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B — #nfv at zero recoil from lattice QCD with physical u/d quarks
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The exclusive semileptonic decay B — n£v is a key process for the determination of the Cabibbo-
Kobayashi-Maskawa matrix element V,, from the comparison of experimental rates as a function of ¢
with theoretically determined form factors. The sensitivity of the form factors to the u/d quark mass has
meant significant systematic uncertainties in lattice QCD calculations at unphysically heavy pion masses.
Here, we give the first lattice QCD calculations of this process for u#/d quark masses going down to their
physical values, calculating the f, form factor at zero recoil to 3%. We are able to resolve a long-standing
controversy by showing that the soft-pion theorem result f(g2.) = f5/f does hold as m, — 0. We use
the highly improved staggered quark formalism for the light quarks and show that staggered chiral
perturbation theory for the m, dependence is almost identical to continuum chiral perturbation theory for
fo. [, and f,. We also give results for other processes such as B, - K£v.

DOI: 10.1103/PhysRevD.93.034502

I. INTRODUCTION

The exclusive semileptonic process B — nfv is a key
one for flavor physics because it gives access to the
Cabibbo-Kobayashi-Maskawa matrix element V,;, from a
process involving two ‘“gold-plated” (stable in QCD)
mesons, B and z. V,, is determined by comparing the
experimental rate for the process to that determined
from theoretical calculations of hadronic parameters
known as form factors which are functions of the squared
4-momentum transfer, ¢>, between the B and the 7. The
form factors encapsulate the information about how likely
it is for a 7 meson with a specific momentum to form when
a b quark inside a B meson changes into a u quark with
emission of a W boson. If the calculations of the form
factors are done in lattice QCD, then the full effect of QCD
interactions that keep the quarks bound inside the mesons is
taken into account.

Lattice QCD calculations for this process are particularly
difficult, however, because the results are sensitive to the
mass of the u/d quarks that form the 7 meson. Existing
lattice QCD calculations have used u/d quarks that have
heavier masses than in the real world, and results then have
to be extrapolated to the physical point. The value of the
u/d quark masses, and hence the 7 mass, also affects the ¢°
value for a given z spatial momentum and, since the form
factors are strongly varying functions of g2, this gives
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further dependence on the quark masses. For recent lattice
QCD results for B — n£v form factors, see [1,2].

Lattice QCD calculations for the form factors are most
reliable close to the “zero recoil” point where the z has
small spatial momentum (and hence relatively small dis-
cretization errors). This corresponds to being close to the
maximum value of g%, (mpz —m,)?. In this regime it is
possible to use soft-pion relations coupled to heavy quark
effective theory to derive expectations for the functional
dependence of form factors on the heavy quark mass, m,,,
and on the 7 meson mass. Since these relationships come
from a well understood theoretical framework, it is impor-
tant to test them against lattice QCD results.

It was apparent in quenched lattice QCD calculations
many years ago that there were large deviations between
lattice results and the expected dependence on m;, and m,;
see [3,4] for a review. Relatively heavy u/d quark masses
were used in these early calculations, often close to the s
quark mass.

Here, we revisit this issue with results from lattice QCD
that include the full effect of sea quarks (u, d, s, and c) but,
more importantly, include u# and d quarks with masses at
their very small physical values for the first time. We focus
on the soft-pion relation which gives the scalar form factor
fo at the zero recoil point in terms of the ratio of B and =
decay constants as m, — 0 [5-8]:

_ /s
fa

This relationship has been shown to hold through

O(A/my,) in an expansion in powers of the inverse heavy

quark mass, m,, [9], and we therefore expect it to work at
the 1% level for b quarks. A test of this in lattice QCD

fO(CI[znax) (1)
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calculations can then provide important confirmation of
how well we understand the u/d quark mass dependence
for a process B — n£v, for which this is critical.

Here, we show that indeed the soft-pion relation does
emerge from lattice QCD calculations as m, — 0 for a
fixed heavy quark mass tuned to that of the b. This
calculation builds on the very accurate results for fp and
f» that we have been able to obtain at physical u/d quark
masses [10,11] and benefits from the fact that the renorm-
alization factors of the temporal vector and temporal axial-
vector heavy-light currents are the same for our light quark
formalism, so renormalization uncertainties are minimized.

In addition, we give a precise result for f(g2,y) for
physical u/d quark masses (where corrections to the soft-
pion relation are substantial). This is a useful comparison
point for lattice QCD calculations that are done with
unphysical u/d quark masses as a test of extrapolations
in the u/d quark mass. Although f, is not accessible from
experiment, lattice QCD calculations of it should agree, and
it is important to test this using different discretizations of
QCD. fo(g%ax) is the most accurately determined form
factor for a lattice QCD calculation of B — z decay and
thus a good number for calibration.

For comparison, we also give results for f(g2,x) for the
B, — K?v decay, which is another physical process, and
for B, — n,£v, which does not occur in the real world. The
latter decay is again useful for comparison between lattice
QCD calculations.

The paper is laid out as follows: In Sec. II we describe
the lattice calculation of the correlation functions needed
to extract the scalar form factor and its ratio to fz/f,.
We use the highly improved staggered quark (HISQ) action
for the light quarks and improved nonrelativistic QCD
(NRQCD) for the b quark. In Sec. III we give the results
and determine the ratio both at the physical m, and as
m, — 0. Section IV includes a comparison of our values
with those from lattice QCD calculations that extrapolated
results from heavier-than-physical values of m,, and Sec. V
provides our conclusions. In the Appendix we discuss the
staggered quark chiral perturbation theory that we use for
fps [z and fy and show that it is, in fact, very continuum-
like in its approach to m, = 0.

II. LATTICE CALCULATION

We use ensembles of lattice gluon configurations pro-
vided by the MILC Collaboration [12] at three values of
the lattice spacing, a =~ 0.15, 0.12, and 0.09 fm. The
configurations include the effect of u, d, s, and ¢ quarks
in the sea using the HISQ formalism [13] and a gluon action
improved through O(a,a?) [14]. These then give signifi-
cant improvements in the control of systematic errors from
finite lattice spacing and light quark mass effects over
earlier configurations.

We work at three different values of u/d quark masses
[which are taken to be degenerate and will be referred to as
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TABLE 1. Details of gluon field configurations used in this
calculation [12]. a is the lattice spacing, fixed from the mass
difference between the Y’ and the Y in [16]. The first error is from
statistics and the second from NRQCD systematics in that
determination and from experiment. Sets 1, 2, and 3 are “very
coarse,” sets 4, 5, and 6 are “coarse,” and sets 7 and 8 are “fine.”
am;, amyg, and am, are the light (# and d are taken to have the
same mass), strange, and charm sea quark masses. Sets 3, 6, and 8
have m; at close to its physical value. L,/a and L,/a are the
number of lattice sites in the spatial and temporal directions,
respectively, and N, is the number of configurations in the
ensemble. We calculate propagators from 16 time sources on each
ensemble (four on set 8) to increase the statistics.

Set a/fm am amg am, Lg/a L,/a Ny
1 0.1474(5)(14) 0.013  0.065 0.838 16 48 1020
2 0.1463(3)(14) 0.0064 0.064 0.828 24 48 1000
3 0.1450(3)(14) 0.00235 0.0647 0.831 32 48 1000
4 0.1219(2)(9) 0.0102 0.0509 0.635 24 64 1052
5 0.1195(3)(9) 0.00507 0.0507 0.628 32 64 1000
6 0.1189(2)(9) 0.00184 0.0507 0.628 48 64 1000
7 0.0884(3)(5) 0.0074 0.037 0440 32 96 1008
8 0.0873(2)(5) 0.0012 0.0363 0.432 64 96 620

light (/) quarks] in the sea. These correspond to approx-
imately one-fifth and one-tenth of the s quark mass and
the physical average u/d quark mass (m,/27.5 [15]). The
lattice spacing on these configurations is determined for
this calculation from the mass difference between the Y’
and the Y [16]. Table I lists the parameters of the
ensembles.

On these configurations we calculate / and s quark
propagators using the HISQ action. The / quarks are taken
to have the same mass as is used in the sea. For the s quarks,
we retune the valence mass to be closer to the physical s
quark mass, so it is slightly different than that in the sea
[16]. Values are given in Table II. We also calculate b quark

TABLE II. Summary of the valence s quark mass and valence b
quark mass and other action parameters for the NRQCD action on
the different ensembles of Table I. The s and b quark masses in
lattice units (columns 2 and 3) were tuned in [16,17]. Column 4
gives the parameter u,; used for “tadpole improving” the gluon field
[10,16], and columns 5, 6, and 7 give the coefficients of kinetic and
chromomagnetic terms used in the NRQCD action. ¢; (cg has the
same value), cs, and ¢4 are correct through O(a,) [16,19].

Set am},al am, Upy, C1, Cq Cs Cyq

1 0.0641 3.297 0.8195 1.36 1.21 1.22
2 0.0636 3.263 0.82015 1.36 1.21 1.22
3 0.0628 3.25 0.8195 1.36 1.21 1.22
4 0.0522  2.66 0.8340 1.31 1.16 1.20
5 0.0505 2.62 0.8349 1.31 1.16 1.20
6 0.0507 2.62 0.8341 1.31 1.16 1.20
7 0.0364 1.91 0.8525 1.21 1.12 1.16
8 0.0360 1.89 0.8518 1.21 1.12 1.16
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propagators using the improved NRQCD [18] action
developed in [16,19].
The NRQCD Hamiltonian we use is given by [18]

oH aHy\ "
—aH _ (1 _ a_ 1— @it UT
= (1-) (-5

with
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Hy=— )
arto 2amy,
A2)2 -
aSH = —c, L )3 L (V-E-E.V)
8(amy) 8(amy)
1 © o~~~ 1 ~
E-E xV) -
“ 8(amy)? % xV) C42amb
A@) A2
tes ko )

24am, c6 16n,(amy)*”

Here, V is the symmetric lattice derivative and A and
AW the lattice discretizations of the continuum >_,D? and
>";D?, respectively. am,, is the bare b quark mass in units
of the lattice spacing. n;, is a stability parameter set equal to
4 here. The gluon field is tadpole improved, which means
dividing all of the links, U, (x), by a tadpole parameter, u,
before constructing covariant derivatives or chromoelectric
or magnetic fields. For u,, we took the mean trace of the

gluon field in Landau gauge, ugy; [16]. E and B are the
chromoelectric and chromomagnetic fields calculated from
an improved clover term [20]. They are made anti-
Hermitian but not explicitly traceless to match the pertur-
bative calculations done using this action.

Given the NRQCD action above, the heavy quark
propagator is readily calculated from a simple lattice time
evolution equation [18] which is numerically very fast. The
heavy quark propagator is given by

Gy(x, 1+ 1) = e Gy (x,1), (4)
with the starting condition

Gy(x,0) = p(x)I(x). (5)

Here, I is a matrix in (two-component) spin space and ¢(x)
is a function of spatial position, to be discussed below. We
can use such a function because we fix the gluon field
configurations to Coulomb gauge.

The terms in 6H in Eq. (3) have coefficients ¢; whose
values can be fixed from matching lattice NRQCD to
full QCD perturbatively, giving the ¢; the expansion

1+ cl(-l)as + O(a?). Here, we include O(a;) corrections
to the coefficients of the subleading kinetic terms, ¢y, cs,
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and cg, and the chromomagnetic term, ¢, [16,19]. The b
quark mass parameter, am,,, is nonperturbatively tuned to
the correct value by calculating the spin average of the
“kinetic masses” of the Y and #;, as described in [16]. We
are able to do this to 1%, limited by the accuracy of the
determination of the lattice spacing to convert the kinetic
mass to physical units. The values used for am,,, ug;, and c;
on the different ensembles are given in Table II.

We use the same NRQCD action for both heavyonium
and heavy-light meson calculations since it is accurate for
both. For heavy-light calculations, which concern us here,
the power counting in the heavy quark velocity is equiv-
alent to power counting in inverse powers of the heavy
quark mass. The NRQCD action above is then fully
improved through O(a,A/my;). It has already been used
for accurate calculations of the T spectrum and properties
[16,17,21,22] and B, B,, and B, meson masses [23] and
decay constants [10,24], including those of their vector
partners.

For the calculation of the B — z£v form factor, we
need (Goldstone) 7 meson correlation functions, B meson
correlation functions and “three-point” correlation func-
tions that connect the B meson to the 7. Here, we work with
B and 7 mesons at rest. The # meson correlators were
calculated in [11] and are simply given by

Ca(1) = (Swlai. 07 ) )

where g(x, t) is a staggered quark propagator with a source
at t = 0, tr denotes a trace over color indices and the angle
brackets denote an average over gluon field configurations
in the ensemble. We use random wall sources to improve
statistical errors. The factor of 1/4 is needed to account
for the number of staggered quark “tastes” because the
correlator is a staggered quark loop. Fitting these “two-
point” correlators to the standard multiexponential form

Nexp—1

Calt) = Y- (e et 4 1) (7)
k=0

allows the extraction of the ground-state 7 mass
(m, = E, ). The amplitude a,, gives (0|P|z)/(\/2m,),
where P is the pseudoscalar density. Using the partially
conserved axial-vector current relation, we can convert this

to f,:

fn' = 2m1aﬂ.’,0 (Z/Efz,o)’ (8)

and note that f, is absolutely normalized here. Results for
m, and f, are given in [11]. Statistical errors below 0.1%
are obtained.

Staggered quarks have numerical efficiency advan-
tages as a result of having no spin degree of freedom.
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A four-component naive quark propagator, g, can be simply
obtained from a staggered quark propagator, g, from point x
to point y by reversing the staggering transformation:

Q(x) = [ [ ()™ ©)

We can then use g straightforwardly in combination with
other propagators that carry a spin component [25]—for
example, an NRQCD b quark propagator. B meson
correlators at zero spatial momentum were made in this
way in [10]. NRQCD b quark and staggered light quark
propagators are simply combined to make a pseudoscalar
meson [with operator W, (x)ys¥,(x)] as

Cp(t) = <Ztr[Trg*(x)Gh(}, Ng' (%, z)>. (10)

Here, Tr is a spin trace. In this equation both G, and g are
calculated from a simple delta function source at the origin
[and Q(0) = 1].

To improve our statistical precision, we use a random
wall source for both propagators, which adds the technical
complication that Q7 (¥, t = 0) must be used, along with the
U(1) random noise field, as the source for the NRQCD
propagator [26]. In addition we use three different smearing
functions for the source of the b quark in Eq. (5): a delta
function and two exponentials with different radii, agy,
given in Table III. Thus, in Eq. (5), T = Q(x, 7 = 0) and,
for the smeared case,

D) = 3 el Ty (5). (1)

with 77(¥) being a random field from U(1) and a three-vector
in color space. For the staggered quark propagator, the
source is simply 7(X).

TABLE III. Summary of the smearing radii of the smearing
functions used for the b quark propagators on the different sets of
configurations in Table I. These correspond to approximately
matching physical sizes, taking the optimal values on the coarse
lattices (where we tested different sizes) as those from set 4.
Column 3 gives the different 7 values used for the creation time
slice for the B meson.

Set g T
1,2 2.0, 4.0 10, 13, 16
3 2.0, 4.0 9,12, 15
4 25,50 14, 19, 24
5,6 2.0, 4.0 14, 19, 24
7 3.425, 6.85 19, 24, 29
8 3.425, 6.85 20, 27, 34
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We obtain a 3 x 3 matrix of correlation functions from the
use of the three different smearings for the b quark at source
and sink. This can be fit to a multiexponential form as for the
7 meson, except that the correlator has a simple exponential
form in time rather than a cosh because NRQCD b quarks
propagate in one direction in time only. To improve statistics
we average over forward-in-time and backward-in-time
directions. The fit enables us to extract B meson energies
(these are not equal to the meson masses because of the
NRQCD energy offset) and amplitudes that depend on the
smearing function used [23]. We use the fit function

Mexp—1
CB(I) = Z C(¢scv m)c* ((bsk’ m)eiEmt
m=0

mexp_

1
— (=1 D d(pge. ) (g Ye
m'=1
(12)

where sc and sk denote source and sink, respectively. The
second line captures the presence of “oscillating” opposite-
parity states in the correlator that are a result of using a
staggered light quark. Having multiple smearing functions
improves the fit significantly because they enhance the
signal for the ground state at small ¢ values which counter-
acts the relatively poor signal/noise in B correlators at large ¢.

The decay constant for the B meson is defined from the
matrix element of the continuum temporal axial current
between the vacuum and a B meson at rest:

fsmg = (0|A|B(p = 0)). (13)

To determine this accurately in our lattice QCD calculations
requires finding a good approximation to the continuum
Ay current in terms of bilinears made of HISQ light and
NRQCD b quarks.

The most accurate calculation to date is in [10], where we
use a matching through a,A/m,, consistent with the level
of accuracy in our improved NRQCD action:

Ap = (14 z0a )Y + (1 + 210 I + 20,0 D), (14)

with
o =
J,(40> = Wrsro¥s
-1 .
J,glo) = %‘1’175707 -V,
o_ g &
Jay = z—mb‘I’l}" Vyorsro¥s. (15)

The O(a,) matching coefficients zg, z;, and z, are given in
Table IV. In [10] we used a; = ay (n; = 4,2/a) to evaluate
the matching coefficients above. We do that again here and
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TABLE 1V. Coefficients for the perturbative matching of the
temporal axial vector and temporal vector currents [see Eq. (14)]
from [10]. zo = po—Ci0, 21 =p1 — 20, 22 =p2 from [27].
Column 5 gives the values of a, used in the matching. This is
determined in the V scheme with four sea quarks at the scale 2/a.

Set 20 21 2 ay(2/a)
1 0.024(2) 0.024(3) —1.108(4) 0.346
2 0.022(2) 0.024(3) —1.083(4) 0.345
3 0.022(1) 0.024(2) —1.074(4) 0.343
4 0.006(2) 0.007(3) —0.698(4) 0.311
5 0.001(2) 0.007(3) —0.690(4) 0.308
6 0.001(2) 0.007(2) —0.690(4) 0.307
7 —0.007(2) —0.031(4) —0.325(4) 0.267
8 —0.007(2) —0.031(4) —0.318(4) 0.266

also give in Table IV the value of a; on each ensemble.
These are obtained by converting and running down the
result ayg(ny = 5, M) = 0.1185(6) [15,28].

To determine the matrix element of Ap—and hence fz—
we calculate the matrix elements of each of the Jffz’s by
implementing that operator at the sink of the B meson

correlation function. For J/(fo)

operator used in Eq. (10) (since the y, has no effect on

a two-component NRQCD b quark), and ngo) and JE‘ZO) are

this is simply the local

implemented by differentiating the appropriate propagator
before combining it into a meson correlator. For a B meson

at rest, the matrix elements of JE\]U) and 11(420) are equal since

the momenta of the b and / quarks are equal and opposite.
From simultaneous fits, using Eq. (13), to the 3 x 3
matrix of B meson correlators described above, along with

correlators that have ngo)

¢(Ap, 0) that corresponds to the annihilation of the ground-
state B meson with the A, current can be determined. The
amplitude is given by

inserted at the sink, the amplitude

_ (0[Ag|B) _ fpy/ms
c(Ag.0) = \/2073* N (16)

Results for & = f,/my for B and B, are given on the sets
of gluon field ensembles used here in [10] and we use the
same B meson correlation functions here.

The new correlation functions that we have calculated
here are the three-point functions for B — z£v decay,
illustrated in Fig. 1. For these a light quark propagator
from a random wall source at ¢+ = 0 is used, at time slice T
and convoluted with each of the b quark smearing
functions, as the source of a NRQCD b propagator. This
propagates backwards in time to time slice ¢ where it is
connected via a temporal vector current to another identical
light quark propagator, joined to the first one at the source
time slice in the appropriate way to form a 7 meson. For this
to work with staggered light quark propagators, €2 matrices
must be inserted at 7" and ¢ to reinstate the light quark spin.

PHYSICAL REVIEW D 93, 034502 (2016)

» 1
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FIG. 1. A schematic diagram of the three-point correlator
needed for the B — #£v decay at zero recoil.

Both the B meson and the z meson are at rest. We use
multiple 7 values so that we can fit the three-point function
both as a function of 7 and as a function of 7. The T values
used on each ensemble are given in Table III.

Because of the chiral symmetry of staggered quarks, the
matching of the NRQCD-HISQ temporal vector current to
continuum QCD takes the same form as the temporal axial-
vector current:

0 1 2
Vo = (1 + z0a) Iy, + (1 + z1a,)0y) + nady)),  (17)

0

with

Jg/o) = \TIIVO\Ilbv

o =

m_ ~lg

‘IVo - zmb \I/l]/()]/'v\I/h,

o_~lg g

JVO —2—’7%\1/[}/ V\I/b (18)

We calculate the three-point function inserting each of the

J gjg ’s at the heavy-light vertex at ¢. We can then fit the three-

point functions along with the two-point correlators dis-
cussed above to determine the matrix element of V,

between 7 and B. For B and 7 at rest, the matrix elements
of J 80) and J %) are equal, so we only calculate one of them.

The three-point correlation function is fit to the form

C3pt<t7 T)
Nexp—1

= Z al[.jvl’”’l(j’ k)cz,kfnﬂ(Eﬂ,j’ t)an(EB,kv T— t)
Jj.k=0

Nexp—1

- aﬂ.jvno (]’ k/)dzqk’fnn(Elr,j’ t)foB(E;&k” T— t)’
j.k'=0

(19)
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where n denotes normal parity states and oscillating terms
again appear for the B meson from higher mass opposite-
parity (o) states. Here,

fn (E.t) = e B 4 ¢ E(T-1),
fng(E 1) = e,
fop(E,t) = (=1)'fng(E,1). (20)

The amplitudes a,; and energies E, ; are the same ampli-
tudes and energies as in the 7 two-point fits [see Eq. (7)]. The
amplitudes cp, and dj,, and energies Ep; and E;;.k’ are
the same as in the B two-point fit [see Eq. (13)] for the
corresponding smearing function for the B meson.

The fit parameter V,,,(0, 0) is the result that we need for
the ground-state B to ground-state z matrix element for a
current, J, inserted at ¢. Using the standard relativistic
normalization of states,

(z|/|B)

v4,(0,0) = N

(21)

Combining results from J E?O), J E,lo), and J E,z(} as in Eq. (17)
gives an amplitude corresponding to the continuum QCD
current, V,,, which we denote as V0. This is directly related
to the matrix element of V, between z and B as in Eq. (21).
Since, at zero recoil,

(7|Vo|B) = fo(dmax) (mp + my). (22)

then

2V = ful V(14 25). (23
B

We can therefore directly extract fo(q?nax)\/m_B (1+
m,/mg) from our fit results. Dividing by V2 times the
amplitude from Eq. (16) gives fo(q2a) (1 + m,/mp)/ f5.
Note that in forming this ratio the overall renormalization
factor of the temporal axial-vector current cancels [see
Egs. (14) and (17)]. Hence, this ratio has significantly lower
systematic errors from renormalization/matching than the
individual quantities f, and f. The division can be done
inside the fit code, and therefore correlations between the fit
parameters can be taken into account to reduce statistical
errors. Because of the inclusion of relativistic/radiative
corrections to the currents, the ratio is accurate through
a,A/m, in a power counting in inverse powers of the b
quark mass. Multiplication by the amplitude and energy
combination that gives f, is also readily done inside the fit
to give a result for

f()(qgnax)(l + mn:/mB)
[fB/fn:]

RBIT = (24)

PHYSICAL REVIEW D 93, 034502 (2016)

This is the quantity that we will work with, examining its
limit as m, — 0, where the factor of (1 4 m,/mp) vanishes
and we expect the answer 1 from the soft-pion relation,
Eq. (1). From this we can also obtain the ratio at the
physical value of m,, and thereby the value of f(g2ax), at
that point.

We have also calculated the appropriate three-point
correlation functions for the processes B, — KZv and
B, — n,#v and combined these with the appropriate
two-point functions from [10,11] to obtain an analogous
ratio for f(qgz) to that above (Rp x and Rp, , respec-
tively). In these cases we can also extract a result for
fo(qrax) for physical quark masses that is accurate
through a,A/m,,.

III. RESULTS
A.B-rn

As discussed in Sec. 11, we fit our results for three-point
functions for B — z and two-point functions for B and =
simultaneously to the forms given in Egs. (7), (13), and
(20). We use a constrained fitting technique [29] so that we
can include uncertainties in our fitted results for the ground
state coming from the presence of excited states in the
correlation function. The prior value taken on the difference
in mass between adjacent states (both in normal and
oscillating channels) is 600(300) MeV and (for the B)
on the difference between the ground state and the first
oscillating state is 400(200) MeV. The prior taken on all
two-point amplitudes is 0.0(1.0) and, for three-point
amplitudes, 0.0(5.0). For our normalization of the raw
correlators, these widths correspond to three to five times
the ground-state value and so provide a loose constraint.

Figure 2 illustrates the quality of our results by showing a
plot of the ratio of three-point to two-point correlators for

/(CF'C)

3pt
B—m

C

FIG. 2. The ratio of the three-point correlator for B — z decay
to the product of two-point correlators for B and 7 as a function of
lattice time. The B is at t =0 and the n at T here since this
illustrates more clearly the convergence of results for different
values of T. Results are for coarse set 4, statistical errors only.
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B — 7 decay on coarse set 4. Statistical errors are small
and, although oscillating terms are strong on the B side of
the three-point correlator, it is clear that results at different
T values are consistent so that we are able to isolate ground-
state amplitudes.

The results from our two-point fits have been detailed in
[10] and [11] and we obtain results in good agreement with
those values here. Table V gives values for the ground-state
B to ground-state 7 three-point amplitude V,,(0,0) from

Eq. (20) for the case where the current inserted is J g?o) and

J 90) (these two cases are fit simultaneously). We see that the
raw matrix element for the subleading current is 5%—8% of
the leading current. We also give results for the combina-
tion VVo from Eq. (17) that corresponds to the full QCD
current (to the order to which we are working), V. The
final column of Table V uses Eq. (23) to determine the
combination fo(ghax)\/amg(1l + m,/mg). We see signifi-
cant dependence on the mass of the 7 meson in these
results, a feature that was missing in earlier calculations that
could not reproduce the soft-pion theorem relationship for
Foldha) [41.

As discussed in Sec. II, we can also evaluate, directly
from our fits, the combination f(q2.)(1 + m,/mg)/[f5/
fx] by dividing our three-point amplitude by appropriate
two-point amplitudes which are correlated within the fit.
This dimensionless ratio, in which the overall renormali-
zation factor for the lattice currents cancels, is tabulated
in Table VI. There we give the result both for the full
calculation, using currents V|, in the three-point amplitude
and A in f, and for the calculation using just the leading
order current J( in both cases. The difference between
the two is small, around 2%, because the impact of the
subleading currents largely cancels between f((q2..) and
fp- Our statistical/fitting uncertainty is about at the same

TABLE V. Columns 2 and 3 give ground-state parameters
V,2(0,0) (in lattice units) from our combined two-point and

three-point fit for B — = decay. VE,?) corresponds to current J i?o)

and VS},) toJ (vlo) [see Eq. (18)]. J %) has an amplitude equal to J i,lo)
at zero recoil and thus is not given separately. In column 4 results
are combined as in Eq. (17) into an equivalent parameter for the
full QCD current, V. Column 5 presents the results as the
combination g5* = fo,/anmg(1 + m,/mpg) in lattice units.

Set — y©0,00  vi0,0) VYo 90" (dmar)
1 2072(33)  —0.115(8)  2.017(33)  1.961(32)
2 2.581(40)  —0.159(5)  2.499(40)  2.037(33)
3 3.63749)  —0.247(21)  3.50561)  2.236(39)
4 2.11032)  —0.129(3)  2.01231)  1.761(27)
5 2.67527)  —0.182(3)  2.53227)  1.855(20)
6 3.837(50)  —0.289(5)  3.609(50)  2.061(28)
7 2.15417)  —0.156(2)  2.010(17)  1.508(13)
8 3.829091)  —0334(10)  3.520(85)  1.683(41)

PHYSICAL REVIEW D 93, 034502 (2016)

TABLE VI. Results for the ratio of f(g2,4) for B — r decay to
fB/fx in the combination that appears naturally from our fits:
Rpz = fo(dmax) (1 + my/mp)/[f 5/ f4]. Column 3 gives the full
result and column 2 the result from using the leading order
NRQCD-HISQ current only, both in f; and in fj.

(0) 2 m,/mg :M
Set % Ry, =124 (}i/fn)/ :
1 0.696(11) 0.708(11)
2 0.726(12) 0.735(13)
3 0.777(12) 0.783(13)
4 0.712(12) 0.728(13)
5 0.729(8) 0.740(9)
6 0.806(11) 0.814(12)
7 0.703(6) 0.721(7)
g 0.777(24) 0.786(25)

level. The results for the full ratio are plotted in Fig. 3 as a
function of m,. Again, dependence on m, is clear, but no
dependence on the lattice spacing is seen since the
discretization effects evident for f5 in [10] largely cancel
in the ratio.

In order to test the soft-pion theorem we need to fit our
results as a function of m, to extrapolate to m, = 0. Having
results for a range of small m, values allows us to do this.

One key element of m, dependence is purely kinematic
[30]: the fact that ¢2,,, depends on m, through the formula

qrznax = (mB - mﬂ)z’ (25)

This will mean that, if results for different m,’s fall on
similar f, curves as a function of g2, there will be a
significant linear term in m, coming from the shift
in g2, as m, is reduced. A slope in m, of order

1.1 \ \

/:E X a=0.15fm
S’S 1F 0 a=~0.12 fm |5
+ O a=0.09 fm

09} B
e
< o0sf & 1
= = B
>~ 0.7} g

E

T 06} .

2

05 L L L L L L L
0 005 01 015 02 025 03 035 04
m, (GeV)

FIG. 3. Results for the ratio Rp, [see Eq. (24)] of form factor
fo(G%ax) [multiplied by (1 +m,/mg)] to fz/f, plotted as a
function of m . Results from very coarse ensembles are shown as
crosses, coarse as open squares, and fine as open circles. These
include a small correction for finite-volume effects, as discussed
in the text. The grey band shows the fit described in the text,
agreeing with value 1 at m, = 0.
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—2mpdf,/dq?| 4—q2,. might then be expected. An estimate
for this slope can be derived from a simple pole form for
fo(q?), behaving as f,(0)/[1 — qz/mlzgé], where the B} is
the lowest scalar state in the B meson spectrum. This would
give a slope in m,, of f(g.x)/ A, where A is the difference
in mass between the B and the B. Taking a A of the order
500 MeV results in a slope of 2 GeV~!. The term in m2
coming from the kinematics above would have a much
smaller slope, of O(1/(2Amyg)), since there is no enhance-
ment by mp. This slope is then smaller than that for powers
of m, coming from chiral perturbation theory and thus can
be absorbed into those terms in our fit.

From low-order chiral perturbation theory, we expect
simple powers of m2 as well as chiral logarithms of
the form m2/(4nf,)* xlog(m2/A) (where we take
f= =130 MeV). The appropriate staggered quark chiral
perturbation theory for these quantities is given in [31-33];
see also [34]. The way in which the masses of different
tastes of 7 meson appear in the chiral logarithm terms and
associated “hairpins” is discussed in the Appendix. It turns
out that the staggered chiral perturbation theory for f, and
fg is very like the continuum form because discretization
effects from the masses of 7 mesons of different taste
almost entirely cancel out. Terms of this kind in fact cancel
between f and f/f,. This includes in particular all the
chiral logarithms with coefficient gg-p,.

The remaining chiral logarithms that do not cancel in the
ratio of f(q2.) and fg/f, take the form of an average
over tastes, , of m3_/(4xf,)* x log(mz,/A}). Here, m,,_ is
the mass of the Goldstone 7z meson in the final state, and
m, , is the mass of a r of taste 7. m,, = m, is the expansion
parameter for the chiral perturbation theory since its square
is proportional to the light quark mass. The masses of the
other taste 7 mesons, m, ,, could contribute discretization
errors to the chiral perturbation theory, when compared to
the continuum chiral logarithms, since they differ by a?a?
from m, . These discretization errors would be relatively
benign since the chiral logarithm above vanishes as
m,;q — 0 even at nonzero lattice spacing. In fact, as shown
in the Appendix, hairpin diagrams also cancel most of these
discretization effects giving a dependence on m, which is
almost identical to that of continuum chiral perturbation
theory. We therefore use continuum chiral perturbation
theory for our extrapolation to m, =0 but allow for
m,-dependent discretization errors to include the remaining
staggered taste-changing effects.

Combining results for fp, f,, and f, gives a coefficient
for the chiral logarithm above in ff,/f5 of —4. A value of
—4 is a substantial coefficient, double that in f,, for
example, so it might be expected that we need to pay
attention to finite-volume effects. We studied these for f,
on these ensembles in [11] and found them to be well below
1%, except on set 1, which has the coarsest lattice spacing
and is furthest from the physical point and thus has very

PHYSICAL REVIEW D 93, 034502 (2016)

little impact on any fit. Finite-volume corrections were
included in that study because they were significant at the
level of the statistical errors possible there. Here, statistical
errors are much larger and we find that finite-volume
effects are not significant. We include double the relative
finite-volume effect seen in f, for the ratio fyf,/fp in the
values shown in Fig. 3. This has a negligible impact on the
final result at a physical m, and less than a 1% effect on
the value at m, = 0.

We fit the results for the ratio R, as a function of lattice
spacing and 7z meson mass to the following form:

RB}T(a’ mn’) = RBﬂ(phyS’ my = 0)

X {1 + ch(aA)z-i +dSy 2

=13
A2
+(2) @lessny + exfo
my
m_\ K m_. \2  m?
# 3R] —olans) e
k:ZM A)( Anf, A%

(26)

with A;( =1 GeV. Here, the c; coefficients provide for
regular discretization errors, which appear for our actions
as even powers of a only. We take A = 400 MeV. The
coefficient d provides for light quark mass-dependent
discretization errors, as discussed above; more information
on these is given below. The terms with coefficients e; and
e, allow for discretization errors from higher-order terms in
the NRQCD action with coefficients that might depend on
amy,. 6x,, = (am;, —2.7)/1.5, so it varies from —0.5 to 0.5
across the range used here for am,,. We take A/m; = 0.1.
The f} coefficients provide for m, dependence expected
from kinematic effects from the dependence of g2, on m,,
(which includes in particular a linear term in m, as
discussed above). Any dependence on (even) powers of
m,, from chiral perturbation theory will be subsumed into
this dependence. The final term is a chiral logarithm, for
which we allow coefficient g. As discussed above, we use
the continuum form for the chiral logarithm and allow for
m,-dependent discretization effects from staggered
chiral perturbation theory with the §,2,. term. Our fits
are insensitive to the form that this term takes. We have
tried, for example, a form based on discretization effects
from averaging over x meson tastes in a logarithm:
—m—’%lo (1+265,/m2) (27)
g T

0, is one unit of taste splitting (see the Appendix). For our

final results we in fact use the simpler &,2,,» = a*mj;. In

neither case does the fit return a significant coefficient for
this term.

5a2,m,2,
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We take a prior of 0.0(1.0) on almost all coefficients in
Eq. (26). The exceptions are a prior of 1.0(5) on
R, (phys, m, = 0); a prior of 0.0(3) on ¢ since tree-level
a* errors are missing from our action, so that the leading
term is a,a’; a prior of 0.0(5.0) on f; since this linear term
in m, is expected (from the arguments above) to have a
coefficient around 2 GeV~! from its origin in the m,
dependence of ¢2,, and a prior of 4.0(1.0) on g, the
coefficient of the chiral logarithm, which is known up to
chiral corrections.

The chiral fit has a y*/degrees of freedom (DOF) of
0.7 for 8 degrees of freedom and gives the result
Ry, (phys, m, = 0) = 0.987(51), i.e., 1 in agreement with
the soft-pion relation of Eq. (1), with an uncertainty of 5%.
Most of the parameters in the fit are not well determined by
the data, except for the linear term in m,, which has the
coefficient —2.4(5), in agreement with our expectation.
Missing out the chiral logarithm changes things slightly,
giving a result 26 below 1 at m, = 0 of 0.92(4). Leaving
the chiral logarithm unconstrained, i.e., giving g a prior of
0.0(10.0), results in a fitted value for g of 2(8), i.e., it is not
well determined by the results (but also not inconsistent
with its expected value).

From the fit we can extract the result at the physical value
of the 7 meson mass corresponding to equal mass u and d
quarks in the absence of electromagnetism. This is the
experimental mass of the z°, 135 MeV. There we find

Ry, (phys, m, = m,0) = 0.805(16). (28)

This is very insensitive to any of the details of the fit
because we have results at the physical # mass. The error
budget for Rp,(phys,m, = my) is given in Table VIL
Using our value of fp =0.186(4) GeV [10] (for the
m, =my =m; case) and the experimental value for
frr = 130.4 MeV, along with (1 +myp/mg) = 1.0256,
gives

Fo(@iax)-r = 1.120(22)(24). (29)

The first uncertainty comes from the fit to the ratio Rp,
and includes statistical and fitting errors. The second

TABLE VII.  Error budgets for the ratios Rg,, R g, and Rp
[defined in Egs. (24), (33), and (31)] evaluated at the physical
value of m,. Uncertainties are given as a percentage of the final
answer.

RBI[ RBSK RBSI]S
Stats/fitting 1.4 0.7 0.6
a dependence 1.3 0.6 0.4
NRQCD systematics 0.03 0.03 0.04
m,, dependence 0.5 0.2 0.1
s quark tuning e 0.03 0.01
Total (%) 1.9 1.0 0.7

PHYSICAL REVIEW D 93, 034502 (2016)

uncertainty comes from our value for fp and includes
uncertainties from missing higher-order terms in the current
matching. We expect these to be very similar for f, since
we have seen this to be the case for currents we have
included, so we do not include any additional systematic
errors specific to f,. We find finite-volume effects, as
discussed above, to give negligible uncertainty.

Taking instead our value of fp+ of 0.184(4) GeV [10]
gives

Fol @Bl = 1108(22)(24).  (30)

B. B; — 1,

The decay mode B, — 7,, in which we replace the [
quark in B — z with an s quark, is a useful calibration point
in lattice QCD. The 7, meson is a pseudoscalar meson with
valence quark content ss but including the quark-line-
connected correlator only so that it cannot mix with other
flavor-singlet mesons. It is thus not a physical particle that
can appear in an experiment. However, its properties, mass,
and decay constant have been well studied in lattice
QCD [11,35].

The calculation for B, — 5, proceeds exactly as
described in Sec. II for B — z. The valence s quarks have
the masses in lattice units given in Table II. Two-point
correlators for the B, and 7, were calculated in [10,11]. In
Table VIII we give the results from this calculation for the
three-point amplitude for the B; — 7, decay via a temporal
vector current with B and 7, at rest. We also give the result
derived directly from our fits for the ratio

. fO(Qrznax)(l + mm/mBs)
Roun, = (f8,/fn,] , e

in which the overall renormalization of currents cancels.
The ratio Rp , is plotted in Fig. 4 as a function of the mass

TABLE VIII. Columns 2 and 3 give ground-state parameters in
lattice units V,,,(0,0) from our combined two-point and three-
point fit for B; — nsfu.V,(gl) corresponds to current J S? and Vﬁ,l,,)

toJ 81)) [see Eq. (18)]. J i/z(,) has an amplitude equal to J 3{3 at zero

recoil and thus is not given separately. In column 4 results are
combined as in Eq. (17) into an equivalent parameter for the full
QCD current, V. Column 5 presents the results as the combi-
nation gg s = foy/amp (1 +my, /mp) in lattice units and col-
umn 6 gives the ratio Rg, defined in Eq. (31).

Set 0,00 V(0,00 V" g0 (gha)  Rsa

1 1.329(14) —0.042(2) 1.314(14) 1.886(21) 0.740(8)
2 1.323(10) —0.042(1) 1.306(10) 1.867(15)  0.743(6)
4 1325(7) —0.050(0) 1.267(7) 1.648(9)  0.733(4)
6 13222) —0051(0) 1.282(2) 1.652(3)  0.740(1)
8  1347(6) —0.066(0) 1.284(6) 1.418(6)  0.742(3)
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FIG. 4. Results for the ratio Ry , of Eq. (31) plotted against m,
in the top panel and against the lattice spacing in the lower panel
(see Table VIII). The grey band gives the results of a fit described
in the text.

of the 7 meson made from the sea [ quarks and as a function
of the lattice spacing, a. We have results only for a subset of
the ensembles used for B — z, but we see no dependence
of Rp, on either m, or a.

To fit the results for B, — 5, decay and derive a physical
result for f(q2ax), we use a similar fit form to that of
Eq. (26). We drop the chiral logarithm term as well as odd
powers of m, from kinematic effects since these are no
longer relevant. We add a term allowing for a mistuning
of the s quark mass as h(m2, — [0.6885 GeV]?) with a prior
on h of 0.0(2). Here, 0.6885 GeV is the 7, mass in the
continuum and chiral limits determined from lattice
QCD [11].

Our fit has a y*/DOF of 0.35 for 5 degrees of freedom
and gives a result at physical m, for Rg , of 0.740(5). For
this quantity the value at m, =0 has no significance.
The physical result for Rg, is very insensitive to any
details of the fit since we have results at the physical z
mass and there is almost no dependence on m, and a. The
error budget is given in Table VII; the uncertainty is
dominated by statistics. The value of R , can be converted
into a value for fo(ga,,) using fp = 0.224(5) GeV [10]

PHYSICAL REVIEW D 93, 034502 (2016)

and f, =0.1811(6) GeV and (1 +m, /mg )= 1.1283
[11,15]. We find

fO(qrznaX) ‘Bx—nylV =0.811 (5)(16)’ (32)

where the first error is from the ratio and the second from
S, and f, . This is a substantially smaller value than that
for B — # and it is also more precise, reflecting smaller
statistical uncertainties in the raw data and the absence of
any dependence on m, or a.

C.B, - K

The decay mode B, — KZv is a physical process in
which a b quark undergoes a weak transition to a u quark
inside a B, meson. This process can then be used in a
similar way to B — zfv to determine V. Lattice QCD
calculations for the form factors for this process are now
starting to appear [2,36]. Here, we again give results for
the form factor f, at zero recoil with u/d quark masses
going down to physical values. We again study the ratio
determined directly from our fits:

 Folata)(1 4 my/ms)
Rox=—"""r g~

Table IX gives our results and Fig. 5 plots the results for
Rp x against m,. We observe no significant a dependence
but some dependence on m,, because the K meson contains
a valence [ quark. To fit the dependence of Rp g as a
function of m, and a, we use a similar fit form to that used
earlier [see Eq. (26)]. We drop the odd powers of m, from
kinematic effects since these now depend on mpg, which
depends on m; and hence m2. As for B, — n,, we add
a term allowing for mistuning of the s quark mass as
h(m} —[0.6885 GeV]?) with a prior on /& of 0.0(2). We
also keep the chiral logarithm term from B — z, but we

TABLE IX. Columns 2 and 3 give ground-state parameters in
lattice units V,,,(0,0) from our combined two-point and three-

point fit for By, - K fu.VSl?l) corresponds to current J s)()) and VSLI,L)

to J S,lO) [see Eq. (18)]. J 5,2: has an amplitude equal to J s/lo) at zero
recoil and thus is not given separately. In column 4 results are
combined as in Eq. (17) into an equivalent parameter for the full
QCD current, V. Column 5 presents the results as the combi-
nation gg"K Efo\/m(l + mg/mpg ) in lattice units and col-

umn 6 gives the ratio Rp g defined in Eq. (33).

Set y%0,0) vi©0.00 V" g8k Rk

1 1.490(8) —0.060( 1) 1.465(8) 1.854(10)  0.656(4)
2 1.510(16) —0.064(4) 1.481(16) 1.825(20) 0.639(7)
4 1.496(9) —0.069( 1 ) 1.445(9) 1.654(10)  0.662(4)
6 1.5398) —0.075(1) 1.480@8) 1.6179)  0.623(3)
8 1.571(9) —0.094(2) 1.483(9) 1.389(9) 0.623(4)
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FIG. 5. The ratio Rz x of Eq. (33) plotted against m,. See

Table IX for the results. The grey band gives the results of a fit
described in the text.

expect the coefficient to be a lot smaller here, so we allow a
prior for the coefficient of O(1). Again, for this quantity, we
will only extract a value at the physical value of m, (and not
m, — 0) and, since we have results very close to that point,
the value is insensitive to the details of the fit.

Our fit has a y?/DOF of 0.2 for 5 degrees of freedom and
gives a result at physical m, for Rp g of 0.626(6) with error
budget given in Table VII. This can be converted into a value
for fo(qmax) using fp = 0.224(5) GeV [10] and fg+ =
0.1561 GeV and (1 + mg/mpg ) = 1.0927 [15]. We find

Fo(@iax) |5,k = 0.822(8)(18). (34)

Here, the first error is from Ry x and the second from fp .

IV. DISCUSSION

We can compare our results for f(g2,x) for B — = and
B, — K to existing full lattice QCD results where an
extrapolation in m, to the physical point has been done
(as well as a study of £, and f, as a function of ¢?).

Figure 6 shows this comparison for B — 7z, comparing
our result to that from Fermilab/MILC [1] and RBC/
UKQCD [2]. Both of these calculations use a “clover”
formalism for the b quark, which has a nonrelativistic
interpretation on coarse lattices seamlessly matching to a
relativistic formulation as a — 0. Details differ signifi-
cantly in the two cases [37,38], with the RBC/UKQCD
calculation tuning the clover term nonperturbatively and
including O(aya) current corrections to reduce discretiza-
tion errors. The Fermilab/MILC results couple their b quark
to an asqtad staggered quark on the MILC 2 4 1 asqtad
configurations. They cover a range of lattice spacing values
from 0.12 to 0.045 fm and have a minimum light quark
mass corresponding to a value for m, of 180 MeV on
0.09 fm lattices. The RBC/UKQCD results use domain-
wall light quarks on their 2 4+ 1 domain-wall configurations
with two lattice spacing values (0.11 and 0.086 fm) and a

PHYSICAL REVIEW D 93, 034502 (2016)

HPQCD
this paper

FNAL/MILC

® 11503.07839

RBC/UKQCD
1501.05373

005 1 1.05 L1 115 12 125 13
fo(qﬁlax)

FIG. 6. A comparison of results for fo(q2.y) for B — zlv
decay. The top result is from this paper using gluon field
configurations that include u, d, s, and ¢ quarks in the sea
and include u/d quarks at physical masses. The lower two results
[1,2] use gluon field configurations that include u, d, and s quarks
in the sea and extrapolate to physical m, from heavier values. For
all points, statistical and systematic uncertainties have been added
in quadrature.

minimum light quark mass corresponding to a value for m,,
of 290 MeV.

As discussed above, our results have the advantage of
including much lower values of m;, down to values of
physical m, (indeed our maximum light quark mass
corresponds to an m, of 305 MeV) as well as using a
more highly improved action (to reduce discretization
errors) for the b quark, the light quark, the current
connecting them, and the gluon field.

We see agreement between our result and that from
RBC/UKQCD within their larger uncertainties. There is a
20 “tension” between our result and that of Fermilab/
MILC, where we have similar 3% uncertainties. The
Fermilab/MILC value for fo(g2.) for BY — 2% is 1.012
(28) [39] to be compared to our result of 1.108(33) [see
Eq. (30)] for the same case.

For the processes B, — K and B, — #,, the extrapola-
tion in m, is less of an issue and instead, for example, it
becomes important to tune the s quark mass accurately. For
our B, — K result, we can make a comparison to RBC/
UKQCD as above [2] and also to an earlier HPQCD result
[36] (which also gives B, — 5, form factors). This latter
result uses O(v*) NRQCD for the b quark with HISQ
valence light quarks on MILC 2 4 1 asqtad lattices at two
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lattice spacing values (0.12 and 0.09 fm) and with a
minimum light sea quark mass corresponding to
m, = 280 MeV. In all cases we see agreement with our
results, given in Eqgs. (32) and (34), within the larger
O(5%) uncertainties of [2,36]. For example, [2] quotes a
result for f,, for B, = K at ¢> = 23.4 GeV? of 0.81(6) to
be compared to our result at g2, of 23.7 GeV? of 0.822
(20) [see Eq. (34)].

In the comparison of B/B, semileptonic form factors to
experiment for extraction of V,, it should be emphasized
that it is the £ form factor that is relevant for v or ev final
states, and not f,. However, similar issues arise in both
cases for the extrapolation to a physical m,, so the tests
above for f are also relevant to f .

V. CONCLUSIONS

In this paper we have laid to rest a long-standing
controversy over the relationship between the form factor
fo at zero recoil in B — x decay and the ratio f/f, from
lattice QCD results. We calculate the ratio of f to fz/f,
directly and obtain particularly accurate results because of
the following.

(a) Our lattice b-light currents are accurate through
a,\/m,, and the renormalization of the current cancels
between f, and f3.

(b) We work with light quarks that have their physical
mass as well as heavier masses to allow an extrapo-
lation to m, = 0. This is well controlled because of the
form the staggered quark chiral perturbation theory
takes (see Appendix A).

(c) We use improved actions for our b quarks, light
quarks, and gluon fields, so that discretization errors
are reduced below a,a’.

We find

6" )| 0g7(s1) (35)
f8/fx lm=o ’
in agreement with the soft-pion theorem result of 1. This
test adds confidence to our control of lattice systematic
uncertainties now that we have reached values of the 7 mass
close to the physical point.
We are then able to determine values of the f; form
factor at zero recoil and for physical quark masses for 3
processes, obtaining the ratios defined in Sec. II:

Ry, (phys) = 0.805(16),

Rg , (phys) = 0.740(5

’

)
)- (36)
Numbers vary by 30%, as the quark content in the initial and
the final state changes between [ and s, with corresponding
changes in the value of g2,,. This allows us to extract
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Fo(@ax)|ps 0 = 1.108(22)(24),

Fo(@hax) |5,k = 0.822(8)(18),

fo(@iax) |5, ~y, = 0-811(5)(16). (37)

These can act as calibration values for lattice QCD calcu-
lations working at heavier-than-physical light quark masses.
The uncertainties we have reached in this first “second-
generation” form-factor calculation are encouraging for the
improvements that will be possible as we move away from
zero recoil.
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APPENDIX: WHY ARE STAGGERED QUARKS
SO CONTINUUMLIKE?

The P operator in staggered quark lattice discretizations
has O(a?) lattice spacing corrections that do not vanish in
the limit of zero quark mass m,. These are due to taste-
changing interactions and affect the zero modes of the
lattice Dirac operator iP) 4 m,, in the chiral limit, altering
the topological properties of the theory at nonzero lattice
spacing [40,41]. In principle, therefore, one should take the
continuum limit @ — 0 before taking the chiral limit
m, — 0; that is, there will be a smallest quark mass for
each lattice spacing below which nonphysical effects will
show up.

In practice, these nonphysical effects have been small,
especially with the HISQ discretization and similar actions
designed to suppress taste-changing interactions [42]. Such
possibilities have therefore had minimal effect on analyses
of meson decay constants and masses (see, for example,
[11]). This might seem surprising because we are now
working at realistic u/d quark masses which are very small.
Here, we are also examining the limit as m, — 0 (based on
results at nonzero values of m, and a).

Chiral perturbation theory and, in particular, staggered
chiral perturbation theory are useful tools for analyzing
such effects. The problem is then apparent from the fact that
the masses of different tastes of pion are split by taste-
changing interactions of O(a*a?,a’a}), so that only the
Goldstone pion’s mass vanishes when the quark mass goes
to zero. This affects the chiral logarithms in the theory since
these typically involve averages over the masses of all
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tastes of pion in staggered chiral perturbation theory. As
long as taste splittings are small compared to the Goldstone
pion mass, the difference is purely a discretization effect.
However, in the opposite limit of m, — 0, m2log(m2) in
the continuum theory is replaced by a?log(a?) in the
staggered quark theory. While such terms vanish as a — 0,
one might still worry that unusually large a” corrections
and corrections that are not analytic in a*> would make the
approach to the continuum limit hard to control in practice,
and it would also distort the m, dependence.

In fact, as we show here, the leading nonanalyticities in
a’* cancel as m, /¢ — 0 when using the HISQ discretization
at current lattice spacings, at least for such phenomeno-
logically important quantities as f,, m2, fx, fg,» and Vs
Consequently, HISQ quarks are more continuumlike in
their a and m, dependence than might have been expected,
even for very small u/d masses.

The nonanalytic a®> dependence coming from the
normal chiral logarithms is canceled by contributions
from the hairpin diagrams in staggered chiral perturbation
theory. We will show how this cancellation works in the
next subsection. The cancellation occurs only for special
values of the staggered chiral theory parameters &, and
&), but at the same values for each of the physical
quantities mention above. Simulations show that the
actual values are within 10% or so of the special values
required for cancellation.

1. Staggered chiral perturbation theory analysis

As examples, we first study f,, fx, and fp in the 2 + 1
full QCD case using formulas from [31] [see Eqs. (27) and
(28)] and [32] [see Eq. (105)]. We will evaluate here the
leading behavior in a at Goldstone m, = 0 (m,,;; = 0). The
key terms are those that contain logarithms of masses of
different tastes of pion—different tastes of kaon or other
strange particles are irrelevant because their masses will be
controlled by the s quark mass.

We implement a model for different tastes of pion in
which the tastes are equally spaced. This is a very good
approximation to what happens in simulations with the
highly improved staggered quark action [12] (and indeed
the asqtad improved staggered quark action). This is an
indication that the taste-breaking potential in the staggered
chiral Lagrangian is dominated by one particular term
[13,43,44]. If we take the unit of splitting to be 9,
(proportional to a’a’ or even a’a® in an improved
formalism), then the Goldstone (G) pion mass will be zero
when m,;; = 0 and the other tastes (axial vector, tensor,
vector, and singlet) will have squared masses according to
G:0
A6,

T:20,
V.36,
1:49,.
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The degeneracies of the different tastes from the
Goldstone upwards in mass are 1, 4, 6, 4, 1, making a
total of 16 tastes.

Then we can evaluate the chiral log terms that appear in
the next-to-leading order (NLO) term multiplying
1/(167%f?) in staggered chiral perturbation theory at
myq = 0. For f, this is simply

1 1
—3 > m2, logm2, = — g (48, log &, + 126, log 25,
t

+ 1265,10g 36, + 46, log 46,)

= —46,log 6, + C6,, (A1)
where C is a constant. The C§, term is then a normal
discretization error which we will ignore here. Similarly for
fx and f (which has an overall extra factor of 1 + 3g3., ),
the log term appears as

1 1
16 Zmzzz,t log mz ; + 4 m;2z,1 log mzzz,l
‘

1
= —1¢ (48 log 6, + 126,log 26, + 126, log 3,

+46,10g46,) + 6,10g 46,

= —4,logd, + C6,. (A2)
Thus, it is clear that the chiral logarithm terms on their
own will give rise to potentially troublesome ¢, log o, =
a’loga® terms (ignoring a, factors in §,, although in
practice they make a significant numerical difference),
as my;q — 0.

In addition, there are hairpin terms at NLO that come
in a variety of forms. The key ones that can contain
terms of the form a?loga* as m,;; — 0 are those
multiplying logarithms of the mass of a taste of pion
or a taste of  (but not the singlet). For f, there are two
such hairpin terms that we reproduce here in the axial
taste case (there is also a vector taste version of them)
[31]. Term 1 is

(m3, —my,)
T1— T fmy).  (A3)
(mfzfA - m%A)(m;?j‘ - m%A) !

where #(m) = m*logm? and this term appears with

coefficient 28, which is itself O(a?) (we absorb the a?
into &, here).
To evaluate T1 we use [44]

2

my, =~ (mz, +mg +0.758, — Z),

mii4 = (mz, +m5, +0.758, + Z), (A4)

N = N =
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Z=\J(m}, —m2,)> =056, (m3, —m2,) +9(6, /16,

(AS)
where m%A is the axial taste of the s5 pseudoscalar, which
we take to have the same taste splittings as the pion. Again,

this is a very good approximation in the HISQ case [12].
We can evaluate Z to first order in & at m,;, = 0 as

Z= (m%A —m2 ) —&,/4 (A6)
and then the 7 and 7' masses follow:
mi =mi +68,/2,

mé = m%A + 8, /4. (A7)

Then we can evaluate each of the mass differences in 7'1:

m’?,A —m} =Z= mgG —8,/4, (A8)
m%A — m%A = m%g —3d,/2, (A9)
ms —mi =—68,/2. (A10)

This final mass difference, appearing in the denominator
of T'1, looks dangerous, but the whole term, as discussed
above, is multiplied by &,.

Combining all the mass differences, we have

;114%(;2 /(m'h)
(_5A/2>mSG

logm3 (A11)

28,T1 = 26,

2

= _4m'7A

to leading order in &,. However, &) still appears inside m? .
We approach 72 similarly:

(m§, —m3,)

T2 = £(my,). (A12)
(m2 —m? (mig —m2)
From above, we have the mass differences
mzA —mj = m%(; + 8, /4,
m%A - mfz’-'A = _HS,/A/Z’
mg, —mg, = mg . (A13)

Then,
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2
mSG

(6)/2)ms,

— 42 2
= 4mg, logmyg,.

28,T2 = 25, £(m,,)

(A14)

Adding T'1 and T2, as required for the chiral expansion
of f,, gives

4(mz logmz —m; logmy )

= 4(6,1og 6, — (6, + 8,/2) log(6, 4+ 8, /2)).  (AlS)

Since &), also arises from staggered quark taste effects,
we can assume that it is some multiple of the unit of taste
splitting, &,. If we write it as a multiple, x4, of the largest
taste splitting (between the taste singlet and the Goldstone),
then &, = 4x,6,. The sum of T'1 and 72 becomes

4(5,10g 8, — (1 4 2x4)5, log(1 4 2x4)5;)
=4(1 — (14 2x4))8,1log s, + C4,

= —8x,6,logé,, (A16)
neglecting terms of O(5,). An equivalent result would be
obtained for the vector hairpin terms.

Combining the chiral log for f, with the &, and &),
hairpin terms then gives

—46,1og 5, — 8(x4 + xy)5; log 5,

= —4(1 4 2[x4 + xy])5, log §,. (A17)
We see that x4, + xy = —0.5 is a special value where the
5,log s, (i.e., a’loga®) terms cancel between the chiral
logarithms and the hairpins. In fact, this is the value that is
obtained from staggered chiral perturbation theory fits to f,
and fx. Such fits in [11] give

Xq4 = —031(4),

xy = —0.25(6), (A18)
so that &/, ~ 8}, ® —§,. Then the axial taste of 7 has a mass
between that of the Goldstone and axial tastes of the pion
from Eq. (A10).

The impact of this is made clear in Fig. 7, in which
we plot the chiral logarithm term as a function of the
(Goldstone) m,. The solid black curve shows the con-
tinuum form —2(m3 /A7) log(mz/u*), with A, = 4xf , (for
f= =130 MeV) and p = 0.568 GeV. For comparison, we
show the result from simply replacing the continuum chiral
logarithm by an average over chiral logarithms for each
taste of the pion [the term analyzed in Eq. (A1)]. We take
equally spaced masses for the tastes with splittings appro-
priate to coarse and fine lattices from [12]. The distortion of
the continuum chiral logarithm from taste-splitting discre-
tization effects is clear, particularly on the coarse lattices at
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FIG. 7. The chiral logarithm term in m, that appears in the
chiral expansion of f, is shown as a function of m, in the
continuum (the solid black line) and compared to the results for
the HISQ action from staggered chiral perturbation theory,
including logarithms and hairpin terms (the red dashed line).
The blue dotted lines shows results if only the “staggered” chiral
logarithm is included. Results appropriate to our coarse lattices
are shown in the upper panel, with results for the fine lattices in
the lower panel.

small values of m,. In contrast, when the complete
staggered chiral perturbation theory expression is taken,
including the hairpin corrections discussed above, the taste-
splitting discretization effects are almost eliminated and
the match with the continuum chiral perturbation theory
behavior is restored. The curves in Fig. 7 used
8, =8, = —6,, with 5, = 0.022 GeV? on coarse lattices
and &, = 0.007 GeV? on fine lattices. The impact of taste-
changing discretization effects on the chiral perturbation
theory is then very small, even on the coarse lattices.

To understand why the full staggered chiral perturbation
theory looks so continuumlike across the full range of m,
values (and not just as m, — 0), we can consider another
limit in which &, < mZ, with 0 < m2 < mj . This region
is in reasonable correspondence with the right-hand
side of our plots in Fig. 7. Then the full staggered chiral
perturbation theory gives the continuum chiral logarithms,

PHYSICAL REVIEW D 93, 034502 (2016)

as well as terms that behave as &,logm2 and
m2log(1 + nd,/m%) = néd,. Both of these terms look like
regular discretization errors and are not problematic.
However, once again, both of these terms cancel between
the staggered chiral logarithms and the hairpin terms for the
case above where 8, = §;, = —&,. This explains why there
is such good correspondence, with only very small dis-
cretization errors visible, between the full staggered chiral
perturbation theory and the continuum chiral logarithm for
f, across the full range of m2 values in Fig. 7.

The staggered chiral perturbation theory for fx and fp is
similar to that for f, [31,32]. The hairpin contributions that
can give a’loga® terms as m2 — 0 in these cases are
identical to 71 and 72 above for f, [see Egs. (A3) and
(A12)]. They come with a coefficient of 1/2 instead
of 2, however (again fp has the additional multiplier of
1+ 393 5)- This is exactly the overall factor of 1/4 needed
to cancel the ,log 8, piece of the chiral logarithm [see
Eq. (A2)] when x4 + xy, = —0.5, as for f,. So again in this
case, staggered chiral perturbation theory behaves much
more benignly than might be expected in its approach to the
continuum limit. This will also be true, as for f,, across our
range of m, values.

The staggered chiral perturbation theory for m, (in terms
of m,;,) is somewhat different from the examples above
[44]. The “chiral log” is simply #(m,, ). For m,,, = 0 this
becomes 46,log4d,, multiplying the standard factor
of 1/(16x*f?).

The hairpin terms are also somewhat different. For the
axial case, keeping only the pieces that can give rise to
0,log 8, terms, we have

28, mi —m?
T3 = —4¢ - A A iy . (A19
(myg,) P ——y (m,,). (A19)

A

Using mass splittings from above, this becomes

2

m
T3 = —4¢(m,, ) — 26, ——2
YT mg (=84/2)

= —4f(m,,) +4¢(m,,).

£(m,,)
(A20)

This shows how the log m, factors in the a — 0 limit cancel
between the two halves of 73. To obtain the a®loga’
pieces as m, ;4 — 0, we need to take the Goldstone m, to
zero. Then we have, for the axial case,

T3 = —45,10g 5, + 4(1 + 2x,4)8,log(1 4 2x,)6,

= 8x46,logd,. (A21)
Again, adding in the vector taste piece, we find that the
value x, + xy = —0.5 cancels the §,log 5, behavior from
the chiral log term above. So the same values for the &
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and &), coefficients also give rise here to a cancellation of
taste-splitting artifacts in the staggered chiral perturbation
theory. It is also true, as before, that this cancellation can be
demonstrated explicitly for the m2 > 0 case when §, < m2
and, in practice, numerically it works across the whole m,,
range used here.

For the form factor fg"” discussed here, we use the
staggered chiral perturbation theory given in [33] [see
Eq. (67)]. Not surprisingly, a set of terms appear there
containing logarithms of m2, that are the same as those
appearing in the staggered chiral perturbation theory for f,
and fp. Our analysis above then demonstrates that these
terms (combining chiral logarithms and hairpins) behave as
continuum chiral perturbation theory. In fact, these terms
(denoted by 7, in [33]) cancel between f and f5/f, in the
ratio Rp, that we consider here.

There are additional terms in f;, denoted I, in [33] that
also behave as chiral logarithms. They have the form
(v.p)?log(m2,/u*), where v.p is the dot product of the
B meson velocity and z4-momentum. For a B meson at
rest and a Goldstone 7z in the final state, this gives
E2 ;log(m?,/u?), reducing to mZ ;log(mz,/u*) at zero
recoil. These are the chiral logarithm terms that survive in
the ratio Ry, and that we include in our fit of Eq. (26). Such
terms only contain §, inside the logarithm and so cannot
give rise to , log 6, terms. The approach tom, =m,; =0
for Ry, is therefore the same as in continuum chiral
perturbation theory, even at nonzero lattice spacing.
Discretization effects could arise from the m%’, inside the
logarithm, but these can be shown to cancel in the 5, < m2
case for the same &, and &}, values [in Eq. (A18)]. Once
again, the numerical result, shown in Fig. 8, gives con-
tinuumlike behavior for the staggered chiral perturbation
across the full range of m, values. We nevertheless allow
for possible m-dependent discretization errors in our chiral
fit, as discussed in Sec. IIL
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FIG. 8. The chiral logarithm denoted /2 that appears in the
chiral expansion of fg_’” (q2.x) is shown as a function of m, in
the continuum (the solid black line) and compared to the results
for the HISQ action from staggered chiral perturbation theory
including logarithms and hairpin terms (the red dashed line). The
blue dotted lines show results if only the staggered chiral
logarithm is included. Results appropriate to our coarse lattices
are shown in the upper panel, with results for the fine lattices in
the lower panel.
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