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Variable flavor number scheme for final state jets in DIS
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We discuss massive quark effects in the end-point region x — 1 of inclusive deep inelastic scattering
(DIS), where the hadronic final state is collimated and thus represents a jet. In this regime heavy quark
pairs are generated via secondary radiation, i.e. due to a gluon splitting in light quark initiated
contributions starting at O(a?) in the fixed-order expansion. Based on the factorization framework for
DIS in the end-point region for massless quarks in soft collinear effective theory (SCET), which we
also scrutinize in this work, we construct a variable flavor number scheme that deals with arbitrary
hierarchies between the mass scale and the kinematic scales. The scheme exhibits a continuous behavior
between the massless limit for very light quarks and the decoupling limit for very heavy quarks. It
entails threshold matching corrections, arising from all gauge-invariant factorization components at the
mass scale, which are related to each other via consistency conditions. This is explicitly demonstrated
by recalculating the known threshold correction for the parton distribution function at O(a?CpTy)
within SCET. The latter contains large rapidity logarithms ~In(l —x) that can be summed by
exponentiation. Their coefficients are universal, which can be used to obtain potentially relevant higher-
order results for generic threshold corrections at colliders from computations in DIS. In particular, we
extract the O(a}) threshold correction multiplied by a single rapidity logarithm from results obtained

earlier.
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I. INTRODUCTION

For multiple collider processes precision phenomenol-
ogy requires a thorough understanding of quark mass
effects to meet future experimental data with high
statistics and low systematic uncertainties. One of the
challenges hereby is that the quark mass represents a
scale that can be parametrically much different than the
typical hard scattering scale, which can give rise to large
logarithms in fixed-order perturbation theory. At the
Large Hadron Collider this concerns e.g. bottom mass
effects in Higgs production via gluon fusion or in
association with bottom-quark jets.

One example where the treatment of massive quark
effects raised a lot of interest is deep inelastic scattering
(DIS), the benchmark process for the extraction of parton
distribution functions (PDFs). These are one main input
for the analysis of all processes at hadron colliders, such
that precise predictions including the effects of the
charm- and bottom-quark masses are necessary. A first
systematic approach to incorporate heavy quarks with
arbitrary masses with respect to the other relevant scales
has been provided in Refs. [1,2], which laid the basis of a
variable flavor number scheme (VENS) for inclusive
processes in hadron collisions. The method is founded on
the separation of close-to-mass-shell modes and off-shell
fluctuations and is thus in the spirit of effective field
theory (EFT) factorization; see e.g. Ref. [3]. Nowadays,
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different schemes have been developed to cope with this
challenge, which are mainly based on this approach, but
they differ in their detailed implementation concerning
formally subleading contributions (see Ref. [4] for a short
overview).

In this work we discuss the end-point region of DIS,
i.e. x = 1, where the final state becomes a single jet with

invariant mass Qv/1 —x < Q, where ¢*> = —Q? denotes
the hard momentum transfer. Although having a limited
phenomenological impact, the regime 1—x <1 pro-
vides a simple and instructive example of how to
incorporate quark mass effects in differential distribu-
tions at hadron colliders with multiple kinematic scales.
We construct a VENS, which is in the same spirit as the
well-known VENS in the classical operator product
expansion (OPE) region 1 —x ~ O(1) [1,2] and exhibits
similar main characteristics. These include (i) the resum-
mation of all large logarithms, also those involving the
quark mass, (ii) the correct limiting behavior of the
perturbative structures, i.e. the hard matching coefficient

at the scale Q and the jet function at the scale Ov/1 — x,
for very small and large masses and (iii) a continuous
description for arbitrary hierarchies of the dynamic
scales with respect to the mass keeping the full mass
dependence of the singular terms (i.e. at leading order in
the power counting). The latter is in particular relevant,
since for a single value of the hard momentum transfer
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QO or the Bjorken variable x the hierarchies can change

significantly when scanning over the respective other
variable.

We will see that for x - 1 quark mass effects arise
(mainly) via light quark initiated contributions, where the
heavy quarks are produced via secondary radiation through
the splitting of an additionally emitted virtual gluon starting
at O(a?). Our treatment of these secondary massive quark
corrections relies on the setup developed in Refs. [5,6]. In
these papers a VENS for event-shape distributions, spe-
cifically for thrust, in the dijet region for e*e~ collisions
was constructed in the framework of SCET. It was shown
that in a strict EFT interpretation one has to introduce
additional degrees of freedom to the existing massless
SCET modes, namely collinear and soft mass modes.
These adopt the scaling of the corresponding massless
modes if the mass is below the typical invariant mass
scale of the massless collinear or ultrasoft modes, respec-
tively, but contain in addition fluctuations around the
mass shell which have to be considered when the massive
quark is integrated out. The mass mode picture leads to
the emergence of different EFTs, which implies the
strict guideline of having the massive quark modes
either as fluctuating fields or excluded completed (i.e.
integrated out).

In Ref. [6] also an alternative formulation of the VENS
is described which does not rely on different EFTs, but is
only based on the massless factorization theorem with
different renormalization conditions for the massive quark
corrections to the matrix elements according to the
hierarchy between the mass and the other involved scales.
This renormalization procedure is similar to the one for
the strong coupling in the presence of massive quarks [7]
and is also the underlying idea for the formulation of the
VENS for DIS in the OPE region [8]. The interpretation
in terms of different renormalization conditions is con-
venient since it automatically takes into account any
possible power corrections between the hard or jet scale
and the mass scale arising in the EFT picture when the
hierarchy between the mass scale and the respective
kinematic scale is marginal.1 Thus it provides a continu-
ous description of the cross section for arbitrary masses
by construction, whereas in a strict EFT picture (which
would enforce expansions) the transitions between differ-
ent hierarchical scenarios would have to be adapted by
nonsingular corrections, which concerns in particular the
real radiation thresholds. In the following we will there-
fore discuss the VENS only in the formulation relying on
renormalization conditions.

The renormalization conditions with respect to the
massive quark corrections which we are going to impose

'For all possible scale hierarchies covered within our VFNS
approach a strict EFT factorization can be constructed that agrees
with our result up to nonsingular corrections.
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are either the MS prescription or an on-shell (OS) pre-
scription.2 The common use of the MS prescription has
the feature that the n; massless quarks and the massive
flavor both contribute to the renormalization group (RG)
evolution in the same way corresponding to an (n; + 1)
running flavor scheme. The OS prescription is defined by
the condition that the massive quark corrections vanish
for invariant mass scales much smaller than the quark
mass and also subtracts finite and scale-dependent con-
tributions such that the massive flavor does not lead to
any contribution in the RG evolution, implying only #;
running flavors. This concerns the matrix elements, i.e.
the current, the jet function and the PDFs, as well as the
strong coupling a,. The MS prescription is appropriate to
cover the situation where the quark mass becomes small
(where appropriate means that no large mass logarithms
arise in this limit) and leads to expressions which give
the known results for massless quarks in the limit m — 0.
The OS prescription is suitable to cover the decoupling
limit, such that the effects of the massive quark vanish in
the infinite-mass limit. The differences of the renormal-
ized quantities with respect to both of these renormaliza-
tion prescriptions constitute matching factors, also called
threshold corrections. Since the hard matching coeffi-
cient, the jet function and the PDFs are independent and
in principle not exclusively tied to any particular fac-
torization theorem, these factors represent also universal
ingredients that appear in a similar way for the descrip-
tion of different processes. Here we will emphasize
universal features of the threshold corrections and estab-
lish the connections to some of the results anticipated
in Ref. [6].

The outline of this paper is as follows. In Sec. II we set
up the notation and display the massless factorization
theorem for the structure functions in DIS for 1 —x < 1.
Here we do not require to be in the kinematic region with
the scaling 1 —x ~ Agcp/Q as frequently adopted in the
literature. We show that the factorization theorem has the
same form in the complete end-point region 1 —x 2
Agcp/Q using the proper mode setup for 1—x>>
Agcp/Q. We also explain that massive quark effects
can only arise via secondary radiation, and we show in
Sec. III how to incorporate them consistently by setting
up a VFENS for any gauge-invariant component of the
factorization theorem. For definiteness we discuss in
Sec. IV practical implementations of the VFNS for
various hierarchies between the kinematic scales and
the mass scale. Here we also consider different choices
of the final renormalization scale in the factorization
theorem that lead to consistency conditions between the
threshold correction factors involved in the RG running
of the corresponding matrix elements. In Sec. V we

72F0r the purely massless quark corrections we always use the
MS scheme.
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explicitly calculate the PDF threshold correction at O(a?)
in the large-x limit in the effective theory and show that
our result is consistent both with the one obtained in
classical DIS [9] expanded for x — 1 and with the result
for the jet and hard function threshold corrections
performed at O(a?) in Ref. [6]. In the end-point region
the threshold corrections contain large logarithms ~a? log
related to the separation of the collinear and soft mass
modes in rapidity, whose resummation we carry out
explicitly via the rapidity RG equation (RGE) [10,11].
Based on the considerations in Secs. IV and V we display
also the explicit expressions for the threshold corrections
up to the required order for a full N*LL analysis, which
includes rapidity logarithms ~a2log, ~allog and
~a*log?. These results represent universal ingredients
useful for various collider processes that involve PDFs in
the end-point region, jet functions and a hard function
related to the one appearing in DIS. Finally, in Sec. VI
we conclude. For the sake of comparison, we provide in
Appendix A the results for secondary massive quark
corrections in the OPE region known from Ref. [9]. In
Appendix B we show that for x — 1 our results are in
agreement with them.

II. MASSLESS FACTORIZATION THEOREM FOR
DIS IN THE END-POINT REGION

Before discussing quark mass effects we briefly describe
the kinematic setup and the factorization theorem for DIS in
the end-point region 1 — x <« 1. Here we display the mode
setup, highlight the relevant steps for its derivation spe-
cifically for the hierarchy 1 — x > Agcp/Q and show that
it can be readily combined with the commonly considered
scaling 1 —x ~ Agcp/ Q.

A. Kinematics of DIS

In the following we consider the scattering of an electron
off a proton via photon exchange. We denote the proton
momentum by P¥, the momentum of the incoming

|
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(outgoing) electron by k* (k'*), the incoming momentum
of the virtual photon by ¢* = kK’ — k* with spacelike
invariant mass g*> = —Q? < 0 and the momentum of the
outgoing hadronic final state X by Py. The Lorentz-
invariant Bjorken scaling variable x is defined by

B q2 _ QZ
2P-q 2P-q

(1)

with the kinematic constraint 0 < x < 1. We will work in
the Breit frame, where ¢* does not have an energy
component and the initial-state proton is 7 collinear.
Neglecting the proton mass the relevant momenta in the
Breit frame in terms of light-cone coordinates read

() 0._ 0 _
u— 2 u 2o pHo— = qu
T =y 2w
N Q Q(l_x)_
P zzn" +—2x . (2)

In the end-point region the hadronic final state is an n-
collinear jet with an invariant mass P% ~ Q(1 — x) < Q.

The differential cross section for DIS can be decomposed
in terms of a leptonic and a hadronic tensor. The latter is
defined by

W (P.g) = 5 tnili [ e (PITL ()0)]P))
G

with |P) denoting the initial proton state and the current
JH(z) = 3, €5,dir" q:(z) summed over all quark flavors g
with corresponding electric charges e, . We will just deal
with unpolarized DIS, so that a spin average is always
implied. Using current conservation, which implies
q"W,, =0, one can decompose the hadronic tensor for
the parity-conserving vector current into the two structure

functions F;(x, Q%) and F,(x, Q?),

W (P, q) = —<gﬂ,, —qq—g>F, (x,0) + P%q (Pﬂ + Q_”) <Pu + ’J_D> Fy(x,Q)

n#

Z—Q‘fFl(x,Q)—F%(

with ¢/ = ¢* — 1/2(n*i* + ##n*). Here the longitudinal
structure function F; (x, Q) reads

Fi(x. Q) = F(x, Q) — 2xF; (x. Q). (5)

in terms of F(x, Q) and F,(x, Q). These structure func-
tions contain physics at different invariant mass scales and

2+

2x 2x
)(5+5) R0 @

thus must be factorized to resum the corresponding large
logarithms.

B. Factorization setup

In this section we briefly discuss the derivation of the
factorization theorem for inclusive DIS for massless quarks
in the end-point region 1 —x < 1 and set up the notation
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mode = (+,—,1) p’
n-coll.| (Q(1-1),Q,QvI—1x) |Q*(1-x)
2
n-coll. Q, AQQCD ,Aqco AQQCD
2
csoft <Q(1 —z), %, AQCD) A?QCD

FIG. 1. Relevant momentum modes for inclusive DIS in the
end-point region x — 1 with 1 —x > Agcp/0.

employed for the rest of the paper. The factorization can be
performed in a multistep matching procedure and has been
carried out already a number of times [12-17]. However,
here we focus on the proper mode setup in the limit
Q(1 = x) > Agcp and explain why the factorization theo-
rem adopts the same form as for Q(1—x)~ Agcp.
Although this fact has been already stated in several papers
(e.g. Refs. [13,18]), we believe that it is worthwhile to give
a short derivation using our mode setup.’

The relevant modes are displayed in Fig. 1. The
n-collinear modes describing the initial-state proton in
the Breit frame always have the same scaling
Ph=(n-pai-papi)~ (Q’A(ZQCD/QvAQCD)‘ The final
state is strongly collimated for x — 1 with a large momen-
tum Q and an invariant mass Q+/1 — x and is thus described
by n-collinear modes scaling as ph ~ Q(1 — x,1,v/1 —x).
The kinematics in the Breit frame prohibits the appearance
of a final 7-collinear state, as can be seen from Eq. (2). This
has the important consequence that the 7i-collinear sector
just enters the factorization theorem via a component which
is local both in label space as well as in the residual
coordinate, as has been also pointed out in Ref. [17]. The
remaining relevant low-energy modes contribute to the
measurement of x or equivalently to the squared invariant
mass ~Q?(1 —x) via a component n- p ~ Q(1 —x) (i.e.

*We disagree with the mode setup in Ref. [13] which assumes
nonperturbative messenger modes for the beam remnants at the
invariant mass scale AgcpVv'1 — x << Agep, while Ref. [18] never
explicitly displays the scaling of the modes.
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they have to lie on the vertical line below the n-coll. modes
in Fig. 1). In fact all such modes give vanishing contribu-
tions in perturbation theory, since no physical scale is
associated with the other momentum components which
results in scaleless integrals. This holds in particular also
for ultrasoft modes scaling as Q(1 —x,1—x,1—x) as
stated e.g. in Refs. [12,13,18]. Thus any additional relevant
modes can only be nonperturbative and scale like
pes ~(Q(1 = x), Ajep/Q(1 = x), Agep).  They  encode
interference effects between soft initial- and final-state
radiation. Note that in contrast to the case
1 —x~ Agep/Q, where the corresponding modes adopt
the soft scaling p§ ~ Aqcp(1, 1, 1), these modes are now
also boosted in the Breit frame, and therefore referred to as
collinear-soft (csoft) modes. They are separated by the
rapidity factor (1 — x) from the 7-collinear modes. These
types of modes have recently received some attention in the
context of multidifferential cross sections and have been
incorporated systematically into a modified version of
SCET, called SCET, [19,20]. We will discuss here the
DIS factorization theorem in the same spirit using a
multistage matching procedure. However, our case is
simpler, since no relevant softer mode is present with
which the csoft mode can potentially interact.”

To derive the factorization theorem we employ the
multistep matching procedure sketched in Fig. 2. We
emphasize that other ways to order some of the matching
steps are possible and one may even work in a framework
containing the csoft modes from the beginning. Here we
first match the QCD current to the usual SCET I current

Jocp = Jscerr = C(Q. T Y 37" Y ity (6)

with y; = W;éf,—l and 7, = £,W,,, where W, and W denote
collinear Wilson lines. The ultrasoft Wilson lines Y, and Y
appear in the current after the Bauer-Pirjol-Stewart (BPS)
field redefinition [21] that disentangles the collinear and
ultrasoft sectors in the Lagrangian. SCET I describes
collinear fluctuations at the invariant mass scale
0V'1—x with residual momenta of order Q(1 —x).
When lowering the virtualities the n-collinear final-state
modes need to be integrated out, and the ultrasoft sector is
being resolved with momentum components ~Q(1 — x)
becoming labels. We call the corresponding theory with
csoft modes of virtuality 2 Agcp and 7i-collinear modes of

virtuality 2Agep/v1—x> Agep SCET 1> Here
Agcp/V'1 = x is the invariant mass scale of the collinear
modes at which they can still interact with the csoft modes

*Here only the separation in rapidity matters, i.e. the “softness”
of the csoft mode with respect to the 7ii-collinear mode, while the
boost of the csoft mode in the Breit frame is actually irrelevant.

We do not consider ultrasoft modes in SCET I, since they do
not contribute to any measurement as stated before.
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1-z
A . ﬁ/
cs b o Aqcp
SCETI. SCETII,

FIG. 2. Schematic picture of the multistage matching procedure for 1 —x > Agcp/Q described in the text.

via the momentum component 7i - p; ~ Agep/(Q(1 = x)).
The matching coefficient between the two theories is the
quark jet function J(s, ), a vacuum correlator of the hard
collinear fields in SCET I describing the production rate of
an inclusive jet with invariant mass s. It is defined in terms
of the n-collinear fields as

1
JOri =555
cam|i [ =07, 00 5 )|

(7)

where the invariant mass is r2 = Qr, and y,, o = 8u.p.0X»
with P* denoting the label momentum operator. All color
and spin indices are traced implicitly. Here and in the
following all expressions are only given for initial-state
quarks. For antiquarks the corresponding expressions are
completely analogous. The matrix element in SCET 1, is
the quark PDF given by

4 w N
¢q/P <§7/«¢) = <P|)_(ﬁX;vr‘z§5(f_n'p)V;XﬁXﬁ,Q|P>'
(8)

Here V; and X; are Wilson lines of the label and small
component of the csoft fields required by gauge invariance,
written in the notation of Refs. [19,20].6 In our matching
procedure they originate directly from boosting the ultra-
soft Wilson lines in SCET I

®In Refs. [19,20] these were obtained by resolving the collinear
sector. Integrating out off-shell fluctuations of virtuality
~Q?(1 — x) generate V; (in analogy to the hard collinear Wilson
line W) and the BPS field redefinition leads to the emergence of
X5 (in analogy to the ultrasoft Wilson line Y5).

Y, = Vi =Pexp {ig/oo dsn - A (sn* —l—x”)}, 9)
0

0
Y; = X; =Pexp [ig/ dsii- A (sit* —l—x")]. (10)

The change of the modes in the soft sector involves in
principle an additional matching coefficient. However,
since the ultrasoft sector in SCET I and the csoft sector
in SCET 1, are fully decoupled from any other sector and
this matching only involves a single sector in both theories,
for which we can use the QCD Lagrangian, the form of
Egs. (9) and (10) makes clear that no nontrivial matching
coefficient is generated. As a last step the fluctuations at the
invariant mass scale Agcp/v'1 —x need to be integrated
out to describe the physics at the scale ~Aqcp, the invariant
mass of the initial-state proton, in terms of the final EFT,
which we call SCET II.. Since the interactions between the
n-collinear and csoft sectors are already fully disentangled
there is no matching coefficient originating from the
collinear sector and the transition from SCET I, to
SCET IL,, where these two types of modes cannot interact
with each other, and can be achieved simply by lowering
the virtuality of the 7n-collinear modes, in analogy to the
matching between SCET I and SCET II [22]. The PDF in
SCET II, can be written as’

%mU—MOZQ/me@U—O—ﬂM&Ww%
(11)

"Here the convolution is in fact spurious due to the overall
delta distribution in the collinear function g,/p in Eq. (12), such
that the PDF ¢, /p could be also written as a simple product.
However, the form in Eq. (11) will be more convenient for
discussing explicit results since the two functions S. and g,/p
have the same dimension.
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where g,/p(Z. 1) denotes a local collinear matrix element

5 PO 51 0OIP)O). (12)

and S.(Z, ) denotes a vacuum expectation value in terms
of csoft fields, the csoft function

= (o

¢ XC.\

gq/P(fv lu) =

Sc(¢.1) Vi(0)8(£ = n- p)ViX;(0)[0),

(13)

where again all color indices are traced implicity. We will
see explicitly that both g;/p(#, i) and S (7, u) individually
contain rapidity divergences which cancel in the total
PDF in Eq. (11). The appearance of the csoft function in
Eq. (13) is the only deviation with respect to the case
1 —x~Agep/Q, where instead the analogue matrix
element with soft fields appears, which reads

1
= (0IS;

N - P)SiSa(0)[0).  (14)

S(.n) $,(0)8(¢ -

Note that the structure of the Wilson lines in S.(¢, #) and
S(¢,u) is identical (X;<>S;, Vi<>S} only related by a
common boost) and the lack of additional relevant softer
modes in SCET IL, implies that the Lagrangian in the csoft
sector can be replaced by the full QCD Lagrangian. Thus
the interactions for csoft and soft modes are equivalent. So
S.(Z,u) and S(¢,u) give the same result (which we will
demonstrate explicitly in Sec. VA) and we will not
distinguish them any more in the following discussion of
the factorization theorems. Since this concerns the only
potential difference for the two scaling hierarchies 1 — x >
Agcp/Q and 1 — x ~ Agep/Q, we obtain that the factori-
zation theorem in the complete end-point region is always
the same for any 1 —x 2 Agcp/ Q.

We emphasize that in contrast to the OPE regime 1 —
x ~ O(1) the end-point PDF does not encode only collinear
initial-state radiation, but also (c)soft interference effects
between initial- and final-state radiation. Therefore, the
PDF at the end point may not be interpreted only as a
description of the momentum distribution inside the proton
before the hard interaction.

The full factorization theorem reads (to all orders in «;
and at leading order in 1 — x)

2

€
ZEH(

i=4.q

« [ asson s gl (1 —x—é,/t), (15)

where the superscript (n;) indicates the number of active
quark flavors relevant for the RG evolution of all

Fi(x.Q) = 5-F(x.0) = "(Q.4)
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renormalized structures including in particular also the
strong coupling constant. Here the hard function

()(Q,u) is the square of the matching coefficient
between the SCET and the QCD currents C"/)(Q,u) in
Eq (6) while the jet function J/)(s,u) and the PDF

¢l /P (zf u) are defined in Eq. (7) and Eq. (11) respectively.
Note that the hadronic tensor becomes transverse in the limit
x — 1, such that F; (x, Q) = 0 and the Callan-Gross rela-
tion F,(x, Q) = 2xF(x, Q) is satisfied to all orders in a.

The massless fixed-order hard and jet functions,
H")(Q,uy) and JU) (s, u,), are known up to O(al)
and O(a?), respectively, and the anomalous dimensions
are known up to O(a?). Explicit expressions can be found
e.g. in Ref. [13]. For the hard function we write

HOD(Q,p) = 1+ HD(Q, 1) + [HE P (0, )
+H (0. 1) +ngHy) 220, + Oad),
(16)
where H(:1), H(C'Z'Z), H(C"Af 2 and H%f’z) denote the

contributions at  O(a,), O(a?C%), O(a?CrC,) and
O(a?CTp), respectively. We use an analogous notation
for all other perturbative expressions throughout this paper.
The additional dependence on a finite quark mass will be
indicated in the arguments.

The factorization theorem of Eq. (15) is written with all
its components at the common renormalization scale py,
which can be chosen independently from the respective
characteristic scales yy ~ Q for the hard function, u; ~
QV'1 — x for the jet function and 4 ~ Agcp for the PDF.
Since the choice of u necessarily differs widely from at
least two of the characteristic scales, it is mandatory to sum
large logarithmic terms using the RG equations. This is
achieved by writing each component of the factorization
theorem as a function that is defined at the respective
characteristic scale up, p; or uy supplemented by a RG
evolution factor that sums the logarithms between the
characteristic scales and the common scale ﬂ82

H®)(Q, ) = HO(Q, ) UG (O, gy, ), (17)

J(”f)(s,u):/dS’J"f (s = "o u))US (s oy,
(18)
1=z = [P =2 UG (1 = 2 ),
(19)
¥Note the convention concerning the ordering of the arguments

of the evolution factors for the hard function in comparison to the
jet and PDF functions.
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The individual functions at the respective characteristic
scales up, p; and py, which are free of any large
logarithmic terms, serve as the initial conditions of the
respective RG evolution which follows the RG equations

d ne n
M@UZ’)(Q#H,#) = 7" (0. p)

x U (Q, gy ), (20)

d n n
u@Uﬁ Vs, popiy) = /dS’J/(J (s =5’ )

< U (', ), (21)

d n n
" Uf,, 1 =2 upy) = /dZ’pr N = zp)

(ny
xU¢’)(1—z’,u,u¢). (22)

The superscript (1) for all components of the factorization
theorem (including RG factors) is a reminder that a
renormalization scheme with n; dynamic running quark
flavors is used, associated to an ns-flavor scheme. For the
hard and jet functions and the PDF this scheme is
implemented through the common MS subtraction scheme
for all corrections coming from n; quarks. Subsequently
this scheme implies that all these quarks enter the RG
equations via a global n, dependence. We recall that the
anomalous dimensions can be determined from the coun-
terterm factors Z that arise in the renormalization procedure
of the individual functions. For massless quarks they are
defined in the MS scheme. For example, for the PDF one
has

d
vo(l = 2.1) =—/dZ’Z;‘(Z’—z,ﬂ)M@Z(ﬁ(l—Z’,ﬂ)-
(23)

In Eq. (15) the choice of p is arbitrary, and the
dependence on u cancels exactly working to any given
order in perturbation theory. The fact that any other
choice for p can be implemented leads to a consistency
relation between the renormalization group factors, which
reads [13]

QU (Q. po W)U (Q2(1 = 2)., s o)
= U7 (1= 2 0. ). (24)

and a corresponding relation for the anomalous
dimensions.

Accounting for massive quarks the factorization theorem
(15) stays valid with some modifications. This concerns the

mass dependence of the hard and jet functions, which will

PHYSICAL REVIEW D 93, 034034 (2016)

be indicated in the arguments, and a modified RG evolution
with an adapted flavor number according to the hierarchy
between the renormalization scale y and the mass scale
U, ~ m, as described below. The consistency relation (24)
remains intact since the UV divergences are mass inde-
pendent. However, additional consistency relations emerge
between threshold corrections arising when massive quark
modes are integrated out. In the following sections we will
discuss these points in detail.

An important feature of the factorization theorem in
Eq. (15) is that there are no flavor-mixing terms between
quarks and gluons in any of the EFT contributions in the
hard current matching, the jet function, the PDF and their
evolution factors. One can easily explain this using the
possible interactions in SCET at leading order in the power-
counting parameter. For example, for the PDF evolution
one can make the following argument: flavor mixing
requires the splitting of an initial-state collinear quark or
gluon into two partons. To stay in the end-point regime one
of the final partons has to carry the longitudinal momentum
fraction £ > x~ 1, i.e. almost the whole momentum,
implying that the remaining parton is (ultra)soft. The only
available interaction of this kind at leading order in SCET is
the emission of an (ultra)soft gluon from a collinear quark,
whereas the splitting of a collinear gluon into a collinear
and (ultra)soft quark is suppressed by O(1 —x). This
means that the parton extracted out of the PDF at the
low scale ~Aqcp is also the one interacting with the hard
photon and entering the final-state jet, and thus cannot be a
gluon. Since we assume m > Agcp, so that the heavy
quarks are not produced nonperturbatively out of the
proton, this has the consequence that massive quarks enter
the EFT components of the factorization theorem only via
secondary corrections, i.e. via contributions which are
initiated by massless quarks and where massive quarks
are produced through the radiation of virtual gluons that
split into a massive quark-antiquark pair; see Fig. 3. We
mention that in the full QCD current there are also flavor-
mixing corrections with massive quarks which in general
start contributing also at O(a?) like the secondary correc-
tions. Since these types of corrections do not have a
corresponding EFT counterpart, they can be easily included
in the hard matching coefficient, and we will not consider
them specifically in our discussion. In fact, due to Furry’s
theorem, for the case of the electromagnetic vector current
these effects do not show up at O(a?CpT) relevant for

m m

FIG. 3. Exemplary diagrams for secondary massive quark
production in DIS at O(a?CrT).
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N3LL resummation, which is the order where we give
explicit results.

III. MASSIVE QUARK CORRECTIONS
FOR ALL COMPONENTS

In this section we summarize all ingredients of the
VENS for secondary massive quark effects for the most
singular terms in inclusive DIS in the end-point region
x — 1. We consider a setup with n; massless flavors and
one massive quark species with mass m > Agcp, which
we want to incorporate into the factorization theorem of
Eq. (15).? This can be easily generalized to the case of
several massive quark flavors with different masses
appearing in practical considerations where the masses
of both the charm and bottom quarks may be relevant.
We do not impose any restriction concerning the relation
of the mass m to any of the hard, jet, or PDF scales. The
massive quark flavor will never be integrated out (in a
strict EFT sense) and is thus contained in the full QCD
description (relevant for the matching computation for the
hard function) as well as in the collinear and soft/usoft
sectors of SCET. Compared to Eq. (15) the factorization
theorem for the form factors F;, has an additional
dependence on the mass m:

F](X, Q’m) :_FZ(X7 Q?m)
—Z H”f Qm,u)/ds]"f(smy)
i
x@w<l—x—5?m40. (25)

The factorization theorem has an additional residual depend-
ence on the flavor threshold matching scale y,,. The scale y,,
is chosen close to the quark mass m, p,, ~ m, but otherwise it
is arbitrary and represents the scale at which we switch
between the (n;) and the (n; + 1) running flavor schemes.
To be specific, we employ for all components of the
factorization scheme depending on the relation of the
common scale u with respect to y,,

() the (n;) = (n;) flavor scheme for y < u,, and

(ii) the (n;) = (n; + 1) flavor scheme for u > p,,.
These two flavor schemes are implemented independently
for each of the components in Eq. (25) by either using an OS
or the MS subtraction prescription for UV-divergent secon-
dary massive quark-loop corrections.

In addition, there are flavor threshold matching con-
ditions arising from the difference of the subtraction
prescriptions of the two schemes whenever the RG

9We remark that we will not consider the possibility of having
an intrinsic charm contribution with m ~ Agcp. In this case the
mass effects in the perturbative corrections are anyway power
suppressed.
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evolution requires a transition through pu,,. The overall
RG invariance of the factorization theorem concerning
changes of the renormalization scales and the consistency
of properly employing OS and MS subtraction for the
secondary massive quark corrections ensure that the
factorization theorem is continuous at the RG transition
through the threshold scale y,,.

A. VFNS for the hard function

The hard function H")(Q,m, /4) appearing in the
factorization theorem of Eq. (25) is in the (ny)=(n;+1)
flavor scheme if y is above y,, and in the (n;) = (n;) flavor
scheme if u is below p,,:

HD(Q, m, )
H™(Q,m, )

for u > u,,,

H")(Q,m,u) = { (26)

for u < u,,.

The common renormalization scale y is in general different
from the characteristic scale puy ~ Q of the hard function,
so we specify the hard function at the common scale y by
the hard function at the scale y, which is free of any large
logarithmic terms, multiplying a RG-evolution factor that
resums the logarithms between the scales py and p. The
hard function at the scale uj serves as the initial condition
of this RG evolution, and the flavor scheme that is
employed for the initial condition depends again on the
relation of py to the flavor matching scale y,,:

L VA
(27)

where
Q. m. i) = H(Q. i) + 287 (Q.m).  (28)
HOD(Q,m,py) = HOW D (Q. ) + 2F 5,7 (0,m).

(29)

The functions H")(Q,uy) and H"*Y(Q, puy) are the
hard functions for massless quarks in the (n;) and (n; + 1)

flavor scheme respectively in the notation of Eq. (16). The

term F 5,:'”2> represents the massive quark-loop contribu-

tion to the QCD current form factor with OS subtraction
in the (n;) scheme; see the first diagram in Fig. 3. In fact,
for the case of DIS in the end-point region all mass-
dependent corrections at O(a?CpTp) can be directly
inferred from the matching calculations carried out for
thrust in Ref. [6] due to the fact that the hard coefficients
are the same up to an analytic continuation from the
timelike to the spacelike process. We write the result as

" = " ()]
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(05?1]))2CFTF

I @m) - (30)

Fir?(o,m) =

with the function fﬁ,%)(Q,m) given by

46 3 10 C(r—1 C(r+1
&+ 3 e (5) -1 (7))
5 r+1 r—1
—_p4 247 S ") —
< r —|—2r +3> |:L13<r—l>+Ll3<r+1> 2C3:|

110 , 200\ /1-r\ 238 , 1213
9 " T3 4 9 " TRl [

(31)

where

=1 -4, (32)

and /m = m/Q. Due to the imposed OS renormalization
condition this correction decouples for large masses, i.e.

f?ﬁff"z)(Q,m) — 0 for /i = m/Q — co. For small masses
the function fﬁf)(Q, m) reads

P m) ™ S 3) + 5 )

530 4x
1 52
+<27 + 9> n(7=)

3355 38z 16
— -0, 33
31 + 77 3 & (33)
which exhibits mass singularities and is therefore not

suitable in the small-mass regime. The term

A"j,f '2)(Q.m) represents the corrections due to the

nonvanishing mass of the heavy quark in the (n; + 1)-
flavor result and can be cast into the simple form

(@ 2CpTy

F (. m) == = U ()

(34)

which can be read off explicitly from Egs. (31) and (33).

Due to the fact that £ "’H (0. m) - 0 for m=m/Q—0
the massless limit is recovered in the hard function for a
vanishing quark mass. The form of Eq. (34) is a direct
consequence of the fact that the leading IR dependence
has to cancel in the SCET matching (in MS).

The RG evolution from py to the common scale y in the
VENS proceeds in the (n; + 1) flavor scheme as long as the
scale is above 1, and in the (n;) flavor scheme if the scale
is below u,,, according to Eq. (20). Finally, if the RG

_f£'3>(rh)|m—>0]’
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evolution crosses the flavor matching scale y,,, one has to
account for a threshold correction factor which we call M},
if RG evolution crosses from the (1;) flavor scheme to the
(n; + 1) flavor scheme and My, if RG evolution crosses
from the (n; + 1) flavor scheme to the (n;) flavor scheme.
They are the inverse of each other since they are just the
ratios of the hard function of Eq. (27) in the two flavor
schemes:

n[+1
Mi.my) = Oetn) o
M_(Q m "1 (Q m /’lm) 36
(0.m) = el (e

Here the ratios should be expanded with a common choice
of either ™ (4,,) or a" ™ (u,,). The threshold correction
factor for the hard function at fixed O(a?) reads

[L,, = In(m?/pu?)]

_)
M Q. m. i) o
a2CrTr (8 80 224 m>\ 16
_ s _LZ iy § il | me __L3
1672 {{3 mt g ’”+27}n< )
4 (260 4;;2) 875 1022 104 }
m 3 (>

Y 4 Ly
9m+ 27+3 +27+9 9

(37)

where a, can be either written in the n; or n; + 1 scheme
and MZ@) —M;,(2>. The corrections at fixed O(a;) are

zero, i.e. ME(Q,m. ) = 1+ M52 + O(a?). Note that
the threshold corrections My7; involve the logarithm
In(m?/Q?). It is directly related to the rapidity divergences
arising in the computation of the SCET current with
collinear and soft fluctuations tied to the mass shell of
the secondary massive quarks; see Ref. [5]. In the loga-
rithmic counting O(a, In(m?/Q?%)) ~ O(1) one therefore
has to include also the terms at O(a; In(m?/Q?)) and
O(atn?(m?/Q?)) for a computation of M3 at precision
O(a?). In Sec. V we will show how to obtain these terms
via consistency from the PDF threshold correction, for
which we will also demonstrate explicitly the exponentia-
tion property of the rapidity logarithms.

B. VENS for the jet function
The VENS for the jet function can be set up in a way
analogous to the hard function. The jet function
J0) (s,m,p) is in the (ng) = (n;+ 1) flavor scheme if
p is above y,, and in the (n;) = (n;) flavor scheme if y is
below p,,:
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J(nl+l) (s’ m,ﬂ) fOI' :u > ,uyn?

38
J(”l)(s7m7ﬂ) ( )

J(Vlf)(s’m”u):{ for’u<’u

The common renormalization scale u is in general

different from the characteristic scale p; ~ Qv1 —x of
the jet function, so we specify the jet function at the
common scale ¢ by the jet function at the scale y;, which
is free of any large logarithmic terms, convoluted with an
RG-evolution factor that resums the logarithms between
the scales p; and u. The jet function at the scale u;
serves as the initial condition of this RG evolution, and
the flavor scheme that is employed for the initial
condition depends again on the relation of u; to the
flavor matching scale p,,:

O (s ) = {J(”’“)(&m,m) for u; > py, (39)
T (s,mopg)  for py < py,.
where
00 (s, m. ) = T (s, ) + T2 (s.m). (40)
T (5, m. ) = T (s, ) + Tt (5. m )
+ P (s.m). (41)

All mass-dependent corrections at O(a?CpTy) can be
directly inferred from the results computed in Ref. [6]
due to the fact that the thrust jet function is decomposed

out of two hemisphere jet functions each of which are the
(n1:2)

same as the one in DIS. The terms Jm el

(m+1.2)
‘]m.rea]

(s,m) and

(s,m) in Eq. (41) contribute only when the jet
invariant mass is above the threshold 4m? and thus
correspond to real production of the massive quarks.
They are given by

ne2
Jiel(s.m)
(nf)\2
(a5 "")*CpTp 1 5
= 0O(s—4
167> s (s = 4m?)

L3 (b= 16 (15 (1=

3 2\15p) "3 4 1+ b
8 [1—b 241 1—b
__12 -7 — 14 2 )1 -7
3“<1+b>+<2b b+18)n<1+b>

5 4 872
- - 42
27b b 9 }’ (42)

for both ny = n; and ny = n; + 1 with

2
b=1/1-—"—. 43
p (43)
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Note that J,(n rea)l(s,m) is zero at the threshold s = 4m?
and that it decouples for m — oo automatically due to the

threshold ® function, as required by the OS prescription.

The expression for J(A",’nf;i? (s,m,pu) contains only dis-

tributions and corresponds to collinear massive virtual
corrections (including soft-bin subtractions) as well as
terms related to the subtraction of the massless quark
result already contained in J"*1) (s, u). Its renormalized
expression reads (5 = s/u?)

+1.2)
2‘]Anrln dist (S m, ,Lt)

@2 T8
T e 8(5) | g Lin

58 , (718 8=
g L +(27 9>Lm+W‘7‘?

0(3) 8 116 718 8x2
27 -2 -5 4
e S i

N F(E)gln EL {?Lm +%} _% {a(s)s_ln%L} (44)

The jet function in the (n;+ 1) scheme reaches the
massless limit, i.e. J(”/“)(s,m,,u) - J(”IH)(S,,u) for
m — 0.

The RG evolution from yu; to the common scale y in
the VENS proceeds in the (n; + 1) flavor scheme if the
scale is above u, and in the (n;) flavor scheme if
the scale is below u,,, according to Eq. (21). Finally, if
the RG evolution crosses the flavor matching scale u,,,
one has to account for a threshold correction factor which
we call M7 if RG evolution crosses from the (n;) flavor
scheme to the (n; + 1) flavor scheme and M; if RG
evolution crosses from the (n; + 1) flavor scheme to the
(n;) flavor scheme. They are the inverse of each other
since they are just convolutions of the jet function of
Eq. (39) in the two flavor schemes:

4325 587 32
G

M7 (s.m. p,,)

- / ds" T (5 = ', ) (TS p), (45)

M (s, m, )

- / ds' T (s = ', m, ) (FO D) (S o). (46)

The threshold correction factor for the jet function at
fixed O(a?) reads
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2 MGP (s, m, ) o

2CrT 8 58 466  4n°
:aS £ F{6(§)|:_Li?”n_l’%1_( +”>Lm

1672 9 9 27 9

1531 1on2+@6

54 27 ' 9°3

0(s)] [8 80 224

AN I iy e ST N Mt 47
7] e g ) )

where a, can be either written in the (n;) or (n; + 1)
scheme and /\/l;r(z) = —M;(z). The corrections at fixed
O(a,) are zero, ie. M=E(s,m.pu,) = 8(s) + M@+
O(a?). Note that MF implicitly contain a logarithm
~1In(m?/s) that becomes large for m < /s ~ Qv1 —x
or m > ./s. Its presence becomes more manifest when
using the natural scaling variable § = s/v5 ~ O(1) with

vy~ QV1—x instead of 5 = s/u2,

1/3/\/1;0) (8, tms V1) |ro

_ “?1C622TF {5(5) {—SL% —%SL% - <42676 *4;[2>L'"
S (9] ()
x EL%%—%L,”—F%}}- (48)

In the logarithmic counting O(a,In(m?*/s)) ~O(1) one
therefore has to include also the terms at O(a} In(m?/s))
and O(af In*(m?/s)) for a computation of M7 at O(a?).
The corresponding results will be discussed in Sec. V
where we show how to obtain these terms via consistency
from the PDF threshold correction.

C. VENS for the PDF

Analogous to the case of the hard and the jet function one
can set up the VENS for the PDF. The PDF ¢"/)(1 — z, u)
isin the (n;) = (n; + 1) flavor scheme if y is above y,, and
in the (n;) = (n,;) flavor scheme if y is below ,,:

¢("1+1)(] -z, m,'u) for H > U,

(ne)(1 — =
" (1 =z, m,p) {d,(ﬂl)(l — 2, p)

for u < u,,.
(49)

Note that in the (;) scheme the dependence on the quark
mass vanishes for m > Agcp. The common renormaliza-
tion scale u is in general different from the characteristic
scale uy ~ Agep of the PDF, so we specify the PDF at the
common scale u by the PDF at the scale u, convoluted
with an RG-evolution factor. The PDF at the scale y,, serves
as an initial condition for the RG evolution and since we

PHYSICAL REVIEW D 93, 034034 (2016)

consider effects of heavy quarks with a mass m > Agcp,
the mass scale is always above the scale of the PDF, i.e.
Hm > Mgy, O that the PDF at p is always in the (r;) flavor
scheme. This is independent of the scaling of (1 — x) with
respect to Agcp/ Q-

The RG evolution from p,, to the common scale y in the
VENS proceeds in the (n; + 1) flavor scheme if the scale is
above 1, and in the (n;) flavor scheme if the scale is below
Uy, according to Eq. (22). Finally, if the RG evolution
crosses the flavor matching scale y,,, one has to account for
a threshold correction factor M{;

M;};(l -3 mwum)

= /dZ’fﬁ(”’“)(Z’ — 2 m, ) ()L =2 m, ).
(50)

Since we always assume ,, > 4, only the transition from
the (n;) to the (n; 4+ 1) flavor scheme is relevant for the
PDF. The results for M, (1 —z,m,p) in the end-point
region can be easily obtained from the well-known PDF
threshold factor in the OPE region calculated in Ref. [9]
and for convenience also given in Eq. (A11) of Appendix A
by expanding for z — 1, which yields

2
M (1 =z mop)lg

a2CFTF 2 87[2 73 207[2
== 5(1—-z2)|2L2 —+— L, +—
(4n)? {( Z)[ ’"+<3+9> AT

8 0(1-z2)] [8 80 224
-3o)+ 1] B g g e

where a; can be either written in the (n;) or (n; + 1)
scheme. The corrections at fixed O(a,) are zero, i.e.

/\/l(‘;(l —z,m,p,,)=6(1-2) —I—M(Z(z) +0O(a}). In Sec. V
we will also compute this result directly from the definition
in Eq. (11) for the PDF in the end-point region. M,

contains a large logarithm ~In (1 —z) that is manifest
when rescaling the plus distribution in terms of the

normalized soft momentum variable # = £ /vy With £ =
O(1 —z) and v, ~ O(1 —2),

1% 2 4
i’M;( ) (Q’m’ Q,ﬂm,v¢>
FO

a2CrTp (.~ [(8 80 224 v
= L2+ L, + " ) In( 2
o 00| G S 3 )n(3)

2 8 73 207 8
2 Za R
+2Lm+(3—l— 5 >Lm+18+ > 3§3]
0(2)] [8 80 224
| 2L+ =L, + | b, 52
+[f]+{3 m+9 m+27” 52)
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The large logarithms In(1 — z) arise from rapidity diver-
gences in the collinear PDF function g;/p and the soft
function S (or csoft function §,) and cannot be resummed
in the usual RG evolution. In Sec. V it will be shown how
these logarithms can be resummed using rapidity RG
methods as in Refs. [10,11] enabling us to evaluate the
matching coefficient M at N’LL order.

IV. PRACTICAL IMPLEMENTATION AND
CONSISTENCY RELATIONS

In this section we specify explicitly the RG properties
of the individual matrix elements in the factorization
theorem of Eq. (25) in the presence of massive quark
corrections for all hierarchies between the mass scale and
the kinematic scales. All of the factorization theorems are
valid up to power corrections of O(1 — x), independent of
the hierarchy between the mass and the kinematic scales,
since the change between the OS and MS renormalization

|
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prescriptions does not generate any power corrections
involving the mass. Furthermore, we investigate the con-
ceptual implications of using different final renormalization
scales which all of the matrix elements are jointly evolved
to, which leads to consistency relations among the thresh-
old corrections.

A. Explicit factorization theorems with massive quarks

We apply the prescriptions given in Sec. III and use first
for definiteness a common renormalization scale y < u,,.
This implies that the matrix elements and couplings are
renormalized in the (n;) scheme at the common . If the RG
evolution from the natural scale of the matrix element y;
(for i = H, J) to the final scale y crosses the scale y,,, the
scheme is changed leading to the threshold correction M7
and the number of active flavors in the evolution changes
from n; 4+ 1 to n;. Thus the hard and jet functions can be
written as

H (n+1) n1+1 . M . (n,) . for >,
HOD(Q, m, ) = { (Q.m, MH) (Ot ) M (Q. ) Uy (Qu i) for py > (53)
(0(Q. m. ) U (Q. iy ) for py < phy,.
[ds’ [ds” [ds" T (s =", m yJ)U( )(s — 5" oy 1)
J("z) (s,m,ﬂ) = X MJ_(S _ S ,m, /"m)U( )(s/// /»/"’/‘m) fOI‘ 1y > s (54)

JAs T (s = s ) U (s )

for u; < p,,.

Note that the PDF is never evolved in the (n;+ 1) flavor scheme for u <y, because we always assume
m~ p, > py ~ Aoep, so that Eq. (19) holds with n; = n;. The explicit description of the complete factorization theorem
with all evolution factors written out thus adopts three different forms depending on the hierarchy between y,, on the one
hand and py and u; on the other. For simplicity we set here u = puy, so that the RG factor for the PDF can be dropped. For

Hm > My We get

Fl'(x,Q,m) = z H”’ (Q,m, ,uH)UH (O, 1ty /ds/ds'J"’ s’ m, ,uJ)U( )(s—s Hop Hy)

1‘1‘1

K
xqﬁl/P(l—x—@,u(p).

(55)

This factorization theorem covers in particular the region, where the massive quark decouples and therefore for all
renormalizable quantities the OS scheme is used for the secondary massive quark effects. In this regime mass effects in the

jet function are power suppressed by (9(—) < O(1 — x) and might be dropped due to their small size."’ For Uy >
W, > 1y one gets
Fi(x.Q.m) = > 2 & o) (Q. 1. u) Ul (Q. g ) M (Q. 1. ) UL (Q i )
i=4.q
ds [ ds'Jtm)(s' mﬂ)U( >(s—s )¢< D1 —x—2 (56)
7 Hes 11)Pisp 02 Hep )

"%Since mass effects in the jet sector appear only in the real radiation correction J (m1)

practice anyway not contribute.

containing a kinematic threshold, they can in

m,real
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Here we use both the MS and OS renormalization prescriptions for the secondary massive quark effects in the evolution of
the hard function. In particular the MS scheme allows us to reach the massless limit for the fixed-order hard coefficient
H"*(Q, m, uy). Since p,, > u; the jet function is still always evolved in the (n;) scheme. It is easy to see that for
U, = ng the two factorization theorems in Egs. (55) and (56) agree due to the matching relation (36). So there is a
(perturbatively) continuous transition between the two scaling hierarchies described by F} and F.

Finally, for y; > p,, > p, the explicit factorization theorem reads

2
Ei n
P, 0.m) = 37 L HO (Q,m ) U,

i=q.q

x/ds/ds’/ds”/ds’”l(”’“)(s’

n n s
X U‘<] I>(S _sluu(/)?/’tm)qbg/;?) <1 _'x_gvl’l(/)>

Now in addition both renormalization prescriptions are
also used for the jet function allowing us to reach
the massless limit for the fixed-order structure
JUH) (s m, uy). In this regime mass corrections in the
hard function are power suppressed by (’)( D) < O(1-x)

and taking the massless limit might be sultable. Again, it
is easy to see that for u,, = u; the two factorization
theorems in Eqs. (56) and (57) agree due to the matching
relation (46). So there is a (perturbatively) continuous
transition between the two scaling hierarchies described
by FI and FI.

B. Consistency conditions

The equivalence of the factorization theorem for differ-
ent choices of the common renormalization scale p con-
cerning physical predictions leads to statements about the
intrinsic relations between its components. On the one
hand, they imply the well-known consistency conditions
between the RG evolution factors Uy, U; and Uy; see
Eq. (24). On the other hand, in the context of the RG

|

ae.mm = {

Jds' gt (s =5/ m ﬂJ)UwH)(S' HsHy)

J(n,+1)(s’ m,ﬂ) _
x Mj(s" —s"

¢(n1+1)(1 -z, m”u) = /dZ/dZ//dZ///¢(;1,)(Z/ _ Z,,Ll¢)U

1
x My (2" = 2", m,,um)Uf/)'”Jr (U= 2" 1)

(O, g, pm) M

" (n+1) ¢ n m
’mu”J)UJ (s" =

n1+l (Q m ﬂH>Un[+1 (Q HH> K )
(n) (Q m, MH)UH (Q ,“H’ﬂm)MH(Q m, IMV”)

[ds’ [ds” [ds" [ds"T0) (s =", m, u,)U( )(s — 5" s 1g)
m, ) Uy

(Q m, ﬂm)UH (Q ,umnuqﬁ)

uumv/’lJ)M;(s/ -

"
s ’m’/'tn’l)

(57)

|

evolution crossing a massive quark threshold they also
imply a consistency relation between the threshold factors
for the hard, jet and parton distribution functions, /\/l,ﬂ_[,,
M7 and M{J/g Apart from providing consistency checks of

theoretical calculations, these relations have also computa-
tional power, as they can be used to calculate properties of
independent gauge-invariant field-theoretic objects once it
has become clear that they represent building blocks of a
factorization theorem. Hereby, one of the most interesting
aspects is that the various building blocks can appear in
different factorization theorems, and one may gain insights
into the mass singularities of apparently unrelated
quantities.

In the previous subsection we have discussed the
renormalization of the matrix elements for y < yu,,. An
equivalent choice would have been y > u,,, where all
renormalized quantities are evaluated in the (n;+ 1)
scheme at the common scale p. Here the RG evolution
of the hard and jet functions and the PDF reads

for py > pp,

(n+1) G8)
(Q Hms ,Lt) for Ky < HUm,
for p; > p,y,,
(59)
(n1+1)( " _ ¢ ,,Lt,,blm) for u; < p,,
(”z)( "_
p) Z Z vﬂrmluzﬁ)
(60)

Here the threshold factor M;(l —z,m, u,,) arises since the RG evolution of the PDF ¢ necessarily crosses the massive

quark threshold.
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FIG. 4. Illustration of the different RG

setups for the hierarchy p; > p,, > p,

(b)

leading to the consistency

relations mentioned in the text. We display the cases where the common renormalization scale u satisfies (a) p,, > pu > p, and

®) py > p >

In Fig. 4 we show an illustration of the two equivalent choices for yp; > p,,, i.e. we display the situations where the
common renormalization scale y lies (a) between the mass and the PDF scales or (b) between the jet and the mass scales. To
discuss the implications let us consider the complete factorization theorem for this specific hierarchy in case (b) with y = p;

set for simplicity,

2
FIIH(X’ Q’m) = %H<nl+1)(Q’m’ﬂH>U5;[+l)(Q’,uH’IuJ)/dsj(nl-"_l)(s’m’ﬂj)/dZUl(ﬁn[Jrl)(Z_x’ﬂJ’ﬂm)
i=q.9
X /dz’/dz”/\/l;(z’ - z,m,ﬂm)U[(ﬁ"I)(z” —Z/,ﬂm,ﬂ¢)¢l(~7;)) (1 -7 _é’”‘ﬁ)' (61)

The equivalence of the factorization theorems in Eqgs. (57)
and (61) implies, besides the relation between the evolution
factors and anomalous dimensions shown in Eq. (24) for
ny =n; and n; + 1, also a relation between the threshold
correction factors,

MG (1 =z,m,u) = Q* My (Q, m, )) M5 (Q*(1 = 2), m, p)
(62)

or equivalently

5(1—-2) = QZME(Q,m,ﬂ)/dz’Mj(Qz(l )

x My (2 = z,m, p). (63)

|
These relations imply in particular that the rapidity loga-
rithms (and singularities) that arise in the hard, collinear and
soft sectors are intrinsically related to each other. We can
explicitly check that the consistency relation is satisfied at
O(a?) in the fixed-order expansion. Inserting Eqgs. (37), (47)
and (51) confirms Eq. (62). We emphasize that for Eq. (51) to
be satisfied for arbitrary masses the coefficients of the
rapidity logarithms In(m?/Q?) in M3, In(Q*(1 — x)/m?)
in M7 and In(1 — x) in M need to be equivalent.

V. CALCULATION OF THE PDF
THRESHOLD CORRECTION

As already indicated in Eq. (50), the PDF threshold
correction M*(l —z,m,u) is given by the ratio of the
PDFs in the (n; 4+ 1) and (n;) schemes, i.e.
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M;(l - mv,um)
- /dz/qﬁ("’“)(l =2 (") = zom )

= [@Z = L) @) @ = ),
(64)

where the second equality arises from the universality of
the unrenormalized bare PDF. Note that in Eq. (64) the
calculation of the PDFs can be performed with partonic
initial states (i.e. quarks) since the different renormalization
conditions are not affected by the infrared behavior. This
can be also seen from the second equality which only
involves the renormalization factors.

Since the PDF in the end-point region is decomposed out
of a soft function S [or a csoft function S, depending on the
scaling of (1 — x) with respect to Agcp/Q] and a collinear
function g [see Eq. (11)], the analogous relations to Eq. (64)
hold also for the corresponding matching coefficients M
and M, which are related to M M via''

M3 (1= zm,py) = Q/dst(f,m,um,w

X My (Q(1 =2) =€, 0, m, i, v),
(65)

An important technical point is that we encounter rapidity
divergences in the calculation of the collinear and soft PDF
functions which are not associated to the UV or IR behavior
and are not regularized by dimensional regularization. To
regulate these divergences we need an additional regulator
that breaks boost invariance. Here we display the corre-
sponding results for individual diagrams employing the “y
regulator” [10,11] for the collinear, soft and csoft Wilson
lines, i.e.

g |n-PI™
g L
i pezrlgsexp{ T o Al (66)
g [2Ps| 2 ]
Si = exp[ — Ay, (67)
pe;s P2
g |n.73_77/2_
Xﬁ = Zexp {_WTJ/Z"ACS s (68)

and similarly for S, and V;, where due to the boost of the
csoft modes with respect to the soft modes |27P;] is replaced
by |n - P|. In this context the scale v is an auxiliary scale to
maintain the dimensions of the regulated integrals which

"For notational simplicity we use here the soft matching
coefficient M, which is identical to the csoft matching coef-
ficient M .
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adopts a similar role as the u scale in dimensional
regularization. In particular, also the strong coupling adopts
a v scaling proportional to 7.

We follow the method of Refs. [10,11] for setting up the
rapidity RG evolution. The summation of the rapidity
logarithms can be carried out independently after the u
evolution has been settled which is the approach we are
adopting here. We will show that the decomposition in
Eq. (65) provides a way to resum rapidity logarithms
~In(1 —x) in terms of a RG evolution in v. A similar
factorization in rapidity is used in the hard current matching
computation for massive primary quarks of Ref. [23] which
also discusses the rapidity RG evolution due to secondary
massive quark effects in detail.

For sufficiently inclusive observables dispersion rela-
tions can be used to obtain the results for secondary
massive quark radiation (with mass m) at O(a2CpTp)
from the results for “massive gluon” radiation (with mass
M) at O(a,), which allows us to deal with the technically
simpler one-loop computations for the latter instead of
performing the two-loop integration directly. The
dispersion method has been discussed in detail in
Ref. [6] and we refer to Sec. IV A therein for the notations
and the explicit relations involved. For the following
computations we use always Feynman gauge.

A. One-loop results for the PDF soft and collinear
functions with a massive gluon

For the computation of the PDF threshold correction we
have to consider both the collinear PDF function g, /p(Z, )
defined in Eq. (12) and the csoft or soft function S.(Z, u)
and S(Z, u) defined in Egs. (13) and (14), respectively. As
already argued in Sec. II B the csoft and soft functions are
related by a common boost of the Wilson lines and are
therefore in fact equivalent, which we will explicitly show
here at the one-loop level. Since we are interested in the
matching correction related to different employed renorm-
alization schemes, we can perform the computation with
partonic initial states. In this subsection we consider only
the massive gluon contributions. A similar calculation has
been performed in Ref. [17] within the context of using the
gluon mass as an IR regulator.

Let us start with the computation of the partonic collinear
contribution g( Since this is a local matnx element, no
real radiation c?lagrams can contribute.'? Therefore the only
contribution (besides the wave-function renormalization)
for massive gluon radiation at O(«) is given by the virtual
gluon contribution of the dlagram in Fig. 5 and its
symmetric configuration, which we denote together by
gs. For convenience, we use a frame where the
perpendicular component of the initial on-shell quark

"To stay in the end-point region 1 — x < 1 the emitted gluon
would need to be soft, a contribution that is excluded from the
collinear matrix elements by zero-bin subtractions.
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FIG.5. Feynman diagram for the collinear PDF function with a
massless quark field in the initial state and a massive gluon at
O(ay). The symmetric diagram and wave-function corrections
have to be added.

momentum vanishes, i.e. p* = (p*, p~, pt) = (Q.,0,0).
‘We then obtain

Ak Q—k*
— A2 ~2e¢
9 = 4lg CF” l/né(f)/<2n_)d (k+)l+i1
y 1 1
[ktk~ — kT — Qk~ + ie] [k k= — k) — M2 + ie]

(69)

After performing the k= and k| integrations we get

a,Cr d\ [uere -
i=———06O)T(2—= )~ 1t
In el ( 2)(M2 g

This contribution is not regularized by dimensional regu-
larization alone (i.e. for # = 0) and there is no collinear real
radiation contribution to cancel the corresponding rapidity
divergence [in contrast to the OPE region 1 —x ~ O(1)].
Expanding for n — 0 gives

a,Cp d\ [prer=\2
& spr(2 -8
9n == 0(7) < 2><M2

x {%—i—ln(é) +H%_1}, (71)

where H, = w(1 + a) + yg is the harmonic number. The
corresponding soft-bin subtractions g; o), have to be taken
into account, which in general yield some additional
corrections. However, for the # regulator they vanish.
Including the contribution from the wave-function renorm-
alization, given by

1) _ a,Cp d\ (uere 2_%2(61— 2)
z =="Fp(2 -2 2
g 4n ( 2) < M? a7

we obtain in total for the bare partonic collinear function
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S, real

S virt

FIG. 6. Nonvanishing Feynman diagrams for the computation
of the one-loop massive gluon contributions to the soft function
S(Z,u). The corresponding symmetric configurations are
implied.

A (bare, 1
g((]/q )<f’ M’ Q,/,t, V)

= (g7 — gn.om) — 2."8(¢)

a,Cp d\ [p2ers\ 2
— S siar(2-2
wor(2=5) ()

x {%+4ln<é> +4H, _2(%—2)}‘ (73)

This is in agreement with the results given in Refs. [11,17].

Let us turn to the computation of the (partonic) soft
matrix element $!), where the corresponding diagrams are
shown in Fig. 6. The virtual diagrams S,;; with the 7
regulator employed for both Wilson lines read (including
symmetric configurations)

S = — 4ig?Cri*V15(¢)

dlk |kt — k| 1
x / ()¢ [k~ —ie|[kT — ie] [kK* — M? + ie]” (74)

A simple way to evaluate this is to first perform the k,
integration by contours and afterwards the remaining ks
and k, integrations, which yields in agreement with
Refs. [11,17]

a,Cr d\ [urers\ >
Svit = — oI 2—=
virt P ( ) ( 2) ( M2

x {%—i—zln(%) +H1_§}. (75)

The real radiation diagrams S, yield

_ dk |kt — k|
L =4id? 2e, 1

Steal = HG Crpv / 2n)d [k — ie][k* — ie]

x (=270)8(k2 — M2)S(£ — k). (76)

After performing the trivial kT and k, integrations this
reads
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a,Cr (42e’)*40(2)
rg-1 «

Sreal = d

dk-
x/ﬂ (O = MR~k (77)

2

Finally, expanding in # after the k™ integration yields (with
£ =C/v)

a,C d\ [prer=\2-
VSreal = TFF<2 _E) ( M? )

x {5(2) B—I—Zln(%) +H1_4 + {%:)L}.

(78)

We note that our computation of S, differs from Ref. [17]
which uses the same regularization methods in several ways.
First, our prescription for the Wilson lines in the soft function
differs from theirs resulting in a relative sign in Eq. (76).
Second, the result of the phase-space integrations in Eq. (35)
of Ref. [17] does not agree with Eq. (78). Third, we emphasize
that in the computation of the soft diagrams we do not
encounter any nonvanishing collinear-bin subtractions, in
contrast to such a statement given there. However, overall
these three deviations cancel each other giving the same result
for the total soft real radiation correction in our Eq. (78).

Summing up all contributions the bare soft function
reads in terms of £ = ¢ /v, with v, ~ O(1 — x)

I/(/)S(bare'])(f M’Ph 1/)
- I/(/)( virt + Sreal)

()
x {5(2) [_%_ " %)} o F(Zf)} +} (79)

in agreement with the result in Ref. [17].

Next we will also calculate the csoft function S, to show
that this leads to the same result as for the soft function S
above. Here only the rapidity regularization prescription
changes; see Eq. (68) compared to Eq. (67). This gives a
scaleless contribution for the virtual diagram, such that
Scvit = 0. The real radiation diagrams for the csoft
function then give

_ a,Cp (12er)*50(0) k=
Sc,real - F(% _ 1) f1+ﬂ U x /472 = (fk )2

_ a,Cr d\ [(urers\ 22 0(¢)"

-2t () e e

which slightly differs from Eq. (77) concerning the
dependence on the 5 regulator. Expanded in # gives exactly
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the same result as shown in Eq. (79). Finally, we remark
that at one loop the # regulator for the csoft function acts in
the same way as the a regulator suggested in Ref. [24]
applied to the large light-cone component,

Atk
k—Jr_)y (k+)1+a'

(81)
Since the a regulator is boost independent, it gives
automatically the same result for the virtual and real
radiation diagrams of the soft and csoft functions. For
the collinear function g; both regulators are anyway
identical, which thus also implies that the 7 regulator needs
to yield the same result for the soft and csoft functions. We
will therefore not distinguish between the soft and the csoft
functions anymore in the following.

Expanding Egs. (73) and (79) for d — 4 gives the
unrenormalized corrections'” [Ly, =In(M?/u?), £ = ¢/v;]

barel(fMQﬂl/)

Y94/4
_aSCF 41 1 v
2
—4L,,1n <é) — 3Ly + % - 2%} (82)

U¢S(bare,1)(f’ M,/l, y)
_aCr s (_1]3 4
_&C {5(/)( n[e 4LM+(’)(6)] [ 4LM]

WD ) w

We see that gg‘/)q and 81 are free of large logarithms for

v=v,~Q and v = vg~v,~ Q(l —x), respectively. For

later reference we also give the resulting MS-type counter-
terms (subtracting the 1/e¢ and 1/5 divergences)

a,Cr - (41
vy Zi) = 4}: 5(5){5 {E — Ly + (’)(e)]

Al

nie ‘
o)A e

PHere the ¢ dependence in the expression proportional to 1/
should be in principle kept unexpanded to avoid terms going like
€/n in the p-anomalous dimension. However, for convenience we
show only the terms up to O(?).
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B. Two-loop results for the PDF soft and
collinear functions

We calculate the secondary massive quark corrections at
O(a?CyTy) for the PDF soft and collinear functions in the
(n; + 1) flavor scheme using the (partonic) results for the
real and virtual radiation of a massive gluon at O(ay) in
Egs. (73) and (79). Applying dispersion relations as
discussed in Sec. IVA of Ref. [6] yields

g(nl+l.bare,2)(f’ m, Q’ A,/,l, I/)

q/q4.Tr
1 dM ~(bare,1)
= ; M2 q/q (f M Q 222 ) [H(mz’Mz)]

(m+1)
ay Tr1 are,
- <H(m2,0)—TF ) ,(,b/q V(e.AQ.pv),

(86)

ngl;+1,bare,2) (f m, A,,“, I/)

dM Q(bare,
:; S SCel) (£ M, p, v)Im[TI(m?, M?))]

a1 .
—<H(m 0) — 3”F€>S<b‘“°'1)(zf,/\,u,u), (87)

A(1;+1,bare 2)

q/q.Tr 1672

—l—l §ln 2) 42 +1 ﬂln
€2 |3 (0] € 9

(”Hrl) 2
n |3e
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with the imaginary part of the vacuum polarization
function TI(m?, p?) and its value at zero momentum
given by

Im[[1(m?, p*)] = O(p* — 4m?) G T pi* (p*)\ =/
03-2d (3-d)/2 ( 4m2)
X—— | d=2+—
(4 »?
4m?\ (d-3)/2
x (1 - lz) : (88)
p
aST queyE 2—% d
e 0) =% (51 Tr(2-9). 9)

For the scheme change contributions in the respective
second terms of Eqgs. (86) and (87) we use a gluon mass
A <« m as an infrared regulator which allows us to
factorize also these corrections with respect to rapidity
and to use the results from Sec. VA. The total bare
results at O(a?CyTy) for the partonic collinear and soft
functions then read

16 8 , 80 224
L, +—L,

+3 9 +27+O(€):|

v\ 1 4z’ 16 8
— == L,Ly+=L%
(6) =3 5]+ (-5t s3

80 224\ (v 20 73 202
L, n(%) —4L,Ly +2L% + L, =2 90
g b +27> “(Q) e B R TRT 53} (90)
Glurt 1 bare.2) _(agmm)ZCFTF 15(2) i +40+]6L L 8L2 80, 224+(9( )
Y20.Tr T e 3¢ 3 AT g mT 7 TN
@] [8 40 16 8,, 80, 224
L L Lyl 2L, 1
+[ 7 |, 3@ 9 3 ma 3t g tet oy O

with # = £/v, L,, = In(m?/u?) and L, =

In(A?/p?). Therefore, the nonvanishing two-loop counterterm contributions in

MS renormalization (subtracting also the 1/# divergences), which are used in the (n; + 1) flavor scheme above the quark

mass threshold, read'

(1) (nj+1)
1) _ s (mv)as' (u)CrTr 5(@{1 {

9.Tr 1672 5

118 v 1 40 v
ta [51“@ ”] te h“‘(@)

10 16L L +8L2+80L +22 + O(e)

9¢ 3 AT3 9 27

1 4x?
—— 92
5 ©2)

"We indicate explicitly that only the strong coupling related to the interactions of the gluon to the primary quarks is affected by the
rapidity regularization procedure and adopts a v dependence. The interactions due to gluon splitting within a single sector do not contain
any rapidity divergences and therefore do not need additional regularization. We note that the renormalized strong coupling depends on
the scale v only due to the dimensional extension of the k™ integration and satisfies da,(u,v)/dInv = —na,(u,v) to all orders.
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(m+12) aﬁ"’ﬂ)(u,v)aﬁn’+l)(y)CFTF 16 2
UZS.TF - 2 - ( )
167z n

7 el

The sum of the individual counterterm contributions gives
the complete PDF counterterm at O(a?) with respect to one
flavor,

n+1,2 14
25 (G=1-n)

12 1,2
= Q(Z\? 4 Z§y )

(m+1)\2 2
as CyT 2 1/1 4
:# s(1-2)| 2L (1 4
167z e e€\3 9
(1 —z) 8 40

——— 7. 94
1= el o4
This yields, using also the corresponding contributions
at O(a,) in Egs. (84) and (85) the correct O(a?CyTy)

contribution to the p-anomalous dimension for the
PDEF,

M. Q) = [ 42 = 'm0 g ) 0

~(n;+1,bare,2) _
~ Jq/q.Tr 9.Tr

MG (&, m ) = / dZ'SUHV (£ — £ m, A,y V) (S THE A, o, v)|

(n;+1,bare,2)

C/;)

Z(111+1,2) _

(n+1,2)
T —Zgr, " —
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40 16 8 , 80 224
9€+?LMLA—§Lm—3Lm—7+O(€):|

(93)

—<§+%’T2>5(1 —z)} (95)

with ) = —80/9 being the O(a2CT}) coefficient of the
Ty g

. . n
cusp anomalous dimension F((;u’;r),.

Below the mass threshold in the (n;) flavor scheme the
OS subtraction prescription is employed for both the strong
coupling and the massive quark contribution to the collin-
ear and soft PDF functions. The OS prescription implies
that the secondary massive quark corrections decouple in
the limit m — oo. Since the bare result given in Eq. (90)
agrees with its large-mass limit it can be easily seen that the
O(a?CrTr) massive quark corrections are subtracted away
entirely by the OS counterterm. For the PDF threshold
corrections at O(a?CyT ) we therefore obtain

(& Q. Aty V)|
O(a)

a§n1+1>TF
3z

(bare,1)

n+1.1
e ) _ zgrttD), (96)

L, (3

O(a3)

a§n1+1)TF

i Lm(s\(bare,l) _ Z§”1+1;1))' (97)

Note that the difference of the scheme for a, in @E{'}’;, S0 and g("’ D8t affects the terms at O(a?CrTr) and leads to the

third term in the last equality of Egs. (96) and (97), respectlvely Using the two-loop results in Egs. (90)—(93) and the one-
loop results in Egs. (82)—(85) with a gluon mass A as an infrared regulator we obtain

n,+l
CyT 8 80 224
VMG (&.m. Q. pty.v) = wts(f){( L% +=—L, +—> ln<i> +2L2%

1672 3 9 21) \Q
2 8x2 73 2072
+<§+T>L’”+ﬁ+ 27 53} .
(m+1)y2 7
o _@TPCT (s (4) 1 [PO] V[Br 30, 22 %9
Uy MO (. . v) s @m()+ = ) E e tet o) (99)

where the dependence on the IR regulator A has dropped out. Upon summing up M éz) and Mgz) we obtain the total PDF

threshold correction already given in Eq. (51).
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The RGE for the v evolution of the threshold corrections
reads (i = g, S)

Z/EM,'

dU (f’m’ Q,//l,l/)EyMl_Mi(l/ﬁ,m’ Q’/’tal/)-

(100)
The v-anomalous dimensions y ¢ and y 4, can be directly
read off from Eqgs. (98) and (99) or equivalently from the
ratio of the counterterms in the (7;) and (n; 4+ 1) scheme for

g and S in analogy to the last equality in Eq. (64), which
gives

Y M, = =7 M
a?CpTy (8 80 224
= —L%+—L — 3. (101
1677.'2 {3 m+ 9 m+ 27}+O(as) ( )

The solution of the rapidity RGE in Eq. (100) is a simple
exponentiation of the rapidity logarithm, i.e. setting v = v,
in M, and v = vy = vg in Mg we get

M(/)(l - m’/'lm)

= Q/dst(?/ﬂ’m,ﬂm,’/s)

Vg

x My (Q(1 =2) = 2,0, m, py,v,) <U >mg. (102)

In order to allow for an arbitrary evolution path in u —v
space one can generalize this expression to resum the
logarithms In(m?/u) in the v-anomalous dimension by
integrating the latter in p as discussed in Refs. [11,23]. The
variations of the scales vg and v, may be used as an
additional input for the perturbative uncertainty estimate.
Finally, we remark that by setting v, = Q and vg = v, one
can obtain the compact all-order expression

[ 0(1 —z)

(1 _ Z) 1=y um,

g

M (1= 2omp) } raMps (103)
+

(a§~m+l>)2

,m, Qv,"tmvl/gvl/5> = 6(;) + [W
+ {_(agnm))z (

(47)*
(n+1)

(™)
(47)*

(a£n1+1)

(4)*

4

Q

Ug

2

+

+

5(7)M

5(2) ln<

4 ~
R me () M )|
g

(
¢
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where y 4 is the v-anomalous dimension with the two-
loop contribution given in Eq. (101). M, s denotes the
coefficient of the § distributions in the PDF threshold
correction, 1.e.

aZCFTF 2 8772
=14+-= 2L ~+—|L
Mos =1+ 5202 a3 1 (3455 )L
73 207> 8
e O(a?). 104
ETREEY 343]+ (a5) (104)

The noninteger plus distribution in Eq. (103) is defined as
the analytic continuation of (1 — z)/(1 — z)'7""s; see the
appendix of Ref. [6] for details. Expanding Eq. (103) in a;
allows one to easily tead off the distributive structure of
M; at any order in the strong coupling in terms of the
anomalous dimension y .

C. Threshold corrections for N*LL analysis

For a complete analysis at N’LL we need the terms at
O(atIn?(1 — x)) and O(a?In(1 —x)) both counting as
O(a?) for ayIn(l —x) ~ 1. The former can be easily
obtained from the exponentiation property of the rap-
idity logarithm. The latter can be read off from the
nonsinglet PDF threshold correction in the OPE region
that has been recently computed up to O(a}) in

Ref. [25]. The -corresponding expanded result for
x—>1 [Eq. (5.60) in Ref. [25]] fully agrees with
our computation for the p,-dependent terms at

O(aIn(1 —x)) [which are obtained from the ratio of
the evolution factors in the (n;) and (n;+ 1) flavor
schemes], but in addition allows us to extract the
relevant y,,-independent term.

The complete result for the PDF threshold correction in
the logarithmic counting a,In(l —x)~1 at N°LL
reads, [£ = ¢/vg, € ~ g ~vy~ Q1 =x),v,~ Q]

)
¢.,In

Ug

)

g

()|

O(ay)
0(?)

2

s

{Qumseg) + |22 MG )
+

3
s

+ O(a

), (105)

O(a3)

where the second term in the first line counts formally as O(«;) and is therefore already relevant at N>LL. The (universal)
functions related to the rapidity logarithms read [L,, = In(m?/u2,)]
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@) - 8 , 80 224
M(/),ln(m’/’lm)_CFTF{ng‘F?Lm"'? : (106)
3 176 64 128 184 1672 320
Mf(ﬁ,l)n(m’:um) :CFTF{L { 77 7 Ca+ 7TFn1+ 7 TF:| +L%|:<T_T>CA_24CF+7TF:|
1240 160 224 2176 1984
+Lm[ - —43>CA+(——64¢3>CF+ s Trmi TF]
35452 16487z 1767 32 2834 1208, 162* 64
6003 o — Crl - - —B
( St T3 4) F( 27 79 T3 T3 4>
24064 512 12064 896
TFnz< ——C3> <—W+753>}, (107)
@) 2
@) (Man(mopn))™ (32, 640 , 1664 , 17920 25088
= T T3S+ — L, L L 1
Moz (- pim) 2 ¢ g rm g b g B s e g (108)
where
2 27° 137* 1
By = =In*(2) - =—1n%(2) - —— + 16Li 109
(=3 - 2w ) - et (3) (109

The PDF specific function at O(a?), which is not multiplied by a rapidity log, reads

2) 2 8x? 73 2072
M¢,1(va7ﬂm”/¢’”9) CFTF{M¢1n<m ﬂm)1n<Q) +2L3, + <§+7>Lm +1—8+7——52 (110)

For completeness we display also the threshold corrections for the hard and jet functions. As discussed in Ref. [5] the
characteristic rapidity scales for the mass-shell fluctuations in My, are t4/ ~ Q and V¥ =v,, ~ m (with the symmetric 5
regulator) while in M they are v{ ~ Q and v} ~ m?/(Q(1 — x)). To account for correlations between these scales we set
' =v] = v, and v} = 12 /ug. With these choices the results at N°LL have the form

(a(nﬂrl))z 2 @
M5 Q. v m) = 1+ [0 ) G )
! (4”)2 Ui ’ Oay)

(n+1)\2 (nj+1)43 2
As Ay Unm
+ [( ) Mg’)l(Q,m,ym,l/g,l/m) 4= 3) ']n<_2>MS,)ln(m*/‘m)

(47)? (4n) vg
(m+1)\4 2
Ay U
! (47;)4) In* <g)M$ﬁnz(’"’ﬂm>] o +0(a)), (111)

and [5 = s/(v,vs)]

yz (a(ﬂ1+1))2 y Vvs @
Vs M| s, m, py, vy — s =6(5) + Wﬁ(s) In| 5= )My, (m, wy,)

o [ (M) + [22] ML)

O(as)

(") (s
+Té<s)ln2<—2)MJ,lnz(m7ﬂm):| o )+0(as) (112)
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As stated at the end of Sec. I'V the consistency relation (62)
implies that the coefficients of the rapidity logarithms, i.e.
the v-anomalous dimensions, are the same for all threshold
corrections, i.e.

2 2 2

M p) = M (m ) = M) (o), (113)
3 3 3

M mopt) = ME) (mpt) = M) (i), (114)
4 4 4

M) = M) mp) = MU (mp,). (115)

which has been already used implicitly in Ref. [6]. Finally,
the remaining function-specific O(a?) corrections read

Mg)l(Q’ m’ﬂm’y_(;’l/m)

16 4 260 4z 875
= CpTps ——L3 —-L3, —
i F{ 9 9 (27 * 3> "7
1072 104
+T—iC%+an( m, pi,,)
1/2 12
] —In( 22| Y, 116
<) ()]} (19
M (1m0, s v)
PR B ng 466+475 , 1531
TFRY 9T g 27 19 )T 54
1072 80 2
- 2 (m, Mm)1n<”’n>}. (117)

Since hard and jet functions and PDFs are building blocks
of factorization theorems for many different processes at
hadron-hadron collisions, the results for the threshold
corrections can be directly applied there as well.

VI. CONCLUSIONS

In this work we have discussed how to set up a VENS for
multiscale processes at hadronic collisions, where we have
taken inclusive DIS in the end-point region x — 1 as a
specific example. In this limit massive quarks do not
(predominantly) participate directly in the hard interaction
with the virtual photon and therefore mainly arise as
secondary radiation giving corrections starting at O(a?)
in the fixed-order expansion. Starting from the massless
factorization theorem we have shown how to systematically
incorporate the secondary massive quark effects by using
two kinds of renormalization conditions for the massive
quark corrections in the gauge-invariant components. The
use of the MS renormalization prescription in the small-
mass region and of the on-shell (low momentum subtrac-
tion) renormalization prescription in the large-mass region
imply automatically that all large logarithms are resummed
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and that the respective correct limiting behavior is achieved
in the massless and the decoupling regions. The difference
between these two schemes manifests itself in additional
threshold matching corrections at the mass scale. We have
discussed some universal features of these threshold
corrections, which exhibit intrinsic relations among each
other due to the consistency of RG running. Here we have
also computed explicitly the PDF threshold correction for
x—1 at O(a?) and showed how to resum a large
remaining logarithm therein that is related to the separation
of mass-shell fluctuations along rapidity and displayed final
expressions for a N°LL analysis. From a practical point of
view our VENS in the end-point region of DIS can be
combined with a VENS in the OPE region 1 — x ~ O(1) by
adding the known associated nonsingular corrections
related to the difference between the full perturbative
QCD result and the fixed-order expressions for the com-
ponents of the SCET factorization theorem for x — 1. This
may have an effect also for moderate values of x due to
dynamical threshold enhancement (see e.g. Ref. [26]), an
effect which reinforces perturbative corrections close to the
partonic threshold due to the steep falloff of the PDFs for
momentum fractions close to one.

While we have concentrated in this work on DIS, the
concept of how to theoretically treat the effects of secon-
dary massive quarks within factorization is applicable for
more general processes including hadron-hadron collisions.
In particular, the massive quark threshold corrections
relevant for resummation of logarithms at N3LL order
determined for the massive components in the factorization
theorem (hard function, jet function, PDF) are universal
and can be employed in factorization theorems for other
processes where these components appear.
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APPENDIX A: SECONDARY MASSIVE QUARK
CORRECTIONS IN THE OPE REGION

We display explicit results for the perturbative correc-
tions due to secondary massive quarks at O(a?) in the
classical OPE region, where 1 —x ~ O(1). Here the famil-
iar factorization theorem for n, massless quarks reads

A0 =Y % Z/ ( )f,/P<5u>

i=q J=4.9
(A1)
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where the index ¢ includes both quarks and antiquarks. The
factorization theorem for F,(x,Q) is analogous. Note,
however, that the Callan-Gross relation F, = 2xF| does
not hold in the OPE region beyond tree level. In the Breit

frame the PDFs f;’}';)) are forward matrix elements of SCET

operators decomposed out of collinear fields [27,28]. For
definiteness we set the final renormalization scale to be
1 = pg. In the massive quark case one obtains

2 d dé
Awom=Y 2% [T[%
i:qQ Jk=q.9
¢
XH,(, <§ Q,m, /"H)Uj(f]3<<§,’/'4Hvﬂf>
X fk/[p(fla ﬂf) (A2)
for p,, 2 py and
Fl'(x, 0, m)
e df/dg// 5// dé///
l;Q Jk=q.0.9 l.m= qq/ & &

1) (X n;+1 é
XHI(]] )<E’Q’mvﬂH)U§‘]]k )<g’l’lHa/'tm>

¢ &
X Mf,kl (? , n, ﬂm> Uf b>n (é:/” ’””””f)fm/}’(gm /’tf)

(A3)
!

Bz 0.m) =

(@™ 2CiTr 1 (8
1672 1-z (3
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for u,, < uy. The secondary massive quark corrections to

the hard functions H2 and H{2 ™) at O(a2CTy) can be
written as

Fgf',’,;2>(z, Q,m),
(A4)

HY (2,0,m,p) = H (2,0, p) +

HG (2, 0omou) = Hyy ™z, 0.p) + EV P (2,0,m).
(A5)

The full QCD result at O(a?CpTy) is both IR- and UV-
finite and can be decomposed into a purely virtual
correction and a real radiation correction with the kinematic
threshold z = 1/(1 + 4m?),

F2 (2, 0,m) = 2F0 (0, m)s(1 - 2)

+0(2)0(1 — 2z — 4i2) E\"2) (2, 0. m),

(A6)

where /i1 = m/Q. The partonic QCD current form factor

F,(,f“z)(Q,m) is given in Eq. (30). The real radiation

function F E;',’éf)(z, Q,m) was first computed in Ref. [9]

(and also checked by us) and reads

. . +w
1422 — 1222 (1 = 3z + 322)] |Lip [ 222 ) 4 Ly (2102
1+z m*z*( z+ z)][12<rz+l>+ 12(r—1

L, r,—w, L r,+w, i 1+r, In r,+w,
r,—1 r,+1 -7, r,—w,

8
S [~8 = 1122 + 2?z(13 — 18z + 2822)] In <M>
9 r,—w,
4 14+w
— 1 =322422 +6m*z2(1 =22)(7 =12 67291 <
+3(]_Z)2[ 77 4277 + 6m*z (1 = 2z)( z+ Z)]n<1—wz>
2
WW)[ISI—%Sz+436z — 32273 — 2im?z(491 — 1530z + 203022 — 99623 )]} (A7)
—Z
Here we have used the abbreviations
4/\2
— /1= 45z, wZ:,/l—]m ‘. (A8)
—Z

We remark that the QCD corrections decouple in the heavy quark limit using the n; scheme for a4, i.e. F ”’ (z O,m) -0
for m — oo. In the small-mass limit 77 — 0, on the other hand, we obtain
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~(n Ay CrT
F oy = @G

8(1+2z%)
3(1-2)

(I-2)
[ -z ]+
16(1 +2%)
E(ES
+§1n(1—z)[3(1+z)1n(ﬁ12

416 644 +4_712(1+)
27 27" 9 o

n(z)In(1 —z) + o1

The function F (I"IAJ:n 2 represents the quark mass correction

to tfllse massless quark result in the (n; + 1) flavor scheme
and

#(n+1.2)
FlAm (

Q.m)

= F" (2, 0,m) = B (2, 00m)| . (AL0)

which vanishes in the massless 11m1t

The PDF threshold correction M'?) is given by [9]

f.aq

2
M) (2 m, 1)
_ag 2Cr Ty

7)?

C
2 8r 73 207% 8
_ 2 my = 2
{ (1 z[sz <3+ 9)L,,,+18+ o 3g3]

[1 ] [L2 @L +224]—EL%1(1+Z)
—Z

0(z)0(1 - z)

9 27| 3
8 8  8(1+27%) 2(1+2%)
L |- 20 T2/ ASLELATA P
o {9 0t 301-9 n(z)] 31—2) | (2)
In(z) [44 16 44 44 268
+1_Z|:?—?Z+ 9Z] +ﬁ—72} (All)

where the scheme for a, does not need to be specified at
this order.

APPENDIX B: EXPANSION FOR x — 1

The massive quark corrections to the factorization
theorem discussed in Sec. III represent the singular
O(a?CrTy) secondary massive quark corrections to the
structure function F(x, Q, m) in the fixed-order expansion
in full QCD. Besides the virtual contributions in QCD,

“Here the superscript n; + 1 indicates only that the (n; + 1)
scheme for a; is used in the expressions (A6) and (A9).

TEmAOL z){é(l -2) [21112(,412) + (? +

[ B S 25 3 [t
8
3

Li,(1-2)+
%ln(z)[n(l + 22) In(i?

4
)+ 8+ 11g] —5(1 + z)In? (@2
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38 16x? In(i2) 2654_134712
P =
9 27

27 9
41+ 2%)
1-z

1-z 3 9

n(2) -2(1 + (1 = 2)
) + 29 — 6z + 4477]
) —2(8 + 11z) In(?)

(A9)

|
which are fully contained in the SCET description, the
singular perturbative fixed-order corrections also consist of
the collinear real radiation contributions which arise for
l—-x~m?/Q* < 1. Setting u=puy=p; =p, in
Eq. (25) we obtain

(x,Q,m) |FO_Z /d§¢z/P §—xm)
x QZH "(Q.m, )T (Q*(1 = &), m, )

=H,!_ (£.Qmp)

(B1)

where the massive quark contributions to the fixed-order
hard function at O(a?CyTy) read

Hé’;'ilm(z 0.m) = 20 (0, m)s(1 - 2)

+ Q2Jm redl(Qz(l - Z) ) (B2)

with Fy) (.2

(42) with a;, = al )(,u). We can obtain this result also from
the corresponding full QCD fixed-order result in
Appendix A. Since the virtual contributions multiplied
by the §(1 —z) distribution in the OPE and end-point
regions agree, we only have to consider the expansion of

the real radiation term £ 1m9(Z Q,m) in Eq. (A7) for

1 — z ~m? < 1 (with i = m/Q), which yields indeed the
correct term,

(Q m) and Jim2

m,real

(s, m) given in Egs. (30) and

9(1 —z— 47 F lmg(Z Q,m)

0202 (1 - 2).m) + O((1 = 2)% A°). (B3)

In Fig. 7 we investigate how well the expansions work for
the specific scale ratio i = 0.1. The left panel shows the
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100
—  fullQCD
_______ —_— singular
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X

Secondary massive quark contributions at O(a?CT) for i = m/Q = 0.1 in full QCD (blue, solid) together with the singular

result for z — 1 at fixed order (red, dashed) and the nonsingular terms (green, dotted), all normalized by a?CyT/(4x)?. The left panel
shows the purely partonic result with initial-state quarks, while in the right panel we convoluted the partonic form factors with the
function (1 — x)* representing the steep decrease of the PDFs for large values of x.

partonic result for the full QCD corrections (blue, solid),

ie. F(]""2>(z, 0, m) in Eq. (A6), the singular result for the
end-point region at fixed order (red, dashed), i.e.

H? | (2.0.m) in Eq. (B2), and the difference
describing the nonsingular corrections (green, dotted).
We see that for 1 — z < 4m?/Q? the end-point corrections
encode the dominant behavior, but fail to give a good
description of the full QCD form factor below a certain
value, here z < 0.5. The right panel displays the absolute
value of the convolution between these partonic functions
and a common function f(x)= (1 —x)* acting as a
dummy PDF at the end point which falls off steeply

for x — 1. The convoluted results for the full QCD and
singular terms are negative for x = 0.05. We see that at
this level the agreement between the singular and full
results is much better due to dynamical threshold
enhancement (see e.g. Ref. [26]), up to values signifi-
cantly lower than x = 0.5. This may have the conse-
quence that end-point region effects can have an impact
even at smaller values of x probed at hadron-hadron
colliders. A recent analysis on this issue was carried out
in Ref. [29]. They found that the effect can be sizable
and may require the use of resummed PDFs for
resummed calculations.

[1] M. Aivazis, J. C. Collins, F.I. Olness, and W.-K. Tung,
Leptoproduction of heavy quarks. 2. a unified QCD for-
mulation of charged and neutral current processes from
fixed target to collider energies, Phys. Rev. D 50, 3102
(1994).

[2] M. Aivazis, F. I. Olness, and W.-K. Tung, Leptoproduction
of heavy quarks. 1. general formalism and kinematics of
charged current and neutral current production processes,
Phys. Rev. D 50, 3085 (1994).

[3] M. Bonvini, A.S. Papanastasiou, and F.J. Tackmann,
Resummation and matching of b-quark mass effects in
bbH production, J. High Energy Phys. 11 (2015) 196.

[4] F. Olness and I. Schienbein, Heavy quarks: lessons learned
from HERA and Tevatron, Nucl. Phys. B, Proc. Suppl. 191,
44 (2009).

[5] S. Gritschacher, A. H. Hoang, 1. Jemos, and P. Pietrulewicz,
Secondary heavy quark production in jets through mass
modes, Phys. Rev. D 88, 034021 (2013).

[6] P. Pietrulewicz, S. Gritschacher, A. H. Hoang, I. Jemos, and
V. Mateu, Variable flavor number scheme for final state jets
in thrust, Phys. Rev. D 90, 114001 (2014).

[7] J.C. Collins, F. Wilczek, and A. Zee, Low-energy mani-
festations of heavy particles: application to the neutral
current, Phys. Rev. D 18, 242 (1978).

[8] J. C. Collins, Hard scattering factorization with heavy quarks:
a general treatment, Phys. Rev. D 58, 094002 (1998).

[9] M. Buza, Y. Matiounine, J. Smith, R. Migneron, and W. van
Neerven, Heavy quark coefficient functions at asymptotic
values Q% > m?, Nucl. Phys. B472, 611 (1996).

[10] J.-Y. Chiu, A. Jain, D. Neill, and I.Z. Rothstein, The
Rapidity Renormalization Group, Phys. Rev. Lett. 108,
151601 (2012).

[11] J.-Y. Chiu, A. Jain, D. Neill, and I.Z. Rothstein, A
formalism for the systematic treatment of rapidity loga-
rithms in quantum field theory, J. High Energy Phys. 05
(2012) 084.

034034-25


http://dx.doi.org/10.1103/PhysRevD.50.3102
http://dx.doi.org/10.1103/PhysRevD.50.3102
http://dx.doi.org/10.1103/PhysRevD.50.3085
http://dx.doi.org/10.1007/JHEP11(2015)196
http://dx.doi.org/10.1016/j.nuclphysbps.2009.03.112
http://dx.doi.org/10.1016/j.nuclphysbps.2009.03.112
http://dx.doi.org/10.1103/PhysRevD.88.034021
http://dx.doi.org/10.1103/PhysRevD.90.114001
http://dx.doi.org/10.1103/PhysRevD.18.242
http://dx.doi.org/10.1103/PhysRevD.58.094002
http://dx.doi.org/10.1016/0550-3213(96)00228-3
http://dx.doi.org/10.1103/PhysRevLett.108.151601
http://dx.doi.org/10.1103/PhysRevLett.108.151601
http://dx.doi.org/10.1007/JHEP05(2012)084
http://dx.doi.org/10.1007/JHEP05(2012)084

ANDRE H. HOANG, PIOTR PIETRULEWICZ, and DANIEL SAMITZ

[12] A.V. Manohar, Deep inelastic scattering as x — 1 using
soft collinear effective theory, Phys. Rev. D 68, 114019
(2003).

[13] T. Becher, M. Neubert, and B. D. Pecjak, Factorization and
momentum-space resummation in deep-inelastic scattering,
J. High Energy Phys. 01 (2007) 076.

[14] J. Chay and C. Kim, Deep inelastic scattering near the
endpoint in soft-collinear effective theory, Phys. Rev. D 75,
016003 (2007).

[15] A. Idilbi, X.-d. Ji, and F. Yuan, Resummation of
threshold logarithms in effective field theory for DIS,
Drell-Yan and Higgs production, Nucl. Phys. B753, 42
(20006).

[16] P.-y. Chen, A. Idilbi, and X.-d. Ji, QCD factorization
for deep-inelastic scattering at large Bjorken xz~1-—
O(Aqep/Q), Nucl. Phys. B763, 183 (2007).

[17] S. Fleming and O. Z. Labun, Rapidity divergences and deep
inelastic scattering in the endpoint region, Phys. Rev. D 91,
094011 (2015).

[18] J. Chay and C. Kim, Proper factorization theorems in high-
energy scattering near the endpoint, J. High Energy Phys. 09
(2013) 126.

[19] C. W. Bauer, F.J. Tackmann, J. R. Walsh, and S. Zuberi,
Factorization and resummation for dijet invariant mass
spectra, Phys. Rev. D 85, 074006 (2012).

[20] M. Procura, W.J. Waalewijn, and L. Zeune, Resummation
of double-differential cross sections and fully-unintegrated
parton distribution functions, J. High Energy Phys. 02
(2015) 117.

PHYSICAL REVIEW D 93, 034034 (2016)

[21] C. W. Bauer, D. Pirjol, and I. W. Stewart, Soft collinear
factorization in effective field theory, Phys. Rev. D 65,
054022 (2002).

[22] C. W. Bauer, D. Pirjol, and I. W. Stewart, Factorization and
endpoint singularities in heavy to light decays, Phys. Rev. D
67, 071502 (2003).

[23] A.H. Hoang, A. Pathak, P. Pietrulewicz, and 1. W. Stewart,
Hard matching for boosted tops at two loops, arXiv:
1508.04137.

[24] T. Becher and G. Bell, Analytic Regularization in Soft-
Collinear Effective Theory, Phys. Lett. B 713, 41 (2012).

[25] J. Ablinger, A. Behring, J. Bliimlein, A. De Freitas, A.
Hasselhuhn, A. von Manteuffel, M. Round, C. Schneider, and
F. WiBlbrock, The 3-loop non-singlet heavy flavor contribu-
tions and anomalous dimensions for the structure function
F,(x, Q%) and transversity, Nucl. Phys. B886, 733 (2014).

[26] T. Becher, M. Neubert, and G. Xu, Dynamical threshold
enhancement and resummation in Drell-Yan production,
J. High Energy Phys. 07 (2008) 030.

[27] C. W. Bauer, S. Fleming, D. Pirjol, I. Z. Rothstein, and I. W.
Stewart, Hard scattering factorization from effective field
theory, Phys. Rev. D 66, 014017 (2002).

[28] I. W. Stewart, F.J. Tackmann, and W.J. Waalewijn, The
quark beam function at NNLL, J. High Energy Phys. 09
(2010) 005.

[29] M. Bonvini, S. Marzani, J. Rojo, L. Rottoli, M. Ubiali, R. D.
Ball, V. Bertone, S. Carrazza, and N.P. Hartland, Parton
distributions with threshold resummation, J. High Energy
Phys. 09 (2015) 191.

034034-26


http://dx.doi.org/10.1103/PhysRevD.68.114019
http://dx.doi.org/10.1103/PhysRevD.68.114019
http://dx.doi.org/10.1088/1126-6708/2007/01/076
http://dx.doi.org/10.1103/PhysRevD.75.016003
http://dx.doi.org/10.1103/PhysRevD.75.016003
http://dx.doi.org/10.1016/j.nuclphysb.2006.07.002
http://dx.doi.org/10.1016/j.nuclphysb.2006.07.002
http://dx.doi.org/10.1016/j.nuclphysb.2006.11.020
http://dx.doi.org/10.1103/PhysRevD.91.094011
http://dx.doi.org/10.1103/PhysRevD.91.094011
http://dx.doi.org/10.1007/JHEP09(2013)126
http://dx.doi.org/10.1007/JHEP09(2013)126
http://dx.doi.org/10.1103/PhysRevD.85.074006
http://dx.doi.org/10.1007/JHEP02(2015)117
http://dx.doi.org/10.1007/JHEP02(2015)117
http://dx.doi.org/10.1103/PhysRevD.65.054022
http://dx.doi.org/10.1103/PhysRevD.65.054022
http://dx.doi.org/10.1103/PhysRevD.67.071502
http://dx.doi.org/10.1103/PhysRevD.67.071502
http://arXiv.org/abs/1508.04137
http://arXiv.org/abs/1508.04137
http://dx.doi.org/10.1016/j.physletb.2012.05.016
http://dx.doi.org/10.1016/j.nuclphysb.2014.07.010
http://dx.doi.org/10.1088/1126-6708/2008/07/030
http://dx.doi.org/10.1103/PhysRevD.66.014017
http://dx.doi.org/10.1007/JHEP09(2010)005
http://dx.doi.org/10.1007/JHEP09(2010)005
http://dx.doi.org/10.1007/JHEP09(2015)191
http://dx.doi.org/10.1007/JHEP09(2015)191

