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We develop the perturbation theory of double field theory around arbitrary solutions of its field
equations. The exact gauge transformations are written in a manifestly background covariant way and
contain at most quadratic terms in the field fluctuations. We expand the generalized curvature scalar to
cubic order in fluctuations and thereby determine the cubic action in a manifestly background covariant
form. As a first application we specialize this theory to group manifold backgrounds, such as SU(2) = $°
with H-flux. In the full string theory this corresponds to a Wess-Zumino-Witten background CFT. Starting
from closed string field theory, the cubic action around such backgrounds has been computed before by
Blumenhagen, Hassler, and Liist. We establish precise agreement with the cubic action derived from double
field theory. This result confirms that double field theory is applicable to arbitrary curved background
solutions, disproving assertions in the literature to the contrary.
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I. INTRODUCTION

Double field theory is the proper framework that makes
manifest the global O(d, d) symmetry of the low-energy
effective actions of closed string theory implied by T-duality
[1-6], including o corrections [7-9]; see [10-12] for
reviews. The original construction by Hull and Zwiebach
started from closed string field theory on a flat toroidal
background with constant metric G;; and Kalb-Ramond field
B;; and determined the cubic action [3]. By construction, this
action depends on the background, but it can be verified thatit
is actually background independent in the sense that any
constant shift of the background can +be absorbed into a shift
of the fluctuation, up to field redefinitions [5]. This property
is shared with the full closed string field theory [13]. A
unique manifestly background independent action can then
be constructed, which is valid to all orders in fields and for
arbitrary curved background solutions [5].

In this paper we develop the perturbation theory of
double field theory (DFT) around arbitrary solutions of the
field equations. We determine the exact gauge transforma-
tions of the fluctuation fields, and we expand the gener-
alized curvature scalar to cubic order in fields, thereby
determining the cubic action valid for arbitrary background
solutions. (The quadratic action was determined recently in
[14].) Employing the geometry of DFT, these results can be
written in a manifestly background covariant form, using
covariant derivatives and curvature tensors. This compu-
tation could be done in any formulation of DFT, but
it is greatly simplified by using the framelike geometry
developed by Siegel in [I] (and related in [15] to the
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explicit actions of [5,6]). In particular, the field variables
emerging from the frame field can be identified with those
emerging from closed string field theory around flat space
to all orders in perturbation theory, as was proved in [16].
Here we extend the results of [16] by taking the background
to be arbitrary.

There are various potential applications for the perturba-
tive formulation of DFT developed here, ranging from
quantum loop computations by the background field method
to cosmological perturbation theory for string cosmology. As
a first application we specialize to backgrounds given by
group manifolds with H-flux in order to clarify the cubic
theory determined before by Blumenhagen, Hassler, and
Liist in [17]. Their computation started from the Wess-
Zumino-Witten (WZW) model based on a Lie group G,
which is taken to be the background CFT about which a
closed string field theory action can be evaluated [18]. The
resulting cubic action takes the same structural form as the
original cubic action by Hull and Zwiebach, however, with
all basic structures being deformed due to the nonflat
geometry of the group manifold G.

More specifically, the following new features emerge:
(1) the “strong constraint” or “section constraint” originating
from the level-matching constraint is seemingly deformed,
involving derivatives of the background metric; (ii) the
gauge transformations and the gauge algebra are deformed
by the structure constants of G; and (iii) the action receives a
“potential” term quadratic in the structure constants. As the
basic structures are thus deformed relative to the original
cubic theory on which the background-independent DFT of
[5] was based, the results of [17] could be (and have been)
misinterpreted as implying that a more general, extended
DFT is needed in order to be applicable to certain nonflat
backgrounds. We will show here that no such extension is

© 2016 American Physical Society


http://dx.doi.org/10.1103/PhysRevD.93.025032
http://dx.doi.org/10.1103/PhysRevD.93.025032
http://dx.doi.org/10.1103/PhysRevD.93.025032
http://dx.doi.org/10.1103/PhysRevD.93.025032

OLAF HOHM and DIEGO MARQUES

needed: the cubic action obtained from the original back-
ground independent DFT by expanding about the appro-
priate group manifold background reproduces precisely the
cubic action following from string field theory for WZW
backgrounds.1 We thereby confirm, in particular, the validity
of the cubic couplings determined in [17].

The above conclusion reaffirms the applicability of DFT
to arbitrary curved background solutions. This is as to be
expected, because the group manifold backgrounds encoded
in WZW models are fully geometric: they are described by a
conventional metric and B-field. Thus, to leading orderin o',
the corresponding space-time action is governed by the
usual low-energy action for a metric, B-field and dilaton,
which in turn is completely captured by DFT [5]. Moreover,
not only is it possible to describe nonflat backgrounds in
DFT (and the closely related “exceptional field theory”
[20]), it also simplifies significantly their Kaluza-Klein
embedding into the higher-dimensional theory [21],
employing the notion of generalized Scherk-Schwarz com-
pactifications [22-24]. This in fact made it possible recently
to resolve longstanding open problems about the consis-
tency of certain Kaluza-Klein truncations [21,25-28].

In the remainder of the Introduction we summarize some
of our key technical results, in general and applied to WZW
backgrounds:

(i) We recall that the full background independent DFT

is subject to the strong constraint that for any fields
or gauge parameters X, Y

ﬂMNaMaNX = 8M6MX = 0,

01
MXD,Y = 0, r/MN—<1 0), (1.1)

where 7,y is the O(D, D) invariant metric, and
M,N =1,....,2D are O(D,D) indices. Upon ex-
panding around a background generalized frame
EM, where A = (a,a) is a doubled “Lorentz”
index, the “flattened” derivatives D, = E, "0,
emerge. Since the differential operator M9, is
second-order and the background E in general
coordinate dependent, the strong constraint gener-
ally does not take the same form in terms of the D,.
However, we show that for a large class of back-
grounds including the WZW backgrounds the extra
contributions with derivatives of E cancel, so that the
constraint reads

DD, = D°D, + DD, = 0. (1.2)
This agrees with the form of the strong constraint in
[17]. More generally, we clarify the nature of the

'We have been informed by the authors of [19] that this result
is also implicit in (and compatible with) the computation of their
Sec. V that relates an extended action to the conventional DFT
action.
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coordinates for WZW backgrounds. In contrast to
the cubic theory on toroidal backgrounds [3], there is
no physical doubling of coordinates because there
are no winding modes and, accordingly, the proper
identification of the physical theory requires solving
the strong constraint (1.2).

(i) The generalized diffeomorphism symmetry of the
frame field,

5§EAM - 2§EAM = fNaNEAM

+ (0Méy — OnEM)ELY, (1.3)
defined in terms of the generalized Lie derivative ﬁg,
gives rise to gauge transformations of the fluctuation
fields, which are given by h,; upon employing a
particular gauge fixing of the local frame trans-
formations. The gauge transformations of 5,5 then
take the form

5hal§ = vaé:l; - vl;éa + gchhal;
+ (V& = Ve hg + (V& = Vo) h,e
+ hyg(VeEd — VN g, (1.4)

where V are the background covariant derivatives
and &, = E,M¢,, the flattened gauge parameter.
These gauge transformations are exact, with no
higher order terms beyond quadratic order in A.
We will show that for the frame field of WZW
backgrounds, which we construct explicitly in terms
of the left- and right-invariant Maurer-Cartan forms
of G, the only nonvanishing (generalized) connec-
tion components are given by

- 1 . -z 1 ¢
®ap° :gfahcs W5 = —gfaz‘a , (1.5)

in terms of the structure constants f. Back in (1.4)
the gauge transformations then read

Shop = hyp + E feahgp — E fephg.  (1.6)

where §°h,; denotes the f-independent terms. These
transformations, and the corresponding gauge alge-
bra, agree precisely with those found in [17], with

the deformation in terms of f originating from the
background covariant derivatives.

A common misconception about DFT is that the appearance
of partial derivatives in the generalized Lie derivative (1.3)
implies that the theory is only consistent on flat space and that
for curved backgrounds the partial derivatives should be replaced
by suitably covariantized derivatives. This is not the case.
Covariant derivatives emerge automatically upon expanding
the properly background independent theory about curved back-
grounds.
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(iii) We expand the DFT action written in terms of the
dilaton density e = ¢/, /g and the generalized
curvature scalar R,

Sprr = / PPXe 2 (R(E,d)+ 1),  (1.7)

around an arbitrary background. The cosmological
constant A = — 3% (D —26) is nonzero in order for
the group manifolds to be proper string back-
grounds. The resulting action reads schematically

Sy = / PPXe (Lo + 4(1 = 20 YR hye

— 4Ry Py by + O(4)), (1.8)
where d is the background dilaton and @’ the dilaton
fluctuation, and we have only displayed terms
involving explicitly the background Riemann tensor
R.? The remaining terms denoted by £, are written
in terms of the background covariant derivatives V.
Again, specializing to WZW backgrounds and
inserting (1.5), the action reproduces precisely the
cubic action in [17].

Summarizing, the original formulation of DFT is suffi-
cient in order to describe the perturbation theory around
arbitrary curved backgrounds in a manifestly background
covariant way. In particular, the cubic theory following
from string field theory on WZW backgrounds as deter-
mined in [17] is perfectly consistent with the original DFT.
Rather than revealing the limitations of DFT away from
nontoroidal backgrounds and showing where it needs to be
extended, the string field theory computation confirms the
applicability of DFT to curved backgrounds. One may
wonder whether we can learn something from these results
about genuinely nongeometric backgrounds. It is known
from investigations of generalized Scherk-Schwarz com-
pactifications that in general this requires relaxing the
strong constraint [22,23,29].4 While there are proposals
of how to incorporate more general coordinate dependen-
cies into DFT [31,32], we still do not have a proper
understanding of the geometric and physical significance
of such truly extended spaces. Let us also note that
Ref. [17] constructs cubic actions away from the geometric
WZW backgrounds, in which a different doubling of

*We note that the background covariant Riemann tensor as
well as the covariant derivatives generally require undetermined
connection components which, however, drop out in the full
action and gauge transformations.

In a related context, recently the cubic action for closed string
theory compactified on a circle at the self-dual radius, with
enhanced gauge group G = SU(2) x SU(2), was computed
through scattering amplitudes in [30] and shown to be obtainable
through a generalized Scherk-Schwarz compactification of DFT,
without any need to deform the structure of the parent theory.
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coordinates is employed. We will comment on this in
Sec. IV. A more general proposal, put forward for instance
in [19,33,34], is to describe the background by a conven-
tional but doubled geometry, while the physical fields are
governed by a generalized geometry. We will discuss this
and the general issue of background independence in
Sec. V and point out that such proposals are problematic
in view of the physical requirement of background inde-
pendence (be it manifest or not). The rest of this paper is
organized as follows. In Sec. II we briefly review the
geometry of DFT and use this to derive the gauge trans-
formations of the fluctuations. In Sec. III we expand the
curvature scalar around an arbitrary background and
compute the cubic action. These results are applied in
Sec. IV to WZW backgrounds. We close with some general
remarks in Sec. V, while we summarize some explicit
formulas for the cubic couplings in Appendix A and some
results for the simplest WZW background (S* with H-flux)
in Appendix B.

II. DFT SYMMETRIES AROUND A BACKGROUND

A. Generalities of DFT

We begin by giving a brief review of DFT and the
framelike geometry that will be used in the following
subsections to expand the theory around an arbitrary
background solution. We refer to [1,15] for more details
on the frame formulation. The fundamental fields are given
by the dilaton density e=>¢ and the frame field E,*, which
are subject to the gauge transformations

5EAM - ngAM + AABEBM
= ENONEAM + (0MEy — OnEM)ELN + ALPERM,
B(e) = Dy (EMe24). 1)

Here &M = (§; &) is the generalized diffeomorphism
parameter with respect to which we introduced the gener-
alized Lie derivative ﬁ§ whose action on general O(D, D)
tensors is defined analogously. Moreover, A = (a, a) is the
flat index for the generalized local “Lorentz” group
GL(D) x GL(D), for which the independent gauge param-
eters are A,” and A,’. The frame field is subject to the
GL(D) x GL(D) invariant constraint that the tangent space
metric obtained by “flattening” the O(D, D) metric 1,y is
block-diagonal,

gab 0 >
=E,ME.N = . 2.2
Gap A LB NN < 0 gaB ( )

This metric is used to raise and lower flat indices. The
gauge algebra is given by the “C-bracket,” i.e.,
[0, 0z,] = O¢,,, Where
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1
=[5, Y = 8 Ovel! ~ YOnEY 5 £y
1
oo ey (2.3)

We record for later use that the C-bracket coincides with the
antisymmetrization of the generalized Lie derivative, i.e.,

[V, W]c = <2VW - zWV)’ (2-4)

N =

for arbitrary generalized vectors V, W. Next, we introduce
connections w and covariant derivatives V for the GL(D) x
GL(D) gauge symmetry. Writing E, = E,"9,, for the
flattened partial derivatives, we define

VuVp =EsVp +wap“Ve,

VAVB = EAVB - (DACBVC. (25)
One can impose covariant constraints in order to (partially)
express the connections in terms of the frame field and the
dilaton [1,15]. There are undetermined connection compo-
nents, but they will drop out of the DFT action. Without
repeating the details of this analysis, in the following we
simply summarize the form of the determined connection
components and invariant curvatures. These are most
efficiently written in terms of

Fapc= (‘CEAEBM)ECMv (2.6)
which are related to the generalized ‘coefficients of
anholonomy” Q,;¢ defined by

[Exs Egl¢ = Qug“EM, (2.7)
via the partial derivative of the tangent space metric,
1
Qapc = Fapc — EECgAB- (2.8)

Note that by the constraint (2.2) on G we have the special
cases

QaZJE = ]:.aﬁav Qap° = Fap© (29)
Using the antisymmetry of Q in its first two indices we can
also derive

‘Fcal; = _’FCZ‘I(I = _'Q‘cl}a = Ql;ca = ’FBCII’ (210)
and
Fbac = _fabc + Ecgab’
Fbca = fabc =+ Ebgca - Ecgba‘ (211)
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By repeated use of these relations one can then prove

1
]:abc = F[abc] + 5 (Eagbc - Ebgca + Ecgab)' (212)

We can finally collect the determined spin connections
wapc, Written in terms of F and the tangent space metric.
They are given by

a)glf;6 - _‘Fal;é’ w&b(? _f&bL
30(pe) = =F [abe)s 3050 = —Flaba,
1 1
WDa(be) = _EDagbcv wa(}?z) = _ED?IQI;D
wp? = —=F,, wp” = —Fa. (2.13)
where we introduced the shorthand notation

The covariant derivatives built with these connections,
together with the undermined projections, transform fully
covariantly under local frame transformations. They also
transform covariantly under generalized diffeomorphisms
acting on fields with only flat indices.’

We close this subsection by discussing the generalized
Riemann tensor, from which a generalized Ricci tensor
and a generalized Ricci scalar are constructed by taking
appropriate contractions and projections. The gauge invari-
ant generalized Riemann tensor can be defined as

1
Rascp = 5 (RABCD + Repag — wEABwECD)7 (2-15)
where
Rupep = Eawpep — Egwacp + CUACECUBED
- COBCECUAED - QABECUECD- (2-16)
From this we define
R =2R,," = 2R,
Ral; = 2R6a56 = 2Rcl_7ac7 (217)

where we refer to [1,15] for a proof of the equivalence of
both definitions for R. Again, without repeating the details
of this construction, we give an explicit expression in terms
of the above coefficients of anholonomy as

5Upon introducing Christoffel-type connections one may also
define derivatives that are covariant acting on arbitrary tensors;
see Sec. 5.3 of [15] and [35,36] for explicit expressions.
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1 1 1
= —4(E,Fi4-F2+-EE,G" —-Q2,.
R <a]-" +5Fa+ 3 EEVG = Qe
Ve pegnep 2.18
—E [abc]+§ g bgac ) ( . )
Rup = E;F o — EeFp + F 3 F s = FpaFeo (2.19)

These expressions are not symmetric in unbarred and
barred indices, but by using identities implied by the
strong constraint, some of which we will discuss below,
it can be brought to a fully democratic form. The DFT
action finally reads

SDFT = /dZDXE_zd(R + /1), (220)

where A is an arbitrary (cosmological) constant. Since R is
a scalar and e~2¢ a density, the gauge invariance is manifest.
The field equations for the dilaton and the frame field are
given by R = —1 and R ; = 0, respectively.

B. Background expansion
We now investigate DFT expanded around an arbitrary
background solution. As in [1,16] we expand the frame
field so that the fluctuations carry flat indices, writing
EAM :EAM—I’ZABEBM, (221)
where E,M is a general X-dependent background solution
of the DFT field equations. We can take this expansion to
be exact. The dilaton is expanded around the background
value d as
d=d+d, (2.22)
where d' is the fluctuation. In the following, when it is clear
from the context whether we consider the full field or the
fluctuation, we will drop the prime on d. Moreover, we use
the background tangent space metric G,5 = E,MEp), to
raise and lower flat indices, and we introduce the notation
In addition, all expressions introduced in the previous
subsection for the various geometric quantities have a
background counterpart in this and the following sections,
generically indicated by a bar or straight letters. For
instance, for the F ,pc defined in (2.6) we write for the
background version

Fapc = (2EAEBM)ECM’ (2.24)

which can be computed to be
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_ _ 1 _ _ _
Fupc = 3D EgM Ecpy + 3 (DaGcp + DcGap — DpGac)-
(2.25)

It is straightforward to prove from the definition (2.24) that
the commutator of flattened derivatives is given by

[D4.Dg) = F45“De. (2.26)

We also define

Fy=0yEM -2D,d. (2.27)
The explicit expressions (2.13) for the connections then
apply equally to the background connections, just with F
replaced by F, etc. We denote the corresponding back-
ground covariant derivatives by V and the background
curvatures by R.

We close this subsection by stating and discussing
further identities satisfied by the background structures.
Specifically, we have the Bianchi-type identities®

DADA + FADA - O, (228)

3 E
DisFpcp) — ZF[AB Fepie =0, (2.29)
2D[AFB] —DcFABC—FcFABC - 0 (230)

These can be verified by straightforward computations
using the strong constraint. As an illustration let us discuss
the first relation, which we will discuss further for WZW
models. To this end, we have to translate the standard
constraints,

MoyX =0, MX0yY =0, (2.31)
which hold for arbitrary X, Y, into flat indices. For the
second form we immediately get the flattened version

DAXD,Y =0, (2.32)
by expressing the derivatives in terms of flattened back-
ground derivatives. For the first form, however, one obtains
extra contributions,

MOy X = EAMD,(EB  DpX)
= E'MEB, D,DpX + E*MDEB, DX
= DAD,X + D,G*DyX — D,EAMEB D pX.
(2.33)

®Here, these identities are given for the background objects,

but completely analogous relations hold for the full quantities in
the background independent theory.
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In the second line, the second term can be used to change
the differential operator into D,DA. The last term is
nonvanishing in general. However, rewriting this term with
(2.27) in the form —D,E*,, = Fy; + 20,,d, the dilaton
dependent term drops out by the strong constraint, and we
obtain
This proves Eq. (2.28). For the special case F, =0 and
constant G, which we will see to be satisfied for WZW
backgrounds, we conclude
DD, = D,D* =0, (2.35)

which coincides with the constraint used in [17].

Finally we turn to another, quadratic identity for the

F,pc, that holds whenever the tangent space metric is
constant and F, = 0. We compute from (2.25)

FABCE  pee = 3(DAEB ) ECM + DCEA, EBM
+ DBEC EAM\D,EgNEcy

— —68NEBM8MEBN, (236)

where we used the strong constraint. This is generally
nonzero, but it does vanish for the special case Fy =0,
which implies 9,,E,* = 2D ,d. To prove this, we use the
latter condition and the constancy of the O(D, D) metric,
0 — aMaN(EBMEBN) — 26M8NEBMEBN + (9MEBM6NEBN
+ 3NEBM8MEBN
= 4DBDBC_Z "‘ 4DBC_lDBC_Z + 5NEBM8MEBN

— 8NEBM3MEBN, (237)

using that the strong constraint implies D*D, = 0 under
the same assumptions. We thus conclude

FABCF ype = FOF . + FAPF 5. =0, (2.38)
so that we can write more symmetrically
1 o

FabCFabc - E(FabCFabC - FabCFal_JE)' (239)

Note that the unusual sign is due to the indefinite signature
of the tangent space metric (2.2).

C. Gauge symmetries around arbitrary backgrounds

Our goal in the rest of this section is to determine the
symmetry variations acting on the fluctuations A, and d’
and to write them in background covariant form. Let us first
note that taking the gauge parameters &Y and A, to be of
zero order in the background expansion (as indicated by

PHYSICAL REVIEW D 93, 025032 (2016)

bars), the gauge variations of (2.21) and (2.22) yield for the
background

(SEAM - EEEAM + /_\ABEBM,

60 = B0~ 5 O (2.40)
In general this should not be interpreted as an additional
physical symmetry because the background is not allowed
to transform. If, however, there exist ¥ and A, so that the
above right-hand sides are zero, these are global sym-
metries (generalized Killing symmetries), acting nontri-
vially on the physical (fluctuation) fields. Let us compute
their symmetry variations, starting with the dilaton.
Shifting &M — EM 4 M where the new &Y represents
the first-order part, we obtain from (2.1),

Szd + 8zd + 5:d' = (EY + EV)Oy(d + d')

1 -
—SonE ), @4
taking the background dilaton d to be invariant under the

first-order variations with respect to &Y. Expanding both
sides and using the second equation in (2.40) we read off

Szd = ENOyd',

Sed = ENOyd + ENOyd' — %aNgN. (2.42)
We infer from the first equation that under background
diffeomorphisms d’ actually transforms as a scalar. Next, let
us rewrite the first-order gauge transformations of &' in
background covariant form. Flattening the indices with the
background frame field in the second equation above, we
obtain

- 1 -
5§d/ - gADAd + fADAd/ - EaN(éAEAN)
1
=&Dyd - 3 (DA&* + F &)

=&V, d - %VA&“, (2.43)
where we identified the trace parts of the background
connections; c.f. the last line in (2.13) and (2.14), and we
used that since d’ is a scalar under background diffeo-
morphisms, V,d' = D,d.

Next, we turn to the symmetry transformations of the
fluctuations A 4. First, one finds in complete analogy of the
above discussion that under background generalized diffeo-
morphisms_and background frame transformations with
respect to A48,

Shap = EVOnhap + AChep + ApChye. (2.44)

025032-6
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Thus, h,p transforms as a scalar under background diffeo-
morphisms and as a 2-tensor under background frame
transformations, as indicated by its index structure. In the
following we focus on the nontrivial part of the gauge
symmetries, setting the background parameters to zero and
treating the gauge parameters &Y and A4® to be of first
order. Again, in this computation the background is taken
to be invariant, SE,” = 0. Inserting the expansion (2.21)
into the gauge transformations (2.1) we then obtain

~6haPEgM = EVON(EAM — hyPERM)
+ (OMEy — OnEM)(EA™ — hyPEg")
+ AB(EgM — hgCEM). (2.45)
Multiplying by the inverse background vielbein this reads

Ohyp = —(ﬁgEAM)EBM + ENONhyp — hAC(ﬁéEBM)ECM

To simplify this we note with a quick computation, using
the generalized Lie derivative (2.1),

(z.EEAM)EBM - (zgc‘ECEAM)EBM
= E(Lp E™)Epy

— DuEGep + DpECGea. (2.47)
Thus, in terms of (2.24) we have
(2§EAM)EBM = —DEGep + DpECGes + EF cap.
(2.48)

Organizing the terms in (2.46) we obtain the gauge
transformations

Shyp = DpGeg — DpECGes — Mg + MyChep
+ EDehyp + DpEChac — DCEPGpghac

~ & Fcap — EPFpgChac. (2.49)
Note that in general the tangent space metric G is X
dependent and so cannot be moved inside partial
derivatives.

We next discuss an important simplification of the
perturbation theory that employs a convenient gauge fixing
of the GL(D) x GL(D) symmetry. In order to motivate this
gauge condition, note that to lowest order the frame
transformations act as a Stiickelberg symmetry on the
“diagonal” components,

"Note, however, that in general E,EE WM £ 0.
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Shyy=—Ny5.  Sh,y = Shy, = 0.
(2.50)

6hah = _Auh’

Thus, we can choose a gauge for which

hay = hz; = 0. (2.51)
This condition has consequences from the constraint (2.2)
stating that the tangent space metric is block diagonal,

gaB = (EaM - haaEaM)(El’aN - hEdEdN>’7MN

= —hp, —h,; = 0. (2.52)
From this we conclude that h,; = —hj, describes the
independent physical fields encoded in the frame field.
This is as it should be, for it describes D? degrees of
freedom, the sum of the metric and b-field fluctuations,
which are the only physical fields besides the dilaton.

The above gauge fixing requires compensating local
GL(D) x GL(D) transformations, because a general dif-
feomorphism with parameter &Y does not preserve the
gauge condition. One quickly finds with (2.49) that the
needed gauge parameter takes the form

Aab = Daé:chb - Dbécgca + Dbéahaé

— DEG e — EFcap — EPFpythee,  (2.53)
and similarly for the barred one. Inserting this gauge
parameter into (2.49), specialized to external indices ab,
one finds

Shap = Dol Grp = D& Gog — EF o + EDchyj
+ DpEhye — D°EGyphye + D Eh,p
— DG uhe, — EPF pyhaz = EPFpa©hy
+ DE hyzhey, — D°E hazhy — EPFp©hazhep,
(2.54)

where the terms are organized in increasing powers of /.
This is the final form of the gauge transformations for /.
Note, in particular, that we obtain at most terms quadratic in
h to all orders in perturbation theory. This was established
for the expansion around flat space in [4], but now we see
that this is true also for the expansion around a general
background.

The above gauge transformations are the complete trans-
formations for arbitrary backgrounds, and it is illuminating
to rewrite them in a form that is manifestly covariant under
generalized diffeomorphism transformations of the back-
ground. We will show in the following that the above gauge
transformations can be written in terms of the background
covariant derivatives. To illustrate this, let us focus first on
the inhomogeneous, field-independent terms in the first line
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of (2.54). We find, using the antisymmetry relations (2.10)
and identifying the connection components (2.13),

D&Gp = D& Gea = EF cap = £ Fap
= (Da” + Foi®€")Gep = (Dp& + Fi4°€")G e

5 ch — vbfL g(,a

V&5 — Vié,. (2.55)
Here we used in the last step that the background tangent
space metric is covariantly constant and can hence be moved
inside the covariant derivative to lower the index on the
gauge parameter.

Similarly, for the terms linear and quadratic in 47 one may
replace the flattened partial derivatives by covariant deriv-
atives, adding and subtracting the necessary connection
terms. Using identities such as (2.12) one can verify that the
connection terms precisely cancel against the explicit F
terms in (2.54). Importantly, undetermined connections are
needed, but one may verify that they drop out in the full
expression. The complete final gauge transformations then
take the form

hap = Valp = Vi, + EV chyy + (V&6 = V&)
+ (V3 = V& hye + hyy(VeEd = NEN R ;.
(2.56)

Comparing with the complete perturbative DFT gauge
transformations around flat space given in [4], we infer
that they take precisely the same form, except that the
partial derivatives are replaced by covariant derivatives.
Let us finally discuss the gauge algebra of these
perturbative gauge transformations. The gauge algebra is
changed compared to the background independent (2.3)
because the gauge parameters are redefined. This redefi-
nition is simply given by the flattening of the vector index,
which implies that the gauge algebra is redefined in the
same way,
1 " -
12 _é :E([’fzéllu _‘Cflégl)EMA7 (257)
where we used the form (2.4) for the C-bracket. Expanding
the gauge parameters in the frame basis E,¥ this becomes

1 _ _
= 3 (EBERNON(ETECM)

+ (OM(E Epy) — On(EERM))ETEN
— (1:2)) By
1
=5 (B Fpc* +28 Dyt — &P — (162)),
(2.58)
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where we used the definition (2.24). Rearranging terms, we
have thus shown

1
&y = E8Dp&l — E¥DRE) — EfZBDAé?

1
+ E'leDAfg + Fip"E5 &S (2.59)
We infer that the algebra of gauge symmetries expanded
around a background carries a “deformation” characterized
by the background “structure constants” F 5. This will
become important in Sec. IV when we analyze WZW
backgrounds.

III. BACKGROUND FIELD EXPANSION
OF THE ACTION

A. Expansion of generalized Ricci scalar

In this section we will expand the background indepen-
dent DFT (2.20) about an arbitrary background and find the
effective theory for the perturbations to cubic order. The
generalized Ricci scalar in the framelike formalism of DFT
was given in (2.18),

1 1
R = —4<E Fo4-F2+4- SE E,,Q“”——Q2

2 abc
iQZ +1EagbCE g (3.1)
12 ~“labc] 8 bJac |- :

Using the expansion ansatz introduced in the previous
section, we split the generalized frame and dilaton as

M - (PABEBM, d - (_1+ d/, (32)
in background pieces E,¥ and d and fluctuations around
them, ®,8 = §,% — h,® and d'. This in turn allows us to
decompose the following quantities that enter the action

Fo=F,+D,8F,,

1

Qupe = Qupe + 4P DRED <FDEF - EDFQDE> . (3.3)

where the hats indicate that the objects depend only on
derivatives of the fluctuations,
Fy=Dpd,P

—23,5D,d, (3.4)

QABC = 2(I)[A|DDD(I)|B]EQEF®CF + @CDDDQ[AE(I)B]FGEF.
(3.5)

In this section we will everywhere assume that the back-
ground metric G, is constant, which can be viewed as a
gauge fixing condition for the background GL(D) x
GL(D) frame transformations. This in turn implies with
(2.25) that
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Fapc = Flapc)- (3.6)
Note that these tensors (in the following sometimes referred
to as fluxes) are generally X dependent.

After using the described GL(D) x GL(D) gauge fixing
(2.51) in which the fluctuations are constrained to satisfy
ha, = hgp = 0and h,;, = —hj,, itis easy to see that the flat
metric G, is exactly quadratic in fluctuations

gah = Gah + haahh67 (37)

Ga Gai; + hah.p. (3.8)

S
I

As before, we adopt the convention that flat indices of
the background and fluctuations are raised and lowered

PHYSICAL REVIEW D 93, 025032 (2016)

with G,5. The inverse flat metric receives an infinite
expansion

gab — Gab _ haEth 4 0(}14)’ (39)
g&lazgal}_hc&hd_}+o(h4)7 (310)

but to cubic order the terms quartic and higher are not
needed. The flat derivatives now take the form

E[l :Da+hban, (3.11)

which are exact. Moreover, we find

Fo=F,—hF; —Dzh,’ —2D,d +2h,’D;d', (3.12)

Quie = Fape + h?eF pg = 2D (gl + 2hi "D ahyye + Doy hye — heDghi thy,

+ 20, TF gz + 20 hif Fyjoq + @ hy F g e + hyhyh! . Fay

Q[abc] =Fupe — 3h[aanc]5l + 3D[ahb(_jh

c

2= 3 Dahythae + 3hy Wy F gaz — h@hyth T F 5.

(3.13)

(3.14)

Finally, plugging the decompositions (3.7)—(3.14) into the generalized Ricci scalar (3.1) one obtains the expansion in
fluctuations to cubic order. To present the result in a more readable form, we decompose it according to the powers of

perturbations,

R:R0+R1+R2+R3»

(3.15)

where the label indicates the power counting in perturbations £, and d’. We now drop the prime on the dilaton, d’ — d, as it
is clear from the context that it denotes a fluctuation. All in all, we find

1 )
Ro = —4D"F, = 2FF + 3 F"F gy + F"F 5,

(3.16)

R, = 8DD,d + 4D°D%h,, + 8DdF, + 4DF%h,, + 4D°h,*F, + 4D3Fh,,

+4D%h,F, — 4D WP 4y + AF Foh g + 4FP0F P hyp,

(3.17)

R, = =8D*dD,d — 8D*D%dh,, — 8D*dD%h,; — 8Dh, Dad — 8D*D*dh; + 2D*DPh,hy, + 2D DYy h,,
— 8DYdF%h,;, + 2Dh, D’ hy; + 2D*hP2D  hyy — 4D DPhe; s — 8D dF*h,, — 2D*h®,DPh,; + 4D FPh, % hy,,
+4Dh, A Fb hyy 4+ 4AD“hP Fyhyy — 4D FPheyh,; — AD%he,FP h; — ADh® Fh,y — 2D“hYF .,
—ADYKPAF PR,y 4+ ADYRPAF P h ; — 2D hPF P hyy + ADPhPF ;P by, 4 2FFPhyhy,, — 2FAFPhe h ;
— 2FabeF abp, o 4+ 2FWAF ChPh 4 2FWAF bp o p o 4 QFbAF Pep chy 4 2FAAbE ThRbop,

+ 2Fam;Fabahaath»

(3.18)
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Ry = 16DdD%dh,; — 8D*Ddh,hy,; — 8D*dDPh,hy; — 8DdDYh,%h,,
+8D*DPdhe ;b 5 + 8DAD? h*;h,; + 8D*dDPh5h,, — 2DDh,Phb b,
—4DDR? b, hy; — 2D*D R h ;b — 8D AF h, 2 hyy — 4D%h, A DPRY 5 by
— 4D Dok hy; — ADCh D hyshyy — ADh, DR shy; — 4DRPADP by h
— 2D D, h? 4 hy; — 2D D PP by hy, + 8D AFP h 4 h,; — 4D FOh,Ph 4 h,;
— 4D R, AF P hyy — ADRYAF  h,Phyy — ADRPAFPhyohyy — ADAFh,PhY ;hy;
—ADAhF kP hy; — ADAhe  FP h,Phyy — ADPhPFP hyohy; 4+ 2DChYAF P he b
—2DhYAF P hy s hon 4 ADhYAF L, h s,y — 4DYhYAF ¢ hyPhoy 4 4DChYAF . h,Ph;
—ADRPAF b eh s hy. — ADARPF P by h y — ADPhPF Ehb by — ADPh F3P%h by,
+ 2D hPF  fhP s hye + 2D WP F b2 h oy — AFCFOh,Phb by + 4FCF 4ap, b Ph 5
4

3 FOF N haahyphee = AFPUF oy h she + 4F T e hyph ahee

—AFabap cbp opCh . 4 AFWAREhEy S p o AFGabE Edp pbop o (3.19)

It is a long but straightforward computation8 to verify, as a consistency check, that the expanded Ricci scalar indeed
transforms as a scalar with respect to the gauge transformations of the fluctuations (2.43) and (2.54),

SR = &#D,R (3.20)
to cubic order, provided the strong constraint holds and making repeated use of the relations (2.28)—(2.30).

We now want to rewrite the background expanded Ricci scalar in a background covariant form. To this end, we have to
use the full background Riemann tensor

Rascp = 5 (Rapcp + Repap — @pap®®cp), (3.21)

with

Rupcp = Da@pep — Dpdacp + Wac*@pep — @pc” @app — Fap" @pcp- (3.22)
The procedure is straightforward: we simply replace flat partial derivatives D, by background covariant derivatives V , plus
the compensating background generalized spin connection terms. After this, most terms with spin connections cancel
among each other, and the rest combines into nonvanishing components of the background generalized Riemann tensor
(3.21). We note that this requires using projections/contractions of the generalized Riemann tensor that contain
undetermined connection components, but as for the gauge transformations, they drop out of the full action. After some

algebra we find for (3.16)—(3.19)

Ro = 2R, (3.23)
R, = 8VV,d +4VVih,, + 8R™a h,., (3.24)

R, = —8V*dV ,d — 8V°h,*V d — 8V°h,.Vd — 8h,.V'V?d — 8h,, VNV d+2Vh, NV h,, + 2V hbaV b,
+4h, VPV @ — 2V 0 NP h ;= 40, VANV hey 4 4k, hy R, + dhyghy; ROED, (3.25)

*We have benefited from CADABRA [37] in this and other computations in this paper.
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Ry = 16h,,VdVed — 8h,; VP 1,2V d — 8h,;Vh,?Vd — 8h,%h,;VV’d
+ 8h,,VPh Vd + 8h, VP h NP d + 8K 1h ; VPV d
— 4h VR by — A, VRPN s — 4D,V hy NP RG — 4k VPR, PV R
— 4h VPRV by — 4R, 2k VNP R — Db,k VOV R — 204 h VPV b
= 2haahy; VPN — 204k 5NN P — Ak Gy ph  ROPC — Ak, 3Rt Ry R, (3.26)
Notice that R, is proportional to the background generalized Ricci scalar, and R ;¢ is the background generalized Ricci

tensor. The last term in R, turns out to vanish due to algebraic Bianchi identities satisfied by the Riemann tensor [35,38], so
we will neglect if from now on.

B. Expansion of the DFT action

Having at hand the background field expansion of the generalized Ricci scalar in a background covariant form, we are
now ready to compute the action to cubic order. We first write it in the following form

S = / dXe (L + 7)), (3.27)
where
4
L=TRy+R,—2dRy+ Ry —2dR, + 2d*Ry + R3 — 2dR, + 2d*R, — §d3R0, (3.28)

decomposed as a sum of £, , where (dy, hy) represent the powers of d and h,; respectively. For this computation it is
instrumental to recall that

MV Ve =td., e 2V,Vi =td., (3.29)

where “t.d.” stands for “total derivative,” so any term of this form can be dropped. With this in mind, we find

Loy = —2R%,,, (3.30)

Lio=4dR®,,, (3.31)

Loy = 8R™P g, (3.32)

Lo = —8dVV,d — 4d*R?,,, (3.33)

Ly, =—8dV*Vh,; — 16dR™? I, (3.34)

Lo = =2Vh, N, ke — 20PN by + 2V b, N h? — 81, VN b, @ + 4h, 3, R, (3.35)
L3 =8d°VV,d + §d37‘zab,m, (3.36)

L, = 16dViVdh,; + 16d2R% by, (3.37)

L1 = —4d[Vh, NV by 4+ VRN Jhyy — VR NP b+ 20, (VPVORE = VOVPR) + 20,3, R ], (3.38)

Lo3=—4h,s(VRPNh,; —Nh, VP RbE NP pabNap, - 4 pbaaGPly, Y —ah dhy o b RO —4h, @0t hy REP .. (3.39)

Recall that using the background field equations
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R4+1=-=2R?,, +1=0,

PHYSICAL REVIEW D 93, 025032 (2016)
Rap = 2Rap” =0, (3.40)

some terms in the action vanish, and one arrives at the background covariant cubic action

S = / dXe 242NV, N hbe — 2NN hba . 42Nk N het — 8VIeVP p, ah o + AR by h,,

—8dV V2, — 8dV N yd — 4h, 5 (VO hANP hyy — VI, VAP — P paaPp, . 4 VIeGaRb b, b

—4Rabacp bp, hp —8dRWE hyihy — 4d[N hygVpht V1N by — N h9@P R g + 20,5 (VPVORE = VPV Ra,)]
3

+16dVVdh,; + 8d*V°V d|.

This is the final form of the complete, background
covariant cubic action, which may be specialized to an
arbitrary background solution.” For applications it may be
more convenient to have a form in which the action is
written out explicitly, separating background connections
in covariant derivatives and curvatures. We give such
expressions, and equivalent ones in which barred and
unbarred indices are on the same footing, in Appendix A.

IV. WZW BACKGROUNDS

A. Generalities on group manifolds

We start by briefly reviewing the relevant aspects of
group manifolds G. Let the Lie group G with Lie algebra g
have generators ¢,, a = 1, ..., n = dim g, with Lie bracket
and Cartan-Killing form
[tav tb] = fabctc’ Kab = <ta7 tb> = _facdfbdc‘ (41)
The quadratic form is invariant under the adjoint action of
g € G on g defined by

grgt =1tbg, %, (4.2)
where g,” is the group representative of g in the adjoint
representation. Invariance means that for any X, ¥ € g we
have

(9Xg~'. gYg™") = (X, 7). (4.3)
We introduce a group-valued function y(x) € G, depending
on the coordinates x’, i = 1, ..., n, of the group manifold.

This can be used to define a g-valued right-invariant
Maurer-Cartan form and the corresponding metric on G by

-1 a

€ ta?

Oy, aj}’i’_1> = eiaejbkab- (4.4)

diry
Gij

*We have verified that the quadratic part of the action agrees,
up to an overall normalization, with that given in [14] upon
identifying 6P — —h,j — hy;z-

Thus, the Maurer-Cartan form e;* can be viewed as a
vielbein for the metric g;; on G, and can be expressed as

e = Oyt 1). (4.5)

Under the following group action by rigid ¢;, gr € G

v = 9urgrs Qv = g @iy gt (4.6)
we see that ¢;* is right invariant, while it transforms under
gy, (in the adjoint representation) as indicated by the index
a. Since the Cartan-Killing metric x,, is G invariant, it
follows that g;; is invariant under G;, X Gg, the isometry
group of G. Similarly, we can define left-invariant Maurer-

Cartan forms by

y~ oy = ety
9= (r 0.y 0py) = 8% Py (47)
and thus
e = (y'0;y,1%, (4.8)

where we introduced a notation of barred indices in order to
indicate that it transforms under (4.6) in the adjoint
representation of Gg, while it is invariant under G;.'"
The G x Gp invariant metric g;; is the same as that
defined in terms of ¢;%, which follows from the fact that
both “vielbeine” agree up to a G-transformation given by y
itself,

éiﬁ = yaaeia7 (49)

where y,” is the representative of y in the adjoint repre-
sentation according to (4.2). These relations are easily
verified: starting from the right-hand side of the first
equation we compute

""We emphasize that at this stage there is no difference
between unbarred and barred indices. Both refer to the same
Lie algebra g. However, this notation will be convenient
momentarily in the doubled formalism.
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(r ‘e = (r)a" ("0, %) = (y~' 0.y ~"1%)

= (Ory~!.1%) = e)“, (4.10)
where we used the adjoint action (4.2) and the invariance
property (4.3). The analogous computation proves the
second equation above. Further useful relations follow
from (4.4) by taking y to be a matrix in the adjoint
representation,

@) =0 (r )at = €(ta)s" = =€ fa’.
(4.11)
from which we conclude D,y,° = —f,, 7. with the

flattened derivative D, = e,';. The analogous computa-
tion can be performed for (4.7), and one finds in total

Da(r ") = fap“ (r )"

In the following we need identities for the derivatives of
the Maurer-Cartan forms. We compute from (4.5)

DaybE = _fabcycﬁv (412)

Oiej" —0je;" = 2<_a[ﬂ/7—1ai]77—lv %)
= [0y, 9jrr™'].1%)
= <eibejcfbcdtd7 1)
=ele;/ fp". (4.13)

Comparing with the standard torsion constraint that deter-
mines the Levi-Civita spin connection we infer that the
latter is determined to be (in flattened indices)
ol = 5 1 fupe- Another useful relation is obtained by

contracting the above equation with e,/,
e (0;e"

i€ — 8j€iu) = O, (414)
using the unimodularity condition f;,,* = 0, which holds
for any Lie algebra with nondegenerate Cartan-Killing
metric, as assumed here. The analogous computation for

the left-invariant form shows

9,27 — 02

ie; ; (4.15)

We note that this differs from the result (4.13) for the right-
invariant form by a global sign. Consequently, the spin
connection has the opposite sign, so that we have shown in
total that the connection components associated to the
right- and left-invariant forms are, respectively,

_ 1

abc_ fabu w _5 aber (416)
where we indicated by the superscript L that these are the
conventional Levi-Civita spin connections, as opposed to
the generalized connections of DFT.
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B. Frame field for WZW background

We are now ready to define the generalized (background)
frame field of DFT for WZW backgrounds, which has also
been given in [191." It can naturally be expressed in terms
of the left- and right-invariant Maurer-Cartan forms,

- €iq + Bi'eaj eai
EM = < o ) (4.17)

—€;z + Bjje; e
where the flat indices are raised and lowered with the

Cartan-Killing metric k. Moreover, B;; is a two- form whose
field strength H = dB in flat 1ndlces is given by

abc: fabca B :_fab (418)

Such a two-form is locally guaranteed to exist up to gauge
transformations, because the Bianchi identity is satisfied:

40;H jr) = —12(0pie;*)ex" e fave

= _6e[idejeekbel]cfdeafabc =0, (4.19)
using (4.13) and the Jacobi identity. By a straightforward
computation one may confirm that the above frame field
leads to the background tangent space metric

5 _<2xab 0 >
S | TR, Py

thus satisfying the constraint (2.2). Due to the relative
factors of £2 in here one has to be careful when translating
index contractions with G to index contractions with the
Killing metric. Moreover, it is evident that we have
effectively fixed a gauge for the GL(D) x GL(D) sym-
metry, which is reduced to a global G; x Gg, and for which
the flat background metric is constant."

Let us now determine the background F 43 defined in
(2.24). Owing to the relative sign in (4.16) and using (4.18)
one finds by direct computation

(4.20)

F&bc = 07 Fa[_)Z‘ =0. (421)

In order to prove this one has to make repeated use of the
relations (4.9) between ¢;* and ¢;“ and the invariance of the
structure constants under the action of y,%. On the other
hand, for the diagonal components, the spin connection and
H contributions combine,

"See also [39] for earlier results on WZW models and doubled

geometrles
2Both forms are equivalent. This follows from (4.9) since the

conversion of barred to unbarred indices is governed by the G-
valued matrix y,%, under which the structure constants are
invariant. _

“While the metric G4 is even invariant under local G; x Gg
transformations, the perturbative action is only invariant under
the global subgroup.

025032-13



OLAF HOHM and DIEGO MARQUES

Fope = _2fabc7 Ft'liaE = _ZfﬁI;E' (422)
We recall that one has to carefully consider the index
positions in order to compare quantities. Here, for instance,
on the F,pc on the left-hand sides indices are raised and
lowered with the background tangent space metric (4.20),
while on the structure constant the adjoint indices are raised
and lowered with the Killing metric. Thus, taking into
account the relative factors of £2 in (4.20), we infer

Fop ==fap” (4.23)

Fap® = fap"
In this form we can compare with Eq. (2.63) of [17] and
confirm in particular the relative sign difference. These
components determine the (traceless parts of the) back-
ground connections according to (2.13) in terms of the
structure constants.

Next we determine the trace part of the background
connections by computing F in (2.27). We have to use that
the background is independent of X and that the scalar
dilaton ¢ vanishes in the background, implying e=2¢ = /.
We then compute

Fi = €iaFa = ei"ajeaj - 2813 = eiaajeaj + eajaiej”
- eaj(aieja - ajeia) - O, (424)

where we used (4.14) in the last step. This implies F, = 0.
An analogous computation shows F; = 0, so that we have
proven in total

FA - O@EMAFA = —DAEAM - 28MC_Z = 0, (425)
where we recorded an equivalent form of this statement,
which is sometimes more useful. Thus, the trace part of the
background spin connection vanishes, @4 = 0.

We now can read off from (2.18) the background
generalized Ricci tensor and curvature scalar in order to
confirm that the WZW background solves the field equa-
tions. With (4.22) we infer

_ 1 11 1
R = FF . ==4=f%f,,. =—dimg,
3 abc 3 Sf fabc 6 mg
R, =0, (4.26)

where we recalled in the first line the relative factors of j:%
originating from (4.20) that yield an additional 2% when
converting a contraction with G to a contraction with x%°
as employed in the last step. We conclude that the DFT field
equations are satisfied provided we choose the cosmologi-
cal parameter to be 4 = —%dim g, which corresponds to
string theory in a noncritical dimension."*

"“Here we have suppressed possible noncompact dimensions.
For the inclusion of a Minkowski space factor and the corre-
sponding analysis of the critical dimension see Appendix B.
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We conclude this subsection by writing the strong
constraint for the WZW backgrounds. Since by (4.25)
we have F, = 0, it follows from (2.28) that

DAD, = DD, + DD, =0 (4.27)
holds in general, acting on arbitrary fields and their
products. This constraint takes the same form as that given
in [17], again confirming the consistency of the string field
theory and the DFT computation.

C. Gauge algebra

We now discuss the perturbative gauge structure for the
WZW case. The gauge transformations can be read off from
(2.56), using that by (2.13) and (4.21) the only nonvanishing
(totally antisymmetric) background connections are

(4.28)

Alternatively, one may use (2.54) directly in order to arrive at
the same result, which reads

8hyj = D&y — Dy + E€Dchy,j + (D& = DE, )y
+ (DpE° — D&y + hyg(DE! — DUE)h g
— EF, hy — EF, 5% 5. (4.29)

The terms in the first three lines take the same form as the
gauge transformations on flat space, except that the D4
depend on the now x-dependent background, while on flat
space they depend on the constant background. The terms in
the fourth line encode the deformation due to the structure
constants F'. Note that the F’ enter the terms linear in / but not
the quadratic terms. For the cubic theory only the terms linear
in h are relevant. Finally, the gauge transformations (2.43) of
the dilaton fluctuation reduce to

1
55d/ = gADAd, - EDASA’ (430)

where we used F, = 0.
The above gauge transformations close according to the
algebra (2.59), which in the present case reduces to

4y = 288 D&Y — EgpDEY + FUy 5,
0, = 2B D&l — EppD N + F5 225, (4.31)

Closure modulo the constraint (2.35) and the Jacobi iden-
tities, F [abdF qa® =0, etc., may be verified directly, for
which one has to use the commutators implied by (2.26),

(4.32)
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The gauge algebra takes the same form as the original C-
bracket written in flattened indices, except for the “defor-
mation” by the structure constants F“,, and F%;, .. Of course,
it should be emphasized that this is not a real deformation as
the above algebra originates from the C-bracket by simply
flattening the indices with the background frame field, which
is also implicit in the derivatives D,.
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D. Cubic action for WZW backgrounds

We can finally give the cubic action around a WZW
background by specializing the cubic action given in Sec. II1
to the background frame (4.17), for which we recall that the
only nonvanishing flux components are F,,. and Fj;.
Using this simplification and the explicit expressions (A2)
and (A3) in Appendix A, leads to the following action:

S = / dXe2d [—2hal-,mha5 + 2D%hyz D h"® — 2D h ;D 4h% — 8dD*DPh ; — 8dC1d

— 4h5(D*h gDPhed — Dh 3Dh® — Dh*DPh ;)

- S N I
— 4d(D" D" = D hyaDeh + 2 Dh“D gz =5 D*h* Dehg

+2h,5(DD 1 — DPD 1)) + 16h,;dD*DPd + 84°01d

o - - 4 .
+ 4haE(FacdDehdbhcé + Fb c&lDehadheZ-) + g Facer dfhaEhcélhef ,

where we defined the box as

0= D,D* = —-D,D?. (4.34)
This action is by construction invariant under gauge
transformations modulo the strong constraint, which by
the results of the previous section can be written in the form
(2.35), D"D, = 0.

Let us now compare this action with that determined by
Blumenhagen et al. in [17]. Comparing with Eq. (3.75) in
that reference one may confirm by inspection that they
agree precisely under the following identifications:

gab - ZKab’
ap = —2kz5 e — /|H],

where H is a (doubled) background metric introduced in
[17] that is used to define the background volume element,
a role that in DFT is played by the background dilaton
density. In order to establish the above dictionary, in which
one changes the metric that is used to contract indices from
Gup to Kk, we have to specify which index positions are the
basic ones, from which all others are obtained by raising
and lowering. These are

hal; = —€4h>

Q!

(4.35)

h.p, Fapt, Dy (4.36)
Solving the strong constraint by setting 9" = 0, we infer
with the background frame (4.17) that the flattened

derivatives reduce to
Da = €aiai,

Da - éaiai. (437)

(4.33)

|
These agree with the derivative operators emerging natu-
rally from string field theory on WZW backgrounds, in
which they correspond to the left- and right-invariant
conserved currents of the worldsheet CFT [17]. Let us
emphasize that on group manifolds such as $* = SU(2)
there are generally no winding modes and hence there is no
doubling of coordinates in the string field."> Therefore, in
DFT one has to solve the strong constraint in order to
compare with the string field theory action.

In order to compare in more detail the above results with
those in [17] let us recall that the gauge invariance of the
cubic action relies on the two relations

{DAsDB} - FABCDc, DADA - 0 (438)

In the conventional DFT, the first relation holds for the
F spc as defined in (2.24) modulo the strong constraint, i.e.,
modulo the second relation. Once the strong constraint is
solved so that the derivatives read as in (4.37) the second
relation becomes an identity16 and hence the first relation
holds without the need to invoke a constraint. In Ref. [17]
the results are presented in a different guise: two indepen-
dent partial derivatives 0; and 0; are introduced, corre-
sponding to a doubled set of coordinates (x’, %), and the
flattened derivatives are defined as

This is in contrast to toroidal backgrounds, where the
background is constant but the string field depends on doubled
coordinates. We thank Barton Zwiebach for discussions on this
point.

More explicitly, the left- and right-invariant Maurer-Cartan
forms satisfy the identity e**d;e,/ — &%9,2;/ = 0. In order to
verify this, one may use (4.9) to reduce the left-hand side to
D% %, which vanishes as a consequence of (4.12).
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D, =e,0;, Dy=¢,0. (4.39)

Provided e, is assumed to depend only on x and &' to
depend only on %, the first of the relations (4.38) holds
identically for F,,° and F;° given in (4.23), without the
need to invoke a constraint. (Indeed, this can then be
viewed as the anholonomy relation for a frame basis of the
conventional manifold G x G; we will return to this
observation in the next section.) However, in contrast to
(4.37), the derivatives (4.39) do not satisfy the second
relation in (4.38), which therefore has to be interpreted as a
constraint on the derivatives, analogous to, but different
from, the strong constraint in conventional DFT. A solution
of this constraint is of course given by x = X, in which case
it coincides with the solution @' = 0 of the usual strong
constraint. It is not clear to us whether the constraint,
interpreted in this way, allows for other solutions. We
refrain from commenting further on this possibility but
rather make some remarks on more general proposals in the
next section.

V. COMMENTS ON NONGEOMETRY AND
BACKGROUND INDEPENDENCE

We now use the opportunity and ask the question
whether the perturbative results discussed above can teach
us something about backgrounds that are genuinely non-
geometric. Such backgrounds can be motivated by con-
sidering gauged supergravity in lower dimensions, whose
gauge couplings are encoded in structure constants or
embedding tensors closely related to the background
“fluxes” F4pc and F4 discussed above, subject to certain
group-theoretical constraints. It turns out these constraints
allow for structure constants that cannot be obtained from a
generalized frame that is geometric in the sense of
satisfying the strong constraint. For instance, the constraint
(2.38), FABCF,pc =0, following from the strong con-
straint for F, = 0, need not be satisfied in gauged super-
gravity [29]. Turning on X dependence, however, the more
general fluxes can be obtained in certain cases (although a
complete classification seems to be lacking), but this
requires relaxing the strong constraint. Although it is
now relatively well understood why the resulting gauged
supergravities obtained in this way, namely through gen-
eralized Scherk-Schwarz compactification, are consistent
despite violating the otherwise essential strong constraint
[32], we still do not have a proper understanding of the
physical nature of these genuinely extended spaces before
compactification.

"Since for background group manifolds e, and &’ depend on
just one set of coordinates, the coordinates of the group manifold,
this doubling amounts to deviating from WZW backgrounds. It is
not clear to us in which sense one is then dealing with a consistent
string background CFT.
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In the following we will make some general comments
on this problem within the perturbative framework, which
allows one to sharpen some of the issues. Suppose we
simply pick structure constants F 4z~ of the more general
type by hand, forgetting for the moment that they cannot be
obtained from a generalized frame, can we then write a
consistent cubic theory (i.e. one that is gauge invariant)?
The trouble with this idea is that the background not only
enters the F pc but also the background flattened deriv-
atives D, = E,™0,,, and gauge invariance requires that
they satisfy [Dy, Dg] = F3°D¢. This relation, with the
Fpc defined in (2.24), only holds modulo the strong
constraint, and thus relaxing the strong constraint is
incompatible with gauge invariance.'®

The proposal put forward in [19,34] is to overcome this
problem by changing the definition of the background
frame field and the associated background fluxes.
Specifically, the background is assumed to be governed
by a conventional frame field, which we denote here by
E4M, and the F,zC are defined to be the conventional
coefficients of anholonomy,

DA :SAMaM, FABCEZD[A(S‘B]M(S‘CM. (51)
The flattened derivatives thus defined then satisfy
[Dy, Dg] = Fop¢De without the need to assume any
constraints. In fact, in this form one is simply dealing
with standard geometry, but on a 2D-dimensional space. In
particular, this definition of F,z¢ is covariant under
conventional diffeomorphisms on the 2D-dimensional
manifold, not the generalized diffeomorphisms of DFT.
Consequently, in the proposal of [19,34] there are two types
of invariances: background transformations given by stan-
dard diffeomorphisms and gauge transformations of the
fluctuations governed by generalized diffeomorphisms.

While it seems unnatural to have a formulation in which
the background is described by a conventional geometry
but the fluctuations are described by a generalized geom-
etry, the more serious issue is whether such a theory can
have the physical property of background independence.
More precisely, even for a theory for which one does not
have a manifestly background independent formulation one
may ask whether the theory is background independent in
the sense that any shift of the background can be absorbed
into a shift of the fluctuations, up to possible field

8]t would be interesting to investigate under which conditions
one could achieve gauge invariance without [D 4, D] = F,5 D¢
being satisfied in general. For instance, in the context of Kaluza-
Klein compactification one could take the background to depend
on doubled internal coordinates but the fluctuations only on
external coordinates, in which case the relation would hold on
fluctuations, which for constant F,pc is sufficient for gauge
invariance. As we are here interested in genuinely nongeometric
theories before compactification, we will not discuss this pos-
sibility any further.
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redefinitions. For instance, although we do not yet have a
manifestly background independent formulation of string
theory, it has been verified for bosonic string theory (for
which a second-quantized string field theory is available so
that such questions can be meaningfully addressed) that it is
background independent with respect to certain marginal
deformations [13].

In order to make this point more transparent, let us
discuss how the property of background independence is
realized in the original DFT written in the perturbative form
developed in this paper. Here background independence is
of course guaranteed in that the split into background and
fluctuations is completely arbitrary. We may freely shift the
background if we compensate this operation by an opposite
shift of the fluctuation. More precisely, under shifts given
by the variations

SaEAM = AyPERM,
5Al’lAB - AAB - hACACB, (52)
the expansion ansatz E " = E,M — h,BEpM is exactly
invariant. The background metric shifts as 6G,5 = 2A4p),
so that the constraint G,; =0 requires A, ; = —Aj,.
Moreover, the fluctuation s, with one index lowered
shifts as

Sahap = Aap + hsApe. (5.3)
Since we determined the perturbation theory in terms of £,
by employing a gauge fixing condition, we have to take
into account compensating GL(D) x GL(D) transforma-
tions, in exactly the same way as for the generalized
diffeomorphisms. The combined action of the background
shifts (5.3) and the frame transformations on, say, A, reads

5hab = Aab + haEAbE - Aab =0= Aab

= Aah + haZAhE7 (54)
which determines A, so as to preserve the gauge condition
h,, = 0. A similar compensating transformation follows
from h,; = 0. We can now determine from (5.3) the full
background shifts on the physical 4,

Shyp = Agp + haApz + AR (5.5)
upon inserting the compensating frame transformation
(5.4),

5Ahai_7 = Aal_J + haEAl;E + Aachcl_; + haEACEhcl_r (56)
As for the gauge transformations, this is exact with no

higher terms than quadratic in 4. We thus conclude that
arbitrary shifts of the background can be absorbed by the
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fluctuations, and vice versa, proving the full background
independence of this formalism.

In order to further illustrate background independence,
we now rederive and extend from these general variations
the results obtained in [5] for the class of flat toroidal
backgrounds. In this case the background frame field is
most conveniently parametrized as

_ E, E/ ~E, 6,
EAM:<_‘” >=< > (5.7)
Ey  E Eqaz &'

in terms of

ijs
where G and B are the constant background metric and
B-field. The tangent space metric then reads

5 _<—2Gab 0 )
PN 00 26, )

In the above form we have fixed completely the
background GL(D) x GL(D) transformations by rotating
E," and E;' into Kronecker deltas. Note that this allows us
to identify flat indices a, b and a, b with curved indices
i, j, as used for the remaining entries E;; of the frame.
Due to the above background gauge fixing we have to
add further compensating gauge transformations, this time
of the background GL(D)x GL(D) transformations
with parameter A. Specifically, we need to preserve
E,) =46,

(5.9)

SE, = ALE, + ALE; +ALE, =0, (5.10)
and similarly for E;' = 5,'. This yields in total
Aab _ _Aab _ Aai)&l}b’
AP =—Ab — Abs,0P, (5.11)

where we used a somewhat redundant notation with 5,” and
55" in order to keep track of the index structure on A. We
can then compute the background shifts of the nontrivial
components of (5.7),

8E, = —0E;y = —AJLEy + ALE; — AJE,,

= AaE(Eil_) + Ep;) = 2AaBGiB' (5.12)

Recalling that the indices on A are raised and lowered with
(5.9) and setting y,; = A,; we obtain

The analogous computation for E; yields the same result.
Similarly, we can compute the shift of /,; by adding to
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(5.6) background frame transformations (2.44) with param-
eters (5.11),

5Ahal_7 = Aal_a + haEAl_JE + Aachcl_v + haEACEth
+ */_\achcﬁ + ABEhaE
= AaE - Auaééchcl_) + Acl_aﬁcahaé

+ h: ACh,p, (5.14)
where we used Aj. = —A_;. In order to compare this with
the analysis of background independence in [5] we use the
result from [16] that the string field theory variable e;;
around flat space with generalized frame (5.7) coincides
with £, to all orders, upon identifying indices by means of
the trivial vielbeins §;% and §;%. Converting then the above
equation into curved indices we read off

Se.. — " Uy 1 ki
Cij =Xij —HXi €xj —HX jCik — €l €kj»

5 5 i (5.15)

where we took into account the relative factors of i—%
originating from (5.9) when converting contractions with G
to contractions with G. Together with (5.13) and to linear
order in fields this agrees precisely with the result implied
by Eq. (2.7) in [51." The quadratic or higher contributions
were not determined in [5], but here we obtained the exact
result, which shows that there are no terms higher than
quadratic in fields needed.”’

Let us emphasize that in the above analysis of back-
ground independence we have to take the background shifts
Xij to be constant in order to stay within the class of
constant backgrounds (5.7). This is necessary because the
original cubic action of [3] is only valid for flat back-
grounds. Of course, in the full background independent
DFT we can perform arbitrary shifts, but this would switch
on, for instance, connection terms that have been set to zero
for flat backgrounds. Is there a similar property of
(restricted) background independence for the cubic action
on WZW backgrounds? This case is more restrictive
because the employed metric and 3-form H are uniquely
determined once the Lie algebra f,,“ has been fixed. Thus,
in contrast to toroidal backgrounds on which one can put
arbitrary constant metrics and B-fields, for the WZW
backgrounds there is no simple property of background
independence visible for the cubic action. Again, in the full
background independent DFT we can perform arbitrary
shifts away from the WZW backgrounds, but this would

“This corrects a typo in Egs. (2.8) and (2.15) of [5].
As a consistency check one may verify that the full back-
ground independent variable [5],

EEE+(1—%eG‘1)‘le (5.16)

satisfies 6 = 0 under (5.13) and (5.15).
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generally switch on curvature and connection terms (for
instance @, ;) that were set to zero before.

After this digression into the background independence
property of particular backgrounds, let us return to the
general discussion. A background frame E,M a priori
carries (2D)? = 4D? components, but in order to determine
the number of physical (i.e. gauge inequivalent) back-
ground shifts we have to take into account the (background)
local frame transformations. These are given by
GL(D) x GL(D), which eliminates D*> + D? degrees of
freedom. In addition, we have the constraint
G.p = E,MEp,, =0, which eliminates other D? compo-
nents, leaving D? physical degrees of freedom, which can
be shifted arbitrarily by the A ;. This matches precisely the
components of &,;, as needed for background independ-
ence. In contrast, taking the background to be given by a
conventional frame field £, there is no constraint corre-
sponding to Qa,-, = 0 and hence we have more background
shifts than can be absorbed into a shift of the physical
fluctuation £,j,. Could we pose an additional constraint on
EAM so that background and fluctuations carry the same
number of components? This is not possible because the
metric 77,y was needed in order to define the constraint,
but in standard geometry there is no diffeomorphism
invariant metric available. The reason that the constraint
nunvEMERY = 0 can be consistently imposed in DFT is
precisely that the geometry is governed by generalized
diffeomorphisms, under which 1#,y is invariant.
Summarizing, background independence for a general class
of backgrounds can be realized if both the background and
the fluctuations are governed by the same geometries but is
problematic if the background and fluctuations are gov-
erned by different geometries.
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APPENDIX A: FURTHER RELATIONS FOR
CUBIC ACTION ON GENERAL BACKGROUNDS

In this appendix we collect a few explicit expressions for
the cubic action that may be more convenient for appli-
cations. Moreover, below we derive equivalent expressions
using the strong constraint, which have the advantage that
unbarred and barred indices are treated on the same footing.
First, separating the action into quadratic and cubic parts,
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S = /dxe—ﬂ(c2 + L5), (A1)

we determine from (3.41) for the quadratic part

L, = —8D*D,dd — 8D*D%h,zd — 2D“D  h"?hy,, + 4D*DPh,%hyy — AD* DYy @ h,y — 2D*h, 2 Db hyy + 2D%he,DPh
— 8DdF,d — 8Dh, Fyd — 8D%h®,F ,d — 4D°h,*F’ hy,; — 2D*hP2F ,hyz + 8DhPAF yy.d + 4D%he . Fh
—ADYRPAF Ch y — ADh A F PP hyy — ADRPAF P hyy — ADARO,F PP hy; — 8D Fadh,, + 8DF ,Y3dh,,
+ 8DFbabp  hy: — 8F*Fidh,, — 2F*F"h,2h,, + 8FF "dhy, + 2F*FPhe h ; + 4F4Fb3Pp h, -
— AFTFP R by, — AFPCF @8 hyah g+ 2FTF by hog + 2F0F P hyah g+ 2F@PF S hP gy,
— 2F9PF P h phy + AF9PF P Ry hyg, (A2)

and for the cubic part

Ls = 8DD, dd* + 8D*dF ,d* + 16D*D*ddh,; — 8D*D"h,*dh,; — 4D°h,* D" h,;d
— 4DhYD hyud + 8D DPheydh,y + 4D h .DP hypd + 4D DR b by
— 8D“Fbdh,?h,; + 16D dF ,"dhy; + 4D*hPDPhyyh,; + 4D*hPDohyPh
— 4D°hY2 D hyoh ; — 8D, FP dhy,; — 8DhPAF ,dh,, — 4D DR h s
+ 8D FPdhe ;h,j;, + 8D%h®,FPdh j; + 8D h? Fydh,; — 2D*FOh,"h ;h,;
— 8DFb@dh . hy; + 8D*hYF ¢ dh.; + 8D hPF ;P dh,; — 8Dh*aF ;P dh,;
— 8D Fbbdp . hy; — 8D WP F ;b dhy, — AF*FPdh,®hy, + AFCFPdhogh ;
— 8D hPAF P hyh o + 4DhYAF ¢ h,Ph, g + 4DhYAF,Ph s h,y — AD PP F P Ch by
+ 2DF %P h FhP 5y — 4D hOPF P by ; — 4DPhOPF ;EhP o hy. — ADAhP F3Peh by
+ 2FAF % b fhP s hye + 8FPCF @b dhyoh ; — 4AFPCF CdhyPh ; — 4AFPF P dh, h
— 4FaabE Cdpbihy,. 4 AFAPF Dedp hy — 8FAPF bedh h,; + AFCF dap, h Ph
+ gF“bCFa“haahb;hcz — 2F U F Py h e + AF U Py phah e
— AFTF PRy hee + AFPTFPCh s hyeh g + AFAPFL S b hP by, (A3)

Next, we would like to express the covariant background expanded generalized Ricci scalar and action in a barred-
unbarred democratic form. Note that we have started from the background independent framelike generalized Ricci scalar
(3.1) that is not democratic in barred and unbarred flat indices. However, recalling that the following combination vanishes
due to the strong constraint (see for example page 17 of [1])

1 1 1 1
Z — —4 (EA]:A +5.7:124 + EEAEBQAB - EQ@BC] + gEAgBCEBgAc> - 0, (A4)
one can bring the original action to a fully democratic form as follows:
1 B -
R=R=3Z = 2EF* — EF%) = (F2 = F3) = (E,EyG" — E4E;G"7)

1 _y ! !
- Z_l. (EagbCEbgac - Eagthl_ngl E) + E (szi - Q(%ﬂ_)c) +z

£ (9~

[abe] — [111_75'])’ (AS)

where we used the following identities:
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Qupe = Q[ab5]7 (A6)
Q&l;c - Q[&}_Jc]’ (A7)

2 —_ 02 2 2 2
Qiupe) = Qave) T Lane T 3%awa T35 (A8)

Then, by background expanding Z we can democratize order by order the generalized Ricci scalar. The background
covariant expansion of Z (which, as we mentioned above, vanishes due to the strong constraint) is given by

ZO = —27_?zabha - 272&5[_“’17 (A9)
Z, = 8VV,d + 8V Vyd + 4V D,y — AV R, + 8RRy — 8RAD4p - (A10)
Z, = —8V“dV ,d — 8VdV zd + 2V "7V ,hyy, + 2V2hePN b,

— 4h, VNP 4 4, NPV Ry — 4k, NP R 4 4h, VPV R
+ 4h, hya RO .+ 8h,ghy,y R 4+ Ahh yREAP, (A11)

Zy = —2h, hyy VP RE = 20 h ;NP hyP 4 20, Ry, VPR 4 20 o, VAV RD
— AR,y ROPE — AR RE iy REP . + 4P hya REP G + dhygh? 5 hy RP29E. (A12)
With this we can now write the background expansion of the generalized Ricci scalar in a democratic form
Ro = =Ry, + R, (A13)
Ry = 4V, d — 4V ,d 4+ 2VVh,, + 2V B, + 4Ry + 4RAP 4 (A14)
Ry = —4VdV ,d + 4V?dV d — 8V*dV% hyy — 8V2dV hyy + 2V°NVPhihy, — 2VONP R by + 2V hyihy,

— 2V s e — 8V VAN, — 8V dh,, + 2V°h, N by, — 2V ha NPk,
— VRN b5 + VRPN + 2RO by Ph g — 2RO W Ry, (A15)

Ry = —8V“dV’ h, 7 hyy + 8V AV hoyh 5 — 8V4dVP hyih,y + 8V2AVP hayhy,
+16V4dVdh,, — 8V°VPdh,hy, + 8V dhe,h,;,
— VN by — VAN b PRy — 3VENARE b PRy — 3VIVORPRE Ry
— 2VENERYPh sy — 2V RPP B sl — AV R, AP RE By,
— 4V, AP Ry — AVORYINP By by — AVCRYIN b PRy — AVCRYIN hyahg
—2Raba b bhe h s — 2RIV bRy — 2RI Py b — 2RAP9Eh sk . (A16)
With this information, we can then follow the procedure of the previous section in order to compute the democratic form

of the cubic action, after simplifying it with the assumption that the background satisfies its equations of motion, and
performing integration by parts. The final result is given by

S: /dXE_za(£2+£3),

with
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Ly = =V, hbhy, + VN hePh 5 — 2Vh, ;Y h"? + 2V h,,V; he?
— 4V p 2y 4+ AVPVA R b 4 2R by TRy — 2RV by
—4d(V'Vh, + ViVh,,) — 4d(VV ,d — ViV ;d), (A17)
S - T R - i
L3 =—4hy (vahbavbhba = Vg VIR = WPy VPR S (VIevalpyahb? — vV’vthbahaa)>
= 2R Nyah g — 2R Ch Pl

S BN o
- 4d [vuhdaVbhba - VahaaVBhuh + 5 (vahhuvahha - Vahahvahag)

+ 20,5 (VO b — G @TP pa ) 4 Rabe ik — RV h5h g

+ 8dh,,(VVed + ViVed) 4 4d*(VV ,d — VoV ;d). (A18)

APPENDIX B: WZW $* BACKGROUND WITH H-FLUX

For the sake of concreteness, in this appendix we give the details for the simplest WZW model based on G = SU(2),
corresponding to a background given by S* with H-flux. First, we introduce the Pauli matrices

(D) (D) 0

which define the Lie algebra generators as

Moreover, given two elements X, Y € g, the explicit representation for the quadratic Cartan-Killing form reads
(X,Y) = —4Tr(XY). (B3)
We can now compute the structure constants (with lowered indices)
Fave = ([tas 1y te) = —2i€ap,s (B4)
fave = ([ta: 15). te) = —2i€z;, (BS)

where €153 = €753 = 1. We recall that at this stage there is no difference between unbarred and barred indices, and so the
second equation above strictly speaking is redundant. Similarly, the Killing metric reads

Kab = <ta9 tb> = _Zdlag(L 1, 1)9 (B6)
with the identical form for k5. Note that k., = —f 4.2 fpa.
We next introduce coordinates on the group manifold of SU(2). To this end we use that a general group element y can be
parametrized as
Y =yol +iyi01 +iy207 + iy303, (B7)
provided

i+ 4+ +y3=1 (B8)
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Indeed, one may quickly verify with {6;,0,} = 24;; that
then yy" = 1. We can view (y,,y;) as coordinates for R*,
which are constrained by this relation to describe S°. For
completeness we mention that these constrained coordi-
nates are related to the so-called Hopf coordinates
(m1.m2.13), where n; € (0,5) and n,, n3 € (0,27), by
the relations

PHYSICAL REVIEW D 93, 025032 (2016)
y1 = sinn, cosny,

y3 = sin#s siny;.

Yo = COS17; COSTy,

Yo = cosnssinny, (B9)

We can now determine the left- and right-invariant
Maurer-Cartan forms (i.e. the vielbeine), assuming that
the group element is given by (B7). A direct computa-
tion gives

0 COS 153 —sinny;,
e = (O;yy~", 1%y = 2i| cos?y  cosn singsinygy; cosny sinng cosnyy |, (B10)
—sin?y; cosn singy sinny;  cosny siny oSy,
0 COS 133 sinn3;
e = (y 10y, 1"y = 2i| cos’n;  cosn sinng singl;  —cosny sinn cosns, (B11)
sin’y; —cosn sing sinng;;  cosnyy sing cos
I
where 1733 = 1, £ 175. The representative of y in the adjoint F e = 4ie .
representation is according to (4.2) given by Fo:=0
> = = aoc
Fage = (Lp,Es")Ecy = F. 0 (B17)
va® = {tg, vt ). (B12) abe .
Fape = 4iczpe

It is then straightforward to verify explicitly that e, =
e’y,% and that y is an element of SO(3), ie., k,, =
7%k 57,7 and dety = 1.

Let us next turn to the two-form Bij, which should be
defined so that its field strength is given by [cf. (4.18)]

Hijk = —el-"ejhek"fabc - H123 = —16008771 Sinﬂ] . (B13)

This determines B;; up to gauge transformations. A

convenient choice is

323 = 800521’]1. (Bl4)

We have now all the data in order to define the back-
ground generalized frame

EM = < eia + Bjes’ eai)

) ) B15
—e;z + Bijeg) e (B13)

A direct computation yields the background flat metric

ZKab 0

AB A" Epym 0 —2;

>, (B16)

in agreement with (4.20). Moreover, the fluxes (2.24) are
computed to be

This confirms the result of the general analysis (4.22),

Fahc:_zfahc’ FﬁEZ‘:_zfﬁl_)Z“ (B18)
In addition, taking into account the vanishing background
value for the dilaton, ¢p = 0, one can also compute the trace
part of the connections/fluxes,

F,=0yEM -2D,d =0, (B19)
in agreement with (4.25). Finally, one may also verify that
the background DFT equations are satisfied, as it should be
in view of the general results in Sec. IV.

We close this appendix with a brief discussion of the
conventional presentation of WZW backgrounds and in
particular with the standard conventions for the S® with H-
flux. First, in order to treat a sphere of general radius, we
introduce a dimensionful parameter p and perform a
rescaling of the frame and the two-form,

2

_a i p
- —=€;, e?—)iei s Bl]_)gBlj

(B20)
From the point of view of the WZW model the new
parameter p is related to @ and the level k of the Kac-
Moody algebra through p = v/o’k. The field theory limit
corresponds to the large p limit, which in turn implies large
k. After the rescaling the solution takes the form
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gi; = pdiag(1, cos?ny, sin’r,),
¢ =0.

By = p*cosyy, (B21)
The Ricci tensor is given by R;; = 2diag(1, cos’y;, sin’y,)
so the Ricci scalar gives R = /%' In addition, one finds that

H? = i—‘z‘, and therefore

1 4
R+4 2__HZ=—_.

(B22)
This implies that (B21) is not a solution to the equations of
motion of supergravity. In supergravity one way to solve
this problem is to give the dilaton a linear dependence on
time (which dimension we so far suppressed), ¢ = —/1) [40].

Then, taking the time component of the metric as g,, = —1
one gets 4(d¢p)* = —/% which cancels the anomalous

contribution (B22). Here we intend to avoid this dilaton
behavior, as it is not required by the WZW worldsheet CFT.

From the DFT perspective, after the rescaling, the
background EOMs take the form

- 4

R4i=—+4=0, Ryz=0  (B23)
P

which is easily computed recalling that G,z remains
unchanged after the rescaling (B16), that F, = 0, and that

the fluxes are now given by F, . =i Meabc and

P
Fip: = i%iea,;e. We then find complete agreement for

a vanishing cosmological constant with the above compu-
tation in standard geometry. Thus, in order to obtain a
consistent CFT background we have to include a

PHYSICAL REVIEW D 93, 025032 (2016)

cosmological constant, corresponding to string theory in
a noncritical dimension. Indeed, following [41], one can
identify A = —3%, (D —26),

_ 4 2(D-26)
R+4= - =0 (B24)
Here D = d + n encodes the sum of d flat Minkowski
directions plus the dimension of the group, n = dim(G).
Here, the gauge group is G = SU(2), so n = 3. Generally,
coupling flat space to a WZW model with gauge group
SU(N), the flat critical dimension is given by [42]

 (N*-1)k
d=20=="5
=—(N2-1) +m+ O(k™%), (B25)

k

where we performed a % expansion. When N = 2, this
becomes to leading order

d-26—=-3+2,

- (B26)

which is in agreement with lim;_ . d = 23. Then, on the
background

4 2(3+d-26)

RAA= ™™ 34
4 2(3-3+9
== = _¥_y, B27
ka/ 3a/ ( )

and the apparent anomaly cancels exactly.
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