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We match the nonrelativistic quark model, with both flavor-dependent and flavor-independent effective
quark-quark interactions, to the spin-flavor operator basis of the 1/N,. expansion for the L = 1 nonstrange

baryons. We obtain analytic expressions for the coefficients of the 1/N. operators in terms of radial

integrals that depend on the shape and relative strength of the spin-spin, spin-orbit and tensor interactions of

the model, which are left unspecified. We obtain several new, parameter-free relations between the seven

masses and the two mixing angles that can discriminate between different spin-flavor structures of the

effective quark-quark interaction. We discuss in detail how a general parametrization of the mass matrix

depends on the mixing angles and is constrained by the assumptions on the effective quark-quark

interaction. We find that, within the present experimental uncertainties, consistency with the best values of

the mixing angles as determined by a recent global fit to masses and decays does not exclude any of the two

most extreme possibilities of flavor-dependent (-independent) quark-quark interactions, as generated by

meson (gluon) exchange interactions.
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I. INTRODUCTION

In the last 15 years a large amount of data on electro-
production of mesons was accumulated at different facili-
ties, with the purpose of determining the resonance
contribution to the cross sections and identifying the
members of the excited baryon spectrum. The goal is to
obtain a precise description of the first excited states of the
ground-state baryons, which is an important test for our
understanding of QCD in the low-energy, strong-coupling
regime. Models try to capture the most relevant physics
giving a description in terms of effective degrees of
freedom, but it is hard to make an estimate of the theoretical
errors involved and there is little guide on how to improve
on them. On the other hand, lattice calculations are based
on first principles and recently they have shown a signifi-
cant progress in the determination of the light baryon mass
spectrum and the identification of the spin-parity of the
excited states [1,2]. The lattice results seem to confirm the
old quark model picture, where the light-flavored baryons
fill irreducible representations of the orbital x spin-flavor
group O(3) x SU(6). Empirically there are still many
missing states in the spin-flavor multiplets of the quark
model, an old problem that has constantly spurred the
experimental program in the search of new resonances.
For recent reviews on the experimental status of excited
baryons and quark-model-related discussions see
Refs. [3-5].

An alternative approach to study the phenomenology of
baryons is to consider the large-N, limit of QCD [6,7],
where it has been shown that the spin-flavor symmetry for
baryons arises from consistency relations for pion-nucleon
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scattering [8—12]. The predictions of this symmetry for the
masses and the couplings explain some of the successes of
the nonrelativistic quark model [13]. The breaking of the
spin-flavor symmetry can be studied systematically in a
1/N. expansion using quark operators, establishing a deep
connection between QCD and the quark model [14-16].

The 1/N,. expansion was first applied to the masses
and axial couplings of ground-state baryons [13-16] and
later to study the masses of the negative-parity L = 1
excited baryons [17-22] with great success. The strong and
electromagnetic properties of these states, as well as of
resonances in other spin-flavor multiplets have also been
studied in the 1/N, expansion and a number of interesting
results were obtained; see Ref. [23] for a review, and
references therein.

Recently, the 1/N_. expansion has also been put in
connection with the lattice calculations of the baryon
spectrum [24-26] discussing the spin-flavor composition
of the baryons and the quark mass dependence of the
results. However, in the systematic operator expansion
provided by the 1/N, approach, all the nonperturbative
dynamics remains hidden in the values of the operator
coefficients that in a phenomenological analysis have to be
fitted to data. The physics driving the relative numerical
sizes of operator coefficients remains unknown.
Comparison with the results of lattice calculations give
some insight on their quark mass dependence but an
interpretation in terms of effective degrees of freedom
and their interactions is missing.

It is therefore very desirable to put the 1/N . expansion in
closer connection with dynamical calculations, such as the
one provided by the quark model, in order to arrive at a
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simple physical picture in terms of effective degrees of
freedom. As a first step toward this goal, a very general
method to match quark model interactions to the 1/N.,
operators was presented in Ref. [27] using the permutation
group Sy, for arbitrary N, generalizing a similar analysis
for N. = 3 done by Collins and Georgi in Ref. [28]. As an
application, the most general two-body interaction exclud-
ing three-body forces was considered in Ref. [29] without
making any assumptions on the form of the confining
potential, obtaining as a result Eq. (5) in Ref. [29], shown
again as Eq. (34) below, which gives a correlation between
the mixing angles of the L = 1 nonstrange excited baryons.

In Ref. [30], a particular version of the quark model
(QM) containing only spin-spin and quadrupole flavor-
independent interactions, the Isgur-Karl (IK) model
[31,32], has been matched to the 1/N, operator expansion.
Due to the harmonic oscillator confining potential adopted
in this model, the wave functions can be found exactly,
and the center-of-mass motion can be taken into account
explicitly. This analysis was extended in Ref. [33] by
keeping only the spin-spin interaction but allowing for the
most general flavor dependence of the quark-quark inter-
action, neglecting the quadrupole and spin-orbit interac-
tion. In the present work we consider the most general
quark-quark spin-flavor interaction, taking into account all
three components of the interaction, and allowing for the
most general spin-flavor structure.

We focus here on the mass spectrum of the lightest L = 1
baryons, the nonstrange members of the negative-parity
SU(6) 70-plet. Configuration mixing is neglected as has
been done in previous 1/N, analysis, noting that this
mixing is driven by the numerically suppressed spin-orbit
operators [26].

The general spin-flavor structure of the interactions can
be reduced to two extreme cases, where we only have
flavor-independent interactions as obtained in model inter-
actions based on one-gluon exchange (OGE), or flavor-
dependent interactions that arise in model interactions
based on one-meson exchange (OME). Considering differ-
ent spin-flavor structures for the interaction we obtain
several new mass-angle relations that are parameter free.
Even in the most general case they are sufficient to
constrain the mixing angles. They will be shown to be
compatible with the latest determination of the angles from
a global fit to the masses, decay widths and photocouplings
[34]. The operator coefficients of the best fit are also
compared with our fits and nontrivial correlations among
the coefficients that connect them with the details of the
microscopic quark-quark interaction are uncovered.

The paper is organized as follows. In Sec. Il we present
the physical states and define the mixing angles. In Sec. III
we present the model interactions. In Sec. IV we present the
general parametrization of the mass matrix. In Sec. V we
present the mass-angle relations for the general case and
for the more restrictive OGE and OME model interactions.
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In Sec. VI we discuss the fits and in Sec. VII we discuss
the connection with the 1/N_. operators. In Sec. VIII we
present our conclusions. In Appendix A we list the 1/N,
operators. Useful expressions for the general form of
the mass matrix and its relation to the mixing angles are
given in Appendix B. In Appendix C we show the linear
dependences among operators relevant for N, =3.
The detailed analytic expressions that connect our results
with the 1/N_. studies are presented in Appendix D.
In Appendix E we give the explicit expressions of the
coefficients as a function of the angles. In Appendix F
we cross-check our general expressions and show how
they reduce in the simplest version of the QM, the
IK model.

II. QUARK MODEL AND PHYSICAL STATES

We consider a nonrelativistic quark model for baryons,
described by the Hamiltonian H, for three quarks of
constituent mass m with two-body harmonic interactions

1 K
_ 2 B 2
Hy= m Ei Iz 3 Tijs (1)

i<j

where K is a model parameter. This Hamiltonian can be
diagonalized exactly and the center-of-mass (c.m.) motion
decouples when H|, is expressed in terms of the relative

coordinates p = \/% (ry —7,) and J= \/LE (Fy + 72 — 273).
The Hamiltonian takes the form of two independent
oscillators

2 2 3 3
Do P G Sk,

Hy = 2
T om " 2m 2 2 (2)

where p, = —id/dp, p, = —id/0A.

Here we will consider the first excited states carrying one
unit of angular momentum, which correspond to the
lowest-energy negative-parity baryons that belong to the
mixed symmetric (MS) 20y multiplet of spin-isospin
SU(4). The eigenstates \Ifﬁfn of Hywith L =1, m =1 are

p a' L ois
‘1’11:/’+W‘3XP 5@ (p°+2%) ), (3)

4
2 a L oyin,
¥ =i e (<327 2). @

where a = (3Km)'/*, p, =p +ip,, A, = A, +il, and
the combination p? + 42 is invariant under permutations of
the three quarks.

The quark spin of the MS I = 1/2 states takes the values
S =1/2, 3/2, which combined with the orbital angular
momentum L = 1 gives the following N states: two states
with J = 1/2 denoted *N 5, *N1,,, two states J = 3/2
denoted N3, *N3 5, and one state with J = 5/2 denoted
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4Ns /2- In addition, there are also spin-isospin MS I = 3/2
states with § = 1/2, which result in two J = 1/2, 3/2
states, denoted as A /5, ?Ay),.

The MS spin-isospin states are coupled with the MS
spatial states given in Eqs. (3) and (4) to form completely
|
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symmetric states with the right quantum numbers, anti-
symmetrized by the color-singlet wave function, which
factorizes from all our calculations and can be omitted.
Explicitly the MS quark model states !N, and 25t'A,
are given by

1 1 1 J
Ny Jsl5) = 2Z<m 523 /; ) [(&5,91, — &6,01,) W1, + (85,07, — &,91,) 91, (5)

m,S3

3 £
[N Jals) = Z(m : ) SUATIRX AL (©)
mS; 3

L 3 1 1 J )

?A;J505) = E(/’@/ (m 53 ‘ ; (&, 91, + &5, 91,.), (7)
m,Ss3 3 3

where ¢ and & are isospin and spin states that are
orthonormal. The explicit spin states relevant for the
calculation are

& =11, (8)
& =5 (IND - 1)) )
L= — (1 AN 2114, (10)

\/6

where the other spin projections can be obtained by
applying the lowering operator, and similarly for
isospin.

The physical states of angular momentum J are a
mixture of quark model states, as the quark spin § is
not a good quantum number. The mixing angles are
defined as

NJ:1/2(1535) = COS 912N1/2 + sin 914N1/2,
N‘/,=1/2(1650) = —sin612N1/2 + COS€14N1/2, (11)

for the J = 1/2 nucleons, and

NJ:3/2(1520) = COS 932N3/2 + sin 934N3/2,
N‘ll=3/2(1700) = —sin 032N3/2 4+ cos 034N3/2, (12)

for the J = 3/2 nucleons [35]. It is always possible to
bring the mixing angles into the range [-z/2,7/2] by
appropriate phase redefinitions of the physical states,
and this is the definition we will use throughout
this paper.

III. MODEL INTERACTIONS AND THEIR
SPIN-FLAVOR STRUCTURE

The spin-isospin symmetric Hamiltonian H, contributes
an average mass m to all members of an SU(4) x O(3)
multiplet. In order to describe the mass splittings of the
negative-parity baryons we will add to H, the spin-isospin-
dependent two-body interaction terms V;;

H=Hy+Y Vi=Hy+Vy+Vy,+ V. (13)

i<j

which are labeled according to their transformation proper-
ties under orbital angular momentum £: the £ = 0 spin-spin
interaction Vg, the £ = 1 spin-orbit interaction V, and the
¢ = 2 quadrupole interaction V,. We write these interaction
terms in a generic form, leaving their radial dependence
unspecified, following Refs. [27,28] as

3
Vs = Vgs + V;s = Z Uss(rij)gi : Ej’ (14)
i<j=1
Vo = Vgo + V%o
3

= Z Vo (rij) [(Fij X Pi) - 5i = (Fiy X b)) - 3,

i<j=1

+2(7; x pi) -5, = 2(7i; x p;) - 5., (15)

3

V,=V)+Vi= z v (rip) B(Fij - 50) (7 - 55) = (5:-5))],
i<j=1

(16)

with v, (r;;) = v2(r;;) + vk(r; j)7iTd, where x = ss, 50,1,

labels the 1101 radial functions that we take as unknown.

The superscript O (1) indicates the absence (presence) of

the isospin-dependent 7; - 7; interactions. Setting vl =0
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(1Y = 0) we obtain the isospin-independent (-dependent)
interactions that we label as OGE (OME), respectively, as
they can be typically obtained starting from one-gluon
exchange [36] or one-meson exchange [37,38] model
interactions. We label the general quark model as defined
by Egs. (13)-(16) as the OGE + OME quark model.

As is well known [32], although we start from two-body
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the 1/N,. expansion, as defined in Ref. [20]. They will be
labeled as “CCGL operators” and can be found listed again
in Appendix A for the convenience of the reader.

In the quark model, the matrix elements are obtained by
explicit computation using the harmonic oscillator basis of

eigenstates of H, with the help of (see e.g. Ref. [39])

interactions, it is remarkable that after removing the c.m.
motion the spin-orbit potential develops a three-body
interaction, as can be seen from its (ij) = (12) component

(Vso)12 = 37}.&'0(\/§p) |:(15 X ﬁp) ’ (El + 3:2)

respectively.

IV. MASS MATRIX PARAMETRIZATION AND
OPERATOR MATCHING

Here we present the general structure we obtain for the
mass matrix of the [20yg, 17| nonstrange excited baryons
starting from the generic quark model defined by Egs. (13)—
(16). We also discuss the matching to the effective spin-flavor
operators that appear in the studies of excited baryons using

3V3

G 5)- i =5)

= (Vio-28)12 + (Vo-38)125

where the two-body component V,_,p and the three-body
component V,_;p are defined by the first and second term,

(17)

= (=)i1tit]
-y { 1

<G ANTEN" 1) 0K [772).

"

', A IMIT (k) - U(K)|yj1jaI M)

J
Ji

Ji }
J2

where (...||...||...) stands for the reduced matrix elements,

the expression in brackets is a 6j-symbol and the dot in i’(k) .

U (k) means that all spatial indices of the tensor operators
T(k) and U(k) of rank k are contracted. The reduced matrix
elements of the spatial operator can be expressed in terms
of radial integrals of the unknown functions v

Our results for the matrix elements of the OGE + OME
model H = Hy + V, + V,, + V, in the quark model states

basis are given in Table I, from where we can also read

off the matrix elements of the more restricted OGE

]
(=}
|

S/O —

Sl

S/l

0| W oo W | W

%%(18 +§a212),
-2ty
j_; (515 - 2611,
3—3; (15 - 2611,

5

(04
o —— )
2B T

N7

8 o

0

’

Py =——=U
YN
5
P;B=3;—EU1,
Pl 2 @
3B~ T 54
27\/x

—_y!

D’ =-Z—J9
VA

D! ia_sjl
10z

and OME models. The off-diagonal matrix elements are
denoted as 2N, —*N,.

The matrix elements shown in Table I involve m and ten
constants that are expressed in terms of the radial integrals

I,, I, U and J, of the unknown functions v>' as

(18)

TABLEI. Matrix elements of the spin-spin V , two-body spin-orbit V;,_,, three-body spin-orbit V,_3p, and tensor V, component of
the interaction. The 0 and 1 superscripts correspond to the OGE and OME case, respectively.
HO V(s)s Vsl's V?UI_QB V?()—3B V§0—3B V?l

INi) my S0 s! ZP% 0 —4 Pl 0
4]\]1/2 my _SO S/l 5P3; 0 0 SDO,I
2N1/2 —4N1/2 0 0 O PgBl PgB PéB SDO"I
N3 mg 50 st -P5; 0 2P, 0
N3 mg -s0 st 2P, 0 0 -4 %!
Ny —4N 0 0 0 0.1

e e V3% s L -3
4N5/2 my —SO S,] -3 P(2)Bl 0 0 DO'1
2Aij my N s 0 -2 Py, 2P, 0
2Ny my s st 0 Py -Ply 0
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where the radial integrals are
1y = /Omp%%(ﬁp)e-azﬂzdp,
1= [l Ve ap,
1y = /pr“v?&l(ﬁp)e-azﬂzdp,
0t = [l (Ve . (19)

and depend on the particular shapes and relative strengths
of the spin-flavor interactions of a given model. These
interactions will give the mass splittings within a spin-
flavor multiplet.

The physical masses and mixing angles are obtained
by diagonalizing the mass matrix, whose general form in
the quark model basis of S = 1/2, 3/2 quark spin states
and its relation to the mixing angles can be found in
Appendix B.

Notice that the tensor interaction and the two-body part
of the spin-orbit interaction of the OGE and OME models
are proportional to each other (i.e. V! _,,~V% ., and
V) ~ V9). This allows us to list them in just one column in
Table I, as they only differ in the numerical values of P,
P, and D', D°, respectively.

Alternatively, the mass matrix can also be written as a
linear combination of the 18 spin-isospin CCGL operators
[20]; see Appendix A. These operators were originally
constructed to perform a 1/N_. expansion analysis, but they
are also useful at fixed N, = 3, since they provide an
overcomplete basis for the mass matrix of the physical
baryon states, that allows one to factor out explicitly the
radial dependence of the states and interactions, as will be
seen explicitly as a result of the matching to the quark
model results. Grouping the effective £ = 0, 1, 2 operators
together we obtain the mass operator as

TABLE II.  General structure of the # = 0, 1 and 2 mass matrix
expressed in terms of the CCGL operators that appear in the 1 /N,
expansion.

O, Opy Or—
Ny S 2P 0
Ny S, 5P, 5D,
2Nija—*Nijp 0 P -5D,
2Ny S, P, 0
‘2‘N3/2 , S, 2P, —4D,
N3jp ="N3p 0 5P, 5D,
Nsj, S> -3P, D,
A S, ap, 0
2A3/2 S3 Py 0
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18

M=) ¢cO0;=0s0+ 0+ 0sp, (20
i=1
where

O = Z ¢;iO;, (21)
i=1,6,7,11,16

Op-y = ¢;0;, (22)
i=2,4,5,9.10,13,14,15

Opp = ¢;0;, (23)
i=3.8,12,17.18

and the operator coefficients c; are numbers that are usually
determined by fitting to data. We observe that the matrix
elements of these operators, whose explicit expressions can
be found in Ref. [20], have the general structure shown in
Table II. For £ =0 they can be parametrized by three
parameters S 53, for £ = 1 they can be parametrized by
four parameters P;,34 and for £ = 2 they can be para-
metrized by the two parameters D ,.

In Appendix C we give the linear relations satisfied by
the operators on the nine-dimensional subspace of physical
masses and mixing angles at N. = 3, showing explicitly
that there are only three, four and two independent
operators (out of five, eight and five) for £ =0, 1, 2,
respectively.

The relations between the coefficients ¢; and the param-
eters S, P, D are given in Appendix D. Comparing Table II
and Table I we find

Sy =mg+ SO+ S, (24)
Sy =mg— 8%+ S, (25)
S3=my+ S0+ 5", (26)
P1:_P83_P£B+2P§Bv (27)
Py = Py + P, (28)
P3:P(2)B+P£B+P(3)B+P§B7 (29)
Py = P3p — P, (30)
D, =D°+D', (31)
D, =-D"- D' (32)

This, together with Egs. (D1)-(D9) and Egs. (18)—(19),
establishes the complete analytic matching of the generic
quark model defined by Eqgs. (13)—(16) to the spin-isospin
effective operator expansion used in the 1/N, studies of
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FIG. 1. The angle correlation implied by mass relation R1,
Eq. (34), is shown as a full line. The dashed line corresponds to
R1’, Eq. (35), which differs from R1 by 1/N2 corrections.

..... o in terms of the
physical masses and mixing angles. The explicit expres-
sions are given in Appendix E. A simple version of the
quark model like the IK model provides a useful check of
our expressions, as summarized in Appendix F.

For the OGE + OME model and the more restrictive
OGE and OME model interactions there are constraints on
these nine parameters leading to the parameter-free rela-
tions between the mixing angles and physical masses that
will be discussed in the next section.

V. MASS-ANGLE RELATIONS

The general parametrization of the mass matrix shown in
Table II involves nine parameters: three for the scalar part,
four for the vector part and two for the tensor part of the
interaction. These nine parameters can be solved in terms of
the physical masses and mixing angles, which will allow us
to study their variation on the mixing angles in Sec. VI.

However, for the most general OGE + OME quark
model the 11 constants that give all the matrix elements
in Table I only appear as seven independent combinations,
as can be seen explicitly from Egs. (24)-(32) and the

PHYSICAL REVIEW D 93, 034007 (2016)

constraints given by Eq. (33) and Eq. (36) that will be
discussed next. This implies that there must be two
parameter-free relations among the masses and mixing
angles.

The spin-orbit matrix elements of the OGE + OME
model satisfy

P1+2P2—P3+P4:0, (33)

implying our first mass-angle relation R1

—_—

RI: S (Nyj2 —Nyj,)(3cos20, +sin26;)

3 5.
+ (N3j2 = N3)5) (—gcos 205 + \/;s1n293)

1 !/ 7 !
= _E(NI/Z +Nip) Jr5(1\/3/2 + N5 ),)
9
—§N5/2 = 2415+ 243);. (34)

2

This relation was found for the first time in Ref. [29] [see
Eq. (5) in this reference], where it was shown to hold for the
most general quark model with two-body interactions. It
was also pointed out that the same relation is obtained in the
1/N . expansion by keeping all CCGL operators up to order
1/N,., using N. = 3 to evaluate their matrix elements. The
angle correlation it implies was already discussed in Fig. 5
of Ref. [40].
More recently R1 was found again in the form

RI’: (Nyj = N jp)(13cos 20; +4v/25sin20,)
— 4(N3, — N} ) (cos 205 — 2v/55in 203)
==3(Nija+ Njjp) +12(N3 2 + N} )
— 18Ns), — 244, 5 + 24455, (35)

in Refs. [26,34] by expanding the matrix elements and
dropping 1/N? corrections in a 1/N, analysis. Both
relations R1 and R1” imply correlations among the mixing
angles that are plotted in Fig. 1 using the experimental
masses of Table III. Although the analytic expressions of
R1 and R1’ look very different, numerically the angle
correlation that follows from them at N, =3 is very
similar, a manifestation of the smallness of higher-order
1/N? corrections.

TABLE III.  The experimental values shown in the first line are taken from Ref. [41]. The mass spectra as obtained from the fits to the
OGE and OME interactions, as discussed in Sec. VI, is shown in the last two lines. Masses are given in MeV.

Nyjp(1535) N’1/2(1650) N3,,(1520) Ng/2(1700) Ns;»(1675) Ay /,(1620) Asz,(1700)
PDG(2014) 15354+ 10 1658 4+ 13 1515+5 1700 4 50 1675+ 5 1630 £ 30 1710 £ 40
OGE 1533 £ 37 1659 + 43 1516 + 36 1717 £ 19 1675 £ 16 1627 £+ 39 1716 £ 30
OME 1535 £ 26 1659 4+ 23 1515+ 19 1693 + 17 1675 + 19 1637 £ 18 1683 £+ 15
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FIG. 2. Angle correlations from the relations R1 and R2, given by Eq. (34) and Eq. (37). Left panel: The curves giving the 6, — 6,
angle correlations intersect at sol-A = (0.80, 0.01) (black dot) and sol-B = (—0.04, —0.23) (circle), obtained using the central values of
the masses. The smaller point in between corresponds to the best fit of the angles of Ref. [34]. Right panel: Scatter plot obtained
including the experimental errors on the masses. The rectangles correspond to sol-A, sol-B and the best fit (dashed) with errors as in

Table IV.

The second constraint in the OGE + OME case is
D] + Dz - 0, (36)
leading to the second mass-angle relation

R2: 5(Nyj; — Nyjy)(cos20; + 2sin26;)

5.
—4(N3j2 = N} ) (2 cos 205 + \/;sm 293>
=5(Nyjp+ Ny ) = 8(N3jp +Nyjp) +6Nsp0. (37)

The two OGE + OME relations R1 and R2 are plotted
as the full and dashed curves in the left panel of Fig. 2
using the central values for the masses as given in Table III.
Each relation gives different two-valued correlations
between the two mixing angles (0, 0). Their intersections
give two possible solutions for the mixing angles, which we
label as sol-A = (0.80 +0.32,0.01 +£0.21), shown as a
black dot, for the one with the larger value of #; and
sol-B = (—0.04 + 0.68, —0.23 + 0.17), shown as a circle,

TABLE IV. Mixing angles (in radians) for the two solutions
(sol-A and sol-B) of the general OGE + OME interaction and
for the OGE and OME model interactions.

sol-A sol-B OGE OME
6, 080+032 -0.04+0.68 —0.04+0.19 0.784+0.28
6; 0.01+021 -0.23+£0.17 -029+0.17 0.114+0.13

for the one with the smaller value of 6. The errors were
obtained by propagating the errors of the experimental
masses as given in Table III. The best values for the mixing
angles obtained in Ref. [34] from a global fit to the masses
and decays are (0.49 £+ 0.29, —0.13 £ 0.17), also shown in
Fig. 2 as the smaller black dot.

When the uncertainties in the masses are taken
into account the curves on the angles plane are expanded
into bands, that are estimated in the scatter plot shown
in the right panel. The rectangles correspond to sol-A,
sol-B and the best-fit angles, with the error bars as in
Table IV. In the upper left corner a third solution
sol-C ~ (—1.14,1.50) is possible within the present
experimental errors. It is similar to the (—1.14,1.40)
solution 1’ of the large-N,. analysis of Ref. [40], yet this
solution is excluded by the best fit of Ref. [34] that also
includes information on the decay properties of the
baryons. We therefore do not consider sol-C any further
here.

If we restrict the interactions to the OGE case
we have one additional relation among matrix elements,
namely

Pl + P2 == 0, (38)
leading to
R3: —25(Nyjy =N} )) 0820, + 16(N3/5 — NY ) cos20;

= 15(N1/2 +N/l/2)—24(N3/2 +N/3/2)+ 18N5/2
(39)
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FIG. 3. OGE mass-angle relation R3 [Eq. (39)] (dashed green)
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and general correlations R1 [Eq. (34)] (red) and R2 [Eq. (37)] (blue)

Left: Using the central values of the masses. Right: Scatter plot obtained including the experimental errors on the masses and OGE

angles with errors (dashed rectangle) as in Table IV.

The relations R1, R2 and R3 that hold in the OGE case are
shown in Fig. 3 next to the corresponding scatter plot.
Taken together they exclude sol-A.

In the OME case, in addition to Eq. (33) and Eq. (36), we
have two other constraints from the scalar and vector parts
of the interaction

S2 - S3 = 0’ (40)
Py +Py+2P, =0, (41)

giving the mass-angle relation

1.5p—— <]
Lof ]
ost §
05 o.of
—o.sf

-1.0}

~1.5}

-15 -10 -05 00 05 1.0 1.5

01

R4: - (N1/2 - Nl]/Z) C05291 - 2(N3/2 _N/3/2) COS293
=—(Nijp+Nyj) —2(N3jp + N )

—6Ns5/, + 441, + 843, (42)
and

R5: =25(Nyj2 = Nyj5) cos 20, + 16(N3j3 — N} ) cos 205
=15(Nyjy + N y) = 24(N3pp + N3 )
+ 18N5/2 + 80A1/2 - 80A3/2, (43)

respectively. In Fig. 4 we show R1, R2, R4 and RS together
with the corresponding scatter plot. It is important to stress

-0.5

-1.0

- 1.5V
-1.5

00 05 10 15
0

-1.0 =05

FIG. 4. OME mass relations R4 [Eq. (42)] (orange) and RS [Eq. (43)] (green), and general correlations R1 [Eq. (34)] (red) and R2
[Eqg. (37)] (blue). Left: Using the central values of the masses R4 is not satisfied. Right: Scatter plot obtained including the experimental
errors on the masses and OME angles with errors (dashed rectangle) as in Table IV.
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TABLE V. Accuracy (in %) of the mass relations as defined in
the text.

(6,.05) RI R2 R3 R4 RS
sol-A  (0.80,0.01)  0.00 000 189 035 052
sol-B  (-=0.04,-0.23) 0.00 0.00 0.7 0.5 1.08
sol-C  (-1.14,150)  0.15 023 001 201 122

that R4 is not only predicted in the pure OME case, but also
in the general OGE + OME interaction when the OGE part
of the spin-spin interaction is a zero-range delta function. In
that case 13" = 0 gives S = -5, which implies S, = S5
and Eq. (40) holds for a generic OGE + OME interaction
as well. The central orange area in the scatter plot of Fig. 4
corresponds to the region were R4 is satisfied within
experimental errors and overlaps with the sol-A, sol-B
and best-fit rectangles shown in Fig. 2, all compatible with
a spin-spin interaction with a flavor-independent compo-
nent of short range.

Finally, in order to quantify to what extent the relations
R1...5 are satisfied, we define their accuracy (in %) as
100 x [LHS — RHS|/(LHS + RHS) from the left-hand
side (LHS) and right-hand side (RHS) of the equation
LHS = RHS, corresponding to each of R1...5 written so
that all terms in their LHS and RHS are positive. Taking
typical values for the masses and splittings a good agree-
ment is signaled by an accuracy value of less than 1%.
Table V shows that R1 and R2 are always satisfied, the
OGE relation R3 is favored by sol-B and sol-C, while the
OME relations (R4 and RS) are favored by sol-A. R4 is
well satisfied for both sol-A and sol-B, consistent with
what was seen in the scatter plot. Again, this is compatible
with a short range for the flavor-independent spin-spin
component of the interaction.

VI. MIXING ANGLES AND BEST FITS

In this section we discuss the best fits to the mass matrix
of the L = 1 excited baryons and the values we obtain for
the mixing angles. We find that the two possible solutions
for the angles of the general OGE + OME spin-flavor
interaction are well approximated by the angles obtained in
the more restrictive cases of an OGE or OME interaction.

For the general OGE+OME form of the quark-quark
interaction, Egs. (14)—(16), we obtain the two mass-angle

TABLE VI

PHYSICAL REVIEW D 93, 034007 (2016)

relations R1, R2, that follow from the two constraints,
Eq. (33) and Eq. (36), leaving only seven parameters free,
which are fitted to the seven masses and the two mixing
angles obtained as sol-A and sol-B in the previous section.
In the restricted model interactions, in addition to R1 and
R2 we have more relations that follow from further
constraints. In the OGE case we find one more relation,
Eq. (38), leading to a six-parameter fit of the seven
empirical masses. In the OME case there are two additional
relations, Eqgs. (40) and (41), leaving five parameters free
for the fit. In both cases the corresponding mixing angles
are obtained by diagonalizing the best-fit mass matrix. The
errors in the mixing angles are obtained by error propa-
gation using the expressions of Appendix B.

Before discussing the results of the fits, it is useful
to redefine the parameters of the scalar part of the
interaction as

S = So— ASp,
Sy = 8o+ ASyy,
S3 - SO + AS3 (44)

In this way we can identify S, as the spin-independent
contribution of the unit operator and separate it explicitly,
as that contribution is at the much larger energy scale of the
average mass of the multiplet and does not contribute to the
mass splittings.

The results of the fits are summarized in Table VI, where
the small numbers in italics indicate which parameters have
not been fitted and were determined instead from the
constraints that express them in terms of the free param-
eters. Within our minimal assumptions for the form of the
quark-quark interactions, from the fits we obtain the typical
sizes of 80, 30 and 10 MeV for the # = 0, 1, 2 components
of the mass operator, respectively, with an average mass
So =~ 1600 MeV. The predictions for the OGE and OME
mass spectra are included in Table III. Both model
interactions are capable of perfectly fitting the data without
any noticeable tension.

Our results for the mixing angles are summarized in
Table IV and Fig. 5, where they are also compared with the
best-fit angles of the global fit of Ref. [34], labeled here as
GGS, that uses the 1/N_ hierarchy and also includes data
on strong and electromagnetic decays. The two general

The sol—-A and sol-B fits of the general interaction have seven free parameters. The fits of the OGE and OME interactions

have six and five parameters, respectively. The smaller numbers in italics indicate which parameters have not been fitted and were
obtained instead from the constraints. All parameters are given in MeV.

S() Aslz AS3 P] P2 P3 P4 D] D2 )((210f
sol-A 1606 £ 5 65+ 11 77 +27 —-28+9 -5+4 —11+18 27+ 14 -10+3 10+3 0.00
sol-B 1603 £9 75+ 8 81 +£28 -36+£5 -04+32 23+ 14 27+ 12 —44+6 4+6 0.00
OGE 1607 £ 6 74 +9 80 +28 -04+3 04 +3 30+17 30+ 14 -5+4 54+4 0.22
OME 1605 £ 4 63+ 12 63+ 12 -26 £ 16 -5+4 —20+ 10 15+6 —8+2 842 0.53
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FIG. 5. Mixing angles for sol-A, sol-B, the OME and OGE
model interactions as in Table IV and the GGS best global fit
values of Ref. [34].

solutions sol-A and sol-B can be associated to two
different types of quark-quark interactions, labeled as
OGE and OME. Within the present experimental uncer-
tainties the global fit to the angles cannot distinguish
among these two different possibilities.

The two solutions sol-A and sol-B differ in the details of
their spin-orbit and tensor interactions. In Fig. 6 we show
how the S, P, D parametrization of the mass matrix depends
on the mixing angles. We include R1 (red curve), sol-A
(black dot), sol-B (circle) and the GGS best fit (small black
dot) in all contour plots, serving as reference points. Figure 6
shows that the S, P, D parameters are smooth functions of the
angles, in contrast to the ¢; operator coefficients of the 1 /N
studies that will be discussed in the next section. In particular,
P, is independent of the mixing angles. In the left panel of
Fig. 7 we show the D; + D, constraint, Eq. (36), which is a
slowly varying function of the angles and is also approx-
imately well satisfied by the best-fit values. In the right panel

weplot / D% + D% to obtain a picture of the magnitude of the
tensor interaction. We can see that sol-B is close to a region
of small tensor interaction, while sol-A moves away from
that region. In Fig. 8 we plot 1/P? + P3 + P3 + P2 and we
see that both sol-A and sol-B have spin-orbit matrix
elements of similar strength.

From the fits (see Table VI) we observe that AS}, ~ AS;
(i.e. S~ S;), which is the telltale sign of a contact
interaction in the flavor-independent spin-spin part, as
discussed at the end of Sec. V and in Ref. [33]. This
conclusion holds regardless of the spin-isospin structure of
the interaction.

The values obtained for the fitted parameters can be
understood qualitatively noting that there are some special
mass combinations that are independent of the angles. We
will discuss them next.

PHYSICAL REVIEW D 93, 034007 (2016)

In the case of P, and ASj, they are given by the splitting
and the spin-averaged mass of the Az, A/, as follows:

Py = (A3 —Ay1p)/3, (45)
S3 = (243, + Ay 2)/3, (46)

giving P, = 27 MeV, AS; = S3 — Sy =~ 78 MeV using the
empirical masses of Table III.

Taking the trace of the mass matrix for J = 1/2 and
J = 3/2 we obtain the simple mass relation

Nija+ Ny =Nsp+ Ny, (47)

which is independent of the mixing angles and is observed
to be well satisfied by the empirical masses as
3193 £ 16 MeV = 3220 £ 50 MeV. It should therefore
hold for all fits that accurately describe the spectrum,
which for the matrix elements implies the constraint

3D1:P1—P2. (48)

This constraint is satisfied in different ways for the different
fits we considered. In sol-B and the OGE fit both P; and P,
are small, implying a small value of the tensor matrix
element D. In sol-A and the OME fit P, is small, but P, is
large, which gives a larger D, (see right panel of Fig. 7).
Another empirical relation that is well satisfied is

Nspp = (283, +Ay)5)/3, (49)

as seen by inserting the empirical values for the masses:
1675 £5 MeV = 1683 £ 28 MeV. For the matrix ele-
ments this implies

S2—S3:3P2—D1. (50)

Using S, = S5, which is satisfied within errors by all the
fits, we get D; =3P, as an approximate relation that
explains the smallness of the spin-orbit matrix element P,
as observed in all our fits correlating it with the typical size
of the tensor matrix elements D ;.

VII. RELATION TO 1/N, STUDIES

In this section we translate the constraints on matrix
elements that we discussed in the previous sections to
constraints on the coefficients c; to gain further insight into
their physical meaning, connecting in this way the QCD-
based approach of the 1/N. studies to a dynamical
calculation in a quark model.

By choosing a basis of nine independent 1/N . operators
we can reexpress the matrix elements S 53, P 234, D15 in
terms of the operator coefficients c;(i = 1,9). For the
explicit relation between both parametrizations see
Egs. (D10)—~(D18) in Appendix D. For the nine operator

034007-10



OPERATOR ANALYSIS OF EFFECTIVE SPIN-FLAVOR ...
So

ASp

PHYSICAL REVIEW D 93, 034007 (2016)
AS3

123%\:%

0.0F 10 A

oS |

-5 -10 -05 00 05 1.0 1.5

Py

00 05 1.0 1.5 -1.5 -10 -05 00 05 1.0 1.5

P

-1.5 -10 -05 00 05 1.0 1.5

Py

00 05 1.0 1.5

1 —05F ]

] -1.0}F <@.

1 —15F ]
00 05 1.0 1.5

-1.5 -10 -05

D,

] SE g

-1.5 -10 -05 00 05 1.0 1.5

-1.5 -10 -05

00 05 1.0 1.5 -1.5 -10 -05 00 0.5 1.0 1.5

FIG. 6. Matrix elements as a function of the mixing angles (6, 63). We also show the mixing angles for sol-A (black dot) and sol-B
(circle). The smaller point in between corresponds to the GGS best-fit angles. The red curve shows the correlation between mixing

angles given by relation R1 [Eq. (34)].

coefficients ¢;_ ¢ Fig. 9 gives the landscape on the mixing
angles plane. We observe that all coefficients depend on the
angles and c3 and cg have the steepest slopes and are very
sensitive to the mixing angle values, in contrast to the S, P,
D parameters (see Fig. 6) where all the matrix elements
were slowly varying functions of the angles 8, 05.

In Table VII we present the values we obtain for the
coefficients c¢; that correspond to the different cases
we discussed: sol-A and sol-B for a general interaction

of OGE + OME type, and the restricted OGE and
OME models. They are shown together with two recent
determinations, from Refs. [26,34], labeled as FG
and GGS respectively. The small numbers in italics indicate
which coefficients have not been fitted and were deter-
mined instead from constraints that will be discussed
below.

We will compare in the following with the values of the
¢; in the last column of Table VII, obtained from the GGS
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function of the mixing angles. R1, sol-A, sol-B and best fit value are as in Fig. 6.

global fit of Ref. [34], where the hierarchy of 1/N.
operators was used, and the data on strong and electro-
magnetic decays was also taken into account.

The first general relation, Eq. (33), corresponds to
c9 = 0 and is taken as a constraint in Refs. [26,34] as it
corresponds to neglecting Oo, a higher-order operator in the
1/N, expansion. The second general relation, Eq. (36),
corresponds to c3 +4cg = 0. This evaluates to 104 &
50 MeV = 0 for GGS, which at first sight seems to be
violated badly. However, the relation to D; + D, is given

P+ P+ P+ P}

-L5 -1.0 -0.5 0.0 0.5 1.0 15

FIG. 8. The magnitude of the spin-orbit interaction
\/P? + P3+ P} + P? as a function of the mixing angles. RI,
sol-A, sol-B and best fit value are as in Fig. 6.

by Eq. (D8), which for the O; o basis evaluates to
¢3 +4cg = 144(D, + D,). The large numerical factor in
this expression finally gives D; + D, = 0.7 £ 0.3 MeV,
which actually amounts to a small violation of the angle
correlation imposed by Dy 4+ D, =0, as Dy + D, is a
slowly varying function (see left panel of Fig. 7).

Restricting the general OGE + OME interaction
to the OGE and OME model interactions we obtain
from the OGE relation [Eq. (38)] the equivalent ¢, = 0
constraint, which is satisfied within errors as
38 £39 MeV = 0. The first of the OME relations,
Eq. (40), implies ¢; =0 which is satisfied as
4+ 13 MeV = 0. The second OME relation, Eq. (41),
implies 9cy = —12¢, + 16¢5 and is also satisfied
as 342 + 351 MeV = 1232 + 639 MeV.

We see that the general relations, as well as the more
restricted OGE and OME relations are compatible with the
GGS global fit values for the coefficients. This is consistent
with what was observed for the mixing angles, as discussed
in Sec. VI and summarized in Fig. 5.

If the general OGE + OME interaction with a contact
interaction for the flavor-independent spin-spin part is
considered, then S, = S5 also implies ¢; = 0. This is well
satisfied in all fits, giving a clear indication of a short-range
interaction in the flavor-independent hyperfine part of the
potential, one of the main conclusions of Ref. [33].

Finally we consider the constraints imposed by the
two empirical relations, Eq. (47) and Eq. (49). The
trace relation, Eq. (47) gives 3¢z + 8¢5 = —12¢, + 9¢y
which is satisfied within errors and evaluates to 760+
322 MeV = 642 £+ 427 MeV. The N5, relation, Eq. (49),
gives —3c¢, + %c3 = 2c5 +%c8 which is also satisfied
within errors: 88 £ 60 MeV = 119 + 74 MeV. This is
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FIG. 9. Operator coefficients as a function of the mixing angles (6,, 05). We also show the mixing angles for sol-A (black dot) and
sol-B (circle). The smaller point in between corresponds to the best-fit angles. The red curve shows the correlation between mixing

angles given by relation R1 [Eq. (34)].

consistent with the good description of the spectrum
obtained in the 1/N, studies.

All these correlations among operator coefficients are
not obvious when blindly performing a fit to the mass
spectrum. The matching of a general quark model to the
effective spin-flavor operators used in the 1/N, expansion
uncovers them and gives an insight into their dynamical
meaning.

VIII. CONCLUSIONS

We showed that for a large class of nonrelativistic quark
models, as defined by Egs. (13)-(16), with flavor-depen-
dent and flavor-independent quark-quark interactions, the
observed mass spectrum of the nonstrange L = 1 excited
baryons sets stringent constraints on the two mixing angles
of the J =1/2, 3/2 states. It is noteworthy that these
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TABLE VII. Best fits for the operator coefficients (in MeV) and mixing angles (in radians). The last two columns show the results of
Refs. [26,34], respectively. The smaller numbers in italics indicate which coefficients have not been fitted and were obtained from
constraints.

sol-A sol-B OGE OME FG GGS
cy 467 + 10 458 +9 460 +9 472 + 12 463 +2 497 + 5
cH —-33+£28 -52+22 —61 +22 —-10+£8 -36+t12 =24 +20
c3 241 £ 76 85+ 132 116 + 104 200 £+ 52 313 £ 69 96 + 42
Cy 132 £ 48 16 £27 0 124 £ 41 65 + 31 38 + 39
Cs 95 +49 81 +42 88 + 47 62 +29 71+ 18 59 +37
Co 408 + 60 460 + 50 456 + 51 367 £ 75 443 + 10 283 4+ 36
cq 27 £ 64 —12 £ 65 —11 £ 65 0 -20+£31 4413
cg —60 £ 20 —21 433 —29 +26 —50+13 0 2+7
Co 0 0 0 0 0 0
0, 0.80 +0.32 —0.04 + 0.68 —0.04 +0.19 0.78 +0.28 0.52 +0.13 0.49 +0.29
05 0.01 +£0.21 —-0.23+0.17 —0.29 +0.17 0.11 +0.13 —0.12 £+ 0.09 —-0.13+0.17

constraints are independent of the detailed shape of the
spin-spin, spin-orbit or tensor components of the effective
quark-quark interaction. This is made manifest by express-
ing them as the solutions (sol-A and sol-B) of the two
parameter-free relations R1 and R2 between empirical
masses and mixing angles, shown in Eq. (34) and Eq. (37).

Restricting the form of the interactions to flavor-
independent (OGE) or flavor-dependent (OME) terms only,
we still obtained to a good approximation each of the two
solutions we have in the most general case (OGE 4+ OME).
In the OGE case we obtained one additional correlation R3
[Eq. (39)], that is compatible with sol-B, while in the OME
case we found two new parameter-free relations R4 and RS
[see Egs. (42) and (43)], that are compatible with sol-A.

Only the first of the two OGE + OME relations (R1) was
previously obtained in Ref. [29] by considering the most
general two-body interactions. The angle correlation it
implies was previously discussed in the 1/N_. analysis of
Ref. [40] and more recently given in the form of R1’
[Eq. (35)], by neglecting 1/N?2 operators associated to
three-body forces [26,34]. This relation alone is not
sufficient to determine the angles from the mass spectrum
without further constraints.

In Ref. [34] additional constraints from the 1/N.
expansion and the empirical data on decays were included
in a global fit, resulting in the preferred GGS values for the
mixing angles, which we used to compare with the
constraints we obtained from the matching to a generic
OGE + OME quark model. Within the present experimen-
tal errors we cannot exclude any of the two general
solutions for the mixing angles, sol-A and sol-B, each
of which can be well approximated by the restricted OME
and OGE model interactions, respectively. This situation is
summarized in Fig. 5.

We also discussed in detail the matching of the 1/N,
quark operator expansion to the nonrelativistic quark
model, obtaining analytic expressions for all the operator
coefficients in terms of integrals of the radial part of the

interactions, which are left unspecified in Eq. (19). The
explicit relation between our parametrization of the mass
matrix and the 1/N, basis used in Refs. [26,34] is given by
Egs. (D10)—~(D18) in Appendix D, establishing together
with Egs. (18), (19), and (24)—(32) the analytic correspon-
dence with a large class of model interactions. It would be
interesting to extend our matching calculation to the strong
and electromagnetic decays of excited baryons, which we
leave for future work.

Showing explicitly how the QCD-based 1/N, analysis is
related to a model calculation is useful to get an insight into
the dynamics that generates the values of the fitted
coefficients and mixing angles. It also uncovers correla-
tions among the coefficients that are otherwise unnoticed
when performing a fit and relates them to the attributes of
the effective quark-quark interaction, as discussed in detail
in Sec. V and Sec. VIIL

We expect that the forthcoming results of lattice calcu-
lations, that will provide smaller errors in the mass
spectrum and the possibility to explore the dependence
of the baryon spectrum and the mixing angles as a function
of the quark masses (see Ref. [26] for a pioneer effort in this
direction), in combination with the 1/N_. expansion sup-
plemented by a dynamical picture as provided here by
matching to the quark model, will complement each other
and constitute a solid toolbox for gaining further insight
into the features of the nonperturbative regime of the strong
interactions.
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APPENDIX A: CCGL OPERATORS

Here we reproduce the list of 18 effective spin-flavor
operators of Ref. [20]:

O, = N1, (A1)

0, =Is, (A2)

Oy =146 (A3)
O,=1Is+ Y ItG,., (A4)
@:im, (AS)
05 = 5-5% (A6)
0; = NLCSSC, (A7)

Og = Nicz<2>ssc, (A8)
0, =Nl Lo, +%ligja{S£,GiF‘}, (A9)
O = Niclch, (A10)
O, = NiCzTC, (A11)

On = Ni%z@r{sc, G.J. (A12)
O = 33 15)5% (A13)
O = 33 (15..55.), (Al4)
Oy = Nigusc)(m), (Al5)
Oy = Niggscn, (A16)
0y, = NLEI(Z)SCSC’ (A17)
O3 = %Mgscn. (A18)

C
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For N. = 3 these 18 operators provide an overcomplete
basis for the mass operator of nonstrange mixed-symmetric
orbitally excited baryons.

APPENDIX B: GENERAL FORM OF
THE 2 x 2 MASS MATRIX

We can write the mass matrix relevant for the J = 1/2
and J = 3/2 states in terms of the eigenvalues M| and M,
and mixing angles as follows:

M= (M+ + M_cos20 M_sin20 ) (B1)
M_sin20 M, —M_cos20
with
1 1
M+:§(M1+M2):§TI'M, (B2)
1 1 )
M_ = E(Ml —Mz) = Z(TTM) —DetM, (B3)

where the mixing angles enter in the change of basis
matrix C as

C = <cos€ sin9>, c!' = <cos9 —sin9>,
—sind cosf sinf  cosé®
(B4)
We obtain the physical masses as
CM.C™' = <M1 0 > (B5)
0 M,

APPENDIX C: OPERATOR RELATIONS

Here we give the explicit form of the linear relations
between CCGL operators that hold for arbitrary N, on
the nine-dimensional space spanned by the seven
diagonal matrix elements and two off-diagonal matrix
elements that are relevant for the physical states
at N. = 3.

Z=0:
2N]L2V(Cl\j:i 1) 01 - (Ncl_ 1) O¢+0;+0,,=0, (Cl)
_2N]3.V(CNJZE1) ]+2N]L,V(CNT11)06+016:0- (C2)
=1
21{/002+A:16N4;104+i05+010:0, (C3)
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2 N, -1 N, -1

_W02+ 4N2 05+ 4N 09+013:0, (C4)
4 3(N.+1) 4N, -1 ON.—1
-—0,+————O0 0] 0]
Nt TN et Os Ty O
+014:O, (CS)
2 N.+1 N, -1 N, -1
WOZ—iNZ 04— 2N2 05— 2N 09+0]5:0.
(Co)
=2
NC+1012+017:0, (C7)
8 2
——— 03— 03+0,7,=0, (C8
NL(NL—I) 3 Nc—l 8+ 17 ( )
1
N—08 + 018 — O (C9)

APPENDIX D: RELATION BETWEEN
OPERATOR COEFFICIENTS AND THE MATRIX
ELEMENT PARAMETRIZATION

For N, = 3 the coefficients in O,_ ; , are related to their
matrix elements given in Table II as follows.

Z=0:

1 1
01_6C11+EC16:§(281_83)’ (D1)
1 1
Ce +§cll—§cl6:_351+S2+233, (D2)
c7— ¢ =2(5;, = S3). (D3)
=1
1 2 4 2
02—80104-5013 +§C14_§CIS = =2(2P, + Py),
(D4)
1 2 4
C4—5Cl0—5Cu+gcis =4(Py — Py + Py), (D5)
3 3 9
I 1 11 1
¢s = 7€~ g g tgcs
:P]_PZ_P3+4P4’ (D6)
1 5 1
Cg——Ci3——Ciy+5¢5=3(Py +2P, — P3 + Py).
6 6 3
(D7)
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=72
1 1 4 4

cg +ZC3—§L‘18—5612+§C17:36(D1+D2)’ (DS)
4 4

c3 =z ¢+ 5017 =24(Dy +2Dy). (D9)

3 3

Notice that the right-hand sides of Eq. (D7) and Eq. (D8)
vanish for the OGE + OME model.

The operators O; to Oqy can be chosen as an independent
basis for the physical states at N. = 3. Setting ¢jg = - -+ =
c13 = 0 we can express the coefficients ¢; ¢ in terms of our
mass matrix parametrization:

(=525~ ), (D10)
¢y = —2(2Py + Py), (DI1)
¢y = 24(D, +2D,), (D12)
¢4 =4(Py— P35+ Py), (D13)
¢s =P, — Py— Py + 4P, (D14)
o = =38, + S, + 285, (D15)
c7 =2(82 = S3), (D16)
cs = 6(5D, +4D,), (D17)
cg =3(P, +2P, — P3+ Py). (D18)

Inverting the general relations given in Egs. (D1)—(D9) we
obtain

1 1
SOZ3CI+§C6_ZCII7 (D19)
1 1 1
Sl:301+§CG—6C7—6C11+EC16, (D20)
2 1 1 1
52:301+§C6+607—§011—Ecl6, (D21)
2 1 1 1
53:301‘1’306—507‘*'6011—&0167 (D22)
1 1 8 1 1
Pr=cc—gatges+oocotapcio—50
2 1
ECM Eclsy (D23)
S S P D B
2T T T Ty g T g7
1 1
ECMJFECIS, (D24)
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5 1 1 1
1 1 1 1 1 2 Dy=—c3——cg—— — — -
Py = ——Cym 4t =~ Cs — = Co + = C10 — — 13 2= 1429 7365 108 T 108 T 08
3 4 9 27 9 27
1 1 (D28)
——Ciy——cCis, D25 ) . - .
54 ci4 27 €1 ( ) It is convenient to remove the contribution of the unit
! 5 5 ! ! operator to the spin-spin matrix elements by defining the
P,=- £ + 5 €5 = 2500 = 3£€10 = 7€13 parameters AS1,, ASs; see Eq. (44). Here we obtain for them
4 1 1 1 1 1
_ECM‘FEC@ (D26) AS12:EC6+EC7_EC“_1_8C16’ (D29)
1 1 1 1 1 1 1 5 1
DI:—%Q +ﬁc8—ﬁclz+ﬁcl7—5—4qg, (D27) AS3ZEC6—§C7 +Ecll_ﬁ616- (D30)

|
APPENDIX E: ANGLE DEPENDENCE OF THE OPERATOR COEFFICIENTS

With the choice of { Oy, ..., Oy} as an independent basis we can solve c;...cq in terms of the physical masses and mixing
angles, obtaining

1 2 1 2 1
€)= §(N1/2 — N/ ;) cos 26, +§(N3/2 — Nj,) cos 205 +§(N1/2 +Nip) +§(N3/2 +Nj),) —§(A1/2 +243,), (E1)
1 , 2 , 1 2 3 2
62:6<N1/2—N1/2)005291+B(N3/2—N3/2)005293—6(N1/2+N1/2)—E(N3/2 +N3/2)+§N5/2 +§(A1/2—A3/2),

(E2)

) 8 2 . 8 6
3= (N’l/2 —Nl/z)(COS291 +4sin20,) — (N’3/2—N3/2) <5005293 +4\/;sm293> —I—N’l/2 +N1/2——(N’3/2+N3/2) —|—§N5/2,

5
(E3)
1 , , (2 5 2 1 ,
C4:—6(N1/2—N1/2)(C08261+2Sln261)—<N3/2—N3/2) EC05293 +§ gSln263 +6(N1/2 +N1/2)
2 3 4
+E(N3/2+N3/2)—§N5/2—§(A1/2—A3/2)» (E4)
1 G 1. NG 1[5 5 ,
CSz_Z(N1/2_N1/2) 5COS291+§Sln201 +(N3/2—N3/2) §COS293—6 5S1n293 _ﬁ(Nl/z—i_Nl/Z)
2 3 4
+E(N3/2+N3/2)+2—0N5/z—§(A1/2—A3/2)» (ES)
7 , 7 , 5 s S
Cﬁz_ﬁ(Nl/z_Nl/Z)Coszgl_6(N3/2_N3/2)COS293_E(Nl/2+N1/2)_6(N3/2+N3/2>+§N5/2
2
+3 (812 +245p), (E6)
1 , 1 , 1 o , 2
C7:—6(N1/2—N1/2)C08291—§(N3/2—N3/2)005293+6(N1/2+N1/2)+§(N3/2+N3/2)+N5/2—§(A1/2+2A3/2),
(E7)
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5
cg=—(Nyp— N’l/z) <ZCOS 20, + 2sin29,>

2
+2(N3jp = Nj)5) (cos 2605 + \/;sin 293>

5 3
+Z(N1/2 + N\ j3) =2(N3jp + N5 )) +5 N5,

2
(E8)
| , .
cy = _Z(Nl/z — N ;) (30520, + sin20,)
1 3 5 .
+§(N3/2 - N;/Z) <5C05293 - \/;sm26?3>
7 !/ 1 !/
+E(N3/2+N3/2) —Z(Nl/z +N'ijp)
9
_EN5/2_A1/2+A3/2- (E9)

APPENDIX F: MASS OPERATOR, MIXING
ANGLES AND OPERATOR EXPANSION
MATCHING FOR THE ISGUR-KARL MODEL

The Isgur-Karl model [31] is defined by the quark
Hamiltonian

H]K - H() + thp’ (Fl)
where H, contains the confining potential and kinetic

terms of the quark fields, and is symmetric under spin
and isospin. The hyperfine interaction H,, is given by

8. . -
thp = AZ |:?Si . S]5(3)(r,])

i<j
| B S S
—l—rf3(3s,--r,-jsj-rl-j—s,--sj) s (F2)

ij

where A determines the strength of the interaction [42],
and 7;; =7; —7; is the distance between quarks i, ;.
The first term is a contact spin-spin interaction, and
the second describes a tensor interaction between two
dipoles. Both terms are flavor independent. This
interaction Hamiltonian is an approximation to the
gluon-exchange interaction, neglecting the spin-orbit
terms. The entire spectroscopy of the L =1 baryons
is fixed by one single constant &§, defined as

PHYSICAL REVIEW D 93, 034007 (2016)

6=A \2/% =300 MeV, along with an overall additive

constant mg, the average mass for the multiplet
my=1610 MeV, and the model is very predictive.
The explicit mass matrix is given by

1

M1/2:m0+15<—1 _Ol>, (F3)

1 -1 L
My =mo+206{ vio ), (F4)

Vio S

1
Ms;, = mg +§5, (F5)
1

A1/2:A3/2:m0+15. (F6)

The mixing angles are independent of the hadron
masses, and are given by

1
O = arctan(i(\/g - 1)) = 0.55,

VIO )
m) = —0.11. (F7)

The matching performed in Ref. [30] to the 1/N,
operators obtained ¢; ={mg— 15 =462 MeV, ¢ =
36 =450 MeV, cg=-26=-360MeV, and c; =
]9—06 = 270 MeV, with all the other coefficients being zero.
The corresponding y> = 33 is large because, due to the
absence of spin-orbit forces, the IK model fails to describe
the splitting of the A;/;(1620) and As/,(1700), and the
mass of the Ny /,(1535) comes out too low. This explains
why the (01X, 01X fall outside the OGE rectangle of our
Fig. 3, which was obtained from a fit with a much smaller
value of y2.

Evaluating the radial integrals, Eq. (19), we obtain for
our matrix element parametrization S; = m —%5 =
1535 MeV, S, = S3 = mg + 156 = 1685 MeV, P, = P, =
Py=P,=0, Dy =-D, = —5;6 =—15MeV. In terms
of the redefined spin-spin parameters [see Eq. (44)],
So = my = 1610 MeV, AS;, = AS; =18 =75 MeV. In
this way the IK model provides a simple analytical check of
our general expressions.

0% = arctan <—
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