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Recent data of reactor neutrino experiments set more stringent constraints on leptonic mixing patterns.
We examine all possible patterns on the basis of combinations of elementary correlations of elements of
leptonic mixing matrix. We obtain 62 viable mixing patters at 3σ level of mixing parameters. Most of these
patterns can be paired via the μ − τ interchange which changes the octant of θ23 and the sign of cos δ. All
viable patterns can be classified into two groups: the perturbative patterns and nonperturbative patterns.
The former can be obtained from perturbing tri-bimaximal mixing. The latter cannot be obtained from
perturbing any mixing pattern whose θ13 is zero. Different predictions of Dirac CP phase δ of these two
types of mixing patterns are discussed. Evolutions of mass matrices of neutrinos with small mixing
parameters are discussed via special mixing patterns on the basis of flavor groups. In general cases, a small
variation of sin θ13 may bring about large modifications to alignment of vacuum expectation values in a
mixing model. Therefore, small but nonzero sin θ13 brings a severer challenge to leptonic mixing models on
the basis of flavor groups than usual views.
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I. INTRODUCTION

Recent reactor neutrino experiments have confirmed a
nonzero θ13 [1–5], which opens the window to deter-
mine the Dirac CP violation phase and the octant of θ23.
These experiment results also set more stringent con-
straints on the theoretical models of neutrinos. As a
challenge brought by the progress of experiments, few
models based on symmetries [6] can fit the experiment
results completely. Perturbations or other phenomeno-
logical considerations should be introduced in the
typical mixing patterns such as tri-bi-maximal (TBM)
[7,8], golden ratio mixing (GRM) [9,10], Toorop-
Feruglio-Hagedorn mixing (TFHM) [11,12] etc. [13–15].
However, even so, the candidate mixing pattern is not
unique, we need to determine all viable leptonic mixing
patterns and find differences between their physical origins
and predictions. In this article, we extract all viable mixing
patterns at 3σ level of mixing parameters on the basis of
various combinations of correlation of elements of mixing
matrix. Special correlations have been widely discussed in
the literature, see Refs. [16–18] for example. We search for
more general correlations to construct the leptonic mixing
pattern. The method to generate general correlations is
employing the combinations of elementary correlations.
We propose two types of elementary correlations. By
examining all possible combinations of these elementary
correlations, we obtain 62 viable mixing patters, including
some familiar types such as tri-maximal TM1, TM2

[19–22], μ − τ symmetric mixing [23–27] and many
new types. Most of these patterns could be paired via
the μ − τ interchange which changes the octant of θ23 and

the sign of cos δ. Furthermore, according to the depend-
ence of cos δ on small sin2 θ13 all these patterns can be
classified into two types: the perturbative and nonpertur-
bative patterns. The former could be obtained from
perturbing TBM. The latter cannot be obtained from
perturbing any mixing pattern whose θ13 is zero.
In order to study the robustness of leptonic mixing

models on the basis of flavor groups, the dependence of
mass matrix of neutrinos on small mixing parameter sin θ13
is discussed via special perturbative and nonperturbative
mixing patterns. In general cases, a small variation of
sin θ13 may correspond to large modifications to alignment
of vacuum expectation values in a mixing model on the
basis of flavor groups.
The article is organized as follows: In Sec. II we

introduce the general framework of our program, includ-
ing the unitary parametrization of mixing matrix, con-
straints on the parameters at 3σ level, two types of
elementary correlations and the μ − τ interchange. In
Sec. III we show all viable combinations of elementary
correlations, including the combination of two correla-
tions and the combination of three correlations, mixing
angles, and Dirac CP phases of viable patterns. In Sec. IV
we discuss evolutions of mass matrices of neutrinos via
special leptonic mixing patterns. Finally, we present a
summary.

II. GENERAL FRAMEWORK

A. Unitary parametrization of leptonic mixing matrix

In order to simplify calculations of combinations of
correlations, we adopt the following parametrization of
leptonic mixing matrix:*rongshj@snut.edu.cn
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where j, k, l, N are non-negative real numbers. By comparison with the standard parametrization of Pontecorvo-Maki-
Nakagawa-Sakata (PMNS) matirx [28]:

U ¼

0
B@

c12c13 s12c13 s13e−iδ

−s12c23 − c12s13s23eiδ c12c23 − s12s13s23eiδ c13s23
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0
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eiα1 0 0

0 eiα2 0

0 0 1

1
CA; ð2Þ

where sij ≡ sin θij, cij ≡ cos θij, δ is the Dirac CP-violating phase, α1 and α2 are Majorana phases. In our parametrization,
sij could be written as:

sin θ13 ¼
ffiffiffiffi
1

N

r
;

sin θ23 ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
j

N − 1

r
;

sin θ12 ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
k

N − 1

r
: ð3Þ

And the Dirac CP phase is expressed as:

cos δ ¼ −lð−1þ NÞ2 − ð1þ k − NÞð−1þ NÞN þ jðkþ N þ kN − N2Þ
2

ffiffiffiffi
N

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jð−1 − jþ NÞp ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

kð−1 − kþ NÞp : ð4Þ

According to the recent fit data of the Ref. [29], absolute values of elements of mixing matrix in 3σ ranges are

jUj ¼

0
B@

0.801 → 0.845 0.514 → 0.580 0.137 → 0.158

0.225 → 0.517 0.441 − 0.699 0.614 → 0.793

0.246 → 0.529 0.464 → 0.713 0.590 → 0.776

1
CA: ð5Þ

So constraints on our parameters at 3σ level are

1

N
¼ 0.0188 → 0.0251;

l
N

¼ 0.1945 → 0.4886;

j
N

¼ 0.3770 → 0.6288;

k
N

¼ 0.2642 → 0.3364: ð6Þ

B. Elementary correlations

We propose two types of elementary correlations as
follows:

A∶ jUαij ¼ jUβjj;
B∶ jUαij ¼ 2jUβjj: ð7Þ

These two types of correlations are implied in some
familiar mixing patterns such as TBM and GRM. We
examine correlations of these two types. The parameter-
space of a viable correlation (or viable combination of
elementary correlations) should satisfy two conditions:
First, the magnitude of every element of mixing matrix
is in 3σ range; Second, jcos δðl; j; k; NÞj ≤ 1. There are 7
viable type-A elementary correlations in total. They are
listed as follows:

A1∶ jUμ1j ¼ jUτ1j; ð8Þ

A2∶ jUμ2j ¼ jUτ2j; ð9Þ

A3∶ jUμ3j ¼ jUτ3j; ð10Þ

A4∶ jUe2j ¼ jUμ2j; ð11Þ
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A5∶ jUe2j ¼ jUτ2j; ð12Þ
A6∶ jUμ2j ¼ jUμ3j; ð13Þ

A7∶ jUτ2j ¼ jUτ3j; ð14Þ
A8∶ jUμ1j ¼ jUμ2j; ð15Þ

A9∶ jUτ1j ¼ jUτ2j: ð16Þ
There are 14 viable type-B elementary correlations in total.
They are written as follows:

B1∶ jUe1j ¼ 2jUμ1j; ð17Þ

B2∶ jUe1j ¼ 2jUτ1j; ð18Þ
B3∶ jUe2j ¼ 2jUμ1j; ð19Þ

B4∶ jUe2j ¼ 2jUτ1j; ð20Þ
B5∶ jUμ2j ¼ 2jUμ1j; ð21Þ

B6∶ jUτ2j ¼ 2jUτ1j; ð22Þ
B7∶ jUτ2j ¼ 2jUμ1j; ð23Þ

B8∶ jUμ2j ¼ 2jUτ1j; ð24Þ

B9∶ jUμ3j ¼ 2jUμ1j; ð25Þ

B10∶ jUτ3j ¼ 2jUτ1j; ð26Þ
B11∶ jUμ3j ¼ 2jUτ1j; ð27Þ

B12∶ jUτ3j ¼ 2jUμ1j; ð28Þ

B13∶ jUμ1j ¼ 2jUτ1j; ð29Þ

B14∶ jUτ1j ¼ 2jUμ1j: ð30Þ

In order to get general mixing patterns, all combinations of
elementary correlations are examined. The number of
possible combinations is so large. However, because the
octant of θ23 and CP violation phase δ are uncertain at 3σ
level, one type of combination can be converted to another
type through the μ − τ interchange. μ − τ interchange is
equivalent to the following transformation:

�
θ23 →

π
2
− θ23

δ → δþ π
or

�
j → N − 1 − j

l → N − l − k:
ð31Þ

As for type-A correlations, μ − τ interchange brings fol-
lowing correspondences:

A1 ↔ A1; A2 ↔ A2; A3 ↔ A3;

A4 ↔ A5; A6 ↔ A7; A8 ↔ A9: ð32Þ

And correspondences in type-B correlations are

B1 ↔ B2; B3 ↔ B4; B5 ↔ B6; B7 ↔ B8;

B9 ↔ B10; B11 ↔ B12; B13 ↔ B14: ð33Þ

So we first examine the parameter-space of a combination
of elementary correlations. Then the examination of the
corresponding combination is carried out easily.

III. COMBINATIONS OF ELEMENTARY
CORRELATIONS

A. Viable combinations of two elementary correlations

There are 83 viable combinations of two elementary
correlations in total. They can be classified into 3 types:
Ai-Aj, Bi-Bj, and Ai-Bj, where the notation Ai-Aj means
elementary correlation Ai and Aj hold at the same time. The
common combinations of these three types are not counted
repeatedly.
There are 12 viable Ai-Aj combinations. They are listed

as follows:

A1 − A2; A4 − A5; A1 − A4; A1 − A5; A1 − A6; A1 − A7;

A3 − A4; A3 − A5; A5 − A6; A4 − A7; A7 − A8; A6 − A9: ð34Þ

There are 23 viable Bi-Bj combinations. They are listed as follows:

B1 − B2; B1 − B6; B2 − B5; B1 − B8; B2 − B7; B1 − B10;

B2 − B9; B1 − B11; B2 − B12; B3 − B5; B4 − B6; B3 − B7;

B4 − B8; B5 − B7; B6 − B8; B5 − B9; B6 − B10; B7 − B12;

B8 − B11; B9 − B11; B10 − B12; B9 − B12; B10 − B11: ð35Þ

There are 48 viable Ai-Bj combinations. They are listed as follows:
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A4 − B14; A8 − B2; A2 − B2; A2 − B1; A2 − B3; A2 − B4;

A2 − B9; A2 − B10; A2 − B11; A2 − B12; A2 − B13; A2 − B14;

A3 − B2; A3 − B1; A3 − B5; A3 − B6; A4 − B2; A5 − B1;

A4 − B1; A5 − B2; A4 − B6; A5 − B5; A4 − B7; A5 − B8;

A4 − B9; A5 − B10; A4 − B10; A5 − B9; A4 − B11; A5 − B12;

A4 − B12; A5 − B11; A6 − B2; A7 − B1; A6 − B1; A7 − B2;

A6 − B4; A7 − B3; A6 − B6; A7 − B5; A6 − B10; A7 − B9;

A6 − B12; A7 − B11; A6 − B13; A7 − B14; A8 − B11; A9 − B12: ð36Þ

Let us describe these viable combinations in more detail:
(i) Most viable combinations are paired via the μ − τ

interchange. There are only 5 single combinations,
among which 3 combinations are invariant under the
μ − τ interchange, including A1-A2 (μ − τ sym-
metry), B1-B2 (TM1), A4-A5 (TM2). The reason
why A8-B2 and A4-B14 are single is that the
constraint matrix (5) is not symmetric under the
μ − τ interchange. So the viable parameter-space of
a combination may become unviable under the μ − τ
interchange, especially when the parameter-space
is small.

(ii) For more than half of the viable combinations, their
2-dimensional parameter-spaces are not compressed
obviously. There are 21 combinations whose
parameter-spaces are reduced more than half com-
pared with the noncorrelation case. These combi-
nations are A4-A5, A7-A8, A6-A9, B1-B8, B2-B7,
B1-B7, B2-B5, B3-B7, B4-B8, B4-B6, B9-B11,
B10-B12, A2-B13, A2-B14, A4-B8, A4-B14,
A5-B11, A6-B13, A8-B2, A8-B11, A9-B12.

(iii) There are 17 combinations, whose octants of θ23 are
uncertain. These combinations are A4-A5, B1-B2,
B1-B10, B1-B11, B2-B5, B2-B9, B2-B12, A2-B2,
A2-B1, A4-B2, A4-B6, A4-B10, A4-B11, A5-B1,
A5-B5, A5-B9, A5-B12.

B. Viable combinations of three elementary correlations

There are 62 viable combinations of three elementary
correlations in total. They can be classified into 4 types:
Ai-Aj-Ak, Bi-Bj-Bk, Ai-Bj-Bk, and Ai-Aj-Bk. The
common combinations of these four types are not counted
repeatedly. In detail, there are 3 viable Ai-Aj-Ak combi-
nations. Their mixing patterns are listed as follows:

A1−A4−A7∶ jUj ¼

0
BBBBBB@
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A1 − A5 − A6∶ jUj ¼
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ð38Þ

A1 − A4 − A5∶ jUj ¼
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where s ¼ 1
N ¼ sin2 θ13.

There are 5 viable Bi-Bj-Bk combinations. Their mixing
patterns are listed as follows:

B1 − B10 − B11∶ jUj ¼

0
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ð40Þ

B2 − B9 − B12∶ jUj ¼
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SHU-JUN RONG PHYSICAL REVIEW D 93, 013010 (2016)

013010-4



B1 − B6 − B10∶ jUj ¼
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There are 35 viable Ai-Bj-Bk combinations. Their
mixing patterns are listed as follows:
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3

ffiffi
5
2

q
1
3

ffiffiffiffiffiffiffiffiffiffiffiffiffi
5 − 9s

p

1
CCCCCCA
;

ð54Þ

A4 − B9 − B11∶ jUj ¼

0
BBBBBB@

ffiffiffiffiffiffiffiffi
5−2s
7

q ffiffiffiffiffiffiffiffi
2−5s
7

q ffiffiffi
s

p
ffiffiffiffiffiffi
1þs
7

q ffiffiffiffiffiffiffiffi
2−5s
7

q
2

ffiffiffiffiffiffi
1þs
7

q
ffiffiffiffiffiffi
1þs
7

q ffiffiffiffiffiffiffiffiffiffi
3þ10s

7

q ffiffiffiffiffiffiffiffiffi
3−11s

7

q

1
CCCCCCA
;

ð55Þ

A5 − B10 − B12∶ jUj ¼

0
BBBBBB@

ffiffiffiffiffiffiffiffi
5−2s
7

q ffiffiffiffiffiffiffiffi
2−5s
7

q ffiffiffi
s

p
ffiffiffiffiffiffi
1þs
7

q ffiffiffiffiffiffiffiffiffiffi
3þ10s

7

q ffiffiffiffiffiffiffiffiffi
3−11s

7

q
ffiffiffiffiffiffi
1þs
7

q ffiffiffiffiffiffiffiffi
2−5s
7

q
2

ffiffiffiffiffiffi
1þs
7

q

1
CCCCCCA
;

ð56Þ

A4 − B1 − B11∶ jUj ¼

0
BBBBBB@

2
ffiffiffiffiffiffi
4−s
23

q ffiffiffiffiffiffiffiffiffi
7−19s
23

q ffiffiffi
s

p
ffiffiffiffiffiffi
4−s
23

q ffiffiffiffiffiffiffiffiffi
7−19s
23

q
2

ffiffiffiffiffiffiffiffi
3þ5s
23

q
ffiffiffiffiffiffiffiffi
3þ5s
23

q ffiffiffiffiffiffiffiffiffiffi
9þ38s
23

q ffiffiffiffiffiffiffiffiffiffiffi
11−43s

23

q

1
CCCCCCA
;

ð57Þ

A5 − B2 − B12∶ jUj ¼

0
BBBBBB@

2
ffiffiffiffiffiffi
4−s
23

q ffiffiffiffiffiffiffiffiffi
7−19s
23

q ffiffiffi
s

p
ffiffiffiffiffiffiffiffi
3þ5s
23

q ffiffiffiffiffiffiffiffiffiffi
9þ38s
23

q ffiffiffiffiffiffiffiffiffiffiffi
11−43s

23

q
ffiffiffiffiffiffi
4−s
23

q ffiffiffiffiffiffiffiffiffi
7−19s
23

q
2

ffiffiffiffiffiffiffiffi
3þ5s
23

q

1
CCCCCCA
;

ð58Þ

A4 − B2 − B7∶ jUj ¼

0
BBBBBB@

ffiffiffiffiffiffiffiffi
5−2s
7

q ffiffiffiffiffiffiffiffi
2−5s
7

q ffiffiffi
s

p
ffiffiffiffiffiffiffiffiffiffi
3þ10s
28

q ffiffiffiffiffiffiffiffi
2−5s
7

q ffiffiffiffiffiffiffiffiffiffiffi
17þ10s

28

q
ffiffiffiffiffiffiffiffi
5−2s
28

q ffiffiffiffiffiffiffiffiffiffi
3þ10s

7

q ffiffiffiffiffiffiffiffiffiffiffi
11−38s

28

q

1
CCCCCCA
;

ð59Þ

A4 − B2 − B9∶ jUj ¼

0
BBBBBB@

2
ffiffiffiffiffiffi
5−s
29

q ffiffiffiffiffiffiffiffiffi
9−25s
29

q ffiffiffi
s

p
ffiffiffiffiffiffiffiffi
4þ5s
29

q ffiffiffiffiffiffiffiffiffi
9−25s
29

q
2

ffiffiffiffiffiffiffiffi
4þ5s
29

q
ffiffiffiffiffiffi
5−s
29

q ffiffiffiffiffiffiffiffiffiffiffi
11þ50s

29

q ffiffiffiffiffiffiffiffiffiffiffi
13−49s

29

q

1
CCCCCCA
;

ð60Þ

A5 − B1 − B10∶ jUj ¼

0
BBBBBB@

2
ffiffiffiffiffiffi
5−s
29

q ffiffiffiffiffiffiffiffiffi
9−25s
29

q ffiffiffi
s

p
ffiffiffiffiffiffi
5−s
29

q ffiffiffiffiffiffiffiffiffiffiffi
11þ50s

29

q ffiffiffiffiffiffiffiffiffiffiffi
13−49s

29

q
ffiffiffiffiffiffiffiffi
4þ5s
29

q ffiffiffiffiffiffiffiffiffi
9−25s
29

q
2

ffiffiffiffiffiffiffiffi
4þ5s
29

q

1
CCCCCCA
;

ð61Þ

A4 − B10 − B11∶ jUj

¼

0
BBBBBB@

1
4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
11 − 11s

p
1
4

ffiffiffiffiffiffiffiffiffiffiffiffiffi
5 − 5s

p ffiffiffi
s

p

1
4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3þ 13s

p
1
4

ffiffiffiffiffiffiffiffiffiffiffiffiffi
5 − 5s

p ffiffiffiffiffiffi
1−s
2

q
ffiffiffiffiffiffi
1−s
8

q ffiffiffiffiffiffiffiffi
3þ5s
8

q ffiffiffiffiffiffi
1−s
2

q

1
CCCCCCA
; ð62Þ

A5 − B9 − B12∶ jUj

¼

0
BBBBBB@

1
4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
11 − 11s

p
1
4

ffiffiffiffiffiffiffiffiffiffiffiffiffi
5 − 5s

p ffiffiffi
s

p
ffiffiffiffiffiffi
1−s
8

q ffiffiffiffiffiffiffiffi
3þ5s
8

q ffiffiffiffiffiffi
1−s
2

q

1
4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3þ 13s

p
1
4

ffiffiffiffiffiffiffiffiffiffiffiffiffi
5 − 5s

p ffiffiffiffiffiffi
1−s
2

q

1
CCCCCCA
; ð63Þ

A2 − B1 − B2∶ jUj ¼

0
BBBBBB@

ffiffi
2
3

q ffiffiffiffiffiffiffiffiffiffi
1
3
− s

q ffiffiffi
s

p
ffiffi
1
6

q ffiffiffiffiffiffiffiffi
2þ3s
6

q ffiffiffiffiffiffi
1−s
2

q
ffiffi
1
6

q ffiffiffiffiffiffiffiffi
2þ3s
6

q ffiffiffiffiffiffi
1−s
2

q

1
CCCCCCA
; ð64Þ

A2 − B1 − B10∶ jUj ¼

0
BBBBBB@

2
ffiffiffiffiffiffi
8þs
46

q ffiffiffiffiffiffiffiffiffi
7−25s
23

q ffiffiffi
s

p
ffiffiffiffiffiffi
8þs
46

q ffiffiffiffiffiffiffiffiffiffiffi
16þ25s

46

q ffiffiffiffiffiffiffiffiffiffiffi
11−13s

23

q
ffiffiffiffiffiffiffiffi
6−5s
46

q ffiffiffiffiffiffiffiffiffiffiffi
16þ25s

46

q
2

ffiffiffiffiffiffiffiffi
6−5s
46

q

1
CCCCCCA
;

ð65Þ
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A2 − B2 − B9∶ jUj ¼

0
BBBBBB@

2
ffiffiffiffiffiffi
8þs
46

q ffiffiffiffiffiffiffiffiffi
7−25s
23

q ffiffiffi
s

p
ffiffiffiffiffiffiffiffi
6−5s
46

q ffiffiffiffiffiffiffiffiffiffiffi
16þ25s

46

q
2

ffiffiffiffiffiffiffiffi
6−5s
46

q
ffiffiffiffiffiffi
8þs
46

q ffiffiffiffiffiffiffiffiffiffiffi
16þ25s

46

q ffiffiffiffiffiffiffiffiffiffiffi
11−13s

23

q

1
CCCCCCA
;

ð66Þ

A2 − B1 − B11∶ jUj ¼

0
BBBBBB@

2
ffiffiffiffiffiffi
6þs
34

q ffiffiffiffiffiffiffiffiffi
5−19s
17

q ffiffiffi
s

p
ffiffiffiffiffiffi
6þs
34

q ffiffiffiffiffiffiffiffiffiffiffi
12þ19s

17

q
2

ffiffiffiffiffiffiffiffi
4−5s
34

q
ffiffiffiffiffiffiffiffi
4−5s
34

q ffiffiffiffiffiffiffiffiffiffiffi
12þ19s

17

q ffiffiffiffiffiffiffiffi
9−7s
17

q

1
CCCCCCA
;

ð67Þ

A2 − B2 − B12∶ jUj ¼

0
BBBBBB@

2
ffiffiffiffiffiffi
6þs
34

q ffiffiffiffiffiffiffiffiffi
5−19s
17

q ffiffiffi
s

p
ffiffiffiffiffiffiffiffi
4−5s
34

q ffiffiffiffiffiffiffiffiffiffiffi
12þ19s

17

q ffiffiffiffiffiffiffiffi
9−7s
17

q
ffiffiffiffiffiffi
6þs
34

q ffiffiffiffiffiffiffiffiffiffiffi
12þ19s

17

q
2

ffiffiffiffiffiffiffiffi
4−5s
34

q

1
CCCCCCA
;

ð68Þ

A3 − B1 − B10∶ jUj ¼

0
BBBBBB@

2
ffiffiffiffiffiffi
7þs
40

q ffiffiffiffiffiffiffiffiffi
3−11s
10

q ffiffiffi
s

p
ffiffiffiffiffiffi
7þs
40

q ffiffiffiffiffiffiffiffiffiffiffi
13þ19s

40

q ffiffiffiffiffiffi
1−s
2

q
ffiffiffiffiffiffi
1−s
8

q ffiffiffiffiffiffiffiffi
3þ5s
8

q ffiffiffiffiffiffi
1−s
2

q

1
CCCCCCA
;

ð69Þ

A3 − B2 − B9∶ jUj ¼

0
BBBBBB@

2
ffiffiffiffiffiffi
7þs
40

q ffiffiffiffiffiffiffiffiffi
3−11s
10

q ffiffiffi
s

p
ffiffiffiffiffiffi
1−s
8

q ffiffiffiffiffiffiffiffi
3þ5s
8

q ffiffiffiffiffiffi
1−s
2

q
ffiffiffiffiffiffi
7þs
40

q ffiffiffiffiffiffiffiffiffiffiffi
13þ19s

40

q ffiffiffiffiffiffi
1−s
2

q

1
CCCCCCA
;

ð70Þ

A7 − B1 − B2∶ jUj ¼

0
BBBBBB@

ffiffi
2
3

q ffiffiffiffiffiffiffiffiffiffi
1
3
− s

q ffiffiffi
s

p
ffiffi
1
6

q
1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4s

p ffiffiffiffiffiffiffiffiffiffiffi
7
12
− s

q
ffiffi
1
6

q ffiffiffiffi
5
12

q ffiffiffiffi
5
12

q

1
CCCCCCA
;

ð71Þ

A6 − B1 − B2∶ jUj ¼

0
BBBBBB@

ffiffi
2
3

q ffiffiffiffiffiffiffiffiffiffi
1
3
− s

q ffiffiffi
s

p
ffiffi
1
6

q ffiffiffiffi
5
12

q ffiffiffiffi
5
12

q
ffiffi
1
6

q
1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4s

p ffiffiffiffiffiffiffiffiffiffiffi
7
12
− s

q

1
CCCCCCA
;

ð72Þ

A7 − B1 − B6∶ jUj ¼

0
BBBBBB@

4
3

ffiffi
2
5

q ffiffiffiffiffiffiffiffiffiffiffi
13
45
− s

q ffiffiffi
s

p

2
3

ffiffi
2
5

q ffiffiffiffiffiffiffiffiffiffiffiffi
4
15
þ s

q
1
3

ffiffiffiffiffiffiffiffiffiffiffiffiffi
5 − 9s

p

1
3

2
3

2
3

1
CCCCCCA
;

ð73Þ

A6 − B2 − B5∶ jUj ¼

0
BBBBBB@

4
3

ffiffi
2
5

q ffiffiffiffiffiffiffiffiffiffiffi
13
45
− s

q ffiffiffi
s

p

1
3

2
3

2
3

2
3

ffiffi
2
5

q ffiffiffiffiffiffiffiffiffiffiffiffi
4
15
þ s

q
1
3

ffiffiffiffiffiffiffiffiffiffiffiffiffi
5 − 9s

p

1
CCCCCCA
;

ð74Þ

A7 − B1 − B11∶ jUj ¼

0
BBBBBB@

2
ffiffiffiffiffiffiffiffi
6þ2s
35

q ffiffiffiffiffiffiffiffiffiffiffi
11−43s

35

q ffiffiffi
s

p
ffiffiffiffiffiffiffiffi
6þ2s
35

q ffiffiffiffiffiffiffiffiffiffi
9þ38s
35

q ffiffiffiffiffiffiffiffi
4−8s
7

q
ffiffiffiffiffiffiffiffi
1−2s
7

q ffiffiffiffiffiffi
3þs
7

q ffiffiffiffiffiffi
3þs
7

q

1
CCCCCCA
;

ð75Þ

A6 − B2 − B12∶ jUj ¼

0
BBBBBB@

2
ffiffiffiffiffiffiffiffi
6þ2s
35

q ffiffiffiffiffiffiffiffiffiffiffi
11−43s

35

q ffiffiffi
s

p
ffiffiffiffiffiffiffiffi
1−2s
7

q ffiffiffiffiffiffi
3þs
7

q ffiffiffiffiffiffi
3þs
7

q
ffiffiffiffiffiffiffiffi
6þ2s
35

q ffiffiffiffiffiffiffiffiffiffi
9þ38s
35

q ffiffiffiffiffiffiffiffi
4−8s
7

q

1
CCCCCCA
;

ð76Þ

A7 − B2 − B9∶ jUj ¼

0
BBBBBB@

2
ffiffiffiffiffiffiffiffi
7þ2s
41

q ffiffiffiffiffiffiffiffiffiffiffi
13−49s

41

q ffiffiffi
s

p
ffiffiffiffiffiffiffiffiffi
6−10s
41

q ffiffiffiffiffiffiffiffiffiffiffi
11þ50s

41

q
2

ffiffiffiffiffiffiffiffiffi
6−10s
41

q
ffiffiffiffiffiffiffiffi
7þ2s
41

q ffiffiffiffiffiffiffiffi
17−s
41

q ffiffiffiffiffiffiffiffi
17−s
41

q

1
CCCCCCA
;

ð77Þ
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A6− B1− B10∶ jUj ¼

0
BBBBBB@

2
ffiffiffiffiffiffiffiffi
7þ2s
41

q ffiffiffiffiffiffiffiffiffiffiffi
13−49s

41

q ffiffiffi
s

p
ffiffiffiffiffiffiffiffi
7þ2s
41

q ffiffiffiffiffiffiffiffi
17−s
41

q ffiffiffiffiffiffiffiffi
17−s
41

q
ffiffiffiffiffiffiffiffiffi
6−10s
41

q ffiffiffiffiffiffiffiffiffiffiffi
11þ50s

41

q
2

ffiffiffiffiffiffiffiffiffi
6−10s
41

q

1
CCCCCCA
;

ð78Þ

A7 − B3 − B5∶ jUj ¼

0
BBBBBB@

ffiffiffiffiffiffiffiffiffi
9−17s
13

q
2

ffiffiffiffiffiffi
1þs
13

q ffiffiffi
s

p
ffiffiffiffiffiffi
1þs
13

q
2

ffiffiffiffiffiffi
1þs
13

q ffiffiffiffiffiffiffiffi
8−5s
13

q
ffiffiffiffiffiffiffiffiffiffi
3þ16s
13

q ffiffiffiffiffiffiffiffi
5−8s
13

q ffiffiffiffiffiffiffiffi
5−8s
13

q

1
CCCCCCA
:

ð79Þ

There are 19 viable Ai-Aj-Bk combinations. Their
mixing patterns are listed as follows:

A7 − A4 − B1∶ jUj ¼

0
BBBBBB@

2
ffiffiffiffiffiffiffiffi
2−4s
11

q ffiffiffiffiffiffiffiffi
3þ5s
11

q ffiffiffi
s

p
ffiffiffiffiffiffiffiffi
2−4s
11

q ffiffiffiffiffiffiffiffi
3þ5s
11

q ffiffiffiffiffiffi
6−s
11

q
ffiffiffiffiffiffiffiffiffiffi
1þ20s
11

q ffiffiffiffiffiffiffiffiffi
5−10s
11

q ffiffiffiffiffiffiffiffiffi
5−10s
11

q

1
CCCCCCA
;

ð80Þ

A6 − A5 − B2∶ jUj ¼

0
BBBBBB@

2
ffiffiffiffiffiffiffiffi
2−4s
11

q ffiffiffiffiffiffiffiffi
3þ5s
11

q ffiffiffi
s

p
ffiffiffiffiffiffiffiffiffiffi
1þ20s
11

q ffiffiffiffiffiffiffiffiffi
5−10s
11

q ffiffiffiffiffiffiffiffiffi
5−10s
11

q
ffiffiffiffiffiffiffiffi
2−4s
11

q ffiffiffiffiffiffiffiffi
3þ5s
11

q ffiffiffiffiffiffi
6−s
11

q

1
CCCCCCA
;

ð81Þ

A7 − A4 − B2∶ jUj ¼

0
BBBBBB@

2
ffiffiffiffiffiffiffiffi
3−4s
17

q ffiffiffiffiffiffi
5−s
17

q ffiffiffi
s

p
ffiffiffiffiffiffiffiffiffiffi
2þ20s
17

q ffiffiffiffiffiffi
5−s
17

q ffiffiffiffiffiffiffiffiffiffiffi
10−19s

17

q
ffiffiffiffiffiffiffiffi
3−4s
17

q ffiffiffiffiffiffiffiffi
7þ2s
17

q ffiffiffiffiffiffiffiffi
7þ2s
17

q

1
CCCCCCA
;

ð82Þ

A6 − A5 − B1∶ jUj ¼

0
BBBBBB@

2
ffiffiffiffiffiffiffiffi
3−4s
17

q ffiffiffiffiffiffi
5−s
17

q ffiffiffi
s

p
ffiffiffiffiffiffiffiffi
3−4s
17

q ffiffiffiffiffiffiffiffi
7þ2s
17

q ffiffiffiffiffiffiffiffi
7þ2s
17

q
ffiffiffiffiffiffiffiffiffiffi
2þ20s
17

q ffiffiffiffiffiffi
5−s
17

q ffiffiffiffiffiffiffiffiffiffiffi
10−19s

17

q

1
CCCCCCA
;

ð83Þ

A7 − A4 − B9∶ jUj ¼

0
BBBBBB@

ffiffiffiffiffiffiffiffiffiffiffi
10−19s

14

q ffiffiffiffiffiffiffiffi
4þ5s
14

q ffiffiffi
s

p
ffiffiffiffiffiffi
2−s
14

q ffiffiffiffiffiffiffiffi
4þ5s
14

q
2

ffiffiffiffiffiffi
2−s
14

q
ffiffiffiffiffiffiffiffiffiffi
1þ10s

7

q ffiffiffiffiffiffiffiffi
3−5s
7

q ffiffiffiffiffiffiffiffi
3−5s
7

q

1
CCCCCCA
;

ð84Þ

A6 − A5 − B10∶ jUj ¼

0
BBBBBB@

ffiffiffiffiffiffiffiffiffiffiffi
10−19s

14

q ffiffiffiffiffiffiffiffi
4þ5s
14

q ffiffiffi
s

p
ffiffiffiffiffiffiffiffiffiffi
1þ10s

7

q ffiffiffiffiffiffiffiffi
3−5s
7

q ffiffiffiffiffiffiffiffi
3−5s
7

q
ffiffiffiffiffiffi
2−s
14

q ffiffiffiffiffiffiffiffi
4þ5s
14

q
2

ffiffiffiffiffiffi
2−s
14

q

1
CCCCCCA
;

ð85Þ

A7 − A4 − B11∶ jUj ¼

0
BBBBBB@

ffiffiffiffiffiffiffiffiffiffiffi
10−13s

14

q ffiffiffiffiffiffi
4−s
14

q ffiffiffi
s

p
ffiffiffiffiffiffiffiffiffiffi
2þ17s
14

q ffiffiffiffiffiffi
4−s
14

q
2

ffiffiffiffiffiffiffiffi
1−2s
7

q
ffiffiffiffiffiffiffiffi
1−2s
7

q ffiffiffiffiffiffi
3þs
7

q ffiffiffiffiffiffi
3þs
7

q

1
CCCCCCA
;

ð86Þ

A6 − A5 − B12∶ jUj ¼

0
BBBBBB@

ffiffiffiffiffiffiffiffiffiffiffi
10−13s

14

q ffiffiffiffiffiffi
4−s
14

q ffiffiffi
s

p
ffiffiffiffiffiffiffiffi
1−2s
7

q ffiffiffiffiffiffi
3þs
7

q ffiffiffiffiffiffi
3þs
7

q
ffiffiffiffiffiffiffiffiffiffi
2þ17s
14

q ffiffiffiffiffiffi
4−s
14

q
2

ffiffiffiffiffiffiffiffi
1−2s
7

q

1
CCCCCCA
;

ð87Þ

A7 − A4 − B14∶ jUj

¼

0
BBBBBB@

1
4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
11 − 20s

p
1
4

ffiffiffiffiffiffiffiffiffiffiffiffiffi
5þ 4s

p ffiffiffi
s

p

1
4

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4s

p
1
4

ffiffiffiffiffiffiffiffiffiffiffiffiffi
5þ 4s

p ffiffiffiffiffiffiffiffiffi
5
8
− s

2

q

1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4s

p
1
2

ffiffiffiffiffiffiffiffiffiffiffiffi
3
2
− 2s

q ffiffiffiffiffiffiffiffiffi
3
8
− s

2

q

1
CCCCCCA
; ð88Þ

A4 − A5 − B1∶ jUj ¼

0
BBBBBB@

ffiffiffiffiffiffiffiffiffiffi
2
3
− s

q ffiffi
1
3

q ffiffiffi
s

p
ffiffiffiffiffiffiffiffiffi
1
6
− s

4

q ffiffi
1
3

q ffiffiffiffiffiffi
2þs

p
2ffiffiffiffiffiffiffiffiffiffiffi

1
6
þ 5s

4

q ffiffi
1
3

q
1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
2 − 5s

p

1
CCCCCCA
;

ð89Þ
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A4 − A5 − B2∶ jUj ¼

0
BBBBBB@

ffiffiffiffiffiffiffiffiffiffi
2
3
− s

q ffiffi
1
3

q ffiffiffi
s

p
ffiffiffiffiffiffiffiffiffiffiffi
1
6
þ 5s

4

q ffiffi
1
3

q
1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
2 − 5s

p
ffiffiffiffiffiffiffiffiffi
1
6
− s

4

q ffiffi
1
3

q ffiffiffiffiffiffi
2þs

p
2

1
CCCCCCA
;

ð90Þ

A4 − A5 − B9∶ jUj ¼

0
BBBBBB@

ffiffiffiffiffiffiffiffiffiffi
2
3
− s

q ffiffi
1
3

q ffiffiffi
s

p
ffiffiffiffi
2
15

q ffiffi
1
3

q
2

ffiffiffiffi
2
15

q
ffiffiffiffiffiffiffiffiffiffi
1
5
þ s

q ffiffi
1
3

q ffiffiffiffiffiffiffiffiffiffiffi
7
15
− s

q

1
CCCCCCA
;

ð91Þ

A4 − A5 − B10∶ jUj ¼

0
BBBBBB@

ffiffiffiffiffiffiffiffiffiffi
2
3
− s

q ffiffi
1
3

q ffiffiffi
s

p
ffiffiffiffiffiffiffiffiffiffi
1
5
þ s

q ffiffi
1
3

q ffiffiffiffiffiffiffiffiffiffiffi
7
15
− s

q
ffiffiffiffi
2
15

q ffiffi
1
3

q
2

ffiffiffiffi
2
15

q

1
CCCCCCA
;

ð92Þ

A4 − A5 − B11∶ jUj

¼

0
BBBBBB@

ffiffiffiffiffiffiffiffiffiffi
2
3
− s

q ffiffi
1
3

q ffiffiffi
s

p

1
3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2þ 12s

p ffiffi
1
3

q
2
3

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 3s

p

1
3

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 3s

p ffiffi
1
3

q
1
3

ffiffiffiffiffiffiffiffiffiffiffiffiffi
5þ 3s

p

1
CCCCCCA
; ð93Þ

A4 − A5 − B12∶ jUj

¼

0
BBBBBB@

ffiffiffiffiffiffiffiffiffiffi
2
3
− s

q ffiffi
1
3

q ffiffiffi
s

p

1
3

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 3s

p ffiffi
1
3

q
1
3

ffiffiffiffiffiffiffiffiffiffiffiffiffi
5þ 3s

p

1
3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2þ 12s

p ffiffi
1
3

q
2
3

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 3s

p

1
CCCCCCA
; ð94Þ

A3 − A4 − B2∶ jUj ¼

0
BBBBBB@

ffiffiffiffiffiffiffiffi
2−2s
3

q ffiffiffiffiffiffi
1−s
3

q ffiffiffi
s

p
ffiffiffiffiffiffiffiffi
1þ5s
6

q ffiffiffiffiffiffi
1−s
3

q ffiffiffiffiffiffi
1−s
2

q
ffiffiffiffiffiffi
1−s
6

q ffiffiffiffiffiffiffiffi
1þ2s
3

q ffiffiffiffiffiffi
1−s
2

q

1
CCCCCCA
; ð95Þ

A3 − A5 − B1∶ jUj ¼

0
BBBBBB@

ffiffiffiffiffiffiffiffi
2−2s
3

q ffiffiffiffiffiffi
1−s
3

q ffiffiffi
s

p
ffiffiffiffiffiffi
1−s
6

q ffiffiffiffiffiffiffiffi
1þ2s
3

q ffiffiffiffiffiffi
1−s
2

q
ffiffiffiffiffiffiffiffi
1þ5s
6

q ffiffiffiffiffiffi
1−s
3

q ffiffiffiffiffiffi
1−s
2

q

1
CCCCCCA
; ð96Þ

A3 − A4 − B6∶ jUj ¼

0
BBBBBB@

ffiffiffiffiffiffiffiffi
7−8s
10

q ffiffiffiffiffiffiffiffi
3−2s
10

q ffiffiffi
s

p
ffiffiffiffiffiffiffiffi
2þ7s
10

q ffiffiffiffiffiffiffiffi
3−2s
10

q ffiffiffiffiffiffi
1−s
2

q
ffiffiffiffiffiffi
1þs
10

q ffiffiffiffiffiffiffiffi
2þ2s
5

q ffiffiffiffiffiffi
1−s
2

q

1
CCCCCCA
; ð97Þ

A3 − A5 − B5∶ jUj ¼

0
BBBBBB@

ffiffiffiffiffiffiffiffi
7−8s
10

q ffiffiffiffiffiffiffiffi
3−2s
10

q ffiffiffi
s

p
ffiffiffiffiffiffi
1þs
10

q ffiffiffiffiffiffiffiffi
2þ2s
5

q ffiffiffiffiffiffi
1−s
2

q
ffiffiffiffiffiffiffiffi
2þ7s
10

q ffiffiffiffiffiffiffiffi
3−2s
10

q ffiffiffiffiffiffi
1−s
2

q

1
CCCCCCA
: ð98Þ

Specific mixing angles and Dirac CP phases are listed in
Table I–III.
As we can see from the expressions of jUj, there are

only 6 single combinations, i.e., A1-A4-A5, A2-B1-B2,
B3-B5-B7, A4-B2-B7, A7-B3-B5, A7-A4-B14, among
which A1-A4-A5 and A2-B1-B2 are μ − τ symmetric.
The remaining 56 combinations are paired through μ − τ
interchange. According to the expressions of cos δ in tables,
all viable patterns can be classified into two groups:
perturbative patterns and nonperturbative patterns. There
is a factor

ffiffiffi
s

p
in cos δ of the former pattern which could be

obtained from perturbing TBM. So we could call it TBM-
like pattern. In contrast, there is a factor 1ffiffi

s
p in cos δ of the

latter pattern which cannot be obtained from perturbing the
pattern whose θ13 is zero. There are 8 perturbative patterns,
i.e., A1-A4-A5, A4-B1-B2, A5-B1-B2, A2-B1-B2,
A4-A5-B1, A4-A5-B2, A3-A4-B2, A3-A5-B1. The
remaining 54 patterns are non-perturbative. In more details,
as for cos δ of perturbative and nonperturbative patterns, we
have following observations:

(i) Because of the factor
ffiffiffi
s

p
, for perturbative patterns,

cos δ → 0 when s → 0, see A3-A4-B2, A3-A5-B1
in Table III for example. In contrast, for nonpertur-
bative patterns, because of the factor 1ffiffi

s
p , cos δ → ∞

when s → 0, see A3-A4-B6 in Table III for example.
So for a nonperturbative pattern, small perturbation
to s ¼ 0 would bring very large variation of Dirac
CP phase. We note that this observation has also
been obtained in special mixing patterns in Ref. [30].

(ii) For different perturbative patterns, the difference
of cos δ is very small. And the variation of δ is
focused on small range around � π

2
. We show cos δ
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TABLE I. Mixing angles of and Dirac CP Phase of viable leptonic mixing patterns.

Combinations sin2 θ12 sin2 θ23 sin2 θ13 cos δ

A1-A4-A7 2þs
7−7s

4−5s
7−7s s 1−5sþ10s2−12s3

2
ffiffi
s

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
10−11s−8s2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
12−23sþ10s2

p
A1-A5-A6 2þs

7−7s
3−2s
7−7s s − 1−5sþ10s2−12s3

2
ffiffi
s

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
10−11s−8s2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
12−23sþ10s2

p
A1-A4-A5 1

3−3s
1
2

s 0
B1-B10-B11 3−11s

10−10s
1
2

s −1−2sþ3s2

4
ffiffi
s

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
21−74s−11s2

p

B2-B9-B12 3−11s
10−10s

1
2

s − −1−2sþ3s2

4
ffiffi
s

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
21−74s−11s2

p

B1-B6-B10 13−45s
45−45s

5−9s
9−9s s 5−31sþ90s2

4
ffiffi
s

p ffiffiffiffiffiffiffiffiffiffiffi
26−90s

p ffiffiffiffiffiffiffiffi
5−9s

p

B2-B5-B9 13−45s
45−45s

4
9−9s s − 5−31sþ90s2

4
ffiffi
s

p ffiffiffiffiffiffiffiffiffiffiffi
26−90s

p ffiffiffiffiffiffiffiffi
5−9s

p

B3-B5-B7 1
3−3s

7
12−12s s −1−4sþ12s2ffiffiffiffi

7s
p ffiffiffiffiffiffiffiffiffi

5−12s
p ffiffiffiffiffiffiffiffi

2−3s
p

A4-B1-B2 1−3s
3−3s

1þ2s
2−2s s 3ð1−5sÞ ffiffi

s
p

2
ffiffi
2

p ffiffiffiffiffiffiffiffi
1−3s

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−2s−8s2

p

A5-B1-B2 1−3s
3−3s

1−4s
2−2s s − 3ð1−5sÞ ffiffi

s
p

2
ffiffi
2

p ffiffiffiffiffiffiffiffi
1−3s

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−2s−8s2

p

A4-B1-B6 2−5s
7−7s

15þ22s
28−28s s 9þ6sþ3s2ð−89þ10sÞ

2
ffiffi
s

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð5−2sÞð2−5sÞ

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð15þ22sÞð13−50sÞ

p
A5-B2-B5 2−5s

7−7s
13−50s
28−28s s − 9þ6sþ3s2ð−89þ10sÞ

2
ffiffi
s

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð5−2sÞð2−5sÞ

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð15þ22sÞð13−50sÞ

p
A4-B1-B10 5−25s

17−17s
9þ23s
17−17s s 11þ224s−1365s2−150s3

8
ffiffiffiffiffi
10s

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9−22s−115s2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3−13s−10s2

p

A5-B2-B9 5−25s
17−17s

8−40s
17−17s s − 11þ224s−1365s2−150s3

8
ffiffiffiffiffi
10s

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9−22s−115s2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3−13s−10s2

p

A4-B7-B12 3þ4s
10−10s

3−s
5−5s s − 1þ37s−90s2þ24s3

2
ffiffiffiffiffi
14s

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3−2s−8s2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3−7sþ2s2

p
A5-B8-B11 3þ4s

10−10s
2−4s
5−5s s 1þ37s−90s2þ24s3

2
ffiffiffiffiffi
14s

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3−2s−8s2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3−7sþ2s2

p
A4-B6-B10 5

18−18s
5−9s
9−9s s 7þ43s−90s2

4
ffiffi
s

p ffiffiffiffiffiffiffiffiffiffiffi
65−90s

p ffiffiffiffiffiffiffiffi
5−9s

p

A5-B5-B9 5
18−18s

4
9−9s s − 7þ43s−90s2

4
ffiffi
s

p ffiffiffiffiffiffiffiffiffiffiffi
65−90s

p ffiffiffiffiffiffiffiffi
5−9s

p

A4-B9-B11 2−5s
7−7s

4þ4s
7−7s s 1þ10s−74s2þ15s3

4
ffiffi
s

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3−8s−11s2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
10−29sþ10s2

p
A5-B10-B12 2−5s

7−7s
3−11s
7−7s s − 1þ10s−74s2þ15s3

4
ffiffi
s

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3−8s−11s2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
10−29sþ10s2

p
A4-B1-B11 7−19s

23−23s
12þ20s
23−23s s 3ð5þ37s−317s2þ19s3Þ

8
ffiffi
s

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
33−74s−215s2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
28−83sþ19s2

p
A5-B2-B12 7−19s

23−23s
11−43s
23−23s s − 3ð5þ37s−317s2þ19s3Þ

8
ffiffi
s

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
33−74s−215s2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
28−83sþ19s2

p
A4-B2-B7 2−5s

7−7s
17þ10s
28−28s s −1þ74s−325s2þ90s3

2
ffiffi
s

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
187−536s−380s2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
10−29sþ1s2

p
A4-B2-B9 9−25s

29−29s
16þ20s
29−29s s −1þ359s−1735s2þ225s3

8
ffiffi
s

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
52−131s−245s2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
45−134sþ25s2

p
A5-B1-B10 9−25s

29−29s
13−49s
29−29s s − −1þ359s−1735s2þ225s3

8
ffiffi
s

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
52−131s−245s2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
45−134sþ25s2

p

TABLE II. Mixing angles of and Dirac CP Phase of viable leptonic mixing patterns.

Combinations sin2 θ12 sin2 θ23 sin2 θ13 cos δ

A4-B10-B11 5
16

1
2

s 1þ15s
2
ffiffiffiffi
55

p ffiffi
s

p

A5-B9-B12 5
16

1
2

s - 1þ15s
2
ffiffiffiffi
55

p ffiffi
s

p
A2-B1-B2 1−3s

3−3s
1
2

s 0
A2-B1-B10 7−25s

23−23s
11−13s
23−23s s 16þ43sþ10s2þ75s3

8
ffiffi
s

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
56−193s−25s2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
66−133sþ65s2

p
A2-B2-B9 7−25s

23−23s
12−10s
23−23s s − 16þ43sþ10s2þ75s3

8
ffiffi
s

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
56−193s−25s2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
66−133sþ65s2

p
A2-B1-B11 5−19s

17−17s
8−10s
17−17s s 12þ33sþ10s2þ57s3

8
ffiffi
s

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
30−109s−19s2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
36−73sþ35s2

p
A2-B2-B12 5−19s

17−17s
9−7s

17−17s s − 12þ33sþ10s2þ57s3

8
ffiffi
s

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
30−109s−19s2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
36−73sþ35s2

p
(Table continued)
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TABLE II. (Continued)

Combinations sin2 θ12 sin2 θ23 sin2 θ13 cos δ

A3-B1-B10 3−11s
10−10s

1
2

s ð1þ3sÞð1−sÞ
4
ffiffi
s

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
21−74s−11s2

p

A3-B2-B9 3−11s
10−10s

1
2

s − ð1þ3sÞð1−sÞ
4
ffiffi
s

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
21−74s−11s2

p

A7-B1-B2 1−3s
3−3s

7−12s
12−12s s 1−11sþ30s2

2
ffiffiffiffiffi
10s

p ffiffiffiffiffiffiffiffi
1−3s

p ffiffiffiffiffiffiffiffiffi
7−12s

p

A6-B1-B2 1−3s
3−3s

5
12−12s s − 1−11sþ30s2

2
ffiffiffiffiffi
10s

p ffiffiffiffiffiffiffiffi
1−3s

p ffiffiffiffiffiffiffiffiffi
7−12s

p

A7-B1-B6 13−45s
45−45s

5−9s
9−9s s 5−31sþ90s2

4
ffiffi
s

p ffiffiffiffiffiffiffiffiffiffiffi
26−90s

p ffiffiffiffiffiffiffiffi
5−9s

p

A6-B2-B5 13−45s
45−45s

4
9−9s s − 5−31sþ90s2

4
ffiffi
s

p ffiffiffiffiffiffiffiffiffiffiffi
26−90s

p ffiffiffiffiffiffiffiffi
5−9s

p

A7-B1-B11 11−43s
35−35s

4−8s
7−7s s 9−48sþ217s2þ78s3

8
ffiffiffiffi
2s

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
33−118s−43s2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3−5s−2s2

p

A6-B2-B12 11−43s
35−35s

3þs
7−7s s − 9−48sþ217s2þ78s3

8
ffiffiffiffi
2s

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
33−118s−43s2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3−5s−2s2

p

A7-B2-B9 13−49s
41−41s

24−40s
41−41s s 25−728sþ1945s2−90s3

8
ffiffiffiffi
2s

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
91−317s−98s2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
51−88sþ5s2

p
A6-B1-B10 13−49s

41−41s
17−s

41−41s s − 25−728sþ1945s2−90s3

8
ffiffiffiffi
2s

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
91−317s−98s2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
51−88sþ5s2

p
A7-B3-B5 4þ4s

13−13s
8−5s

13−13s s −7−73sþ200s2−72s3

4
ffiffi
s

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9−8s−17s2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
40−89sþ40s2

p
A7-A4-B1 3þ5s

11−11s
6−s

11−11s s 7−131sþ264s2−60s3

4
ffiffiffiffiffi
10s

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
6−13sþ2s2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3−s−10s2

p

A6-A5-B2 3þ5s
11−11s

5−10s
11−11s s − 7−131sþ264s2−60s3

4
ffiffiffiffiffi
10s

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
6−13sþ2s2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3−s−10s2

p

A7-A4-B2 5−s
17−17s

10−19s
17−17s s −1þ149s−256s2þ36s3

4
ffiffi
s

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
70−113s−38s2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
15−23sþ4s2

p
A6-A5-B1 5−s

17−17s
7þ2s
17−17s s − −1þ149s−256s2þ36s3

4
ffiffi
s

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
70−113s−38s2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
15−23sþ4s2

p
A7-A4-B9 4þ5s

14−14s
4−2s
7−7s s 2−70sþ149s2−45s3

2
ffiffiffiffi
2s

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
40−26s−95s2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
6−13sþ5s2

p
A6-A5-B10 4þ5s

14−14s
3−5s
7−7s s − 2−70sþ149s2−45s3

2
ffiffiffiffi
2s

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
40−26s−95s2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
6−13sþ5s2

p
A7-A4-B11 4−4s

14−14s
4−8s
7−7s s 2þ50s−91s2þ15s3

4
ffiffi
s

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3−5s−2s2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
40−62sþ13s2

p
A6-A5-B12 4−4s

14−14s
3þs
7−7s s − 2þ50s−91s2þ15s3

4
ffiffi
s

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3−5s−2s2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
40−62sþ13s2

p

TABLE III. Mixing angles of and Dirac CP phase of viable leptonic mixing patterns.

Combinations sin2 θ12 sin2 θ23 sin2 θ13 cos δ

A7-A4-B14 5þ4s
16−16s

5−4s
8−8s s −7−31sþ104s2−48s3

2
ffiffi
s

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
55−56s−80s2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
15−32sþ16s2

p
A4-A5-B1 1

3−3s
2þs
4−4s s 3

ffiffi
s

p ð−1þ2sÞffiffiffiffiffiffiffiffi
2−3s

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4−8s−5s2

p

A4-A5-B2 1
3−3s

2−5s
4−4s s − 3

ffiffi
s

p ð−1þ2sÞffiffiffiffiffiffiffiffi
2−3s

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4−8s−5s2

p

A4-A5-B9 1
3−3s

8
15−15s s − 1þ13s−30s2

4
ffiffiffiffi
2s

p ffiffiffiffiffiffiffiffiffi
7−15s
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of A5-B1-B2, A3-A4-B2 as an example in Fig. 1. In
contrast, for two similar nonperturbative patterns,
the difference of cos δ could be notable. Take A1-
A4-A7 and A4-B1-B6 for example, the difference
between their magnitude of elements of mixing
matrix is small, while the difference between their
cos δ is large, see Fig. 2.

(iii) Except the perturbative patterns A2-B1-B2 (64) and
A1-A4-A5 (39) as μ − τ symmetric combinations,
cos δ ¼ 0 cannot be obtained at 3σ level in viable
patterns. In nonperturbative patterns, we could
obtain cos δ≃ 0 for A4-B2-B7 (59), see Fig. 3.

(iv) Trivial Dirac CP violation phases δ ¼ 0; π cannot
be obtained at 3σ level in viable patterns. In non-
perturbative patterns, we could obtain cos δ≃ −1
for B34-B5-B7 and A7-A4-B14, see Fig. 4.

(v) The viable range of parameter s or 1=N is not
reduced obviously for most combinations. The only
exceptions are the paired combinations A5-B2-B9
and A4-B1-B10, see Fig. 5.

IV. EVOLUTIONS OF MASS MATRICES OF
SPECIAL MIXING PATTERNS

In the previous section, we have extracted all viable
leptonic mixing patterns at 3σ level from the general
combinations of two types of elementary correlations.
These viable combinations could be classified into pertur-
bative and nonperturbative patterns. The dependence of
cos δ on sin2 θ13 of perturbative patterns is different to that
of nonperturbative patterns. In this section, we study the
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FIG. 1. cos δ in viable range of parameter s of perturbative patterns A5-B1-B2 and A3-A4-B2.
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FIG. 3. cos δ in viable range of parameter s of nonperturbative
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A1-A4-A7

0.019 0.020 0.021 0.022 0.023 0.024 0.025
0.26

0.27

0.28

0.29

0.30

0.31

s

C
os

A4-B1-B6

0.019 0.020 0.021 0.022 0.023 0.024 0.025

0.70

0.72

0.74

0.76

0.78

s

C
os

FIG. 2. cos δ in viable range of parameter s of nonperturbative patterns A1-A4-A7 and A4-B1-B6.
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dependence of neutrinos mass matrix on the small mixing
parameter sin2 θ13. Our physical motivation to discuss
evolutions of mass matrices of special mixing patterns
with sin2 θ13 is to examine the stability of a mixing model
on the basis of flavor groups and their breaking. We want to
know whether a small perturbation of sin2 θ13 would bring
about large modifications to the assumption in a flavor
model such as alignment of vacuum expectation values of
scalar fields. Our discussion is qualitative and is on the
basis of special leptonic mixing patterns. But the con-
clusions obtained here could be extended to general
patterns.

A. Evolutions of mass matrices of perturbative patterns

The general perturbative or TBM-like pattern could be
expressed as:

jUj ¼

0
BBBBBB@

ffiffi
2
3

q ffiffi
1
3

q
0ffiffi
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6

q ffiffi
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CCCCCCA

þ
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ϵ11 ϵ12 ϵ13

ϵ21 ϵ22 ϵ23

ϵ31 ϵ32 ϵ33

1
CA; ð99Þ

where ϵij is a small correction or perturbation of order
sin θ13. And the Dirac CP phase could be written as:

cos δ ¼ fðϵijÞ; ð100Þ
where f is a function dependent regularly on small ϵij,
which means f(0)=0. Take the perturbative pattern A3-A5-
B1 for example, we have:

jUj ¼

0
BBBBBB@

ffiffiffiffiffiffiffiffi
2−2s
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p
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2

q

1
CCCCCCA
; ð101Þ

cos δ ¼ −
3

ffiffiffi
s

p

2
ffiffiffi
2

p ; ð102Þ

where s ¼ sin2 θ13. As for this type of patterns, one can
choose TBM pattern as a zeroth-order approximation first,
and then take corrections into consideration. These cor-
rections usually come from leptonic interaction or special
vacuum expectation of Higgs field or other scalar fields. A
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FIG. 4. cos δ in viable range of parameter s of nonperturbative patterns B3-B5-B7 and A7-A4-B14.
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FIG. 5. cos δ in viable range of parameter s of nonperturbative patterns A4-B1-B10 and A5-B2-B9.

LEPTON MIXING PATTERNS FROM COMBINATIONS OF … PHYSICAL REVIEW D 93, 013010 (2016)

013010-13



large number of papers have constructed leptonic mixing
models for TBM-like patterns following this way, see
Refs. [31–37] for example.
As an illustrative case, we consider mixing models of

pattern A3-A5-B1. The specific mixing matrix of A3-A5-
B1 is expressed as:

U ¼

0
BBB@

ffiffi
2
3

q
c13

c13ffiffi
3

p e−iδs13

− 1ffiffi
6

p − eiδs13ffiffi
3

p 1ffiffi
3

p − eiδs13ffiffi
6

p c13ffiffi
2

p

1ffiffi
6

p − eiδs13ffiffi
3

p − 1ffiffi
3

p − eiδs13ffiffi
6

p c13ffiffi
2

p

1
CCCA

×

0
B@

eiα1 0 0

0 eiα2 0

0 0 1

1
CA: ð103Þ

In the basis where the mass matrix of charged lepton
is diagonal, the mass matrix of Majorana neutrinos is
written as:

Mν ¼ Udiagðm1; m2; m3ÞUT ¼ M0
ν þ δMν: ð104Þ

The zeroth-order mass matrix of neutrinos M0
ν is of the

form:

M0
ν ¼ UTBMdiagðm1; m2; m3ÞUT

TBM

¼

0
BB@

2m1

3
þ m2

3
− m1

3
þ m2

3
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3
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3
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3
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3
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6
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3
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3
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3
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3
− m1

6
− m2

3
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2
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6
þ m2

3
þ m3

2

1
CCA;

ð105Þ

where TBM mixing matrix is written as:

UTBM ¼

0
BBBBBB@

ffiffi
2
3

q ffiffi
1
3

q
0

−
ffiffi
1
6

q ffiffi
1
3

q ffiffi
1
2

q
ffiffi
1
6

q
−

ffiffi
1
3

q ffiffi
1
2

q

1
CCCCCCA
: ð106Þ

Here the Majorana phases have been absorbed into the
neutrino mass eigenvalues. And the correction to zeroth-
order mass matrix could be written as:

ðδMνÞ11 ¼ −
s213
3

ð2m1 þm2 − 3m3e−2iδÞ; ð107Þ

ðδMνÞ12 ¼
1

3
ð1 − c13Þðm1 −m2Þ

−
ffiffiffi
2

p

6
s13c13eiδðm2 þ 2m1Þ þ

ffiffiffi
2

p

2
s13c13e−iδm3;

ð108Þ

ðδMνÞ13 ¼
1

3
ð1 − c13Þðm2 −m1Þ

−
ffiffiffi
2

p

6
s13c13eiδðm2 þ 2m1Þ

þ
ffiffiffi
2

p

2
s13c13e−iδm3; ð109Þ

ðδMνÞ22 ¼
s213
6

e2iδðm2 þ 2m1Þ

þ
ffiffiffi
2

p

3
s13eiδðm1 −m2Þ −

s213
2

m3; ð110Þ

ðδMνÞ23 ¼
s213
6

e2iδðm2 þ 2m1Þ −
s213
2

m3; ð111Þ

ðδMνÞ33 ¼
s213
6

e2iδðm2 þ 2m1Þ

þ
ffiffiffi
2

p

3
s13eiδðm2 −m1Þ −

s213
2

m3: ð112Þ

In order to construct mixing models, we could choose a
special flavor group according to textures of M0

ν and δMν.
For example, we choose A4 as a flavor group. Following
the presentation of A4 in the Ref. [31,38], we could obtain
the general mass matrix of neutrinos [31]:

Mν ¼ m0

0
B@

aþ 2
3
b1 c − 1

3
b3 d − 1

3
b2

c − 1
3
b3 dþ 1

3
b2 a − 2

3
b1

d − 1
3
b2 a − 2

3
b1 cþ 1

3
b3

1
CA; ð113Þ

where m0, a, bi, c, d come from the vacuum expectation
values of scalar fields as singlet or triplet of A4. Then
employing the following equation:

m0

0
B@

aþ 2
3
b1 c − 1

3
b3 d − 1

3
b2

c − 1
3
b3 dþ 1

3
b2 a − 2

3
b1

d − 1
3
b2 a − 2

3
b1 cþ 1

3
b3

1
CA ¼ M0

ν þ δMν;

ð114Þ

we could obtain the special alignment of vacuum expect-
ation values of scalar fields. Now one may consider that we
have obtained a neutrinos mixing model that could interpret
the special mixing pattern. However, we should answer the
important question what the physical origin of special
alignment of vacuum expectations is. At the level of zeroth-
order mass matrix, the alignment of vacuum expectations
could be obtained by residual symmetries such as Z2, C3

after spontaneous breaking of A4, see Ref. [39] for
example. However, we should answer the further question
whether the assumption of such mixing model is stable
under the perturbation of small mixing parameters. Let us
examine the evolution of neutrinos mass matrix with s13. At
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present, absolute mass scales of neutrinos and ordering of
neutrino masses are unknown. The effects of s13 on
corrections to neutrinos mass matrix include follow-
ing cases:

(i) Case 1 jm1j ∼ jm2j ∼ jm3j. In this case, corrections
of order s213jmij could be omitted, the correction
matrix could be expressed as:

δMν ⋍

0
B@

0 ϵ2 ϵ2

ϵ2 ϵ1 0

ϵ2 0 −ϵ1

1
CA; ð115Þ

where ϵi is of the form:

ϵ1 ¼
ffiffiffi
2

p

3
s13eiδðm1 −m2Þ;

ϵ2 ¼
ffiffiffi
2

p

6
s13c13eiδð3e−2iδm3 −m2 − 2m1Þ: ð116Þ

(ii) Case 2 jm1j < jm2j < jm3j. In this case, corrections
of order s213jm3j cannot be omitted. The correction
matrix could be expressed as:

δMν ⋍

0
B@
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ϵ02 ϵ03 ϵ05
ϵ02 ϵ05 ϵ04

1
CA; ð117Þ

where ϵ0i is of the form:

ϵ01 ¼ m3s213e
−2iδ; ϵ05 ¼ −

s213
2

m3;

ϵ03 ¼
ffiffiffi
2

p

3
s13eiδðm1 −m2Þ −

s213
2

m3;

ϵ04 ¼
ffiffiffi
2

p

3
s13eiδðm2 −m1Þ −

s213
2

m3; ð118Þ

and the expression of ϵ02 is the same as ϵ2 in Case 1.
(iii) Case 3 jm3j < jm1j < jm2j. In this case, corrections

of order s213jmij could also be omitted, the correction
matrix is the same as that in Case 1.

From corrections of elements of the mass matrix, we can
see that small s13 corresponds to small modification of the
structure of the neutrinos mass matrix in the Case 1 and
Case 3. However, small s13 would change the neutrinos
mass matrix notably in the Case 2. Especially, for example,
if jm3j ∼ 10jmijði ¼ 1; 2Þ, the correction ϵ02 brought by
small s13 is large compared with the zeroth-order element.
Therefore, only when neutrinos mass scales of jmijði ¼
1; 2; 3Þ approximate or when neutrinos masses are in
inverted ordering, the corrections are small and could be
treated as perturbation. So the structure of the neutrinos
mass matrix of perturbative pattern is dependent on the

mass scales of neutrinos. A small variation of s13 may
correspond to large modifications to alignment of vacuum
expectation values in mixing models of Case 2. Therefore,
in general, the robustness of a mixing model on the basis of
flavor group is dependent on neutrinos mass scales. Similar
observations have been obtained in Refs. [40,41] with
different perturbative methods.

B. Evolutions of mass matrices of
nonperturbative patterns

Different to the perturbative patterns, there is no unified
formula to depict the nonperturbative mixing patterns.
Because the dependence of cos δ on sin2 θ13 is not
continuous when θ13 → 0, we cannot obtain a nonpertur-
bative pattern from perturbing TBM pattern. However, as a
theoretical program, we could still choose a zeroth-order
mixing pattern whose θ13 ≠ 0, and then take corrections
into consideration, see Ref. [42] for example. On the other
hand, we could survey various flavor groups and choose
special residual symmetries to construct viable mixing
models without extra corrections. Following this program,
orders of viable discrete flavor groups are very large. And
viable mixing patterns on the basis of large finite groups are
usually TM2, see Refs. [43–45].
For both of these programs, in order to study the stability

of the flavor model of a special mixing pattern, variation of
lepton mass matrix should be examined when the pertur-
bation of small mixing parameter is considered. As an
illustrative example, we discuss the evolution of neutrinos
mass matrix of pattern A5-B9-B12. The mixing matrix of
A5-B9-B12 is written as:

0
BBBBB@
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c13ffiffi
2

p

1
CCCCCA
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ð119Þ

where cos δ is listed in Table II. In the basis where the mass
matrix of charged lepton is diagonal, elements of mass
matrix of Majorana neutrinos are written as:

ðMνÞ11 ¼
11

16
c213m1 þ

5

16
c213m2 þ s213e

−2iδm3; ð120Þ

ðMνÞ12 ¼ −
ffiffiffi
2

p

32
ð

ffiffiffiffiffi
55

p
c13 þ 11s13c13eiδÞm1

þ
ffiffiffi
2

p

32
ð

ffiffiffiffiffi
55

p
c13 − 11s13c13eiδÞm2

þ
ffiffiffi
2

p

2
s13c13e−iδm3; ð121Þ
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ðMνÞ13 ¼
ffiffiffi
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32
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ffiffiffiffiffi
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p
s13eiδÞ2m2 þ

1

2
c213m3: ð125Þ

As the Ref [41], we introduce following parameters to
describe the structure of mass matrix, i.e.,

εa¼
ðMνÞ12−ðMνÞ13
ðMνÞ12þðMνÞ13

¼
ffiffiffiffiffiffiffiffi
110

p ðm2−m1Þ
−11

ffiffiffi
2

p
s13eiδðm1þm2Þþ16

ffiffiffi
2

p
s13e−iδm3

; ð126Þ

εb ¼
ðMνÞ22 − ðMνÞ33
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¼ 2
ffiffiffiffiffi
55

p
s13eiδðm1 −m2Þ

ð5þ 11s213e
2iδÞðm1 þm2Þ þ 16c213m3

: ð127Þ

Through the derivative

dεa
ds13
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s213
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ffiffiffiffiffiffiffiffi
110

p ðm2 −m1Þ
½−11 ffiffiffi

2
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eiδðm1 þm2Þ þ 16
ffiffiffi
2

p
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dεb
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55

p
eiδðm1 −m2Þ

ð5þ 11s213e
2iδÞðm1 þm2Þ þ 16c213m3

; ð129Þ

we can see that the structure parameter εa depends on small
parameter s213 singularly when s213 → 0. Thus, except the
case where the coefficient jCj ≪ 1, a small perturbation of
mixing parameter s13 would bring about a notable variation
of structure parameter εa. So the structure of mass matrix is
stable only in special mass ordering of neutrinos such as
normal hierarchy, i.e., jm1j≪ jm2j≪ jm3j or quasidegener-
acy, i.e., jm1j≃ jm2j < jm3j. Therefore, in general, the

robustness of the structure of neutrinos mass matrix of a
mixing model of nonperturbative pattern is also dependent
on the mass scales of neutrinos. Accordingly, a small
variation of s13 may correspond to large modifications to
alignment of vacuum expectation values in a mixing model
on the basis of flavor groups in the special mass ordering of
neutrinos.

V. SUMMARY

We have obtained all viable patterns of leptonic mixing
matrix on the basis of combinations of elementary corre-
lations of elements of mixing matrix. The elementary
correlations include type-A: jUαij ¼ jUβjj; type-B:
jUαij ¼ 2jUβjj. There are 9 viable type-A correlation
and 14 viable type-B correlation at 3σ level of mixing
parameters. With the help of μ − τ interchange of mixing
matrix, we examined all viable combinations of elementary
correlations. We obtained 83 viable combinations of two
elementary correlations and 62 viable combinations of
three elementary correlations. A combination of three
elementary correlations could determine a neutrinos mixing
pattern. All these viable patterns could be classified into
two groups: perturbative patterns and nonperturbative
patterns. The former can be obtained by perturbing
TBM. The latter cannot be obtained from any θ13 ¼ 0
pattern. The Dirac CP violating phases of perturbative
patterns are compared with those of nonperturbative
patterns through function cos δðsÞ and figures.
In order to study the robustness of leptonic mixing

models on the basis of flavor groups, evolutions of mass
matrix of neutrinos have been discussed via special
perturbative and nonperturbative mixing patterns. We
found that the mass matrix of neutrinos is stable under
the small variation of mixing parameter sin θ13 only in
special mass ordering of neutrinos. In general cases, a small
variation of sin θ13 may correspond to large modifications
to alignment of vacuum expectation values in a mixing
model on the basis of flavor groups. Therefore, small but
nonzero sin θ13 brings more stringent constraint on leptonic
mixing models on the basis of flavor groups than usual
views. A successful mixing model should not only predict
viable mixing parameters but also be stable under the small
variation of mixing parameter.
Finally, we note that a recent paper [46] has discussed

viable patterns on the basis of type-A correlation without
discussing evolutions of neutrinos mass matrices. Our work
incudes both type-A and type-B correlation. We find that,
in 62 viable patterns, only 3 are just from combinations of
correlations of type-A. So general methods and results of
our work are different from theirs.
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