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eþe− → WþW− is an integral part of the global precision analysis program which is becoming more
relevant after the discovery of the Higgs boson. We analyze the current situation of precision calculations of
inclusive eþe− → WþW− observables and study the prospects of incorporating them into the framework of
global precision electroweak analyses in light of per-mil-level cross section measurements at proposed
future facilities. We present expansion formulas for the observables, making the dependence on the inputs
clear. Also, the calculation of new physics effects is demonstrated in the effective field theory framework
for universal theories. We go beyond the triple-gauge-couplings parametrization and illustrate the
complementarity of eþe− → WþW− and other precision data at the observables level.

DOI: 10.1103/PhysRevD.93.034001

I. INTRODUCTION

The recent discovery of the Higgs boson [1,2] has
initiated intense interest in precision studies of its proper-
ties. There have been various attempts to connect Higgs
phenomenology to previous precision electroweak mea-
surements, in order to see what windows for new physics
are still open and can be probed by precision Higgs
measurements [3–18]. There are two facts behind this
trend. First, deviations from the Standard Model (SM) in
the Higgs and electroweak sectors are correlated if the
recently discovered Higgs boson is part of an SUð2ÞL
doublet. To fully exploit the power of precision analyses,
we should take advantage of all the strong constraints
on new physics from precision electroweak studies.
Second, it has been realized that in the effective field
theory (EFT) framework, which is the only consistent
model-independent approach to new physics with minimal
assumptions [19–21], it is important to use a complete
operator basis [10,12,22–24]. Therefore, previous EFT
calculations of precision electroweak observables should
be recast into a uniform framework for a global analysis. In
this context, a crucial role is played by eþe− → WþW−.
Despite the lower experimental precision compared with
the most precisely measured observables, eþe− → WþW−
offers a unique window to test the SM and probe new
physics effects due to its sensitivity to triple-gauge cou-
plings (TGCs) which are difficult to access otherwise.
On the other hand, precision studies of W-pair produc-

tion are important in their own right. Such studies have
been carried out for eþe− collisions at LEP2 [25–28], for
pp collisions at the Tevatron [29], and more recently for
pp collisions at the LHC [30,31]. The clean experimental
environment at LEP2 allowed eþe− → WþW− cross
sections to be measured at the ∼1% level up toffiffiffi
s

p ¼ 207 GeV, and agreements were found with SM
predictions with a similar precision [32–43]. Historically,
analyses have been done in the language of TGC

parameters [44]. In this context, LEP2 data still provide
the most stringent constraints on anomalous TGCs,
with LHC measurements just starting to become competi-
tive. 1Future high-luminosity eþe− colliders, operating at
center-of-mass energies from the WþW− threshold up to
1 TeV or even beyond, will enable per-mil-level cross
section measurements in a wide range of

ffiffiffi
s

p
and push the

precision frontier on eþe− → WþW− studies much further
[51–55]. Accordingly, progress has been made after LEP2
on precision calculations toward the per-mil precision goal
[56,57]. The promising experimental progress calls for
reassessment of the role of eþe− → WþW− in the precision
program, both as a consistency test of the SM and an
indirect probe of new physics.
In this paper, we revisit the calculation of several eþe− →

WþW− observables, both in the SM and in the presence of
new physics, in the expansion framework of Ref. [58]. From
the point of view of testing the SM, at present our best
knowledge of the compatibility of the electroweak SM with
data comes from global analyses of Z-pole observables and
mW , all of which have been very well measured [59,60] and
precisely calculated [61,62]; see e.g. Refs. [9,62–65] for
recent global fits. It is interesting to ask whether improved
measurements of eþe− → WþW− will play a complemen-
tary role in such global analyses (aside from a better
determination of mW). To answer this question, we need
to gather information on how the eþe− → WþW− observ-
ables depend on the inputs of the calculations, which has not
received much attention in the past. The expansion formulas
we present will make the answer transparent.

1The Wγ and WZ channels are also studied at the LHC to put
limits on anomalous TGCs [45–49]. The question of whether the
EFT expansion is valid in the kinematic regimes under study
should be carefully addressed if one wishes to translate the results
into the EFT language [15,16]; see also Ref. [50].
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To demonstrate the role of eþe− → WþW− in probing
new physics, we adopt the EFT approach. We will focus on
an important class of new physics scenarios, the so-called
“universal theories” [66–68], for illustration. The results
will be presented in a way that allows other precision
constraints to be easily incorporated. Many previous
studies used the reported experimental values for the
TGCs to constrain the EFT parameter space, but there is
a caveat related to the assumptions made when extracting
the TGCs [14]. In this regard, Ref. [14] refers to the TGCs
as “constructed observables” and points out that extreme
care must be taken when relating constructed observables
to EFT parameters. Here, we take a different approach by
working with well-defined physical observables which are
free from such subtleties. A similar analysis has been done
in Ref. [69] without discussing the interplay with other
precision measurements.
We will begin in Sec. II by defining several eþe− →

WþW− observables and reviewing their calculations in the
SM. Sections III and IV are devoted to the SM and new
physics aspects of precision analyses mentioned above,
respectively. In Sec. V, we conclude.

II. OBSERVABLES AND STANDARD
MODEL CALCULATIONS

At leading order (LO), the process eþe− → WþW− is
calculated in the SM from the s-channel Z=γ exchange and
t-channel neutrino exchange diagrams, known as the CC03
diagrams [26,27]. Some LO results that will be used later
are collected in Appendix A. However, the notion of
“eþe− → WþW− observables” is not well defined once
we go beyond LO to include finite W� width effects and
radiative corrections. Strictly speaking, what we refer to as
“eþe− → WþW− observables” should be understood as a
shorthand for “eþe− → 4f observables with 4f compatible
with intermediate WþW−”. Even at tree level, there are
diagrams involving only single intermediate Wþ or W−
that contribute to eþe− → 4f. They are known as CC11
diagrams that are not in the CC03 class [26,27] and
interfere with the CC03 diagrams with intermediate
WþW−. We will include all the CC11 diagrams in the
calculation of SM predictions in Sec. III, as opposed to the
calculations adopted by LEP2 analyses where only CC03
diagrams are included [28]. One should keep in mind that
with finite W� width, only the sum of the complete set of
CC11 diagrams is gauge invariant.
The eþe− → WþW− observables we consider are the

polarized total cross sections σL, σR, defined as the cross
sections with a left- or right-handed incoming electron and
unpolarized incoming positron. From these, the unpolar-
ized total cross section

σ ¼ 1

2
ðσL þ σRÞ ð1Þ

and the left-right asymmetries

ALR≡ σL−σR
σLþσR

¼ 1−σR
σ
; ALR≡1−ALR¼

σR
σ

ð2Þ

can be derived. ALR may be more convenient than ALR
because the latter is very close to 1. We will focus on these
inclusive observables without applying kinematic
cuts.2Other observables can be extracted from differential
distributions, which can presumably be distorted by new
physics effects. For example, the forward-backward asym-
metry defined for the outgoing W− is often considered; see
e.g., Ref. [69] for an EFT study of differential cross sections
at LO. However, once nonfactorizable radiative corrections
and off-shell effects are taken into account, experimental
subtleties arise related to the kinematic reconstruction ofW�
from the 4f final states, which should be carefully studied
and is beyond the scope of the present paper.
The state-of-the-art calculations of eþe− → WþW−

cross sections in the LEP2 era incorporated OðαÞ radiative
corrections in the double-pole approximation (DPA) and
were implemented in dedicated programs RACOONWW
[32–38] and YFSWW3 [39–43]. Later, the complete OðαÞ
radiative corrections were calculated for the four-fermion
final states νττþμ−νμ, udμ−νμ, and udsc [56,57]. However,
the latter calculation is not yet available as public codes. So
for the purpose of illustration, we will present the results as
calculated within the DPA implemented in the program
RACOONWW [38]. The unpolarized total cross section in
the DPA agrees with the complete OðαÞ result within 0.3%
for

ffiffiffi
s

p
from 200 to 500 GeV [56]. To achieve better

precision suitable for studies at future colliders, the results
presented here are expected to be updated once more up-to-
date codes become available. We also remark that to
achieve better-than-per-mil accuracy, even the complete
OðαÞ calculation needs to be supplemented by higher-order
Coulomb corrections near the threshold, higher-order
Sudakov logarithms for

ffiffiffi
s

p ≳ 500 GeV, and QCD effects
[52,56,70].
We will consider two benchmark center-of-mass ener-

gies
ffiffiffi
s

p ¼ 200 and 500 GeV, where the DPA works
reasonably well. Among all the four-fermion final states
compatible with intermediate WþW−, we will focus on
udμ−νμ for illustration.3 This channel is representative of
the mixed leptonic and hadronic decay channels from
WþW−, which are expected to have high selection effi-
ciency and a low background. Separate calculations may be

2The numerical difference between our reference values for σ
in Sec. III and the results in Refs. [38,56] is mostly due to the
separation cuts applied in the latter.

3Theory calculations are conventionally formulated in terms of
partonic final states, though experimentally jets instead of quarks
are observed. In this sense, what we call “observables” are not yet
experimentally observed quantities but are directly related to the
latter when we sum inclusive quark contributions that form jets.
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needed if one is interested in other channels due to
additional diagrammatic contributions and the necessary
inclusion of finite-electron-mass effects in the case of
final-state e�.

III. PARAMETRIC DEPENDENCE
AND UNCERTAINTIES

We will present the results of the SM calculations in the
form of expansion formulas as in Ref. [58], which make
clear the parametric dependence and uncertainties. To
briefly review the formalism, we note that the SM predicts
each observable bOi as a function of the Lagrangian
parameters. A more convenient way to arrange the calcu-
lation, which is commonly adopted in precision electro-
weak analyses, is to eliminate the input Lagrangian
parameters in favor of the same number of very well-
measured observables fbOi0 g (as in Ref. [58], we use primed
indices for input observables and unprimed indices for
output observables). Then, the analysis involves only
physical observables so that all results have unambiguous
meanings, and comparison with experiment is straightfor-
ward. The calculation is further simplified by expanding the
theory (SM) predictions about some reference point and
keeping terms up to linear order,

bOth
i ¼ bOSM

i ¼ bOref
i þ

X
i0

∂ bOSM
i

∂ bOi0

����
Ôi0¼Ôref

i0

ðbOi0 − bOref
i0 Þ

¼ bOref
i

�
1þ

X
i0
ci;i0δ

SMbOi0

�
; ð3Þ

where

δSMbOi0 ≡
bOi0 − bOref

i0bOref
i0

ð4Þ

is the fractional shift of the input observable bOi0 with
respect to its reference value, and

ci;i0 ≡
bOref
i0bOref
i

∂ bOSM
i

∂ bOi0

����
Ôi0¼Ôref

i0

ð5Þ

represents the resulting fractional shift of the output
observable bOi calculated in the SM. The superscript
“SM” in Eq. (4) indicates that the shift can be associated
with adjusting the SM Lagrangian parameters, which
should be distinguished from corrections due to new
physics; cf. Eq. (22). These expansion coefficients char-
acterize the parametric dependence of the calculated
observables on the input observables, as long as the
expansion up to first order is adequate. This is the case
for most practical purposes now that the mass of the Higgs
boson is known to subpercent level, and so all jδSMbOi0 j have
to be much smaller than unity.

The standard set of input observables commonly adopted
in precision electroweak analyses consists of the masses of
the Z boson, the top quark, and the Higgs boson mZ, mt,
mH, the Fermi constant GF, and the couplings αðmZÞ,
αsðmZÞ. In the case of eþe− → WþW−, however, it is more
convenient to use the W boson mass mW in place of αðmZÞ
as a calculational input. Thus, we first extract the expansion
coefficients with respect to the input observables

fbOi0g ¼ fmZ;GF;mW;mt; αsðmZÞ; mHg ð6Þ

and then transform the results into the standard basis

fbOi0 g ¼ fmZ;GF; αðmZÞ; mt; αsðmZÞ; mHg: ð7Þ

The SM predictions for the observables take the following
forms in the two bases:

bOSM
i ¼ bOref

i ½1þci;mZ
δSMmZþci;GF

δSMGFþci;mW
δSMmW

þci;mt
δSMmtþci;αsδ

SMαsðmZÞþci;mH
δSMmH� ð8Þ

¼ bOref
i ½1þdi;mZ

δSMmZþdi;GF
δSMGFþdi;αδ

SMαðmZÞ
þdi;mt

δSMmtþdi;αsδ
SMαsðmZÞþdi;mH

δSMmH�: ð9Þ

The transformation from the ci;i0 coefficients to the di;i0
coefficients

di;α ¼ ci;mW
dmW;α; ð10Þ

di;i0 ¼ ci;i0 þ ci;mW
dmW;i0

for bOi0 ∈ fmZ;GF;mt; αsðmZÞ; mHg ð11Þ

can be derived similarly as in Sec. III.4 of Ref. [58].
We adopt the following reference values for the input

observables:

mref
Z ¼ 91.1876 GeV; ð12Þ

Gref
F ¼ 1.1663787 × 10−5 GeV−2; ð13Þ

mref
W ¼ 80.3614 GeV; ð14Þ

mref
t ¼ 174.17 GeV; ð15Þ

αsðmZÞref ¼ 0.1185; ð16Þ

mref
H ¼ 125.9 GeV: ð17Þ

These, according to the formulas presented in Ref. [58],
correspond to

αðmZÞref ¼ 7.81861 × 10−3 ¼ 1=127.900: ð18Þ
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The final results of the SM predictions for the five eþe− →
WþW− observables are the expansion formulas Eqs. (8)
and (9), with the reference values and expansion coeffi-
cients listed in Tables I and II, respectively, for the
benchmark center-of-mass energies

ffiffiffi
s

p ¼ 200 and
500 GeV. The error bars quoted contain (possibly over-
estimated) Monte Carlo errors only, while truncation errors
from numerical differentiation are expected to be smaller.
Further technical details of the calculation can be found in
Appendix B.
To get an idea of the size of OðαÞ radiative corrections,

as well as the dependence on
ffiffiffi
s

p
beyond the two bench-

mark choices, we show in Fig. 1 the comparison of the
numerical results in Table II with LO results as functions offfiffiffi
s

p
for the two observables σL and σR. The latter can be

easily calculated analytically; see Appendix A. Only bOref
i ,

di;mZ
, di;GF

, and di;α are presented, since the other three
expansion coefficients vanish at LO. Figure 1 shows that in
most cases, the OðαÞ corrections are at or below Oð10%Þ
level. We note that, while detailed discussions on the size of
OðαÞ corrections for bOref

i can be found in the papers where
these corrections are calculated, the plots for the expansion
coefficients di;i0 are new. The latter provide complementary
information because both bOref

i and di;i0 are needed in

precision analyses if one is not restricted to fixed values
of the input observables. Also, di;i0 are essential in a
consistent calculation of new physics effects, as we will
see in the next section.
The results in Tables I and II reflect the accuracy

implemented in RACOONWW, namely up to OðαÞ (with
respect to LO) and within the DPA. They are expected to be
updated in the future. However, even at present, these
finite-accuracy expansion formulas are useful for the
purpose of having a picture of parametric dependence
and an estimate of parametric uncertainties, i.e. uncertain-
ties from the input parameters (observables). With the
experimental uncertainties of the input observables taken
from Ref. [58],

ΔmZ ¼ 2.1 MeV; ΔGF ¼ 6 × 10−12 GeV−2;
ΔαðmZÞ ¼ 8.6 × 10−7; Δmt ¼ 0.87 GeV;

ΔαsðmZÞ ¼ 0.0006; ΔmH ¼ 0.4 GeV; ð19Þ

the fractional parametric uncertainty in bOi from input
observable bOi0 is easily obtained by

TABLE I. Reference values and expansion coefficients for the eþe− → WþW− observables (for the ud̄μ−ν̄μ final state) with respect to
the input observables fmZ;GF;mW;mt; αsðmZÞ; mHg, to be used in Eq. (8).ffiffiffi
s

p
=GeV Ôi Ôref

i ci;mZ
ci;GF

ci;mW
ci;mt

ci;αs ci;mH

σL=fb 1229.8(5) 0.123(15) 1.957(15) 1.429(15) 0.0038(29) −0.0141ð29Þ 0.0006(29)
σR=fb 13.593(5) 17.48(8) 1.981(13) −17.03ð8Þ 0.1364(27) −0.0138ð27Þ −0.041ð5Þ

200 σ=fb 621.70(25) 0.312(15) 1.958(15) 1.227(15) 0.0052(29) −0.0141ð29Þ 0.0002(29)
ALR 0.978136(12) −0.3835ð18Þ −0.0005ð4Þ 0.4078(18) −0.00293ð9Þ −0.00001ð9Þ 0.00092(14)
ĀLR 0.021864(12) 17.17(8) 0.024(20) −18.26ð8Þ 0.131(4) 0.000(4) −0.041ð6Þ
σL=fb 553.48(22) 0.341(18) 2.022(18) 2.936(19) 0.0023(29) −0.0120ð29Þ 0.0005(29)
σR=fb 3.4687(13) 14.93(7) 2.098(12) − 11.04ð7Þ 0.1710(25) −0.0104ð25Þ 0.0042(25)

500 σ=fb 278.48(11) 0.432(18) 2.022(18) 2.849(19) 0.0034(28) −0.0120ð28Þ 0.0005(28)
ALR 0.987544(7) −0.1826ð10Þ −0.00096ð28Þ 0.1751(10) −0.00211ð5Þ −0.00002ð5Þ −0.00005ð5Þ
ĀLR 0.012456(7) 14.49(8) 0.076(22) −13.89ð8Þ 0.168(4) 0.002(4) 0.004(4)

TABLE II. Reference values and expansion coefficients for the eþe− → WþW− observables (for the ud̄μ−ν̄μ final state) with respect
to the input observables fmZ;GF; αðmZÞ; mt; αsðmZÞ; mHg, to be used in Eq. (9).ffiffiffi
s

p
=GeV Ôi Ôref

i di;mZ
di;GF

di;α di;mt
di;αs di;mH

σL=fb 1229.8(5) 2.163(26) 2.272(16) −0.3077ð33Þ 0.0227(29) −0.0154ð29Þ −0.0005ð29Þ
σR=fb 13.593(5) −6.84ð14Þ −1.767ð22Þ 3.668(17) −0.0893ð29Þ 0.0026(27) −0.028ð5Þ

200 σ=fb 621.70(25) 2.064(26) 2.228(15) −0.2643ð32Þ 0.0215(29) −0.0152ð29Þ −0.0008ð29Þ
ALR 0.978136(12) 0.1988(32) 0.0892(6) −0.0878ð4Þ 0.00247(9) −0.00040ð9Þ 0.00061(14)
ĀLR 0.021864(12) −8.90ð14Þ −3.995ð27Þ 3.933(17) −0.111ð4Þ 0.018(4) −0.027ð6Þ
σL=fb 553.48(22) 4.534(32) 2.668(19) − 0.633ð4Þ 0.0412(29) −0.0148ð29Þ −0.0017ð29Þ
σR=fb 3.4687(13) −0.85ð13Þ −0.333ð20Þ 2.379(16) 0.0246(27) 0.0002(25) 0.0127(25)

500 σ=fb 278.48(11) 4.501(32) 2.649(19) −0.614ð4Þ 0.0411(28) −0.0148ð28Þ −0.0017ð28Þ
ALR 0.987544(7) 0.0674(17) 0.03757(35) −0.03771ð21Þ 0.00021(5) − 0.00019ð5Þ −0.00018ð5Þ
ĀLR 0.012456(7) −5.35ð13Þ −2.982ð28Þ 2.993(16) − 0.016ð4Þ 0.015(4) 0.014(4)

JAMES D. WELLS and ZHENGKANG ZHANG PHYSICAL REVIEW D 93, 034001 (2016)

034001-4



FIG. 1. Comparison of the RACOONWW calculations (red data points) of σrefL;R and expansion coefficients with LO results (continuous
curves) as functions of

ffiffiffi
s

p
.
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ΔbOibOi

¼ jdi;i0 j
ΔbOi0bOref

i0
≡ Δi;i0 × 10−4: ð20Þ

The results for Δi;i0 are listed in Table III for two
representative observables σR and σ.
The parametric dependence and uncertainties for eþe− →

WþW− observables are usually not discussed in the liter-
ature, but they provide important information if we put these
observables into the broader context of precision electroweak
analyses. In particular, a global χ2 fit is dominated by
observables for which experimental and theoretical uncer-
tainties are notmuch larger thanparametric uncertainties, e.g.
the effective electroweak mixing angle sin2 θleff . In this
regard, we find that the projected per-mil-level measure-
ments and calculations of the eþe− → WþW− total cross
section σ are still not good enough compared with the very
small parametric uncertainties. The latter are seen from
Table III to be at the 10−4 level at present and will be further
reduced in the future with more precise measurements of the
input observables. The parametric uncertainties are larger for
σR, but are still expected to be much smaller than the
experimental errors, given the limited statistics for σR since
σR ≪ σ. We thus conclude that the eþe− → WþW− observ-
ables are likely to remain of peripheral importance in a global
precision electroweak analysis as a compatibility test of the
SM. Nevertheless, eþe− → WþW− can be a uniquely
powerful probe of some new physics scenarios, as we will
describe below. For this purpose, the results in this section
indicate that new physics effects above theOð10−4Þ level can
be studied without letting the SM input observables float
even in a global analysis.

IV. PROBING UNIVERSAL THEORIES
WITH eþe− → WþW−

A. Universal theories and operator bases

In the presence of new physics, an additional term ξi is
added to the right-hand side of Eq. (3), which is defined as
the fractional shift in bOth

i due to new physics calculated in
terms of the Lagrangian parameters. It is assumed that
jξij ≪ 1 so that an expansion up to linear order is still
adequate. To conform with the very precise measurements
of the input observables, we adjust the SM Lagrangian
parameters to keep

δbOth
i0 ≡

bOth
i0 − bOref

i0bOref
i0

¼ δSMbOi0 þ ξi0 ð21Þ

small. Then, the output observables are calculated as
follows,

bOth
i ¼ bOref

i

�
1þ

X
i0
di;i0δ

SMbOi0 þ ξi

�
¼ bOref

i

�
1þ

X
i0
di;i0δbOth

i0 þ δNPbOi

�
; ð22Þ

where

δNPbOi ≡ ξi −
X
i0
di;i0ξi0

¼ ξi − di;mZ
ξmZ

− di;GF
ξGF

− di;αξα −… ð23Þ

In Eq. (22), the shift in bOth
i with respect to bOref

i is
consistently decomposed into the shift due to tuning the
values of the input observables bOth

i0 and the shift due to new
physics. The latter is in turn decomposed into a direct
contribution ξi and an indirect contribution from undoing
the shifts in the input observables.
We will apply this formalism to a popular class of new

physics scenarios, the universal theories, and investigate
their effects on eþe− → WþW−. Universal theories are
defined by the assumption that new vector states, if there
are any, couple to SM fermions only via the SUð2ÞL ×
Uð1ÞY currents [66]. In other words, it is assumed that the
only gauge interactions of the SM fermions, apart from
QCD, have the form

ΔL ¼ gWa
μ

�
lγμ

σa

2
lþ qγμ

σa

2
q

�
þ g0Bμ

X
f∈fl;e;q;u;dg

Yffγμf;

ð24Þ

where Wa
μ, Bμ need not coincide with the SM gauge fields.

Simple examples that qualify as universal theories include
W0, Z0 models, where Wa

μ, Bμ are mixtures of SM and new
vector bosons. More complicated new physics models that

TABLE III. Fractional parametric uncertainties from each input observable, in units of 10−4. For example, atffiffiffi
s

p ¼ 200 GeV, Δσ=σ from mZ is 0.48 × 10−4. These parametric uncertainties are negligible compared with
experimental and theoretical uncertainties.ffiffiffi
s

p
=GeV Ôi Δi;mZ

Δi;GF
Δi;α Δi;mt

Δi;αs Δi;mH

200 σR 1.57 0.01 4.07 4.46(15) 0.13(14) 0.89(17)
σ 0.48 0.01 0.29 1.07(14) 0.77(15) 0.02(9)

500 σR 0.19 0.00 2.64 1.23(14) 0.01(13) 0.40(8)
σ 1.04 0.01 0.68 2.05(14) 0.75(14) 0.05(9)
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are well motivated (e.g., little Higgs models and some
extradimension models) can also be cast into this form [66].
If we further assume that the scale of new physics Λ is

somewhat higher than
ffiffiffi
s

p
(which is well motivated forffiffiffi

s
p ≲ 500 GeV given the nonobservation of particles
beyond the SM so far, though the situation might change),
their effects can be parametrized model independently by
an EFT,

L ¼ LSM þ
X
i

ci
v2

Oi þO
�
v4

Λ4

�
where ci ∼O

�
v2

Λ2

�
:

ð25Þ

By organizing the EFT as an expansion in v2=Λ2, we have
assumed the recently discovered Higgs boson is part of an
SUð2ÞL doublet. Relaxing this assumption leads to the
nonlinear version of the EFT, which is more appropriately
organized as a loop expansion [6,23,24,71,72]. We will
calculate δNPσL;R at LO, namely Oðv2Λ2Þ terms arising from
the interference between tree-level diagrams with one
dimension-6 operator insertion and LO diagrams in the
SM. In particular, this means CP-odd operators do not
enter. Also, in the limit ΓW

mW
→ 0, universal theories can

modify WþW− production but not WþW− decay.
Corrections to the LO results include Oðv4Λ4Þ, Oðv2Λ2

ΓW
mW

Þ,
andOðv2Λ2 αÞ. Figure 1 can be viewed as indicating the small

size of part of the Oðv2Λ2 αÞ corrections. Light fermion
Yukawa couplings will be neglected throughout.
The defining assumption of universal theories translates

into constraints imposed on the EFT. With proper field
redefinitions, it is possible to transfer all the new physics
effects into the bosonic sector. In other words, the effective
operators generated by new physics involve SM boson
fields only; see Refs. [67,68] for details. Among all the
bosonic operators respecting SM symmetries one can write
down, the following ones contribute to eþe− → WþW− at
LO:

OT ¼ 1

2
ðH†D

↔

μHÞ2; ð26Þ

OWB ¼ g0gH†σaHWa
μνBμν; ð27Þ

O2W ¼ −
1

2
ðDμWa

μνÞ2; ð28Þ

O2B ¼ −
1

2
ð∂μBμνÞ2; ð29Þ

OW ¼ ig
2
ðH†σaD

↔μ
HÞDνWa

μν; ð30Þ

OB ¼ ig0

2
ðH†D

↔μ
HÞ∂νBμν; ð31Þ

OHW ¼ igðDμHÞ†σaðDνHÞWa
μν; ð32Þ

OHB ¼ ig0ðDμHÞ†ðDνHÞBμν; ð33Þ

O3W ¼ g
6
ϵabcWaν

μ Wbρ
ν Wcμ

ρ : ð34Þ

We have adopted the notations in Refs. [10,12] and
follow the conventions of Peskin and Schroeder [73]
where Dμ¼∂μ− igWa

μ
σa

2
− ig0BμY,Wa

μν ¼ ∂μWa
ν − ∂νWa

μþ
gϵabcWb

μWc
ν, andW3

μ ¼ cθZμ þ sθAμ, Bμ ¼ −sθZμ þ cθAμ.
While our calculation of δNPbOi involves only the

operators listed above, we emphasize that their Wilson
coefficients do not have unambiguous meanings unless
the full set of dimension-6 operators chosen for the
analysis is specified. Usually, a complete operator basis
is desirable, although in other cases, it is helpful to work
with an overcomplete operator set, as long as one is careful
about the RG running of the Wilson coefficients. A
complete basis does not have to contain all the operators
listed above. For example, the “Elias-Grojean-Gupta-
Marzocca (EGGM) basis” in Ref. [12] eliminates OHW
and OHB via integration by parts in favor of two operators
that affect Higgs physics only:

OHW → OW − 1

4
ðOWW þOWBÞ

where OWW ¼ g2jHj2Wa
μνWaμν; ð35Þ

OHB → OB − 1

4
ðOBB þOWBÞ

where OBB ¼ g02jHj2BμνBμν: ð36Þ
Other operator bases, such as the one in Ref. [22],
trade some of the bosonic operators for those involving
fermions via field redefinitions (or equivalently, equations
of motion), which makes the definition of universal theories
less transparent. We will keep all the operators above in the
calculation so that the final results can be easily adapted to
and interpreted in different bases.

B. Calculation of new physics effects

There are five aspects of the SM calculation of eþe− →
WþW− polarized cross sections σL;R that are affected at LO
by the operators listed above:

(i) Modifications of VWW vertices (V ¼ Z, γ). Assum-
ing on-shellWþW−, the vertex functions, defined by
the Feynman rules

ZλðqÞ → Wþ
μ ðkþÞW−

ν ðk−Þ∶ ie
cθ
sθ

Γμνλ
Z ðq; kþ; k−Þ;

ð37Þ
AλðqÞ → Wþ

μ ðkþÞW−
ν ðk−Þ∶ ieΓμνλ

γ ðq; kþ; k−Þ;
ð38Þ
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can be parametrized by q2-dependent form
factors [44]

Γμνλ
V ðq; kþ; k−Þ ¼ fV1 ðq2Þgμνðk− − kþÞλ

− fV2 ðq2Þ
v2

qμqνðk− − kþÞλ

þ fV3 ðq2Þðqνgλμ − qμgνλÞ: ð39Þ

There are additional form factors if C and/or P
violation is allowed, but these do not interfere with
the LO SM contribution and are thus not considered
here. In the EFT, the form factors read

fV1 ðq2Þ ¼ 1þΔfV1 ðq2Þ

¼ 1þΔgV1 þ q2

2v2
λV þ e2

2s2θ

�
q2

2m2
W
þ 1

�
c2W;

ð40Þ

fV2 ðq2Þ ¼ ΔfV2 ðq2Þ ¼ λV; ð41Þ

fV3 ðq2Þ ¼ 2þ Δf3ðq2Þ

¼ 2þ ΔgV1 þ ΔκV þm2
W

v2
λV

þ e2

s2θ

�
q2

2m2
W
þ 1

�
c2W; ð42Þ

where

Δgγ1 ¼ 0; ð43Þ

ΔgZ1 ¼ −
e2

4c2θs
2
θ

ðcHW þ cWÞ; ð44Þ

Δκγ ¼ −
e2

4s2θ
ðcHW þ cHB − 4cWBÞ; ð45Þ

ΔκZ ¼ ΔgZ1 − s2θ
c2θ

Δκγ; ð46Þ

λγ ¼ λZ ¼ −c3W ð47Þ

are the commonly used anomalous TGC parameters.
We have rescaled the gauge fields Wa

μ, Bμ to have
their kinetic terms canonically normalized and
simultaneously rescaled g, g0 so that gWa

μ, g0Bμ

(and hence the gauge interactions of the fermions)
are unchanged.4The weak mixing angle is redefined

accordingly to retain sθ ¼ g0ffiffiffiffiffiffiffiffiffiffi
g2þg02

p , and the mass

eigenstate fields are still defined by Zμ ¼ cθW3
μ−

sθBμ, Aμ ¼ sθW3
μ þ cθBμ. The term W3

μνBμν, on the
other hand, is not rotated away, which leads to
noncanonical normalizations for Zμ, Aμ, as well as
kinetic mixing.

(ii) Corrections to the s-channel Z=γ propagators. These
can be viewed as corrections to the external leg of
the VWW vertices,

Γμνλ
Z →

�
1þ q2

q2 −m2
Z
ΔZZðq2Þ

�
Γμνλ
Z

þ sθ
cθ

ΔγZðq2ÞΓμνλ
γ ; ð48Þ

Γμνλ
γ → ð1þ Δγγðq2ÞÞΓμνλ

γ

þ cθ
sθ

q2

q2 −m2
Z
ΔγZðq2ÞΓμνλ

Z ; ð49Þ

where

ΔZZðq2Þ≡ ΠZZðq2Þ
q2

¼ −m2
Z

q2
cT þ e2

2
ð4cWB þ cW þ cBÞ

− q2

v2
ðc2θc2W þ s2θc2BÞ; ð50Þ

ΔγZðq2Þ≡ ΠγZðq2Þ
q2

¼ − c2θ − s2θ
4cθsθ

e2ð4cWB þ cW þ cBÞ

− q2

v2
cθsθðc2W − c2BÞ; ð51Þ

Δγγðq2Þ≡ Πγγðq2Þ
q2

¼ − e2

2
ð4cWB þ cW þ cBÞ

− q2

v2
ðs2θc2W þ c2θc2BÞ ð52Þ

are self-energy corrections due to new physics. Here
and in the following, ΠVV 0 represent the new physics
contribution to the self-energies. Since in the SM,
Γμνλ
Z ¼ Γμνλ

γ , Eqs. (48) and (49) are equivalent to an
additional contribution to the form factors,

ΔsefZ1 ðq2Þ ¼
q2

q2 −m2
Z
ΔZZðq2Þ þ

sθ
cθ

ΔγZðq2Þ; ð53Þ

4This is possible at the dimension-6 level in the EFT because
the kinetic terms for W�

μ and W3
μ are rescaled by the same factor.

In other words, dimension-6 operators do not generate a nonzero
U parameter.
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Δsef
γ
1ðq2Þ ¼ Δγγðq2Þ þ

cθ
sθ

q2

q2 −m2
Z
ΔγZðq2Þ; ð54Þ

ΔsefV2 ðq2Þ ¼ 0; ð55Þ

ΔsefV3 ðq2Þ ¼ 2ΔsefV1 ðq2Þ; ð56Þ

where the subscript “se” stands for “self-energy.”
(iii) Shifts in mW which enters the kinematics. With the

Higgs vacuum expectation value (VEV) rescaled to
leave the W boson mass term ðgv

2
Þ2Wþ

μ W−μ un-
changed, only O2W contributes to mW via self-
energy corrections

m2
W →m2

WþΠWWðm2
WÞ¼m2

W

�
1− e2

4s2θ
c2W

�
; ð57Þ

wheremW should be understood as a shorthand for gv
2
.

We emphasize that this step is essential regardless of
whethermW is in the input observables set because the
direct new physics corrections ξσL;R are defined with
respect to the Lagrangian parameters (there are
cancellations between direct and indirect contribu-
tions if mW is an input observable). There are also

shifts in mZ, but these are already contained in the
propagator corrections calculated above.

(iv) The W� field strength renormalization factors. The
cross sections are simply rescaled:

σL;R→ σL;Rð1þ2Π0
WWðm2

WÞÞ¼ σL;R

�
1−e2

s2θ
c2W

�
:

ð58Þ

(v) Indirect contributions via shifts in the input observ-
ables. Using the input observables set fmZ;GF; αg,
we have

ξmZ
¼ − 1

2
cT þ e2

4
ð4cWB þ cW þ cBÞ

− e2

8c2θs
2
θ

ðc2θc2W þ s2θc2BÞ; ð59Þ

ξα ¼ −
e2

2
ð4cWB þ cW þ cBÞ: ð60Þ

ξGF
¼ 0 because v has been rescaled such that

ΠWWð0Þ ¼ 0.
Assembling all the pieces, we arrive at the final result:

δNPσL;R ¼ 1

σL;R

�X
i;V

∂σL;R
∂fVi ðΔfVi þ ΔsefVi Þ þ

∂σL;R
∂m2

W
ΠWWðm2

WÞ
�
þ 2Π0

WWðm2
WÞ − dσL;R;mZ

ξmZ
− dσL;R;αξα: ð61Þ

Explicit expressions for σL;R and ∂σL;R
∂fVi can be found in Appendix A. Up to Oðv2Λ2 αÞ corrections, we can trade the parameters

in the final result of the calculation for the input observables fmZ;GF; αg through LO relations and use the LO results for
dσL;R;i0 (see Fig. 1 for the size of next-to-leading-order corrections to dσL;R;i0 ). Numerically, using the reference values listed in
Sec. III for the input observables, we obtain, for

ffiffiffi
s

p ¼ 200 GeV,

δNPσL ¼ 0.0192ðcHW þ cWÞ þ 0.00345ðcHW þ cHB − 4cWBÞ þ 0.00667c3W

− 0.0967ð4cWB þ cW þ cBÞ þ 1.66cT − 0.183c2W þ 0.0442c2B; ð62Þ

δNPσR ¼ −1.32ðcHW þ cWÞ þ 0.640ðcHW þ cHB − 4cWBÞ − 0.0898c3W

þ 1.67ð4cWB þ cW þ cBÞ − 5.45cT − 0.173c2W − 1.49c2B; ð63Þ

δNPσ ¼ 0.00513ðcHW þ cWÞ þ 0.0101ðcHW þ cHB − 4cWBÞ þ 0.00566c3W

− 0.0782ð4cWB þ cW þ cBÞ þ 1.58cT − 0.183c2W þ 0.0281c2B; ð64Þ

and for
ffiffiffi
s

p ¼ 500 GeV

δNPσL ¼ 0.0835ðcHW þ cWÞ þ 0.0277ðcHW þ cHB − 4cWBÞ þ 0.0191c3W

− 0.115ð4cWB þ cW þ cBÞ þ 2.38cT − 0.253c2W þ 0.0396c2B; ð65Þ
δNPσR ¼ −8.25ðcHW þ cWÞ þ 6.64ðcHW þ cHB − 4cWBÞ − 0.0426c3W

þ 8.41ð4cWB þ cW þ cBÞ − 2.61cT − 0.0826c2W − 8.33c2B; ð66Þ

δNPσ ¼ 0.0497ðcHW þ cWÞ þ 0.0546ðcHW þ cHB − 4cWBÞ þ 0.0189c3W

− 0.0804ð4cWB þ cW þ cBÞ þ 2.36cT − 0.252c2W þ 0.00563c2B: ð67Þ
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We have also shown the new physics contributions to the
unpolarized cross sections in the equations above, which
are directly calculated from

δNPσ ¼ σL
σL þ σR

δNPσL þ σR
σL þ σR

δNPσR: ð68Þ

The results for the left-right asymmetries are derived
from

δNPALR ¼ δNPσR − δNPσ; ð69Þ

δNPALR¼−
ALR

1−ALR
δNPALR

¼
�−0.0214δNPALR for

ffiffiffi
s

p ¼ 200GeV

−0.00818δNPALR for
ffiffiffi
s

p ¼ 500GeV
ðLOÞ

ð70Þ
and will not be listed explicitly.

C. Interpretation of results

To interpret these results, namely to see the role played
by eþe− → WþW− in probing the EFT parameter space,
we need to go to a specific basis and compare our results
with other experimental constraints on the Wilson coef-
ficients in this basis. Also, the Wilson coefficients that
appear in our results should be interpreted as renormalized

at μ ∼
ffiffiffi
s

p
. We consider the EGGM basis [12] for illus-

tration and relate four combinations of Wilson coefficients
in this basis to the oblique parameters Ŝ, T̂, W, Y
[66,74,75]:

Ŝ≡ αS
4s2θ

¼ − cθ
sθ

Π0
3Bð0Þ ¼

e2

4s2θ
ð4cWB þ cW þ cBÞ; ð71Þ

T̂ ≡ αT ¼ 1

m2
W
½ΠWWð0Þ − Π33ð0Þ� ¼ cT; ð72Þ

W ≡ −
m2

W

2
Π00

33ð0Þ ¼
e2

4s2θ
c2W; ð73Þ

Y ≡ −
m2

W

2
Π00

BBð0Þ ¼
e2

4s2θ
c2B: ð74Þ

We have adopted the definitions in Ref. [21], which differ
from Ref. [66] by sign. In universal theories, these four
parameters are sufficient to describe the Z-pole data at
LEP1, mW measurements, and eþe− → ff data at LEP 2
[66]. Each of them is constrained at the 10−3 level [66]. It is
clear that these oblique parameters are not sensitive to c3W .
Also, they constrain only one combination of the three
coefficients cWB, cW , and cB. Choosing the other two
combinations to be cWB and cW − cB, we rewrite Eqs. (62)–
(67) in the EGGM basis as follows:

δNPσLð
ffiffiffi
s

p ¼ 200GeVÞ¼−0.0521cWBþ0.00958ðcW −cBÞþ0.00667c3W −0.826Ŝþ1.66T̂−1.74Wþ0.419Y; ð75Þ

δNPσRð
ffiffiffi
s

p ¼ 200GeVÞ¼ 0.0805cWB−0.660ðcW −cBÞ−0.0898c3W þ9.53Ŝ−5.45T̂−1.64W−14.1Y; ð76Þ

δNPσð ffiffiffi
s

p ¼ 200 GeVÞ ¼ −0.0507cWB þ 0.00256ðcW − cBÞ þ 0.00566c3W

− 0.717Ŝþ 1.58T̂ − 1.74W þ 0.267Y; ð77Þ

δNPσLð
ffiffiffi
s

p ¼ 500 GeVÞ ¼ −0.278cWB þ 0.0418ðcW − cBÞ þ 0.0191c3W

− 0.695Ŝþ 2.38T̂ − 2.40W þ 0.375Y; ð78Þ

δNPσRð
ffiffiffi
s

p ¼ 500 GeVÞ ¼ −10.1cWB − 4.12ðcW − cBÞ − 0.0426c3W þ 40.7Ŝ − 2.61T̂ − 0.783W − 79.0Y; ð79Þ

δNPσð ffiffiffi
s

p ¼ 500 GeVÞ ¼ −0.318cWB þ 0.0249ðcW − cBÞ þ 0.0189c3W

− 0.527Ŝþ 2.36T̂ − 2.39W þ 0.0534Y: ð80Þ

It should be noted that the coefficients of Ŝ in these equations are not unique, as they depend on the choice for the other two
combinations among cWB, cW , and cB. Our choice is motivated by the observations that in weakly coupled new physics
scenarios, OW and OB are “potential tree generated,” while OWB is “loop-generated” [10,76–80], and that the latter is not
generated by the former through renormalization group (RG) at LO [12,78]. In the limit jcWBj ≪ jcW j, jcBj, the Ŝ parameter
involves cW þ cB, while the orthogonal combination cW − cB can be probed by eþe− → WþW−.
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Equations (75)–(80) demonstrate the complementarity of
eþe− → WþW− and other precision data in probing the
parameter space of universal theories at the observables
level. As such, they are free from ambiguities and addi-
tional assumptions. It is seen that cross sections at

ffiffiffi
s

p ¼
500 GeV tend to have stronger dependence on the Wilson
coefficients, and hence better sensitivity to new physics
effects. For example, if one were to consider the Wilson
coefficient combinations in Eqs. (75)–(80) one by one, a
per-mil-level measurement of σð ffiffiffi

s
p ¼ 500 GeVÞ at future

facilities would constrain cW − cB at the few-percent level
(recall ci ∼ v2

Λ2), which is not possible at
ffiffiffi
s

p ¼ 200 GeV
even with the same experimental precision. This is not
surprising since there are contributions to the observables
that scale as s

Λ2, a fact that is easier to see in a basis where
operators involving fermions are retained [69]. We have
chosen to focus on bases that maximize the use of bosonic
operators for easier connection with the literature on
universal theories, but one should not misinterpret the
relatively strong dependence on multiple Wilson coeffi-
cients in Eqs. (75)–(80) as necessarily indicating exper-
imental sensitivity to all of them. To be model independent,
a global analysis should be carried out, where correlations
among the constraints on different Wilson coefficients
become clear. The calculations and results presented in
this paper can be used as a starting point.

V. CONCLUSIONS

Precision electroweak analyses will continue to contrib-
ute to our understanding of nature in the post-Higgs-boson-
discovery era. A truly consistent approach to precision
analyses, both as a consistency test of the SM and as an
indirect probe of new physics, requires not only the
experimental and theoretical precision but also the depend-
ence of the calculation on the input observables to be well
understood. Though in many cases parametric dependence
is insignificant compared with experimental and theoretical
uncertainties, it should not be taken for granted that it will
remain so, especially when the projected experimental
precisions greatly exceed the current ones. Instead, careful
justification is needed.
In this article, we have investigated the role of eþe− →

WþW− in the precision program, motivated by the pro-
jected per-mil-level cross section measurements and the
complementarity between this and other processes in
probing new physics effects. The latter is also relevant
for precision studies of the Higgs boson. We have utilized

the best SM calculations available as public codes and
presented the results for several inclusive observables in
terms of expansion formulas. From these, one can directly
read off the dependence on the input observables, which
allows us to justify the exclusion of inclusive eþe− →
WþW− observables from the global precision electroweak
analysis as a test of the SM. In fact, even in the future, the
experimental uncertainties are still expected to dominate
over the parametric uncertainties, indicating an insignifi-
cant contribution to the χ2 function. Our analysis also
justifies the neglect of SM parametric uncertainties when
using precision data to constrain new physics contributions
above the 10−4 level.
On the other hand, to demonstrate the interplay between

eþe− → WþW− observables and other precision data in
probing new physics effects, we have considered a repre-
sentative class of models, the universal theories, in the EFT
approach. Thesemodels have been extensively studied in the
oblique parameters framework, where four parameters suf-
fice to incorporate the most stringent experimental con-
straints. For eþe− → WþW−, we advocate the use of
physical observables and have gone beyond the TGC para-
metrization to calculate the new physics contributions, again
using the expansion formalism. While some terms in the
expansion can be mapped to the oblique parameters, other
terms show the additional directions in the EFT parameter
space accessible to eþe− → WþW−. Our calculations and
results provide necessary tools for a consistent global
analysis,whichwill tell uswhereweare in theEFTparameter
space if deviations from the SM are found in upcoming
precision measurements, and will thus give us guidance for
where to look for new physics if it fails to show up directly.
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APPENDIX A: LEADING-ORDER RESULTS FOR
eþe− → WþW− CROSS SECTIONS IN THE SM

At LO, the full eþe− → 4f process factorizes into
WþW− production and decay. The decay branching frac-
tions ofWþ (and the same forW−) simply follow from final
state counting and are 1=3 for hadronic final states and 1=9
for leptonic final states. In the Particle Data Group (PDG)
notation [65], the production cross sections for polarized
e− read

σLðs;m2
Z;m

2
W; e

2; s2θÞ ¼
e4

8πs2

Z
t−

tþ
dt

��
2s2θ − 1

2s2θ

s
s −m2

Z
− 1

�
2

Aðs; t;m2
WÞ

þ 1

s2θ

�
2s2θ − 1

2s2θ

s
s −m2

Z
− 1

�
Iðs; t;m2

WÞ þ
1

4s4θ
Eðs; t;m2

WÞ
�
; ðA1Þ
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σRðs;m2
Z;m

2
W; e

2Þ ¼ e4

8πs2

Z
t−

tþ
dt

�
s

s −m2
Z
− 1

�
2

Aðs; t;m2
WÞ; ðA2Þ

where t� ¼ m2
W − s

2

	
1 −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4m2

W
s

q 

. The functions, A, I, E come from the s-channel, interference, and t-channel

contributions, respectively. Explicitly,

Aðs; t;m2
WÞ ¼ − s2

4m4
W

�
t
s
þ t2

s2

�
þ s
2m2

W

�
2þ 3t

s
þ 2t2

s2

�
− 1

4

�
17þ 20t

s
þ 12t2

s2

�
þm2

W

s

�
1þ 6t

s

�
− 3m4

W

s2
; ðA3Þ

Iðs; t;m2
WÞ ¼ −

s2

4m4
W

�
t
s
þ t2

s2

�
þ s
2m2

W

�
2þ 2t

s
þ t2

s2

�
− 5

4
þm2

W

2s

�
4s
t
− 3

�
þm4

W

st
; ðA4Þ

Eðs; t;m2
WÞ ¼ −

s2

4m4
W

�
t
s
þ t2

s2

�
þ s
2m2

W

�
2þ t

s

�
− 1

4

�
4s
t
þ 5

�
þ 2m2

W

t
−m4

W

t2
: ðA5Þ

Equations (A1) and (A2) are written in terms of the
parameters that directly enter the calculation, all of which
are not independent. This parametrization is convenient for
the calculation of direct contributions from new physics,
namely ξσL;R. But regarding the indirect contributions
−Pi0dσL;R;i0ξi0 , one should be careful not to overcount
the number of independent inputs. Using fmZ;GF;αg as
input observables, we have

dσL;mZ
¼ 2m2

Z

σL

�∂σL
∂m2

Z
þ ∂σL
∂m2

W

∂m2
W

∂m2
Z
þ ∂σL

∂s2θ
∂s2θ
∂m2

Z

�
; ðA6Þ

dσL;GF
¼ GF

σL

� ∂σL
∂m2

W

∂m2
W

∂GF
þ ∂σL

∂s2θ
∂s2θ
∂GF

�
; ðA7Þ

dσL;α ¼ 2þ α

σL

� ∂σL
∂m2

W

∂m2
W

∂α þ ∂σL
∂s2θ

∂s2θ
∂α

�
; ðA8Þ

where

m2
Wðm2

Z; GF; αÞ ¼
m2

Z

2

�
1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4παffiffiffi

2
p

GFm2
Z

s �
; ðA9Þ

s2θðm2
Z; GF; αÞ ¼

1

2

�
1 −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4παffiffiffi

2
p

GFm2
Z

s �
ðA10Þ

are used to calculate the partial derivatives involved. For σR,
just drop the terms with s2θ. It is understood that any
dependence on the calculational inputs in the final results
should be traded for the three input observables, which can
be done at LO, before numerical values for the input
observables are plugged in. These LO results for the
expansion coefficients are also used for comparison with
the results from RACOONWW in Fig. 1.

It is shown in Sec. IV that a large part of new physics
effects is effectively characterized by the form factors defined
in Eq. (39). The partial derivatives ∂σL;R

∂fVi in Eq. (61) read

∂σL
∂fZi ¼ e4

8πs2

Z
t−

tþ
dt

��
2s2θ − 1

2s2θ

s
s −m2

Z
− 1

�
×

�
2s2θ − 1

2s2θ

s
s −m2

Z

� ∂A
∂fi

þ 1

s2θ

�
2s2θ − 1

2s2θ

s
s −m2

Z

� ∂I
∂fi

�
; ðA11Þ

∂σL
∂fγi ¼

e4

8πs2

Z
t−

tþ
dt

��
2s2θ − 1

2s2θ

s
s −m2

Z
− 1

�
× ð−1Þ ∂A∂fi þ

1

s2θ
ð−1Þ ∂I

∂fi
�
; ðA12Þ

∂σR
∂fZi ¼

e4

8πs2

Z
t−

tþ
dt

�
s

s−m2
Z
−1

��
s

s−m2
Z

� ∂A
∂fi ; ðA13Þ

∂σR
∂fγi ¼

e4

8πs2

Z
t−

tþ
dt

�
s

s −m2
Z
− 1

�
ð−1Þ ∂A∂fi ; ðA14Þ

where ∂A
∂fi,

∂I
∂fi are obtained by setting fZi ¼ fγi ¼ fi and

taking derivatives,

∂A
∂f1 ¼

s2

2m4
W

�
t
s
þ t2

s2

�
− t
m2

W
þ 1

2

�
1 − 12t

s
− 12t2

s2

�
þ 12m2

Wt
s2

− 6m4
W

s2
; ðA15Þ
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∂A
∂f2 ¼

s
v2

�
− s2

4m4
W

�
t
s
þ t2

s2

�
þ s
2m2

W

�
2t
s
þ t2

s2

�
− 1

4

�
1 − 4t

s
− 8t2

s2

�
þm2

W

2s

�
1 − 8t

s

�
þ 2m4

W

s2

�
;

ðA16Þ

∂A
∂f3 ¼ −

s2

2m4
W

�
t
s
þ t2

s2

�
þ s
m2

W

�
1þ 2t

s
þ t2

s2

�
− 1

2

�
9þ 4t

s

�
þm2

W

s
; ðA17Þ

∂I
∂f1¼

s2

4m4
W

�
t
s
þ t2

s2

�
þ t2

2m2
Ws

þ5

4
−3m2

W

2s
þm4

W

st
; ðA18Þ

∂I
∂f2 ¼

s
v2

�
− s2

8m4
W

�
t
s
þ t2

s2

�
þ t
4m2

W

− 1

2

�
5

4
þ t
s

�
þm2

W

s
−m4

W

2st

�
; ðA19Þ

∂I
∂f3¼−

s2

4m4
W

�
t
s
þ t2

s2

�
þ s
2m2

W

�
1þ t

s

�
−5

4
þm2

W

t
: ðA20Þ

APPENDIX B: TECHNICAL DETAILS OF
PARAMETRIC DEPENDENCE CALCULATIONS

Among the five observables introduced in Sec. II, only
two are independent, which we choose to be σ and σR for
the present calculation. The reference values and expansion
coefficients for the other three observables can be derived
from those for σ, σR as follows:

σrefL ¼ 2σref − σrefR ; cσL;i0 ¼
1

σrefL
ð2σrefcσ;i0 − σrefR cσR;i0 Þ;

ðB1Þ

Aref
LR ¼ 1 − σrefR

σref
; cALR;i0 ¼

�
1

Aref
LR

− 1

�
ðcσ;i0 − cσR;i0 Þ;

ðB2Þ

Aref
LR ¼ σrefR

σref
; cALR;i0

¼ cσR;i0 − cσ;i0 : ðB3Þ

We use the RACOONWW package to calculate eþe− →
udμ−νμ cross sections σ, σR, adopting the recommended
choices for the switches in the input file but removing all
separation cuts. The program is run multiple times with

shifted input observables before the expansion coefficients
ci;i0 are calculated by the finite difference method,

ci;i0 ¼
bOref
i0bOref
i

∂ bOSM
i

∂ bOi0

����bOi0¼bOref
i0

¼
bOSM
i jð1þhi;i0 ÞbOref

i0
− bOSM

i jð1−hi;i0 ÞbOref
i0

2hi;i0 bOref
i

þOðh2Þ: ðB4Þ

This is clearly CPU-time-consuming since the calculation
involves Monte Carlo integration over the final-state four-
fermion phase space. We thus keep the number of weighted
events generated per run of the program Nevents at a
minimum that still allows interesting information to be
extracted. In particular, for the extraction of ci;mZ

, ci;GF
,

ci;mW
, we combine the results from the two branches

“slicing” and “subtraction” of RACOONWW, with Nevents ¼
107 for each branch, which is the recommended minimum.
The two branches differ in the treatment of IR singularities,
and they are found to yield compatible results. For the
much smaller ci;mt

, ci;αs , ci;mH
, we set Nevents ¼ 5 × 107 to

further reduce Monte Carlo error, while running the faster
slicing branch only. The reference values σref , σrefR are also
obtained with the slicing branch with Nevents ¼ 5 × 107.
The choices of hi;i0 in Eq. (B4) are listed in Table IV.

These h’s are small enough so that reducing h further leads
to larger Monte Carlo error bars that encompass the current
ones. In other words, the truncation errors due to the
discarded Oðh2Þ term are negligible compared with the
Monte Carlo errors. Of course, the optimal h’s would be
smaller if the Monte Carlo errors are reduced by increasing
Nevents. The Monte Carlo errors quoted in Tables I and II are
obtained assuming individual runs of RACOONWW yield
uncorrelated errors. This assumption is probably very
conservative because, since the same random number seed
is used for each run, the results for σ, σR for slightly
different values of the input observables tend to fluctuate in
a correlated way. Therefore, the central values of the
expansion coefficients shown in Tables I and II are likely
to be more robust than the error bars suggest.

TABLE IV. The choices for hi;i0 in Eq. (B4), the fractional shift
in the input Ôi0 with respect to Ôref

i0 for the extraction of ci;i0 . For
hσR;mH

, 0.05 is used for
ffiffiffi
s

p ¼ 200 GeV, while 0.1 is used forffiffiffi
s

p ¼ 500 GeV.

Ôi hi;mZ
hi;GF

hi;mW
hi;mt

hi;αs hi;mH

σ 0.03 0.03 0.03 0.1 0.1 0.1
σR 0.005 0.03 0.005 0.1 0.1 0.05=0.1
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