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We describe a method for forecasting errors in interferometric measurements of polarization of the
cosmic microwave background (CMB) radiation, based on the use of the Fisher matrix calculated from
the visibility covariance and relation matrices. In addition to noise and sample variance, the method
can account for many kinds of systematic error by calculating an augmented Fisher matrix, including
parameters that characterize the instrument along with the cosmological parameters to be estimated.
The method is illustrated with examples of gain errors and errors in polarizer orientation. The
augmented Fisher-matrix approach is applicable to a much wider range of problems beyond CMB

interferometry.
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I. INTRODUCTION

Observations of the cosmic microwave background
(CMB) are among the chief drivers of the revolutionary
advances in cosmology over the past 20 years (see, e.g.,
Refs. [1,2] and references therein), and further observa-
tions, particularly of CMB polarization, are likely to be of
major importance in the coming years. CMB polarization
can probe the early Universe in a wide variety of ways,
including possibly providing direct evidence of a stochastic
gravitational-wave background, which would give direct
evidence in support of inflation [3-6].

The key to analyzing CMB polarization data is the
separation of the signal into a scalar £ component and a
pseudoscalar B component. The inflationary signal is
sought in the B component. Because this component is
predicted to be significantly weaker than the £ component
(and both are much weaker than the temperature
anisotropy), detection of B modes is a daunting task.

Control of systematic errors will be vital to the success
of the quest to characterize B modes. In particular, some
errors may cause “leakage” into the B signal from the much
larger £ and temperature anisotropy (7)) signals. (Such
leakage occurs even in the absence of systematic errors.
See, e.g., Refs. [7-20].) In considering the design of future
instruments, methods of assessing the severity of various
sources of error are quite valuable. Detailed simulations
(e.g., Refs. [21-24]) often provide the best assessment,
but approximate analytic methods (e.g., Refs. [25,26]) can
provide valuable insight before undertaking the computa-
tional effort of a full simulation.

In this paper, we describe a Fisher-matrix method for
assessing the ability of interferometric instruments to detect
CMB polarization signals, with particular emphasis on the
effect of systematic errors. Interferometers have been
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important in CMB science in the past, including making
some of the early detections of CMB polarization [27,28].
The formalism for analyzing interferometric CMB obser-
vations has been well developed [29-34]. Although most
current and planned instruments are traditional imaging
telescopes, at least one interferometer is under development
[35,36]. Interferometers and imaging telescopes have quite
different susceptibility to various sources of error, so it
would seem worthwhile to develop tools to understand both
approaches.

The method described in this paper uses Fisher matrices
to forecast the errors on cosmological parameters obtain-
able from a given instrument. After developing the general
method for calculating Fisher matrices and the resulting
error forecasts for an ideal (systematic-error-free) interfer-
ometer, we extend the method to allow consideration
of systematic effects. In particular, we calculate an
“augmented Fisher matrix,” in which we treat parameters
describing the various systematic effects as unknowns to be
estimated along with the cosmological parameters of
interest. The resulting Fisher matrices allow us to forecast
the errors expected on cosmological parameters, taking into
account our ignorance of the systematic error parameters.

Although we apply our formalism to the specific case of
CMB polarization measurements, the approach we describe
has broader applicability. In particular, upcoming efforts to
map the Universe through 21-cm tomography (see, e.g.,
Refs. [37,38] and references therein) involve the extraction
of faint signals from interferometric data sets and hence
have significant overlap with CMB polarization. It would
be of interest to explore the generalization of our approach
to this class of observations.

The remainder of this paper is organized as follows.
Section II lays out the formalism for calculating covariance
matrices and Fisher matrices for interferometers, including
systematic effects. Section III reviews the approximate
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analytic treatment of systematic effects in Ref. [26].
Section IV presents the results of a variety of tests of
the method, and Sec. V provides a brief discussion.

II. FORMALISM
A. Visibilities

Consider a close-packed square array with N, antennas
on each side. For antennas j and & that are separated by the
vector 6r = (x,y) on the antenna map, the baseline u has

the form
u = 5rAu = (xAu, yAu). (2.1)
Here x and y are any integers that satisfy —(N, — 1) < x,

y < N,—1. The baseline for two adjacent antennas is
Au = D/, where D is the antenna diameter. We will

assume diffraction-limited antennas, for which the
Gaussian beam width is b =0.5181/D, so that
Au=0.518/b.

The total number of independent baselines is

112N, —1)? = 1], where the —1 appears because we do
not include the case x =y = 0, and the % is included to
avoid redundancy since V(u) = V*(—u). We include all
baselines with y > 0 and all with y = 0 and x > 0, labeling
them in the order shown in Fig. 1.

Now, suppose a monochromatic plane wave with angular
frequency @ = 2zc/A that approaches the center of one
antenna from the direction T has the form

E = e(f)e/(@kx), (2.2)
where Kk is the wave vector defined by k = —(27/1)7. Then
the 2 x 2 matrix of visibilities corresponding to a given
baseline u is [26]
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where the Stokes matrix S is given by

(o sn)
SYX SYY

<I+Q U+iV>

U-iV 1-0
and A(r) is the antenna pattern, which we will take to be
Gaussian,

SXX SXY

(2.4)

A(r) = e7r/2? (2.5)

with b the beam size. Note that we are considering
experiments that combine linear polarization states

(X,Y), not circular polarization states.
We define Stokes Q and U visibilities,

Vo=Vy(u) = /Q(r)A(r)ez”i“'rdzr, (2.6)

Vy=Vy(u) = / U(r)A(r)e?™rd’r.  (2.7)

As usual in CMB studies, we will express Stokes param-
eters and their associated visibilities in thermodynamic
temperature units.

By the convolution theorem,

Vo= (2n)2//Q(k)A*(k+2nu)af2k, (2.8)

Vy = (2x)? / / U(k)A*(k 4 27u)d’k,  (2.9)

where the tilde denotes a two-dimensional Fourier trans-
form in the flat-sky approximation.

V(u) = / S(r)A(r) e2miuT 2y (2.3) From Eq. (2.4), we can see that the Q and U visibilities
, .
are related to the visibility matrix V by
3T T T T T T T T T T T T T T T T T a_IIIITIIlIIIITIIIITIIIIIIITIIITIIIIIII[!IIIIIIIIIIIIIIII[_
i E 2 - X % x X x —:
2: >(3 x6 x9 . E 2 4 6 9 12 E
> 1 i X % X j > 1:— X X X X x —
F 2 5 8 ] - 1 3 5 8 11 =
E = 0 x x —]
°F 1 4 * g 3 E 7 10 E
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X X
FIG. 1. A close-packed square array and its corresponding baseline graph with N, = 3.
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1

Vo=3 (Vxx = Vyy), (2.10)

o

1

VU :E(ny‘i‘ Vyx). (211)
In practice, we do not usually use Eq. (2.10) to measure V ),
as it involves cancellation of the large contribution from
Stokes I. Instead, we usually measure V by rotating the
axes for our polarization basis through 45° and then
using Eq. (2.11).

The Stokes parameters are related to the £ and B modes
in the following way:

O(k) = E(k) cos(2¢) + B(k) sin(2¢), (2.12)

U(k) = —E(K)sin(2¢) + B(k) cos(2¢),  (2.13)
where ¢ is the angle between the vector k and the x axis.
We assume that the £ and B contributions are independent,
statistically isotropic random fields with the flat-sky power
spectra Py, Py, which are defined as Py 3(k) = C}* with
[ = k. Then

Pp(k;)
(27)?

(E(k))E* (k) = 5(k; —ky), (2.14)

with a similar expression for B. The extra (27)? factor is
caused by the approximation of a flat-sky power spectrum
from a full-sky power spectrum.

We then have

(0(k1)Q" (kp)) = (k- ky)/(27)?
x [Pp(k)cos?(2¢) + Py(k)sin’(24)],
(2.15)

<U(k1)fj*(k2)> =o(k; — kz)/(2”)2
x [P (k)sin’(2¢) + P (k)cos*(2)],
(2.16)

(O(k))U* (ky)) =5k ~k,)/(27)?
X —%PE(k)sin(4¢)+%P3(k)sin2(2¢) .
(2.17)

We will use these results in the next section for the
deduction of the visibility covariance matrix.

For regular arrays of the sort considered here, multiple
pairs of antennas can have the same separation vector or
and hence correspond to the same baseline. We refer to
the visibility measured from a given antenna pair as a
“micro-visibility” and say that multiple micro-visibilities
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correspond to the same “macro-visibility.” Since all micro-
visibilities corresponding to a given macro-visibility should
be equal (in the absence of noise), we average them
together to get the measured value of the macro-visibility.

To be specific, let V, represent the Jth macro-visibility.
Let S; be the set of all micro-visibilities corresponding to
that macro-visibility, with each micro-visibility labeled by a
pair of antennas (ab). Also let N; be the number of micro-
visibilities corresponding to that macro-visibility (i.e., the
cardinality of S;). Then

1 (ab)
Vi =+~ Z Vs
Ny (ab)€S,

(2.18)

where X € {Q, U}, and ngb) labels a micro-visibility.

For instance, consider a 3 x3 array with antennas
labeled from 1 to 9 as in Fig. 1. There are twelve
macro-visibilities. Using the numbering scheme in the
figure, J = 7 corresponds to the macro-visibility (1, 0)—
that is, to antennas that are separated by one unit in the x
direction and zero units in the y direction. Then

S; = {(14),(25), (36), (47), (58),(69) }, (2.19)

and of course N; = 6.

B. Fisher information matrix

1. Real values

Although we will be working with complex data
(visibilities), we begin by reviewing the Fisher-matrix
formalism for real data.

Let 7 = (ry,...,r,)" be a random vector drawn from a
multivariate normal distribution with mean zero and
covariance matrix I' with elements

The probability density for 7 is
B oI
f(r) = (2.21)

(27)"/?det!/2(T")

Now suppose that I' is a function of some set of m
parameters 6;,0,,...,0,,. These may be cosmological
parameters which we would like to estimate from the data,
but as we will see they can also be parameters character-
izing the experiment itself (e.g., the gain on an antenna or
the orientation of a polarizer).

We define the likelihood function

(2.22)

For convenience, define the log-likelihood function
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1
L=-InL=3 TI‘_lr+§1ndet(I’)+gln(2ﬂ). (2.23)

Then the Fisher information matrix is defined to have

elements
PL
F.,=(—), 2.24
ik <aejaek> (224)
which can be shown to be
1 dar dar
F —Tr( ' =TI — 2.25
) r< a0, d9k> (225)

The Fisher matrix tells us the expected errors on the
parameters. In particular, 1/,/F; is the expected error on 6;
assuming all the other parameters are known, and /(F~');;
is the optimal error on #; assuming all other parameters are
unknown (e.g., Ref. [39]).

2. Complex values

We now consider complex vectors. Let Z = (z;, ..., 2,)"
be a vector of complex Gaussian random numbers with
zero mean (e.g., a set of visibilities). One way to proceed is
to think of this n-dimensional complex vector as a 2n-
dimensional real vector. To be specific, let x = Re(z) and
y = Im(Z), and define

X1
- X,
7= <f> - (2.26)
y 1
Yn
Then define a 2n x 2n covariance matrix
FXX FX
e = ( y), (2.27)
L, I,

where the four n x n submatrices are I',, = (xx7), etc.
Then all of the results of the previous section apply.

Often, it is inconvenient to express complex vectors in
terms of the real and imaginary parts as above. Instead, we
define two new matrices: the complex covariance matrix I’
and the complex relation matrix C with elements

i = (2,20 (2.28)

Ci = <ZjZk>~ (2.29)
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It is straightforward to check that

=T, +I,, +il, -T,), (2.30)

C=r,,-I,+il,+T,). (2.31)

These two methods of approaching the complex
Gaussian vectors are closely related. To see this relation-
ship, define another 2n-dimensional vector

¢= <f > (2.32)
Z
Then
¢ = Br, (2.33)
where B can be written in block form as
I I
B= ), (2.34)
I -l
and I is the n-dimensional identity matrix. Then
—>—>-‘_ —>=>T
ro=een- (o) S )= (e r )
(zzT)y* (zZT)* c I
(2.35)
But we can also write
I = (¢¢ty = B )BT, (2.36)
Setting these two expressions equal gives us
I = BrBt, (2.37)
1
" = B-'1(BH)! = ZBTI‘(“)B, (2.38)

using the fact that B~! = 1 B". Equations (2.37) and (2.38)
provide a convenient way of converting back and forth
between the real (¥, y) and complex (Z,Z*) representations
of our random vector.

Equation (2.21) gives the probability density for a
2n-dimensional real vector:

oI (X017

f(F) = )Gt ATy (2.39)

We can write this in terms of the complex vector ¢ using
7= B¢

o (M) 1

(2.40)
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FIG. 2. Covariance and relation matrices I' and C for an array with N, = 10, b = 0.0873 rad, noise n = 0.01 uK. The sizes of both
matrices are 360 x 360 and the unit of the vertical axis is 4K>. Notice that noise only affects the I' matrix.

The factor 2 in Eq. (2.39) is missing in Eq. (2.40) because
det(I'©)) = | det(B)|? det(I'")), and det(B) = (=2i)".

The Fisher matrix elements are given by Eq. (2.29),
using I'") as the covariance matrix. If, as is often the case,
it is easier to work with T'(¢), we simply use Eq. (2.38) to
relate the two matrices. We will apply these results to the
vector of complex visibilities in the next section.

C. Visibility covariance matrix and Fisher matrix

We now apply the results of the previous section to
visibility data. Suppose that our data consists of a set of
visibilities E = (VQ(I.II), VQ(Uz), . "’VU(ul)? VU(U2), .. )
Consider an element of the upper left quadrant of the
covariance matrix I', which is the covariance of two Q
visibilities. According to Egs. (2.8) and (2.15),

<VQ(“1 )V*Q(u2)>

— (2a)? / (D)D" (I ))A" (k) 420 A (I + 2705) Pk

— (2a)? / (8(k1 — ky) [P (K )cos2 (2¢) + P (K )sin® (269
A* (K, +27u;)A(k, +27u,)dk
— (2a)? / 1P(k)cos2(2) + Py (K )sin® (26)]

A*(k427u,)A(K +27u,)d?k. (2.41)
As long as A is isotropic, this expression and the corre-
sponding ones for (V,V7) and (V;Vy;) can be expressed
as a single integral by writing @k in polar coordinates and
integrating over the angular coordinate, as shown in the
Appendix.

As long as the antenna pattern A has reflection symmetry,
A is real, and hence (Vo(up)Vy(uy)) is real as well. By
similar reasoning, (V,(u;)Vy(u,)) and (Vy(u;)Vy(uy))
are also real. Hence we conclude I' is real for visibility data.
The same is true for the relation matrix C.

Since I'y,, I'y,, T'y, and T, are all real, Eqgs. (2.30)
and (2.31) imply that Ty, -I',, =T, +I,, =0, and

hence that

r,, =TI, =0, (2.42)
I, =(T+C)/2 (2.43)
r,, = ([-C)/2. (2.44)

Therefore, from the definition of T'(") [Eq. (2.27)], we see
that I'") is a block matrix

= <r<))m F0> - <(F +0C)/2 (r —OC)/2>‘

(2.45)

An example of I' and C can be found in Fig. 2.
Now we attain the final form for the visibility Fisher
matrix

1 drxx _ drxx
ij = ETr((Fxx)_l (rxx) ! )

do, a0,
1 dar dar
—Tr((,,) ' —2(T,,)"'—2). 2.46
eyt G ) e

D. The augmented Fisher matrix

The Fisher matrix allows us to compute the expected
errors on cosmological parameters for an ideal experiment.
We now want to introduce the possibility of sources of
systematic error. Suppose that there is some imperfectly
known aspect of the experimental setup that can be
characterized by a parameter p. The experimenter has
measured p with some uncertainty, so that the probability
density is sharply peaked around some measured value p.
Often, we are willing to assume that the probability density

f(p|p) is Gaussian with mean p and known variance ¢3.
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Let us include the experimental parameter p along with

the cosmological parameters 6 in the likelihood function:

-

L(6.p) = f(7. pl6. p) = f(F|6. p)f(plp)
<exp (—%?TF”?)) <exp(—(p - ﬁ)z/ZGf,))
(27)"/2det' /() V2zo, '

(2.47)

In this expression, the covariance matrix I' depends on

both the cosmological parameters 0 and the experimental
parameter p.

We want to determine the effect that our ignorance of p
has on our attempt to measure 6. We can do this by treating

p along with 6 as unknowns to be estimated simulta-
neously and calculating an “augmented” Fisher matrix
whose rows and columns correspond to the parameters
6" = (61,65, ....0,,, ).

The log-likelihood is given by

L=-InL
1

_ 2
_ E <7TF‘17 +IndetT + M) -+ const. (248)
o
P

A

In calculating the Fisher matrix elements Fj =
—(0*L/ 895-’1)89;(”)), the ensemble average in principle
includes an average over all possible values of p as well
as over all possible values of 7. However, it happens that

all second derivatives of £ with respect to # and p are
independent of p, so the averaging over p has no effect.
Thus, the upper left m x m block of the augmented Fisher
matrix is still given by Eq. (2.46). All that remains is to
determine the final row and column.

For j < m we have

or)

1 ort)
Fier =3 r( (002 G001 Z0) a9
J

Note that this is just the usual Fisher matrix element,
treating p as a normal cosmological parameter. The very
last term, in the lower right corner has an extra 1/ 6%, in it

1 ore or) 1
Fustme =5 T0((00)1 52 00) 1 50 4,
P
(2.50)

arising from the term (p — p)?/o7, in Eq. (2.48).

In the formulas above we have assumed that we only have
one systematic parameter. The generalization to n parameters
is straightforward, leading to an (m + n) x (m + n) aug-
mented Fisher matrix.
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E. Rotation errors

In Sec. IV, we consider two examples of systematic
errors: gain errors and rotation errors. In order to assess the
effect of these errors on power spectrum estimates, we need
to know their effects on the visibility covariance matrix.
The case of gain errors is trivial: a gain error g on a given
antenna multiplies all of the micro-visibilities involving
that antenna by 1 + g. The case of rotation errors requires
more attention.

Suppose that each antenna j has its polarizers rotated
by some unknown angle p;, with corresponding rotation
matrix R; = R(p;). Consider a measurement of a micro-
visibility pair (Vg (ap)> Vi, (ap)), Where (ab) labels an
antenna pair. Then the observed Stokes matrix S of
Eq. (2.4) is related to the true (error-free) matrix S as

S =R,SR;. (2.51)

Because the visibilities are linearly related to the matrix S,
they obey a similar rule:
V=R,VR]. (2.52)

Applying the rotation matrices to the Stokes visibility
matrix, we find that

VQ(ab) = ‘A/Q(ab) COS(pa + pb) + ‘A/U(ab) Sin(pa + pb)’
(2.53)

VU(ah) = _‘A/Q(ub) Sin(pu + pb) + ‘A/U(ab) COS(pa + pb)'
(2.54)

Vo(an)

U(ab)
the rotation matrix corresponding to (p, + pj)-

Now consider the covariance between two pairs of
macro-visibilities Vy; and Vyg, where X € {Q,U} and
J, K label the visibilities. We can express their covariances
as a 2 x 2 submatrix of the full covariance matrix:

That is, the visibilities < > are simply multiplied by

¥

C = (v;vg), (2.55)

where
(2.56)

In the absence of systematic errors, the covariance
matrix is
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1 i
CO = NJNK Z Z <V(ab)v(cd)>‘

(ab)eS; (cd)eSk

(2.57)

As we saw above, each micro-visibility is modified as
follows:

Viap) = RaRbV(ab)- (258)

The 2 x 2 covariance matrix corresponding to macro-
visibilities J, K is therefore

1
C= NN S VvV

(ab)eS; (cd)eSk
1
~ NNg

> R,R,CoRIR!
(ab)eS; (cd)eSk

( ZRRb>C0( (Z RcRd>T

(ab)eS, cd)eSK

= RJCORK, (2.59)
where the matrices R are defined by the last line.

We can apply this rule to each pair of macro-visibilities
to determine the effect of the rotation errors on the entire
visibility covariance matrix.

III. APPROXIMATE ANALYTIC TREATMENT

Bunn [26] gave an approximate analytic treatment of
various sources of systematic errors in CMB interferom-
etry. We will compare the full Fisher-matrix calculation
described above to this treatment. In this section, we briefly
review and extend the methods outlined in that paper.

A. Statistical errors on power spectrum estimates

Before introducing systematic errors, we present a
simple method for estimating purely statistical errors on
power spectrum estimates.

Following Ref. [26], we begin by imagining an experi-
ment that measures only a single visibility pair (V. V).
According to Eq. (4.8b) of Ref. [26], for a single visibility
pair, we can find an unbiased estimator of Cf in a band
centered on [ = 2ru,

au’f.single = (ﬂbz)_l}/(C_z‘VU‘z - s_2|VQ|2>’ (31)
where b is the beam size,
y = [(c)? = (27, (3.2)

and

PHYSICAL REVIEW D 93, 023512 (2016)

f|A2 k + 27u)|*cos?(¢)d’k
i |A2(k + 27u) > d’k

(3.3)

5 _ f|A2(k + 27u) [*sin?(¢) d*k 2
N —C”.
i A2(k + 27u) P’k

(3.4)

We have defined 05 as the ratio of measured to true
power, so the estimator of this quantity is 9B.Single =
Cp/Cyp. After some algebra, we find that the variance of
HB.single is

O%,single = <éé,single> - <éB,single>2

=2 2P () (@ )

+ (2(c?)*s? 4+ 2(s%)3¢?) <—>} ) (3.5)

We now consider an experiment with many measured
macro-visibilities, and regard each macro-visibility pair as
an independent measurement of dz. Then the minimum-
variance estimator from the entire data set is the usual
weighted average, with weights given by the inverse
variance, and the variance of this estimator is

GB final — <Z JGBJ > ’

where 6% is given by Eq. (3.5) for baseline J.

In Sec. IV, we will compare the results of this simple
approximation with the full Fisher-matrix calculation, as
well as with the approximation in which we calculate the
Fisher matrix while keeping only diagonal elements of the
(real) covariance matrix.

(3.6)

B. Systematic errors

We now summarize the key results of Ref. [26]. Once
again, we begin by imagining measurements of the inten-
sity and polarization visibilities, v= (V}, Vo, Vy)" for a
single baseline. In many cases, the leading-order effect of a
systematic error is to “mix” the visibilities, inducing errors
ov = E - v for some mixing matrix E.

If the experimenter then uses the data set v to optimally
estimate the £ and B power spectra, without accounting
for the effect of the systematic error, then the resulting
estimates will have errors given by

(5é§ns)2 = PZZK%(,IJCICJv (3.7)
17

where 1,J,K € {T, X, E, B} label the power spectra (tem-
perature, TE correlation, E polarization, B polarization), p
is the rms amplitude of the error under consideration, and

023512-7



HAONAN LIU and EMORY F. BUNN

the coefficients kg ;; can be calculated from the error
mixing matrix E. Because there is a hierarchy in power
spectrum amplitudes, with 7 > X > E > B, one can gen-
erally keep only the dominant term in this sum.

For example, for gain errors, the dominant term in the B
power spectrum error is the one that corresponds to
contamination by E power, with

K p = 277(s2 )2, (3.8)

As in the case of statistical errors above, we can crudely
estimate the expected effect of a systematic error in a many-
baseline experiment by assuming that each baseline
provides an independent power spectrum estimate and
performing an appropriate average. See Sec. V of
Ref. [26] for details.

Equation (3.6) gives the analytic approximation for 65 in
the absence of systematic errors. In generalizing it to the
case where a systematic error is included, we assume that,
for each antenna, the error caused by the systematic error p
is independent of the statistical error, so that

03 = 050+ OBj (3.9)
Here op; is the error on the B power spectrum estimate
corresponding to the jth micro-visibility. The quantity 6% i0
is the noise variance for that visibility in the absence of
systematic errors, given by Eq. (3.5), and o3 iy =
(6CE)?/CP is the additional variance induced by the
systematic error. (Here / = 2zu for the given visibility.)
Because each macro-visibility is estimated via an average
of the corresponding micro-visibilities, we can compute the
expected error in our B power spectrum estimate for each
macro-visibility. The final error on the B power is then
given by Eq. (3.6).

IV. RESULTS

We have calculated Fisher matrix errors for N, X N,
square arrays of close-packed antennas with Gaussian
beam width b = 5°=0.0873 rad, as in Ref. [22]. We
assume that the input power spectra are given by the
standard LCDM model [40] with tensor-to-scalar ratio
r = 0.1, and that the experimenter’s goal is to estimate
the amplitudes of the £ and B power spectra. To be specific,
let CE, C be the true power spectra. Then the parameters to
be estimated are 6y, 6z such that the estimated power
spectra are

Ct = 0,CE, (4.1)

CB = 0,CP. (4.2)

Since O, Oy are defined as relative amplitudes, their true
value is one. The errors computed for these quantities
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FIG. 3. The relation between o and N, for noise levels 0,
0.0001 kK, and 0.001 uK. The beam size b = 0.0873 rad.

will therefore be relative errors on the amplitude of the E
and B signals. It would be straightforward to generalize
these results to the estimation of multiple band powers
in E and B.

We are particularly interested in the detectability of the
faint B signal. As a result, we will focus on the quantity

op = \/(F~')p, which is the standard deviation of 0y if
none of the other parameters are known.

A. Exact Fisher matrix with different noise levels

We begin by ignoring all systematic errors and focusing
on the effect of noise levels on the Fisher matrix. Assuming
that all visibilities are subjected to white noise with
standard deviation n, the visibility covariance matrix is

Fhoise =T + n’l, (43)
where I is the identity matrix.

Figure 3 shows the relationship between 65 and N, for
noise levels n = 0, 0.0001, and 0.001 yK.l For noise-free
experiments, op gradually decreases as N, increases.
However, when some noise is present, there is a limit
for N, at which o cannot be attenuated even if we continue
to increase the number of antennas.

For further analysis, we set n = 0.0002 uK, a value
which allows for a detection of B modes but for which
noise contributions are still significant.

B. Comparison of calculation methods

In this section, we compare errors calculated using the
full Fisher-matrix formalism with those based on two
approximate methods. One is the analytic approximations
described in Sec. III. The other is a Fisher-matrix

'If these values seem surprisingly small, note that, with our
Fourier transform and antenna pattern normalization conventions,
the variance of a visibility is ~zb>CE.
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calculation, with the approximation that off-diagonal cor-
relations between visibilities can be neglected—that is, that
Fﬁz) =0 for all (j,k) corresponding to macro-visibilities
with distinct baselines u; # uy.

We begin by considering purely statistical errors and
then introduce systematic errors.

1. Statistical errors

We do not consider systematic errors in this section,
meaning that our Fisher matrix will only be a 2 x 2 matrix,
corresponding to the two cosmological parameters 0, Op
to be estimated. One example of a typical Fisher matrix is

179 4.23
F = (4.4)
423 3.08
with inverse
. 0.00577 —0.00792
= (4.5)
—0.00792 0.33586797

with the parameters N, = 10, beam size b = 0.0873 rad,
and n = 0.0002 uK. (We give extra significant figures for
the oy term for comparison with later results.) This matrix
indicates, for instance, that with the given parameters the
least possible variance for measuring 65 is 0.336, relative to
its mean value 1.

Figure 4 compares the values of o calculated via the
three methods. In these calculations, b = 0.0873 as usual,

but the noise level is set to zero. The left panel shows 65 =

V/ (F71),, for all three methods. For each of the two
approximate methods, the right panel shows the fractional
difference between the approximate and full Fisher
calculations:

100.00 . . . .

T T TTIT

10.00 t Fisher

----No Correlation E

\ Estimator

1.00

Og

T 1 \IHHl

0.10 ~———

0.01 e e e e
0
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563 Gl(;lpprox) _ Uj(}gFiSher)
G— - (Fisher) (46)
B Op

2. Systematic errors

Suppose that there is a systematic error, such as a gain
error or a rotation error, in one of the antennas of our
interferometer. As described in Sec. II D, we assume that this
error can be characterized by an unknown parameter p. For
instance, in the case of a gain error, the unknown true gain is
(1 4+ p) times the nominal gain, and for a rotation error p is
the angle by which the polarizers are misaligned. We treat p
as an additional parameter to be estimated, leadingtoa3 x 3
augmented Fisher matrix, whose rows and columns corre-
spond to O, O, p. For example, if we introduce a 10% gain
error (p = 0.1) to the sixth antenna of the array, the Fisher
matrix (4.4) and its inverse (4.5) are replaced by

179 423 8.08
Fug=| 423 308 0294 |, (4.7)
8.08 0294 101
0.00579  —0.00791  —0.000439
Fak = | —000791 0.33588000 —0.000346
—0.000439 —0.000346  0.00993
(4.8)

We see that the existence of this gain error increases the
variance o5 for about 0.0036%.

Figure 5 shows the effect of a 10% gain error in the sixth
antenna, according to the three methods. The quantity
plotted is (56%/0%)"/, where 563 = (03) s — (6% nosys 15
the difference in the variances of the estimates of B power
with and without the systematic error.

1.000 117 7
I \ No Correlation ]
B \ . Estimator 7
0.100 — ] \ —
@ C N ]
o , e ]
N L s 1
o 3
I S
< ~ s -1
0.010 |- T~ -
0.001 TR T R R B | R I
0 5 10 15 20
N

FIG. 4. The relationship between oz and N, in the absence of systematic errors, calculated via the full Fisher matrix, the Fisher matrix

with correlations between distinct baselines neglected, and the analytic estimator 93 of Sec. IIl. The left panel shows the errors
calculated by the three methods, and the right shows the difference (4.6) between the approximations and the full Fisher calculations.

Noise is set to zero in these calculations.
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FIG. 5. The effect of a 10% gain error on antenna 6, calculated

via the three methods listed in the previous figure. The quantity
0% is the difference in variances of the error estimates with and
without the gain error. Noise is set to zero in these calculations.

C. Gain and rotation errors

Figure 6 shows sample results of the systematic error
calculations based on the full Fisher-matrix calculation.
The left panel shows the additional error induced by a gain
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0
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error in the sixth antenna as a function of array size N, for
four different values of the rms gain error o,. The right
panel shows the same results for a rotation error in the third
antenna. In this case, the error parameter p is the angle
through which the polarizer has been rotated in radians. In
both cases, the noise level is set to 0.0002 uK.

In these sample results, we assumed an error that affected
a single antenna, but in a realistic experiment, we would
expect all antennas to be affected. The rigorous way to deal
with this is to parametrize each of the systematic errors,
build a large augmented Fisher matrix, and calculate op
from the resulting matrix. However, it is more convenient if
we can treat each systematic error separately and add up the
resulting op’s. The validity of this approach, of course,
depends on the accuracy of treating the individual errors as
independent.

Figure 7 shows the results of tests of this independence
assumption. For an array with N, = 5 and n = 0.0002 uK,
we calculated the effects of a 10% gain error in each of the
25 antennas. We also calculated the effect of simultaneous
gain errors in each antenna pair. The quantity plotted is the
difference between the simultaneous treatment and the
quadrature sum of the individual errors, specifically

0.1000 L T L — LI —— T T T 3

0.0100 —

Q = |

x> = 3

~@ C _
o

~ - —

~ @ L _
o
A

0.0010 — /E =

0.0001 oo ey ey ey
0 5 10 15 20
N

FIG. 6. The additional error caused by a gain error in the sixth antenna (left) and a rotation error in the third antenna (right). From
bottom to top, the curves correspond to error levels o, = 0.01, 0.1, 1, 10.
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FIG. 7. The inaccuracy caused by treating simultaneous errors in two antennas as if they were independent. The horizontal axes are the
antennas of a 5 x 5 array. The vertical axis is the quantity A;; of Eq. (4.9).
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A (5‘7123)ij — ((603); + (50'%3)]‘)
Y (60%); + (5‘7129)]'

, (4.9)

where i, j label antennas and 50%3 is the additional variance
induced by the given error.

The right panel shows the equivalent results for a rotation
error of 0.1 rad.

In both cases, the smallness of A,;; indicates that treating
the errors as independent is a good approximation,
although the case of rotation errors is not as good as that
of gain errors.

V. DISCUSSION

We have presented a Fisher-matrix formalism for assess-
ing the errors on power spectrum estimates from inter-
eferometric measurements of CMB polarization, including
the effects of systematic errors. This method occupies an
intermediate position between crude analytic approxima-
tions [26] and more accurate but far more computationally
intensive end-to-end simulations [21-23]. Although
detailed simulations are necessary in the end, a fast semi-
analytic approach such as ours is likely to be useful during
the early, exploratory phase of instrument design and
optimization.

We have tested our method in a variety of ways, focusing
particularly on systematic errors in antenna gain and in the
orientation of polarizers of an antenna. Other sources of
error can be treated in a similar way. In the absence
of systematic errors, our calculations agree with those of
simple analytic approximations. The agreement is less good
when systematic errors are included (see Fig. 5), which is
not surprising given the crudeness of the approximations in
the analytic method.

Most of our test results involve errors in a single antenna.
Assuming different sources of error are independent, one
expects the errors to add in quadrature. We verified for gain
and rotation errors that this is a good assumption. In any
case, it is not difficult to apply our formalism to the
treatment of multiple errors simultaneously.

Because our tests were designed to illustrate the for-
malism, several idealizations were made. We considered a
single pointing of the instrument, without including sky
rotation or mosaicing [34]. In addition, we assumed a single
band power was to be estimated in each of the £ and B
power spectra. Finally, the errors we considered all involve
only E-B mixing, without contamination from the temper-
ature anisotropy. There is no reason that our method cannot
be extended to include these and other effects.

Although we developed the method for interferometric
CMB polarimetry, the formalism developed herein can
be applied to a variety of experiments. In particular, it
would be very interesting to consider application to 21-cm
tomography, which similarly involves extraction of small
fluctuation signals from interferometric visibilities.

PHYSICAL REVIEW D 93, 023512 (2016)

Computationally expensive simulations are often done to
assess the sensitivity of such instruments (e.g., Ref. [41]),
but a faster semianalytic approach may be valuable as well.
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APPENDIX: THE DETAILED FORM OF THE
VISIBILITY COVARIANCE MATRIX

We assume a Gaussian antenna pattern as in Eq. (2.5),

Alr) = e/ (25)
whose Fourier transform is
~ ~ b2 212
A(k) = A*(K) zz—e—b k%/2, (A1)
v

Substituting this into Eq. (2.41), we find

(Vo(u)V(uy))
— (227 / [Po(K)cos?(2¢) + Py (K)sin®(24)]

A*(k +27u,)A(k +27uy) k. (2.41)

Then
Volup)Vi(us)
=5t [ 1Pul)cos’ (29) + Pylisin’ (2)
exp [—%bz[(k +27u;)? + (k + 27u,)?|]d’k
—5* [ [Pe(bcos’(29) + Pa(K)sin’ 29)
exp[—b%[27* (u? + u3) + k*] - 2zb?

(1 + uzy)kcos 4 (uy, + uyy )k sin ]| kdkdp.
(A2)

For convenience, we make the following definitions:

S (k) = /02]r cos?(2¢) exp[—27b?[(uy + U, )k cos ¢

+ (uyy 4 uyy )k sin @plldep, (A3)

S, (k) = Azn sin? (2¢) exp[—2xb?|(uy, + Uy, )k cos ¢

+ (uyy + uay )k sin plldep, (A4)
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S3(k) = /027[ sin(4¢p) exp|—22b*((uy, + uy, )k cos ¢

+ (uly + uzy)k sin @||dep, (A5)
and
q(x) = exp [-b*[27% (1} + u3) + K?]). (A6)
Then one can check that
(Volu)Vi(us)) = 5* [ 7 Peas: (kak
+ b A ¥ Py(k)q(k)S, (K)kdk. (A7)

Similarly, for the U-U and Q-U covariance matrix
elements,

(Vy(ay)Vi(uy)) = b* /Ooo Py(k)q(k)S, (k)kdk

e / " Po(k)q(k)S, (K)kdk,  (A8)
0
1 ©
Volu)Vi(u) ==35* [~ Pealbss ok
+%b4 A ¥ Pa(k)q(k)Ss(k)kdk. (A9)

Equations (A7), (AS8), and (A9), combined with
Egs. (A3), (A4), (AS), and (A6), are sufficient to present
a workable algorithm to calculate the visibility covariance
matrix. We now provide the analytic forms of the integrals
S, S5, and S5 as the ending of this section. We will take S,
as an example and directly give S, and S3.

Let

a = (uy, + uy )k, (A10)
b = (l/tly + sz)k. (All)

Then

S, (k) = / cos?(2¢) exp [-2zb*(a cos ¢ + b sin ¢)|dep.
(A12)

Now let

b
t = arctan—, (A13)
a

PHYSICAL REVIEW D 93, 023512 (2016)

0=+, (A14)
[ =+a>+ b (A15)
Then
S (k) —/cos (20 — 2t) exp [-2xb?[ sin §]d6
/ cos?(20)cos?(2t) exp(—2zb>1 sin §)dO
—l—/sm (20)sin?(21) exp(—2xb*1 sin 0)d6.
(A16)
Define
S (k /cos (20) exp(—27b°1sin0)do,  (A17)
Sk /sm (20) exp(—27b*1sin )d0. (A18)
Then
S1 (k) = Sll(k> C052(2t> —+ S12(k) sin2(2t). (A19)

The integrals S;; and S|, can be written analytically
using the modified Bessel function of the first kind 7, (x):

2
Su(k) = YRR [lxb? (3 + Pr*b*)1y(21xb?)
— (3 +2822*bM1, (2lnb?)], (A20)
and
2
Si,(k) = o [21zb?1, (2Inb?) - 31,(2Ixb?)].  (A21)
T

We can follow the similar reasoning to calculate S, and
S53. The results are

S, (k) = 811 (k) sin?(2t) + S15(k) cos?(2t),  (A22)
and
2sin(4
Sy (k) = -;m—z(bé) [lxb*(6 + Pr*b*) 1y (2inb?)
T
—2(3 + 2L27*b*)1,(21xb?)). (A23)
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