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We study two-fluid systems with nonzero fluid velocities and compute their sound modes, which
indicate various instabilities. For the case of two zero-temperature superfluids we employ a microscopic
field-theoretical model of two coupled bosonic fields, including an entrainment coupling and a
nonentrainment coupling. We analyze the onset of the various instabilities systematically and point out
that the dynamical two-stream instability can occur only beyond Landau’s critical velocity, i.e., in an
already energetically unstable regime. A qualitative difference is found for the case of two normal fluids,
where certain transverse modes suffer a two-stream instability in an energetically stable regime if there is
entrainment between the fluids. Since we work in a fully relativistic setup, our results are very general and
are of potential relevance for (super)fluids in neutron stars and, in the nonrelativistic limit of our results, in

the laboratory.
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I. INTRODUCTION

Two-fluid systems where at least one component is a
superfluid are realized in different contexts. Any superfluid
at nonzero temperature is such a system because it can be
described in terms of a superfluid and a normal fluid [1,2].
Systems with two superfluid components can be realized
by mixtures of two different species at sufficiently low
temperatures. Examples are *He-*He mixtures, where
experimental attempts toward simultaneous superfluidity
of both components have been made [3,4], and superfluid
Bose-Fermi mixtures of ultracold atomic gases, which have
been realized recently in the laboratory [5,6]. In the interior
of neutron stars, nuclear matter and/or quark matter are
likely to become superfluid. In nuclear matter, neutrons as
well as protons can form Cooper pair condensates, giving
rise to a two-fluid system of a superfluid and a super-
conductor. If hyperons are present and form Cooper pairs,
even more superfluid components may exist [7]. In quark
matter, the color-flavor locked (CFL) phase [8,9] and the
color-spin locked phase [10,11] are superfluids, and kaon
condensation in CFL may lead to a two-component super-
fluid. In each case, temperature effects will add an addi-
tional fluid, which renders dense neutron star matter a
complicated multifluid system.

In all mentioned systems, a counterflow between the
fluids can be created experimentally or, in the case of
neutron stars, will necessarily occur. It is well known from
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plasma physics that this may lead to certain dynamical
instabilities, called “two-stream instabilities” (or sometimes
“counterflow instabilities”). Such an instability manifests
itself in a nonzero imaginary part of a sound velocity, where
the magnitude of the imaginary part determines the time
scale on which the given mode becomes unstable. In this
paper, we will compute the critical velocity of two-fluid
systems at which the two-stream instability sets in. For the
case of two superfluids we will start from a U(1) x U(1)
symmetric Lagrangian for two complex scalar fields. We
include two different coupling terms between the fields: a
nonderivative coupling and a derivative coupling, the latter
giving rise to entrainment between the two fluids (also
called the Andreev-Bashkin effect [12,13]). We restrict
ourselves to uniform superfluid velocities, but will allow
for arbitrary angles between the directions of the counter-
flow and the sound mode, thus being able to analyze the full
angular dependence of the instability. In our zero-temper-
ature approximation, the sound modes are identical to the
two Goldstone modes that arise from spontaneous breaking
of the underlying global symmetry group, and we study
them through the bosonic propagator in the condensed
phase and through linearized two-fluid hydrodynamics.
The two-stream instability can occur in a single super-
fluid at nonzero temperature [14], in mixtures of two
superfluids [6,15-18], and in a superfluid immersed in a
lattice [19]. In each case, it is interesting to address the
relation between this dynamical instability and Landau’s
critical velocity, where the quasiparticle energy of the
Goldstone mode becomes negative (for studies of
Landau’s critical velocity in a two-fluid system see
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Refs. [20-22]). We shall thus also compute the onset of this
energetic instability and in particular ask the question
whether an energetic instability is a necessary condition
for the two-fluid system to become dynamically unstable.

Finally, we shall compare our results for the two-
component superfluid with the case where one or both
of the superfluids is replaced by a normal, ideal fluid. Even
though we always neglect dissipation, there is an important
difference between a superfluid and a normal fluid. In a
superfluid, density and velocity oscillations are not com-
pletely independent because they are both related to the
phase of the condensate. As a consequence, there is a
constraint to the hydrodynamic equations, and only longi-
tudinal modes are allowed. We will discuss additional
solutions that occur in the presence of one or two normal
fluids and point out an interesting manifestation of the two-
stream instability in the presence of entrainment for the
case of two normal fluids, which is completely absent if at
least one of the fluids is a superfluid.

Our study is very general, and we can in principle
extrapolate all results from the ultrarelativistic to the
nonrelativistic limit. While liquid helium and ultracold
gases are, of course, most conveniently described in a
nonrelativistic framework, a relativistic treatment is desir-
able in the astrophysical context. On the microscopic level,
this is mandatory for quark matter and for sufficiently dense
nuclear matter in the core of the star. Under some circum-
stances, for instance in rapidly rotating neutron stars, fluid
velocities can assume sizable fractions of the speed of light,
such that also on the hydrodynamic level relativistic
corrections may become important. The nonrelativistic
limit can always be taken straightforwardly by increasing
the mass of the constituent fluid particles and/or by
decreasing the fluid velocities, such that our results can
also be applied to superfluids in the laboratory.

Besides a possible realization in the laboratory, the two-
stream instability may be of phenomenological relevance
for neutron stars: pulsar glitches, i.e., sudden jumps in the
rotation frequency of the star, are commonly explained by a
collective unpinning of superfluid vortices from the ion
lattice in the inner crust of the neutron star, and hydro-
dynamic instabilities are one candidate for triggering such a
collective effect [16,23,24]. In this scenario the role of the
second (normal) fluid, besides the neutron superfluid, is
played by the lattice of ions, not unlike the above
mentioned atomic superfluid in an optical lattice [19].
Recently it has been argued that the superfluids in the core
of the star might also be important for the glitch mecha-
nism, because entrainment effects between the superfluid
neutrons and the lattice in the inner crust [25,26] reduce the
efficiency of the transfer of angular momentum from the
superfluid to the crust [27], and thus an analysis of
hydrodynamic instabilities in a two-superfluid system of
neutrons and protons is of phenomenological interest. We
emphasize that our results apply to an idealized situation
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and are thus not directly applicable to the actual physics
inside a compact star. For instance, we ignore any effects of
electromagnetism, which would be necessary to describe
the coupled system of neutrons, protons, and electrons,
unless protons and electrons can be viewed as a single,
neutral fluid. Also, we start from a bosonic effective theory
while the superfluids in a neutron star are mostly of a
fermionic nature. And we do not include any effects of
rotation or a magnetic field, i.e., superfluid vortices or
superconducting flux tubes.

Our paper is organized as follows. In Sec. II, we present a
general derivation of the sound modes from the hydro-
dynamic equations, without reference to any microscopic
model. In particular, we discuss the differences between a
system of two superfluids, a superfluid and a normal fluid,
and two normal fluids. In Sec. III we present a microscopic
model for a two-component superfluid, discuss its phase
diagram, first in the absence of any superfluid velocities,
and derive the quasiparticle excitations. We present our
main results in Sec. IV, where we compute and interpret
various kinds of instabilities in the two-fluid system. As far
as possible, the results in this section are formulated in a
self-contained way, such that readers only interested in the
main results may almost exclusively focus on Sec. IV. We
summarize and give an outlook in Sec. V.

I1I. SOUND MODES FROM HYDRODYNAMIC
EQUATIONS

In this section we derive the sound modes in the presence
of nonzero fluid velocities from the hydrodynamic equa-
tions. As a warm-up exercise, and in order to establish our
notation, we will discuss a single fluid before turning to two
coupled fluids. Our derivation is general in the sense that it
holds for normal fluids as well as for superfluids; i.e., from
the final result we will be able to discuss the three cases of
two superfluids, one superfluid and one normal fluid, and
two normal fluids. Since we neglect any dissipative effects,
our normal fluid is an ideal fluid.

A. Single fluid

We start from the conservation equations

0

Lt =0, 0,T" =0, (1)

where j# is a conserved current, and
T = jipt = gvw 2)

is the stress-energy tensor with the “generalized pressure”
U and the space-time metric ¢** = diag(1,—1,-1,-1).
The conjugate momentum p* is related to the current via

_ov_ ov

M — _ — D) pH
J onn o7 (3)
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where, on the right-hand side, we have assumed that U is a
function only of the Lorentz scalar p* = p,p". With this
relation between the conjugate momentum and the current
it is obvious that the stress-energy tensor is symmetric. The
Lorentz scalar p is the chemical potential measured in the
rest frame of the fluid, which can be seen as follows. We
write j# = no*, where n is the charge density measured in
the rest frame of the fluid and v* the four-velocity of the
fluid with v, 0* = 1. (We work in units where the speed of
light is set to one.) This implies n> = ;2> and thus

ov

The “generalized energy density” is defined as
A= T#,+3W¥. Using Egs. (2) and (4), we obtain
A+ W = p,j* = pn, which is the usual thermodynamic
relation at zero temperature if p is identified with the
chemical potential in the rest frame of the fluid.

The current can now be written as j* = np*/p, from
which we conclude that the fluid velocity is

p”
= —, 5
A 5

With o* = y(1,7), where y =1/V1 -7 is the usual
Lorentz factor, the three-velocity becomes v = p/u, with
1 = po being the chemical potential measured in the frame
in which the fluid moves with velocity 2. In that frame, the
charge density is j° = nu/p. With the help of Egs. (3), (4),
(5) and the relation pn = A + U, we see that the stress-
energy tensor (2) can be written in the familiar
form 7" = (A + ¥)v#v” — ¢ 0.
We write the hydrodynamic equations (1) as

. n 1 PuDy
0=0,/=— Y — ) oHtpY, (6
) [Q;w <c2 > ) ] V4 (6a)

0=0,T" = j*(0,p" — " Pp,), (6b)

where, in the second relation, we have used 8” j* =0, and
we have introduced the speed of sound c in the rest frame of

the fluid,
n (on\~!
=2 (o) @

To compute the sound modes, we need to treat the
temporal and spatial components of the momentum p* =
(1, p) separately. Each component is assumed to fluctuate
harmonically about its equilibrium value with frequency @
and wave vector k,
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ﬂ(;c’ t) =+ 5ﬂei(wt—%-})’
pG.1) =P+ 5Z)ei(mz—%-})’ (8)

where Sy and 5p are the fluctuations which will be kept to
linear order. Then, Egs. (6) become

n - L o, (1 L
0=—|wéu—k-5p+ 2<7_1)mw—p¢mﬂ,(%)
p p° \c
n_' N e
0==p- (w8p — kdu), (9b)
p
n N g N N
0=;Wwﬁp—kww—p-hﬂ, (9¢c)

where 0, = — v - k. We have decomposed Eq. (6b) into
its temporal component (9b) and its spatial compo-
nents (9¢).

In the case of a superfluid, the conjugate momentum can
be written as the gradient of a phase y € [0, 2z, p* = V.
As a consequence, we have

W

p (10)

p=0w, U=

(The first equation, which relates the time evolution of the
phase to the chemical potential, is sometimes called the
Josephson-Anderson relation.) In a microscopic model, y
is the phase of the expectation value of the complex scalar
field (the Bose-Einstein condensate); see Sec. III. With
0yp = —Voyw = =V and p = uv we see that the fluc-
tuations in the chemical potential and the superfluid
velocity are not independent because they are both related
to the phase. As a consequence, only longitudinal modes
are allowed where §p oscillates in the direction of the wave

vector %, @op = %5/4, and Egs. (9b) and (9c) are automati-
cally fulfilled. [This is also obvious from Eq. (6b) with
pt = 0"y.] It only remains to solve the continuity equation
which yields a quadratic polynomial in . Since in the
given approximation all modes are linear in momentum, we
can write ® = uk with the angular-dependent sound
velocity

(1=c?)vcos@+cV1—v2/1—c21? = (1—c?)v*cos’d
7,2 :

(11)

Here, v = | 9] is the modulus of the three-velocity and 6 the
angle between the directions of the fluid velocity and the

1—c

propagation of the sound mode, %Z) = uvkcos@. For
v = 0, these modes reduce to u = +¢, as it should be.
For a given angle 6 € [0, z], we consider only the upper
sign in Eq. (11), such that the sound speed is positive for
small velocities v. Since we shall later be interested in
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instabilities, we may already ask at this point when the
speed of sound becomes negative. This happens at the
critical velocity v = ¢, where u starts to become negative in
the upstream direction € = z. We also see that u never
becomes complex because the arguments of either of the
square roots in the numerator only become negative for
unphysical velocities larger than the speed of light, v > 1.
In the case of a normal fluid, the same longitudinal
modes are found. But, p is now allowed to oscillate in
transverse directions with.respect to k, which yields the
additional mode u = v -k with the conditions for the
fluctuations p - 5p = udu and uk - 5p = k - pépu.

B. Two fluids

We now generalize the results to the case of two coupled
fluids. In this case, we write the stress-energy tensor as

™" = jip% + japs — ¢V, (12)

Now W is a function of all Lorentz scalars that can be
constructed from the two conjugate momenta p’l‘ R p’;, 1.e.,
|
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U = W(p?, p3, p?,), where we have abbreviated
P, = Pi{pa = mipa — P1 - P2- The currents are defined
as in Eq. (3) and can be written as

7 =Bipl + Aph, (13a)
J5 = Apy + Byph, (13b)
where
ov ov
B, =2—, =—, 14
=200 o, (14

with the fluid index i = 1, 2. In general, the currents are not
four-parallel to their own conjugate momentum, but, if ¥
depends on p?,, receive a contribution from the conjugate
momentum of the other fluid. This effect is called entrain-
ment and A is called the entrainment coefficient. To
guarantee the symmetry of the stress-energy tensor, there
can be only one single entrainment coefficient, appearing in
both currents. The conservation equations now read

6/4]’14 - [Blg/w + blpluplu + a (p][lp2!/ + Pz,;Pw) + a12p2/4p2u]aﬂpli

+ [Agu + ar1p1up1y + dp1upoy + @12P2u P11y + A2P2u P20 D5,

0,5 = (1+2),

9,1 = j1 (0P} = 0 p1u) + j5(0,

ph = 0" pay).

(15a)
(15b)

(15¢)

where Eq. (15b) is obtained from Eq. (15a) by exchanging the indices 1<2 (a,; = a;,), and we have abbreviated

0*U 0*U
Y )
d(p?)* dpidpt,

O*v O*v
=7 g=42 16
2= 905! dpidp3 (16)

Here, by, b, are susceptibilities that are given by the properties of each fluid separately, while d describes a nonentrainment
coupling between the two fluids, and the coefficients a;, a,, a;, are only nonzero in the presence of an entrainment
coupling. Again we introduce fluctuations in the temporal and spatial components of the conjugate momenta, as given in
Eq. (8). The conservation equations then become

0 = [wB) + @, pty (b1 + poay) + @y, pr (pyay + paary)|6py + [0A + @, py (1) + pad) + @, pio (1 a1n + pra5)|6pn
= (@y, 16y + @y, p001) Py - 5Py — (@4 pyd + @, p1202) Py - 6Py — Bik - 5py — Ak - 5p,

— (@, i1a1 + @, p2a12) Dy - 6Py — (@, p1a) + @y, 10a12) Py - 8P2, (17a)
0= (1<2), (17b)
0= (p1By + prA) - (w6p — kéuy) + (p2BBy + p1A) - (06ps — kb)), (17¢)
0 :(wvlﬂlBl + wpzﬂzA)(w5131 — kopy) + (wu2ﬂ252 + wvlﬂlA)(wéﬁZ — kéuy), (17d)

where we have inserted 8MT”0 =0 (17¢) into the spatial components ('),,T”f (Z =1, 2, 3) to obtain Eq. (17d).
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1. Super-super

If both fluids are superfluids, we have wép; = %5/4 ;- The conservation of energy and momentum is automatically fulfilled

in this case, and the two continuity equations read

0= [B(w* — k) ‘Hl%bla’%l + 2u a0, @, +,u%a]2a)12,2]5/41

+ [A(0? = k) + a0 + upup(agp + d)w, o, + pB3ayw? |6u,,

(18a)

0 = [A(w* — k) + plarwl, + pipa(ay + d)w, w,, + pia ol 16u,

+ [By(@® = k) 4 p3br@05, 4 21 prar0,, @, + pia 105 1845

vy

After some rearrangements this can be compactly written
as

(Px2 + wyy + x0)8pu = 0, (19)

with u = w/k, the vector Su = (Spy,0u,), and the 2 x 2
matrices y,, ¥, Yo Whose entries are given by

v < 0’ v )
ij = ’ ij = + ke,
U2)yy O Ou; 0y OuiOpje  OuOpic) "
PU ..
=97 ik 2
(ZO)U 8pifapjm fm> ( O)

with i, j =1, 2, and spatial indices ¢, m =1, 2, 3. (We
have reserved i, j for the two different fluid species, which
should not lead to any confusion since spatial indices will
not appear explicitly from here on.) The sound velocity u is
then determined from

det(u’ys + uy, + x0) = 0, (21)

which is a quartic polynomial in # with analytical, but very
complicated, solutions. We shall discuss and interpret these
solutions in Sec. IV, after we have introduced a microscopic
model for the two-component superfluid in Sec. III.

2. Super-normal
Let us now assume that one of the fluids is a normal
fluid. Say fluid 1 is a superfluid, @5p, = kéu;, while we
make no assumptions about 5p,. Of course, we still find the
same modes as for the two superfluids since the normal

fluid can also accommodate the longitudinal oscillations of
a superfluid. An additional mode is found if we enforce a

transverse mode by requiring wdp, # 1_55/42. Then,
Eq. (17d) yields the mode

Vopa BBy + 0y A 3

u= Dapaloy + Vi A k. (22)
HaBBy + iy A

This is the generalization of the mode u = - k mentioned
in the discussion of the single normal fluid. We may apply

(18b)

I

this expression to a single superfluid at nonzero temper-
ature. In this case, there are two currents, the conserved
charge current j{ = j* and the entropy current j5 = s¥
(which is also conserved if we neglect dissipation). Their
conjugate momenta are p| = O'y, where y is the phase of
the condensate, and p’Z’ = ¥, whose temporal component
is the temperature, ®, = T, measured in the normal-fluid
rest frame, where 5 = 0. Analogously to Eq. (13) we can
write [28-30]

= Bty + A, (23a)

st = AdMy + COr. (23b)

Consequently, we can identify 0,8, + v,u;. A — s and
B, + puy A — sy. Note that p,, the temporal component
of the conjugate momentum pf, corresponds to the temper-

ature T, and the velocity ¥, corresponds to ) /T. The four-
velocity of the normal fluid is defined by v, = s#/s, which
yields the three-velocity v, = 5/so. (If normal fluid and
superfluid velocities are used as independent hydrody-
namic variables, one works in a “mixed” representation
with respect to currents and momenta: while the superfluid
velocity corresponds to the momentum of one fluid,
v = 0"y, the normal fluid velocity corresponds to the
current of the other fluid, v}, = s#/s.) Inserting all this into
Eq. (22) yields

u="7,- k. (24)

This is in exact agreement with Ref. [31], where this mode
has been discussed in the nonrelativistic context. (In
Refs. [29,32], where sound modes in a relativistic super-
fluid at nonzero temperatures were studied within a field-
theoretical setup, this mode was not mentioned because the
calculation was performed in the rest frame of the nor-
mal fluid.)
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3. Normal-normal

In the case of two normal fluids, we make no assump-
tions about the fluctuations §p;, u;. Let us first suppose
there was no coupling between the two fluids at all, i.e.,
A=a, =a, =a;, =d=0. Without loss of generality,
we can work in the rest frame of one of the fluids, say
P> = 0, and thus ®,, = . Then, we can express p; - 6pi,
k-6py, k- 6p, in terms of Sy, and Su, to obtain

0= /’tlwv] [Bl (0)2 - k2) + a)glﬂ%bl]éﬂl
+ @[ By (@0” — k) + @’ p5 by )0, (25)
This equation yields the separate modes of the two fluids:
by setting du, = 0 we find the modes for fluid 1, and by

setting du; = 0 we find the modes for fluid 2. With
|
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b, _Z_%(i- 1) (i=12), (6)

2
Ci

we recover the modes discussed above for the single fluid.

Now let us switch on the coupling between the fluids.
The simplest case is to neglect any entrainment,
a; =a, = aj, =0, but keep a nonzero nonentrainment
coupling, d # 0. For a compact notation we define the
“mixed susceptibilities”

P21 on, /2
A p=—"t— 27

"2 ny2 Opay @7)
(such that d = A{B,/p5 = AyB,/p?), which are only
nonvanishing for nonzero coupling d. Then, for du, =0
we find the modes u = v cos @, and

5/,{220: u =

(1=chvycos@ £ ci\/1—02/1 = (14 A))v}e} + (1 = c})cos?d] + A c?

As for the case of a single fluid, we may ask whether and
when the speed of sound turns negative. And, in contrast to
the single fluid, # may even become complex. The critical
velocities for these two instabilities (to be discussed in
detail in Sec. IV) are, respectively,

€
\/c7sin?0 + cos?6
VI+A
T AL P (1Y

o, =0: v =

For 6u; = 0 we have

5#1:():

Ayc3v o8O+ ey /1= 02/ 1= 02+ Ay(c3 —v3cos? )
U= :
1—v3+A,c3

(30)
Again, we can easily compute the critical velocities,

1

V1 + Aycos?0

v =03/ 1+ Ayed > 0g. (31)

In both cases, it is obvious (and we have indicated it by our
choice of notation), that the critical velocity for a negative
sound velocity is smaller than or equal to that for a complex
sound velocity. We shall come back to this observation and
also discuss the general case with entrainment at the end of
Sec. IV.

6/11:0: UC<:

L=ci[vi(1 +4;) = A]

(28)

III. MICROSCOPIC MODEL AND ELEMENTARY
EXCITATIONS

In this section we present a microscopic bosonic model
for two complex scalar fields ¢, @,, which we shall
evaluate at zero temperature in order to provide the input
for the hydrodynamic results of the previous section. We
shall also compute the Goldstone modes, which, for small
momenta and in the given approximation, are identical to
the sound modes computed from linearized hydrodynam-
ics. Our starting point is the Lagrangian

L= Z(aﬂ(pi(’?”q)f = m3|gi* = Ailgil*) + 2kl |2
=12

— (91020,

5 (21920, 9, + c.c.)

- % (01950,070" 9 + c.c.), (32)
where c.c. denotes complex conjugate, m; > 0 are the mass
parameters of the bosons, and 4; > 0 are the self-coupling
constants. This Lagrangian is invariant under transforma-
tions ¢; — e%¢gp;, a; €R, resulting in a global
U(1) x U(1) symmetry group, and we have introduced
three different interspecies couplings: one nonderivative
coupling whose strength is given by the dimensionless
coupling constant %, and two derivative couplings with
coupling constants g;, g,, which have mass dimension —2.
The model is nonrenormalizable and thus has to be
considered as an effective theory. This will play no role
in our discussion because we are only interested in the tree-
level potential and the quasiparticle excitations, calculated
from the tree-level propagator. We thus never have to
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introduce a momentum cutoff, which would be necessary if
we were to compute loops, for instance in an extension to
nonzero temperatures, which has been done within the two-
particle irreducible formalism for a single superfluid [32].
Our Lagrangian is very similar to the Ginzburg-Landau
model usually considered for superfluid nuclear matter in
the core of a neutron star, where the two fields correspond
to the Cooper pair condensates of neutrons and protons
[33—35]; for approaches on a more microscopic level, see
for instance Refs. [36—38]. The only differences are that we
consider a relativistic setup and two neutral fields, not
taking into account the electric charge of the proton.

Via Noether’s theorem, the symmetry gives rise to two
conserved currents,

7 = i(@10"9} — 910" p1) + glo1[*i(020" 95 — 930" 9s),
(33a)

Jb = (020" @3 — 930" 2) + gloa|*i(010" 9} — 90" ¢1),
(33b)

where we have abbreviated the difference of the two
entrainment couplings,

91— 9
=—. 34
g 3 (34)

Later we shall also need the sum of them,

gt 9
= . 35
) (35)
A. Tree-level potential and phase diagram
We write the complex fields as
@i = (@;) + fluctuations. (36)

In this section, we neglect the fluctuations, i.e., the fields
are solely given by their expectation values (g;) (the
“condensates”), which we parametrize by their modulus
p; and their phase y;,

() = T (37)
In this approximation, the Lagrangian (32) can simply be
read as (the negative of) a Ginzburg-Landau free energy,
where the fields correspond to the order parameters. In this
paper, we shall not include the fluctuations in our calcu-
lation of the phase diagram. For low temperatures and small
coupling strengths we expect our mean-field approach to be
a good approximation. We shall always work at zero
temperature, and the numerical values of the coupling
strengths we consider in this paper are always well below 1,
the self-couplings 4;, 4, < 0.3, the nonentrainment cou-
pling mostly zero, only in Fig. 7 we set 1 = 0.05, and the
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entrainment coupling g, in units of m;m, or, where we
work in the ultrarelativistic limit, in units of uu,, smaller
than or equal to 0.2. In any case, our approach should be
seen as a first approximation to the possible real-world
applications we have in mind. Consequently, any refine-
ment of the approximation—before improving the model
itself—that is not expected to change the results qualita-
tively is questionable from a phenomenological point
of view.

In the parametrization (37) the conserved currents (33)
become

. g
i = pi0"y + 51030, (38a)
.9

o =5PP30" 0 + P30y, (38b)

This form has to be compared to the general form of the
currents (13). We see that a nonzero entrainment coefficient
A arises due to the derivative coupling. (Notice that there
is no entrainment for g; = g,.) We shall therefore use the
terms derivative coupling and entrainment coupling
synonymously.

We restrict ourselves to uniform condensates and fluid
velocities, O#p; = 0, O*y; = const. The phases y; depend
linearly on time and space, with Jyy; =pu; and
Vy; = —u;v;; see Eq. (10). Actually, the chemical poten-
tials y; should be introduced via H — 3 N'y — u, N, where
H is the Hamiltonian and N; = j? the charge densities. It is
well known that this is equivalent to introducing the
chemical potential just like a background temporal gauge
field, dyp; — (O — iu;)p;. In Appendix A we prove that
this replacement has to be done in all derivative terms, i.e.,
also for the entrainment coupling; see also Ref. [39].
Consequently, we can indeed introduce the chemical
potentials directly in the phase of the condensates. The
same arguments can be applied to the superfluid velocity, or
more precisely to the spatial components of the momentum
conjugate to the current, such that we can write more
generally H — py, 7= Pou /5 and the vectors p; can be
viewed as spatial components of a background gauge field.

The tree-level potential becomes

2 2 2 2
pi—m A p5—m A
U=-So—pt+ =252+ )
h+ gp?
— =i, (39)
where
pi =00y = pi(l — v?),ﬁ (40)

P%z = a;ﬂl/la”ll/z = itz (1 = 0y - By).

As explained in Sec. II, p; and p, are the chemical
potentials in the rest frames of the fluids. Here we keep
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the general notation p introduced in the previous section,
deviating slightly from the notation in Refs. [14,29], where
0,y 0"y was instead denoted by 7.

The potential U needs to be bounded from below. This
requires 4;, 4, > 0 (which we shall always assume) and
h+ gp3, < /214, In particular, the potential is bounded
for arbitrary negative values of h + gp?,. Notice that the
boundedness of the potential depends on the chemical
potentials, which enter p;, (and also on the fluid veloc-
ities). This is not a problem as long as we identify the
unbounded region and always work with externally fixed
chemical potentials in the bounded region.

Our first goal is to find the phase structure of the model
within the given uniform ansatz. To this end, we need to
minimize the potential U with respect to the condensates p;
and p,,

ou oU
=—=—. (41)
dp1 Opy
We first identify the four different phases that are solutions
of these equations and that are distinguished by their
|
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residual symmetry group. One solution is the normal phase
[“NOR?”, residual group U(1) x U(1)], where there is no
condensate,

p1=p>=0, Unor = 0. (42)

The other solutions are determined by the equations

pi—mi—pi+ (h+gph)p3 =0,  (43a)

p3—my=ps + (h+gpi)pi =0.  (43b)
If only field 1 condenses and forms a superfluid [“SF,;”,
residual group U(1)], we have

2
_ 2 _PiTm
=P = )

=0, Ugp = ——
A P2 SF,

and analogously for field 2 (“SF,”). Finally, both con-
densates may coexist (“COE”, residual group 1),

s A(pt—mi) + (h+ gph,)(p3 — m3)

p =
! My = (h+ gp},)?

’

s M(p3—md) + (h+gp},)(pi —m3)

p =
: My — (h+ gp},)?

M(p3 —md)? + (p} —md)* +2(h + gp},) (pt — m3)(p3 — m))

9

UCOE ==

These results can be used to determine the global minimum
of the free energy for given p,, u,, v, and v,. We shall
restrict ourselves to & = 0;i.e., the coupling between the two
fields is only given by the derivative terms. We have checked
that the presence of two different interfluid couplings,
although giving rise to a more complicated phase structure,
does not give a qualitative change to our main results which
concern the instabilities discussed in Sec. I'V.

Let us first briefly discuss the trivial situation without
coupling, g = 0, and without any velocities, 7, = 7, = 0.
Bose-Einstein condensation occurs for chemical potentials
larger than the mass of the bosons. Therefore, in an
uncoupled system, there is no condensate for u; < my,
Uy < My, there is exactly one condensate if exactly one of
the chemical potentials becomes larger than the corre-
sponding mass, and there are two condensates if both
chemical potentials are larger than the corresponding
masses, p; > my, {r > m,. This can easily be checked
from the above general expressions. A coupling between
the two condensates can disfavor or favor coexistence of
the two condensates, depending on the sign of the coupling
constant. In our convention, g < 0 disfavors and g > 0
favors the COE phase. We therefore present two different

44122 — (h + gp1,)?]

. (45)

|

phase diagrams in Fig. 1 for these two qualitatively
different cases." Without loss of generality we can restrict
ourselves to yu;, p, > 0 because the chemical potentials
enter the free energy U only quadratically and through the
combination gy u,, and g only enters in this combination.

'Ina system of neutrons and protons inside a neutron star, the
results of Ref. [38] suggest that the entrainment coupling ¢ is
negative. This can be seen by rewriting the free energy (39) as

2.2 2,2 2.2
U = U(i}l :?}2:0)4_”17%1]%_'_”27'02”%_‘_%51 ‘52.

(46)

By comparing this expression with the nonrelativistic version in
Ref. [38] and using the results from the fermionic microscopic
theory therein, we conclude g < 0 (with |g| depending on the
baryon density). In view of our results it is thus an interesting
question whether the entrainment coupling between neutrons and
protons may forbid the coexistence of both condensates, in
particular under circumstances (i.e., at a given temperature and
baryon density) in which each of the condensates would be
allowed to exist on its own.
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FIG. 1. Phase diagrams in the plane of the two chemical potentials y;, y, for two different signs of the entrainment coupling g with the

same magnitude |g| = 0.03/(mm,) and vanishing nonentrainment coupling # = 0. We have chosen a mass ratio m,/m; = 1.5, and the
self-coupling constants are chosen to be 4; = 0.3, 4, = 0.2. Solid (black) lines correspond to vanishing fluid velocities, v; = v, =0,
while dashed (blue) lines correspond to v; = 0.7, v, = 0 (in units of the speed of light). Thin lines are second-order phase transitions,
while the thick lines in the left panel are phase transitions of first order. In the upper right corner of the right panel the potential is
unbounded from below. The lines and points are labeled, and their expressions are given in Table I. NOR denotes the phase of no
condensate, SF; and SF, the superfluid phases where only one field condenses, and COE the superfluid phase where both condensates
coexist. This phase is most relevant for our discussion in Sec. IV, and for Figs. 2—4 we choose a point within this phase, marked here with

a (red) cross.

All phase transition lines and critical points are given by
simple analytical expressions; see Table I.

We see in the left panel that the region for the COE phase
gets squeezed by the entrainment coupling. Let us explain
the various phase transitions by following a horizontal line
in the phase diagram: for 1 < u,/m, < 2.3 we start in the
SF, phase and, upon increasing y;, reach the line f3,. At this
line both condensates change continuously; in particular,
the condensate of field 1 becomes nonzero. This second-
order phase transition line is found from Usg, = Ucgg. Itis
easy to check that it is identical to the line where p; from
Eq. (45) is zero. By further increasing u; we leave the COE
phase through a second-order phase transition line f; and
reach the phase SF,. For u,/m, = 2.3, we do not reach the

TABLE L

COE phase by increasing p;, although there is a region
where the COE phase is allowed, i.e., where both p; and p,
from Eq. (45) assume real nonzero values. However, the
free energy of this state turns out to be larger than the free
energies of the phases SF; and SF,. Therefore, there is a
direct first-order phase transition line # between SF; and
SF,. For larger values of |g| the region of the COE phase
becomes smaller, and beyond a critical value the COE
phase completely disappears from the phase diagram. This
critical value is reached when the points P; and P,
coincide, and it is given by

g:_m (1—0)(1—02) (47)

myniy 1—1]1 1]2

Expressions for the phase transition lines a;, a,, f;, f, (second order), 7 (first order), the critical line {

for the unboundedness of the potential, and the critical points P; and P, in the phase diagrams of Fig. 1 (as in the
phase diagrams, we have set the nonentrainment coupling 4 = 0 for simplicity). We have abbreviated the Lorentz

factors y; = 1/4/1 — v7 and the condensates in the absence of a second field pj;, =

(pl —m; )//It’l*l 2.

a; Hi =Yim
2 92”?/2 4 - =\ mg/l g2 2 - =
P12 Ha/n =721 Tﬂm/oz(l IR 7,2 P01/02(1 =1+ 1)
n H =i/ mi + V&g,
Vi
¢ H2 = g1 (1=7,-05)
P (yimi,yamy)
. 1 44 4)32
P, (i) it = 57 (Tt = VIR 4 A (T = )
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The right panel shows the scenario where the coupling is in
favor of the COE phase. In this case, there is a region for
large chemical potentials where the tree-level potential
becomes unbounded.

In each panel we show the phase structure for the case of
zero velocities and for the case where the velocity of
superfluid 1 is nonzero. The effect of the nonzero velocity
on the SF; phase is very simple: condensation occurs if
p1 > my, 1.e., if the chemical potential measured in the rest
frame of the fluid is sufficiently large. We work, however,
with fixed y; i.e., we fix the chemical potential measured
in the frame where the fluid moves with velocity 7.
Therefore, the chemical potential relevant for condensation,

p1 = pu1/1 =}, is reduced by a nonzero 7; through a
standard Lorentz factor, and thus a nonzero velocity
effectively disfavors condensation of the given field. The
effect of the velocity on the COE phase is a bit more
complicated; in this case there is no frame in which the
velocity dependence can be eliminated. For either sign of
the coupling g, a nonzero velocity reduces the region of the
COE phase; i.e., there is a parameter region in which, for
zero velocity, the COE phase is preferred, but which is
taken over by a single-condensate phase or the NOR phase
at nonzero velocity. For negative values of the entrainment
coupling g (see left panel of Fig. 1), a nonzero velocity can
also work in favor of the COE phase: there are points in the
single-superfluid phase SF; at zero ¥; which undergo a
phase transition to the COE phase at nonzero ;.

We emphasize that the discussion in this section has been
on a purely thermodynamic level, in the sense that the
velocities have been treated as external parameters in the
same way as the chemical potentials. This is possible when
the velocity fields are constant in space and time. It is very
natural from the point of view of the covariant formalism
since chemical potential and superfluid velocity are differ-
ent components of the same four-vector, the conjugate
momentum O*y. This “generalized” thermodynamics can
be carried further to compute Landau’s critical velocity
from generalized susceptibilities [20,22]. We shall discuss

|

R -K* + ’11/2(39%/2 - P<2n/oz)
11/22 2iK - 9y

1 __P1P2 (GKZ —4(h—|—gp%2>
12/21 = 5

2igK - Oy s
—2igK - Oy, -gK*

(50b)

-

with the four-momentum K = (ko k), and K -0y, =
K, 0"y, ». Note that here also the sum of the two derivative

2iK - 31//1/2

2 2 2
—K~+ 11/2(p1/2 _Po1/oz)
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this connection after we have computed the quasiparticle
excitations, from which Landau’s critical velocity as well as
dynamical instabilities can be computed.

B. Quasiparticle propagator and Goldstone modes

In this section we are mainly interested in the quasipar-
ticle excitations, which are obtained from the poles of the
quasiparticle propagator. Using the simplest possible
approximation, we work with the tree-level propagator,
which is straightforwardly read off from the Lagrangian.
Here, in the main text, we simply present the propagator in
momentum space and then directly proceed with evaluating
the excitation energies. In Appendix B, we present a more
detailed derivation, embedded in the formalism of thermal
field theory. This illustrates the meaning of the excitation
energies in a system in thermal equilibrium and prepares
the extension of the present calculation to nonzero temper-
atures in future work.

The calculation of the excitation energies requires us to
include the fluctuations that we had dropped in Eq. (36),

elu/l / N/
Qi = % (pi + ¢ + ip}). (48)

Here, the fluctuations are parametrized in terms of real part
¢; and imaginary part ¢;”, and we have separated the
space-time dependent phase factor ei for convenience;
i.e., we work with fluctuation fields transformed by this
factor. The reason is that only in the basis of the trans-
formed fields is the propagator diagonal in momentum
space. The inverse propagator is obtained from the quad-
ratic terms in the fluctuations and can be written as

STt ST
= (Sl_]1 S1_21 > ) (49)
21 22

where

) < (h+ 9p12)p3 )

—igp3,, K - Oy, (50a)
, a
igp3, K - Oy

(h+ gp%z)ﬂg/l

|

coupling constants G appears, while in the tree-level
potential of the previous section only their difference ¢
had entered. This form of the propagator is general and
holds for all possible phases. We are only interested in the
excitation energies of the COE phase, where both con-
densates are nonzero. In this case, 4; /2(p% 1 -} /02)—
(h+ gp%,)p3 ;1 =0, and we can simplify
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S—l - —K2 + 22]/2[0%/2 2lK . 61;/]/2
/2 ~2iK - Oy, ) —K?

., 0 1
+ igp3, K - Oy 1 o) (51)

The excitation energies are given by det S~' = 0. Because
of the symmetry of the determinant under K — —K, the
excitations come in four pairs: if ky = €.1 is a zero, then
also kg = —¢,_; (r=1,...,4). In Appendix B we show
that only one energy of each pair has to be kept in order to
compute the thermodynamic properties of the system. In
the COE phase, the solutions of det S~! = 0 correspond to
the two Goldstone modes and two massive modes. For the
simplest scenario, let us set the superfluid velocities, the
mass parameters, and the nonentrainment coupling to zero,
Vy, = Vy, = my = my = h = 0. Then, the energy of the
massive modes has the form e; = M + O(k*) with the two
masses

3
H
221

These modes are of no further interest to us since we shall
focus on the low-energy properties of the system. Also, we
should recall that most of the real-world superfluids we
have in mind are of a fermionic nature. Therefore, our
bosonic approach can at best be a low-energy effective
description. In a fermionic superfluid there is a massless
mode too because of the Goldstone theorem, but typically
there is no stable massive mode. There rather is a
continuum of states for energies larger than twice the
fermionic pairing gap [40,41], and thus at these energies
our effective bosonic description breaks down.

The energies of the Goldstone modes have the form
e; = uk + O(k?), where

1
U — 11+ Hiko

NN

9+ 0(g%)]- (53)

We see that the effect of a small entrainment coupling is to
split the two Goldstone modes, with one mode becoming
faster and one mode becoming slower. One can check that
the behavior of a nonentrainment coupling 4 is different: if
we set the entrainment couplings to zero, G = g = 0, but
keep a nonzero h, we find that one mode remains
unperturbed by the coupling and the other acquires a larger
speed.

After these preparations we can now consider nonzero
fluid velocities and discuss the resulting instabilities.

PHYSICAL REVIEW D 93, 025011 (2016)

IV. DYNAMICAL AND ENERGETIC
INSTABILITIES

A. Results for sound modes and identification of
instabilities

Having identified the regions in parameter space where
both species 1 and 2 become superfluid and having derived
the quasiparticle propagator S for this phase, we now
compute the excitation energies numerically. We focus on
the two Goldstone modes and do not discuss the massive
modes any further. For small momenta, the dispersion
relations of the Goldstone modes are linear, €; = uk, and
their slopes u# can also be computed from the linearized
hydrodynamic equations; i.e., if we are only interested in
the low-momentum behavior, we may alternatively employ
Eq. (21) instead of det S~' = 0. In general, this is not true.
For instance, in a single superfluid at nonzero temperature,
there is only one Goldstone mode, but there are two
different sound modes, usually called first and second
sounds. Only for small temperatures is the Goldstone mode
well approximated by first sound; in general neither first
nor second sound corresponds to the Goldstone mode. In
our zero-temperature approximation of two coupled super-
fluids, we have “two first sounds” which coincide with the
Goldstone modes at low momentum.

Our microscopic model contains several parameters, and
a complete survey of the parameter space is very tedious
and not necessary for our purpose. Of course, many details
depend on the specific choice of the parameters. For
instance, had we allowed for a nonentrainment coupling
h in addition to the entrainment coupling g, the topology of
the phase diagrams in Fig. 1 would have been different for
certain choices of /& and g. However, the phase structure is
not our main concern, and we are rather interested in the
instabilities at nonzero fluid velocities. To this end, we
consider a particular point of the phase diagram in the left
panel of Fig. 1, marked with a (red) cross; i.e., we again
restrict ourselves to the case of a pure entrainment
coupling, setting 7 = 0. The behavior of this point in
terms of dynamical and energetic instabilities is generic in a
sense that we will discuss in Sec. IV B. In fact, for the two-
component superfluid, the following discussion about
dynamical and energetic instabilities would be quantita-
tively the same for a nonentrainment coupling; entrainment
is not crucial. Therefore, (the nonrelativistic limit of) our
results will also be relevant for dilute atomic gases, where
entrainment is believed to be negligible. For a system of
two normal fluids, however, entrainment does make a
qualitative difference for the dynamical instability; see
Fig. 7 and discussion at the end of Sec. IV B. The
entrainment terms themselves contain two different cou-
pling constants, and in principle we can choose both of
them independently. We have seen that for the tree-level
potential only the combination g = (g; — ¢,)/2 matters,
while in the propagator both constants enter separately. One
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FIG. 2. Goldstone dispersion relations with the parameters of the phase diagram in the left panel of Fig. 1 with u;/m; = 2.8,
Ha/my = 1.67 (marked point in that phase diagram), and four different velocities v;, parallel (k; > 0) and antiparallel (k; < 0) to 7.
The excitation energy €; is normalized to the mass M of the lighter of the two massive modes. For small momenta the dispersion

relations are linear, and their slope is shown in Fig. 3 for all angles. For a given k; we show all four massless solutions of det Sl =0,
including the negative “mirror branches” (dashed lines). From the second panel on, the branches that were positive for vanishing
superflow (solid lines) acquire negative energies for certain momenta. In the third and fourth panels there are gaps in the curves for

certain momenta where €1

can check, however, that for the linear, low-energy part of
the dispersion, again only g matters, such that we can keep
working with the single entrainment parameter g. Only in
Fig. 2 we show dispersion relations that go beyond linear
order in momentum, and in this case we have made the
choice g, = 0, such that g = G (again with quantitative, but
for our conclusions irrelevant, changes if g; and g, are
chosen differently).

In Fig. 2 we show the dispersion relations of the two
Goldstone modes for four different values of vy, with
v, = 0; i.e., the calculation is done in the rest frame of
superfluid 2. We show all four massless solutions of
det S™' = 0. As explained in the previous section, for each
solution €7 (solid lines), —€, 1 is also a solution (dashed
lines). Several observations are obvious from the four
panels. First of all we see the trivial effect that a nonzero
superflow (here of superfluid 1) leads to anisotropic
dispersion relations, in particular to different sound speeds

is complex, indicating a dynamical instability.

parallel and antiparallel to the superflow (first panel).
Beyond a certain value of the superflow, negative excitation
energies appear for small momenta (second panel), before
the energies become complex at small momenta (third
panel), and this complex region moves to larger momenta
(fourth panel). Complementary information for the same
parameter set is shown in Fig. 3. The four panels in this
figure show less in the sense that only the sound speeds are
plotted (i.e., the slope of the Goldstone dispersion at small
momenta), but they show more in the sense that these
speeds are shown for all angles between the direction of the
sound wave and the superflow. Also, in Fig. 3 we have
restricted ourselves to positive excitations; i.e., only the
branches of the upper half of Fig. 2 are shown in Fig. 3. For
instance, for v; = 0.5, there is a branch with negative
energy in the upstream direction (antiparallel to 7, ); see the
lower (red) solid line in the second panel of Fig. 2. At the
same time, the “mirror branch” in the downstream direction

v1=0.35 11=0.5 11=0.6 11=0.7
0.5}
) . -
N
~05 00 05 05 00 05 05 00 05 05 00 05

FIG. 3. Real part of the sound speeds with the parameters of Fig. 2 for all angles between the wave vector k and the velocity 7, and
four different magnitudes v, (the distance from the origin to the curve is the speed of sound for a given angle). The velocity 7, points to
the right. In the two last panels there are unstable directions for which the sound speed becomes complex and the real parts of two

branches coincide, indicated by the shaded (green) areas.
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has acquired positive energy, the upper (red) dashed curve
in the same panel. The latter is shown as a solid curve in the
second panel of Fig. 3, which also shows that this branch
exists for all angles in the half-space k - ; > 0.

The

most relevant information of Figs. 2 and 3 is

extracted in Fig. 4, which we now use to discuss the
various instabilities.

(a)
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Energetic instability: the transition from region I to
region Il is defined by the point where the excitation
energy of one of the Goldstone modes becomes
negative. Such a point is well known in the theory of
superfluidity. It exists even for a single superfluid
and the corresponding critical velocity is nothing but
Landau’s critical velocity. Compared to Landau’s
original argument, our calculation is a generalization
to a two-component superfluid system and to the
relativistic case. Since in our system the onset of
negative excitation energies is equivalent to the
sound speed becoming zero, we can also use
Eq. (21) to compute the critical velocity. From this
equation we easily read off that u = 0 occurs for
dety, = 0 which, in turn, occurs at the point where
one of the eigenvalues of y, changes its sign; both
eigenvalues are positive in region I, and one eigen-
value is negative in region II. Consequently, in our
approximation, where the quasiparticle modes and
the sound modes coincide, Landau’s critical velocity
is a manifestation of the negativity of the “current
susceptibility,” the second derivative of the pressure
with respect to the spatial components of the
conjugate four-momentum p# = Oty. A more
common susceptibility is the “number susceptibil-
ity,” the second derivative with respect to the
chemical potential, which is the temporal compo-
nent of the conjugate four-momentum. In this case,
the negativity implies that the density decreases by

PHYSICAL REVIEW D 93, 025011 (2016)

increasing the corresponding chemical potential,
which indicates an instability. This is completely
analogous to the spatial components: here, a neg-
ative susceptibility implies that the three-current
decreases by increasing the corresponding velocity,
again indicating an unstable situation. In general,
one has to check both stability criteria separately;
Landau’s critical velocity does not necessarily
coincide with the onset of a negative current sus-
ceptibility. An example is a single superfluid at
nonzero temperature, where neither of the two sound
modes coincides with the quasiparticle mode, and
thus the connection between the quasiparticle energy
and the susceptibility cannot be made.

In Fig. 5 we show Landau’s critical velocity v; for
all values of the chemical potentials for which the
COE phase is preferred in the absence of any fluid
velocity. We see that for negative values of the
entrainment coupling all states that were stable at
v; = 0 become energetically unstable at some criti-
cal velocity. This is different for positive values of
the entrainment coupling where there is a region in
the phase diagram with no instability, indicated by
vy = 1. This case is also interesting because we find
a region with vanishing critical velocity, i.e., an
unstable COE state which appeared to be stable in
the calculation based on the tree-level potential. This
means that the COE phase may well be the global
minimum of the potential U within our ansatz of a
uniform condensate, but it may be a saddle point if
an anisotropic or inhomogeneous condensate is
allowed for.

Besides the negativity of the susceptibility, we can
describe the energetic instability also in the follow-
ing intuitive way, using the picture of the sound
waves: if a sound mode propagates “upstream,” it is

T T T T T

downstream

T T T T T T

upstream

V1

Vi

FIG. 4. Real part of the sound speeds parallel (“downstream”) and antiparallel (“upstream”) to the velocity of superfluid 1, for the
parameters of Figs. 2 and 3. Region I: stable; region II: energetically unstable and containing a dynamically unstable region; region III:
single-superfluid phase SF, preferred.
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unbounded

H1/my

Landau’s critical velocity v; (“energetic instability”) in the COE phase of the two phase diagrams from Fig. 1, i.e., for negative
(left panel) and positive (right panel) values of the entrainment coupling g. The asymmetry between the two superfluids arises because
we work, without loss of generality, in the rest frame of superfluid 2; i.e., the critical velocity refers to ;. In the right panel, the COE
region is separated from the region where the tree-level potential is unbounded from below by a band where v; = 0; i.e., states in this
band are energetically unstable already in the static case although they appear stable within our uniform ansatz. The critical velocity for
the two-stream instability is, where it exists, larger than Landau’s critical velocity throughout the phase diagram. The phases where only
one field condenses, SF; and SF,, also become unstable beyond certain critical velocities, but these are not shown here.

natural to expect that it is slowed down compared to
the situation without superflow. Landau’s critical
velocity is the point at which the mode is slowed
down so much that it comes to rest, and for larger
velocities it appears to propagate in the “wrong”
direction. It then shows up as an additional down-
stream mode, which is manifest in all Figs. 2—4, for
instance in the left panel of Fig. 4 where at the
transition between regions I and II a third mode
appears in the downstream direction. Rephrased in
this way, the energetic instability encountered here is
analogous to the Chandrasekhar-Friedman-Schutz
instability [42,43] (including the r-mode instability
[44]) known from astrophysics2: in that case, certain
oscillatory modes of a neutron star can be “dragged”
by the rotation of the star, such that from a distant
observer they appear to propagate, say, counter-
clockwise, while in the corotating frame they propa-
gate clockwise. This is exactly the same kind of
behavior as we observe here; we just have to replace
the oscillatory mode of the neutron star by the sound
mode and the angular velocity of the star by the
velocity of the superfluid. It is very instructive to
develop this analogy a bit further: in a rotating
neutron star, the instability is realized due to the
emission of gravitational waves, which are able to
transfer angular momentum from the system. In the

’In the astrophysical literature such an instability is called
secular instability. Here we use the term energetic instability
synonymously, following the condensed matter literature; see for

instanc

e Ref. [45].

(b)
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same way, as already pointed out by Landau in his
original argument, the negative excitation energies
lead to an instability if there is a mechanism that can
exchange momentum with the superfluid, for exam-
ple the presence of the walls of a capillary in which
the superfluid flows. The exchange of angular
momentum or momentum is crucial for the insta-
bility to set in, and knowledge about how this
exchange works is required to determine the time
scale on which the instability operates. This is in
contrast to the dynamical instability, where a time
scale is inherent and which we discuss next.

Dynamical instability: in a subregion of region II,
two of the sound speeds acquire an imaginary part of
opposite sign and equal magnitude, while their real
parts coincide (since the polynomial from which the
sound speeds are computed has real coefficients, for
any given solution also the complex conjugate is a
solution). This means that the amplitude of one of
the modes is damped, while it increases exponen-
tially for the other one, with a time scale given by the
magnitude of the imaginary part. This kind of
instability is well known in two-fluid or multifluid
plasmas [46-48] and is termed two-stream insta-
bility or counterflow instability. In plasma physics,
usually the fluids are electrically charged, and the
calculation of the sound modes is somewhat differ-
ent because the hydrodynamic equations become
coupled to Maxwell’s equations. This provides an
“indirect” coupling between the two fluids, while we
have coupled the two fluids “directly” through a
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coupling term in the Lagrangian. In the context of
two-component superfluids the two-stream instabil-
ity has been discussed in a nonrelativistic context
[16,18,45] and, without reference to superfluidity, in
a relativistic context [49]. It has also been discussed
in a single, relativistic superfluid at nonzero temper-
ature [14]. For a truly dynamical discussion of the
two-stream instability one has to go beyond linear-
ized hydrodynamics [50] and possibly take into
account the formation of vortex rings and turbulence
[17]. Our present calculation only yields the time
scale of the exponential growth at the onset of the
instability.

(c) Phase transition to single-superfluid phase: as the
phase diagram in the left panel of Fig. 1 shows, a
point within the COE phase with fixed chemical
potentials will simply leave the COE region beyond
a critical velocity. Therefore, in region III a different
phase, even within our simple uniform ansatz, is
preferred, in this case the phase SF,, where only
field 2 forms a condensate. This instability is also
seen in the sound modes because the COE phase
ceases to be a local minimum at that point. In other
words, the phase transition is of second order.

B. Further analysis of instabilities and comparison
to normal fluids

In the results shown so far, the dynamical instability
occurs in an energetically unstable region; i.e., a complex
sound speed occurs only if there is already a negative
excitation energy. In other words, the two branches that
merge in the left panel of Fig. 4 are not the two “original”
downstream modes, but one downstream mode and the
original upstream mode that has changed its direction. Two
questions arise immediately:

(i) Does the occurrence of complex sound speeds have
any physical meaning if they occur in an energeti-
cally unstable region?

(ii) Is this behavior generic or can a dynamical insta-
bility arise even in the absence of an energetic
instability?

As for point (i), we will give a brief qualitative
discussion, while for point (ii)) we will give a definite
answer within our approach.

(i) The problem that seems to arise is that an energeti-
cally unstable system will choose a different configuration,
another equilibrium state with lower free energy than the
one that exhibits the negative excitation energies, or it will
refuse to be in equilibrium altogether. In either case, the
two-stream instability we have observed may well be
absent in the new configuration, simply because the
calculation in the energetically unstable state is not valid
since this state is not realized. As mentioned above, the
energetic instability is, in our approximation, identical to a
negative current susceptibility. Negative number
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susceptibilities are well-known indicators of an instability,
for instance for Cooper-paired systems with mismatched
Fermi surfaces [51-53], where the resolution may be phase
separation, i.e., a spatially inhomogeneous state with paired
regions separated from unpaired regions. In our present
calculation, the negative susceptibility may as well be cured
by an inhomogeneous state which we have not included in
our ansatz, for example in the form of stratification of the
two superfluid components [54,55] or a crystalline struc-
ture of the condensates [56]. While these solutions to the
problem concern equilibrium states, the fate of an ener-
getically unstable state in a real physical system, be it in a
neutron star or in ultracold atoms, may be more compli-
cated. As mentioned above, the realization of the energetic
(or secular, in the astrophysical terminology) instability
depends on a mechanism that is able to transfer momentum
to and from the system. If such a mechanism is absent or
operates on a large time scale it is thus conceivable
(depending on the actual physical situation) that the two-
component superfluid becomes unstable only at the larger
critical velocity where the two-stream instability sets in.

(ii) First of all we recall that the negative excitation
energies and Landau’s critical velocity are frame depen-
dent. So far we have worked in the rest frame of one of the
two superfluids. But one can well imagine that there is a
third meaningful reference frame, for instance the rest
frame of the entropy fluid if we consider nonzero temper-
atures, which is the most convenient rest frame in a field-
theoretical calculation [29]. Therefore, for a general analy-
sis of Landau’s critical velocity, we should allow both
fluids to move with nonzero velocities v, and 7,. (In
Landau’s original argument for a single superfluid a second
reference frame is given by the capillary.) Of course, the
calculation becomes very tedious if we allow for three
different vectors with arbitrary directions: vy, ¥,, and the
wave vector k. Therefore, we restrict ourselves to the case
where all these vectors are aligned with each other. As we
have seen in Fig. 3, it is the downstream direction where
energetic and dynamical instabilities set in “first” (i.e., for
the smallest velocities). Therefore, it is a restriction to
consider only aligned v, U, but once they are aligned it is
no further restriction to align & too if we are interested in the
critical velocities.

In Fig. 6 we plot Landau’s critical velocity »; and the
critical velocity for the two-stream instability ©y-sream fOT
arbitrary values of v, and v,, and three different values of
the entrainment coupling. If the fluids were uncoupled,
Landau’s critical velocity for each of the fluids is 1/v/3 in
the ultrarelativistic limit (for simplicity, we have set the
mass parameters to zero in this plot), irrespective of the
velocity of the other fluid. This is indicated by the dashed
square. A nonzero entrainment coupling reduces Landau’s
critical velocity, and it tends to do more so if the fluids
move in opposite directions, where sgn(v;v,) < 0. (This is
different if we choose the opposite sign for the coupling
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FIG. 6. Landau’s critical velocity v; [inner (black) solid curve] and critical velocity for the two-stream instability vyo-sgream [OUtET
(blue) solid curve] for two superfluids moving with velocities v; and v, parallel [sgn(v,v,) > 0] or antiparallel [sgn(v;v,) < 0] to each
other for negative entrainment coupling ¢ of three different strengths, and m; = m, =0, 4; = 0.3, 4, = 0.2. (Angles in this plot
correspond to different ratios v, /v, not to angles between v, and v,, which are always aligned or antialigned.) The dashed square shows
Landau’s critical velocity 1/+/3 in the absence of a coupling between the fluids. The large (blue) dots on the horizontal axis mark the
analytical result for small coupling strength for the onset of the two-stream instability (54), while the small (black) dots mark the points

where both critical velocities coincide.

constant, g > 0: in this case Landau’s critical velocity is
enhanced for antialigned flow.) This is a similar effect as in
the phase diagrams of Fig. 1: an entrainment coupling
g < 0 disfavors the COE phase, and it is stable only in a
smaller region compared to the uncoupled case in the ;-5
plane (Fig. 1) or in the v;-v, plane (Fig. 6). The behavior of
Viwo-stream» (€ outer instability curve, is easy to understand
in the following way: one might expect the two-stream
instability to depend only on the relative velocity of the two
superfluids. So, if relativistic effects were neglected, one
might expect two straight lines given by v, — v; = Fconst.
The actual curves are different for two reasons: first,
relativistic effects bend the curves in the v,-v, plane
according to the relativistic addition of velocities and,
second, the velocities also have a nontrivial effect on the
condensates of the superfluids, as already discussed in the
context of the phase diagram in the u;-p, plane.

For v, = 0 and small values of the entrainment coupling,
one can find a simple analytical expression for the critical
velocity,

V3 Joptt 4+ 161,443
=21+ = T2 0> . (54
vtwo—slream 2 + 321112/41//!2 g + (g ) ( )

This result is obtained by setting the discriminant for the
polynomial in the sound velocity u of degree 4 to zero [57].
It shows that for g — 0 the critical velocity is the relativistic
sum of the two Landau critical velocities of each fluid
1/+/3. The entrainment coupling reduces or enhances this
result, depending on the sign of the coupling constant. We
have indicated the value (54) in Fig. 6 as (blue) dots on the

horizontal axis and see that the approximation becomes
worse for larger couplings. In interpreting Eq. (54) we have
to keep in mind that we have determined the critical
velocity at fixed y;, p,; i.e., we have fixed the chemical
potentials in the “lab frame," not in the respective rest
frames of the fluids. Therefore, increasing v, while keeping
v, = 0 affects condensate 1 and not condensate 2 (in
addition to making the two fluids move with respect to
each other). This asymmetry is manifest in the term
proportional to g in Eq. (54), and it becomes manifest
even in the limit g — 0 if we include nonzero masses m,
m,. We have checked that if we work with fixed chemical
potentials in the rest frames of the superfluids p;, p,, the
critical velocity ¥yyo-siream dO€S become symmetric in the
two fluids, and the g — O limit is the relativistic sum of
the two Landau critical velocities for all masses m;, m,.
This includes the nonrelativistic limit, in agreement
with Ref. [18].

The main conclusion from Fig. 6 regarding the above
question (ii) is obvious: v; < Vyyo-stream fOT all ratios v, /vy,
and there exists one ratio v,/v; where v; = Vyyossream- 101
other words, the scenario shown in Fig. 4 is generic, and we
have not found any region in the parameter space where the
two-stream instability sets in at smaller velocities than the
energetic instability. A general, rigorous proof of this
statement is difficult because the sound modes are solutions
of quartic equations. Thus, strictly speaking, we have not
rigorously proven this statement, but, besides the results
shown in Fig. 6, we have checked many other parameter
sets, including a different sign of the entrainment coupling
and including a nonentrainment coupling. The situation we
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are asking for is a merger of the two original downstream
modes, i.e., the two curves in region I in the left panel of
Fig. 4. We have in particular looked at parameter sets where
the curves of these modes cross in the absence of any
coupling. But, if a coupling is switched on, no imaginary
part but rather an “avoided crossing” develops at this point.
Therefore, in all cases we have considered, the qualitative
conclusion about the order of the two critical velocities
remains.

At this point, let us come back to the modes that we have
discussed in Sec. II. We pointed out that a two-fluid system
allows for a richer spectrum of massless modes if one or
both of the fluids are normal fluids rather than superfluids.
In a superfluid, the oscillations are constrained because
chemical potential and superfluid velocity are both related
to the phase of the condensate. As a consequence, only
longitudinal oscillations are allowed. If exactly one of the
fluids is a normal fluid, one additional transverse mode
appears, given in Eq. (22). This mode has a fixed form, for
all possible couplings between the fluids, and thus does not
couple to the other, longitudinal modes. Therefore, the
discussion of energetic and dynamical instabilities reduces
to exactly the same modes as discussed in this section for
the two-component superfluid. Of course, for a specific
discussion we need the generalized pressure as a function
of the Lorentz scalars p?, p?, p3,, of which our microscopic
theory provides only one specific example. An example for
a system of one normal fluid and one superfluid is a single
superfluid at nonzero temperature, for which the general-
ized pressure has been derived from a microscopic model in
the low-temperature approximation, keeping terms of order
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T* [28-30]; see for instance Eq. (4.45) in Ref. [30]. In its
regime of validity, i.e., low temperatures compared to the
chemical potential and also small superfluid velocities,
there is no dynamical instability, at least not in an
energetically stable regime [29]. At arbitrary temperatures
below the critical temperature a covariant form of the
generalized pressure, based on a microscopic model, is
unknown to the best of our knowledge, and one has to
apply more complicated methods. Within the self-consis-
tent two-particle-irreducible formalism, a two-stream insta-
bility was indeed found at nonzero temperatures,
remarkably in an energetically stable regime, for velocities
slightly below Landau’s critical velocity [14].

For the case of two normal fluids, we discuss two
intriguing observations. First, in the absence of entrain-
ment, but in the presence of a nonentrainment coupling, we
have found sound modes whose speed has a very simple
analytical form; see Eqs. (28) and (30). Just like the two-
component superfluid, they show an energetic instability
and a dynamical instability, with corresponding critical
velocities given by Eqgs. (29) and (31). As these equations
make obvious, the critical velocity for the energetic
instability is always smaller than that of the dynamical
instability. We have thus found an example for a set of
(transverse) modes where there is a very simple proof that
for all values of the coupling constant and for all equations
of state for each single fluid the dynamical instability can
occur only if the system is already energetically unstable.
Second, let us discuss the modes (28) and (30) in the
presence of entrainment. In this case, their analytical form
is extremely complicated, so we again resort to a numerical
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FIG. 7. Real part of the sound speeds for transverse modes in the downstream direction, in a system of two normal fluids with
entrainment [solid (blue) lines]. Regions I and II are energetically stable and unstable regions, respectively. For a positive entrainment
coupling, there is a two-stream instability in an energetically stable regime, which does not occur in the system of two coupled
superfluids, where the two-stream instability is always in region II. Here we have used the equation of state of the superfluid system and
have chosen the ultrarelativistic limit, m; = m, = 0, the ratio of chemical potentials u,/u; = 1.5, the self-couplings 4, = 0.3, 1, = 0.2,
the nonentrainment coupling /# = 0.05, and the entrainment coupling gy, = —0.003 (left panel) and gupu, = +0.003 (right panel).

The dashed (black) lines are the results with the same parameters

, but in the absence of entrainment, g = 0.
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evaluation. To this end, we need to specify an equation of
state, and we simply use the pressure from our microscopic
model of the complex fields, i.e., P = —Ucog With Ucog
from Eq. (45). This is one particular example where both
fluids enter symmetrically, and we simply reinterpret the
pressure in the sense that the conjugate four-momentum is
not related to any phase, thus allowing for nonlongitudinal
oscillations. The results for a certain choice of parameters
are shown in Fig. 7. The dashed (black) lines show the
result in the absence of entrainment: these are the modes
from Eq. (28) just discussed, with one mode becoming
negative (in the upstream direction, not shown in the figure)
and, at a larger velocity, two modes that merge and acquire
complex values. This is very similar to the superfluid case
in Fig. 4. But, additionally, there is the transverse mode
u = vy cos@ which, in the absence of entrainment, is
unaffected by the other modes. In the presence of entrain-
ment, the modes couple. Mathematically speaking, the
polynomial does not factorize in this case. In particular, for
a certain sign of the entrainment coupling constant, in our
convention g > 0, there is a two-stream instability due to
the presence of this mode.” This is remarkable because of
two reasons: it is an example where entrainment, as
opposed to a nonentrainment coupling, leads to a qualita-
tive difference regarding the dynamical instability. (In the
case of the two-superfluid system, although we have only
shown results with entrainment coupling, the qualitative
conclusions would not have changed had we worked with a
nonentrainment coupling.) And, it is an example for a two-
stream instability occurring in an energetically stable
regime: none of the modes has negative energy at the
point where two of the modes become complex.

V. SUMMARY AND OUTLOOK

We have investigated quasiparticle excitations in a
relativistic two-component superfluid, starting from a
bosonic field-theoretical model for two complex scalar
fields and including an interspecies derivative coupling that
gives rise to entrainment between the two fluids. We have
focused on the simplest hydrodynamic situation where the
fluid velocities are uniform in space and time and have
restricted ourselves to zero temperature. In this scenario, we
have calculated the phase structure of the system in an
“extended” grand canonical ensemble, where besides the
two chemical potentials also the two fluid velocities serve
as externally given parameters. This is very natural because
both quantities are different components of the same four-
momentum conjugate to the conserved current. By

We may also consider the generalization of the modes (30) in
the presence of entrainment, i.e., the modes that are continuously
connected to the uncoupled oscillations of the fluid at rest. In this
case, it is the zero mode u = 0 instead of the mode u = v; cos 0
which, in the presence of entrainment, couples to the modes (30),
also resulting in a dynamical instability.
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including fluctuations about the condensates, we have
computed the dispersion relations of the two Goldstone
modes in the phase where both complex fields condense.
Besides this microscopic approach, we have also presented
a general derivation of the sound modes from two-fluid
relativistic hydrodynamics in the linear approximation.
While this approach reproduces the Goldstone dispersion
relations of the two-component superfluid at low energy, it
also allows for a study of the sound modes in two-
component normal fluids.

Our main focus has been on the instabilities that arise at
nonzero fluid velocities. We have systematically analyzed
energetic and dynamical instabilities. The energetic insta-
bility manifests itself in negative excitation energies
beyond a certain critical velocity. This critical velocity—
or rather a critical surface in the space of both chemical
potentials and fluid velocities—is a generalization of
Landau’s critical velocity for a single superfluid. With
the help of the hydrodynamic equations, we have pointed
out that this instability is, within our zero-temperature
approximation, equivalent to a negative eigenvalue of the
“current susceptibility” matrix, the matrix of second deriv-
atives of the pressure with respect to the fluid velocities
(analogous to the number susceptibilities which are second
derivatives with respect to the chemical potentials). In a
certain parameter range this instability even occurs in the
limit of vanishing fluid velocities. Besides the energetic
instability we have also computed the critical velocity for
the two-stream instability. This dynamical instability man-
ifests itself in a complex sound velocity, whose imaginary
part determines the time scale on which the unstable
mode grows.

As a result of this analysis, we have found that, in the
case of a two-component superfluid at zero temperature, the
dynamical instability can only occur in the presence of an
energetic instability. In other words, one mode must acquire
negative energy before it can couple to another mode to
develop an exponentially growing amplitude. Our numeri-
cal evaluation suggests that this is a general result, holding
throughout the parameter space and for both kinds of
couplings we have considered, nonentrainment and entrain-
ment couplings. We have complemented this result by an
analysis of two normal fluids, which allow for nonlongi-
tudinal oscillations. This is in contrast to a superfluid,
where a constraint on the oscillations is given by the
relation of both chemical potential and superfluid velocity
to the phase of the condensate. Most importantly, we have
found a set of transverse modes in a two-component normal
fluid that couple to each other if entrainment is present and
that show a two-stream instability in the absence of an
energetic instability.

Our study raises several questions and can be extended in
various directions. A direct extension would be to include
temperature effects. This seems straightforward but will
complicate the calculation significantly since it introduces a
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third fluid given by the entropy current. It would never-
theless be promising to study dynamical instabilities in this
case since for instance in superfluid neutron star matter
temperature effects can be expected to be relevant. Another
obvious extension is to include electromagnetism, i.e., to
promote one or both of the global symmetry groups of our
Lagrangian to a local one. This would first make the
connection to ordinary plasma physics where the fluid
components are usually electrically charged. It would
second also be relevant for the interior of neutron stars,
where a system of neutrons and protons can form a two-
component system of one superfluid and one supercon-
ductor. It would be interesting to see whether this changes
any of the conclusions regarding the dynamical instability,
especially in view of its possible relevance for pulsar
glitches. Furthermore, one should ask whether the energetic
instability can be resolved by the formation of an inho-
mogeneous superfluid, possibly through a phase separation
of the two components. And, subsequently, it would be
interesting to find out whether such an inhomogeneous
state, if energetically stable, will still suffer a dynamical
instability. This can be relevant not only for superfluids in
the astrophysical context, but also for superfluids in the
laboratory such as Bose-Fermi mixtures in cold
atomic gases.
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APPENDIX A: CHEMICAL POTENTIALS IN THE
PRESENCE OF AN ENTRAINMENT COUPLING

In this appendix we prove that the chemical potentials
U, are introduced in the Lagrangian by replacing all
derivatives—in the kinetic term and the derivative cou-
pling—Dby covariant derivatives which contain the chemical
potentials in the form of a temporal background gauge
field. The main idea of the proof is to introduce a compact
matrix notation in which the derivation then proceeds very
similarly to the standard scenario without derivative cou-
pling. As an aside, we shall point out a complication arising
from the functional integration over the canonical
momenta, which produces a nontrivial field-dependent
factor in the presence of a derivative coupling.

We first introduce real and imaginary parts of the
complex fields,

1 .
Y = \ﬁ@”ﬁ +igpf). (A1)

[Here we do not have to separate the condensates and the
fluctuations; note that the real and imaginary parts of
the fluctuations introduced in Eq. (48) are transformed by
the phase of the condensate, and thus denoted by a different
symbol.] In this basis, the Lagrangian becomes

A h
) == (@ +*)?| + > (@ + @) (95 + ¢5?)

(A2)

1 1 m>
L= Z:z {5 0,009} + 50,900 == (97 + 0?) =3
g1
vy (@190, — @195)(0,910"9 — 0,910 ¢5) + (@195 + @[ 95) (0,010 @ + 0,070"p})]
g
- f (@195 + @{95)(0,910" @ + 0,010"03) + (005 — & 9}) (0,0, 0" ¢y — 0, 010" )]

By introducing the vector ¢ through

d /
- P - Pi
(p=<q ) 40,-:( ,/>, (A3)
P2 @i
we can write the Lagrangian in the compact form
N O -
£ =3510,0"07'0"p 4" (m* + V)g), (Ad)

with m? = diag(m?, m3). Here we have abbreviated

_ 1 A 1 i]Y” —I’lYIZ
QlE( . >, YE—( , (A5)
where
A=—2GYh + gV o) 0 -l

=—— T T5), Ty, = s
3 12 T g2l 127 2 1 0
0 @]
Yij = < "1 " //>‘ (A6)
i?i PiP;

The compact form (A4) seems to suggest that the Lagran-
gian is quadratic in the fields. This is of course not true; one
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has to keep in mind that the matrices Q™' and Y contain
terms quadratic in the fields too. The point was to write the
Lagrangian in a form that shows the derivative terms
explicitly, and absorb all remaining structure in the most
compact way. This facilitates the introduction of the
conjugate momenta and the chemical potentials, and also
makes the structure of the Lagrangian very transparent: Y
contains the nonderivative self-couplings (diagonal terms,
proportional to 4;), and the nonderivative cross-coupling
(off-diagonal terms, proportional to /), while Q! contains
the derivative cross-couplings (off-diagonal terms, propor-
tional to g;) and the kinetic terms (diagonal). We do not
include derivative self-couplings, which would occur
diagonally in Q7.

The canonical momenta conjugate to the fields are
defined as

oL oL
! = =, ,4/ = A7
500 ooy
which can be compactly written as
=019, (A8)

with the vector 7 defined analogously to . Below we shall
need the inverse relation 0°p = Q7 with

(1 — AAT)"!

B —A(1 — ATA)"!
€= <—AT(1 — AAT)"!

. A9
oy )9
The Hamiltonian is given by the Legendre transform of £
with respect to the pair of variables (9°¢, 7),

H=7%-L

= % [Z"0r+ Vo' - Q7'Vo+¢"(m* +Y)p|. (Al0)
Introducing two chemical potentials for the two conserved
charges amounts to a shifted Hamiltonian H — u;N'| —
>N, with the two charge densities given by the temporal
components of the currents, N; = j¥. The currents (33) can
be written as

. - - _9 7
= -0l (5)"601 - 272Y12728”(/72>’

. . . g R
Jh=-0in (8”% - 572Y21728”§01>- (A11)

Now, using the temporal component of these expressions
and inserting 9% = Qz with Q from Eq. (A9), one
computes the remarkably simple relations

j(1) = _;0{727?1 = ¢\n| — ¢, (Al2a)

13 == @huin = ¢hmy — i), (A12b)
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and thus p ) + pojy = =@ uryi with p = diag(py, ).
(Note that 7, is a matrix in the space of real and imaginary
parts, while y is a matrix in the space of fields 1 and 2.) The
partition function is

Z = /D(plp(pzpﬂlpﬂ'z
xewp |- [ (3= s =y - 700 | (13
with the abbreviation

T
/E/ dr/d3x,
x Jo

where 7 is the imaginary time. Therefore, we compute

(A14)

- (H —/41](1) _/42](2) _ﬁTaofﬁ)

1o . R -
z—iﬂTQﬂHaomezfﬂ)Tﬂ

| I, RPN -

—5 V" 07"V -+ (m* +1)3)

lop = 1 -
:_EHTQH+§[(D,4¢)TQ "Dty —¢" (m* +Y)g),

(A15)

with the shifted momenta IT = 7 — Q~!(8yp + puz>$). The
second term in the last line is the “new” Lagrangian; it
is identical to the original Lagrangian (A4), but with
the derivatives replaced by the covariant derivatives
DF = Q¥ 4 Sut,. Consequently, the chemical potentials
are effectively introduced by replacing all derivatives in the
Lagrangian by covariant derivatives. They can thus equiv-
alently be introduced in the phase of the condensates, as we
do in the main text.

The integration over the shifted momenta can now easily
be performed. In the presence of a derivative coupling, this
integration induces a nontrivial, i.e., field-dependent, factor
in the integrand of the partition function,

Z= /Dfm’-’?wz(detQ)‘”z
1 R .. R
X exp {EA[(D;M)TQ_ID”(P — " (m* + Y)co]},
(A16)

with

1
det O = i . (A17)
(1= Ploa) (1 =% |1 [Pl )

If we expand det Q around the condensates p,, p, and only
keep the lowest order contribution we can write
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wo].

(A18)

\% 1
2[detQ@)}‘I/Z/D(,o,D(,ozexp ——U—|——/£(2)
T 2 /x

where

1

det Q) = (A19)

2
(1=Cpp3)(1 = p2p3)

and where we have also employed the expansion in the
exponent, keeping terms up to second order in the
fluctuations.

(097)* + il *(p?

1 /
:EZZ: [(04})?

h+ gp?,

T

(Pl a* + 3l |* + 4p1pad ) —

+ S 10w - (08 — $300%) + piow - <¢aa¢'{—

where we have assumed p; and p, to be constant, and where
|¢i|* = ¢* + ¢>. We introduce the Fourier transformed
fields via

X) —iK- X¢/

er

—iK- X¢//

P7 (X (B3)

- \/_ Z
with the space-time four-vector X = (—iz,X) and four-
momentum K = (kg, k), where ko = —iw, with the bo-

sonic Matsubara frequencies w,, = 2znT, n € Z. Then, the
second-order terms in the fluctuations can be written as

e qu S O pm). @y
where we have abbreviated
#(K)
o= D | (85)
HE

In this basis, the inverse tree-level propagator in momentum
space S~!(K) is a 4 x 4 matrix, given in Egs. (50), and the
free energy (B1) becomes

—m}) +20y; -
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APPENDIX B: GRAND CANONICAL POTENTIAL
AND EXCITATION ENERGIES

The thermodynamics of the system is obtained from the
grand canonical potential density (“free energy density” or
short “free energy”)

o=-Lhz (B1)
1%

with the three-volume V and the partition function Z from
Eq. (A18). Inserting the fluctuations from Eq. (48) into
the Lagrangian (32), we find terms up to fourth order in
the fluctuations. The first-order terms cancel if one
applies the equations of motion, and we neglect all terms
of third and fourth orders. The remaining second-order
terms read

(#i0d] = #7087) — 2ipi 37 + ¢)]
(G8¢’ ¢ — gogy - O5)
P1OP,) + 2p1p2 (910w - Oy + 2450y - OpY)].  (B2)
1T 00s~1(K)
Q:U+5‘—/zl;1ndetT, (B6)

where the determinant is taken over 4 x 4 space. The
determinant of the inverse propagator is a polynomial in &
of degree 8, which we can write in terms of its zeros,
ko = €, 7. As mentioned in the main text, these zeros can be
grouped in 4 pairs, {e ;,— ’_k} and we can thus write

G2 92
dets™! = <1 —Tp%p%> (1 —Zp?p%>

—e,)(ko e, p)- (B7)

The prefactor is exactly canceled by det Q(%); see Eq. (A19).
This is important since otherwise it would yield an
unphysical, divergent contribution to the free energy.

As an illustrative example for a thermodynamic quantity,
let us write down the charge densities n; = —0Q/0u; at
nonzero temperatures. With the help of Eq. (B6) and
IndetS™' = TrinS~! we find

-1
r{SaS }
K a,ul

ou &k
=~5n 2] G

n=-—oo

ko,k)
e, 1) (kot+e, 7) ’
(B8)
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where, in the second step, we have rewritten the sum over
four-momentum as a discrete sum over Matsubara frequen-
cies n and an integral over three-momentum k, and F'(kg, k)
is a complicated function without poles in k, which obeys
the symmetry F(—kg, —k) = F(ko,k). The sum over
Matsubara frequencies creates eight terms, each for one
|

PHYSICAL REVIEW D 93, 025011 (2016)

of the poles. Because of the symmetries of €, and F° (ko k)
these terms give the same result pairwise under the k-
integral (this is easily seen with the new integration variable
k — —k in one term of each pair). Therefore, we can restrict
ourselves to four terms,

€
e (B9)

oU 1~ [ Pk
ni__a_m+§;/(2ﬂ)3(€r}+ery_

where the product over s runs over the three integers
different from r. There are two contributions due to
coth55 = 1 +2f(e) with the Bose distribution function
f(€) = 1/(e/T = 1). The first one is temperature indepen-
dent (more precisely, there is no explicit dependence on T,
and in general a temperature dependence enters through the
condensates). This contribution is infinite and has to be
regularized. The second contribution depends on temper-
ature explicitly. It is the “usual” integral over the Bose
distribution, here with a complicated, momentum-depen-
dent prefactor. This prefactor is trivial in the NOR phase,
where there are no condensates, and particles and anti-

particles carry positive and negative unit charges for each of
the species separately. In the COE phase, where both fields
condense, the two massive and two massless modes each
contribute to both charge densities in a nontrivial way. Note
that in the thermal contribution alone we do not have eight
terms that are pairwise equal. Instead, now it is crucial to
work with positive excitation energies; otherwise one
obtains unphysical, negative occupation numbers. We do
not further evaluate the charge densities or any other
thermodynamic quantity since our main focus in this work
is on the excitation energies €, ; themselves.
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