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Recently [E. Bergshoeff et al., Classical Quantum Gravity 31, 145008 (2014)], an extension of the
topologically massive gravity (TMG) in 2 + 1 dimensions, dubbed as minimal massive gravity (MMG),
which is free of the bulk-boundary unitarity clash that inflicts the former theory and all the other known
three-dimensional theories, was found. Field equations of MMG differ from those of TMG at quadratic
terms in the curvature that do not come from the variation of an action depending on the metric alone. Here
we show that MMG is a unique theory and there does not exist a deformation of TMG or MMG at the cubic
and quartic order (and beyond) in the curvature that is consistent at the level of the field equations. The only
extension of TMG with the desired bulk and boundary properties having a single massive degree of

freedom is MMG.
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I. INTRODUCTION

One of the most promising approaches to a quantum
theory of gravity is via the anti-de Sitter (AdS)/conformal
field theory (CFT) [1] correspondence where there is a
boundary field theory dual to the bulk gravity. In 2 + 1
dimensions, where gravity is somewhat less complicated,
this idea has been vigorously pursued in many different
works. Einstein’s gravity with a cosmological constant in
2 41 dimensions is locally trivial with no propagating
degrees of freedom; therefore to study a dynamical theory
which might mimic realistic gravity and teach us something
about four-dimensional quantum gravity, the next option is
to consider the parity-noninvariant topologically massive
gravity (TMG) which has a single massive graviton [2].
TMG with a cosmological constant has two copies of
Virasoro algebra, as its asymptotic symmetry algebra, in the
two-dimensional boundary of AdS;. In TMG, unitarity of
the putative boundary CFT is in conflict with the unitarity
of the bulk theory except, ostensibly, at the chiral point
where the problematic negative central charge of the
boundary field theory vanishes and the other central charge
is positive [3]. But, exactly at this point in the parameter
space of couplings, there arise solutions with asymptoti-
cally non-AdS (logarithmic) behavior which cannot be
eliminated from the spectrum on solid physical grounds
except with ad hoc strong boundary conditions [4-6]. So
apparently, TMG by itself does not have a unitary dual CFT
in asymptotically AdS spacetimes, and hence most prob-
ably is not viable as a quantum theory (at least in the sense
of AdS/CFT correspondence).

Another dynamical theory, new massive gravity (NMG)
[7], a judiciously chosen quadratic extension of Einstein’s
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gravity and with two helicity-2 (albeit massive) degrees of
freedom closer to the four-dimensional gravity, also has the
bulk-boundary unitarity clash and hence does not posses
the expected holographic description. Unfortunately,
healthy deformations of NMG in the bulk, such as the
cubic, quartic [8] or infinite order ones [9-11], also suffer
from boundary nonunitarity and so probably lack a CFT
dual.

With all these negative results, there seems to be an
apparent impasse: Einstein’s gravity has a healthy boun-
dary structure [12] but suffers from bulk triviality, and all
the locally nontrivial theories seem to suffer from bad
boundary behavior, and so one may wonder if is it not
possible to construct a dynamical theory of gravity in 2 + 1
dimensions that is unitary both in the bulk and on the
boundary. It turns out that one can actually construct such a
theory [13] once one gives up the condition that the theory
comes from the variation of an action which is purely
defined in terms of the metric. (There does exist an action
in the first order, that is the dreibein and the spin-
connection formulation [13,14]). Equations without a
proper Lagrangian formulation are not unheard of in
macroscopic physics, but clearly this is a rather novel idea
in microscopic phenomena. But (quantum) gravity is so
elusive that one must try many different routes to get a
possible understanding of it. In Ref. [13] keeping the bulk
properties of TMG intact, a theory with an improved
boundary behavior was formulated in terms of consistent
field equations. Namely, the field equations do not have a
Bianchi identity for generic smooth metrics, but they do
satisfy a Bianchi identity for all solutions of the theory.
Therefore the theory is consistent as a classical one and can
also be studied as a quantum theory. Its bulk and boundary
unitarity and chiral version and conserved charges were
constructed in Refs. [15,16]. TMG’s deformation with two
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helicity-2 degrees of freedom was constructed in Ref. [17]
called MMG,, which also has unitary bulk and boundary
properties for a large class of spacetimes.

The fact that MMG has these remarkable properties
which the other three-dimensional theories lack begs the
question if the theory is unique or if it is part of a large
class of theories that are defined by consistent field
equations but do not come from the variation of an action.
In this current work, we show several things. First we
prove that at the quadratic order in the curvature MMG is
the only possible deformation of TMG. Our proof will
make the rather “magical” appearance of the on-TMG-
shell conserved J-tensor more intuitive. Then we move on
to the cubic and quartic orders in the curvature and show
in detail that there does not exist a deformation of
TMG or MMG with a single massive degree of freedom.
The Schouten identities satisfied by the powers of the
Ricci tensor guarantee that no new algebraically indepen-
dent rank-2 tensors built with the powers of the curvature
arise beyond the quadratic terms, and hence the proof is
valid for all theories based on the powers of the curvature
and not its derivatives. [Note that if derivatives of the
curvature are introduced the problem turns into a separate
one, diverging from the idea of extending the single
massive degree of freedom theories. MMG, discussed
above is an example of that.]

Our construction here basically answers the following
problem. Let £,, = 0 be the field equations

1
g;u/ = UG/UI + AOg/w + [_,l C;w + 7Y,uy =0, (1)
where the Einstein and Cotton tensors read, respectively, as

1
G,=R, - EgﬂyR’ Cuw =1, ﬁvaSﬂV’ (2)

and S, =R, — %gMR is the Schouten tensor. The com-
pletely antisymmetric tensor is defined in terms of the
completely symmetric symbols as n*?’ = ¢ //—detg.
The main question is to find all the possible Y** tensors
which satisfy the on-shell conservation: Namely we
demand the on-shell Bianchi identity:

Ve =yV, Y™ =0 (on shell). (3)

Let us study the problem order by order in the powers of
curvature.

II. R*-EXTENSIONS

Let us assume that one has the most general quadratic
tensor as

YW = a8y + bg"'S, + ¢S,,8 + dg,,S%. (4)
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where, not to clutter the notation, we have defined S5 =
S,8” and S, = §,,$" which will come in handy when
more powers of the tensors are constructed. The trace and
divergence are, respectively,

Y = (a+3b)S, + (c +3d)S?, (5)
V.Y = ((a+c)S,” + (2d + ¢)S84)V’S
+ $#(aV,S," +2bV"S,,). (6)

up

For this vector to vanish on the TMG mass shell, we must
turn the last part to a Cotton tensor, which is possible only if
a = —2b yielding

V. Y% = ((a+c)S,* + (2d + ¢)S8,)V’S + an*S, C,*
(7)

and reducing the trace to
Y =bS, + (c +3d)S%. (8)

Here the discussion bifurcates: If b # 0, then the modified
theory does not preserve TMG’s property that all solutions
have VﬂR = 0. On the other hand, if » = 0, the modified
theory keeps this property of TMG intact. But in the latter
case, no new theories arise beyond TMG since one has
theories are Y,, = ¢S,,S + diSZ, which for constant S
simply gives a shift of TMG parameters. So we assume
b # 0. In this case, in (7), the term with the Cotton tensor
vanishes on shell (1). The first term in (7) does not vanish
unless one sets

a+c=0, 2d +c¢ =0, 9)
which reduces, after fixing the overall coefficient as
a=-1, the Y . -tensor to the J-tensor found in
Ref. [13] as

1 1
= =SS S+ S =SSt (10)

which can be recast as J# = %17”/’”;7”’7 S ,:S 4 Which has the
following interesting properties. Its trace is given as

I=3(8-) (1)

which is nothing but the quadratic part of NMG, the theory
that defines a massive spin-2 particle with two helicities.
Quite remarkably, as noted in Ref. [17], the variation of the
quadratic part of NMG splits into two parts as

5, / V-9&xI=1J,+H,, (12)

where the H-tensor is
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1 1

Hﬂv = E”uaﬂvacﬂu + E”vaﬁvacﬁﬂ' (13)
Clearly one has V,H*" = =V JW = p**/S,,C,°, and so it
follows from (12) that J- and H-tensors are not separately
automatically covariantly conserved. But when the J-tensor
is augmented to TMG equations, one gets a consistent, on-
shell, conservation, which can also be coupled to matter
consistently, albeit in a rather complicated way [18]. We
would like to note the following observation: The H-tensor,
when looked at with closer scrutiny, is nothing but the three-
dimensional version of the Bach tensor B, that measures
whether the spacetime is a conformally Einstein manifold or
not in four dimensions. Namely, in n dimensions, the Bach
tensor is given as

1
B, = VW 0 + 5R“ﬂW

uavfs ( 1 4)
which in this form does not allow a three-dimensional analog
since the Weyl-tensor (W ;) vanishes identically. But an
equivalent form of the Bach tensor is

1 1
By =5V Cop + ERaﬂWM"f (15)
where C,,, is the three index Cotton tensor that serves as a

“potential” to the Weyl-tensor and is defined in any
dimension as

Cam/ = vaRm/ - vﬂRm/ - m (.g;wvaR - gayvﬂR>‘
(16)
In three dimensions, one has
1 b
C;w =5 Caﬂw (17)

2

and hence follows the equivalence of the H-tensor and the
three-dimensional version of the Bach tensor. This is a rather
unexpected result which says that when restricted to the
conformally Einstein (or conformally flat, which are the
same in three dimensions) metrics, the quadratic part of
NMG reduces to that of MMG. The quadratic part of NMG,
without the Einstein term, was studied in Ref. [19] as a
separate model. Note that in four dimensions the Bach tensor
is divergence free, but not so in other dimensions, including
three dimensions.

Before we move on to the higher powers, let us give a
rederivation of the uniqueness of MMG.

III. UNIQUENESS OF MMG

Suppose X, is a symmetric and divergence-free
(V, X" = 0) tensor, coming from the variation of an action
purely based on the metric. For the X-tensor to be
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divergence free, the action has to be diffeomorphism
invariant at least up to a boundary term as in the case of
TMG. We shall denote the traces without and index as
X =X,,¢". Using this tensor, we can build a symmetric
two-tensor quadratic in our given tensor as

1 ~ o~
YW = 5 77”/’671”T'7Xp1Xm; ’ ( 18)

where 5((”1 = Xy + ag,,X with a real number for now.
Note that with just one single parameter, the above Y-tensor
is in a specific form: The most general quadratic form reads

Y =X0X, + 19X 00X + 2 X, X + c3gm,X2. (19)
But taking this second form simply extends the length of
the following computations eventually resulting to the same
conclusion. Using

”ﬂ6p’7uaﬂ = _5”1/(56015/)/3 - 56,65/)05) + ya(éavépﬂ - 56ﬁ5p1/)
- yﬁ (56u5p(1 - 56a5pv)’ (20)

it is easy to show that (18) has all the required tensor
structures in it. Hence, we shall start with it. Then one has
X = (1 +3a)X, and the divergence of X" reads

Fon _ a 0%
VX" = g VR (21)

Using this, one can compute the divergence of Y*¥ as
V”Y’““ = n"p”n”’”)?pfvﬂffgn = n””’XpTZW”, (22)
where we defined a new tensor Z** as
7 = prPV X, (23)

Let us now check the properties of the Z-tensor. It is
traceless, but it is not automatically symmetric as can be
seen from

NuweZ = =V, X,* +V,X. (24)

But with the choice a = —%, ZM" becomes symmetric. So
we make this choice which yields X,, = X, — % gonX and
X=- %X . With these, one can compute the divergence of
Z,, as

V2" = PRy X g = UG X = S uX,t (25)

which is clearly nice as we have started to see the tensors
related to the metric, i.e. the Einstein or the Schouten
tensor. The last equation vanishes without the use of any
field equation (which we have not yet introduced) if X ﬂi is
of the form
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Xg' = agdy’ + ar S + 825" + a3 Szt + S’
[oe]
+ Zaisi/}l. (26)
i=5

Note that we do not introduce any derivative terms, as they
will bring in extra propagating degrees of freedom when we
build our field equations. We have separated the powers
beyond 4 as they will not yield independent two-tensor
structures, due to the Schouten identities, as shown below.
And moreover, for this section, let us stay at the quadratic
order and deal with the cubic and quartic order terms in the
next section. So X reads

X =3ay + a;S + a,S,. (27)
From X,, = 5(5,7 - 90;75( , one obtains the X-tensor as
Xon = —290y0 + a1(Sey = 9oS) + a2(S20y = 9o S2),
(28)
or in terms of Einstein tensor, one has
Xoy = =29a0 + a1G,y,
+02(G Ot + 5 G+ oty =90 ). 29
We assumed that the covariant divergence of X*¥ vanishes
which is possible if and only if a, = 0. Then the Z* reads
7" = a,C*, (30)
which leads to

vaﬂy = ”ynf}}prqu = al’/lmf(aogpr + alspf)cnp’ (31)

which vanishes on shell for the field equations

C;u/ = C]g;w + CZS;w + C3Y/4w (32)

which is just MMG with Y# = J* proving the uniqueness
of the theory at the quadratic order. Let us now move on to
the cubic and quartic powers.

IV. R? AND R* EXTENSIONS?

A. R? extension

Suppose we have the following deformation of TMG
and MMG,

1
O-G/w + Ag/u/ +/_lc;w + 711/41/ + 72’C/w = 0’ (33)

with the most general two-tensor &, built from the powers
of the Ricci tensor and not from its derivatives. (Needless to
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say, since the Ricci and Riemann tensors are double
duals of each other in three dimensions, one does not
consider the Riemann tensor.) Therefore, one has the
following tensor:

K}w = alR’;” + azgﬂbRg + Cl3RRgD + a4leR2
+ as¢”RR, + agR*R*> + a,¢" R. (34)

We should note that one can eliminate one of the terms
since not all of these, ostensibly, algebraically independent
terms are actually independent. The quickest way to see this
is to use the Cayley-Hamilton theorem. At the end of this
discussion, we shall make use of this theorem, but for now,
let us proceed with this form of the K-tensor. Its trace is
reads

IC = (al + 3612)R3 + (613 + ay + 3615)RR2
+ (ag + 3a7)R?, (35)

and its covariant-divergence can be computed as
Hv
V,K

s (3
= V”R<(a1 +a3)RE + <% + 2ag +%) RRM

a 3a a a
(e s (55 30)0ur)

+ R (3a;, VS, + a1V, S,")

+ R’MDRaﬁ((llvaSﬁﬂ ‘I— 2a4VﬂSﬁa)

+ RR" a3V, S} 4 2asV*S,,). (36)
For this divergence to vanish on shell of the theory (33),
one must see the appearance of the Cotton, Einstein or the
J-tensors. For this purpose, one should turn the last three
terms into the Cotton tensors and the terms multiplying

VR to the J-tensor. These, respectively, can be achieved if
one sets

a, +2a, =0, a; +3a, =0, as + 2as =0,

(37)
and
a, + az =k,
as +§l16 +§a4 = —k,
3 5
Cl4+26l5 +§Clz = —kCl6+Cl5 +6Cl7 :gk (38)

These reduce the divergence of the K*-tensor to
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VﬂIC/“’ = kJ"”VﬂR + alnﬁl/lXRaﬂRﬂpClp
+ a3 R* Ry C? + asn, )RR C* . (39)
where we have also made use of (16) and (17). The
penultimate term vanishes due to symmetries, and one
can combine the remaining two terms that have a Cotton

tensor using the three-dimensional identity valid for any
vector fp,

e = g Sy + ¢ Ey + gy, (40)

as
m"“RP p = 5{1}’7””"136,; +g7 "R, + gaﬁ’hmRafn (41)
to arrive at
V, KH = k(J*V,R + rw”RRW’Cﬁ/,). (42)

The trace reduces to a simple expression in terms of the
trace of the J-tensor as

__k 2 3 L
K= 2R(R”ﬂ 8R ) = —kRJ. (43)
The last two equations are all we need to find the K-tensor
that could possibly vanish on the TMG or MMG shell. It is
important to realize that the number k plays a crucial role
here. If kK = 0, then clearly without using the field equa-
tions, K*¥ is conserved, and it is traceless. Explicitly one
has

1 1
K = RY — 34" Ry — RRY' ~ SRR,

1 1 1
~¢"RR, + - R"R* - —g"R>. 44
+59“RRs +5 4 (44)
But this is a red herring; as the Cayley-Hamilton theorem
shows, this tensor is identically zero. Now consider a
|
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3 x 3 matrix A; then this matrix satisfies the same equation
as its eigenvalues:

A3 — (TrA)A? + % [(TrA)? — Tr(A?)]A — det(A)I5 = 0.
(45)

Taking the trace of this equation, one has the determinant in
terms of traces as

detA = —[(TrA)® — 3Tr(A%)(TrA) + 2Tr(A%)].  (46)

[N

These two equations for the matrix A = (R)) yield
K, = 0. The second option is to consider k # 0, and then
in (42), the second term vanishes both on the TMG and
MMG mass shell, but the first term does not vanish. One
could ask whether the theory, as in TMG, requires
VMR =0, which is not so, as is clear from the trace
equation (43). Hence, there does not exist a nontrivial
tensor cubic in the curvature that could be used to deform
TMG or MMG while keeping its single particle content
intact.

B. R* extension
The most general two-tensor built with the powers of the
Ricci tensor is
ﬁ”y = alRZD + azngRz + @RR@”’ + a4R2R’2“'
+ CZSR”DR3 + a6R’”"R3 + 617RMURR2 + agg””R4
+ aggRR; + aod“ R° Ry + ap ¢ R* +apgd”R3.
(47)
Due to Schouten identity and the fact that X* is zero, not
all terms are linearly independent in this tensor, but we shall

work with this general form and eliminate the dependent
terms later. Then its divergence follows as

5 L /33 } 1 }
V”E”D = <<Za1 +Cl3)Rl3l + <—612+—a6+a7>Rm/Rg + <a3+2a4+§a2>RR’;

4727y

3 1 1 1
+ <—a4 +-ay +305>R2R’w + <5615 +46111 +§a10>g’“’R3

4 2

2

1 1 3
+ <—Cl() + dg + ag>gﬂyR3 + <§Cl7 + ain + 261]0 +Za9>gMDRR2> V”R

+ RRy(a;V, Sy 4 4a1nV*S,) + RRY 4(a3V % + 3aV¥S,F)

+ RRI’”R/}”(@V,,S(,/; + 2a7vﬂS(lﬂ) + RZR#(I(CMV”S(IV + 2a10VUS
+ RgﬂR/)D(alvﬂS/}p +3a5V’S,/) + RY () V, S, + 4agV's
+ R!‘“R‘éﬂ(aIV”Saﬂ + za2vﬂsaﬂ)'

/,ta)

up )

(48)
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The terms in the last four lines can be written in terms of
the Cotton tensor only if the numerical parameters are
related as

a
a, = —7,
a;
ag = —?,
as
ay; = —7,
a;
ag = —Z,
as
ag = —?,
ay
ayp = 5
a
dip = ¢ (49)

The terms multiplying the derivative of the curvature
scalar gives rise to the J-tensor when the parameters are
tuned as

S5a 1 k
Tl+a3:—k613—za1+2a4:z,
! + 3a +§a _ ok
g BTG e
1 1 17
—Za4—|—§a5 +4Cl]1 :@k (50)

This linear equation set is solved for all a; in terms
of a; and k, upon use of which one arrives at the
divergence as

a v 1 v Q, 1
v, L = k(R” J) = 5gﬂ <R PJ o — §RJ))VﬂR

1 k ap "
+ (5611732 + <§ + 7)R2) v, J¥
— Cl]Rlevan + Cl]ﬂkyﬂRngkp (51)

and the trace as

L= ngf. (52)

From the trace, we learn that in general the curvature scalar
will not be constant since the J-tensor has the square of the
Ricci tensor in it, and hence we must set k = O for the first
term in the divergence to vanish since the term in the
parentheses is not generically zero. The other terms in (51)
vanish on shell. Once again, we seem to have gotten an
on shell-conserved tensor, but it turns out that this tensor
given as

PHYSICAL REVIEW D 93, 025033 (2016)
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v 1 v 5 v 3 (v v
E”D:RZ —zR’é Rz—zRR’; -l-ZRZR;Z _ﬂRM R3
L pory 42 perR, — L g, + 2 gerr,
3 ° 8 4 12
3 1 1
—Z#R2 —  "RY 4+ — vR2
89” R, 129 +89 R5 (53)

is identically zero, if one uses the fact that R/ K”, =0
which yields

1 1 1
RZIJ = gR”DR3 + RR};D + ERgURQ - ERWJRRZ

1 u 1
- -RY'R*+ _R"R? 4
SRER 4+ (54)
and its trace
4 1 5 5 1 "

Since £ = 0 identically, there are no nontrivial quartic
extensions of TMG and MMG. Beyond the quartic order, it
is easy to show that all the possible rank-2 tensors built
form the powers of the curvature can be written in terms of
the lower order ones [20]. To see this, let us denote the
traceless Ricci tensor as R, ; then one has

L 1 -~ 1~
L VU3, Mo DH3 PH4 DI 2 _
5[/;1;2;3;4]Ry3RD;RD;‘Ry; = ZR4 - ng =0, (56)
where the bracket represents the total antisymmetrization.
The result is just the same as (55) written in the traceless
tensors. The more important object is the rank-2 tensor

V\UaV3Vs Dy H3 PH4 PH RHI
6[#1#2#3#4]R"1 R”Z R”3 R”“ Ry

(PR .
= Z(Rs)i —ng(Rﬁ’ﬁ
1 ~ -
—ER3(R2)IJ =0, (57)

which proves the claim. Therefore, there does not exist a
nontirvial on TMG-shell conserved rank-2 tensor beyond
the quadratic one already found in Ref. [13].

V. CONCLUSIONS

In this work, we have made an exhaustive search of
possible deformations of the topologically massive gravity
beyond the minimal massive gravity, with the condition that
the single massive degree of freedom is intact, and have
shown that no such deformations exist. Minimal massive
gravity is a rather unique theory improving the boundary
behavior of TMG while keeping its bulk properties intact.
Therefore it is a candidate model which might have a dual
unitary boundary conformal field theory unlike the other
three-dimensional gravity theories. The model has been
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subject to recent works both in terms of classical solutions
and in terms of semiclassical analysis besides the ones we
quoted before in Refs. [21-28]. With this work, we have
also shown that it is highly difficult to construct on-shell
conserved rank-2 tensors in three dimensions, a question
which needs to be studied in higher dimensions. It would
also be of some interest to extend these models to the ones
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with two massive degrees of freedom, extending the work
initiated in Ref. [17].
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