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Gauge-invariant observables for quantum gravity are described, with explicit constructions given primarily
to leading order in Newton’s constant, analogous to and extending constructions first given by Dirac in
quantum electrodynamics. These can be thought of as operators that create a particle, together with its
inseparable gravitational field, and reduce to usual field operators of quantum field theory in the weak-gravity
limit; they include both Wilson-line operators and those creating a Coulombic field configuration. We also
describe operators creating the field of a particle in motion; as in the electromagnetic case, these are expected
to help address infrared problems. An important characteristic of the quantum theory of gravity is the algebra
of its observables. We show that the commutators of the simple observables of this paper are nonlocal, with
nonlocality becoming significant in strong field regions, as predicted previously on general grounds.
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I. INTRODUCTION

Gravity is widely believed to be described by a quantum-
mechanical theory, rather than one that requires an
extension or modification of quantum mechanics. If this is
the case, the structure of quantum mechanics (suitably
generalized—see Ref. [1]) imparts certain rigid features
to the theory of quantum gravity. One basic aspect is
the existence of quantum observables, which are gauge-
invariant, Hermitian operators acting on the Hilbert space
of states of the theory. An outstanding problem is to
understand properties of these observables.

While a complete discussion of observables in quantum
gravity must obviously await more complete understand-
ing of its Hilbert space and dynamics, we already have a good
deal of information if any such more complete formulation is
to match onto a quantum version of Einstein’s theory in weak
field regimes. One can study the properties of quantum
observables in these regimes. Moreover, such properties are
likely to provide further information about the mathematical
structure of the theory in the strong-gravity regime. One of
the challenges of quantum gravity is specifically to formulate
gauge-invariant observables that reduce to the usual observ-
ables of local quantum field theory (LQFT) in the weak-
field limit.

In order to define gauge-invariant observables that
reduce to those of LQFT, ordinarily a relational approach
is taken [2—14], where, for example, a particle or field
operator is localized with respect to some features of the
state, or with respect to another particle or field operator.
Some examples of such constructions are given in Ref. [9].
We also expect that there should be observables that act
on a state of the system, say the vacuum, and create or
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annihilate a particle, as in LQFT. These are expected to be
the simplest operators reducing to simple operators of a
nongravitational LQFT. A key point, however, is that such
observables must also create the gravitational field of the
particle, in order to be gauge invariant (that is, satisfy the
constraints). Such operators have been constructed in gauge
theories—going back to the work of Dirac [15]—but not, to
our knowledge, in gravity.

Indeed, one way to think of constructing such operators
has a close parallel to the construction of other relational
operators [9]; we can demand that the point at which a field
operator acts is a fixed geodesic distance from a fixed
feature (or “platform”), which we may take to approach
infinity. Such a specification will be diffeomorphism
invariant for diffeomorphisms vanishing at infinity. An
example, in anti-de Sitter (AdS) space, is to base such
coordinates on spatial infinity, which there serves as the
platform. An equivalent way to describe these constructions
defines operators by working in a specific gauge, e.g. using
Gaussian normal coordinates based on the asymptotic
platform. Such a construction was considered for AdS in
Refs. [16-18]; a related construction appears in Ref. [19],
based on earlier work [20].

These observables, acting on the vacuum, create both the
quantum associated with the field operator and a nontrivial
gravitational field. The field for the “Wilson-line” observ-
ables we have just described is a singular gravitational
string. Such a string, once created, is expected to decay to a
more natural, less singular gravitational configuration. An
approach to deriving the operator that directly creates such
a configuration is to average over the directions of the
gravitational string. Working in the linear theory, we will
find that such a procedure indeed produces an operator that
creates the gravitational analog of the Coulomb field,
namely the linearized Schwarzschild solution; a parallel
construction works for QED, producing the Dirac dressing.

© 2016 American Physical Society
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These operators, and other operators that we construct
taking into account the possible motion of the particles
associated with the field operator, give simple examples of
diffeomorphism-invariant observables in quantum gravity,
which we explicitly construct to leading order in an
expansion in Newton’s constant G.

Another key question regarding gravitational observ-
ables is the algebra that they obey. In LQFT, the field
algebra closely mirrors the underlying manifold structure
[21] and provides a precise characterization of locality,
through commutativity of observables associated with
spacelike-separated regions. An important question for
quantum gravity, which appears critical to inferring its
underlying structure and its interplay with locality, is that of
determining the structure of the algebra obeyed by its
observables [22]. Since we are able to construct such gauge
invariant observables to leading order in G, we are able to
infer the leading-order structure of this algebra, and we do
so by explicitly calculating commutators of the operators
we have just described. We find that these operators do not
have local commutation relations,' due to the gravitational
dressings that we have described, and specifically they have
significant departures from the commutators of LQFT in
regions previously characterized by the locality bounds of
Refs. [23-25]. These basic algebraic properties of the
theory appear to be the universal weak-field behavior of
any quantum gravity theory that matches Einstein’s in the
weak field limit and thus should furnish important infor-
mation about the more complete theory of quantum gravity.

In outline, the next section reviews and extends the
discussion of gauge-invariant observables in QED, to set
the stage for gravity. Section III describes construction of
both Wilson-line and “Coulomb” diffeomorphism-invariant
observables in gravity, as well as a generalization valid for
moving particles, and performs simple checks that these
operators create the physically expected gravitational
fields. Section IV turns to the question of the algebraic
structure, first in QED, where we derive nonzero commu-
tators for various dressings and explicitly reconcile a
conflict with Ref. [26], by also working out commutators
using Dirac brackets. We then exhibit the nontrivial and
nonlocal commutators of various of the gravitational field
dressings. Section V provides conclusions and discussion
of further directions. There are also three Appendixes: two
with basic formulas for the quantization of QED and of
linearized gravity and one with other useful formulas.

II. GAUGE-INVARIANT OBSERVABLES FOR QED

We begin by reviewing and extending discussions of
gauge-invariant observables in QED, which we will take to
be coupled to a scalar ¢ with charge ¢,

"Here, we differ from claims of Ref. [18], but for reasons
that can and will be explained in the analogous and simpler case
of QED.
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‘CQED = _ZFMDFMV _Z(ayA”)z - |Du¢|2 - m2|¢|29
(1)
where D, = 0, — iqA,. Gauge transformations act as
Aﬂ('x> - Aﬂ('x) - 8/4A(x) (2)
P(x) = e Mg(x), (3)

where the gauge transformation parameter A(x) vanishes at
infinity. The parameter « is a gauge-fixing (more precisely,
breaking) parameter; special choices are @ = 0, Lorenz or
Landau gauge, a =1, “Feynman gauge,” and a = oo,
restoring gauge symmetry. Further conventions and useful
formulas for QED appear in Appendix A.

The naive expectation that ¢ acts on the vacuum to create
particles is confounded by the fact that ¢ is not gauge
invariant. However, one may “dress” ¢ to make a gauge
invariant quantity, if one defines

D(x) = V(x)(x), (4)

where the dressing V transforms as V(x) — eV (x).
Following Refs. [15,27-29], such V’s can be found in the
form

Vm:wm<m/fWﬂ@jM“w). (5)
Under a gauge transformation (2), this becomes
V(x) = V(x)exp <—iq/d4x’f”(x, x’)@,/\(x’))
= V(x)exp <iq/d4x’8,’4f"(x, x’)A(x’)) (6)
and will transform as needed provided

A fr(x,x) = 84 (x — ). (7)

Here, we use the requirement that gauge transformations
vanish at infinity. Note also that in the quantum theory, one
must give a careful definition of the operator ®, accounting
for possible ordering ambiguities.

There is a lot of freedom in choosing the function f*.
However, not all of this is physical freedom. Two functions
Jf# are the same if they agree when integrating against all
solutions of the equations of motion. We can think of
inequivalent dressings, following Ref. [28], as correspond-
ing to different “soft photon clouds” surrounding each
particle. However, they need not be composed only of soft
modes; for example, stringlike dressings, which we are
about to consider, have divergent energy density.
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A. Faraday, or Wilson, line dressing

Indeed, a particularly simple dressing is that of a spatial
Wilson line, or Faraday line, running to the boundary, e.g.
along the z direction,

Oy (x) = P(x)e" I dsAy(x+s2) (8)

where Z is the unit vector in the z direction. Gauge
invariance of an operator may be alternately stated as
the requirement that the operator creates states satisfying
the Gauss law constraints, and this operator does so by
creating an electric field that is localized to an infinitesi-
mally thin string extending to infinity along the z direction.
To see that (8) creates a line of electric flux, we can use
the equal-time commutation relation (see Appendix A)
[E'(x),A;(y)] = i8i6%) (X = ¥) to find [15] at 1 = ¢

[E%(x), Py ()] = —q6* (X1 — X )0(z — )Py (x').  (9)

where x, denotes the components orthogonal to the z
direction, x; = (#,x,y). Note that E. is negative for
positive g because ¢ creates an antiparticle of charge
—¢q. The other components of £ commute with ®;. The
interpretation of this equation is that acting with the
operator @, increases the value of the electric field by
the addition of a single line of electric flux.

More explicitly, to find the field created by a general
dressed operator ®, consider

A, ()@ (x)[0) = [A,(x), 2(x')]]0) + ®(x')A,(x)[0). (10)

If the commutator is proportional to @, this shows that the
field after acting by @ differs by A,(x), given by

A, (x)2(x) = [A,(x). 2(x)], (11)

from that of the vacuum.

To find the future evolution of the field associated to the
electric string, we evaluate the commutator to leading order
in ¢ in the region that is causally separated from the string
but spacelike to the point x’. In Feynman gauge, this is
given by

&@%:mAmwMAwAA#+ﬁﬂ

_ ge(t—T)
2ay/—(x, — )7

(12)

where e(x) = sign(x). This corresponds to an electric field
which at time 7 # ¢ is given by

~ qlt—7
E,(x) = —0ph, = ~—— A= 1

2l —wpe )
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This solution describes the field lines of the initial string
spreading out. There is also a corresponding magnetic field,
since the electric field is changing with time.

B. Coulomb, or Dirac, dressing

The stringlike configuration considered above is of
course a rather unusual electric field for a charged particle;
the operator creates a singular electric field concentrated in
a single line. We expect such an operator to receive large
corrections in perturbation theory, and this raises serious
doubts as to whether such an operator can be rigorously
defined in the full quantum theory. One approach to
avoiding this would be to thicken out the field into a finite
diameter tube, with a finite stress energy tensor. A related
approach, to which we now turn, is to distribute the field
lines even more widely—providing a more physical dress-
ing for a charged particle.

In particular, a Coulomb-like field is anticipated to be a
more typical, and less singular, configuration for the
electromagnetic field of a charged particle. Such a field
can be found by averaging (8) over different directions.
Specifically, taking x = 0, we can average

1 N _ A,
/ dzA; = / PQdriiA; = / I (14)

which generalizes for x # 0 to give

By (x) = P(1. %) exp {iq / d33c/L;C)i3A,-(t, z/)}

4y — 3|
= (1, X)Vp(t,%). (15)

This is the Dirac [15] dressing, which is sometimes
rewritten after an integration by parts,

A, I a’Q .
/d3x4”r2 —/d3x4—ﬂ_ra’A,~— EX’A[(OO). (16)

Using the canonical commutators, one may check that this
creates a Coulomb field at time #:

AT
B o), = - L5 D, 19)
o=t 7|x—X|

For earlier or later times, we can use the fact that the

commutator [A,(x), ®(x")] satisfies the Heisenberg equa-

tions of motion, with initial data given by the equal-time

commutators. Outside the light cone of x’, these are, working

to linear order in ¢, the source-free Feynman-gauge equa-

tions CJ[A,(x), ®p(x')] = 0. The gauge-dependent term

0"A,, does not appear in this equation, since 9#A,, generates
gauge transformations (see Appendix A), and so

[0#A,(x), @p(x)] = 0. (18)
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This also means the solution A satisfies the Lorenz gauge
condition A, = 0. The free field equation with these initial
conditions has the solution

(X' — %), 3
| _x|,; N AO :0, (19)

Ax) = =L (=) 5=

giving the static electric field of a particle at X’.

The field configuration (19) may be continued into the
future light cone of x” but then does not in general satisfy
the equations of motion. The reason is that the solution
there depends on the state of motion of the particle at and
after . In general, this solution will have, in addition to
(19), a radiative part. The full determination of this field
depends on particle motion in the interacting theory.

As we have noted, if the Wilson line operator ®y, acts on
the vacuum, the highly localized electric field it creates is
not stable and will decay [30,31]. Another way to see its
relation to the Dirac field is to rewrite the field arising from
the Wilson line as a longitudinal, Coulomb, piece, plus a
transverse, radiative, piece [32], using

9,0, 9,0,
= At 6 JA (20

The integral [ dsAL then gives the Dirac dressing (16);
J dsAT contributes extra field energy which radiates to
infinity.

A; = AL 4 AT

C. Worldline dressing

An electromagnetic dressing that takes particle motion
into account is defined by the worldline expression

@WL(x)—vD(a,ﬁ)Texp{—iq/ d/l—A( (l))}qﬁ(x).

di
(21)

Here, V is the Dirac dressing given in (15), T antiorders in
time (the latest time is to the right), and x*(4) is a trajectory
with x*(0) = (a,0) and x#(1) = x#. This produces the
electromagnetic field that results from classical motion
along x(4). For large m, a quantum particle approximately
follows such a trajectory, and (21) produces the leading-
order field, but for general m, there are quantum corrections
to this field.

To see that (21) produces the field of the moving particle,
we consider again the commutator A,. This will contain a
term from V, as well as one from the worldline, given by

@wwmﬂwﬁﬁww>

:q/ﬂmx S o), @)
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where D, is the Pauli-Jordan function for A, (A22). When
x' is spacelike to x and to the future of (a,0), D, agrees
with the retarded propagator, so this term produces the field
of the moving particle. When x’ is spacelike to x and to
(a,0), we have the Coulomb field (19).

We note that, although the vector potential A, is
discontinuous across the light cone of (a,0), this is a pure
gauge discontinuity, and F,, will be continuous provided
the trajectory x(A) is initially at rest. If A is initially at rest,
then the field just to the future of the hght cone of (a, O) is

q

— 23
4r|x = X|’ (23)

Au(¥) = =0
which is related to the configuration (19) (with x <> x’) by a
gauge transformation,

‘I(t - tl) (24)

AX)=—"———-.
() dr|x — x|

Let us examine the large-m case more closely. In the
large-m limit, the four-velocity u* of a particle is constant
and superselected [33]. Then, from the equation of motion

D'D,¢ = m*g, (25)

one may show

2 1
- (e—imu“x” ¢)elq L/; AVD-

eimu"xﬂ
2m

l.l/tﬂaﬂ(bw]_‘(x) = mq)WL —
(26)

Thus, to leading order in 1/m, @y, creates a state that is an
energy eigenstate; this statement was called the “dressing
equation” in Ref. [34].

The latter feature, together with the fact that in the
asymptotic regime, where particles have large separation, m
is the largest energy scale, motivated Refs. [34,35] to use
(21), with constant-velocity trajectories, to define asymp-
totic states which avoid the usual infrared difficulties of
describing asymptotic particle states in QED.

D. Lorenz dressing

One natural way to specify a gauge-invariant operator is
to fix a gauge by some condition and define ®(x) to be ¢(x)
in that particular gauge. If this condition completely fixes
the gauge, we can solve for the gauge transformation A that
transforms an arbitrary vector potential A, into this chosen
gauge. This allows us to express ®(x) in a manifestly
gauge-invariant way,

O(x) = e gp(x), (27)

where A(x) is a nonlocal function of A,. Indeed, the
preceding construction of @y, , for example, gives the field
operator in axial gauge.
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Another apparently natural choice for this purpose is
Lorenz gauge 9,A* = 0. However, this is not a complete
specification of the gauge; given a vector potential A, we
must find the gauge transformation 1 to Lorenz gauge,
which is found by solving

A, =00 (28)

The solutions to this equation are not unique until we
specify appropriate initial (or final) data for A.

If our initial data surface is spacelike, we should choose
initial data that determine both A and its first derivative away
from the surface. For example, we can fix n*A, = 0, where
n* is a normal to an initial data surface, which we take to be a
spacelike surface of constant time. This leads to an initial
condition for n#9,4 = n*A,. This does not yet determine a
solution for 4, since we need to know both the initial value of
A and its time derivative. We can give an addltlonal constraint
d'A; = 0, which leads to the equation Vii=o 'A; on the
1n1t1al surface. This determines A completely, once we
include the boundary condition 4 — O at spacelike infinity.

Of course there are other ways to fix the gauge asymp-
totically. Since A satisfies a free wave equation, it may make
more sense to fix its initial data on Z~. For example, we can
impose A, = 0, where u is the null generator of Z~. This
leads to the equation 0,4 = A,, which then determines A
completely on Z from the condition that the gauge trans-
formations vanish at infinity, 1 = 0 on i°.

One can therefore likewise formulate dressings based on
these gauges; we leave the description of these dressings to
future work.

III. GAUGE-INVARIANT OBSERVABLES
FOR GRAVITY

We next turn to a discussion of gravitational observables
analogous to those we have described in QED. The non-
linearity of gravity of course is a significant complication,
which we manage by working perturbatively in Newton’s
constant Gp. In particular, the leading-order, linear struc-
ture of gravity has important similarities to that of QED.
This structure will describe the dominant behavior in the
weak-field regime.

Specifically, consider the gravitational Lagrangian, min-
imally coupled to a scalar ¢ with mass m,

2 1
—%[(W)Q + m2¢2], (29)

where k> = 327Gp and R is the scalar curvature. The
derivative V° is with respect to the background metric
about which we perturb. The parameter « is a gauge fixing
(more precisely, breaking) parameter; o =0 gives de
Donder gauge, an analog of Lorenz or Landau gauge;
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a = 1 is an analog of Feynman gauge for QED; and a — oo
is the analog of unitary gauge, which restores the gauge
symmetry. The perturbative expansion follows from

9w = NMw + Kh/w’ (30)

where here the background is taken to be the Minkowski
metric. Further details of the perturbative theory are
supplied in Appendix B

As was the case for a charged field in QED, the field
¢(x) is not a gauge-invariant operator, since under a
diffeomorphism f:M — M, the field transforms as the
push forward

o= fh (f)x)=0(f (). (1)

If we take f to be an infinitesimal diffeomorphism,

fH(x) = x* + k&,
5p(x) = ¢(f ' (x)) —

To find a diffeomorphism-invariant operator, we will form a
composite operator that includes both ¢ and the gravita-
tional field sourced by ¢.

A simple approach to constructing operators invariant
under linearized diffeomorphisms, analogous to the
approach taken for QED, is to seek an operator of the form

¢()C) = _K‘gﬂaud) + 0(K2>' (32)

D(x) = e Pugp(x)e V" P = (x# + V¥ (x))
= $(x) + V*(x)0,p(x) + O(V?), (33)
where P, = —iaﬂ [compare the QED expression (3)]. Here,

the dressing V*#(x) is a functional of the metric perturbation
that transforms under a diffeomorphism as

X+ VE(x) = fA(x+ V(x)), (34)

which at linear order becomes
SVH(x) = k& (x). (35)
Then, using the combined transformations, at linear order,

6D (x) = [p(x + V)] m 6p(x) 4 V¥ (x)0,p(x) = 0. (36)
The transformation law (35) should follow from the change
in the metric, which transforms as

(v/,tél/ + vufﬂ); (37)

0Guy = —KkLeGy = —K

correspondingly the metric perturbation transforms as
= _8;4511 - 81/51/ + O(K> (38)

This paper will primarily (though not exclusively) consider
such constructions at leading order in x and in so doing will
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consider only linearized diffeomorphisms and drop the
O(x) term from (38). A construction to higher order in «
will then be constrained by this leading behavior; we save
general examination of all-orders behavior for future work.

As in the case of gauge theory, we can try to find V’s
satisfying (35) that are of the form

VH(x) = K/d“x’f””(x,x’)hm(x’), (39)

where f is assumed symmetric in its last two indices
f*h = % Given (38), in order for V¥ to transform as
(35), the function f parametrizing the dressing must satisfy

200 f1 (x, x') = 8*(x — X ). (40)

Again, there is substantial freedom in choosing the func-
tions f, which determine the “soft graviton cloud” (plus,
possibly, a harder component) of a ¢ particle, though not all
freedom yields physically inequivalent dressings.

A. Gravitational Wilson line

As in QED, a very simple dressing is a Wilson line. One
very geometrical way to think of such a line in gravity
arises if points are located by shooting a spatial geodesic in
a perpendicular direction from a fixed asymptotic platform,
where diffeomorphisms are taken to vanish; ultimately,
we might take this to reside at inﬁnity.2 Specifically, the
location of a general point is determined by the platform
point at which the geodesic originates and the distance
along the geodesic. The field ¢, expressed as a function of
these data, is gauge invariant under gauge transformations
vanishing at the platform.

We can thus choose as coordinates the initial platform
position and the geodesic distance. Specifically, define new
coordinates X* in which the Z direction is perpendicular to
the platform, and choose “axial” gauge (or geodesic normal
coordinates)

hey = 0. (41)

h
In this gauge, the Z coordinate is the geodesic distance, and
the remaining coordinates correspond to the platform
position. The diffeomorphism-invariant field is thus just
the scalar field ¢ in these coordinates. To write this in terms
of the scalar field in arbitrary coordinates, consider a new
(general) coordinate system

X = fr(X). (42)

Note that, for general coordinates x*, the function f*
depends nonlocally on the metric, since it must take a
general metric to the form (41). Then,

*For an analogous construction in anti-de Sitter space, with the
AdS boundary providing a platform, see Refs. [16,18,36].
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Dy (x) = d(f(x)) (43)

is the diffeomorphism-invariant field written in terms of
the field ¢ expressed in general coordinates. (At this stage,
we drop the accent on X.)

The preceding statements are valid to all orders in the
perturbative expansion in x but can also be simply explained
to leading order in this expansion. Specifically, consider a
small metric perturbation and parametrize the relation
between axial coordinates X* and a general coordinate x* as

X = xt — V’(Vz. (44)
Then, the relation (43) becomes
Dy (x) = p(¥ + Vyy (%)) (45)

to leading order. Given the linearized gauge transformation
(38), axial gauge (41) can be fixed by a diffeomorphism of
the form

K

—x&, = EA dShzz(x + Sﬁ) = VW:,z(x)

) 1 )
—Kk&;, = K'/ ds {th(x +52) + Eaﬁ / ds'h_.(x + s’ﬁ)}
0 K
= VWZ.,;@C)’ (46)

where /i denotes indices excluding z and the platform has
been taken to z = oo.

With these expressions, one can explicitly check the
leading-order diffeomorphism invariance of (43) and (45).
From the metric transformation (38), V', transforms as in
(35) for a diffeomorphism & that vanishes at infinity, so
according to (36), ®y, is diffeomorphism invariant. The
gauge-invariant operator ®y, is the gravitational analog of
the electric Wilson-line opefator defined in (8).

This construction can also be characterized by solving
the geodesic equation for a curve x* = ¥ + s2¥ + v#(s)
with the boundary condition »#(c0) = 0. The quantity
V#(x) = v#(0) then gives the coordinate displacement
between general coordinates and axial coordinates. To find
the linearized dressing V¥, we solve the linearized geodesic
equation,

D2v#(s) + T (x# + s2#) = 0, (47)
which gives

Viy. (x) = — /Ooo dssTh (x +s2) +s.t.,  (48)

where s.t. denotes a surface term at infinity.3 This can be
checked to be equivalent to (46).

*This vanishes if |¥|/,.(x) vanishes in the limit X — co.
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As with the case of electromagnetism, the operator (43),
(45) creates a singular metric configuration, where gravi-
tational field lines are concentrated in an infinitesimal
string. This can be seen by studying the commutator of 4,
with Vyy_. Even in the linear theory, this is an unstable field
configuration and if it is created the field lines will then
dynamically spread out into a Coulomb-like configuration.
Of course, in the nonlinear theory, we also expect such a
concentrated gravitational field to source large nonlinear
corrections, and as a result, at a minimum the gravitational
field configuration should be “thickened” [22]; the absence
of stringlike solutions to the sourceless Einstein equations
moreover likewise strongly indicates that the field con-
figuration should undergo such a decay to a more sym-
metric configuration in the full theory.

B. Gravitational Coulomb dressing

1. Construction

Like with QED, an approach to finding a more sym-
metric dressing is to average the gravitational Wilson line
over all directions. This is most easily done starting with
(48), which then becomes, specializing to x =0 and
working in D =4,

= ——/dZQ/ drrF”

= 47[ #xl T s (49)

# st

with 7 the unit radial vector. While we use D = 4 for much
of the following, the discussion readily generalizes to
D > 4. Specializing to the timelike component, we find

K Oohyr o,
Vo.(0) = i / d3x<°2—r+r—g>, (50)

where the surface term has cancelled. The spatial compo-
nents become

. 3k 7
Vi (0) = &/ﬁ3rmw (s1)

where again the surface terms cancel. At a general location
x, these become

d“dPOohy  ho,d®
0,y K 3. 0/ap Oa
Vi(x) = 4”/dx< d + fl>’

N 77
Vel) = ¢ / X = . (52

~—

where d = ¥ — X. One can check directly that V% has the
correct gauge variation; using (38), one finds
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] i 3 [ a2 oy i
Vi (x) =ké'(x) —— [ d*Q At -dd-&d', (53)
n

K V.a f %o
SV%(X):KQ:O(X)—I—E/CZQQ/F’Z g < y d2> (54)
Thus, we recover the expected transformation law,

Vit(x) = k&(x), as in (35), for ¢ satisfying falloff con-
ditions such that the boundary terms in these expressions
vanish; i.e. &, and r&, 4+ &, vanish as r — oo.

2. Dressing field

Comparing with QED, we might expect that the operator
Dc(x) = ¢p(x + Ve(x)) creates a gravitational analog of
the Coulomb field. In order to check this, we examine the
commutator [/, (x), ®c(0)], which indicates, as with the
QED case, how the gravitational field is changed by
the action of the dressed operator.

As a first step, we need the commutator

[y (x'). V%(O)]
_ P <?’1?

1,7
_ 3 (u'v) ;o
= 4” dx (2r 80+—r2 )D(x x), (55)

e )mwwxmxw

where we work in Feynman gauge and D is the Pauli-
Jordan propagator of a massless scalar (A20). This can be

rewritten in terms of scalar integrals using (see
Appendix C)

Fuly _ dw _ 5l

= 0,0,r, o 8,,r, (56)

where the spatial metric is denoted g,,. We then integrate
by parts, so that the derivatives act on D(x’ — x), and then
trade them for x" derivatives, which can be pulled outside
the integral,

[y (x'), VE(0)]

iK 1 9u 1
:E/d%(iaﬂabrao = 30—|—t 8)r>D(x’—x)
_K g YO
4”(9”8,,8,(/61 x2D(x x))
/_
+ = <q””a’ +17 a>) </d3xD(xx)>, (57)
47 r

where O denotes the spatial gradient. The resulting scalar
integrals can then be evaluated:
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-1 ift >/
/d3xlD(x/ —x) =1 =1/ if —r <t <r  (58)
' 1 if f <—r
—? -2 i >
/d3er(x’—x) = —l"r/—;—:,. if —r <t </
N
(59)

Using these results with (57) and combining terms, we find,
in the region that is spacelike to the origin, —r <t < r,

A

_ ix [7 f’y l( ?u) 9. — 37 ?,/
h , VO 0)] = —— H —t H t2 H H
[ m/(x> C( )] Az | 2r r2 + 2,.3

(60)

In the regions that are timelike to the origin, # > r and
t < —r, we find [h,, (x), V2(0)] = 0. We can check explic-
itly that (60) satisfies the harmonic gauge condition
al‘h = 0 as well as the equation of motion Df_z/w =0.
We also need the commutator [h,,(x). VE(0)]. Only the
spatial components contribute, and they are given by

). Ve(0) = 3= [ P ). (61)

8 r?

We use the same trick of expressing the tensor as a
derivative [see (C7)],

PF R
I‘2

1

integrate by parts; pull the derivatives outside the integral;
and find

- , 3ik (t ... P 1
[hjk(X), VlC(O)] = —g (—2 r,-rjrk + 6313]8,( ;) (63)

I%

in the case where x is spacelike to the origin. In the timelike
regions 7 > rand r < —r, we have [h,,(x), VL(0)] = 0. We
can again check that the result (63) satlsﬁes the harmonic
gauge condition 8”?1”,, =0 and the equation of motion
Uh,, = 0.

We first consider the dressing field due to a massive
particle, which we can approximately consider to be at
rest, so that dy¢p(x) = imep(x) (for the creation part of
the operator) and we can neglect spatial gradients. Then,
we have

PHYSICAL REVIEW D 93, 024030 (2016)

Kkm ;’ﬂf’v t(#?l/) t ~ A
:E 2 —1 2 F( ﬂl/_3rﬂrl/) ¢<O)
= I, (x)(0), (64)

which gives the field of the particle, valid for all points
spacelike to the origin, || < r. As noted, this satisfies the
harmonic gauge condition and the equation of motion
Uh,, = 0 in this region.

While the metric in (64) may be unfamiliar, it is simply
the linearized Schwarzschild metric in an unusual gauge.
By means of an infinitesimal diffeomorphism

6=t (3717 (65)

we can put the metric into the form

h/w - aﬂ&u - 61/5}4 = —r (?M/iz/ + ?’y?v)’ (66)
which is the linearized Schwarzschild solution. This can
also be checked by calculating the Arnowitt-Deser-Misner

(ADM) energy,

1 A
Piom = @j{ r*d*Q#(9;g;; — 0:9;;)

2 .

which indeed yields P9y, = m for the solution in (64).

Generalizing to the case of a localized source with
0,¢ = —ip,¢p, we also pick up a field contribution from
(63), of the form

. 3k [t ...
hjy =— Py ’( Pl ify + — 638k> (68)

Again, this satisfies the harmonic gauge condition and the
equation of motion L%, = 0 in the region spacelike to the
origin.

As a check, we can calculate the ADM momentum of the
solution. This is given by [37]

‘ 2 o
PlADM = —;%VZCIQQI"]'HU

2
= ——%rdeQf”](h” -
K

where we have used the canonical conjugate 7/ to the
metric defined in (B25), in Feynman gauge. We can verify
that the solution (68) has P\, = p', as expected. This is a
general consequence of the commutation relations

—hov |, 69
o). ()
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[P/;\DM’ Vlé(x)] =in". (70)

Another check on the preceding constructions is to
consider the commutator

[Py @(x)] = o', = i0"®(x) + O(k). (71)

This shows that the ADM momentum generates trans-
lations of the diffeomorphism-invariant observables. Note,
however, that at this order P py; only generates translations
of the field ¢ and not of the dressing; this is a consequence
of truncating our perturbation theory at O(k). Since P apy
contains an explicit factor of x~!, one has to go to order
k"1 to see the effect of translating V in the operator ® at
order x". We expect that the ADM D-momentum will
continue to generate translations of ¢ at higher orders in
perturbation theory.

3. Further comments on different dressings

We have noted above that the gravitational Wilson line
will in general decay to a Coulomb-like configuration. As
with QED, the averaging procedure yielding (49) projects
the Wilson-line field onto this configuration, and the
remaining transverse field, as in (20), represents the
radiative part of the gravitational field.

Other simple examples of different dressings satisfy-
ing the constraints can be obtained by adding to a V¥
giving a solution of the constraints a multiple of the
deformations

« [ At
AVO(x) = g/d:;x/Thij (72)
or
. K 3d'd'd" + d'q* —2q"d"
AVi(x) = g/de’ 2 hjye — (73)

again with d=3% —% These can be shown to be
invariant under diffeomorphisms (38) which vanish
sufficiently rapidly at infinity, and thus adding them
maintains the condition (35); moreover they shift the
dressing field by a diffeomorphism. Note that a linear
combination of them can be added to the Coulomb
dressing to cancel the leading & dependence at infinity,
resulting in invariance under supertranslations at spatial
infinity [38,39].

C. Gravitational worldline dressing

In parallel with QED, the dressing (49) creates the field
for a particle at x that has been at rest forever. Note also that
it does not necessarily give the correct field in the future
light cone of the point x, since that will depend on the
subsequent state of motion of the particle. We can consider

PHYSICAL REVIEW D 93, 024030 (2016)

gravitational dressings corresponding to more general
trajectories for the particle; for example, for an operator
describing a particle at x, we might want to consider
gravitational dressings corresponding to different paths that
the particle took to x. For completeness, we give a
construction relevant to these cases. A possible way to
account for this is to construct a dressing similar to that of
(21), beginning with the Coulomb dressing (49) at a time in
the distant past and then adding a worldline component to
account for the motion of the particle up to a given time. In
principle, we might try to consider an arbitrary worldline,
specified in an invariant way, e.g. by specifying its
acceleration in a local frame carried by parallel transport.
However, this will not yield a dressing creating a field
solely generated by a particle following that worldline,
since the gravitational field must be coupled to a conserved
stress tensor, which for an isolated particle must correspond
to a geodesic. Thus, allowed worldlines are determined by
the geometry and the final position and momentum of the
particle.

Alternatively, we can proceed directly to the construction
of the worldline-dressed operator directly analogous to
(45), via a geodesic construction. Specifically, we define a
worldline-dressed operator of the form

Oy (x) # P + Vi (x.x) + Ve(¥),  (74)

where the ~ denotes that we are again working only to
linear order in the metric perturbation. Here, V/-(x") dresses
the point x' = (7, x) directly to the past of x = (7, x) and
transforms as SV (x') = k& (x'), as before. This is the
special case of a geodesic with zero initial velocity and
will be generalized below. Then, the worldline part of the
dressing can be associated with the choice of a Gaussian-
normal gauge h, = 0 for 7 > ¢, analogous to the axial
gauge choice. Effectively, one localizes spatial points at
t = ¢ with respect to the boundary and then localizes future
points by relative to these. As in Eq. (46), this gives an
expression,

t—1'
VwLo(x, x') = —g/ dAhoo (X' + A1),
0
t—t .
VwLi(x,x') = —/ dA |:K/’l0i(x/ + A1)
0

1 4 A
— 581 / d/VK'hoo(.xl + A/l‘) + aiVC,O(xl> .
0

(75)
The latter term in Vi, is needed so that

SV (x, x') = K& (x) — k& (x'), (76)
as is readily checked. Then, under a general
diffeomorphism,

024030-9



WILLIAM DONNELLY and STEVEN B. GIDDINGS
6w (x) & 6 + Vi (x.x') + Ve (x'))
+ 0up (¥ + Vi (x.X') + Ve (x'))
x (Vi + V%) =0, (77)
as in (36).
These expressions can be derived directly from a
geometrical construction, while simultaneously generaliz-
ing to nonzero initial velocity. Specifically, we first use the

Coulomb dressing to establish a frame at the point x' =
(7,X') on the surface defined to linear order by

X = 4 V() (78)

with constant # and varying X”. The spatial vectors of this
frame are given by (dropping accents)

¢ =8+ VL. (79)

The timelike vector ¢ is given by finding the unit normal to
the surface defined by (78); the conditions

0= (’7/41/ + Kh;w)el(;ai(xy + Vlé)
= Kho; + eo;i + 9;V o,
—-1= (”ﬂl/ + Kh/u/)el(;elé (80)

give
¢ = (1 + ghoo) # + 8" (—xho; = 0iV o). (81)

A geodesic is determined by shooting it from x' = (7, X')
with an initial four-velocity specified with respect to this
frame. The choice in (75) corresponds to an initial four-
velocity purely in the normal direction, 9y V4,; = €. More
generally, we can take initial velocity

O VH(x, X)), = u'ey. (82)

x=x

Solving the geodesic equation
w4+ Ty =0 (83)

for the perturbation w* from the straight-line trajectory,
with these initial conditions, gives the curve x* =
¥ + Vi (x,x) + Vi(x'). This determines the worldline
dressing

VA () = /) "2 = )T (x4 ) + el ()],

(84)

This can be checked to be gauge invariant, beginning with
the gauge transformation for the frame field:
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el = —k(0p&o) 1" + 8 (kDo&; + KDi&y — KDi&y) = KD
(85)

Then, Eq. (84) can be varied; a u-dependent term from
varying the Christoffel symbol is cancelled by the second
term, using (85), and we again find the necessary variation,
Eq. (76).

In summary, the combined Coulomb and worldline
dressings can be understood by the following procedure.
First, we establish an equal-time surface at time ¢ by the
geodesic averaging/Coulomb construction, then to locate a
point at a later time 7, we shoot a geodesic forward from this
surface for a given proper time in the direction u* specified
with respect to the frame at the surface. One may alternately
add a worldline dressing to the Wilson line-dressed
operator, analogous to (74).

The leading-order dressing field resulting from the
worldline construction can also be worked out, in analogy
to the calculations of Sec. III B 2. We leave the description
of this for future work.

D. Gravitational dressing equation

In Ref. [34], dressed field operators for QED were
derived from the requirement that in the infinite-mass limit,
the equation of motion for the dressed field ¢ should reduce
to a first-order equation i % ® = m®. This first-order
dressing equation can be shown from the equations of
motion to be solved by the worldline dressing (21), up to
terms of order 1/m—see (26). The construction depends on
a choice of Lorentz frame, so it selects a preferred dressing
for each frame, corresponding to different boosted
Coulomb fields.

Also for completeness, we show here that a similar
equation is satisfied by the gravitational worldline dressing.
If we study the large-m limit, that means we consider
solutions with a rapidly oscillating phase e~ , where 7 will
be the proper time coordinate used in defining the worldline
dressing for gravity. Here, we work in the rest frame of the
massive particle, corresponding to choosing a geodesic
with zero initial velocity in the preceding subsection,
although the discussion may be generalized to nonzero
velocity. The equation of motion for ¢ can be rewritten as

: —imft
— iV — = (V) = mp — S— V2 (eMigp).  (86)

2 2m
Here, we have used the fact that 7 measures proper time,
(V¥#)?2 = —1. To rewrite this as a gravitational dressing
equation, we need to reexpress it in terms of the dressed
field and to relate the first term to a time derivative 9/01.
Recall that the worldline dressed operator Py (¥) is
defined as the value of the field at a set of coordinates X
with an invariant physical meaning. Like with the
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gravitational Wilson line, 7 is the proper time along a
timelike geodesic, and X labels the different geodesics.
Thus,

Dy (X(x)) = ¢ (x); (87)

compare (42) and (43). Using this, we can reexpress the
first term in (86)

y y 0
—iV/‘tVﬂqﬁ = —l(V”t)(Vﬂic”)quWL()?(x)) (88)

Since the worldline coordinates are Gaussian normal,
(V1) (V, %) =n™, and the equation of motion (86)
becomes

e*lml

.0 i .
i Dy, — = (V) Py = mDyy, —

_ v2 im?(I) ,
ot 2 2m (e w)

(89)

where 0/07 is defined with the coordinates X' held fixed.
This is first order in time, up to O(1/m) corrections.
Dropping the O(1/m) term gives the gravitational dressing
equation, analogous to that discussed for QED in
Ref. [34].

IV. ALGEBRAIC STRUCTURE

An important basic question for a theory is the algebraic
structure of its algebra of observables. In local theories
without long-range fields, the algebra has a net structure of
subalgebras [21] that mirrors the decomposition of the
underlying manifold into spacetime regions. Long range
gauge fields lead to additional subtleties with such sub-
algebras. We next turn to an examination of some basic
aspects of such algebraic structure, focussing on the gauge-
invariant observables that we have constructed above,
beginning first with QED and then turning to gravity.

A. Algebra for observables in QED

1. Commutators for Faraday dressing

Let us first consider the scalar field operator dressed by a
Faraday line introduced in Sec. IIA. If we consider
commutators of Py, (x) with Py (x') at equal times
t = ¢, they will vanish because the operators only involve
¢ and A,, all of which commute at equal times (see
Appendix A for basic commutators). However, away from
equal times, there will be a nonzero commutator whenever
any part of the two electric strings are causally separated.

To show this, we consider one point slightly to the future
of the other, which is determined by [0y®w (x), Py (x)] at
equal times. Using the definition of ®y, , Eq. (8), and the
identity [34] ‘
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40— g0 (o 100, 01) (90)

whenever [O, O] is a c-number, we find that

‘i’wz(x) _ eiqfo"" dsA, (x+s2) {q'ﬁ(x) + iq¢(x)/)m dsAz(x + sz)
+ % P(x)5(0) A " ds] : 1)

The last term arises from the commutator [see Eq. (A21)]
[A.(x),A,(x))] = —i8*(x — ¥'); it is formally infinite and
can be interpreted as due to the infinite energy of the
singular string. It can be regulated by cutting off the
construction at z = Z and by smearing out the singular
string over a small region. However, since it is proportional
to @y, , it can be alternately absorbed by a c-number phase
rotation of ®y, and thus also does not contribute to the
commutators of present interest.

If we now commute (91) with @y, (x’) for x # X', the
contribution of the first term vanishes by [¢, ¢] = 0, and we
are left with

[Dw, (x), By, (+')]

= Qy (x) - iqlm ds[A(x + 52), Dy, (x')]

[se]

= ig* Py (x) Py (x')0) (X, — X)) / dz". (92)

max(z,z')

The last term is infrared divergent and may be again
regulated by cutting off the z integration at finite Z.

To understand the appearance of the nontrivial com-
mutator, imagine first acting on the vacuum with the
operator @y, (x). This will create a charged particle and a
nontrivial C(;nﬁguration of the electromagnetic field (9),
(12). If we subsequently act with ®y, at a slightly later
point (¢ + 61, X), there is a large phase associated with the
introduction of the new charged particle into the preexist-
ing nontrivial field. The divergence arises since this field
does not decay as z — oo. While the Faraday dressing
provides a nice intuitive picture of the origin of the
nonzero commutator, the divergence can be eliminated
by working with dressings like that of Dirac, which are
better behaved.

2. Commutators for Dirac dressing

Commutators of Dirac-dressed operators (15) likewise
vanish at equal times but can be shown not to vanish as one
operator is moved into the future by considering the
commutator [®p(x), ®p(x')]. Specifically, the needed time
derivative is
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X —Xx) . N i 1 1
S AT + e [ —) 93)

An¥ — 3 2 @) ¥ —

$p(x) = V() <¢<x> +igh(s) [ @

Here, again, the last piece is interpreted in terms of field energy; here, it is infrared finite, but ultraviolet divergent, though it
does not contribute to the commutator of interest. The equal-time commutator arises, as with the Faraday dressing, from the
second term in (93) and takes the form

[0l 90(0)] = #(x)ig [ @ 0 (1 7). ()

/A ) /AN
:iqzéD(x)cbD(x’)/d%’/ (xﬁ ) (X =X);

An[@ — 5[ dni — ¥

1 1
= iq>®p(x)Pp(x' /d3 ) =V ———
iq"®p(x)®p(¥') * 4r|x — X" Cd4x|x' — X"

_ ¢
C Az|x —Xx

In contrast to the divergent commutator of the Faraday-
dressed operators, the commutator of the Dirac-dressed
operators is nonsingular and decays with distance, reflect-
ing the fact that the Coulomb field spreads out with
distance. Moreover, we see that the coefficient entering
the commutator is precisely the Coulomb energy between
charges at points x and X'.

3. Relation to calculations with Dirac brackets

Note that Ref. [26] claims that commutators of the field
¢, in the axial gauge, vanish at spacelike separation and
argues that this means microcausality is preserved. This
seems in conflict with the results derived above. Here, we
will reanalyze the question, in the Dirac bracket formalism
used in Ref. [26], and show that the commutators in
question are indeed nonvanishing. To do this, we review
the Dirac bracket formalism [40] and compare it with the
construction used in the present paper.

First, we recall that the dressed operator ®y, (x) coin-
cides with the value of ¢(x) in axial gauge A, = 0. So the
commutation relations of Py, (x) are given by the com-
mutation relations of ¢(x) in the axial gauge, which can be
evaluated using the Dirac brackets. We will encounter a
possible ambiguity in this gauge choice, since A, can really
only be set to zero by a gauge transformation vanishing at
infinity if [ dzA, = 0; correspondingly, the operator ¢(x)
could be accompanied by an electric string running off to
Z = 00, Or t0 7 = —oo, or a linear combination of the two,
and these are gauge-inequivalent configurations.

To carry out the Dirac quantization, we begin by treating
the components of A, as canonical variables and find their
momenta 7*; these are given in (A9) with @ — co. Only 7'
are nonzero, and 7° = 0 gives a primary constraint. In order
that this constraint be preserved in time, we find the Gauss
law constraint, 9;7° = —j°, where j° is the charge density
defined in (A7). These constraints Poisson commute with

g B (x)Pp (x). (94)

|
each other and with the Hamiltonian and give a system of
first-class constraints.

In order to fix a gauge and reduce the system to physical
degrees of freedom, we add an additional gauge-fixing
constraint, A, = 0. This constraint does not commute with
Gauss’ law, or with the Hamiltonian. To preserve the
constraint in time, we introduce its time derivative z° +
0.,Ay = 0 as a further constraint. Note that this constraint
does not commute with the primary constraint 7° = 0. We
thus have a system of second-class constraints, given by

8,»n’i +]0 = 0,

7;0
A 7+ 0.A) = 0. (95)

07
07

Letting y; label the constraints (there are four per point),
we can consider the matrix C;; = {y;,x;}, written in terms
of the Poisson brackets {A,(x),7*(x')} = &,6°(x — x'). If
this matrix is invertible, then we can form its inverse C"
and define the Dirac brackets,

{A.B}pp = {A.B} —{A.7;}C"{y;.B}.  (96)
Because the term C¥ is obtained by inverting a differential
operator, the Dirac bracket is nonlocal.

In the case of axial gauge, the nonzero Poisson brackets
are

{n°(x).7°(x') + 0.40(x')} = 0.8 (x = x').  (97)
{07 (x) + J°(x). A, (x')} = 0.8 (x = x'),  (98)
{A.(x). °(x) = 0.4)(x)] = & (x —x). (99)

The constraint matrix C can be expressed as a 4 x 4 matrix
of differential operators, which takes the form
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0 0 0 0,
0 0 -0, O
C= ‘ (100)
0 -0, 0 I
g, 0 -1 0
The general antisymmetric inverse of the constraint matrix is given by
0 —Lz—Z|—cZ —dz—e 0 le(z—2)—c
1 / ! 1 /
slz—2| +ecz+dd +e 0 —5e(z—27)+d
C(nx) = 2z =7 26(z—=7) PG, — 7))
0 —te(z—2)—d 0
le(z—2)+¢ 0 0
(101)

We have to choose boundary conditions in order to invert
C, which determines the constants ¢, d, and e. The freedom
in inverting the matrix of Poisson brackets is due to the
ambiguity in transforming to a gauge such that A, = 0. The
Dirac bracket defined in Ref. [40] corresponds to the choice
¢ =d = e = 0. These different solutions define different
dressed scalar operators. The simplest way to see this is by
considering the Dirac bracket of ¢ with the z-component of
the electric field, which measures the electric flux.

To find the Dirac bracket of ¢ with E*, we need the
nonzero Poisson brackets of these quantities with the
constraints, which are given by

{07! (x) + J°(x). p(x')} = g8’ (x — x')p(x).

{E°(x). A, (x)} = & (x — ).

(102)
(103)
The Dirac bracket is then given by

{E5(x), p(x') }pp

_ / P PR (), A, ()} {—%e(z" — ) —d

— X0 (x") + J°(x"). p(x') }

x 8% (x|

(104)

Thus, we see for d = 1/2 we have a Faraday line of flux —¢
pointing in the z direction, which is the dressing @y, of (9)
with the identification [,] = i{, }pg. The choice ¢ =0,
used in Ref. [40], gives a particle dressed by two Faraday
lines of flux ¢/2 pointing in opposite directions.

We can now consider Dirac brackets between the scalar
field ¢ and its canonical momentum 7. The modification
of the Dirac brackets is due to the nonzero commutator of
the matter field with Gauss’ law. However, C"/ is zero when
i and j both label the Gauss law constraint, so these Dirac
brackets coincide with the canonical Poisson brackets. This

|
conclusion was reached in Ref. [26] and used as part of an
argument for commutativity of ¢’s at spacelike separation.

However, while this argument shows that the Poisson
brackets between ¢ and r, are unmodified by the coupling
to the gauge field, it does not show that ¢) commutes with ¢
at a later time. To see this, we can consider the Dirac
bracket of Jy¢ = mj + iqAog with ¢. This leads to a
nontrivial Dirac bracket due the Poisson bracket of A, with
the primary constraint z°:

{9(x). p(x)}pp = — / dx"dx"{iqAg(x)¢p(x). 7°(x") }

x <_% ‘Z” _ Z///| —c" —d7 — €>
x & (¥ = ¥{° (). ¢(x')}

1
:—f<ﬂz—in%+dz+%

X px)Pp(x').

This indeed agrees with the commutator of the Wilson-line
dressing (92), if we take ¢ =d =} and e = —Z.

Thus, in summary, while one does find that the equal-
time Poisson bracket {¢(x),7,(x")} = 0 for x # x/, this
does not imply that {¢(x),p(x")} vanishes at spacelike
separation, so the operators do not commute in general
outside the light cone.

(105)

B. Algebra for observables in gravity

We finally turn to the important question of the algebra
of gauge-invariant operators in gravity. In Sec. III, we
described the construction, at linear order in k, of diffeo-
morphism-invariant observables corresponding to a matter
field and its gravitational dressing. In parallel with the
preceding discussion on QED, we can now likewise
investigate the algebra obeyed by these observables.
While these have only been constructed to leading order
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in «, and thus we will only find the leading-order commu-
tators, these have interesting structure and of course
constrain the all-orders commutators since the latter need
to match our results when expanded to this leading order.

The general form of the gauge-invariant observables we
have described is

O(x) = p(x) + V¥(x)0,p(x) + K> (3 (x) + O(ic%),

(106)

where V* is of order x and explicit examples have been
given in Sec. III. We will consider the equal-time commu-
tators [®, @] and [®, | to leading order, which is to order
k2. At this order and for x # x’, these commutators take the
form

[®(x), D(x)] = [V¥(x), V¥*(x')]0,p(x)0,p(x")  (107)
and
[@(x), D(x')] = [V¥(x), V¥ (x')]0,p(x) D, p(x')
+ VA (x), V' ()]0, (x)0,p (). (108)

Note that the validity of (107) and (108) requires the
elimination of other terms that could potentially contribute
at order x2. First, there is a possible contribution to the
commutator (107) of the form

[VH(x), p(x")]0, ¢ (x)

and similarly with x <> x’. However, V¥#(x) as we have
constructed it depends only on the metric and its first
derivative on the constant time slice, so this commutator
vanishes.

There is also the possibility of a term in (108) of the form

[V¥(x). ()] 0,p ().

and likewise with x <> x’. Indeed, since V° contains time
derivatives of the spatial metric [see (46) and (50)], Vo
contains second time derivatives of 4;;. In order to find
these commutators at equal time, we have to use the
equation of motion for h,, (B22). It is convenient to
choose Feynman gauge and rewrite the equation of motion
by subtracting a multiple of the trace as [cf. (B24)]

(109)

(110)

) K

h,, =V hﬂy+§TﬂD, (111)
where Tﬂ,, is the “inverse trace-reversed” stress tensor,

defined as in (B8). This suggests that the nontrivial
commutator between T with ¢ could potentially lead
to a contribution at order x>. However, the spatial compo-
nents of T = 0,40, + m*¢*n,,/(D —2), which enter
V°, do not contaln time derivatives of ¢, so there is no such
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contribution to the equal-time commutator between ® and
®; the term in (110) vanishes.

Finally, we should consider a possible term in (107) of
the form

K[ (x), o) ()],

with similar terms appearing in (108). It appears that this
term could contain an O(x?) contribution. However, we
have defined ® as the value of ¢ at a point determined in
terms of the geometry, so the second-order piece takes the
form

(112)

(%)0,0,(x) + Vi3 (x)0,p(x).
(113)

1
2P (x) = 5 VE(x)V¥

where V 2 is a nonlocal functional of the metric h,, of
order 2. 2l"hen the commutator [¢(x), h,, (x)] is O(x)
since it vanishes in the absence of gravitational interactions,
so the term in (112) is O(x?).

We therefore conclude that (107) and (108) contain all
the terms that can enter the commutators at order x°.

As we have just noted, VO contains a time derivative of
the spatial metric, and this implies a new feature of the
algebra, as compared to the gauge-theory case: there can be
a nonzero contribution to the equal-time commutators

[@, ®]. We will consider the different commutators in turn.

L. [®.®]

In this paper, rather than working out the full structure of
the commutators in detail, our main focus will be the
question of when the commutators are nonzero and when
they become significant. We first consider commutators
[@, ®]. These receive contributions in particular when we
consider the large-mass limit, where the operators can
create massive particles at rest.

A simplest example of such commutators arises in the
Wilson-line case, where we find from (46), working in
D =4,

[Vsz

K

_Z/
K‘
'

/ +52), h,, (X' + 5'2)]

—&*(x, —x’l)/ ds,
0

using the equal-time commutator [specialized to D = 4;
see (B14)]:

(114)

0. 0] = |30, = 1 (5 ~ 7),

(t=1,D=4). (115)
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Thus, from (108), there is a nonvanishing contribution to
the equal-time commutator

. K2
[Dw, (x), ()] = =i 5 0:9(x)0-()5(x — 1)

X/oods+...’
0

where we omit terms proportional to other derivatives of ¢.
The divergence here can be regulated by basing the Wilson-
line construction on a platform at a large, finite z = Z,
cutting off the integral at Z.

_ We next consider commutators proportional to
P(x)p(x'); these are the terms that make the leading
contribution in the large-mass, zero-momentum limit.
These commutators arise from [V, V9].

An interesting case is that of the commutator of two
operators with the Coulomb dressing. The time derivative
of V¥ is, using (111) and neglecting the stress tensor terms
which we have argued do not contribute to our calculation,
and with 7 =y — X,

(116)

Ve = [ & (”’jry) n ’“);9))
k() et
—Lﬂ rzsz[%—hmvr(g)]—i-Tterms
—_ 5 [y [@_%hii&(;)_i_%}

47

K 5y o |[Vihy  hy
_= 2O |~

4ﬂ'}{r [ 2r +2r

Here, we have also used the identities (C4), (C6). When
evaluating the commutator with V9. we can neglect the
boundary terms. This is because the commutator of 7, (y)
with V(x') decays as 1/r, so when we commute V(x')
with the boundary term in (117), the resulting integrand is
1/7r3, and hence its integral vanishes as the surface is taken
to infinity.

The commutator [V&(x), V2(x’)] is the sum of three
terms, which we denote by [ ], , 3. The bulk term from the
commutator of kg, with hy, is, with 7 = y' — ¥/,

g] + T terms. (117)

8 3 3/?”?,” 3= =y
[}1:—71 &’y d‘)’ﬁﬁg@;ué‘()’—)’)

ix? s 1 1
= — | —
3271'2/d YOu (r)a (ﬂ)

. — (118)
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The piece of the commutator coming from the 1/7° term

in (117) is
i 1-3(7- )
s / py 3T
r-r

T 327 (119)

This integral is evaluated in Appendix C and gives

)

= 120
[ ]2 671")6 _x/| ( )
Finally, the é-function term in (117) leads to
2
iK
= 121
[ ]3 967z|x _ x/| ( )
Adding these terms gives
'70 0 (,/ ix”
VR0 Ve =+l + ==z 7 (122)

Then, if we consider ®(x’) to create a static source, for
which ¢(x') = im¢(x’), and use (108), this leads to a
nonzero commutator,

(e (). ()] = [VE(x). VA )DE)
O B,

- ‘ ¥ — x/| (123)
Note the comparison between this result and the QED result
(94); this is even clearer in the static limit ¢(x) = im¢p(x).
In higher dimensions, we expect a denominator |x — x'|P~3,
Thus, in gravity, we find nonlocal commutators, and in
particular commutators proportional to the gravitational
potential.

2. [0.@]

As noted above, a difference between gravity and QED is
a nonzero contribution to the equal-time commutators
[@, ®]. Such contributions arise for both the Wilson line-
dressed operators and the Coulomb-dressed operators.

These are most easily elucidated by considering the
commutator [Py (x), P-(0)]. For simplicity, consider the
case where X = (0, 0, z). Then, we see from (107) that these
commutators have a contribution from

[Viy, (x). Ve (0)]

K'2 [Se] . ylyf
— " % ar [ Byina(0.2).
o [ [ @rthe0.2)h 005
_ikr [wdd
32z ), 7
_ 1z (124)
327
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where in the last line we have introduced a large-z cutoff Z.
Thus, we find

- _ﬁln(z/z)ﬁzgﬁ(x)d)(()) +e

D, (), Be(0)] =~
(125)

where we do not include terms proportional to other
operators.

While initially surprising, the log has the following
explanation. The time derivative in V? (50) creates the
perturbation of the spatial metric which we have shown
corresponds to linearized Schwarzschild,

(126)

After acting with the operator ®(0), the proper distance
from a point near infinity is thus corrected by a term
logarithmic in r; since the Wilson-line construction uses the
proper distance, this leads to the log in (124). Note that this
logarithmic term is closely similar to another logarithmic
dependence seen in a related physical effect: the Shapiro
time delay. In higher dimensions, the metric perturbation
created by VY is

GDm

Khrrfxﬁy

(127)

and so the corresponding correction does not require a
cutoff and varies o z*+~?.

One can likewise examine the commutator
[®w (x), Py (x)]; here, one finds a result that is quadrati-
cally divergént in the cutoff Z for D = 4.

Finally, we consider the commutator of two of the more
“physical” ®’s. The commutator of the dressings is

[Ve(x). Ve(x)]

3272
3ix? (7 ?’)2—1/2”
- 647> / 4 rr'? " (128)

where 7=y —X and 7 =) —X'; in the second line,
y' =73. The necessary integral is done in Appendix C,
yielding

2

iK? x't— xi

[Ve(x), Ve = Garlx— x|’ (129)

This result, then, gives a commutator,
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[@c(x), B ()] = o BEIBT) + 0dx)D)]
X Tx%jl (130)

This term does not decay with distance, but does vanish
with the momentum of the fields, and so vanishes in the
static limit. In higher dimensions, we expect a falloff
N| X — x/ |47D'

Note that the commutator of the form (130) can be
eliminated by adding a linear combination of AV? and AV?
appearing in Egs. (72), (73) to V. For example, the
combination

Vo(x) = V) ++ AVO(x)

7 (131)

commutes with V¥(x), and so the resulting dressing does
not produce a commutator (130). More generally, one
expects a one parameter family of dressings with linear
combinations of AV? and AV’ added to V/- with the same
property. Note that these will also change the commutators
[V, V], but the latter can be shown to still take the same
form as in (122), with different numerical coefficients.

C. Further comments

We have only evaluated some indicative commutators,
which reveal nonlocal behavior, as compared to LQFT, of
our gauge-invariant, gravitationally dressed operators.
Other commutators can be likewise evaluated, with more
effort, using similar techniques. In particular, one can
evaluate the commutators of the operators with the world-
line dressing, corresponding to more general states of the
motion of a particle, and find similar results to the simple
cases we have shown.

We also note that there are contrary claims in the
literature [18], that gravitational dressing does not modify
the local properties of commutators of field operators. The
same claim was made [26] for QED, for similar reasons.
But, as we have detailed above, a closer inspection of the
Dirac brackets for QED fixed to the axial gauge explicitly
shows noncommutativity that matches that of the dressed
operators, giving one confidence in our methods and
results. Thus, we likewise expect that the nonzero com-
mutators for gravity—which are similar in structure to
those of QED—are also present and could likewise be
derived through a Dirac bracket analysis.

V. DISCUSSION

The diffeomorphism-invariant observables that we have
constructed in this paper potentially play multiple impor-
tant roles in better understanding aspects of quantum
gravity.
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A first role is to control infrared divergences in scatter-
ing. While that has not been a primary focus of this paper,
we have noted that the worldline-dressed operators
described in Sec. II C have been argued by Refs. [34,35]
to regulate IR divergences in scattering in QED.!
Section IIIC has constructed analogous operators in
gravity. Thus, we expect the corresponding gravitational
dressings to analogously address IR divergences in gravi-
tational scattering. We leave development of such a treat-
ment of scattering to future work; for related work
see Ref. [43].

Another very important role is in capturing features of the
fundamental structure of quantum gravity. As we have noted,
locality in LQFT is most clearly described in terms of
commutativity of subalgebras of gauge-invariant observables
associated with spacelike-separated regions of spacetime. A
key question for quantum gravity, if it iS a quantum-
mechanical theory, is thus what algebraic structure governs
its observables, and how this structure relates to possible
localization, and reduces to the locality structure of LQFT in
the limit G — 0 [22].

While the strong gravitational regime still poses many
puzzles, we have found that even the weak-field regime
allows us to infer apparently important aspects of this
algebraic structure, since nontrivial results can be found
perturbatively in G and since any more complete algebra
relevant to arbitrarily strong fields must have these con-
tributions at leading order in an expansion in G. In
particular, we have found, at order G in an expansion of
commutators of the gauge-invariant observables, obstruc-
tions to the commutativity of operators associated to
different “regions” of spacetime. If locality is defined in
terms of such commutativity, it fails for the gravitationally
dressed operators we have considered, and in a way that
suggests that it will not necessarily be easy to restore with
definitions of different operators. This appears to be an
important structural aspect of a quantum theory of gravity,
if it is to agree with quantized general relativity in the weak-
field regime.

One key piece of information is that of when the
noncommutativity becomes significant; that is expected
to be an important characteristic of the “correspondence
boundary” where quantum gravity reduces to LQFT
[22,44]. For example, for two particles of energy E,
Eq. (123) indicates that the dressing only makes a small
correction to ®(x)®(x") when GE < |x — X/|, or, for general
D, for

GpE < |x —x/|P=3. (132)

This is in accord with the locality bound proposed in
Refs. [23-25], which stated that LQFT ceases to give an

*Connections to and issues with the related analysis of
Ref. [41] are discussed in Ref. [42].
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accurate description of the state once the bound (132) is
violated. Note that we have also found significant correc-
tions in the [®(x),®(x’)] commutator, which appear to
become relevant in a regime where GpE = |x — x/|P~4,
where p is a characteristic momentum of the particles being
created. While interesting, and clearly related to the
physical effect described in (125), these commutators
can be removed by modifying the dressing, as described
in the preceding section.

Notice that we can, at the order G to which we work,
achieve commutativity of the gravitational Wilson-line
operators of (45) associated to spacelike separated points
x and x’, if we run their associate Wilson lines in different
directions so that they also stay spacelike separated.
However, such operators do not have a clear identification
with a compact spacetime region and appear to be more
clearly associated with a noncompact neighborhood,
extending to infinity and containing the flux line.
Moreover, we expect important corrections [22] at higher
order in G. First, the infinitesimally thin Wilson lines have
infinite energy density and thus are expected to receive
significant corrections once the self-coupling of gravity is
taken into account. This is expected to thicken these Wilson
lines. Moreover, it would appear that the thickness of the
corresponding region would grow as the mass or energy
sourcing the flux lines increases. This suggests an impor-
tant lesson for any putative subalgebra structure: a mono-
mial in the operator ®y, (x) would appear to be associated
with a larger and larger region as the order of the monomial
grows; moreover, this also strongly suggests that such a
monomial does not commute with ®y, (x’) for high enough
order, spoiling any commutative subalgebra structure.

While we have treated the case of asymptotically
Minkowski space, many of the features we have described
should carry over to the case of anti de Sitter space with
relatively minor modification. In particular, one can like-
wise construct Wilson-line operators, associated with
“Fefferman-Graham” gauge, there; for a related discussion,
see Refs. [16,18,36]. These can alternately be averaged
over directions, as we have done in Sec. III B, to produce a
Coulomb-like dressing. One would then find a similar
commutator structure for the corresponding operators. In
particular, two Wilson-line operators with overlapping
Wilson lines are not expected to commute, as in (92).
This differs from a claim of Ref. [18], though we have
understood the origin of the conflict in the simple example
of QED in Sec. IVA 3. Also note that for many purposes
working in AdS will provide an effective infrared regulator,
with characteristic length ~R4s, to calculations with the
flat-space operators described in this paper.

The present discussion also has interesting relations
with the similar problem of observables in de Sitter
space—though here nontrivial features are encountered. In
particular, Refs. [9,12] discussed the formulation of observ-
ables where field operators are separated by a given

024030-17



WILLIAM DONNELLY and STEVEN B. GIDDINGS

geodesic distance; as in the present work, these will create
particles together with a gravitational flux line connecting
them. Thus, for far separated particles, or if one particle is
taken to be massive and provide a platform with respect to
which we measure, the construction for the remaining
particle is very similar to the ones we have described.
However, notice that in such a picture field lines appear to
terminate on the pair of particles; none can reach asymp-
totic infinity since space is compact. This new feature arises
from the nontrivial nature of the de Sitter background.

Past examples [9] of diffeomorphism-invariant, approx-
imately local observables such as those just mentioned are
relational, in that the position at which we create or
measure a particle is defined in relation to other particles
or features of the background state. Interestingly, the
observables constructed in this paper do not require any
such local structure to define location; the location of the
field operator is defined in relation to the structure at
infinity. Thus, these are still relational, though in a some-
what different fashion.

A final role to consider for such observables is their
connection to observation or experiment. The observables
of this paper, like those of Refs. [9,12], are observables in
the usual mathematical sense of quantum mechanics—they
are Hermitian, gauge-invariant operators on the Hilbert
space. However, they do not have an a priori connection to
observations made by “observers inside the system” and
thus were referred to as g-observables in Ref. [45]. Some
such g-observables are expected to be related to observa-
tions such observers can make (thus to what experimental
physicists would call “observables™); further development
of this story is left for future work.
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APPENDIX A: QED BASICS

Here, we collect some basic formulas relevant to the
quantization of QED.
The Lagrangian of QED takes the form

1

1
‘CQED = _ZFWFHL/ _E(aﬂA”)z + L, (Al)

The second term is a “gauge-fixing” (really, gauge-
invariance breaking) term; gauge transformations act as
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A, (x) = A, (x) — 9,A(x). (A2)

Gauge symmetry is restored for @ =oco0, a =1 gives
Feynman gauge, and a — 0 gives “Lorenz” or “Landau

gauge.” The third term is the matter Lagrangian. The
corresponding equations of motion are

1 1
0,F* — —0ot0,AY = —JA¥ + (1 — —) o+o,AY = j#,
a a
(A3)
where j# = % [ d*xL,, is the current; here [J = 0,0".

A particular matter Lagrangian is that for a charged
scalar,

L, =D —m*|gp*, (A4)
with gauge transformation
P(x) = e Mg(x), (AS)
and with covariant derivative
D,¢ = 0,4 —iqA,¢. (A06)

The corresponding current is

J' = —iql¢"D"¢ — (D"¢)"¢]. (A7)
The canonical momenta are
7y = (Dop)*, my = Do (A8)
and
7= —PA + §A = _FO — _Fi. ﬂO:(]—l@ﬂA”.
(A9)

At a = oo, 7° of course vanishes, yielding a constraint. The
equal-time commutators are

7y (x). p(x")]|_, = =167 (X = X) = [m)(x). ¢ (x)],
(A10)
and
7 (x), A, ()], = —i&ysP~ (X = X). (A11)

These commutation relations provide initial data for the
unequal-time commutators. In the free limit, these satisfy
the free equations of motion. For the free scalar, we have

[#(x), " ()] = iA(x — xT), (A12)
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where A is the massive Pauli-Jordan function, satisfying

(O —m?)A(x) =0, A(x),_, =0,
DAX), = —6(%). (A13)
Note also that
Alx—x') = G,(x,x") — G.(x,x), (A14)

where G, and G, are the retarded and advanced Green
functions, respectively,

G, (x, x') = i0(t — ') {0[[¢(x), §"(x')]]0),

Golx.x') = —i6(1' = 1)(0][(x). ¢* ()]0} (ALS)
The commutators for the electromagnetic field may be

written in terms of the massless Pauli-Jordan function (again,

advanced minus retarded Green function), satisfying

OD(x) = 0, (A16)
D(=x) = —D(x), (A17)
D(x)":0 =0, (A18)
9,D(x), , =—6"""(%). (A19)
In four dimensions, D(x) is given by
D(x) = — 5 €(15(:2), (A20)

where ¢(7) is the sign function. The commutators become
[A (%), A ()] = iDy (x = X'), (A21)

where
D,,(x) =n,D(x) + (1 —a)0,0,E(x), (A22)

and OJE = —D. More explicitly, E(x) is the Green function
for the operator (1> with the boundary conditions

E(x),
PE(x)

L, =0E(x), = 0iE(x)

I It: |r:0

= P13

=0,
(A23)

li=o
In D = 4, it is constant in the forward light cone and in the
backward light cone and is given explicitly by

E(x) = — 4 e(0(—2).

& (A24)

Equation (A22) can be verified by checking that the resulting
commutator satisfies the equation of motion,
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1
{&{D + (5 — 1)8”81} D,,(x) =0, (A25)
with initial conditions given by
[Ao(x), Ag(x')] = —iadP~! (X = ¥'),
[Ai(x),A;(x)] = i8,;6P~ (3 = ¥), (A26)

which follow from (Al11).
Note that the quantity B = 0, A* generates gauge trans-
formations on both the electromagnetic and matter fields:

i[B(x"),A,(x)] = ad,D(x' — x),

»

i[B(x'). ¢(x)] = iagD(x' — x)¢p(x). (A27)
This is an infinitesimal gauge transformation,
i[B(x'), A, (x)] = 6,A,(x) = =0,A(x),
i[B(x'). p(x)] = dap(x) = —igA(x)p(x'), (A28)

with A(x) = aD(x — x). Here, the commutators with A,
follow from (A21). To check the ¢» commutator, we first use
the equal-time commutation relations to show that it holds
at equal times,

[B(X). ()], _, =0,

[00B(x). ¢(x)]|_, = —aqd® (X —¥)p(x).  (A29)
where we have used the equation of motion to write
9yB = a(0;z' + j°). The identity (A27) then follows at
unequal times using the fact that B satisfies the free
equation of motion [JB =0 when the current j* is
conserved.

Thus, a gauge-invariant operator ¢ constructed out of the
electromagnetic field and the scalar field ¢ will commute
with B(x). The physical states of the theory are those
annihilated by the positive-frequency part BT of B:

BT (x)|y) =0 < |y) is a physical state. (A30)
Then, if ® is a gauge-invariant operator, it will commute
with the positive-frequency part of B and hence maps
physical states to physical states.

APPENDIX B: GRAVITY BASICS

Here, we collect some basic formulas relevant to
perturbative quantization of gravity.

The scalar Lagrangian density for Einstein gravity takes
the form

2

‘Cgrav :K_2R+£gf+£mv (Bl)
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where x? = 322Gp, Gp is the D-dimensional Newton’s
constant, R is the scalar curvature, and £,, is the matter
Lagrangian; a particular example is that for a scalar with
mass m,

1
L= =5 (V) +me?). (B2)
The second term in (B1), Ly, denotes a gauge-fixing
(really, gauge-invariance breaking) term. If one picks a
background metric ¢°, one useful choice is

Vista = - [w( Vi)' @

where V denotes the covariant derivative with respect to g°
and ¢° is used for the contraction of the v index. Gauge
symmetry is restored for @ = oo, @ = 1 is Feynman gauge,
and a — 0 is an analog of Landau gauge, which enforces
the de Donder gauge condition

Ve (VIglg) =o.

When ¢° is the flat metric, this reduces to the usual
harmonic gauge condition, which can be expressed in
any of the equivalent forms:

3u<\/m D) =0,

(B4)

Ox* = 0.
(BS)

gﬂlll"(l — ,

The latter says that the coordinates X* are harmonic
functions of spacetime.

For the purposes of this paper, we primarily focus on the
linearization of gravity about flat space. The metric
perturbation is defined by

9w = N + Kh;w' (B6)

For the linearized theory, we need the quadratic-order

expansion of +/|g|Ley = 2+/|g|R/x* in h. Various for-
mulas simplify if we define the “trace-reversed” metric

perturbation,

1
= hy, — _ﬂﬂvhv

o = B = (87)

iy

with h = n"h,,; the inverse to trace reversal, in D

spacetime dimensions, is

h o —h —

v (772 nyuh = h (Bg)

D -2

The quadratic part of the Einstein-Hilbert action can then be
simplified to
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| _ o
(\/ |g\£EH)2 = =5 Dol O + Ry 0,1 4 1.,

(B9)
where indices are raised with the flat metric # and the last

term is a total derivative. Likewise, to quadratic order, the
gauge-fixing term gives

(Vidita), =

and so the combined quadratic action for gravity is
(dropping total derivatives)

[V11(Cen + £0)] =

8’%,1”) : (B10)

1 _
=5 0oy, 07
+ (1 —é) (0*h,,)*.  (BI1)

This action exhibits the simplicity of Feynman gauge,

a = 1. Here, the canonical conjugate to h,, is 7", so we
have the equal-time commutation relations
(), ()], = 58P (% = %), (B12)
where we define
sie = 657 (B13)
with symmetrization convention A7) = (A% + A%%)/2,
Equivalently without using the trace-reversed field,
- n ;,]/1(7
o o Ao HV D—1 /(7. e
057600, = i85 = )P G-,
(B14)

When x = 0, the field equation reduces to Di_z,w =0,
from which we find the unequal-time Feynman-gauge
commutation relations for fields in the interaction picture,

[y (x). W (x')]

= i5}gD(x — x'), (B15)

or

 0.00)] = (3 2 ) DGa =), (B16)

with D(x) given in Appendix A. Alternately, the momen-
tum-space two-point function is

(o () (') = —pi;cs,i‘;@z)%f)(p +p). (B17)
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with the corresponding correlators for the metric found via
the transformation (BS).

These expressions can be generalized to a # 1; let us
introduce the variable

1
=1—--—. B18
p=t1-- (B18)
Then, the quadratic action (B11) takes the form
1
V191 (Len + L) = 31 L (B, (B19)

where L,,*(f) is the second-order linear operator
defined by

1
LﬂDM (ﬂ) = <6/};Z - E 77;41/77/16) 8/)8/)

(¢4 1 104 (A Lo 1 o
- 2:3 <6(u81/) — 577”,,8 > <6a (9 ) — 57’]'1 8a> .
(B20)
Defining the stress tensor as

2 &S
= m (B21)

T = ——— o,
T Ve

the linearized gravitational equations then take the form

K
LﬂuM (ﬁ) hia - - E T/un (Bzz)
where in this equation the metric in 7, gets replaced with
to leading order. Then, the propagator for the metric takes
the form

(Thy, (x)h*e (X)) = i(L7"),,*(

x,x). (B23)

1774
Note that the linearized gravitational equations (B22)
simplify to

K
=__T

Uhy, 5 T

(B24)

in Feynman gauge (f = 0).
One can also work out the canonical momenta and
commutators for the metric. From (B11), one finds

a% = ;10” — BO,h,

7l = h" — po, 08l (B25)
When f = 1, there is no gauge fixing, so the momenta 7"
do not contain time derivatives and give the expected
constraints. For general f, the canonical commutators are

7 (x), hio (X)), = =i P71 (X = X). (B26)
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When S =0, this agrees with the Feynman gauge
result (B12).

These commutation relations provide initial data for the
unequal-time commutators, which in the free limit satisfy
the free equations of motion (B22) with 7' = 0. These are

[y (x), 1 ()] = iD,,, " (x — ') (B27)

with
D, (x) = 8D (x)
1
+2(1—a)|8(1070,) - 5170,0,| E(x)
(B28)

and D(x) and E(x) given in Appendix A. This can be
checked by verifying that

LY*D, (x,x') =0 (B29)

and that Dﬂ,/l" satisfies the initial conditions implied by

[h/w(x)’ hﬂa(x/)] =0 (BSO)

|/:/
and (B26). B
The gauge condition b* = J,h*"" generates infinitesimal
diffeomorphisms, just as the gauge condition in QED
generates infinitesimal gauge transformations [cf. (A28)].
From (B27) and (B28), we find the commutator
{7 (), by (¥)] = —8,87 (x) — 8,67 (x),  (B31)
with the infinitesimal diffeomorphism generated by the
vector fields

&7 (x) = 5D — ). (B32)
One can also see that
i (), p(x)] = —x& (x) b (). (B33)

To show this, one first checks the equal-time versions of it,

:0’
oK
= 1—

=i () gl
o) r—x). (B34)

i (), p(¥)], _,
b7 (). ()]

where the latter commutator follows from the equations of
motion (B22). Then, by taking the divergence of the same
equations of motion, we find

Ob° =0 (B35)
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when the stress tensor is conserved. Thus, since (B33)
satisfies this equation of motion in x’ and the initial
conditions (B34) at ¢t = ¢, it holds for all x'.

In particular, this implies that if ® is any operator
invariant under linearized diffeomorphisms, then the lin-
earized metric & defined to leading order in k by

Iy ()R () = [ (), B()] (B36)

satisfies the gauge condition 8,4/_1” “=0.

APPENDIX C: SOME USEFUL FORMULAS

Here, we collect some derivative formulas and integrals
used in the main text. It will be useful to introduce a radial
vector field 7# such that #0, = d,; we will denote the
spatial metric by g,4. Then, we have the identities (given for
D = 4, though easily generalized to D # 4)

1
8”61,7' = aﬂ?l/ = (‘I;w - ?ﬂ?v)’ (Cl)
r
2
9, =" (€2)
r
O = 2 i C3
M=t (C3)

™r r
)/ J/
?a?/} - qa/i - 3?0( ?ﬂ 4r >
o) 22 K gem) (co
3. .. .
aaaﬂayr - ﬁ (rarﬁry - r(aqm/)) <C7)
1 97,49 157,747, 12x -
Gaﬁﬂﬁy—z @) ) i _—Q(a/}ay)53 ()C), <C8)
r r 5
where in the last two equations 7qp,) =

(?aqﬁy + ?ﬂan =+ ?yqaﬁ)/?’
Calculating the commutators in Sec. IV requires evalu-
ation of certain integrals. The first is

1= 3(F-#)?
/d3y 35,7 ,

c9
2 (o)
where 7 = y — X, 7 = y — X'. This is evaluated by choosing
spherical coordinates based at X =0 and with the polar
direction defined as that of d = X' — X. In particular, we
then find

PHYSICAL REVIEW D 93, 024030 (2016)

2

d
(#-#¥)P2=1 —72(1 —cos? ). (C10)
r

We then expand 1/7 and 1//3 in Legendre and
Gegenbauer polynomials, respectively:

1 1
7 VR —2drcos0+ &
_ {%Z}”U Pi(cos0)(4)! d<r 1)
Iy o Pi(cosO)(H)! r<d
1 I
3 (r? —2drcos@ + d?)3?
_ {,_1221000 C?/Z(cos 9)(%)1 d<r c12)
157, )P (cos0)(5)! 1< d.

The angular integral picks out the / = 0 term of each sum,
and we find

130 #)?
/d3y rgr’ )

-2 3d
= 27:/ r?drd cos(0) {W + 33 (1 —cos 92)]

rr

d 4 4 oo 4  4Ad>
=2 drl —— + = drl =2+ 7%
77.'|:‘/0 r( rd+rd +/d r( r2+r4>}
167

=——. Cl13
3l — x| (C13)

Another needed integral is

ENAV)
Ii:/d?aya(r'r/) +b;}./i’

rr'?

(C14)

where a, b are fixed constants. For this, we center spherical
coordinates about the point x’, with the polar axis deter-
mined by d = X — X'. By symmetry, the integral must be
proportional to d’, with coefficient d'I'. We also use (C10),
with 7 <> 7, giving

d*(1 — cos*)

—a 3 cos 6.
r

41 =21 / dr'dcos [“ to

(C15)

As before, we expand 1/r and 1/7° in Legendre and
Gegenbauer polynomials, using (C11), (C12) with r <> 7.
In both cases, the 0 integral picks out the [ = 1 term of
the sum:

! 2
/ dcos O cos OP;(cos0) = 55,1,
-1

i 4
/ d cos 0 cos 0C;"*(cos 0) (1 — cos ) = 55,1. (C16)

1
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Substituting this into the above integral, we find

d 2 4\ 7 o 2 d 4 & a
=2 7z b)——-a|— "= b)———-a— || =2x(=+b
a1 =2a| [ar (S n —ga) G [T (Gla 0 a-Sae) | =25 00)

and thus
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