Þ: ð34Þ

Here, the first error is from RBsK and the second from fBs
.

IV. DISCUSSION

We can compare our results for f0ðq2maxÞ for B → π and
Bs → K to existing full lattice QCD results where an
extrapolation in mπ to the physical point has been done
(as well as a study of fþ and f0 as a function of q2).
Figure 6 shows this comparison for B → π, comparing

our result to that from Fermilab/MILC [1] and RBC/
UKQCD [2]. Both of these calculations use a “clover”
formalism for the b quark, which has a nonrelativistic
interpretation on coarse lattices seamlessly matching to a
relativistic formulation as a → 0. Details differ signifi-
cantly in the two cases [37,38], with the RBC/UKQCD
calculation tuning the clover term nonperturbatively and
including OðαsaÞ current corrections to reduce discretiza-
tion errors. The Fermilab/MILC results couple their b quark
to an asqtad staggered quark on the MILC 2þ 1 asqtad
configurations. They cover a range of lattice spacing values
from 0.12 to 0.045 fm and have a minimum light quark
mass corresponding to a value for mπ of 180 MeV on
0.09 fm lattices. The RBC/UKQCD results use domain-
wall light quarks on their 2þ 1 domain-wall configurations
with two lattice spacing values (0.11 and 0.086 fm) and a

minimum light quark mass corresponding to a value for mπ

of 290 MeV.
As discussed above, our results have the advantage of

including much lower values of ml, down to values of
physical mπ (indeed our maximum light quark mass
corresponds to an mπ of 305 MeV) as well as using a
more highly improved action (to reduce discretization
errors) for the b quark, the light quark, the current
connecting them, and the gluon field.
We see agreement between our result and that from

RBC/UKQCD within their larger uncertainties. There is a
2σ “tension” between our result and that of Fermilab/
MILC, where we have similar 3% uncertainties. The
Fermilab/MILC value for f0ðq2maxÞ for Bþ → π0 is 1.012
(28) [39] to be compared to our result of 1.108(33) [see
Eq. (30)] for the same case.
For the processes Bs → K and Bs → ηs, the extrapola-

tion in mπ is less of an issue and instead, for example, it
becomes important to tune the s quark mass accurately. For
our Bs → K result, we can make a comparison to RBC/
UKQCD as above [2] and also to an earlier HPQCD result
[36] (which also gives Bs → ηs form factors). This latter
result uses Oðv4Þ NRQCD for the b quark with HISQ
valence light quarks on MILC 2þ 1 asqtad lattices at two

FIG. 5. The ratio RBsK of Eq. (33) plotted against mπ . See
Table IX for the results. The grey band gives the results of a fit
described in the text.

FIG. 6. A comparison of results for f0ðq2maxÞ for B → πlν
decay. The top result is from this paper using gluon field
configurations that include u, d, s, and c quarks in the sea
and include u=d quarks at physical masses. The lower two results
[1,2] use gluon field configurations that include u, d, and s quarks
in the sea and extrapolate to physicalmπ from heavier values. For
all points, statistical and systematic uncertainties have been added
in quadrature.
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lattice spacing values (0.12 and 0.09 fm) and with a
minimum light sea quark mass corresponding to
mπ ¼ 280 MeV. In all cases we see agreement with our
results, given in Eqs. (32) and (34), within the larger
Oð5%Þ uncertainties of [2,36]. For example, [2] quotes a
result for f0 for Bs → K at q2 ¼ 23.4 GeV2 of 0.81(6) to
be compared to our result at q2max of 23.7 GeV2 of 0.822
(20) [see Eq. (34)].
In the comparison of B=Bs semileptonic form factors to

experiment for extraction of Vub, it should be emphasized
that it is the fþ form factor that is relevant for μν or eν final
states, and not f0. However, similar issues arise in both
cases for the extrapolation to a physical mπ, so the tests
above for f0 are also relevant to fþ.

V. CONCLUSIONS

In this paper we have laid to rest a long-standing
controversy over the relationship between the form factor
f0 at zero recoil in B → π decay and the ratio fB=fπ from
lattice QCD results. We calculate the ratio of f0 to fB=fπ
directly and obtain particularly accurate results because of
the following.
(a) Our lattice b-light currents are accurate through

αsΛ=mb and the renormalization of the current cancels
between f0 and fB.

(b) We work with light quarks that have their physical
mass as well as heavier masses to allow an extrapo-
lation tomπ ¼ 0. This is well controlled because of the
form the staggered quark chiral perturbation theory
takes (see Appendix A).

(c) We use improved actions for our b quarks, light
quarks, and gluon fields, so that discretization errors
are reduced below αsa2.

We find

fB→π
0 ðq2maxÞ
fB=fπ

				
mπ¼0

¼ 0.987ð51Þ; ð35Þ

in agreement with the soft-pion theorem result of 1. This
test adds confidence to our control of lattice systematic
uncertainties now that we have reached values of the π mass
close to the physical point.
We are then able to determine values of the f0 form

factor at zero recoil and for physical quark masses for 3
processes, obtaining the ratios defined in Sec. II:

RBπðphysÞ ¼ 0.805ð16Þ;
RBsKðphysÞ ¼ 0.626ð6Þ;
RBsηsðphysÞ ¼ 0.740ð5Þ: ð36Þ

Numbers vary by 30%, as the quark content in the initial and
the final state changes between l and s, with corresponding
changes in the value of q2max. This allows us to extract

f0ðq2maxÞjBþ→π0 ¼ 1.108ð22Þð24Þ;
f0ðq2maxÞjBs→K ¼ 0.822ð8Þð18Þ;
f0ðq2maxÞjBs→ηs

¼ 0.811ð5Þð16Þ: ð37Þ

These can act as calibration values for lattice QCD calcu-
lations working at heavier-than-physical light quark masses.
The uncertainties we have reached in this first “second-
generation” form-factor calculation are encouraging for the
improvements that will be possible as we move away from
zero recoil.
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APPENDIX: WHY ARE STAGGERED QUARKS
SO CONTINUUMLIKE?

The D operator in staggered quark lattice discretizations
has Oða2Þ lattice spacing corrections that do not vanish in
the limit of zero quark mass mq. These are due to taste-
changing interactions and affect the zero modes of the
lattice Dirac operator iDþmq in the chiral limit, altering
the topological properties of the theory at nonzero lattice
spacing [40,41]. In principle, therefore, one should take the
continuum limit a → 0 before taking the chiral limit
mq → 0; that is, there will be a smallest quark mass for
each lattice spacing below which nonphysical effects will
show up.
In practice, these nonphysical effects have been small,

especially with the HISQ discretization and similar actions
designed to suppress taste-changing interactions [42]. Such
possibilities have therefore had minimal effect on analyses
of meson decay constants and masses (see, for example,
[11]). This might seem surprising because we are now
working at realistic u=d quark masses which are very small.
Here, we are also examining the limit as mπ → 0 (based on
results at nonzero values of mπ and a).
Chiral perturbation theory and, in particular, staggered

chiral perturbation theory are useful tools for analyzing
such effects. The problem is then apparent from the fact that
the masses of different tastes of pion are split by taste-
changing interactions of Oða2α2s ; a2α3sÞ, so that only the
Goldstone pion’s mass vanishes when the quark mass goes
to zero. This affects the chiral logarithms in the theory since
these typically involve averages over the masses of all
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tastes of pion in staggered chiral perturbation theory. As
long as taste splittings are small compared to the Goldstone
pion mass, the difference is purely a discretization effect.
However, in the opposite limit of mπ → 0, m2

π logðm2
πÞ in

the continuum theory is replaced by a2 logða2Þ in the
staggered quark theory. While such terms vanish as a → 0,
one might still worry that unusually large a2 corrections
and corrections that are not analytic in a2 would make the
approach to the continuum limit hard to control in practice,
and it would also distort the mπ dependence.
In fact, as we show here, the leading nonanalyticities in

a2 cancel as mu=d → 0 when using the HISQ discretization
at current lattice spacings, at least for such phenomeno-
logically important quantities as fπ , m2

π , fK , fB, and fB→π
0 .

Consequently, HISQ quarks are more continuumlike in
their a and mπ dependence than might have been expected,
even for very small u=d masses.
The nonanalytic a2 dependence coming from the

normal chiral logarithms is canceled by contributions
from the hairpin diagrams in staggered chiral perturbation
theory. We will show how this cancellation works in the
next subsection. The cancellation occurs only for special
values of the staggered chiral theory parameters δ0V and
δ0A, but at the same values for each of the physical
quantities mention above. Simulations show that the
actual values are within 10% or so of the special values
required for cancellation.

1. Staggered chiral perturbation theory analysis

As examples, we first study fπ, fK, and fB in the 2þ 1
full QCD case using formulas from [31] [see Eqs. (27) and
(28)] and [32] [see Eq. (105)]. We will evaluate here the
leading behavior in a at Goldstonemπ ¼ 0 (mu=d ¼ 0). The
key terms are those that contain logarithms of masses of
different tastes of pion—different tastes of kaon or other
strange particles are irrelevant because their masses will be
controlled by the s quark mass.
We implement a model for different tastes of pion in

which the tastes are equally spaced. This is a very good
approximation to what happens in simulations with the
highly improved staggered quark action [12] (and indeed
the asqtad improved staggered quark action). This is an
indication that the taste-breaking potential in the staggered
chiral Lagrangian is dominated by one particular term
[13,43,44]. If we take the unit of splitting to be δt
(proportional to α2a2 or even α3a2 in an improved
formalism), then the Goldstone (G) pion mass will be zero
when mu=d ¼ 0 and the other tastes (axial vector, tensor,
vector, and singlet) will have squared masses according to
G∶0
A∶δt
T∶2δt
V∶3δt
I∶4δt.

The degeneracies of the different tastes from the
Goldstone upwards in mass are 1, 4, 6, 4, 1, making a
total of 16 tastes.
Then we can evaluate the chiral log terms that appear in

the next-to-leading order (NLO) term multiplying
1=ð16π2f2Þ in staggered chiral perturbation theory at
mu=d ¼ 0. For fπ this is simply

− 1

8

X
t

m2
π;t logm2

π;t ¼ − 1

8
ð4δt log δt þ 12δt log 2δt

þ 12δt log 3δt þ 4δt log 4δtÞ
¼ −4δt log δt þ Cδt; ðA1Þ

where C is a constant. The Cδt term is then a normal
discretization error which we will ignore here. Similarly for
fK and fB (which has an overall extra factor of 1þ 3g2B�Bπ),
the log term appears as

−
1

16

X
t

m2
π;t logm2

π;t þ
1

4
m2

π;I logm
2
π;I

¼ −
1

16
ð4δt log δt þ 12δt log 2δt þ 12δt log 3δt

þ 4δt log 4δtÞ þ δt log 4δt

¼ −δt log δt þ Cδt: ðA2Þ

Thus, it is clear that the chiral logarithm terms on their
own will give rise to potentially troublesome δt log δt ≡
a2 log a2 terms (ignoring αs factors in δt, although in
practice they make a significant numerical difference),
as mu=d → 0.
In addition, there are hairpin terms at NLO that come

in a variety of forms. The key ones that can contain
terms of the form a2 log a2 as mu=d → 0 are those
multiplying logarithms of the mass of a taste of pion
or a taste of η (but not the singlet). For fπ there are two
such hairpin terms that we reproduce here in the axial
taste case (there is also a vector taste version of them)
[31]. Term 1 is

T1 ¼ ðm2
SA

−m2
ηAÞ

ðm2
πA −m2

ηAÞðm2
η0A
−m2

ηAÞ
lðmηAÞ; ðA3Þ

where lðmÞ ¼ m2 logm2 and this term appears with
coefficient 2δ0A, which is itself Oða2Þ (we absorb the a2

into δ0A here).
To evaluate T1 we use [44]

m2
ηA ¼

1

2
ðm2

πA þm2
SA
þ 0.75δ0A − ZÞ;

m2
η0A
¼ 1

2
ðm2

πA þm2
SA
þ 0.75δ0A þ ZÞ; ðA4Þ
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Z ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðm2

SA
−m2

πAÞ2 − 0.5δ0Aðm2
SA

−m2
πAÞ þ 9ðδ0AÞ2=16

q
;

ðA5Þ

where m2
SA

is the axial taste of the ss̄ pseudoscalar, which
we take to have the same taste splittings as the pion. Again,
this is a very good approximation in the HISQ case [12].
We can evaluate Z to first order in δ0A at mu=d ¼ 0 as

Z ¼ ðm2
SA

−m2
πAÞ − δ0A=4 ðA6Þ

and then the η and η0 masses follow:

m2
ηA ¼ m2

πA þ δ0A=2;

m2
η0A
¼ m2

SA
þ δ0A=4: ðA7Þ

Then we can evaluate each of the mass differences in T1:

m2
η0A
−m2

ηA ¼ Z ¼ m2
SG

− δ0A=4; ðA8Þ

m2
SA

−m2
ηA ¼ m2

SG
− δ0A=2; ðA9Þ

m2
πA −m2

ηA ¼ −δ0A=2: ðA10Þ

This final mass difference, appearing in the denominator
of T1, looks dangerous, but the whole term, as discussed
above, is multiplied by δ0A.
Combining all the mass differences, we have

2δ0AT1 ¼ 2δ0A
m2

SG

ð−δ0A=2Þm2
SG

lðmηAÞ

¼ −4m2
ηA logm

2
ηA ; ðA11Þ

to leading order in δ0A. However, δ
0
A still appears insidem2

ηA .
We approach T2 similarly:

T2 ¼ ðm2
SA

−m2
πAÞ

ðm2
ηA −m2

πAÞðm2
η0A
−m2

πAÞ
lðmπAÞ: ðA12Þ

From above, we have the mass differences

m2
η0A
−m2

πA ¼ m2
SG
þ δ0A=4;

m2
ηA −m2

πA ¼ þδ0A=2;
m2

SA
−m2

πA ¼ m2
SG
: ðA13Þ

Then,

2δ0AT2 ¼ 2δ0A
m2

SG

ðδ0A=2Þm2
SG

lðmπAÞ

¼ 4m2
πA logm

2
πA : ðA14Þ

Adding T1 and T2, as required for the chiral expansion
of fπ , gives

4ðm2
πA logm

2
πA −m2

ηA logm
2
ηAÞ

¼ 4ðδt log δt − ðδt þ δ0A=2Þ logðδt þ δ0A=2ÞÞ: ðA15Þ

Since δ0A also arises from staggered quark taste effects,
we can assume that it is some multiple of the unit of taste
splitting, δt. If we write it as a multiple, xA, of the largest
taste splitting (between the taste singlet and the Goldstone),
then δ0A ¼ 4xAδt. The sum of T1 and T2 becomes

4ðδt log δt − ð1þ 2xAÞδt logð1þ 2xAÞδtÞ
¼ 4ð1 − ð1þ 2xAÞÞδt log δt þ Cδt

¼ −8xAδt log δt; ðA16Þ

neglecting terms of OðδtÞ. An equivalent result would be
obtained for the vector hairpin terms.
Combining the chiral log for fπ with the δ0A and δ0V

hairpin terms then gives

− 4δt log δt − 8ðxA þ xVÞδt log δt
¼ −4ð1þ 2½xA þ xV �Þδt log δt: ðA17Þ

We see that xA þ xV ¼ −0.5 is a special value where the
δt log δt (i.e., a2 log a2) terms cancel between the chiral
logarithms and the hairpins. In fact, this is the value that is
obtained from staggered chiral perturbation theory fits to fπ
and fK . Such fits in [11] give

xA ¼ −0.31ð4Þ;
xV ¼ −0.25ð6Þ; ðA18Þ

so that δ0A ≈ δ0V ≈ −δt. Then the axial taste of η has a mass
between that of the Goldstone and axial tastes of the pion
from Eq. (A10).
The impact of this is made clear in Fig. 7, in which

we plot the chiral logarithm term as a function of the
(Goldstone) mπ . The solid black curve shows the con-
tinuum form −2ðm2

π=Λ2
χÞ logðm2

π=μ2Þ, with Λχ ¼ 4πfπ (for
fπ ¼ 130 MeV) and μ ¼ 0.568 GeV. For comparison, we
show the result from simply replacing the continuum chiral
logarithm by an average over chiral logarithms for each
taste of the pion [the term analyzed in Eq. (A1)]. We take
equally spaced masses for the tastes with splittings appro-
priate to coarse and fine lattices from [12]. The distortion of
the continuum chiral logarithm from taste-splitting discre-
tization effects is clear, particularly on the coarse lattices at
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small values of mπ . In contrast, when the complete
staggered chiral perturbation theory expression is taken,
including the hairpin corrections discussed above, the taste-
splitting discretization effects are almost eliminated and
the match with the continuum chiral perturbation theory
behavior is restored. The curves in Fig. 7 used
δ0A ¼ δ0V ¼ −δt, with δt ¼ 0.022 GeV2 on coarse lattices
and δt ¼ 0.007 GeV2 on fine lattices. The impact of taste-
changing discretization effects on the chiral perturbation
theory is then very small, even on the coarse lattices.
To understand why the full staggered chiral perturbation

theory looks so continuumlike across the full range of mπ

values (and not just as mπ → 0), we can consider another
limit in which δt < m2

π , with 0 < m2
π < m2

ηs . This region
is in reasonable correspondence with the right-hand
side of our plots in Fig. 7. Then the full staggered chiral
perturbation theory gives the continuum chiral logarithms,

as well as terms that behave as δt logm2
π and

m2
π logð1þ nδt=m2

πÞ≡ nδt. Both of these terms look like
regular discretization errors and are not problematic.
However, once again, both of these terms cancel between
the staggered chiral logarithms and the hairpin terms for the
case above where δ0A ¼ δ0V ¼ −δt. This explains why there
is such good correspondence, with only very small dis-
cretization errors visible, between the full staggered chiral
perturbation theory and the continuum chiral logarithm for
fπ across the full range of m2

π values in Fig. 7.
The staggered chiral perturbation theory for fK and fB is

similar to that for fπ [31,32]. The hairpin contributions that
can give a2 loga2 terms as m2

π → 0 in these cases are
identical to T1 and T2 above for fπ [see Eqs. (A3) and
(A12)]. They come with a coefficient of 1=2 instead
of 2, however (again fB has the additional multiplier of
1þ 3g2B�Bπ). This is exactly the overall factor of 1=4 needed
to cancel the δt log δt piece of the chiral logarithm [see
Eq. (A2)] when xA þ xV ¼ −0.5, as for fπ. So again in this
case, staggered chiral perturbation theory behaves much
more benignly than might be expected in its approach to the
continuum limit. This will also be true, as for fπ, across our
range of mπ values.
The staggered chiral perturbation theory formπ (in terms

of mu=d) is somewhat different from the examples above
[44]. The “chiral log” is simply lðmπIÞ. For mu=d ¼ 0 this
becomes 4δt log 4δt, multiplying the standard factor
of 1=ð16π2f2Þ.
The hairpin terms are also somewhat different. For the

axial case, keeping only the pieces that can give rise to
δt log δt terms, we have

T3 ¼ −4lðmπAÞ −
2δ0A

m2
η0A
−m2

ηA

m2
SA

−m2
ηA

m2
πA −m2

ηA

lðmηAÞ: ðA19Þ

Using mass splittings from above, this becomes

T3 ¼ −4lðmπAÞ − 2δ0A
m2

SG

m2
SG
ð−δ0A=2ÞlðmηAÞ

¼ −4lðmπAÞ þ 4lðmηAÞ: ðA20Þ

This shows how the logmπ factors in the a → 0 limit cancel
between the two halves of T3. To obtain the a2 log a2

pieces as mu=d → 0, we need to take the Goldstone mπ to
zero. Then we have, for the axial case,

T3 ¼ −4δt log δt þ 4ð1þ 2xAÞδt logð1þ 2xAÞδt
¼ 8xAδt log δt: ðA21Þ

Again, adding in the vector taste piece, we find that the
value xA þ xV ¼ −0.5 cancels the δt log δt behavior from
the chiral log term above. So the same values for the δ0A
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FIG. 7. The chiral logarithm term in mπ that appears in the
chiral expansion of fπ is shown as a function of mπ in the
continuum (the solid black line) and compared to the results for
the HISQ action from staggered chiral perturbation theory,
including logarithms and hairpin terms (the red dashed line).
The blue dotted lines shows results if only the “staggered” chiral
logarithm is included. Results appropriate to our coarse lattices
are shown in the upper panel, with results for the fine lattices in
the lower panel.
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and δ0V coefficients also give rise here to a cancellation of
taste-splitting artifacts in the staggered chiral perturbation
theory. It is also true, as before, that this cancellation can be
demonstrated explicitly for the m2

π > 0 case when δt < m2
π

and, in practice, numerically it works across the whole mπ

range used here.
For the form factor fB→π

0 discussed here, we use the
staggered chiral perturbation theory given in [33] [see
Eq. (67)]. Not surprisingly, a set of terms appear there
containing logarithms of m2

π;t that are the same as those
appearing in the staggered chiral perturbation theory for fπ
and fB. Our analysis above then demonstrates that these
terms (combining chiral logarithms and hairpins) behave as
continuum chiral perturbation theory. In fact, these terms
(denoted by I1 in [33]) cancel between f0 and fB=fπ in the
ratio RBπ that we consider here.
There are additional terms in f0 denoted I2 in [33] that

also behave as chiral logarithms. They have the form
ðv:pÞ2 logðm2

π;t=μ2Þ, where v:p is the dot product of the
B meson velocity and π4-momentum. For a B meson at
rest and a Goldstone π in the final state, this gives
E2
π;G logðm2

π;t=μ2Þ, reducing to m2
π;G logðm2

π;t=μ2Þ at zero
recoil. These are the chiral logarithm terms that survive in
the ratio RBπ and that we include in our fit of Eq. (26). Such
terms only contain δt inside the logarithm and so cannot
give rise to δt log δt terms. The approach tomπ ≡mπ;G ¼ 0

for RBπ is therefore the same as in continuum chiral
perturbation theory, even at nonzero lattice spacing.
Discretization effects could arise from the m2

π;t inside the
logarithm, but these can be shown to cancel in the δt < m2

π

case for the same δ0A and δ0V values [in Eq. (A18)]. Once
again, the numerical result, shown in Fig. 8, gives con-
tinuumlike behavior for the staggered chiral perturbation
across the full range of mπ values. We nevertheless allow
for possiblemπ-dependent discretization errors in our chiral
fit, as discussed in Sec. III.
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