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The isospin, spin and parity dependent potential of a pair of Bmesons is computed using Wilson twisted
mass lattice QCD with two flavors of degenerate dynamical quarks. The Bmeson is addressed in the static-
light approximation, i.e. the b quarks are infinitely heavy. From the results of the BB meson-meson
potentials, a simple rule can be deduced stating which isospin, spin and parity combinations correspond to
attractive and which to repulsive forces. We provide fits to the ground state potentials in the attractive
channels and discuss the potentials in the repulsive and excited channels. The attractive channels are the
most important since they can possibly lead to a bound four-quark state, i.e. a b̄ b̄ ud tetraquark. Using these
attractive potentials in the Schrödinger equation, we find an indication for such a tetraquark state of two
static bottom antiquarks and two light u=d quarks with mass extrapolated down to the physical value.
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I. INTRODUCTION

The spectrum of hadrons can in principle be computed
from quantum chromodynamics (QCD). QCD allows
for hadrons formed by a quark and an antiquark (i.e.
mesons—qq̄) and by three quarks (i.e. baryons—qqq), as
well as for hadrons with more quarks, as long as they form
color singlets. Prominent examples of the latter are tetra-
quarks [1,2] and pentaquarks [3,4]. Pentaquarks have
recently been observed in the LHCb experiment at the
Large Hadron Collider in CERN [5]. However, for tetra-
quarks, four-quark bound states composed of two quarks
and two antiquarks, mostly unconfirmed candidates exist—
e.g. light scalar mesons σ, κ, f0ð980Þ and a0ð980Þ, as well
as the heavier charm-strange mesons D�

s0 and Ds1. It is
presently not clear whether these states are sufficiently
well described by the quark models assuming the standard
qq̄ structure, and it is likely that they are a mixture of this
standard quark structure and a tetraquark structure.
Although many of these states, e.g. the Z�

c , have received
considerable experimental attention by the BELLE
Collaboration [6,7], the Cleo-C Collaboration [8], the
BESIII Collaboration [9–13] and the LHCb Collaboration
[14], it is still necessary to extend these measurements
to know more about the decay channels. Combined with
theoretical investigations, itmay allowus to clarify the status
of these candidates in the near future.

The role of lattice QCD in this context is important, since
it allows for quantitative predictions directly based on the
QCD Lagrangian. There are several different strategies that
can be followed.
First, one can assume the standard quark-antiquark

picture and calculate the expected masses of mesons with
desired quantum numbers. If the reached precision is
conclusive, any deviations of the computed mass from
experiment strongly suggest that the underlying qq̄
structure is not the correct one. However, this is at best
an indirect vague evidence for a tetraquark structure.
Moreover, such computations encounter several difficul-
ties, in particular related to decays. Furthermore, such
investigations are essentially limited to hadrons containing
quarks not heavier than the charm quark, since the
dynamical treatment of bottom quarks is at present very
difficult, i.e. it would require very fine lattice spacings.
Second, one can also assume a pure tetraquark structure

qqq̄ q̄, as done e.g. in Refs. [15–20]. This is even more
challenging, since the number of Wick contractions
increases with respect to the qq̄ case, and it is essential
to precisely compute the typically noisy disconnected
contributions. Probably due to these difficulties, lattice
QCD computations with four quarks of finite mass have so
far found no evidence for charmed tetraquark bound states
with ccū d̄ [21,22] nor for resonances of the Zc family [18].
A third possible approach is using the static approxi-

mation for all four quarks. Lattice QCD computations show
clear evidence for four-body tetraquark potentials [23,24]
and tetraquark flux tubes [25,26]. These potentials are then
used as input for four-quark models. However, even with a
state-of-the-art unitarized four-quark model, the number of
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tetraquark bound states and resonances produced with the
static potentials tend to be too large [27].
The fourth strategy and the one we follow in this work

is a compromise between the previously discussed
approaches. We treat the heavy quarks in the static
approximation while the light quarks have a finite mass.
This is most appropriate if the heavy quarks are bottom
(anti)quarks. One can then extract via lattice QCD the
potentials of two static antiquarks in the presence of two
quarks of finite mass. Here, we extend recent studies of
b̄ b̄ ud tetraquarks [28–30]. In particular, we consider the
light-quark mass dependence of tetraquarks found in
Ref. [30] with unphysically heavy u=d quark mass, and
we find evidence that the binding survives in the limit of
the physical pion mass. Moreover, we discuss in more
detail the lattice techniques that we use, and we also show
complete results for many different BB channels, attractive
and repulsive and containing ground state as well as excited
B mesons. In the near future, we also plan to perform an
extension of our investigations to the related bb̄ tetraquarks
claimed by the BELLE Collaboration [31]. Such tetra-
quarks are more difficult to study with lattice QCD, since
they couple to several decay channels.
The strategy that we follow to avoid some of the

tetraquark technical difficulties follows an idea proposed
already in the 1980s [32,33]. We study b̄ b̄ ud four-quark
systems for which it is clear, from the basic principles of
QCD, that they form bound states if the antiquarks are
heavy enough [32–42]. To understand why binding should
occur, it is convenient to use the Born-Oppenheimer [43]
perspective, where the wave function of the two heavy
antiquarks is determined considering an effective potential
describing the light quarks. At very short b̄ b̄ separations,
the b̄ quarks interact with a perturbative one-gluon-
exchange Coulomb potential, while at large separations,
the light quarks screen the interaction and the four quarks
form two rather weakly interacting B mesons, as illustrated
in Fig. 1. Thus, a screened Coulomb potential is expected.

This potential clearly produces a bound state, provided the
antiquarks b̄ b̄ are heavy enough.
The calibration problem of quark models is avoided by

using b̄ b̄ potentials obtained from lattice QCD computa-
tions. We profit from the fact that the very heavy bottom
antiquarks allow for the Born-Oppenheimer approximation
[43]. From the perspective of the two lighter quarks, the
heavy antiquarks b̄ b̄ can be approximated as static color
charges. The static approximation is most appropriate for a
comparatively easy extraction of the potential in lattice
QCD. Then, after the energy of the light quarks u=d is
found, it can be used as an effective potential for the heavy
antiquarks b̄ b̄. For a detailed introduction to this strategy,
see Refs. [28,30].
Moreover, this approach may turn out to be very

interesting for effective models, relying on hadron-hadron
potentials. The most important hadron-hadron potential is
the NN interaction, derived and modeled in great detail by
several groups, crucial for our understanding of many
aspects of nuclear and astrophysics. A problem with the
different NN potentials is that they can not be measured
directly. Thus, the lattice QCD potentials between static-
light mesons [44–53] might be used to test the techniques
used by different groups to derive the NN interactions,
either from quark degrees of freedom [54–56] or from
effective degrees of freedom [57–60].
The paper is organized as follows. In Sec. II, we shortly

review twisted mass lattice QCD and our lattice setup.
Section III discusses the creation operators used to excite
the states that we investigate and the relevant symmetries.
Section IV presents our numerical results and provides a
detailed discussion of our findings. We conclude in Sec. V.

II. TWISTED MASS LATTICE QCD
AND LATTICE SETUP

Twisted mass QCD (tmQCD) is a formulation of QCD
with a chirally rotated mass term. It was introduced in

FIG. 1. (a) At very short b̄ b̄ separations, the b̄ quarks interact with a perturbative one-gluon-exchange Coulomb potential. (b) At
large separations the light quarks, for instance ud, screen the interaction, and the four quarks form two rather weakly interacting
B or B� mesons.
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Refs. [61,62], where it was shown that this theory is
equivalent to standard QCD, but in its lattice formulation
there is a possibility to obtain the so-called automaticOðaÞ
improvement, which means that the discretization effects
are absent at OðaÞ, leaving Oða2Þ as the leading cutoff
effects.
In this paper, we work with tmQCD on the lattice

(tmLQCD), with Nf ¼ 2 dynamical quark flavors and
the fermionic action takes the form [61,62]:

SF½χ; χ̄; U� ¼ a4
X
x

χ̄ðxÞðDW þ iμγ5τ3ÞχðxÞ; ð1Þ

where DW is the standard Wilson Dirac operator:

DW ¼ 1

2
ðγμð∇μ þ∇�

μÞ − a∇�
μ∇μÞ; ð2Þ

with the forward (∇μ) and backward (∇�
μ) covariant

derivatives, χ ¼ ðχðuÞ; χðdÞÞ is the light quark doublet in
the so-called twisted basis, related to the physical basis by
the twist rotation:

ψ ¼ eiγ5τ3ω=2χ ð3Þ

where ω is the twist angle.
The gauge action used in our current work is the tree-

level Symanzik improved action [63]:

SG½U� ¼ β

3

X
x

�
b0

X
μ;ν¼1

ReTrð1 − P1×1
x;μ;νÞ

þ b1
X
μ≠ν

ReTrð1 − P1×2
x;μ;νÞ

�
; ð4Þ

where b1 ¼ − 1
12
, b0 ¼ 1 − 8b1, β ¼ 6=g20, g0 is the bare

coupling, P1×1, P1×2 are the plaquette and the 1 × 2Wilson
loops, respectively.
To achieve automatic OðaÞ improvement, the hopping

parameter κ ¼ ð8þ 2am0Þ−1, is tuned to maximal twist by
setting it to its critical value, at which the PCAC quark mass
vanishes [61,64–67]. The condition of automatic OðaÞ
improvement corresponds to tuningω in Eq. (3) toω ¼ π=2.
We use three ensembles of gauge field configurations

generated by ETMC, with parameters listed in Table I. The

lattice spacing is around 0.079 fm and the infinite-volume
pion mass mπ ≈ 340 MeV (B40.24), mπ ≈ 480 MeV
(B85.24) and mπ ≈ 650 MeV (B150.24). The physical
spatial extents of the lattices are around 2 fm. We use a
unitary setup, i.e. a doublet of degenerate u=d valence
quarks described by the action (1). The corresponding u=d
quark masses for our ensembles are unphysically heavy, but
allow for an extrapolation to the physical light quark masses.
The number of used configurations is 480 for B40.24,

400 for B85.24 and 260 for B150.24, with a separation of
10 (B40.24) or 20 HMC trajectories (B85.24, B150.24),
where the trajectory length is τ ¼ 1=2 in molecular
dynamics time units. On each configuration, 24 stochastic
time slice propagators are computed (Z2 × Z2 complex
noise), 12 u quark propagators and 12 d quark propagators,
all located on the same time slice [this allows to form
Oð12 × 12Þ samples for BB correlators discussed below in
detail]; the time slices are cyclically shifted to further
reduce possible autocorrelations.

III. BB CREATION OPERATORS

A. B mesons

B mesons are mesons containing a b antiquark/quark
and a lighter u=d quark/antiquark (for example, experi-
mentally established mesons included in the PDG review
[73]: B�, B0, B̄0). Their masses are around 5.3 GeVand are
dominated by the contribution from the bottom quark/
antiquark. In lattice QCD, the lighter quarks (u, d, s, c) can
be treated fully relativistically. This is, however, not
possible when it comes to the bottom quark, whose mass
is larger than the typical UV cutoff on the lattice, i.e. the
inverse lattice spacing. One way to treat the b quark is to
use heavy quark effective theory (HQET) [74,75]. The
leading order of HQET is the static approximation, which
means that the bottom quark is treated as infinitely heavy
and hence static, i.e. its spatial position is fixed. This
approximation is used in all lattice computations in
this paper.
Hence B mesons are approximated as static-light mes-

ons, which are made from a static antiquark Q̄ and either
of the light quarks (u, d).1 The isospin I ¼ 1=2 and

TABLE I. Parameters of Nf ¼ 2 gauge ensembles generated by ETMC [68–70]. Shown are the inverse bare
coupling β, lattice size ðL=aÞ3 × ðT=aÞ, bare twisted light sea quark mass in lattice units aμ, r0=a [71], lattice
spacing a [68,72], physical extent of the lattice L in fm and the number of configurations used.

Ensemble β Lattice aμ r0=a a [fm] L [fm] Configurations

B40.24 3.90 243 × 48 0.0040 5.35(4) 0.0790(26) 1.9 480
B85.24 3.90 243 × 48 0.0085 5.35(4) 0.0790(26) 1.9 400
B150.24 3.90 243 × 48 0.0150 5.35(4) 0.0790(26) 1.9 260

1The theoretical discussion is very similar in the case of s and c
quarks—see our previous paper [30].
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Iz ∈ f−1=2;þ1=2g. There are no interactions involving
the static quark spin2; hence, it is more appropriate to
classify static-light mesons by the total angular momentum
of their lighter (fully relativistic) degrees of freedom j. The
total angular momentum is j ¼ jl� 1=2j, where l is the
orbital angular momentum and�1=2 is the spin of the light
quark. We do not consider angular momentum l ≠ 0;
therefore, j ¼ 1=2 and jz ¼ f−1=2;þ1=2g, which is the
spin of the u=d quark. Parity is also a quantum number,
P ∈ fþ;−g. However, charge conjugation is not a good
quantum number, since the two quarks in a meson are
nonidentical.
We use yet another common notation to label the states:
(i) S denotes the state with l ¼ 0 (s-wave), j ¼ jjzj ¼

1=2, P ¼ −, corresponding to B=B� in Ref. [73]
with JP ¼ 0− (B� or B0 mesons) or JP ¼ 1− (B�);
in the static limit, B=B� mesons are degenerate in
mass, since the parallel or antiparallel alignment
of the spin of the b antiquark and the lighter quark
spin does not matter, because the spin of a static
antiquark does not contribute to the energy of the
system,

(ii) P− denotes3the state with j ¼ 1=2, P ¼ þ. Exper-
imentally, this corresponds to B�

0 (with JP ¼ 0þ) or
B�
1 (JP ¼ 1þ) in Refs. [78,79] (these are, however,

very broad resonances with largely unknown proper-
ties, in particular they are not included in Ref. [73]).

(iii) We do not consider angular momentum excitations
in this work, but the next states would be Pþ
(l ¼ 1 in quark models, l ¼ 1 or l ¼ 2 in QCD)
with j ¼ 3=2, P ¼ þ, corresponding to B1

(JP ¼ 1þ) or B�
2 (JP ¼ 2þ) [78,79] (these reso-

nances are narrow enough and hence have been
much better investigated, in particular B1 and B�

2

are included in Ref. [73]), then D− (l ¼ 2 in quark
models, l ¼ 1 or l ¼ 2 in QCD), j ¼ 3=2,
P ¼ −, etc.

The trial states to investigate static-light mesons are
Q̄Γψ jΩi for the Q̄q case. For the ground state (S meson), Γ
can be chosen as γ5ð1 − γ0Þ=2, or γjð1 − γ0Þ=2, while for
the first excited state (P− meson), Γ can be ð1þ γ0Þ=2 or
γjγ5ð1þ γ0Þ=2. Note that this holds in QCD, while in
tmLQCD S and P− are from the same sector, since parity is
not an exact symmetry (see below).
For a more detailed discussion of static-light mesons, we

refer to Refs. [80,81].

B. BB systems

1. Continuum

Our aim is to determine the potential of a pair of B
mesons as a function of their spatial separation r, taken
to be along the z axis. We will consider static quarks which
are antiquarks, i.e. the B meson is Q̄q. Let the positions
of the static antiquarks to be r1 ¼ ð0; 0;−r=2Þ and
r2 ¼ ð0; 0;þr=2Þ, i.e. r ¼ jr1 − r2j. These coordinates
then define the position of each static-light meson.
We now discuss the quantum numbers that characterize

the BB states.
Flavor quantum numbers. The isospin is carried only by

the u and d quarks. The BB system consisting of two Q̄u or
Q̄d static-light mesons can thus have isospin I ∈ f0; 1g
and Iz ∈ f−1; 0;þ1g.
Angular momentum. Rotational symmetry is restricted to

rotations around the axis of separation of static antiquarks;
hence, the states can be classified by the z-component
of the total angular momentum. Since the spin of the
static antiquark plays no dynamical role, it is more
appropriate to label states by jz of the relativistic u=d
quark, i.e. jz ∈ f−1; 0;þ1g.
Parity. The states can be labeled by the eigenvalue of the

parity operator P ∈ fþ;−g.
Reflection across x-axis. For states with jz ¼ 0 another

symmetry exists—reflection around one of the axes
perpendicular to the axis of separation, chosen here to
be the x-axis. We label the corresponding quantum number
by Px, which can take values fþ;−g. Note that when using
jjzj instead of jz, Px is a quantum number for all states, i.e.
also for jz ≠ 0.
Summarizing, BB states can be labeled by five quantum

numbers: ðI; Iz; jjzj;P;PxÞ.
We now discuss our trial states for BB systems. In

general, they take the form:

OjΩi ¼ ðCΓÞABðC ~ΓÞCDðQ̄a
Cðr1Þψ ðfÞa

A ðr1ÞÞ
× ðQ̄b

Dðr2Þψ ðf0Þb
B ðr2ÞÞjΩi; ð5Þ

where C is the charge conjugation matrix (that can be
chosen as C ¼ γ0γ2), Γ and ~Γ are given combinations of γ
matrices (the possible choices of Γ are listed in Table II,
while for ~Γ, only ~Γ ¼ fð1 − γ0Þγ5; ð1 − γ0Þγjg, j¼1, 2, 3,
give nonzero correlators; the obtained potential does not
depend on which ~Γ matrix was chosen), the lower capital
roman indices are Dirac indices, the upper indices
f; f0 are flavor indices and a, b are color indices.
Note that the coupling of the light degrees of freedom
in spinor space via Γ determines the quantum numbers
jjzj, P and Px. We consider the following flavor
combinations:

(i) ψ ðfÞψ ðf0Þ ¼ ud − du with I ¼ 0,
(ii) ψ ðfÞψ ðf0Þ ¼ uu with I ¼ 1, Iz ¼ 1,

2However, in nature the static quark spin effects are
obviously present in B mesons, since b quarks are not
perfectly static. An exploratory study of such effects was
presented in Ref. [76], and interesting qualitative results were
found.

3The notation comes from quark models, in which P−
corresponds to the orbital angular momentum l ¼ 1 (p-wave).
However, in QCD there is (roughly equal) contribution from both
l ¼ 1 and l ¼ 0, cf. e.g. Ref. [77].
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(iii) ψ ðfÞψ ðf0Þ ¼ dd with I ¼ 1, Iz ¼ −1,
(iv) ψ ðfÞψ ðf0Þ ¼ udþ du with I ¼ 1, Iz ¼ 0.
BB trial states are collected in Table II, together with
their quantum numbers.

2. Twisted mass lattice QCD

Working with twisted mass fermions on the lattice, it is
convenient to express the trial states in the twisted basis,
related to the physical basis by the chiral rotation (3). The
trial states then read:

OjΩi ¼ ðCΓÞABðC ~ΓÞCDðQ̄a
Cðr1ÞχðfÞaA ðr1ÞÞ

× ðQ̄b
Dðr2Þχðf

0Þb
B ðr2ÞÞjΩi: ð6Þ

The lattice formulation of QCD breaks some continuum
symmetries that are restored only in the continuum limit.
Moreover, twisted mass fermions break two additional
continuum symmetries (with respect to e.g. standard
Wilson fermions)—parity and isospin. However, also this
breaking is only an Oða2Þ discretization effect (at maximal
twist), i.e. in the continuum these symmetries are restored.
Further below, we discuss the effects of this on the
investigated issue, in particular on the labeling of states.

Rotational symmetry. The space of continuum QCD is
symmetric under the rotation group SO(3). On the lattice,
this group is broken to the cubic group H(3), which implies
that the symmetry constraints are less strict, and hence
mixing within different representations of the full SO(3)
group can occur. In our case, instead of an infinite number
of representations labeled by jz ¼ 0;�1;�2;…, there
are only three different cubic representations, where the
continuum representations are mixed, corresponding to
jz ∈ f0;�4;�8;…g, to jz ∈ f�1;�3;�5;…g and to
jz ∈ f�2;�6;�10;…g. With our creation operators (6),
we can study the first two of these cubic representations.
We do not attempt to assign continuum jz values to the
extracted lattice states in a rigorous way. However, since
large angular momentum is usually associated with high
energy, it is plausible that the lowest lying states we
investigate correspond to jz ¼ 0 and jjzj ¼ 1, respectively.
Isospin. As we mentioned above, twisted mass lattice

QCD breaks isospin at finite lattice spacing. The most
prominent example of this fact is the splitting between the
neutral and charged pion masses. In our investigations, the
consequence is that I is not a quantum number, only Iz is
conserved. This leads to a mixing between the continuum
sectors ðI ¼ 0; Iz ¼ 0Þ and ðI ¼ 1; Iz ¼ 0Þ.4 As we will
mention below, isospin breaking can give some estimate
about the size of cutoff effects.
Parity. Parity P is broken by twisted mass fermions.

However, a particular combination of parity and isospin
rotation is still a symmetry: PðtmÞ ≡ P × ½u ↔ d�, i.e.
parity combined with light flavor exchange. The properties
of trial states under PðtmÞ depend on the considered flavor
structure:

(i) Iz ¼ 0 trial states (with light flavor structure
ud� du) have definite properties under
PðtmÞ (uu ↔ dd).

(ii) Iz ¼ �1 trial states (light flavor structure uu or dd)
do not have definite properties under PðtmÞ.

(iii) Trial states with light flavor structure uu� dd have a
definite PðtmÞ quantum number, but Iz is not definite.

There is no conceptual advantage of using either uu=dd or
uu� dd, since the spectrum of the two sectors (no matter
whether they are split by Iz or by PðtmÞ) is degenerate. Due
to simpler notation, we decide for uu=dd.
Reflection around x-axis. As in the continuum, it is

important to consider also reflections around one of the
axes perpendicular to the axis of separation. Again, we

choose the x-axis. PðtmÞ
x is defined as Px × ½u ↔ d�. The

properties of trial states with different flavor structures are

TABLE II. Quantum numbers of BB trial states; given are also
combinations of Γ structures that lead to the cancellation of
certain states; see also Table V. “Result” characterizes the shapes
of the numerically computed BB potentials [A: attractive poten-
tial; R: repulsive potential; SS: lower asymptotic value 2mðSÞ;
SP: higher asymptotic value mðSÞ þmðP−Þ; PP: highest asymp-
totic value 2mðP−Þ]. The states are ordered according to:
(1) jjzj ¼ 0, 1, (2) attractive/repulsive potentials (for the flavor
structure ud − du), (3) increasing asymptotic value of the
potential, (4) Px ¼ −;þ.

ψ ðfÞψ ðf0Þ ¼ ud − du
ψ ðfÞψ ðf0Þ

∈ fuu; dd; udþ dug
Γ jjzj P, Px Result P, Px Result

γ5 þ γ0γ5 0 −, þ A, SS þ, þ R, SS
1 0 þ, − A, SP −, − R, SP
γ3γ5 0 þ, þ A, SP −, þ R, SP
γ5 − γ0γ5 0 −, þ A, PP þ, þ R, PP
γ3 þ γ0γ3 0 þ, − R, SS −, − A, SS
γ0 0 −, − R, SP þ, − A, SP
γ0γ3γ5 0 −, þ R, SP þ, þ A, SP
γ3 − γ0γ3 0 þ, − R, PP −, − A, PP
γ1γ5 1 þ, − A, SP −, − R, SP
γ2γ5 1 þ, þ A, SP −, þ R, SP
γ2 þ γ0γ2 1 þ, − R, SS −, − A, SS
γ1 þ γ0γ1 1 þ, þ R, SS −, þ A, SS
γ0γ1γ5 1 −, − R, SP þ, − A, SP
γ0γ2γ5 1 −, þ R, SP þ, þ A, SP
γ2 − γ0γ2 1 þ, − R, PP −, − A, PP
γ1 − γ0γ1 1 þ, þ R, PP −, þ A, PP

4In principle, also mixing with I ¼ 2; 3; 4;… occurs. In
practice, however, this is not expected to be problem, as higher
isospin states are related to multiquark states that have by
construction small overlap with our trial states. Therefore, any
mixing with higher isospin states is strongly suppressed.
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(i) Iz ¼ 0 trial states (light flavor structure ud� du)

have definite PðtmÞ
x properties.

(ii) For states with Iz ¼ �1 (light flavor structure uu or

dd), only PðtmÞ × PðtmÞ
x is a quantum number.

We list all the trial states and quantum numbers for
the twisted mass case in two tables: for Iz ¼ 0, i.e.
χð1Þχð2Þ ¼ ud� du, see Table III, while for Iz ¼ �1, i.e.
χð1Þχð2Þ ¼ uu or dd, see Table IV.

3. Interpretation of trial states in terms
of individual B mesons

The creation operators in the trial states introduced in
Eq. (5) excite BB meson pairs. The individual B mesons
inside these states are, however, not of definite parity and spin.
The BB trial states are formed by linear combinations of
differentBmesons. To analyze this content, one can introduce
parity and spin projectors. The parity projectors are

TABLE III. Twisted basis (tb) and physical basis (pb) quantum numbers for ud� du. Different physical basis
multiplets are assigned capital letters, while different twisted mass sectors are assigned small letters.

Γðud�duÞ
X tb PðtmÞ, PðtmÞ

x , sec. Γðud�duÞ
X pb P, Px Type Multiplets

jz ¼ 0, I ¼ 0

γð−Þ5 − iγðþÞ
0

þ, −, a ðþγ5 þ γ0γ5Þð−Þ −, þ att SS A

γ0γ3γ
ð−Þ
5

þ, −, a þγ0γ3γ
ð−Þ
5

−, þ rep SP− A

γð−Þ5 þ iγðþÞ
0

þ, −, a ðþγ5 − γ0γ5Þð−Þ −, þ att P−P− A

γ0γ
ð−Þ
3 − iγ3γ

ðþÞ
5

−, þ, b ðþγ0γ3 þ γ3Þð−Þ þ, − rep SS B

1ð−Þ −, þ, b þ1ð−Þ þ, − att SP− B

γ0γ
ð−Þ
3 þ iγ3γ

ðþÞ
5

−, þ, b ðþγ0γ3 − γ3Þð−Þ þ, − rep P−P− B

γðþÞ
3

−, −, c þiγ3γ
ð−Þ
5

þ, þ att SP− C

γ0γ
ðþÞ
5

þ, þ, d þiγð−Þ0
−, − rep SP− D

jz ¼ 0, I ¼ 1, Iz ¼ 0

γ0γ
ðþÞ
3 − iγ3γ

ð−Þ
5

−, −, c ðþγ0γ3 þ γ3ÞðþÞ −, − att SS E

1ðþÞ −, −, c þ1ðþÞ −, − rep SP− E

γ0γ
ðþÞ
3 þ iγ3γ

ð−Þ
5

−, −, c ðþγ0γ3 − γ3ÞðþÞ −, − att P−P− E

γðþÞ
5 − iγð−Þ0

þ, þ, d ðþγ5 þ γ0γ5ÞðþÞ þ, þ rep SS F

γ0γ3γ
ðþÞ
5

þ, þ, d þγ0γ3γ
ðþÞ
5

þ, þ att SP− F

γðþÞ
5 þ iγð−Þ0

þ, þ, d ðþγ5 − γ0γ5ÞðþÞ þ, þ rep P−P− F

γ0γ
ð−Þ
5

þ, −, a þiγðþÞ
0

þ, − att SP− G

γð−Þ3
−, þ, b þiγ3γ

ðþÞ
5

−, þ rep SP− H

jz ¼ 1, I ¼ 0

γ0γ
ð−Þ
1=2 − iγ1=2γ

ðþÞ
5

−, −=þ, e=f ðþγ0γ1=2 þ γ1=2Þð−Þ þ, þ=− rep SS I

γðþÞ
2=1

−, −=þ, e=f þiγ2=1γ
ð−Þ
5

þ, þ=− att SP− I

γ0γ
ð−Þ
1=2 þ iγ1=2γ

ðþÞ
5

−, −=þ, e=f ðþγ0γ1=2 − γ1=2Þð−Þ þ, þ=− rep P−P− I

γ0γ1=2γ
ð−Þ
5

þ, þ=−, g=h γ0γ1=2γ
ð−Þ
5

−, −=þ rep SP− J

jz ¼ 1, I ¼ 1, Iz ¼ 0

γ0γ
ðþÞ
1=2 − iγ1=2γ

ð−Þ
5

−, þ=−, f=e ðþγ0γ1=2 þ γ1=2ÞðþÞ −, þ=− att SS K

γð−Þ2=1
−, þ=−, f=e þiγ2=1γ

ðþÞ
5

−, þ=− rep SP− K

γ0γ
ðþÞ
1=2 þ iγ1=2γ

ð−Þ
5

−, þ=−, f=e ðþγ0γ1=2 − γ1=2ÞðþÞ −, þ=− att P−P− K

γ0γ1=2γ
ðþÞ
5

þ, −=þ, h=g γ0γ1=2γ
ðþÞ
5

þ, −=þ att SP− L
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PP¼� ¼ 1� γ0
2

ð7Þ

and spin projectors for the nonstatic quark fields are

Pjz¼↑;↓ ¼ 1� iγ0γ3γ5
2

; ð8Þ

where the plus (minus) sign corresponds to jz ¼ ↑ (jz ¼ ↓).
We work explicitly in the Dirac representation of the

γ-matrices with the following conventions:

γ0 ¼
�
1 0

0 −1

�
; γj ¼

�
0 −iσj

þiσj 0

�
; ð9Þ

which is the most convenient, since it yields diagonal parity
projectors. The four parity-spin projectors have then the
following form:

PP¼þPjz¼↑ ¼ diagð1; 0; 0; 0Þ ¼ ð1000Þð1000ÞT
≡ v†P¼þ;jz¼↑vP¼þ;jz¼↑; ð10Þ

PP¼þPjz¼↓ ¼ diagð0; 1; 0; 0Þ ¼ ð0100Þð0100ÞT
≡ v†P¼þ;jz¼↓vP¼þ;jz¼↓; ð11Þ

PP¼−Pjz¼↓ ¼ diagð0; 0; 1; 0Þ ¼ ð0010Þð0010ÞT
≡ v†P¼−;jz¼↓vP¼−;jz¼↓; ð12Þ

PP¼−Pjz¼↑ ¼ diagð0; 0; 0; 1Þ ¼ ð0001Þð0001ÞT
≡ v†P¼−;jz¼↑vP¼−;jz¼↑: ð13Þ

The sum of the four above projectors is, of course, the
identity operator

1¼PP¼þPjz¼↑þPP¼þPjz¼↓þPP¼−Pjz¼↑þPP¼−Pjz¼↓;

ð14Þ

which can be inserted into the light spin coupling of a BB
creation operator with a Dirac gamma structure Γ:

ψTCΓψ ¼
X
P1¼�
j1¼↑;↓

X
P2¼�
j2¼↑;↓

ψTv†P¼P1;jz¼j1
vP¼P1;jz¼j1CΓv

†
P¼P2;jz¼j2|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

¼cP1j1;P2j2

vP¼P2;jz¼j2ψ : ð15Þ

The coefficients cP1j1;P2j2 represent the static-light meson
content, i.e. they can take a value of �1 or �i indicating
that a given trial state excites the two B mesons with parity
P ¼ P1, spin jz ¼ j1 and parity P ¼ P2, spin jz ¼ j2 or

the value 0, if a given meson pair is not excited by the
considered operator. We remind that P ¼ þ corresponds to
the P− meson and P ¼ − to the S meson. Together with
the light cloud angular momentum j1 and j2, there are 16

TABLE IV. Twisted basis (tb) and physical basis (pb) quantum numbers for uu and dd. Different physical basis
multiplets are assigned capital letters, while different twisted mass sectors are assigned small letters.

ΓðuuddÞ
X tb PðtmÞPðtmÞ

x , sector ΓðuuddÞ
X pb P, Px Type Multiplet

jz ¼ 0, I ¼ 1, Iz ¼ �
γ3 � iγ0γ3γ5 þ, i þγ3 þ γ0γ3 −, − att SS E

γ5 þ, i ∓i −, − rep SP− E

γ3∓iγ0γ3γ5 þ, i þγ3 − γ0γ3 −, − att P−P− E

γ0γ5 � i þ, i þγ0γ5 þ γ5 þ, þ rep SS F

γ0γ3 þ, i ∓iγ0γ3γ5 þ, þ att SP− F

γ0γ5∓i þ, i þγ0γ5 − γ5 þ, þ rep P−P− F

γ0 −, j þγ0 þ, − att SP− G

γ3γ5 −, j þγ3γ5 −, þ rep SP− H
jz ¼ 1, I ¼ 1, Iz ¼ �
γ1=2 � iγ0γ1=2γ5 −=þ, k=l þγ1=2 þ γ0γ1=2 −, þ=− att SS K

γ2=1γ5 −=þ, k=l þγ2=1γ5 −, þ=− rep SP− K

γ1=2∓iγ0γ1=2γ5 −=þ, k=l þγ1=2 − γ0γ1=2 −, þ=− att P−P− K

γ0γ1=2 −=þ, k=l ∓iγ0γ1=2γ5 þ, −=þ att SP− L
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possibilities for the meson content related to a given trial
state, but only 4 coefficients cP1j1;P2j2 are always nonzero.
The meson contents for all possible Γ structures are listed in
Table V.

IV. NUMERICAL RESULTS

A. Lattice techniques

In this work, we use several techniques to improve the
signal quality. This part of our setup is very similar to the

one used in the study of the static-light meson spectrum
[80,81] and baryon spectrum [82].
In particular, we want to enhance the overlap of our trial

states with low-lying BB states. This means obtaining good
signal-to-noise ratios at relatively small Euclidean time
separations and a better suppression of excited states in
correlation functions. To this end, we first apply 30 steps of
smearing introduced by the APE collaboration [83] to the
spatial links, according to

UðNAPEÞðx; xþ ekÞ ¼ PSUð3Þ

�
UðNAPE−1Þðx; xþ ekÞ þ αAPE

Xj≠�k

j¼�1;�2;�3

UðNAPE−1Þðx; xþ ejÞ

×UðNAPE−1Þðxþ ej; xþ ej þ ekÞUðNAPE−1Þðxþ ej þ ek; xþ ekÞ
�
; ð16Þ

which recurvisely relates the NAPE-th iteration with the previous one. Uð0Þ are the original (unsmeared) links and αAPE is a
weight parameter, chosen to be 0.5, while PSUð3Þ denotes a projection back to SU(3). Then, we apply 50 iterations of
Gaussian smearing [84] to the light quark fields, defined by

χðNGaussÞðxÞ ¼ 1

1þ 6κ

�
χðNGauss−1ÞðxÞ þ κGauss

X
j¼�1;�2;�3

UðNAPEÞðx; xþ ejÞχðNGauss−1Þðxþ ejÞ
�
; ð17Þ

which again relates the NGauss-th iteration with the previous
one. χð0Þ are the original unsmeared light quark fields,
UðNAPEÞ denote APE smeared spatial links (with NAPE ¼ 30
in our case) and κGauss ¼ 0.5 is chosen.
Moreover, for light quark propagators, we use stochastic

sources with time slice dilution. By now, this technique is
standard and has been found to lead to reasonable improve-
ment of statistical errors with respect to using point
sources [85].
Similarly to Refs. [80–82], we also use the HYP2 action

for the static quarks (with HYP smearing [86] parameters
α1 ¼ α2 ¼ 1, α3 ¼ 0.5 [87]). Static quark propagators are
given by

hQðxÞQ̄ðyÞiQ;Q̄¼δð3Þðx−yÞUðHYP2Þðx;yÞ

×

�
Θðy0−x0Þ

1−γ0
2

þΘðx0−y0Þ
1þγ0
2

�
;

ð18Þ

with h…iQ;Q̄ denoting the integration over the static quark
fields and Uðx; yÞ being a path ordered product of HYP2-
smeared links along the straight path from x to y. Below, in
Sec. IV C, we show a comparison of results obtained with
this action and with the standard Eichten-Hill static action
with unsmeared links representing the world lines of the
static quarks. This comparison shows that the HYP2 action

TABLE V. Relation between the physical basis γ structure and
the static-light meson content. For brevity, P−;↓=↑ is denoted
as P↓=↑.

ΓX physical Meson content

γ5 −S↑S↓ þ S↓S↑ − P↑P↓ þ P↓P↑

γ0γ5 −S↑S↓ þ S↓S↑ þ P↑P↓ − P↓P↑

1 −S↑P↓ þ S↓P↑ − P↑S↓ þ P↓S↑
γ0 −S↑P↓ þ S↓P↑ þ P↑S↓ − P↓S↑
γ3 −iS↑S↓ − iS↓S↑ þ iP↑P↓ þ iP↓P↑

γ0γ3 −iS↑S↓ − iS↓S↑ − iP↑P↓ − iP↓P↑

γ3γ5 −iS↑P↓ − iS↓P↑ þ iP↑S↓ þ iP↓S↑
γ0γ3γ5 −iS↑P↓ − iS↓P↑ − iP↑S↓ − iP↓S↑
γ1 þiS↑S↑ − iS↓S↓ − iP↑P↑ þ iP↓P↓

γ0γ1 þiS↑S↑ − iS↓S↓ þ iP↑P↑ − iP↓P↓

γ1γ5 þiS↑P↑ − iS↓P↓ − iP↑S↑ þ iP↓S↓
γ0γ1γ5 þiS↑P↑ − iS↓P↓ þ iP↑S↑ − iP↓S↓
γ2 −S↑S↑ − S↓S↓ þ P↑P↑ þ P↓P↓

γ0γ2 −S↑S↑ − S↓S↓ − P↑P↑ − P↓P↓

γ2γ5 −S↑P↑ − S↓P↓ þ P↑S↑ þ P↓S↓
γ0γ2γ5 −S↑P↑ − S↓P↓ − P↑S↑ − P↓S↓
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leads to significantly smaller statistical errors, because UV
fluctuations, which are not important for larger BB sepa-
rations, are strongly suppressed.

B. BB potentials—qualitative behavior

In this section, we consider the general behavior of BB
potentials, in particular we deduce a rule when a given
potential is attractive and when it is repulsive. We use
lattice data for our ensemble B40.24 with valence quark
mass set to its unitary value, yielding a pion mass of around
340 MeV. The latter is still unphysically heavy, i.e. an
extrapolation to the physical pion mass (see Sec. IV E) is
needed for solid quantitative statements about e.g. the mass
differences of the B mesons.
Having a trial state given in Eq. (6), which is of the form

OjΩi, we can construct the correlation function

CðtÞ ¼ hΩjO†ðtÞOð0ÞjΩi; ð19Þ
where the argument of O is Euclidean time. The effective
mass plots for the decay of such correlation functions
provide information about the BB potential between
mesons excited by a given operator. We present two such
effective mass plots in Fig. 2, for a small separation of B
mesons (r=a ¼ 1) and a large separation (r=a ¼ 8). The
fitting ranges indicated by the horizontal straight lines were
chosen manually for these plots, but in our final quanti-
tative analyses we adopt a systematic procedure (see
Sec. IV E) to make our results independent of such manual
choices.
For large separations, one expects the saturation of the

potentials at a value corresponding to the sum of masses of
the two lightest mesons excited by a given trial state. When
using the elementary Γ structures from Table V, this can
either be two S mesons (as in the right plot of Fig. 2) or one
S meson and one P− meson, so at large separations the
plateau value is 2mðSÞ or mðSÞ þmðP−Þ, which differ by
about 400 MeV in the continuum (the value on the lattice

can be different due to cutoff effects). Thus, we also
consider linear combinations of Γ structures to access
states with asymptotic values of 2mðP−Þ (cf. Table II)—
an example is Γ ¼ γ5 − γ0γ5, where the contribution from
SS cancels and the one from P−P− adds up, such that the
ground state is dominated by the P−P− state (otherwise an
excited state in both Γ ¼ γ5 and Γ ¼ γ0γ5).
We now consider the number of distinct potentials that

can be formed from the considered trial states. The BB
system consists of two B mesons and each of such mesons
has 2 possibilities for the quantum numbers Iz ¼ �1=2,
jz ¼ �1=2, P ¼ �, i.e. 8 possibilities in total. This gives
8 × 8 ¼ 64 different correlation functions for the BB
system. Equivalently, one can consider the spin coupling
of the relativistic quarks (4 × 4 matrix Γ, i.e. 16 possibil-
ities) and their flavor content (4 possibilities), which again
gives 16 × 4 ¼ 64 different correlation functions.
Although some of the potentials have different quantum

numbers, they are related in the continuum by isospin
symmetry or by rotational symmetry around the z-axis. The
former leads to degenerate I ¼ 1 triplets and the latter to
jjzj ¼ 1 doublets. Moreover, there are qualitatively 6
different potentials: attractive potentials with the asymp-
totic value of 2mðSÞ, mðSÞ þmðP−Þ or 2mðP−Þ and
repulsive potentials with the same asymptotic values.
The number of potentials for each case, together with their
degeneracies is

SS potentials, attractive: 1ðAÞ⊕3ðEÞ⊕6ðKÞ (10 states).

repulsive: 1ðBÞ⊕3ðFÞ⊕2ðIÞ (6 states).
SP− potentials, attractive: 1ðBÞ⊕1ðCÞ

⊕3ðEÞ⊕3ðGÞ
⊕2ðIÞ⊕6ðLÞ

(16 states).

repulsive: 1ðAÞ⊕1ðDÞ
⊕3ðFÞ⊕3ðHÞ
⊕2ðJÞ⊕6ðKÞ

(16 states).

P−P− potentials, attractive: 1ðAÞ⊕3ðEÞ⊕6ðKÞ (10 states).
repulsive: 1ðBÞ⊕3ðFÞ⊕2ðIÞ (6 states),
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FIG. 2. Effective mass plateaus for correlators given by Eq. (19), corresponding to the Dirac structure Γ ¼ γ3 þ γ0γ3 and flavor
structure uu. The distance between B mesons is r=a ¼ 1 (left) and r=a ¼ 8 (right). The extracted values (indicated here in the keys of
the plots) are the values of BB potentials at given separations r=a and correspond to single data points in VðrÞ vs r plots, in this case two
points in Fig. 3 (left, lowest curve) at r ≈ 0.08 fm and r ≈ 0.64 fm.
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where we have used multiplet labeling by A;B;C;… from
Tables III and IV. Thus, the 64 trial states (5) lead to 24
different potentials in the continuum. However, due to
isospin symmetry breaking in twisted mass LQCD, the
I ¼ 1 potentials with Iz ¼ 0 and Iz ¼ �1 and otherwise
identical quantum numbers are not exactly degenerate.
Since isospin breaking is a discretization effect, these states
become degenerate in the continuum limit. In this way, the
difference between them can be considered as a crude
estimate of the magnitude of cutoff effects.
As we already mentioned, there are qualitatively six

different cases, attractive/repulsive potentials with three
different asymptotic values, depending on the lowest state
excited by the given creation operator. Examples for all
these cases are shown in Fig. 3. The correlation functions
entering this plot are members of the same twisted mass
sector (called “i” in Table IV). In the left plot, we show the
potentials extracted from single correlators, while in the
right plot, the potentials are extracted from a 6 × 6
correlation matrix using the generalized eigenvalue prob-
lem [88]. The horizontal lines correspond to the three
different asymptotic values, as extracted from a 2 × 2
correlation matrix of two static-light meson correlation
functions. In both plots, we obtain qualitative agreement
with the expectations from Table IV about the behavior of
potentials. Differences within errors are observed only for
the cases of SP− and P−P− potentials and are probably due
to contamination by excited states (short plateaus at small t
because of limited signal quality). However, for SS poten-
tials, there are no such differences, and hence there is no
problem for our bound states analysis.
It is important to emphasize that even if the quantum

numbers of considered potentials are the same, the resulting
types of potential can be different. In the case of Fig. 3, all
quantum numbers are the same in the twisted basis, but we
observe both attractive and repulsive potentials and all three
possible asymptotic values. This results from the fact that,
as Table V indicates, different cases have very different

meson contents. Thus, the states that are excited for
different correlators with the same quantum numbers can
be very different—in some cases it can mainly be the
ground state and in some cases mainly some excited state.
The complete analysis of 36 independent potentials in

the twisted mass case leads to the observations about
whether a potential is attractive or repulsive, reported in
Tables III and IV. They can be summarized in terms of a
simple rule that involves the behavior of the trial state
corresponding to the potential under meson exchange, i.e.
under combined exchange of flavor, spin and parity. If the
trial state is symmetric/antisymmetric under such meson
exchange, the resulting potential is then attractive/repul-
sive. Consideration of the individual meson content for the
trial states of potentials included in Fig. 3 (and Figs. 5 and 6
below) allows us to easily verify this rule. The deduced rule
is in agreement with a less general rule obtained in earlier
quenched computations of BB potentials [47,50], which,
however, only considered potentials between ground state S
mesons. It can also be justified in the following way.
Consider the one-gluon exchange between two static
antiquarks Q̄ Q̄. The resulting potential, valid for small
r, is of Coulomb type VðrÞ ∝ g2=r, where g is the coupling
and r is the separation between antiquarks. The Q̄ Q̄ pair
can be either in the color 3 or 6̄ representation. For the
former case, the proportionality constant is negative
(attractive potential) and for the latter positive (repulsive
potential) due to the Casimir scaling. Let us now consider
the attractive case. The light quark wave functions have to
be antisymmetric (Pauli principle). If the static antiquarks
are in the 3 representation, the light quarks are in 3̄, which
is antisymmetric. This implies that the symmetry with
respect to combined exchange of flavor, spin and parity of
the light quarks can not alter the total antisymmetry of the
wave function, i.e. the trial state has to be symmetric under
such combined exchange. Analogously, the repulsive
symmetric 6̄ representation together with the antisymmetry
of the fermionic wave function implies that the repulsive
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FIG. 3. Examples of six types of BB potentials as functions of the separation r: attractive and repulsive, with three different asymptotic
values: 2mðSÞ, mðSÞ þmðP−Þ or 2mðP−Þ, (left) from six individual correlation functions, (right) from a 6 × 6 correlation matrix. The
flavor structure is uu.
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potential is obtained when the trial state is antisymmetric
with respect to the above mentioned combined exchange.

C. BB potentials—results for all channels

In this subsection, we again use lattice data from the
B40.24 ensemble. We start by comparing results with and
without HYP smearing of world lines of static quarks—see
Fig. 4. We show only attractive potentials with 2mðSÞ
(subtracted from the potentials) as the asymptotic value,
coming from multiplets A, E and K of Tables III and IV. In
general, for separations r≳ 2a, the results from HYP and
non-HYP cases are compatible, but with visibly reduced
statistical errors for the former. In the small-separation
region, however, HYP smearing significantly distorts the
potential by filtering out UV fluctuations. We, therefore,
restrict the remaining discussion to separations r ≥ 2a and
use the HYP results, which exhibit significantly smaller
errors.
We present our results for all (I, Iz, jjzj;P;Px) channels

in Figs. 5 and 6, including for the first time also potentials
between excited mesons. The potentials were shifted
vertically, such that the zero value corresponds to the
asymptotic value of 2mðSÞ. The horizontal lines correspond
to 2mðSÞ, mðSÞ þmðP−Þ and 2mðP−Þ.

Figure 5 shows 12 potentials corresponding to I ¼ 0,
with flavor structure ud� du, quantum numbers contained
in the label of each plot and Γ-structures given in Table III.
There are four singlet channels (I ¼ 0, jz ¼ 0) with differ-
ent combinations of P=Px and two spin doublet channels
(I ¼ 0, jz ¼ �1) with either P ¼ þ or P ¼ −. One of the
main physical motivations of this paper is to find cases
where it is likely that two B mesons can form a bound
tetraquark state. From this point of view, attractive poten-
tials with an asymptotic value of 2mðSÞ are the most
interesting—for bound state formation an attractive poten-
tial is mandatory, while restriction to the ground state
allows to obtain the best quality of data. Moreover, excited
states would require a very strongly bound state; otherwise,
the decay to a ground state SS pair is possible and a
statement about binding is not very strong. Hence, the spin/
isospin singlet A (scalar isosinglet) with Γ ¼ γ5 þ γ0γ5 and
flavor structure ud − du is the natural candidate for further
phenomenological investigations, reported already in our
previous publication [30] and extended below. In Sec. IV E,
we check whether the binding previously observed at an
unphysically heavy pion mass survives or is even enhanced
by the physical pion mass limit.
In the plots for I ¼ 1 (Fig. 6, 24 potentials, flavor

structure uu, dd or udþ du), solid lines correspond to
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Iz ¼ 0, while the dashed ones to Iz ¼ �1. There are four
isospin triplet channels (I ¼ 1, jz ¼ 0) with different
combinations ofP=Px and two spin/isospin sextet channels
(I ¼ 1, jz ¼ �1) with either P ¼ þ or P ¼ −. The differ-
ence between Iz ¼ 0 and Iz ¼ �1 is due to the breaking of
isospin symmetry by twisted mass fermions. As such, it is
only a discretization effect and actually the differences in
the results for these two Iz channels can be used to estimate
the size of cutoff effects in our computations. This is
particularly important, since we have only used one lattice

spacing at the moment. As can be seen in Fig. 6, the above
mentioned differences between Iz channels give consistent
results in most of the cases (i.e. within statistical error of
each other). Only in few cases the differences exceed the
1σ-level, but they are never larger than approximately 2σ.
This allows us to conclude that the discretization effects are
rather small in our setup and justifies the use of these results
to conclude about the behavior in the continuum. As
mentioned above, we are especially interested in attractive
potentials with the asymptotic value of 2mðSÞ.
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D. Using BB potentials in the Schrödinger equation

The aforementioned scalar isosinglet A can be treated in
a relatively simple way. It has light spin j ¼ 0, and hence
the corresponding potential is spin-independent. Therefore,
one can use the lattice potential VðrÞ in the radial
Schrödinger equation:

�
−

ℏ2

2mH
þ VðrÞ

�
SðrÞ ¼ ESðrÞ; ð20Þ

where mH is set to either the bottom quark mass or the B
meson mass, SðrÞ ¼ RðrÞ=r and RðrÞ is the radial part of
the full wave function, ψðr; θ;ϕÞ ¼ RðrÞYlmðθ;ϕÞ (Ylm
denote spherical harmonics).
The I ¼ 1 channels provide further examples of attrac-

tive potentials with the asymptotic value of 2mðSÞ—in the
triplet E (with Iz ¼ 0 and jIzj ¼ 1) and in the sextet K (also
for both Iz¼0 and jIzj¼1), with Γ¼ γjþγ0γj (j ¼ 1, 2, 3).
These multiplets have light spin j ¼ 1, E corresponds to
jz ¼ 0, while K to jz ¼ �1, and consequently the potential
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which has to be used in the Schrödinger equation is spin-
dependent. The Schrödinger equation then reads:

�
−

ℏ2

2mH
1spinΔþ ðer ⊗ erVEðrÞ

þ ðeθ ⊗ eθ þ eϕ ⊗ eϕÞVKðrÞÞ
�
~ψðrÞ ¼ E~ψðrÞ; ð21Þ

where the z-component of ~ψ is the wave function of the
jz ¼ 0 state, while the x- and y-components correspond to
jx ¼ 0 and jy ¼ 0 or (taking suitable linear combination)
jz ¼ �1. Clearly, this is a much more complicated problem
than for the multiplet A, because here we have three
coupled differential equations. In practice, however, the
potentials VE and VK are identical within our numerical
precision, i.e. VE ¼ VK , and using this equality in the
above equation reduces it to a form analogous to Eq. (20).
Still, the potentials obtained for the E and K case are much
less deep and broad (i.e. less attractive) than the one in the
isospin singlet A and hence do not lead to the formation of a
bound state. As such, we do not discuss them further.
The approach of plugging the lattice extracted potentials

into the Schrödinger equation has been extensively used in
our previous publications [28,30]. Here, we summarize
its main outcomes, obtained using two ensembles of
gauge field configurations—B40.24 and an ensemble with
roughly twice smaller lattice spacing (called E17.32). Both
ensembles correspond to a single nonphysical pion mass of
around 340 MeV.
On the B40.24 configurations, we investigated a unitary

setup of static-light mesons built of two static antiquarks
and two light, but unphysically heavy, u=d quarks. We
analyzed in detail the binding in two isospin channels,
yielding attractive potentials with 2mðSÞ as the asymptotic
value—scalar isosinglet and vector isotriplet. Using the
Schrödinger equation, we found clear indication for bind-
ing in the scalar isosinglet case. For the vector isosinglet,
we found no binding. It is worth to emphasize that these
results correspond to a nonphysical value of the pion mass.
The theoretical expectation is that binding increases
towards the physical pion mass. Therefore, it might be
the case that the vector isotriplet case can also be binding at
the physical values of the u=d quark masses.
On the E17.32 ensemble, we considered a partially

quenched setup of static-strange and static-charm mesons
—the valence quark masses were set to either the physical
strange or the physical charm quark mass. For this case, the
lattice spacing of B40.24 was not fine enough, mostly since
heavier nonstatic quarks lead to narrower potentials, and
hence a twice smaller lattice spacing was used. Analyzing the
potentials, we also found no evidence for binding, and we do
not expect that a lower sea quarkmass will change this result.
In our present paper, we now have the results for three

different pion masses for the unitary setup. We can therefore

address the qualitative question whether b̄ b̄ ud can form a
bound state at physically light u=d quark masses and also
quantitatively determine the corresponding binding energy.

E. BB potentials at the physical pion mass

All the results thatwe have shown so far correspond to only
a single ensemble of gauge field configurations—B40.24, at a
lattice spacing a ≈ 0.079 fm and at a pion mass of around
340 MeV. Finally, we are of course interested in the
continuum results at the physical pion mass. We have argued
above that cutoff effects are comparatively small in our setup
by comparing lattice results corresponding to the same
continuum channel, but affected by different discretization
effects—we have found that the results from these different
lattice channels are compatiblewithin statistical uncertainties.
However, the question remains towhat extent the unphysi-

cally heavy u=d quark mass affects our conclusion—
in particular how much stronger the binding is at physically
light u=d quark masses for the scalar isosinglet and whether
binding occurs for the vector isotriplet case. To address this
question, we performed computations for two additional
ensembles corresponding to the same lattice spacing—
B85.24 and B150.24 with pion masses of around 480 and
650 MeV, respectively. We use the same strategy as in
Ref. [30], i.e. to quantify systematic errors we perform
several fits of the potentials in different ranges tmin ≤ t ≤
tmax of temporal separations of the correlation function
Cðt; rÞ at which the potential VðrÞ is read off and different
ranges of the static quark separation rmin ≤ r ≤ rmax of the
potential VðrÞ. The fitting ansatz is

VðrÞ ¼ −
α

r
exp

�
−
�
r
d

�
p
�
þ V0; ð22Þ

where the fitting parameters are α, d andV0, whilep is fixed
to 2 from phenomenological considerations.
Notice the fit of the BB potential in Eq. (22) is also

interesting for effective hadronic models, which assume
hadron-hadron potentials, and welcome lattice QCD data to
compare with. In particular, in the literature DD and BB
interactions are computed from meson exchange diagrams
[89–94] and are applied to the study of the Z�

c and Z�
b

tetraquarks. Moreover, there are also theoretical computa-
tions of the BB interactions5 in the same channels we study,

5In the closed bottom BB channels, the effective hadron
models produce BB interactions with terms at different ranges,
for instance the one-pion exchange potential is a long range
potential, while the one-ρ exchange potential is a short range
potential. When the long range and short range potentials have
different signs, the overall potential may have a dual behavior, for
instance repulsive at short separations and attractive at long
separations, as it occurs in the well-known NN interaction.
However, in our open bottom case, we have not found any clear
evidence of such a dual behavior. Our BB potentials are either
attractive or repulsive, consistent with the color screening model.
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the open bottom channels [95,96], including the prediction
of binding into a tetraquark.
The expressions for the potentials obtained from the fits

are then plugged into the Schrödinger equation and for
each fit the binding energy EB is computed. If EB < 0, we
conclude that the given potential leads to binding of
the interacting B mesons. Having several fitting ranges
allows us to reliably investigate the systematic uncertainties
related to the choice of the t- and r-intervals. To this aim,
we build distributions of the fitting parameters α, d and of
the binding energy EB.
Moreover, for each t-range and each r, we extrapolate

the potentials to the physical pion mass. Since the leading
order of chiral perturbation theory is typically proportional
to m2

π, we use an ansatz linear in m2
π , i.e

Vðr;mπÞ ¼ Vðr;mphys
π Þ þ c½m2

π − ðmphys
π Þ2�; ð23Þ

where Vðr;mphys
π Þ and c are fitting parameters and mphys

π is
the physical pion mass. Note also that this approach led to
consistent extrapolations both for static-light mesons
[80,81] and static-light baryons [82], systems, which are
quite similar to static-static-light-light tetraquarks studied
in this work.
Examples of such fits are shown in Fig. 7 for the

t-interval t=a ∈ ½4; 9� and for r=a ¼ 2, 3, 4, 5. In all cases,
the linear fitting ansatz gives a good description of lattice
data. The extrapolated potential VðrÞ at the physical point
can then be used in the same way as potentials at
nonphysical pion masses, i.e. for fits of Eq. (22), using
various t- and r-intervals to account for systematic
uncertainties.
In the future, if there is more lattice data for even

lighter quark masses available, it will probably be possible
to go beyond the chiral extrapolation in ½m2

π − ðmphys
π Þ2�

of Eq. (23). One approach could be to use additional

independent first order parameters, e.g. to extend our study
to light SU(3) flavor chiral perturbation theory with three
independent degrees of freedom [97–99] and not just the
pion mass. Moreover, Ref. [100] considers two indepen-
dent sea-sea and valence-valence pion masses.
Another approach would consist in maintaining a single

chiral degree of freedom, but going up to higher orders in
the chiral expansion. In Ref. [30] the BB potential was
computed with different light quark masses corresponding
to the flavors u, d, s, c -, and it was shown that the BB
potential is suppressed when the light quark mass is
increased. This result is consistent with our ansatz of the
screened Coulomb potential, in which the screening gets
stronger and stronger when the light quark mass increases.
Because the screening is not linear, higher order terms are
expected, and could be added to our chiral extrapolation.
The term of next to leading order in the chiral expansion
term is, ½m2

π − ðmphys
π Þ2�2, as expected in the series expan-

sion of an exponential screening [30]. With more data,
we would then expect a more precise extrapolation of the
potential to physical quark masses and finally smaller
uncertainties in the binding energy of the tetraquark.
Scalar isosinglet channel. The results of this procedure

for our different ensembles are shown in Table VI, together
with the outcome for the extrapolated potential. The
tendency that we observe is clear—binding in the scalar
isosinglet case (I ¼ 0, j ¼ 0) becomes stronger towards the
physical pion mass. For the latter, we observe binding of:

EB ¼ −90þ43
−36 MeV: ð24Þ

Note that the result at the physical point is compatible with
the one for ensemble B40.24, i.e. the pion mass dependence
of the potential is relatively mild close to the physical point.
Among the main physical results of the paper is the
conclusion that the attraction between two B mesons (a
static antiquark and a physically light up/down quark) in
the I ¼ 0 channel is strong enough to form a tetraquark
state and the value of the binding energy. Although they
were obtained with only a single lattice spacing, we have
strong hints that cutoff effects are under control and should
not affect the final conclusion.
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FIG. 7. Examples of fits of Eq. (23) for the t-interval t=a ∈
½4; 9� and for r=a ¼ 2, 3, 4, 5 in the scalar isosinglet case. Three
pion masses are used to extrapolate to the physical pion mass.

TABLE VI. Extracted values of the fitting parameters α and d
(in fm) and of the binding energy E (in MeV) in the scalar
isosinglet channel (I ¼ 0, j ¼ 0). We show results for three
ensembles differing in the pion mass and for the potentials
extrapolated to the physical pion mass.

Ensemble mπ [MeV] α d [fm] EB [MeV]

B150.24 650 0.31þ0.03
−0.03 0.34þ0.03

−0.03 −30þ10
−12

B85.24 480 0.28þ0.02
−0.02 0.37þ0.04

−0.04 −27þ9
−8

B40.24 340 0.35þ0.04
−0.04 0.42þ0.08

−0.08 −90þ46
−42

extrapolation 140 0.34þ0.03
−0.03 0.45þ0.12

−0.10 −90þ43
−36
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Vector isotriplet channel. An analogous procedure for
the vector isotriplet channel (I ¼ 1, j ¼ 1) gives the results
in Table VII. Regardless of the pion mass, we observe no
binding, and the results are essentially independent on mπ

within our precision. With these results, we agree with
Ref. [22], where a similar study was done for DD systems.
Moreover, in our analysis, the parameter α is the same for
I ¼ 0 and I ¼ 1 potentials within uncertainties. Hence, it is
the much smaller value of the potential range d that is
responsible for the absence of binding in the vector
isotriplet channel, as compared to the scalar isosinglet case.
Summary for both channels. Finally, we summarize

our results for both channels in Fig. 8. For each pion
mass, we show the results of individual fits of Eq. (22) for
different t- and r-fitting intervals, as well as the final error
bar reflecting the combined statistical and systematic

uncertainties. Values above or left of the binding threshold
(the isoline 0 MeV) correspond to no binding, while ones
below or right of this threshold indicate that a bound state
exists. The central values of the error bars correspond to the
respective entries in Tables VI and VII.

V. CONCLUSIONS

We have performed a lattice computation of potentials
between two B mesons in the static approximation. We
have investigated various channels, characterized by differ-
ent quantum numbers ðI; Iz; jjzj;P;PxÞ. The most inter-
esting cases from the point of view of formation of
tetraquark states are the attractive potentials with twice
the mass of the S meson as asymptotic value. After
identifying such potentials, they can be fitted by a phe-
nomenologically motivated fitting ansatz and then inserted
in the Schrödinger equation to assess whether a bound state
can form. We have already followed such approach in our
previous publication, however only at a single nonphysical
value of the pion mass.
In this work, our computations have been performed at

three values of the pion mass—from around 340 to
650 MeV. This has allowed for an extrapolation of the
potentials to the physical pion mass, leading to one of the
main conclusions of this paper: two B mesons built of a
static antiquark and a light quark of physical up/down
quark mass form a tetraquark state in the scalar isosinglet
channel. The strength of the binding has been found to be
EB ¼ −90þ43

−36 MeV, i.e. binding at a confidence level of
more than 2σ.
In addition to this result, we have shown in detail the

results for the potentials at our lightest pion mass of
approximately 340 MeV, i.e. a rather light dynamical quark
mass, including for the first time also potentials between
excited mesons. Although our computations have been
performed at a single value of the lattice spacing, we have
found certain indication that the cutoff effects are not very
large by analyzing different channels leading to the same
result in the continuum limit.
One of our main findings is also a rule stating that a

considered potential is attractive when the trial state
corresponding to the potential is symmetric under com-
bined exchange of flavor, spin and parity. We have also
discussed a justification of this rule based on phenomeno-
logical considerations.
As a follow-up work, we plan to further investigate

sources of systematic errors in our approach. In particular,
this includes a better control of cutoff effects, finite volume
effects and quark mass effects. For the latter, we plan to use
ensembles at the physical pion mass, currently generated
by the European Twisted Mass Collaboration. It would
also be an interesting direction to supplement the lattice
computation by a perturbative calculation of BB potentials
at small meson separations.

TABLE VII. Extracted values of the fitting parameters α and d
(in fm) in the vector isotriplet channel (I ¼ 1, j ¼ 1). No binding
is observed. We show results for three ensembles differing in
the pion mass and for the potentials extrapolated to the physical
pion mass.

Ensemble mπ [MeV] α d [fm]

B150.24 650 0.28þ0.04
−0.04 0.15þ0.02

−0.01

B85.24 480 0.30þ0.06
−0.05 0.14þ0.04

−0.02

B40.24 340 0.29þ0.04
−0.06 0.16þ0.03

−0.02

extrapolation 140 0.29þ0.05
−0.06 0.16þ0.05

−0.02
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FIG. 8. Binding energy isolines EBðα; dÞ ¼ const in the α − d
plane for the scalar isosinglet (I ¼ 0, j ¼ 0) and vector isotriplet
(I ¼ 1, j ¼ 1) channels and four pion masses: 140 MeV (extrapo-
lated), 340 MeV, 480 MeV and 650 MeV. The dashed and solid
lines correspond to mH ¼ mB or mH ¼ mb in the Schrödinger
equation, respectively. The crosses and squares are the fits of
Eq. (22) for rmin=a ¼ 2, 3, respectively, and different rmax=a and
t-intervals. The error bars represent combined systematic and
statistical errors.
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We also plan to include effects due to the heavy quark
spins following the exploratory study of Ref. [76]. This is
most important, since the contribution of the heavy quark
spin to the hyperfine splitting is of the some order as the
binding energy we obtain for the tetraquark.
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