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We present a measurement of the branching fraction and the longitudinal polarization fraction of B0 →
ρþρ− decays, as well as the time-dependentCP violating parameters in decays into longitudinally polarized
ρþρ− pairs with Belle’s final data set of 772 × 106 BB̄ pairs, at the ϒð4SÞ resonance, collected at the
asymmetric-energy eþe− collider KEKB. We obtain BðB0→ρþρ−Þ¼ð28.3�1.5ðstatÞ�1.5ðsystÞÞ×10−6,
fL¼0.988�0.012ðstatÞ�0.023ðsystÞ,ACP¼0.00�0.10ðstatÞ�0.06ðsystÞ, SCP ¼ −0.13� 0.15ðstatÞ�
0.05ðsystÞ. We perform an isospin analysis to constrain the Cabibbo-Kobayashi-Maskawa angle ϕ2 and
obtain two solutions with ϕ2 ¼ ð93.7� 10.6Þ°, being most compatible with other Standard-Model based
fits to the data.
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I. INTRODUCTION

CP violation in the Standard Model (SM) is due to an
irreducible complex phase in the Cabibbo-Kobayashi-
Maskawa (CKM) quark-mixing matrix [1,2]. Mixing-
induced CP violation in the B sector has been clearly
observed by the Belle [3,4] and BABAR [5,6] collaborations
in the b → cc̄s transition [7] in B0 → J=ψK0

S, while many
other modes provide additional information on CP violat-
ing parameters [8,9].
At the ϒð4SÞ resonance, a quantum-entangled B0B̄0

pair is produced via eþe− → ϒð4SÞ → B0B̄0. When one of
the two B mesons (B0

CP) decays into the CP eigenstate of
interest at time tCP, the flavor q of the other B meson
(B0

tag, decaying at time ttag) determines the flavor of B0
CP at

the latter time: q ¼ þ1 for B0
tag ¼ B0 and q ¼ −1 for

B0
tag ¼ B̄0. The time interval between the decays of the two

B mesons is defined as Δt≡ tCP − ttag, and the time-
dependent rate for a B decay into a CP eigenstate is
given by

PðΔt; qÞ ¼ e−jΔtj=τB0

4τB0

½1þ qðACP cosðΔmΔtÞ

þ SCP sinðΔmΔtÞÞ�: ð1Þ

Here, τB0 is the B0 lifetime and Δm the mass difference of
the two mass eigenstates of the neutral B meson. ACP and
SCP are the observables for direct and mixing-induced CP
violation, respectively.
In this measurement, we extract the branching fraction B,

the fraction of longitudinal polarization of the ρ mesons,
and the CP-violating parameters in B0ðB̄0Þ → ρþρ−
decays, also referred to as “signal.” The CP-violating
parameters ACP and SCP are measured only for decays
into longitudinally polarized ρ mesons. The leading-order
tree and penguin diagrams of B0 → ρþρ− decays are shown
in Fig. 1. These decays proceed predominantly through the
b̄ → ūud̄ transition and are therefore sensitive to one of
the internal angles of the roughly equilateral unitarity
triangle, ϕ2 ðor αÞ≡ arg½ð−VtdV�

tbÞ=ðVudV�
ubÞ�; its current

world average is ð87.7þ3.5
−3.3Þ° [10]. The Belle, BABAR, and

LHCb collaborations have reported time-dependent CP
asymmetries in the following modes: B0 → πþπ− [11–13],
ρ�π∓ [14,15], ρþρ− [16–18], ρ0ρ0 [19,20], and a�1 π

∓

[21–23]. A feature common to these measurements is
that possible loop contributions, in addition to the lead-
ing-order tree amplitude, can shift the measured angle
to ϕeff

2 ≡ ϕ2 þ Δϕ2, so that the observed mixing-induced
CP-violation parameters are related by SCP ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −A2

CP

p
sinð2ϕeff

2 Þ. This inconvenience can be overcome
by estimating Δϕ2 using either an isospin analysis [24] or
SUð3Þ flavor symmetry [25].
The ρþρ− vector-vector state is a superposition of three

helicity amplitudes A0; A−1, and Aþ1 with CP-even and -
odd contributions. Their fractions can be determined
through an angular analysis; the ρ� mesons from B0 →
ρþρ− are found to be almost entirely longitudinally
polarized [16,18]. We use the helicity basis, which allows
us to separate longitudinally (CP-even, with amplitude A0)
from transversely (CP-even and -odd, with amplitudes A�)
polarized ρ mesons. The distribution of the two angles θþH
and θ−H, each defined as the angle between one of the
daughters of the ρ� meson (here, the charged pion) and the
B flight direction in the corresponding rest frame of the ρ�
(see Fig. 2), is sensitive to the polarization,

1

Γ
d2Γ

d cos θþHd cos θ
−
H
¼ 9

4

�
1

4
ð1 − fLÞsin2θþHsin2θ−H

þ fLcos2θ
þ
Hcos

2θ−H

�
; ð2Þ

where fL ¼ jA0j2=
P jAij2 is the fraction of longitudinal

polarization.
The SM, using perturbative QCD (pQCD) or QCD

factorization in the heavy-quark limit [26–33], predicts
the B0 → ρþρ− branching fraction to be ∼30 × 10−6 and
fL ∼ 1. Furthermore, no direct CP violation is expected if
penguin contributions are found to be small. The previous
measurements are summarized in Table I. The main
improvements here compared to previous Belle measure-
ments are the increased data sample and the simultaneous
extraction of all observables. The inclusion of additional
observables in the fit improves the signal-to-background
discrimination and allows us to relax selection criteria and
consequently increase the signal efficiency.
In Sec. II, we describe briefly the data set and the Belle

detector. The event selection and the model used for the

b

d

d

u

u

d

 *
ubV

udV

+W

b

d

d
u

u
d

g

+W

 *
tbV tdV

t

FIG. 1. Leading-order tree (left) and penguin (right) diagrams
for the decay B0 → ρþρ−.

FIG. 2. Definition of the helicity angles θ�H for each ρ�,
identified by its charge.
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measurement are described in Secs. III and IV, respectively.
The results are presented in Sec. V, followed by validity
checks in Sec. VI. The systematic uncertainties are dis-
cussed in Sec. VII. Constraints on the CKM phase ϕ2 are
presented in Sec. VIII.

II. DATA SET AND BELLE DETECTOR

This measurement is based on the final data sample
containing 772 × 106 BB̄ pairs collected with the
Belle detector at the KEKB asymmetric-energy eþe−
(3.5 on 8 GeV) collider [34]. At the ϒð4SÞ resonance
(

ffiffiffi
s

p ¼ 10.58 GeV), the Lorentz boost of the produced
BB̄ pairs is βγ ¼ 0.425 along the z direction, which is
opposite to the positron beam direction. In addition,
100 fb−1 of data about 60 MeV below the ϒð4SÞ
resonance threshold have been recorded and are referred
to as “off-resonance” data.
The Belle detector is a large-solid-angle magnetic

spectrometer that consists of a silicon vertex detector
(SVD), a 50-layer central drift chamber (CDC), an array
of aerogel threshold Cherenkov counters (ACC), a barrel-
like arrangement of time-of-flight scintillation counters
(TOF), and an electromagnetic calorimeter (ECL) com-
posed of CsI(Tl) crystals located inside a superconducting
solenoid coil providing a 1.5 T magnetic field. An iron
flux-return yoke located outside of the coil is instru-
mented to detect K0

L mesons and to identify muons. The
detector is described in detail elsewhere [35]. Two inner
detector configurations were used: a 2.0 cm radius beam
pipe and a 3-layer silicon strip vertex detector (SVD1)
were used for the first sample of 152 × 106 BB̄ pairs, and
a 1.5 cm radius beam pipe, a 4-layer silicon strip vertex
detector (SVD2) [36], and a small-cell inner drift
chamber were used for the remaining 620 × 106 BB̄
pairs. We use a GEANT-based [37] Monte Carlo (MC)
simulation to model the response of the detector and to
determine its acceptance.

III. EVENT SELECTION

We reconstruct B0 → ρþρ−, where ρ� → π�π0 and
π0 → γγ. Charged tracks must satisfy requirements on
the distance of closest approach to the interaction point:
jdzj < 5.0 cm and dr < 0.5 cm along and perpendicular
to the z axis, respectively. We select charged pions

based on particle identification (PID) information from
the CDC, ACC, and TOF. Our PID requirement on the
kaon-pion separation retains 90% of all pions from
B0 → ρþρ− decays, but only 10% of all kaons. In
addition, we use information from the ECL to veto
particles consistent with the electron hypothesis.
Requirements of at least two SVD hits in the z
projections and one in the azimuthal [38] are imposed
on the charged tracks. A π0 candidate is reconstructed
from two photons, identified by isolated energy clusters
in the ECL. We suppress the combinatorial background
by requiring a minimum photon energy of Eγ >
50ð90Þ MeV in the ECL barrel (end cap) region and
require that the invariant mass of the photon pair to be
near the π0 mass: jmγγ −mπ0 j < 15 MeV=c2, which
covers about 3 times the experimental resolution. We
perform a π0 mass-constraint fit and retain π0 candidates
fulfilling χ2 < 50 and p�

π0
> 100 MeV=c, where p�

π0
is

the momentum of the π0 in the center-of-mass sys-
tem (CMS).
Intermediate charged-dipion states are reconstructed

within the invariant-mass range 0.4 GeV=c2 < mðπ�π0Þ <
1.15 GeV=c2, covering the broad ρ�ð770Þ resonance [39].
This retains 92% of the phase space available for two ρ�

mesons from B0 → ρþρ− decays, while reducing combi-
natorial background with a tendency for higher dipion
masses. Upon combination of two dipion states with
opposite charge, a B0 → ρþρ− candidate is formed. All
remaining particles are associated with the accompanying
B0
tag meson.
Reconstructed B candidates are described by two

kinematic variables: the beam-energy-constrained mass

Mbc ≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðECMS

beam=c
2Þ2 − ðpCMS

B =cÞ2
q

and the energy differ-

ence ΔE≡ ECMS
B − ECMS

beam, where E
CMS
beam is the beam energy

and ECMS
B (pCMS

B ) is the energy (momentum) of the B
meson, evaluated in the CMS. B candidates satisfying
Mbc > 5.27 GeV=c2 and jΔEj < 0.15 GeV are selected
for further analysis.
The dominant background contribution arises from

continuum events (eþe− → qq̄, where q ¼ u, d, s, c).
We use their jetlike topology to separate them from the
more spherical BB̄ decays using a Fisher discriminant [40]
F S=B, constructed from the following 12 variables (all
evaluated in the CMS):

TABLE I. Previous measurements of B → ρþρ− decays. The first error is statistical and the second is systematic.
The Belle results on the branching fraction and fL (the CP-violating parameters) are obtained from 275 × 106

(384 × 106) BB̄ pairs [16,17]. The BABAR results are obtained from 384 × 106 BB̄ pairs [18].

Experiment B½×10−6� fL ACP SCP

Belle 22.8� 3.8� 2.6 0.94� 0.04� 0.03 0.16� 0.21� 0.07 0.19� 0.30� 0.07
BABAR 25.5� 2.1þ3.6

−3.9 0.992� 0.024þ0.026
−0.013 −0.01� 0.15� 0.06 −0.17� 0.20þ0.05

−0.06
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(i) Ln
0, L

n
2, L

c
2, where Lk

i ¼
P

jj ~pjjðcos θjÞi for neutral
clusters (k ¼ n) and charged tracks (k ¼ c) belonging
to the tag side,where i ¼ 0or2,pj is themomentumof
the jthparticle, andθj is the anglebetween its direction
and the thrust axis of the B candidate [18].

(ii) j cosðTB; TOÞj, cosine of the angle between the
thrust axis of the B candidate (TB) and the thrust
axis of the remaining tracks (TO).

(iii) j cosðTB; zÞj, cosine of the angle between TB and
the z axis.
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FIG. 3. (a) Simulated MC and off-resonance data distributions for the quantities used to construct the Fisher discriminant F S=B. The
solid (blue) histograms show the distribution for BB̄ MC events, while the dashed (red) histograms show the distributions for events
from off-resonance data, both normalized to the same area. (b) Output of the Fisher discriminant. The same line (color) scheme is used as
above. The green arrow indicates the requirement of F S=B > 0.
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(iv) cosðB; zÞ, the projection of the B flight direction
onto the z axis,

(v) and the following variables, closely related to the
modified Fox-Wolfram moments [41,42]:

(vi) hc2so; hc4so; hn0so ; hn2so; hn4so ; h2oo, with hkmso ¼ P
i;jj~pjk j

Pmðcos θijkÞ, where ~pjk (here and in the rest of this
item) is the momentum of the jkth particle from
the other side (o), the subscript i labels the ith track
from the signal side (s), θijk is the angle between
particles i and jk, and Pm is the Legendre poly-
nomial of order m. For o, k ¼ c for charged tracks
and k ¼ n for neutral particles, respectively. The
quantity h2oo ¼

P
i;jj~pi∥~pjjP2ðcos θijÞ uses only

particles from o and does not consider their charge.
The respective distributions and the output are shown in
Fig. 3. We requireF S=B > 0 to reject 80% of the continuum
background while retaining 80% of signal. We use samples
with signal MC events and off-resonance data taken below
the ϒð4SÞ resonance for the training of the Fisher dis-
criminant. The requirement on F S=B together with the
previously mentioned requirements of ΔE, Mbc, and
mðπ�π0Þ and the cuts −0.85 ≤ cos θH� ≤ 0.98 and jΔtj <
70 ps define the fit region. The cut of the helicity angles
reduces combinatorial background peaking at cos θH� →
�1; the Δt range is also used in independent studies to
determine the systematic uncertainties related to the mod-
eling of the Δt distributions.
According to signalMC simulation, 29%of all events have

multiple B0 → ρþρ− candidates. Selecting the B candidate
with the smallest sum of the χ2’s from the π0 mass constraint
fits yields the correct B in 79% of all events with multiple
candidates. If both possible dipion combinations of the four
pions fall within the fit region, we choose the combination
with the larger momentum difference between the daughter
pions: longitudinally polarized ρ mesons tend to decay into
high- and low-momentum pions in the CMS frame.
The vertices of the B candidates are determined from

their charged tracks [38], and we employ the flavor-tagging
method described in Ref. [43]. The tagging information is
represented by two parameters: the B0

tag flavor q ¼ �1, and
the tagging quality r, a continuous, event-by-event flavor
tagging dilution factor determined fromMC simulation that
ranges from zero for no flavor discrimination to unity for
unambiguous flavor assignment. We divide the data into
seven r-bins, labeled by the index l. The mistagging
probability in each r-bin, w, is obtained from studying a
high statistics control sample. Thus, the CP asymmetry
in data is diluted by a factor 1 − 2w instead of the MC-
determined r. The performance of the flavor tagging
algorithm is then given by ϵtag ¼ ð1 − 2wÞ2ϵraw, where
ϵraw is the raw tagging efficiency. ϵtag has been measured to
0.284� 0.010 for SVD1 and 0.301� 0.004 for SVD2 [4].
We find F S=B to be correlated with r and provide individual
descriptions of F S=B in each r-bin.

Since the distributions of the fit variables can signifi-
cantly depend on the number of correctly assigned pions
to the reconstructed ρ� meson candidates, we consider the
following four categories of reconstruction quality:
(a) Truth”: all four pions correctly reconstructed,
(b) 2T: both charged pions correctly reconstructed and at

least one π0 incorrectly assigned,
(c) 1T: only one correctly reconstructed charged pion and

no requirement on the π0 mesons,
(d) 0T: anything else.
The total reconstruction efficiencies (percentage of recon-
structed events with respect to all generated events) and
their decompositions ϵi for both polarization states are
obtained from MC simulation and are listed in Table II,
where, for transverse polarization (TP), the 0T fraction is
small and so is included in the 1T entry. All categories
provide useful information for the measurement of the
branching fraction and the polarization, while those with at
least one correctly reconstructed π� are used for the time-
dependent measurement.

IV. EVENT MODEL

After applying the selection criteria to the data, more
than 99% of all events belong to background processes.
The branching fraction, ρ polarization fraction, and CP-
violating parameters of B0 → ρþρ− decays are extracted
using an extended unbinned maximum likelihood fit toΔE,
Mbc, F S=B, Mþ, M−, Hþ, H−, Δt, and q in the lth r-bin
and SVD configuration s, where M� and H� represent the
invariant dipion mass mðπ�π0Þ and helicity parameter
cos θH� of the ρ� candidate with corresponding charge,
respectively. Besides signal, we consider continuum, four
different combinatorial backgrounds from other B decays
(neutral and charged B decays into charm and charmless
final states) and seven B decay modes with a πþπ0π−π0

final state: B0→a�1 π
∓;a01π

0;ωπ0, and the nonresonant final
states ðρ�π∓π0ÞNR;ðρ0π0π0ÞNR;ðf0ð980Þπ0π0ÞNR, and
ðπþπ0π−π0ÞNR. These four-pion final states are referred
to as peaking backgrounds since their ΔE and Mbc
distributions mimic the signal. For the signal and back-
ground components, probability density functions (PDFs)

TABLE II. Reconstruction efficiencies (all numbers in percent)
for longitudinal (LP) and transverse (TP) polarizations obtained
from fully simulated signal MC events.

Mode Truth 2T 1T 0T Total

ϵSVD1 ðLPÞSig ½%� 5.2 1.9 1.3 0.1 8.5

ϵSVD2 ðLPÞSig ½%� 6.0 2.2 1.5 0.2 9.9

ϵSVD1 ðTPÞSig ½%� 12.0 1.5 0.4 � � � 13.9

ϵSVD2 ðTPÞSig ½%� 13.4 1.7 0.4 � � � 15.5
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are defined with parameters adjusted to describe the MC
distributions for each of the nine observables in the l, s data
subsamples. The PDF for event i is given by PðΔEi;Mi

bc;
F S=B

i;Miþ;Mi
−; Hiþ; Hi

−;Δti; qiÞ. Correlations between or
among observables are taken into account by incorporating
a dependence of one variable’s PDFs parameters on the
correlated variable(s). The component’s PDF is taken as the
product of individual PDFs for each fit variable PðjÞ. A
summary of the model including all correlations that are
accounted for is given in Table III, and a detailed and
complete description of the model is provided in Ref. [44].
In analogy to the signal model, we consider up to three

different reconstruction categories for background proc-
esses where ρ� resonances can be reconstructed: both
(2T), one (1T), or no charged pion (0T) originating from
the ρ� resonance. In the case of only one correct track
(1T), the distributions of the dipion masses and helicity
angles depend strongly on the charge of the correctly

reconstructed track [see e.g. Eq. (IVA 3)]. We account for
this in the description of the likelihood by considering each
case (ρþ or ρ−) separately, but symmetrizing the PDFs such
that the PDFs with a correct ρþ are identical to those with a
correct ρ− when interchanging the label (þ ↔ −). All
relevant components are found to be charge symmetric and
have equal fractions of positively and negatively charged
ρ� mesons. The dipion resonances are described by a
relativistic Breit-Wigner (BW)

BWðmππÞ≡ m0ΓðmππÞ
ðm2

ππ −m2
0Þ2 þm2

0Γ2ðmππÞ
; ð3Þ

with a mass-dependent width

ΓðmππÞ ¼ Γ0

�
pπ

p0

�
3
�
m0

mππ

�
B2
1ðpπÞ; ð4Þ

TABLE III. Summary of the parametrization for each component in the fit model. The details are provided in Ref. [44]. Up to three
different reconstruction categories are considered for entries with superscript nT ∈ 2T; 1T; 0T (see text). The variables in the subscript
list the identifed correlations. The PDFs for the dipion-masses and helicity angles are usually correlated; here we only show a one-
dimensional simplification. C stands for sums of Chebyshev polynomials, H for histograms, A for an ARGUS function, (t/db)G for a
(triple/double-bifurcated) Gaussian function (the subscript l indicating separate descriptions in each r-bin), BW for a relativistic Breit-
Wigner function, and expR for an exponential function convoluted with a resolution function (R), where the superscript CP labels an
included CP asymmetry term depending on the flavor q of B0

tag. For the signal Δt PDFs, jtrutheff implies shared CP violation parameters
with the respective truth model for longitudinal or transverse polarization, respectively, using an effective lifetime (see text).

Mode ΔE Mbc mðπ�π0Þ cos θH� F S=B Δt

Truth (LP) (dbGþ C) dbGjΔE BWjΔE Eq: 2jΔE tbGl expCPR
2T (LP) ðdbGþ CÞjcos θH ðdbGþ AÞjΔE cos θH ðBWþ CÞjcos θH H dbGsig

l jΔE truth (LP)

1T (LP) ðdbGþ CÞjcos θH (dbGþ A) ðBWþ CÞ1T H1T dbGsig
l

expCPR jtrutheff

0T (LP) dbGþ C dbGþ A BWþ C H dbGsig
l

expR

Truth (TP) (dbGþ C) dbG BWjΔE Eq. 2 dbGsig
l

expCPR
2T (TP) ðdbGþ CÞjcos θH dbGþ A H H dbGsig

l
truth (TP)

1T (TP) C dbGþ A H H dbGsig
l

expCPR jtrutheff

a�1 π
∓ dbGþ C dbGþ A ðBWþ CÞnT HnT dbGsig

l
expCPR

a01½ρ�π∓�π0 dbGþ C dbGþ A HnT HnT dbGsig
l

expCPR
a01½ρ0π0�π0 dbGþ C dbGþ A Cjcos θH Gþ C dbGsig

l
expCPR

ωπ0 dbGþ C dbGþ A ðGþ CÞjcos θH (Gþ C) dbGsig
l

expCPR
ð4πÞNR dbGþ C dbGþ A C C dbGsig

l
expCPR

ðρ�π∓π0ÞNR ðdbGþ CÞnT jMbc;cos θH
ðdbGþ AÞcos θH ðBWþ CÞnT jcos θH HnT dbGsig

l
expCPR

ðρ0π0π0ÞNR dbGþ C dbGþ A C H dbGsig
l

expCPR
ðf0π0π0ÞNR dbGþ C dbGþ A C H dbGsig

l
expCPR

Continuum CnT jF S=B
A ðBWþ CÞnT CnT jmðπ�π0Þ dbGl expR

B0
charm CnT A ðBWþ CÞnT jcos θH CnT dbGsig

l
expR

Bþ
charm CnT A ðBWþ CÞnT jcos θH CnT dbGsig

l
expR

B0
charmless CnT jcos θH ðdbGþ RÞjΔE ðBWþ CÞnT jcos θH ;ΔE CnT jΔE dbGsig

l
expR

Bþ
charmless CnT jcos θH A ðBWþ CÞnT jcos θH CnT dbGsig

l
expR
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where pπ is the momentum of either resonance daughter in
the resonance frame and mππ is the invariant mass of the
dipion pair. Γ0 and m0 are the width and mass of the
nominal resonance, and p0 is the nominal momentum of

either pion daughter from a nominal ρ:B1ðpπÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þð3p0Þ2
1þð3pπÞ2

q
is the Blatt-Weisskopf form factor, as described in
Ref. [45]. The PDFs for F S=B for all components (signal)
are sums of two (three) bifurcated Gaussian functions in
each r-bin.

A. Signal model

The B0 → ρþρ− model consists of seven parts (see
Tables II and III) and is determined from fully simulated
signal MC events for each ρ polarization state (LP and TP)
and each reconstruction category. For each polarization, the
CP violation parameters are made common among the
Truth, 2T, and 1T (but not 0T) components. The correlation
matrices for all signal components with longitudinal
polarization are given in Sec. IX.

1. Truth model

For both polarizations, the truth model’s ΔE distribu-
tions are described by the sum of two bifurcated Gaussians
(dbG) and a straight line. The Mbc PDFs are taken to be
dbGs, where for longitudinal polarization, the mean and
width of the core Gaussian of Mbc depend on ΔE. F S=B is
modeled as described above; for transverse polarization, the
second and third Gaussians of the F S=B PDFs are taken
from longitudinal polarization.
The ρ� mass is modeled with a BW, whose mean and the

width depend slightly on ΔE. In the fit to data the nominal
mean and width of the BW are fixed to the values given in
Ref. [39]. The PDFs are weighted with a mass-dependent
reconstruction efficiency, being obtained from fully simu-
lated MC events for each polarization.
We use the corresponding part of Eq. (2) to describe

the helicity distribution of each polarization. The PDFs
are weighted with binned, two-dimensional, symmetrized
(cos θþH ↔ cos θ−H), helicity-angle dependent reconstruction
efficiencies obtained from fully simulated signal MC
events. For longitudinal polarization we account for the
correlation of the helicity angles with ΔE by using separate
reconstruction efficiency histograms in five bins of ΔE.
Each polarization’s PDF for Δt is taken to be

PLPðTPÞ
truth;l;sðΔt; qÞ

≡ e−jΔtj=τB0

4τB0

f1 − qΔwl;s þ qð1 − 2wl;sÞ

× ½ALPðTPÞ
CP cosðΔmΔtÞ þ SLPðTPÞ

CP sinðΔmΔtÞ�g
⊗ Rs

B0B̄0ðΔtÞ; ð5Þ

where wl;s accounts for the CP dilution due to the
probability of tagging the wrong B0

tag flavor q and Δwl;s

accounts for the wrong tag difference between B and B̄.
Both are determined from flavor specific control samples.
The B0 lifetime, τB0 , and the mass difference between the
two mass eigenstates B0

H and B0
L, Δm, are taken from

Ref. [39]. The Δt PDF is convolved with the resolution
function described in [38].

2. Two tracks (2T) model

The ΔE distribution is modeled with the sum of a dbG
and a straight line, where the mean of the core Gaussian,
the fraction of the line, and its slope depend on the
helicity angles. Mbc is described by the sum of a dbG and
an Argus function [46]. For LP, their relative fraction
depends on ΔE and the helicity angles. The F S=B

distributions are described similar to the ones used for
the transverse polarized truth model. In addition, for
longitudinal polarization the widths of each core
Gaussian of F S=B depend on ΔE. A wrongly assigned
π0 is to broaden up the resonance peak in the mass
distribution and is also shifting the helicity angles toward
negative values. The mass PDF is the product of the sum
of a second order Chebychev polynomial and a BW for
each mass, where the relative fractions as well as the
width of one of the BWs depends on the helicity angles. A
two-dimensional histogram is taken for transverse polari-
zation. The cos θþH − cos θ−H PDFs for each polarization
are taken to be two-dimensional histograms. Since only
charged tracks contribute to the determination of Δt, its
PDF is identical to the one used in the truth model
[see Eq. (5)].

3. One track (1T) model

The ΔE distribution is modeled with the sum of a dbG
and a straight line for longitudinal polarization, where the
relative fraction and the slope depend on the helicity
angles. The ΔE distribution for transverse polarization is
described by a straight line. Mbc is described by the sum
of a dbG and an Argus function. The distributions of the
dipion masses and helicity angles depend on the charge of
the correctly reconstructed π�. For longitudinal polari-
zation, the mπ�π0 distribution including the correctly
reconstructed π� is described by the sum of a BW and
a second order Chebychev polynomial, POKðmðπ�π0ÞÞ,
while the mπ�π0 distribution with the fake track from
Btag is modeled by the sum of Chebychev polynomials
up to the fifth order, Pfakeðmðπ�π0ÞÞ. The helicity
PDFs are taken to be two-dimensional histograms,
P�ðcos θþH ; cos θ−HÞ, where we distinguish the two cases
of the charge of the correctly reconstructed ρ�. The PDF
of the mπþπ0 −mπ−π0 − cos θþH − cos θ−H distribution is
then given by
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PLP
1T ðmπþπ0 ;mπ−π0 ; cosθ

þ
H ;cosθ

−
HÞ

≡ fþPOKðmπþπ0ÞPfakeðmπ−π0ÞPþðcosθþH; cosθ−HÞ
þ ð1− fþÞPfakeðmπþπ0ÞPOKðmπ−π0ÞP−ðcosθþH ;cosθ−HÞ;

where the fraction of events with a correctly recon-
structed πþ, fþ is made common among the detector
configurations SVD1 and SVD2. We ignore such a
correlation for transverse polarization, since fL has been
measured to be close to one [16–18]. The ρ masses and
helicity angle distributions for transverse polarization are
each modeled with two-dimensional histograms.
The PDF for F S=B is similar to the one used for the

transverse polarized truth model. Even with only one
correctly reconstructed track it is possible to use the Δt
distribution to obtain CP violation related information. The
Δt PDF is described by Eq. (5) with an effective lifetime
that accounts for the contamination from the wrongly
assigned track.

4. Zero track (0T) model

Because the transverse polarization’s fraction without
any correctly reconstructed tracks is negligible, we include
those events in the model used for transverse polarization
when one π� is correctly reconstructed. For longitudinal
polarization, the ΔE distribution is modeled with the sum
of a dbG and a first order Chebychev polynomial, and the
Mbc distribution is described by the sum of a dbG and an
Argus function. Each mπ�π0 distribution is modeled with
the sum of a BW, a second and a third order Chebychev
polynomial, and the PDF for the cos θþH − cos θ−H distribu-
tion is taken to be a histogram. The Δt PDFs for the 0T
components are parametrized as

PLPðTPÞ
0T ðΔtÞ≡ 1

2τ0T
e−jΔtj=τ0T ⊗ R0TðΔtÞ; ð6Þ

with an effective lifetime τ0T and convoluted with the sum
of two Gaussian functions [Gðx; μ; σÞ] with a common
mean μ,

R0TðΔtÞ≡ ð1 − ftailÞGðΔt; μ; ScoreσÞ
þ ftailGðΔt; μ; ScoreStailσÞ: ð7Þ

The second Gaussian function accounts for a broader tail,
and its width is related to that of the core Gaussian Scoreσ

through a multiplicative factor Stail. The scale factor Score ≡ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ2Rec þ σ2tag

q
=βγc is an event-dependent error on Δt

constructed from the vertex resolution of B0
CP (σRec) and

B0
tag (σtag). We use a different set of Gaussian functions if at

least one of the B vertices is obtained from only one track.

B. Continuum model

The continuum model consists of three components (2T,
1T, and 0T) and is studied with continuum MC simulation.
To reduce the systematic uncertainty related to a fixed
parametrization, some parameters of the continuum model
are floated in the fit to data; the initial values for these
model parameters are obtained from the fits to MC
simulation. The PDF description is confirmed with on-
resonance (almost entirely continuum events, after
reconstruction) and off-resonance data. The correlations
between the helicity angles and the dipion masses are taken
into account, and this description is confirmed by projec-
ting into several slices of one of the variables and
comparing the projected shapes of the other distribution
in the two data sets.
The ΔE distributions of all continuum components

are described by the sum of a first and a second order
Chebychev polynomial, where the first order one depends
on F S=B. The dependence slightly differs for the three
different reconstruction categories. The Mbc distributions
of all reconstruction types are commonly described by an
Argus function. Because we find a small difference in the
r-bin distributions of the �; 0, and 2cπ components, we
use different r-bin fractions for each of the three
categories.
For the description of the mass and helicity angle

distributions we use certain combinations of two kinds
of one-dimensional PDFs: one for distributions including
a ρ� resonance and one otherwise. The different
reconstruction types are then described by combinations
of these PDFs. This reduces the degrees of freedom in the
fit to data, where the parameters of the continuum model
are floated. The mass PDF for the distributions including a
ρ� resonance is given by a sum of a BW and Chebychev
polynomials. The sum of a bifurcated Gaussian and
Chebychev polynomials is describing the combinatorial
background. The helicity PDFs for distributions for both
cases, including a ρ� resonance and otherwise, are given
by the sums of Chebychev polynomials up to the ninth
order. Because of a correlation with the dipion masses,
some of the helicity parameters depend on the dipion
masses.
The Δt PDF is the sum of Eq. (6) and a delta function.

The latter accounts for the prompt production of light
quarks (u, d, s) in addition to the exponential decay that
describes the production of charm quarks with an effective
lifetime τqq̄,

Pqq̄ðΔtÞ≡
�
ð1 − fδÞ

e−jΔtj=τqq̄

2τqq̄
þ fδδðΔt − μqq̄Þ

�

⊗ Rqq̄ðΔtÞ: ð8Þ

The resolution function Rqq̄ is similar to Eq. (7).
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C. BB̄ model

The model for the combinatorial background from other
B decays is obtained from four separate sets of MC
simulation: neutral and charged B meson decays into
charmed and charmless final states. The samples contain
10 and 50 times the number of expected charmed and
charmless events in the data, respectively. In the case of
neutralBmeson decays into charmless final states, the four-
pion modes are excluded from the MC sample as they are
treated separately (see Sec. IV D). In the fit model, we
further distinguish the reconstruction categories 2T, 1T,
and 0T; the 2T category is only a significant contribution
for charged B decays. The fraction of events for each
charged B model is fixed relative to the number of the
corresponding neutral model as obtained from MC simu-
lation and is given in Table IV (the distributions for
charm final states being almost identical). The Δt PDFs
are similar to Eq. (6), with an effective lifetime for each
component.

1. Charm B0 backgrounds

The ΔE distributions for all three reconstruction catego-
ries of charm B0 decays are described by the sum of
Chebychev polynomials up to the second order, and the
Mbc distributions are described by Argus functions. The
PDF of the mðπ�π0Þ distributions including one correctly
reconstructed ρ� meson is given by the sum of a BW, a
second and a third order Chebychev polynomial, where the
fraction of the BW depends on the helicity angles. The
distributions without a correctly reconstructed ρ� meson
are taken to be sums of the Chebychev polynomial up to
the fifth order. The distributions of the helicity angles are
modeled by the products of sums of Chebychev polyno-
mials up to the eighth order for each reconstruction
category.

2. Charm B� backgrounds

The PDFs of the ΔE, Mbc, mπ�π0 , and helicity distribu-
tions are similarly described as those of neutral B decays
into charm final states. For the mass PDF, a correlation with
the helicity angles is included for the component including
a correctly reconstructed ρ� meson. For the 2T component,
the mass and helicity distributions are taken to be the sum
of a BWand a second order Chebychev polynomial and the

sums of Chebychev polynomials up to the eighth order,
respectively.

3. Charmless B0 backgrounds

The ΔE distributions are described by sums of
Chebychev polynomials up to the fourth order, where a
correlation with the helicity angles is accounted for in the
case of a correctly reconstructed ρ� meson. The Mbc
distributions are described by Argus functions. In the case
of a correctly reconstructed ρ� resonance, a dbG is added.
Its relative fraction depends on ΔE and the helicity angles.
The PDF of the mπþπ0 −mπ−π0 distribution of the 1T

component is given by the product of a BW added to the
sum of Chebychev polynomials up to the third order for
each dipion mass, where the fraction of the BW of the
correctly reconstructed resonance depends on the helicity
angles. The product of a sum of the Chebychev polynomial
up to the fifth order is taken if no ρ� resonance has been
correctly reconstructed. The distribution of the helicity
angles is modeled by the product of sums of Chebychev
polynomials up to the eighth order for each reconstruction
category. A correlation withΔE is accounted for in the case
of a correctly reconstructed ρ� resonance.

4. Charmless B� Backgrounds

The ΔE distributions are described by sums of
Chebychev polynomials up to the third order. A correlation
with the helicity angles is included for the reconstruction
category 1T. The PDF for Mbc is an Argus function. The
mass distributions are described by the sum of a BW and
Chebychev polynomials in the case of a correctly recon-
structed ρ� resonance and by sums of Chebychev poly-
nomials otherwise. A correlation of the ρ� masses with the
helicity angles is included in the description of all
reconstruction categories. The PDFs for the helicity angles
are taken to be sums of Chebychev polynomials.

D. Peaking background model

The PDFs of the remaining four-pion states are
determined from individually generated MC samples.
We consider the following final states from B0 decays
(the subscript NR denoting a nonresonant multimeson
state): ðπþπ0π−π0ÞNR, a�1 ½ρ�π0�π∓, a01π

0, ðρ�π∓π0ÞNR,
ðρ0π0π0ÞNR, ðf0ð980Þ½πþπ−�π0π0ÞNR, and ω½πþπ−π0�π0.

TABLE IV. Summary of the fixed ratios of the yields of charmed and charmless BþB− background relative to the
respective floated number of B0B̄0 background events for the two detector configurations s. The central values are
obtained from MC simulation; the errors are statistical.

Component Yield SVD1 Yield SVD2

Ncharm;s
BþB− ð1.78� 0.02ÞNcharm; SVD1

B0B̄0 ð2.02� 0.01ÞNcharm; SVD2
B0B̄0

Ncharmless;s
BþB− ð1.04� 0.02ÞNcharmless; SVD1

B0B̄0 ð1.00� 0.01ÞNcharmless; SVD2
B0B̄0

P. VANHOEFER et al. PHYSICAL REVIEW D 93, 032010 (2016)

032010-10



The numbers of expected B → a�1 π
∓ and B → ωπ0 events

are fixed according to their world average branching
fractions [39]; the other four-pion modes are poorly known,
and their yields are allowed to float in the fit. Since only
one dipion combination from B → ω½πþπ−π0�π0 lies in the
signal window, this nonpeaking mode has a very small
reconstruction efficiency: only one event is expected, and
the model is described in Ref. [44].
If no other description is explicitly mentioned, we use a

dbG to model the ΔE distributions of all peaking back-
grounds. The tail Gaussian is obtained from correctly
reconstructed B0 → ρþρ− MC events and is made common
among all four-pion final states. The sum of Chebychev
polynomials up to the third order is added in order to
describe underlying combinatorial background from
wrongly assigned tracks. The Mbc distributions of the
four-pion final states are described by a dbG for correctly
reconstructed tracks plus an Argus function for the com-
binatorial background. The F S=B distribution of all four-
pion states are described similar to the one used for the
transverse polarized truth model, and each Δt PDF is
similar to Eq. (5).

1. Model for B0 → ðπþπ0π−π0ÞNR decays

The distribution of each mass is modeled by the sum of a
second and a third order Chebychev polynomial, and the
distribution of each helicity angle is described by the sum
of Chebychev polynomials up to the eighth order.

2. Model for B0 → a1π decays

We consider both decays B0 → a�1 π
∓ and B0 → a01π

0

separately, where the latter decay is further separated into
two different possible decays of the a01: a

0
1 → ρ�π∓ and

a01 → ρ0π0.
(i) Model for B0 → a�1 π

∓ decays
We consider only the subsequent decay a�1 → ρ�π0 as

the decay B0 → a�1 ½ρ0π��π∓ yields in a different final state
and is included in the nonpeaking B0 decays into charmless
final states. We assume isospin symmetry and set the
fraction of a�1 decaying to ρ�π0 to be 50%. Because of
the high momentum of the π∓, the helicity angle associated
with a π�π0 pair reconstructed with the π∓ from the B
decay peaks sharply at cos θH ¼ −1. Therefore, the helicity
angles are especially useful in separating this component
from others. We consider a 1T and a 0T contribution in the
description of the mass and helicity PDFs. The mass PDF
for the 1T part is the sum of a BW and a second order
Chebychev polynomial for the correctly reconstructed ρ�
meson multiplied with the sum of Chebychev polynomials.
The mass distribution without a correctly reconstructed ρ
resonance is described by the sum of Chebychev poly-
nomials up to the fifth order for each mass. The helicity
PDFs for all cases of reconstruction are histograms from
fully simulated MC events.

(i) Model for B0 → a01π
0 decays

Three dominant subsequent decays of the a01 → ρπ yield
in the same final state as our signal, a01 → ρþπ−; ρ−πþ;
ρ0π0. We assume that their amplitudes are of similar size,
because of isospin arguments. A common PDF is used to
describe the Δt distribution.
(a) B0 → a01½ρ�π∓�π0

We have a common model for a01 → ρ�π∓ decays,
where we furthermore distinguish between the differ-
ent reconstruction categories 1T and 0T, due to
misreconstruction. Opposite to B0 → a�1 π

∓ decays,
the fast pion is neutral, and therefore the correspond-
ing helicity distributions peak at cos θH ¼ þ1. The
mass and helicity PDFs for all reconstruction catego-
ries are individual two-dimensional histograms. We
use a PDF similar to Eq. (6) with an effective lifetime
to account for the contamination from wrong side
tracks for the reconstruction category 0T.

(b) Model for B0 → a01½ρ0π0�π0 decays
This decay does not contain a ρ� resonance; hence

no separate treatment is needed. The mass PDF is the
product of distinct sums of Chebychev polynomials up
to the fifth order, whose combinations depend on the
helicity angles (if cos θþH > cos θ−H or else). The PDF
for the helicity angles is the product of the sums of two
Gaussians and a second order Chebychev polynomial.

3. Model for B0 → ðρ�π∓π0ÞNR decays

Since there is no suitable decay model for a pseudoscalar
decaying into a vector particle and two pseudoscalars, we
assume a phase-space model and account for that
assumption in the systematic uncertainty. We consider
the categories 1T and 0T separately. For the category 1T
a correlation of ΔE with Mbc and the helicity angles is
accounted for by introducing a dependence of the relative
fraction of the dbG of the ΔE PDF. The ΔE distribution for
reconstruction category 0T is described by a first order
Chebychev polynomial. The relative fraction of the dbG of
the Mbc PDF for events of category 1T depends on the
helicity angles. The mass distributions for both
reconstruction categories are described similar to the B0 →
a�1 π

∓ model; in addition, the fraction of the resonant part
depends on the helicity angles for the category 1T. The
PDF for the helicity distribution is taken to be a two-
dimensional histogram for each reconstruction category.

4. Model for B0 → ðρ0π0π0ÞNR And
B0 → ðf 0π0π0ÞNR decays

The modes B → ðρ0π0π0ÞNR and B → ðf0π0π0ÞNR have
almost identical distributions and are therefore combined to
one component, referred to as X0π0π0. These decays
exhibit certain kinematic behaviors of the dipion masses
(flat distribution) and the helicity angles. Because the π0

momenta are usually higher than those of the charged
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daughters of the ρ0ðf0Þ, the helicity angles peak at
cos θH ¼ þ1. This kinematic behavior also occurs in other
combinatorial backgrounds, e.g. other B decays involving a
ρ0 meson. Therefore, we add a component to the X0π0π0

model where the PDFs of dipion masses and helicity angles
are taken from the X0π0π0 model, while the PDFs for ΔE
and Mbc are taken from a combinatorial background (BB̄
model). We determine the fraction of the combinatorial
description within the X0π0π0 model, fX

0π0π0
comb , in the fit to

data in order to avoid a misidentification of combinatorial
background as B → X0π0π0 due to the strong discrimina-
tion power of the helicity angles in this case.
The PDF for the mass distribution is taken to be the

product of a sum of a second and a third order Chebychev
polynomial for each dipion mass, and the helicity PDF is
taken to be a two-dimensional histogram.

E. Full model

The total likelihood for 216176 events in the fit region is

L≡Y
l;s

e−
P

j
Ns

j

P
l;s
fl;sj

Nl;s!

YNl;s

i¼1

X
j

Ns
jf

l;s
j Pl;s

j

× ðΔEi;Mi
bc;F

i
S=B;M

iþ;Mi
−; Hiþ; Hi

−;Δti; qiÞ; ð9Þ

which runs over event i, component j, r-bin l, and SVD
configuration s. Instead of two free signal yields Ns

Sig for
each detector configuration, the branching fractions for the
four-pion final states (j ∈ 1;…; 7) are chosen as single free
parameters BðB → XÞ and incorporated into the fit as

Ns
j ¼ BðB0 → fÞNs

BB̄ϵ
s
jη; ð10Þ

where ϵsj are the signal selection efficiencies, fixed to the
values listed in Table II. Using independent control
samples, we determine the efficiency correction factor η ¼
η� · η0 that accounts for differences between data and MC
in the charged particle identification for the two charged
pions, η� ¼ 0.93� 0.03, and π0 reconstruction for two π0

mesons, η0 ¼ 0.91� 0.03. The uncertainties on both cor-
rections are included in the systematic uncertainties of our
results (see Sec. VII).
Equation (10) takes the distinct forms for the two

possible polarization states of the ρ meson: for longitudi-
nally polarized ρ mesons (LP),

Ns
LP ¼ BðB0 → ρþρ−ÞfLNs

BB̄ϵ
s
LPη

s
LP; ð11Þ

and similarly for transversely polarized ρ mesons, with
ð1 − fLÞ replacing fL. The fraction of events in each r-bin l
for component j is denoted by fl;sj and fixed according to
MC simulation for all B decays.

In the fit to data, we float 94 parameters in total. Besides
the branching fraction, fL and the CP violating parameters
ACP and SCP of the decay B0 → ρþρ−, the free parameters
are the branching fractions of B → ðπþπ0π−π0ÞNR;
ðρ�π∓π0ÞNR; a01π0; X0π0π0, as well as the yields Ns

qq̄,

Ncharm;s
B0B̄0 , and Ncharmless;s

B0B̄0 . The remaining free parameters
describe the shape of the continuum model. The remaining
yields are fixed to the values determined from MC
simulation as given in Tables V and VI.
For ΔE, Mbc, and F S=B, we incorporate calibration

factors to correct for possible differences between the data
and MC distributions. They are determined from a large-
statistics control sample Bþ → D̄0½Kþπ−π0�ρþ and are
used to calibrate the means and widths of the core
bifurcated Gaussian functions for the ΔE and Mbc PDFs
of all four-pion final states, and of the F S=B PDFs of all BB̄
components. Similarly, we correct the fractions of events in
each r-bin for all BB̄ components. Furthermore, the core
Gaussian functions of the signal are constraint to be
common for all four-charged-pion final states for ΔE
and Mbc and for all BB̄ modes for F S=B.

V. RESULTS

From the fit to the data, described in the previous section,
we obtain

BðB0 → ρþρ−Þ ¼ ð28.3� 1.5ðstatÞ � 1.5ðsystÞÞ × 10−6;
fL ¼ 0.988� 0.012ðstatÞ � 0.023ðsystÞ;

ACP ¼ 0.00� 0.10ðstatÞ � 0.06ðsystÞ;
SCP ¼ −0.13� 0.15ðstatÞ � 0.05ðsystÞ;

corresponding to 1754� 94 and 21� 22 B0 → ρþρ−
events with longitudinal and transverse polarization,

TABLE V. List of peaking backgrounds, assumed branching
fractions, and their expected yields Ns

expected for the two detector
configurations; SVD1 and SVD2.

Mode B ð×10−6Þ NSVD1
expected NSVD2

expected

B0 → a�1 ½π�π0π0�π∓ 0.5 × ð26� 5Þ 11 52
B0 → ω½πþπ−π��π0 0.5� 0.5 0 1

TABLE VI. Correlation matrix as obtained from the fit to the
data.

BðB0 → ρþρ−Þ fL ACP SCP

BðB0 → ρþρ−Þ 1 −0.228 −0.031 −0.015
fL 1 0.003 0.026
ACP 1 0.018
SCP 1

P. VANHOEFER et al. PHYSICAL REVIEW D 93, 032010 (2016)

032010-12



respectively. The evaluation of the systematical uncertain-
ties given above is described in Sec. VII. Signal-enhanced
projections of the fit results onto ΔE, Mbc, Mþ, M−, Hþ,
H−, and F S=B are shown in Fig. 4, where the signal-
enhanced region is defined as jΔEj < 0.1 GeV, Mbc >
5.275 GeV=c2, 0.62GeV=c2<mðπ�π0Þ<0.92GeV=c2,
F S=B > 0.75, and r-bin > 2. Depending on the projected
variable, 10%–16% of the signal events are retained.
A clear signal peak can be seen in the ΔE and Mbc

distributions, while the signal-enhanced projection onto
F S=B remains dominated by the continuum contribution.
The ρ� mesons are found to be predominantly in the
longitudinally polarized state. Figure 5(a) shows the flavor-
integrated Δt distribution, including the fit result. No CP
violation is observed: the Δt distributions for the two
flavors of B0

tag in Fig. 5(b) lack any asymmetry. The
statistical correlation coefficients between the observables
are given in Table VI and are all negligible except for a

correlation between BðB0 → ρþρ−Þ and fL. The yields of
all other four-pion final states are shown in Table VII and
are consistent with zero within 90% confidence level except
for the X0½πþπ−�π0π0 component, being consistent with
combinatorial background. We do not provide the con-
verted branching fractions of the peaking background
modes as the systematic uncertainties are expected to be
large for the four-pion backgrounds.

VI. VALIDITY CHECKS

We have validated the fitting procedure by studying a
large number of pseudo experiments, where either all
components are generated from the PDFs or all BB̄
components are taken from a full GEANT MC simulation.
Within the statistical error, the fitter reliably recovers the
input values for fL and SCP. For the branching fraction and
ACP, the fitter exhibits a small bias in the case of fully
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FIG. 4. Projections of the fit to the data in signal-enhanced regions as described in the text. The (black) points represent the data, and
the solid (blue) curves represent the fit result. The hashed (red) areas show the B0 → ρþρ− contribution, and the bright-shaded (cyan)
areas show all four-pion final states. (a) and (d) The short-dashed (dark green) curves show the nonpeaking BB̄ contribution and the
long-dashed (bright green) curves show the total nonpeaking background. (b), (c), (e), and (f) The dash-dotted (dark green) line shows
the contribution from all BB̄ decays. (g) The dash-dotted (magenta) curve shows the continuum contribution, and the dark (green) area
shows the entire contribution from BB̄ decay. (h) The dashed (dark green) curve shows the nonpeaking BB̄ contribution. The residuals
are plotted below each distribution.
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simulated events due to imperfections in the modeling of
the variable correlations. The treatment of the bias is
described in Sec. VII. The errors from the fit results are
consistent with the expectations from studying fully simu-
lated MC events. We check the fitting procedure by floating
the B0 lifetime in a separate fit. The obtained lifetime is
consistent with the current world average within 1 stat-
istical standard deviation.
We furthermore perform three checks, where we require

either jrj > 0.5 or F S=B > 0.5 or where we set the fractions
of the signal’s 1T and 0T components to zero in fits to the
data. All results are consistent with our baseline result. We

perform a fit to data, where we require 0.68 GeV=c2 <
mðπ�π0Þ < 0.86 GeV=c2 to test the assumptions made
in the isospin analysis [47]. This removes events with
different ρþ and ρ− masses, which breaks the isospin
symmetry assumed in the determination of ϕ2. We obtain
SCP ¼ −0.09� 0.21ðstatÞ, being consistent with our
nominal result.
In order to determine the data-to-simulation correction

factors (see Sec. IV), we study a control sample of Bþ →
D̄0½Kþπ−π0�ρþ decays, which are topologically similar to
B0 → ρþρ−. We perform fits including ΔE, Mbc, F S=B,
mðπ�π0Þ, cos θ�H, and Δt. The results obtained for the
branching fraction, the fraction of longitudinal polarized ρ�

mesons, and also the B� lifetime are in agreement with the
current world averages within 1 statistical standard
deviation [39]. In addition, the time-dependent CP-viola-
tion parameters are consistent with zero when floating them
in the fit to the data.

VII. SYSTEMATIC UNCERTAINTIES

Systematic uncertainties from various sources are con-
sidered and estimated with independent studies and cross-
checks and are summarized in Table VIII. For the total
systematic uncertainties, the components are added in
quadrature. They include the uncertainty on the number
of produced BB̄ events, the track-reconstruction efficiency,
the selection efficiency due to particle identification, and
the π0 reconstruction, which are determined by using
independent control samples. The π0 efficiency correction
is obtained from studying τ� → π�π0ντ decays. In the
previous Belle measurement, this difference between data
and MC was studied with η → π0π0; π0π0π0 decays and
was fully treated as a systematic uncertainty. Uncertainties
affecting the vertex reconstruction include the interaction
point (IP) profile, the track selection based on the track
helix errors, helix parameter corrections, the tag side track
selection based on their impact parameters, Δt and vertex
goodness-of-fit selection, Δz bias, and SVD misalignment.
The Δt resolution function parameters, as well as the flavor
tagging performance parameters w and Δw, are varied
within their errors. Possible systematic biases from the
interference on the tag side arising between the CKM-
favored b → cūd and doubly CKM-suppressed b̄ → ūcd̄
amplitudes in the final states used for flavor tagging are
estimated by studying a large number of MC pseudoexperi-
ments generated with interference [48]. The input param-
eters for the pseudoexperiments and the amount of their
possible changes are estimated by the semileptonic B decay
control sample, B0 → D�−lþν.
The parametric model shape is varied within the errors

obtained from MC simulation. The fixed ratios listed in
Table IV are varied within �10% and give a negligible
contribution. Uncertainties in the nonparametric shapes are
obtained by varying the contents of the histogram bins

FIG. 5. Projections of the fit result onto Δt for each flavor of
B0
tag. The points represent the data, and the solid curves represent

the fit result. Signal is shown as a dashed line. The measured
asymmetry is plotted below.

TABLE VII. Yields of the four-pion final states as obtained
from the fit to the data. The errors are statistical only. The
component X0π0π0 is treated as explained in the text; see Sec. IV
D. The fraction fX

0π0π0
comb is consistent with one and excludes a

significant contribution of B0 → X0½πþπ−�π0π0 decays.

Mode Yield fX
0π0π0

comb

B0 → a01π
0 86� 94 � � �

B0 → ðρ�π∓π0ÞNR 215� 131 � � �
B0 → ðπþπ0π−π0ÞNR 170� 114 � � �
X0π0π0 625� 90 1.12� 0.16
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within �1σ in turn. The fixed physics parameters, the ρ�
mass and width, as well as the τB0 and Δm, are varied
within their world-average uncertainties [39]. To account
for a possible difference in the distributions obtained from
MC simulation to data, we vary the fractions of the
combinatorial part (reconstruction category 0T) by
�20% for all components including a ρ resonance in turn.
We account for a difference between data and MC by

varying the fraction of the different signal categories by
�20% of their values and repeating the fit. The systematic
uncertainty due to fixing the peaking background yield
B → ωπ0 is estimated by varying the branching fraction by
its world average error and repeating the fit. For B0 →
a�1 π

∓ we vary the yield by a conservative factor of 2 while
also increasing the fraction of correctly reconstructed
events. This is motivated by the high sensitivity of the
reconstruction efficiency of this decay to the dipion
analysis region and a possible difference in the line shape
between MC simulation and data.
The fit bias is determined from full simulation by

examining the difference between the generated and fitted
physics parameters. Because of imperfections in the mod-
eling of the correlations, we find a non-negligible but stable

bias of þ0.5 × 10−6 for the branching fraction of B0 →
ρþρ− and of þ0.04 for ACP. We study these biases with
large statistics ensemble tests and correct the result. The
systematic uncertainties related to the bias correction are
obtained from studying pseudoexperiments generated with
the observables varied within �1 statistical standard
deviation of the fit result. The largest deviations to the
generated values is then taken. All other biases are found to
be small compared to the statistical uncertainty and are
therefore treated fully as systematic uncertainties.
The dominant uncertainty of the CP-violating parame-

ters is due to a possible CP violation in the BB̄ back-
grounds. We include an asymmetry term in the Δt PDFs of
the BB̄ backgrounds and refit the data, where the asym-
metry is fixed to�5%CP violation for charm B decays and
�50% for charmless B decays in turn. Only direct CP
violation is considered for charged B decays, and we
provide the uncertainties from the four-pion final state
backgrounds and from the remaining BB̄ decays separately
in Table VIII.
We account for the phase space assumption for B0 →

ðρ�π∓π0ÞNR decays by replacing the helicity PDF with one
where the two nonresonant pions are either in a S- or a P-
wave configuration in the fit to the data. In the latter case,
the ρ� can be either longitudinally or transversely polar-
ized. The maximal deviation from the nominal model is
taken as the uncertainty related to the assumption of the
B0 → ðρ�π∓π0ÞNR helicity dependence. This is the dom-
inant uncertainty in the measurement of fL.
Finally, the uncertainty from neglecting interference

between the four-pion final states is estimated by con-
structing a 4-body amplitude model and studying samples
of two four-pion final states, including detector effects. For
each set of modes, we first calibrate the relative amplitude
strength between two considered modes in order to obtain a
yield ratio as found in the data. For the calibration, we set
the relative phase to 90°. Then we generate sets where the
relative phase between the two modes of interest varies
from 0° to 180° in steps of 10°. Each set is fitted with an
incoherent model and the largest root-mean-square error of
the variation of the fit results is taken to be the systematic
uncertainty for each observable. We consider the modes
B0 → ρþρ−; a�1 π

∓; ðρ�π∓π0ÞNR, and ðπþπ0π−π0ÞNR, and
find that interference is almost negligible.
Because of the large variety of backgrounds, changes in

the model tend to affect the background yields, while
leaving the signal yield rather stable.

VIII. CONSTRAINTS ON THE CKM ANGLE ϕ2

As stated in the Introduction, the CP violating param-
eters of the decay B0 → ρþρ− obtained in this paper can be
used to constrain the angle ϕ2 in the CKM unitarity
triangle. In the following, we estimate the possible

TABLE VIII. Systematic uncertainties.

Category δBð%Þ δfL δACP½10−2� δSCP½10−2�
NðBB̄Þ 1.38 � � � � � � � � �
Tracking 0.70 � � � � � � � � �
PID 2.50 � � � � � � � � �
π0 reconstruction 2.98 � � � � � � � � �
IP profile 0.01 0.001 0.68 0.94
Δt selection 0.00 0.001 0.04 0.06
Track helix error 0.00 0.000 0.02 0.01
Vertex quality 0.16 0.000 1.20 0.60
Tagside track selection 0.01 0.001 0.84 0.95
Δz bias � � � � � � 0.50 0.40
Misalignment � � � � � � 0.40 0.20
Resolution function 0.00 0.000 0.00 0.00
Flavor tagging 0.07 0.002 0.71 0.51
Tagside interference � � � � � � 1.02 0.08
Model shape 3.47 0.003 0.30 0.60
Histogram shape 0.17 0.002 0.19 0.31
Physics parameters 0.00 0.000 0.02 0.02
MC composition 0.04 0.007 0.64 1.34
Misreconstructed fraction 0.01 0.001 0.60 0.50
Fixed background yields 0.00 0.001 0.04 0.08
B → a�1 π

∓ description 0.01 0.002 0.09 0.20
Fit bias 0.53 0.002 0.50 0.74
Background CP violation 0.00 0.000 4.92 2.75
B → 4πCP violation 0.03 0.006 3.03 3.65
ðρ�π∓π0ÞNR helicity 0.04 0.020 0.12 0.77
Interference 0.01 0.002 0.12 0.15
Total 5.47 0.023 6.37 5.42
(absolute
uncertainty ½×106�)

1.55
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pollution from loop diagrams with two methods: isospin

invariance and SU(3) flavor symmetry.

A. Isospin

We use our result together with other Belle results to
obtain a constraint on ϕ2 from a isospin analysis [24] in the
B → ρρ system. Neglecting electroweak contributions or
isospin-breaking effects, the complex B → ρρ amplitudes
for the various charge configurations of the ρρ system can
be related via

1ffiffiffi
2

p Aþ− þ A00 ¼ Aþ0;
1ffiffiffi
2

p Āþ− þ Ā00 ¼ Ā−0; ð12Þ

where the amplitudes with b̄ → ū (b → u) transitions are
denoted as Aij (Āij) and the subscripts identify the charges
of the two ρ mesons. These relations can be visualized as
two isospin triangles, as shown in Fig. 6. Since the charged
B decay B� → ρ�ρ0 proceeds only via a tree level diagram,
the two isospin triangles share the same base Aþ0 ¼ Ā−0.
The phase difference between the two sides Aþ− and Āþ−
corresponds to the shift 2Δϕ2 due to additional contribu-
tions. This method leads to an eightfold ambiguity in
the determination of ϕ2, as there are four possible ori-
entations of the two triangles and two solutions from the
trigonometric conversion of sinðϕeff

2 Þ. The amplitudes are
constructed from the branching fractions and the direct CP

asymmetries ACP and are then used to obtain the possible
pollution in the mixing-induced CP asymmetry SCP ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − A2

CP

p
sinð2ϕeff

2 Þ, obtained from the measurement of
B0 → ρþρ− decays. The remaining sides of the triangles are
constructed from other Belle results: the longitudinally
polarized fraction of BðB0→ρ0ρ0Þ¼ð1.02�0.34Þ×10−6

with f00L ¼ 0.21� 0.25 [19], and the longitudinally polar-
ized fraction of BðB� → ρ�ρ0Þ ¼ ð31.7� 8.8Þ × 10−5

with fþ0
L ¼ 0.95� 0.11 [49]. We convert the χ2 distribu-

tion constructed from the five amplitudes, including the
correlations obtained from this measurement, into a prob-
ability scan as shown in Fig. 7(a). Two solutions for ϕ2 are
found; the one that is consistent with other SM-based
constraints yields ϕ2 ¼ ð93.7� 10.6Þ°. The size of the
penguin contributions is consistent with zero: Δϕ2 ¼
ð0.0� 9.6Þ°. Because of the very small B0 → ρ0ρ0 branch-
ing fraction relative to the other two B → ρρ decays, the
four solutions from the isospin analysis collapse into the
two distinct solutions.

B. SU(3) flavor

The amplitude of B0 → ρþρ− decays can be written in
terms of tree and penguin contributions,

AB0→ρþρ− ¼ Teiϕ3 þ PeiδPT ; ð13Þ

where T and P are the magnitude of the tree and penguin
amplitudes, respectively, δPT is their strong-phase differ-
ence, and ϕ3 is the phase of Vub. Following Ref. [25], the
SU(3) symmetry provides an alternative way to remove
the penguin contribution from ϕeff

2 by relating B0 → ρþρ−

decays to the pure penguin mode Bþ → K0�ρþ,

BLPðBþ → K�0ρþÞ
BLPðB0 → ρþρ−Þ

¼ τB�

τB0

�jVcsjfK�

jVcdjfρ

�
2

×
Fr2PT

1 − 2rPT cos δPT cosðϕ1 þ ϕ2Þ þ r2PT
; ð14Þ

2
Δφ2

+-A
2
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00A
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FIG. 6. Sketch of the isospin triangles for B and B̄ decays into
unflavored final states with isospin I ¼ 1.

)° (
2

φ
0 30 60 90 120 150 180

1 
- 

C
L

0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9

1

)° (
2

φ
0 30 60 90 120 150 180

1 
- 

C
L

0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9

1
(a) (b)

FIG. 7. The 1—CL versus ϕ2 obtained from B → ρρ decays. (a) Isospin analysis, and (b) SU(3) flavor analysis. The horizontal line
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where rPT ¼ jPj=jTj and the factor F ¼ 0.9� 0.6 is taken
from Ref. [25] and accounts for possible SU(3) breaking
(F ¼ 1 corresponds to no breaking). BLP denotes the
branching fractions for longitudinal polarization; τB� and
τB0 are the B� and B0 lifetimes, respectively; Vij is a CKM
matrix element; and fk is a form factor. The CKM phase ϕ1

is taken from the measurement of b → cc̄s decays [4] and
Bþ → K0�ρþ related inputs from [50]. With

−ACP ¼ 2rPT sin δPT sinðϕ1 þ ϕ2Þ
1 − 2rPT cos δPT cosðϕ1 þ ϕ2Þ þ r2PT

; ð15Þ

SCP ¼ sin 2ϕ2 þ 2rPT cos δPT sinðϕ1 − ϕ2Þ − r2PT sin 2ϕ1

1 − 2rPT cos δPT cosðϕ1 þ ϕ2Þ þ r2PT
;

ð16Þ

a probability scan similar to the isospin analysis can be
performed, as shown in Fig. 7(b), where each of the two
double peaks consists of one solution for δPT < 90° and
one otherwise. The solution most compatible with other
SM-based constraints and for the theoretically motivated
case δPT < 90° is ϕ2 ¼ ð89.3� 4.8ðscanÞþ1.0−3.4ðSUð3ÞÞ°.
Varying F within the quoted error results in the second
uncertainty, denoted as “SU(3).” We furthermore obtain
rPT ¼ 0.09� 0.02ðscanÞþ0.06−0.02ðSUð3ÞÞ and δPT ¼ ð0.0�
48.7ðscanÞ � 0.0ðSUð3ÞÞÞ°.

IX. CONCLUSIONS

We have presented measurements of the branching
fraction of B0 → ρþρ− decays, the fraction of longitudi-
nally polarized ρ� mesons, as well as the CP-violating
parameters in the decay into a pair of longitudinally
polarized ρ mesons using the final Belle data set of
772 × 106 BB̄ pairs. Improvements compared to previous
Belle measurements are the increased data sample and the
simultaneous extraction of all observables. The measure-
ment is optimized for a high signal yield, as the CP-
violating parameters are still statistically limited. The
inclusion of the helicity angles provides additional and
strong separation power between the various components,
and the simultaneous fit to Δt improves the continuum
separation in particular. This procedure reduces the stat-
istical uncertainties significantly at the cost of higher
analysis complexity and a longer computing time. The
obtained results are in excellent agreement with the
previous measurements [16–18] and predictions [31,33]
and are currently the most precise measurement of the
branching fraction and longitudinal polarization fraction as
well as the tightest constraint on CP violation in this decay.
We use our results, together with other Belle measurements
of B → ρρ decays, to constrain the internal angle ϕ2 of the
CKM unitarity triangle with an isospin analysis. We obtain
ϕ2 ¼ ð93.7� 10.6Þ° as the solution most compatible with

other SM-based fits. The uncertainty of this scan is
dominated by the large uncertainty on the branching
fraction for the decay B� → ρ�ρ0. We provide an alter-
native constraint on ϕ2 by exploiting the SU(3) flavor
symmetry and obtain ϕ2¼ð89.3�4.8ðscanÞþ1.0−3.4ðSUð3ÞÞÞ°
for the theoretically motivated case of δPT < 90°.
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APPENDIX: SIGNAL CORRELATION MATRICES

Tables IX–XII show the correlation matrices of the fit variables of the four reconstruction categories of the signal
component (longitudinal polarization) as obtained from MC simulation.

TABLE IX. Correlation matrix for the truth model (LP, SVD2).

0 ΔE Mbc m1
πþπ− m2

πþπ− F S=B cos θ1H cos θ2H Δt

ΔE 1 −0.01 0.04 0.04 0.00 −0.09 −0.09 0.00
Mbc 1 −0.00 −0.00 0.00 −0.02 −0.02 0.00
m−

πþπ− 1 −0.00 −0.03 −0.02 −0.00 0.00

m2
πþπ− 1 −0.02 0.00 −0.02 −0.00

F S=B 1 0.00 0.01 −0.00
cos θ1H 1 −0.04 −0.00
cos θ2H 1 0.00

Δt 1

TABLE X. Correlation matrix for the 2T signal model (LP, SVD2).

0 ΔE Mbc m1
πþπ− m2

πþπ− F S=B cos θ1H cos θ2H Δt

ΔE 1 0.00 0.06 0.06 0.05 −0.03 −0.04 0.00
Mbc 1 −0.03 −0.02 0.03 0.03 0.02 0.00

m1
πþπ− 1 −0.02 −0.01 −0.11 0.08 0.00

m2
πþπ− 1 −0.02 0.08 −0.12 −0.01

F S=B 1 0.02 0.02 0.00

cos θ1H 1 −0.40 0.00

cos θ2H 1 −0.00
Δt 1

TABLE XI. Correlation matrix for the signal 1T model (LP, SVD2).

0 ΔE Mbc m1
πþπ− m2

πþπ− F S=B cos θ1H cos θ2H Δt

ΔE 1 0.01 0.01 0.02 0.04 −0.09 −0.09 −0.00
Mbc 1 −0.02 −0.02 0.03 0.02 0.03 −0.01
m1

πþπ− 1 −0.01 −0.00 0.04 −0.08 0.00

m2
πþπ− 1 −0.01 −0.08 0.06 0.00

F S=B 1 0.04 0.03 0.01

cos θ1H 1 −0.39 0.01

cos θ2H 1 0.01

Δt 1

P. VANHOEFER et al. PHYSICAL REVIEW D 93, 032010 (2016)

032010-18



[1] N. Cabibbo, Phys. Rev. Lett. 10, 531 (1963).
[2] M. Kobayashi and T. Maskawa, Prog. Theor. Phys. 49, 652

(1973).
[3] K. Abe et al. (Belle Collaboration), Phys. Rev. Lett. 87,

091802 (2001).
[4] I. Adachi et al. (Belle Collaboration), Phys. Rev. Lett. 108,

171802 (2012).
[5] B. Aubert et al. (BABAR Collaboration), Phys. Rev. Lett. 87,

091801 (2001).
[6] B. Aubert et al. (BABAR Collaboration), Phys. Rev. D 79,

072009 (2009).
[7] Here and in the following the charge-conjugated transition is

implied unless otherwise stated.
[8] J. Brodzicka et al., Prog. Theor. Exp. Phys. 2012, 4D001

(2012).
[9] M. Battaglia et al., arXiv:hep-ph/0304132.

[10] J. Charles, A. Höcker, H. Lacker, S. Laplace, F. R. Diberder,
J. Malclés, J. Ocariz, M. Pivk, and L. Roos, Eur. Phys. J. C
41, 1 (2005), updated results and plots available at http://
ckmfitter.in2p3.fr.

[11] H. Ishino et al. (Belle Collaboration), Phys. Rev. Lett. 98,
211801 (2007).

[12] B. Aubert et al. (BABAR Collaboration), Phys. Rev. D 87,
052009 (2013).

[13] R. Aaij et al. (LHCb Collaboration), J. High Energy Phys.
10 (2012) 037.

[14] A. Kusaka et al. (Belle Collaboration), Phys. Rev. Lett. 98,
221602 (2007).

[15] B. Aubert et al. (BABAR Collaboration), Phys. Rev. D 76,
012004 (2007).

[16] A. Somov et al. (Belle Collaboration), Phys. Rev. Lett. 96,
171801 (2006).

[17] A. Somov et al. (Belle Collaboration), Phys. Rev. D 76,
011104 (2007).

[18] B. Aubert et al. (BABAR Collaboration), Phys. Rev. D 76,
052007 (2007).

[19] P. Vanhoefer et al. (Belle Collaboration), Phys. Rev. D 89,
072008 (2014).

[20] B. Aubert et al. (BABAR Collaboration), Phys. Rev. D 78,
071104 (2008).

[21] J. Dalseno et al. (Belle Collaboration), Phys. Rev. D 86,
092012 (2012).

[22] B. Aubert et al. (BABAR Collaboration), Phys. Rev. Lett. 97,
051802 (2006).

[23] B. Aubert et al. (BABAR Collaboration), Phys. Rev. Lett. 98,
181803 (2007).

[24] M. Gronau and D. London, Phys. Rev. Lett. 65, 3381 (1990).
[25] M. Beneke, M. Gronau, S. Jaeger, and M. Spranger, Phys.

Lett. B 638, 68 (2006).
[26] H. N. Li and S. Mishima, Phys. Rev. D 73, 114014 (2006).
[27] W. Zou and Z. Xiao, Phys. Rev. D 72, 094026 (2005).
[28] M. Beneke, G. Buchalla, M. Neubert, and C. T. Sachrajda,

Nucl. Phys. B591, 313 (2000).
[29] G. Buchalla, Report No. CERN-TH/2002-018; arXiv:

hep-ph/0202092.
[30] M. Bartsch, G. Buchalla, and C. Kraus, arXiv:0810.0249v1.
[31] M. Beneke, J. Rohrer, and D. Yang, Nucl. Phys. B774, 64

(2007).
[32] H. Y. Cheng andK. C. Yang, Phys. Rev. D 78, 094001 (2008).
[33] G. Bell and V. Pilipp, Phys. Rev. D 80, 054024 (2009).
[34] S. Kurokawa and E. Kikutani, Nucl. Instrum. Methods

Phys. Res., Sect. A 499, 1 (2003), and other papers included
in this volume; T. Abe et al., Prog. Theor. Exp. Phys. 2013,
03A001 (2013), and following articles up to 03A011.

[35] A. Abashian et al. (Belle Collaboration), Nucl. Instrum.
Methods Phys. Res., Sect. A 479, 117 (2002); also see
detector section in J. Brodzicka et al., Prog. Theor. Exp.
Phys. 2012, 4D001 (2012).

[36] Z. Natkaniec et al. (Belle SVD2 Group), Nucl. Instrum.
Methods Phys. Res., Sect. A 560, 1 (2006).

[37] R. Brun et al., GEANT 3.21, Report No. CERN DD/EE/84-
1, 1984.

TABLE XII. Correlation matrix for the signal 0T model (LP, SVD2).

0 ΔE Mbc m1
πþπ− m2

πþπ− F S=B cos θ1H cos θ2H Δt

ΔE 1 −0.01 0.00 0.03 0.06 −0.05 −0.04 −0.02
Mbc 1 0.00 −0.02 0.03 0.05 0.05 0.01

m1
πþπ− 1 0.05 0.01 0.01 −0.00 −0.01

m2
πþπ− 1 −0.00 0.01 −0.01 0.01

F S=B 1 0.09 0.10 −0.00
cos θ1H 1 −0.01 0.00

cos θ2H 1 −0.01
Δt 1

STUDY OF B0 → ρþρ− DECAYS AND … PHYSICAL REVIEW D 93, 032010 (2016)

032010-19

http://dx.doi.org/10.1103/PhysRevLett.10.531
http://dx.doi.org/10.1143/PTP.49.652
http://dx.doi.org/10.1143/PTP.49.652
http://dx.doi.org/10.1103/PhysRevLett.87.091802
http://dx.doi.org/10.1103/PhysRevLett.87.091802
http://dx.doi.org/10.1103/PhysRevLett.108.171802
http://dx.doi.org/10.1103/PhysRevLett.108.171802
http://dx.doi.org/10.1103/PhysRevLett.87.091801
http://dx.doi.org/10.1103/PhysRevLett.87.091801
http://dx.doi.org/10.1103/PhysRevD.79.072009
http://dx.doi.org/10.1103/PhysRevD.79.072009
http://dx.doi.org/10.1093/ptep/pts072
http://dx.doi.org/10.1093/ptep/pts072
http://arXiv.org/abs/hep-ph/0304132
http://dx.doi.org/10.1140/epjc/s2005-02169-1
http://dx.doi.org/10.1140/epjc/s2005-02169-1
http://ckmfitter.in2p3.fr
http://ckmfitter.in2p3.fr
http://ckmfitter.in2p3.fr
http://ckmfitter.in2p3.fr
http://dx.doi.org/10.1103/PhysRevLett.98.211801
http://dx.doi.org/10.1103/PhysRevLett.98.211801
http://dx.doi.org/10.1103/PhysRevD.87.052009
http://dx.doi.org/10.1103/PhysRevD.87.052009
http://dx.doi.org/10.1007/JHEP10(2012)037
http://dx.doi.org/10.1007/JHEP10(2012)037
http://dx.doi.org/10.1103/PhysRevLett.98.221602
http://dx.doi.org/10.1103/PhysRevLett.98.221602
http://dx.doi.org/10.1103/PhysRevD.76.012004
http://dx.doi.org/10.1103/PhysRevD.76.012004
http://dx.doi.org/10.1103/PhysRevLett.96.171801
http://dx.doi.org/10.1103/PhysRevLett.96.171801
http://dx.doi.org/10.1103/PhysRevD.76.011104
http://dx.doi.org/10.1103/PhysRevD.76.011104
http://dx.doi.org/10.1103/PhysRevD.76.052007
http://dx.doi.org/10.1103/PhysRevD.76.052007
http://dx.doi.org/10.1103/PhysRevD.89.072008
http://dx.doi.org/10.1103/PhysRevD.89.072008
http://dx.doi.org/10.1103/PhysRevD.78.071104
http://dx.doi.org/10.1103/PhysRevD.78.071104
http://dx.doi.org/10.1103/PhysRevD.86.092012
http://dx.doi.org/10.1103/PhysRevD.86.092012
http://dx.doi.org/10.1103/PhysRevLett.97.051802
http://dx.doi.org/10.1103/PhysRevLett.97.051802
http://dx.doi.org/10.1103/PhysRevLett.98.181803
http://dx.doi.org/10.1103/PhysRevLett.98.181803
http://dx.doi.org/10.1103/PhysRevLett.65.3381
http://dx.doi.org/10.1016/j.physletb.2006.05.012
http://dx.doi.org/10.1016/j.physletb.2006.05.012
http://dx.doi.org/10.1103/PhysRevD.73.114014
http://dx.doi.org/10.1103/PhysRevD.72.094026
http://dx.doi.org/10.1016/S0550-3213(00)00559-9
http://arXiv.org/abs/0810.0249v1
http://dx.doi.org/10.1016/j.nuclphysb.2007.03.020
http://dx.doi.org/10.1016/j.nuclphysb.2007.03.020
http://dx.doi.org/10.1103/PhysRevD.78.094001
http://dx.doi.org/10.1103/PhysRevD.80.054024
http://dx.doi.org/10.1016/S0168-9002(02)01771-0
http://dx.doi.org/10.1016/S0168-9002(02)01771-0
http://dx.doi.org/10.1093/ptep/pts102
http://dx.doi.org/10.1093/ptep/pts102
http://dx.doi.org/10.1016/S0168-9002(01)02013-7
http://dx.doi.org/10.1016/S0168-9002(01)02013-7
http://dx.doi.org/10.1093/ptep/pts072
http://dx.doi.org/10.1093/ptep/pts072
http://dx.doi.org/10.1016/j.nima.2005.11.228
http://dx.doi.org/10.1016/j.nima.2005.11.228


[38] H. Tajima et al., Nucl. Instrum. Methods Phys. Res., Sect. A
533, 370 (2004).

[39] K. A. Olive et al. (Particle Data Group), Chin. Phys. C 38,
090001 (2014).

[40] R. A. Fisher, Annals of human genetics 7, 87 (1936).
[41] G. C. Fox and S. Wolfram, Phys. Rev. Lett. 41, 1581 (1978).
[42] K. Abe et al. (Belle Collaboration), Phys. Lett. B 511, 151

(2001).
[43] H. Kakuno et al. (Belle Collaboration), Nucl. Instrum.

Methods Phys. Res., Sect. A 533, 516 (2004).
[44] P. Vanhoefer, Ph.D. dissertation, Ludwig-Maximilians-

Universität, urn:nbn:de:bvb:19-183537, 2015.

[45] J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Phys-
ics (Wiley, New York, 1952).

[46] H. Albrecht et al. (ARGUS Collaboration), Phys. Lett. B
241, 278 (1990).

[47] A. F. Falk, Z. Ligeti, Y. Nir, and H. Quinn, Phys. Rev. D 69,
011502(R) (2004).

[48] O. Long, M. Baak, R. N. Cahn, and D. Kirkby, Phys. Rev. D
68, 034010 (2003).

[49] J. Zhang et al. (Belle Collaboration), Phys. Rev. Lett. 91,
221801 (2003).

[50] J. Zhang et al. (Belle Collaboration), Phys. Rev. Lett. 95,
141801 (2005).

P. VANHOEFER et al. PHYSICAL REVIEW D 93, 032010 (2016)

032010-20

http://dx.doi.org/10.1016/j.nima.2004.07.199
http://dx.doi.org/10.1016/j.nima.2004.07.199
http://dx.doi.org/10.1088/1674-1137/38/9/090001
http://dx.doi.org/10.1088/1674-1137/38/9/090001
http://dx.doi.org/10.1111/j.1469-1809.1936.tb02131.x
http://dx.doi.org/10.1103/PhysRevLett.41.1581
http://dx.doi.org/10.1016/S0370-2693(01)00626-8
http://dx.doi.org/10.1016/S0370-2693(01)00626-8
http://dx.doi.org/10.1016/j.nima.2004.06.159
http://dx.doi.org/10.1016/j.nima.2004.06.159
http://dx.doi.org/10.1016/0370-2693(90)91293-K
http://dx.doi.org/10.1016/0370-2693(90)91293-K
http://dx.doi.org/10.1103/PhysRevD.69.011502
http://dx.doi.org/10.1103/PhysRevD.69.011502
http://dx.doi.org/10.1103/PhysRevD.68.034010
http://dx.doi.org/10.1103/PhysRevD.68.034010
http://dx.doi.org/10.1103/PhysRevLett.91.221801
http://dx.doi.org/10.1103/PhysRevLett.91.221801
http://dx.doi.org/10.1103/PhysRevLett.95.141801
http://dx.doi.org/10.1103/PhysRevLett.95.141801

