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We consider new regular exact spherically symmetric solutions of a nonminimal Einstein—Yang-Mills
theory with a cosmological constant and a gauge field of magnetic Wu-Yang type. The most interesting
solutions found are black holes with metric and curvature invariants that are regular everywhere, i.e.,
regular black holes. We set up a classification of the solutions according to the number and type of
horizons. The structure of these regular black holes is characterized by four specific features: a small cavity
in the neighborhood of the center, a repulsion barrier off the small cavity, a distant equilibrium point, in
which the metric function has a minimum, and a region of Newtonian attraction. Depending on the sign and
value of the cosmological constant, the solutions are asymptotically de Sitter (dS), asymptotically flat, or

asymptotically anti—de Sitter (AdS).
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I. INTRODUCTION

The interest in nonminimal theories, i.e., theories that
couple the gravitational field to other fields using cross
terms containing the curvature tensor, started to rise as
alternative theories of gravity a long time ago.

The nonminimal field theories are based on five classes,
divided accordingly to the types of fields that couple
nonminimally to gravitation. The first class of nonminimal
models deals with the coupling of scalar fields with the
spacetime curvature. They arose first within the Scherrer—
Jordan-Thiry—Brans-Dicke theory where a scalar field
couples nonminimally to the Ricci scalar, and the different
authors [1-4] had different motivations to set up such a
theory; see [5] for a historical perspective. In addition, a
scalar field conformally coupled to gravitation was sug-
gested in [6]; see [7] for a review on the subject. The second
class is based on the modeling of nonminimal interactions
of the electromagnetic field with curvature, usually called
nonminimal Einstein-Maxwell model, see, e.g., [8-11].
The third class comprises Einstein—Yang-Mills models with
SU(n) symmetry [12,13]. The fourth class embodies
Einstein—Yang-Mills—Higgs models [14,15]. And the fifth
class covers models in which an axion pseudoscalar field
appears, for instance coupling to the electromagnetic and
gravitational fields in what may be called nonminimal
Einstein-Maxwell-axion models [16].

Within these nonminimal theories exact solutions
for electric stars [17,18], magnetic stars [19], wormholes
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[20-22], electric black holes [23,24] (where star-like
solutions can also be found), and regular magnetic black
holes [25], with a SU(2) Wu-Yang ansatz (see [26] for the
original ansatz and work, and [27] for a full study of its
properties) have been constructed. Various aspects of
star and black hole physics were discussed in these papers
in all five classes of the mentioned nonminimally coupled
theories.

Regular black holes are black holes without spacetime
curvature singularities and have been constructed with
general relativity coupled to some form of matter or within
alternative and extended theories of gravity. For a sample of
regular black holes see [28—44].

In this vein, we want to further investigate nonminimal
regular magnetic black holes in spacetimes with a cosmo-
logical constant, extended thus the work where no cosmo-
logical constant is considered [25]. We discuss new
examples of such exact solutions of a A nonminimal
SU(2)-symmetric theory of a gauge field of magnetic type
satisfying the Wu-Yang ansatz. Depending on the sign and
value of the cosmological constant the solutions are asymp-
totically de Sitter (dS), asymptotically flat, or asymptotically
anti—de Sitter (AdS). The new features appearing with the A
term in the structure of the black holes with a regular center
are certainly of interest. If the dark energy is indeed a
cosmological constant term and if a fundamental theory is
nonminimal then our study displays the role of the dark
energy on the regularization of the internal structure of
black holes.

The paper is organized as follows. In Sec. II we set up the
general formalism for a nonminimal Einstein—Yang-Mills
theory. In Sec. III we present a specific choice for the
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nonminimal parameters and display the important reduced
master equation. In Sec. IV we investigate the properties
and the horizons of the exact solution. A thorough analysis
is made of the solutions, in particular of the regular
magnetic black hole solutions, for positive cosmological
constant in Sec. V, for zero cosmological constant in
Sec. VI, and for negative cosmological constant in
Sec. VIL In Sec. VIII we conclude.

II. NONMINIMAL EINSTEIN-YANG-MILLS

THEORY: FORMALISM AND EQUATIONS

FOR STATIC SPHERICALLY SYMMETRIC
WU-YANG-TYPE MAGNETIC OBJECTS

A. General formalism and master equations

We study a nonminimal Einstein—Yang-Mills theory
with SU(2) symmetry and a Wu-Yang-type ansatz as
proposed in [25]. This theory is a generalization of the
nonminimal Einstein-Maxwell theory with U(1) symmetry
studied in [11]. The basic elements of this Einstein—Yang-
Mills theory are given now.

The nonminimal Einstein—Yang-Mills theory can be
described in terms of the action functional

R+2A 1 (4.
SNMEYM = /d4xV 9 i + _F('k)Flk(a)
8 2!
1 I a a
+ 5 lemank>F£n21 } . (1)

Here g = det(g;;) is the determinant of the metric tensor
gir» R 1s the Ricci scalar, A is the cosmological constant,
and 87 is the coupling constant (we are putting the speed of
light and the gravitational constant equal to one, ¢ = 1,
G=1,s0 that82'—4G = 8x). Latin indices without parentheses
run from 0 to 3. Group indices, (a), run from 1 to 3, and
when repeated should be summed with a Kronecker delta
metric. The nonminimal susceptibility tensor R*™" is
defined as

Rikmn = %R(gimgkn _ gingkm)
+ % (Rimgkn _ Ringkm + Rkngim _ kagin)

+ q3Rikmn , (2)

where R* and R*™" are the Ricci and Riemann tensors,
respectively, and ¢q;, ¢,, g3 are the phenomeno-logi-cal
parameters describing the nonminimal coupling of the
Yang-Mills field with the gravitational field. The SU(2)
Yang-Mills field is described by a triplet of vector poten-
tials A\, where the group index (a) runs over three values.
The Yang-Mills field components F ) are connected to the
potentials A') by the formulas
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Fliin =V, A = V,A0 + 0 AAY. (3)

Here V,, is a covariant spacetime derivative, and the
symbols f ((“ b)> © denote the real structure constants of the
gauge group SU(2).

The variation of the action (1) with respect to the Yang-
Mills potential A" yields

D HWk = 0, (4)
with
H(a)ik _ F(a)ik 4 RikmnFS’f). (5)

The tensor H@¥* is the non-Abelian analog of the exci-
tation tensor in electrodynamics. This analogy allows us to
consider R*™" as a susceptibility tensor. The gauge
covariant derivative D,, of an arbitrary tensor Q(agd> is
defined as follows

A

(a)... __ (a)... (a) (b) A(c)...
D Q7 (4 = V@ iy + f oy Am Q. ()
O 20) (@)
o= LA Q) = - (6)

The variation of the action functional Eq. (1) with respect to
the metric g;; yields

1 .
Ry — ERgik = Agy + 8”T§iﬂ)- (7)

The effective stress-energy tensor TEfo)

can be divided into four parts,

appearing in Eq. (7)

Tf;ff) _ Tgkm) (1)

+ C]lT,(-Q + T, + anﬁff”- (8)

The first term

=
=
_

_ F(a)F:(“) (9)

in

_ (@) pmn(a)
i FnF
4gzk

is the stress-energy tensor of the pure Yang-Mills field.

The definitions of the other three tensors are related to the
corresponding coupling constants q;, ¢,, ¢3. So,

) = Rrf

1 Al NS a
+51 ,~Dk—gileD,}[F,(m)lFm”(”)], (10)
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= A

Now we consider the master equations for static spherically
symmetric spacetimes and objects.

B. Spherical symmetric ansatz, nonminimal
Wu-Yang-type magnetic ansatz and
the equations

Let us consider a static spherically symmetric spacetime
with metric

d 2
ds® = Ndi* — Wr — 2(d6? +sin20dg?).  (13)

Here (¢, r, 0, ) are spacetime spherical coordinates and N
is a function depending on the radial variable r only.

The gauge field is considered to be characterized by the
Wu-Yang ansatz (see, e.g., [25]). We use a position
dependent basis t,), ti), t(, for the generators of the
SU(2) group, instead of the standard basis t(1), tr), t().
The generators t(,), t(y), t(,) are defined in terms of t;),
t), L) as

?)

t(,) = cosvgsin Ot ;) + sinvg sin Ot (5) + cos Ot 3),
t(p) = cosvgp cos Ot (1) + sinvgp cos Ot ;) — sin Ot 3y,

t((ﬂ) — —sin y(pt“) -+ cos I/(pt(z), (14)

and satisfy the commutation relations

tte] =t,,  [tat,)=t. [t,t]=t. (15)
The Wu-Yang-type ansatz is of the form (see [25] for

details)

Ay = —vsin05(;). (16)

The magnetic parameter v is a nonvanishing integer. The
field strength tensor has only one nonvanishing component,
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Fy) =

—AYAY = ysine. (17)
Clearly, it is a magnetic-type solution and it does not
depend on the parameters A, ¢, ¢, and g3.

Then, the nonminimal gravitational field equations
reduced to spherical symmetry have the form

A
r? r
877.'1/2 1 N’ N C]1+Q2+CI3
= g =+ (13g, +4 SN ThTa
- {2 Q1r+( q,+ f12+613)r2 2
(18)
1-N N
r? _T_A
8x? [1 N’ N g +q,+q3
=4 [5—6117—(76]17“*6]27”]3);—7,
(19)
1 1
_N/+_N//+A
r 2
8m? [1 q,N" N 2N
27{5—17—(7%1“1%4%13)(7—7)
2(q1 + g2+ g3)
EURE SO (20)

where a prime denotes a derivative with respect to the radial
variable r. Equation (20) can be deduced from Eq. (19)
upon differentiation.

III. SPECIFIC CHOICE FOR THE PARAMETERS
q1> 92, AND g3 AND THE REDUCED
MASTER EQUATION

A. Specific choice for the parameters ¢, q,, and g3

Clearly, Egs. (18) and (19) coincide when 13¢q; + 4¢,+
73 =—(7q, +4q, + q3), e,

This is our first choice for a relation between the parameters
1> 42> and gs.

We search for solutions with N(0) = 1 and N'(0) = 0.
Equation (18) is compatible with these conditions at r — 0,
when 13, +4¢9,+q3=q,+49>+¢s, i.e., 12q; +3g, =0,
or

4q, +q, = 0. (22)

This is our second choice for another relation between the
parameters ¢, ¢,, and g;.
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These two requirements, Egs. (21) and (22), restrict the
number of the three nonminimal coupling constants, g, ¢»,
and g3, to just one independent coupling constant, ¢, say.

We then put

91 =-9. (23)
and so

7 =49, (24)

q3 = —6q. (25)

We assume that g > 0.

B. Reduced master equation

With these choices the remaining master equation for the
gravitational field (18) can be rewritten as

2 2
d [r(N—l)(l—l—zrinq)} :—Q—;"—Arz, (26)
r

dr
where
2 =4m7?, (27)

with Q,, being the magnetic charge.

IV. EXACT SOLUTIONS TO THE
GRAVITATIONAL FIELD EQUATIONS:
GENERIC ANALYSIS AND HORIZONS

A. Four-parameter family of exact solutions
with ¢, = —¢, g, = 49, and ¢; = —6q:
A preliminary generic analysis

The solution to Eq. (26) is of the form

r oM Q% A
N=l4(— ) (-Z=+=2-22). (28
+<r4+2Qﬁ1q)( rR 3r> (28)

Thus, we deal with a four-parameter family of exact
solutions. The first parameter is the nonminimal parameter
of the theory ¢, the second parameter is the cosmological
constant A, inbuilt into the theory, the third parameter, Q,,,
is the magnetic charge of the Wu-Yang gauge field, and the
fourth parameter, M, is the asymptotic mass of the object,
that makes its appearance as a constant of integration.
We consider

q>0. (29)
A>0, A=0, A<O, (30)
n>0, (31)
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M>0 (32)

in what follows.

The limiting case, ¢ = 0, gives the minimal coupled
theory. The corresponding solution, taken as the limit
qg =0 of Eq. (28), is the magnetic Reissner-Nordstrom
solution with a cosmological constant,

2M Q5 A

N(r)=1 p + 23 (33)
This magnetic solution has curvature singularities at » = 0.
In addition, for ¢ < 0, Eq. (28) yields spacetime curvature
singularities at finite positive r. For ¢ > O there are no
curvature singularities as shown below. That is why we
choose g > 0.

Near the center the metric function N(r) behaves as
follows:

r? Mr3+
2g Ong

thus displaying that N(0) = 1, N'(0) = 0 and N"(0) = ..
This means that the point 7 = 0 is a minimum of the regular
function N(r) independently on the sign and value of the
cosmological constant A, and independently of the mass
value M. Since N(0) = 1, the curvature scalar is regular in
the center: R(0) = 2. The quadratic scalar R,,,R™" = 2,
and other curvature invariants are also finite in the center
for ¢ > 0 as we are considering. Thus, the spacetime is
truly regular at the center, and this is due to the non-
minimality of the model. The cosmological constant does
not contribute to the regularity at the center. All the objects
displayed are regular objects. We can anticipate some
features of the function N(r). N(r), independently of the
parameters ¢, A, Q,,, and M, has a central small cavity.
Where does the boundary of this small cavity is situated?
The simplest definition of this boundary can be associated
with the nearest maximum of the function N(r).
The position of this maximum, which gives the width of
the small cavity from » = 0 up to this maximum, with the
corresponding value for N, is predetermined by the values
of all four parameters. However, it is the nonminimal
parameter g that provides the creation of this central small
cavity. For r greater than this first maximum, there exist a
zone in which the first derivative N'(r) is negative. Thus,
we deal with a repulsion zone here. The size of the
repulsion zone is set by the parameter Q,,, roughly of
the order of Q,,. In addition when the mass M is small
enough and the cosmological constant is negative, A < 0,
the maximum can be converted into an inflection point
and the repulsion barrier vanishes. For a wide range of
values of the parameters g, M > 0, Q% > 0, and A there
exists a Newtonian-type attraction zone of the metric
function N(r), where it behaves as 1/r. When A = 0, this
zone starts at infinity and finishes at some point. When

N(r)=1+ (34)
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A # 0, this Newtonian attraction zone appears only if the
mass of the object exceeds some critical value. Finally,
depending on the sign and value of the cosmological
constant, the solutions are asymptotically dS, asymptoti-
cally flat, or asymptotically AdS.

The most important feature of our investigation is the
analysis of the horizons as functions of the parameters.
Cauchy, event, and cosmological horizons can appear, and
in some instances they can coincide one with another or the
three altogether. The details are given below.

B. Horizons

1. Location of the horizons

When N(r,) = 0, and the roots ry, are real and positive,
we deal with horizons at these radii. Since the equation
N(r,) =0 can be reduced to an algebraic equation of
order six [see Eq. (28)], —AT’G + it =2MP 4 Q%+
202 = 0, one can be sure that the number of horizons
is not more than six. We intend to show that in the model
under consideration the number of horizons cannot be more
than three. Moreover, all the existing solutions for the
horizons r,, namely, r;, r, and r;, depend on sign and
value of A; i.e., the cosmological constant participates in
the formation of the causal structure of the spacetime.
Generically, the three horizons that appear are the Cauchy
horizon, the event horizon, and the cosmological horizon.
To study the causal structure of the corresponding space-
times we have, first, to count the horizon number, second,
to classify the horizons, and third, to visualize them in
figures.

Thus in order to find the location of the horizons, i.e., to
find r;, explicitly one should solve

N(r) =0, (35)
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i.e., the sixth-order equation

A, 3 2 2
—T—i-r —2Mr + Q,,r* + 2059 = 0. (36)

2. Number of horizons

Another important property is the number of the hori-
zons. Instead of using Eqgs. (35) and (36) and seeing how
many horizons there are by brute force, one can use a more
efficient method by introducing one auxiliary function
f(r.q,0,,A) in the following context. Indeed, Eq. (36)
can be rewritten in the form

ZM:f(r, qvA7 Qm)v (37)
AP 2 202
f(’"’q,A,Qm)E—Tr_|_r+Q_;"+ Qr;nq. (38)

To count the horizon number we have to determine the
number of points in which the plot of the function y =
f(r,q, A\, Q,,) is crossed by the horizontal line y = 2M, the
mass line. From a physical point of view this procedure
shows how many horizons can appear when the mass of the
object is equal to a given M. There are only four types for
the function f(r, g, A, Q,,). They are depicted in Fig. 1.

We consider the cosmological constant A to be positive,
zero, and negative. It is reasonable to start with the analysis
of the case A > 0, i.e., asymptotically dS, which is the most
interesting and complex. Then we study the case A =0,
i.e., asymptotically flat, in order to recall the partially
known results. Finally, we further analyze the case with
A <0, i.e., asymptotically AdS.

(a) (b)

FIG. 1.

(©) )

Sketches of the auxiliary function f(r,q, A, Q,,) = —%Ar3 +r+4 Q,,r~' 4+ 202%qr3. In the points x = r, in which the

horizontal mass line y = 2M crosses the plot of the function y = f(r, g, A, Q,,), the metric function N(r) takes zero values, i.e., the
spheres r;, are the horizons of the regular nonminimal black holes. The plot of the function f(r, ¢, A, Q,,) depicted in panel (a) has one
inflection point and has no extrema; it illustrates the model with one simple horizon only. The plot in panel (b) demonstrates one
inflection point and a pair of extrema (the minimum is first, the maximum is second); depending on the mass M one can obtain one or
three simple horizons, or one simple and one double horizons (the double horizon appears when the mass-line y = 2M touches the plot
in an extremum). The plot in panel (c) illustrates the case, when the minimum, the inflection point and the maximum of the plot coincide;
there is only one horizon in this case, and it is triple one. Panel (d) illustrates the cases when f(r, g, A, Q,,) has no inflection points and
has only one extremum, the minimum; in this case there are zero, one double horizon or two simple horizons.
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V. REGULAR NONMINIMAL BLACK HOLES
WITH POSITIVE COSMOLOGICAL
CONSTANT, A >0

A. Introduction

Let us consider spacetimes with dS asymptotics. The
model with A > 0 has a variety of structures since a
cosmological horizon appears in addition to the usual inner
and outer horizons. All spacetimes are asymptotically dS.

B. Number of horizons and critical masses

1. Number of horizons

We start with the analysis of the number of horizons. We
focus on Eqgs. (37) and (38) using the form

M = f(l”, q, |A|’ Qm)’ (39)
Al Q2 202
1M, @) =~ B @0 2 )

where we have written A = |A| in order to make explicit
that the cosmological constant is positive. Clearly, the
auxiliary function f(r,q,|A|, Q,,) takes negative infinite
values at r — oo, and positive infinite values at r — 0.

The extrema of f(r,q,|Al,Q,,) are given through the
equation

A

d
= F(r. .41 0,) = 0. (1)

which in turn from Eq. (40) yields the equation
|A|7® = r* + Q% + 60%,qg = 0. (42)

In terms of the auxiliary variable X = r2, Eq. (42) gives the
cubic equation |A|X? —X? + Q02X +60Q%q=0. It has
three roots X;, X,, and X3, for which the product
X1 X,X5 = —%q is negative, and the sum X; + X, +
X5 = ‘—}\‘ is positive. There are three cases: (i) there are three

real roots and two of them are positive, (ii) there are two
coinciding positive roots and one negative, and (iii) one real
root is negative and other two roots are complex con-
jugated. This means that three different situations are
available. The configuration can have two extrema (one
maximum and one minimum), or it can have two coincid-
ing extrema, or still it can have no extrema.

The points of inflection of f(r,q,|A|, Q,,) are given
through the equation

A

d2
Wf(n q, s Qm) =0, (43)

which in turn from Eq. (40) yields the bicubic equation

—|A|r® + Q2,2 +12Q2,q = 0. (44)

PHYSICAL REVIEW D 93, 024008 (2016)

In terms of the auxiliary variable Y = 2, Eq. (44) gives the
cubic equation —|A|Y? + Q%Y + 1202%q = 0. It has three

roots Y, Y,, and Y3, for which the product Y Y,Y; =

1202
Al 4

Y, + Y, + Y3 =0. This means that only two cases are
available: (i) two real roots are negative and one real root is
positive, and (ii) the real part of a complex conjugated pair
of roots is negative and the only real root is positive. Since
negative and complex roots are not physical, we conclude
that there exists only one inflection point of the graph of the
function f(r,q,|Al, O,,).

The sketches of the corresponding three plots of the
function f(r, q,|Al, Q,,) are presented in Fig. 1, panels (a),
(b), and (c). The mass line y = 2M crosses the correspond-
ing plots at least in one point, meaning that there is at least
one horizon. More precisely, depending on the values of
parameters ¢, M, Q,,, and |A|, we deal with three
independent simple horizons, or with one simple and
one double horizon, or with one triple horizon, or even
with one simple horizon.

is positive, and the sum is equal to zero,

2. The critical masses

The analysis of horizons and extrema shows that there
are two critical masses, M; and M, say, for which the
corresponding horizons coincides with one of the extrema.
For these masses the horizon is in a fact a double horizon,
it is degenerate.

One coincidence takes place when the plot of the
function N(r) touches the line N =0 in its minimum,
and another coincidence happens when N(r) touches the
line N =0 in its maximum. The critical masses can be
calculated as

1

M, :Ef(rchq’ |A 7Qm)’ (45)
1

Mc2 = Ef(rc% q, Al, Qm)’ (46)

where the radii r; and r, are obtained as the correspond-
ing solutions of the pair of equations N(r) =0 and
dN(r) _
dr — 7
Thus, two critical parameters M, and M, appear in the
course of analysis. These critical masses can also coincide.
In this case we deal with a triple horizon, when the two
extrema, the inflection point and all three zeros of the

function N(r) coincide.

C. The function N and the eight distinct cases

1. The function N in terms of auxiliary parameters
and effective parameters

The family of solutions under discussion is described by
four positive parameters with different intrinsic units: g, M,
0,,» and A. In order to clarify the fine details of these
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solutions we use below auxiliary and effective parameters
and auxiliary and effective variables. First, we introduce
four auxiliary parameters with units of length

3
ry= E, rg = 2M,
rq = (2Q%1Q)%ﬂ rQ = Qm (47)

Second, we construct three effective positive parameters
without units, namely,

E, /)’ = (r—Q>2, y = <ﬁ>4. (48)
A A A

Third, since A # 0, in fact here A > 0, we introduce the
variable x without units through

a

xX=—. (49)

We thus use the cosmological scale for the description of
the internal structure of the regular nonminimal black holes.

In terms of these variables the metric N(r), given in
Eq. (28), is now N(x) and takes the form

A Bt —ax - xt = xS

N(x . 50
() , (50)
Its first derivative is
, x[2x% — ax® + 2x*(B + 3y) + 3ayx — 2]
N'(x) = - 4 2 ’
" +7)
(51)
where ' = ix Clearly, only the three parameters without

units, «, f, and y, are the ones that matter in the search for
horizons, N(x) =0, and in the search for extrema,
N'(x)=0.

In this analysis the masses M., and M given in
Eqgs. (45) and (46) are important. They give the cases in
which there is a double horizon. This double horizon can be
an extreme black hole horizon or an extreme cosmological
horizon, each with a corresponding radius x.; and x,.
The critical masses can coincide giving a triple horizon.
The plots of N(r) are presented in Fig. 2. Below we
describe the features of the solutions for the different
characteristic masses.

2. The eight distinct cases

(1) The case M =0

When the mass M vanishes, we deal with a regular
nonminimal object that is not a black hole. At x = 0 there is
a minimum with N(0) = 1; then the function N(x) reaches
a maximum at x = x,,,,, where

PHYSICAL REVIEW D 93, 024008 (2016)

o = {30030 +ﬁy—%(ﬂ+3y)r- (52)

The zone 0 < x < x, 1S a central attraction zone. The
7Z0Ne X, < X < oo is a repulsion zone. There is one
inflection point of curve N(x) in this zone.

This spacetime has only one horizon, namely, the

cosmological horizon at ry, = ﬁﬂxch, where x, can be

found as follows. Define y, and I" as

o= 5[0+ 363 = 1= 35, (53)
1 2 =r)
r=1 +2(1 T3 (54)

When y > y,, one obtains that

I
Q| =
+

Xch )_(’
2 1
;?:5\/Wcosh [glog T+ \/Fz——l) . (55)

When y = y,, one obtains that

1 2
Xen =[5 T X Z*:gm (56)

When y <y,, one obtains that

+X’

[SSERE

Xch

2 1
b 3 \/1+3pcos <3 arccos F> . (57)

This case is illustrated by curve I in Fig. 2.

(i1) The case 0 < M < My

Inside the range 0 < M < M, there exists a specific
mass value,

1
My :Ef(rN’% IAL, Q) (58)

which distinguishes the models with no Newtonian-type
attraction zone from the ones with a Newtonian-type
attraction zone, i.e., with a 1/r dominating term in the
gravitational potential. For masses in the range 0 < M <
My there is no Newtonian-type attraction zone. The
corresponding radius xy appears as a solution of the pair
of equations, N'(xy) = 0 and N”(xy) = 0; i.e., this point
of the graph of the function N(x) has a coincidence of
extrema points and an inflection point. This limiting case,
where the mass is My is illustrated by curve II in
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11 VIII

11

(a) (b)

FIG.2. A > 0. The plots of the metric function N(r) for the nonminimal regular models with A > 0. Note that N(0) = 1 for all curves
so that the spacetimes are regular. All the curves have small cavities near the center, repulsive barriers, and a dS asymptotic behavior. In
panel (a), seven cases are displayed. Curve I is the case M = 0. Curve Il is representative of the case 0 < M < My where there is no zone
of Newtonian-type attraction. Curve III, for My < M < M4, describes regular nonminimal stars inside a cosmological horizon, and
possessing a Newtonian attraction zone. Curve IV represents the case M = M., where M, is a critical mass. There is an extremal
nonminimal regular black hole, with the Cauchy and event horizons coinciding, it is a double horizon. Curve Visfor M, < M < M.
Here the nonminimal regular black hole has a Cauchy horizon, an event horizon and a distant cosmological horizon. Curve VI is the case
M = M ,, where M is another critical mass. The event and cosmological horizons coincide, so it is a double horizon. Curve VII for
M., < M represents ultramassive black holes with a regular center and a Cauchy horizon that has turned into a cosmological horizon. In
panel (b) curve VIII has a triple horizon of the cosmological type. For this curve, four specific points coincide: the inflection point and

three zeros of the function N(r).

Fig. 2 and is representative of the range 0 < M < M. The
nonminimal regular objects within this mass range
are not black holes, since the single simple horizon is a
cosmological horizon.

(iii) The case My <M < M,

Clearly, within this range the following features can be
visualized; see curve III in Fig. 2. There is, first, a central
small cavity (between the center r =0 and the nearest
maximum), second, a repulsion barrier (between the nearest
maximum and the following minimum), third, the zone of
Newtonian-type attraction, i.e., similar to the 1/r behavior
of the Newtonian gravitational potential (between the
minimum and the final maximum), and fourth, the zone
of cosmological repulsion (between the final maximum and
infinity). The nonminimal regular objects within this mass
range are not black holes, since the single simple horizon is
a cosmological horizon.

(iv) The case M, = M

When the mass M has this value, the nonminimal
coupled regular black hole is extremal with the inner
and the even horizon coinciding. The minimum coincides
with a double horizon. There is still an outer cosmological
horizon. This is shown in curve IV of Fig. 2.

(v) The case M,y <M < M,

When the mass M is in this range, we deal with regular
nonminimal black holes inside a cosmological horizon.
Specific features of these solutions follow (see curve V in
Fig. 2). Each solution of this type displays a small cavity

near the regular center, a repulsion barrier, a Cauchy
horizon, a black hole region, an event horizon, a zone of
Newtonian-type attraction of 1/r plus corrections, an
intermediate maximum, and a zone of cosmological
repulsion.

(vi) The case M, = M

When the mass M has this value, the nonminimal
coupled regular black hole is extremal with the even
horizon coinciding with the cosmological horizon. The
maximum coincides with a double horizon. There is still an
inner Cauchy horizon. This is shown in curve VI of Fig. 2.
In this case the black hole is a cosmological extremal
supermassive regular black hole as the whole visible
universe is swallowed by this supermassive object.

(vii) The case M, < M

When the mass exceeds the second critical mass, the
Cauchy horizon of the regular nonminimal black hole
becomes the cosmological horizon. We deal now with a
supermassive black hole with central small cavity, a
unified repulsion barrier, and without a standard zone
of Newtonian-type attraction, see curve VII on Fig. 2.
Since for M > M, the Cauchy horizon is also a cosmo-
logical horizon, the black hole is ultramassive. In such
universe there is only one horizon, which is a cosmologi-
cal one, together with a repulsion zone. In this context this
ultramassive black hole is of a new type, for which all
three horizons coincide, namely, the Cauchy, event and
the cosmological horizons.
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(viii) The case M, = M,

When the critical masses M., and M, coincide, two
separatrices convert into one curve, depicted in panel (b) of
Fig. 2, curve VIII. This curve illustrates the situation, when
four specific points of the function N(x) coincide, namely,
the maximum, the minimum, the inflection point and the
horizon. We deal now with a triple horizon. When
M < M, = M,, the solutions behave like curve III (but
without extrema). When M > M, = M, the curves look
like curve VII (but without extrema).

VI. REGULAR NONMINIMAL BLACK HOLES
WITH ZERO COSMOLOGICAL
CONSTANT, A =0

A. Introduction

This case has been studied in [25] and we briefly review
the results. All spacetimes are asymptotically flat.

B. Number of horizons and the critical masses

In this case we do not need to introduce variables without
units as we did in the previous case. A typical sketch of the
auxiliary function f(r,q,0,0,,) looks like the curve
depicted in panel (d) of Fig. 1. There is a critical mass
M., corresponding to the minimum of that curve.
Depending on the value of M of the object, the line y =
2M can cross the curve y = f(r, q,0, Q,,) zero times, one
time or two times. The corresponding spacetimes have no
horizons, when the mass M is less than the critical mass,
M < M., it has one horizon, a double one, when M = M|,
and it has two horizons, when M > M.

In more detail, for A = 0, Egs. (37) and (38) turn into

2M = £(r,q,0,0,,). (59)

02 qu

f(rg.0.0p) = r+="=+

(60)

When the mass line y =2M touches the curve y =
f(r,q,0,Q,,) at the point of minimum, the mass is a
critical mass, M., given by

1
_f(rc’ 51’0’ Qm)’ (61)

M. =5

where r. is the critical radius. This radius can be found by
imposing N(r.) =0 and N'(r.) = 0, yielding

2
\/ i —”’ +60%q (62)

Equations (61) and (62) then give

" (1+5+ 1 +24q). o)

3
<1+ 1+i§‘%‘{)2
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The parameter r. is convenient for the analyses. Using it
we obtain, in particular, 6Q2,q = r2(r? — Q2,) and M, =

3 (22 + 05).

C. The function N and the four distinct cases

Now we give the main features of the four distinct types
that appear for A = 0; see Fig. 3.

(i) The case M =0

When M = 0 we deal with a pure nonminimal object.
The metric function N(r) given in Eq. (28) is

2,2
Onr

N(r)=1+—F"FT=—,
W= 0

(64)

and its derivative has also a simple form, N’ =

G igéz —enl— (202,q —r*). The plot of the function N(r)

(see curve I in Fig. 3) is located above the horizontal line
N =1 and has a maximum at r = (202%¢)3, and a mini-
mum at the center. Thus, a Newtonian-type attraction zone
is absent now, and there is a repulsion barrier that prolongs
itself into infinity. There is no equilibrium point and there
are no horizons in the spacetime.

(i1) The case 0 < M < M,

When M < M, there are no horizons in the spacetime,
and we deal with regular stars. When the mass M is in this
range one can find the point of minimum of N(r), ry,, say,

N

1
it
v

FIG. 3. A = 0. The plots of the metric function N(r) for the
nonminimal regular models with A = 0. Note that N(0) = 1 for
all curves so that the spacetimes are regular. All the curves
contain a small cavity near the center, a repulsion barrier, and a
flat asymptotic behavior. Curve I displays the behavior of N(r),
when M = 0. Curve Il is for the case 0 < M < M_. There are no
horizons in the spacetime, the object is a regular star. Curve III,
for case M = M, is the critical case. There is a double horizon at
the minimum of the metric function N(r), i.e., the Cauchy and
event horizons coincide. Curve IV describes a black hole with
mass exceeding the critical mass M > M, it contains a Cauchy
horizon and an event horizon. Curves II, III, and IV, which
correspond to massive objects, have zones of Newtonian-type
attraction.
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which is an equilibrium point, in which the zones of
attraction and repulsion make contact; see curve II in
Fig. 3. Since at this point N'(rp;,) = 0, the gravitational
force does not act on any massive particle; i.e., a particle
can be at rest at this point. Any small perturbation puts this
particle to oscillate near this equilibrium point.

(iii) The case M = M.

In the critical case M = M|, the horizon is double and has
radius r = r, given in Eq. (62). The metric function N(r)
given in Eq. (28) has for this case the simple form

- )] o

The multiplier (r — r)? shows explicitly that the horizon at
r = r. is a double horizon. In other words, we deal with an
extremal regular nonminimal black hole. As r — oo the
spacetime is asymptotically flat. The plot of the function
(65) is presented in Fig. 3 curve IIl. The curve contains a
zone of Newtonian-type attraction, which starts at infinity
and finishes at the horizon. The interior of this extremal
black hole is regular. It contains a zone near the center
which is a nonminimal small cavity, and it also contains a
nonminimal repulsion barrier which is locate between the
sphere on which N(r) has a maximum and the double
horizon.

(iv) The case M, < M

When M. < M, the interior of the regular black hole
contains a nonminimal small cavity and a repulsion barrier
that are separated from the exterior by a nonminimal well;
see curve IV in Fig. 3. The edge of the well nearest to the
center is the Cauchy horizon, the distant edge is the event
horizon, it separates the interior from the zone of
Newtonian-type attraction with a % potential term.

VII. REGULAR NONMINIMAL BLACK HOLES
WITH NEGATIVE COSMOLOGICAL
CONSTANT, A <0

A. Introduction

The case A < 0 has some features similar to the A =0
case, with in addition some more structure. All spacetimes
are asymptotically AdS.

B. Number of horizons and the critical masses

Let us consider spacetimes with AdS asymptotics,
A < 0. The case A <0, like the A =0 case, is simpler
than the case A > 0 and there is no need to introduce
variables and parameters with no units.

A typical sketch of the auxiliary function
f(r,q,—|A|, Q,,) looks like the curve depicted in panel
(d) of Fig. 1. In this case there is also a critical mass M,
related to the minimum. Depending on the value of M of
the object, the line y =2M can cross the curve y =
f(r,q,—|A|, Q,,) zero times, one time or two times. The

PHYSICAL REVIEW D 93, 024008 (2016)

corresponding spacetimes have no horizons, when the mass
M is less than the critical mass, M < M, it has one
horizon, a double one, when M = M, and it has two
horizons, when M > M. Since the spacetime is asymp-
totically AdS for sufficient large radii there is a cosmo-
logical attraction.

In more detail, for A < 0, Egs. (37) and (38) turn into

2M:f(r?qv_‘A|’Qm>7 (66)

Alr 2 2Q2
flr.g.~IAL0,) =7 1y ¢ (67)
where we have set A = —|A|. Since the second derivative of

the function f(r, ¢, — ) is positive everywhere, and
£(0.q.~1A.Q,,) = f(e0.q.~Al.Q,,) = +oo. a typical
sketch of this function is like panel (d) in Fig. 1. This
function has features similar to the function f(r, ¢, 0, Q,,)
analyzed previously.
We can find the critical value of the mass M. It is

1 TIAl# 2 2
= L[4 C+Q—+ 2l (e)
21 3 r

where r, is the real positive solution of the following
bicubic equation

[Alrg +ré = Qnrt — 6059 = 0. (69)

In this case there is only one real positive solution. Indeed,
if we introduce the quantity X as X = r?, we see that the

product of the roots of Eq. (69), X1 X,X; = ‘QA""‘] is positive,
and the sum X; + X, + X3 =

happen in three instances: first, when there are two complex
roots and one real positive root, say, X; > 0; second, when
there are three real roots, two of them being negative, and
one positive, X; > 0; third, when X, = X3 <0, and
X, > 0. In any case, there is only one real positive solution
r. = /X, of Eq. (69). Technically, in each of the three
mentioned above situations, the unique real positive root X
can be extracted from the three corresponding solutions of
the standard Cardano formula, namely,

_|Tl\ is negative. This can

Yi=p+v,
Var =) £ =), (70)
where
/45[—%—# f—;—#%zr,
yE[—%— f—;—k%zr, (71)
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_2+905[A] - 16205,qAP

¢ 27|A]P ’
1+302|A|

The number of real roots is known to be controlled by the
discriminant A = 2—; + %2. There are three real roots, when
A <0, two roots coincide when the discriminant vanishes
A = 0, and there is one real root when A > 0.

Let us consider one interesting example exactly solvable.

We put Q =0, i.e.,
1 16g
Al=—|1 1+—1.
Al 3661( i +Q3n>

Then A = 723—; < 0, and we obtain from (70)—(72) three real
roots

1 1 +30%A 1
X, = - Xy = -
TR T T3 0 T T
1 1+303 A
X3:— - P .
3|A| 3|A|

The root X; is positive and thus the minimum of the
function f(r,q,—|A|, Q,,) gives r. = /X, ie.,

1 \/
c=———1/1/34+90%|A| -1,
r eI \/3+ 905 A

which is the radius corresponding to M in Eq. (68) in this
particular case studied.

(73)

(74)

(75)

C. The function N(r) and the five distinct cases

(1) The case M =0
When M = 0, the metric function is

23 2 A 4
N(r)_ L Qm+| |r

= . 76
3 r4+2anq (76)

Clearly, for M =0 and negative cosmological constant
N(r) > 1 everywhere, and thus there are no horizons. The
derivative

2r

V= gy

1
X I+ 05 (24[Al = 1) + Ong| - (77)

is equal to zero at the center » = 0, and so this point is a
local minimum for the metric function N(r). Now, there are
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still further features depending on whether 6¢g|A| < 1,
6g|A| =1, or 6g|A| > 1.

When 6¢g|A| < 1, there are two additional extrema, the
maximum at

1

o = {32 [0~ 20180 = 11 - 201007 - S|}
(78)

and the minimum at

run = {228 12 o1 -2 -]}
(79

In the limiting case |A| — 0 the minimum drifts to infinity,
and the maximum coincides with the value (2Q%1q)%, thus
recovering the case with A = 0.

When 6¢g|A| = 1, the two radii above coincide with an
inflection point, i.e.,

Tinflection = "max = "min = (6Q%nq)%’ (80)

yielding N (r inﬂection) =1+ \/g:j;

When 6¢g|A| > 1 there are no additional extrema. This
latter case, 6g|A| > 1, is illustrated by curve I in Fig. 4.

(ii) The case 0 < M < M,

JI I

N 1
] v

N ’

FIG. 4. A < 0. The plots of the metric function N(r) for the
nonminimal regular models with A < 0. Note that N(0) = 1 for
all curves so that the spacetimes are regular. All the curves
contain a small cavity near the center, a repulsion barrier, and an
AdS asymptotic behavior. Curve I displays the behavior of N(r)
when M = 0. Curve II, for M = M, is also representative of the
case 0 < M < M,. There are no horizons, the objects are non-
minimal stars. Curve III, for M, < M < M_ also represents
nonminimal stars, in addition it has a flat well with a repulsive
barrier followed by a Newtonian-type attraction zone. Curve IV is
the critical case M = M_ with a double horizon, it describes an
extremal black hole. Curve V describes a black hole with
M. < M, it has a Cauchy horizon and an event horizon.
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For0 < M < M there appears another specific mass M|,
with t denoting triple, for which N'(r,) =0 and
N"(r,) = 0. At this radius, the curve of the metric function
N(r) has two extrema coinciding with the inflection point.
For M = M, the objects correspond to regular stars since
there are no horizons; see curve Il in Fig. 4. We note that
this curve is of the same type as the curve for the case
M =0 and 6¢|A| = 1. In the range 0 < M < M, there are
no horizons in the spacetime also, and so we also deal with
regular stars, of which curve II is representative.

The plots of the metric function N(r) for the nonminimal
regular models with A = 0. Note that N(0) =1 for all
curves so that the spacetimes are regular. All the curves
contain a small cavity near the center, a repulsion barrier,
and a flat asymptotic behavior. Curve I displays the behavior
of N(r), when M = 0. Curve Il is for the case 0 < M < M_..
There are no horizons in the spacetime, the object is a
regular star. Curve III, for case M = M, is the critical case.
There is a double horizon at the minimum of the metric
function N(r), i.e., the Cauchy and event horizons coincide.
Curve IV describes a black hole with mass exceeding the
critical mass M > M., it contains a Cauchy horizon and an
event horizon. Curves II, III, and IV, which correspond to
massive objects, have zones of Newtonian-type attraction.

(iii) The case M, < M < M,

When M, <M < M_ there are no horizons in the
spacetime. The plot of N(r) in this case has a minimum
at rpi, for which N'(r;,) = 0; see curve III in Fig. 4.
Since at ry;, one has N'(r,;,,) = 0, massive particles suffer
no force and can be at rest there. However, any small
perturbation puts the particle to oscillate near this equilib-
rium position.

(iv) The case M = M,

When M = M, we deal with an extremal regular black
hole in an asymptotically AdS spacetime. The horizon is a
double horizon; see curve IV in Fig. 4. There are no specific
points up to the second order that distinguish the zone of
Newtonian-type attraction and the zone of cosmological
attraction.

(v) The case M, < M

When M, < M we deal with regular black holes with a
Cauchy horizon and an event horizon in an asymptotically
AdS spacetime; see curve V in Fig. 4.

VIII. CONCLUSIONS

The solution for the metric potential N(r) that we have

4 2
N=1+ (r4+§Q§,q>(_27M + Qr_z _%,2)’
presents a new exact spherically symmetric static solution
of a nonminimal SU(2) Einstein—Yang-Mills theory with a
cosmological A and a Wu-Yang ansatz. The expression for
N(r) shows explicitly a four-parameter family of exact
solutions. These parameters are the nonminimal parameter
g, the cosmological constant A, the magnetic charge Q,,,
and the mass M.

found, namely
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The most important feature of the family of exact
solutions is that it has solutions with horizons depending
on the relative values of the parameters. We would like to
stress the following details in this context.

For A > 0, depending on the values of the parameters,
the black hole solution can have three horizons, the
Cauchy horizon, the event horizon and the cosmological
horizon. When M < M, the first critical mass value,
there is only one horizon, the cosmological horizon. This
means that a typical profile of the metric function N(r)
contains a central small cavity, a repulsion barrier, a zone
of rest for matter near the point of minimum, a Newtonian-
type attraction zone, a zone of cosmological acceleration
and a zone beyond the cosmological horizon. When
M = M_,, there is a double extremal horizon, formed
by the Cauchy and event horizons together, in addition to
the cosmological one. When M. < M < M, there are
then three separate horizons, the Cauchy, event and
cosmological horizons. When M = M,, there is a sepa-
rate Cauchy horizon, and there is another horizon coinci-
dence, the event horizon and the cosmological horizon
come together. In this case, the black hole is a cosmo-
logical extremal supermassive regular black hole as the
whole visible universe is swallowed by this supermassive
object. For M > M, the Cauchy horizon is also a
cosmological horizon, the black hole is ultra massive.
In such a universe, there is only one horizon, which is a
cosmological one, together with a repulsion zone. In this
context, this ultramassive black hole is a new type, in
which all three horizons coincide—the Cauchy, event, and
cosmological horizons. There is also the case for which
M. = M_,, where the three horizons coincide.

For A = 0, there is no cosmological horizon and depend-
ing on the values of the parameters, the black hole solution
can have two horizons—the Cauchy horizon and the event
horizon. When the mass is below a critical mass M, there
are no horizons; for M = M a double horizon appears, and
when M exceeds M. there are the Cauchy horizon and
event horizons.

For A < 0, there is also no cosmological horizon, and
depending on the values of the parameters, the solution can
have two horizons—the Cauchy horizon and the event
horizon. There is also a critical mass M, below which there
are stars and above which there are regular black holes with
two horizons. The critical case is a black hole with a double
extremal horizon.

Geodesics of massive and massless test particles in these
regular black hole geometries display a great variety of
cases. Test particles can be in a state of rest on the bottom of
the well, or oscillate around this minimum, other particles
can overcome the repulsion barrier and be lodged in the
central small cavity, and several other trajectories are
possible. However, particles cannot leave the well into
the exterior since there is a black hole horizon, i.e., there is
a one-way membrane.
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