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In this paper, we propose a novel expansion to compute the large interval limit of the Rényi entropy of
2D conformal field theory (CFT) at high temperature. Via the replica trick, the single interval Rényi entropy
of 2D CFTat finite temperature could be read from the partition function on n-sheeted torus connected with
each other along a branch cut. We calculate the partition function by inserting a complete basis across the
branch cut. Because of the monodromy condition across the branch cut in the large interval limit, the basis
of the states should be the ones in the twist sector. We study the twist sector of a general module of CFTand
find that there is a one-to-one correspondence between the twist sector states and the normal sector states.
As an application, we revisit the noncompact free scalar theory and discuss the large interval limit of the
Rényi entropy of this theory by using our proposal. We find complete agreement in the leading and next-
leading orders with direct expansion of the exact partition function. Moreover, we prove the relation (10)
between thermal entropy and the entanglement entropy for a generic CFT with discrete spectrum.
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I. INTRODUCTION

Entanglement entropy is an important notion to encode
the active degrees of freedom in many-body quantum
systems [1,2]. It is defined to be the von Neumann entropy
of reduced density matrix of subsystem A,

SA ¼ −TrAρA log ρA: ð1Þ
Here the reduced matrix is obtained by smearing over the
degrees of freedom of subsystem B complement to A,

ρA ¼ TrBρ; ð2Þ
with ρ being the density matrix of the whole system. If the
system is in a pure state, one has

SA ¼ SB: ð3Þ
However, if the system is in a thermal state, then its density
matrix should be

ρth ¼ e−βH; ð4Þ

where H is the total Hamiltonian. In the thermal case,
there is

SA ≠ SB ð5Þ

due to thermal effect. If A is the whole system, then the
entanglement entropy is exactly the thermal entropy of the
system.

To compute the entanglement entropy, it is convenient to
use the so-called Rényi entropy, which is defined to be

SðnÞA ¼ − 1

n − 1
log TrAρnA: ð6Þ

It is easy to see that the entanglement entropy and the Rényi
entropy are related by

SA ¼ lim
n→1

SðnÞA ; ð7Þ

if the analytic continuation n → 1 limit is well defined. This
provides a practical way to read the entanglement entropy.
For a quantum field theory which is of infinite degrees of

freedom, the entanglement entropy and Rényi entropy are
quite difficult to compute. It turns out that in higher
dimensions the leading contribution to the entanglement
entropy is proportional to the area of the boundary of the
subsystem. By the replica trick [3], the Rényi entropy in
two-dimensional quantum field theory can be transformed
into calculating the partition function on a higher genus
Riemann surface [4], which equals a multipoint correlation
function of twist operators up to a normalization

Sn ¼ − 1

n − 1
log

Zn

Zn
1

¼ − 1

n − 1
loghT þðu1ÞT −ðu2Þ;…i;

ð8Þ

where … means other twist operators, and Zn means the
partition function for n-sheeted surface connecting along
the branch cut. Such a computation is usually a formidable
task. The exact higher-genus partition function has only
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been known for the free boson and free fermion. In general,
one has to compute the partition function in a well
perturbative way. For example, in the two short interval
case, one may use the operator product expansion (OPE) of
the twist operators to compute the higher genus partition
function perturbatively in the order of small cross ratio [5].
Recently, by using this expansion, the holographic com-
putation of the two-interval entanglement entropy for the
conformal field theory (CFT) with gravitation dual has
been checked beyond the classical level [6–10].
In principle, the partition function for a higher genus

Riemann surface can be transformed into summing over a
series of multipoint correlation functions on the complex
plane by cutting and inserting a complete set of state basis
of the theory at some cycles. By modular duality, the
different ways of cutting the Riemann surface should lead
to the same result, but the convergence rates in the
summations could be different. The simplest example is
the partition function on a torus. In this case, the torus
could be cut open along the spatial or thermal cycle such
that the time or spatial direction is open. The
Euclideanized theory could be quantized along the open
direction and the partition function is the sum over all of
the resulting states. At low temperature, the thermal cycle
is longer than the spatial cycle so it is appropriate to
quantize the theory along the time direction and read the
partition function. On the contrary, at high temperature,
the spatial cycle is longer so it is better to quantize along
the spatial direction and compute the partition function. In
both situations, it is possible to quantize the theory in the
other way but the resulting summation series seem to be
pathological (slowly convergent), even though the parti-
tion function is actually the same for two kinds of
quantization. The strategy in computing the torus partition
function has been applied to the study of Rényi entropy of
a single interval on a torus.
For a general 2D CFT, the entanglement entropy of single

interval on a circle at finite temperature has only been
discussed not long before. In [11], the low temperature case
has been investigated. It was pointed out that there was a
universal thermal correction for a primary field in aCFTwith
a mass gap. In [12], the single interval Rényi entropy of a

finite temperature CFT with holographic dual has been
studied. It has been shown that the holographic computation
is a perfect match with the field theory computation. The
strategy underlying the field theory computation is that one
can expand the density matrix (or the partition function)
according to the energy of the states. In other words, the
density matrix (or the partition function) could be expanded
level by level and only the first few excitations dominate the
contributions. In this case, the n-genus Riemann surface
comes from the n torus being pasted along the spatial
interval. Due to the replica symmetry, onemay cut each torus
along the spatial cycle or thermal cycle, and insert the
complete set of state basis to compute the Rényi entropy
level by level. Similar to the torus partition function case, at
low temperature, one may cut along the spatial cycle of each
torus and get n cylinder pasting along the interval. After
quantizing the theory along the time direction, it is easy to
see that the first few excitations give the dominant correc-
tions to the entropy.
The entanglement entropy of a single interval on a circle at

high temperature is more subtle. When the interval is not
very large, one can use a modular transformation to
exchange the thermal direction and spatial direction. One
can quantize the theory along the spatial direction rather than
the thermal direction such that the thermal density matrix
could be taken as ρth ∝ e−RH ¼ e−2πðR=βÞðL0þ ~L0− c

12
Þ, with R

being the spatial length. Then the partition function (8) could
be obtained by inserting a complete basis along the imagi-
nary time cycles. As the spatial direction becomes open, the
torus becomes a cylinder, and the n-genus Riemann surface
becomes an n cylinder connecting along the branch cut. In
Fig. 1(a), the cylinder is unfolded as a rectangle with
opposite sides being identified. In each sheet, there is a
cycle AðiÞ along the imaginary time direction. If the interval
is not very large, one may cut the Riemann surface along the
cycle AðiÞ, and insert all the states. For the CFT with pure
AdS gravity dual, one can only consider the excitations from
the vacuum module in the large central charge limit. The
final partition function is an expansion with respect to
e−2πRT , as shown in Eqs. (3.14) and (3.29) in [12]. For
example, the classical part of the Rényi entropy is

Snjclassical ¼
c
6

1þ n
n

log sinhð2πTYÞ þ const − c
9

ðnþ 1Þðn2 − 1Þ
n3

�
sinh4ð2πTyÞe−4πTR

þ 4sinh4ð2πTyÞcosh2ð2πTyÞe−6πTR þ
�−11 − 2n2 þ 1309n4

11520n4
coshð16πTyÞ

−
−11þ 28n2 þ 199n4

1440n4
coshð12πTyÞ − 77 − 346n2 þ 197n4

2880n4
coshð8πTyÞ

− −77þ 436n2 þ 433n4

1440n4
coshð4πTyÞ þ −77þ 466n2 þ 907n4

2304n4

�
e−8πTR

�
þOðe−10πTRÞ; ð9Þ
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where y is the length of the interval. When the interval is
large enough such that its length is comparable with the size
of the circle y ∼ R, the expansion converge very slowly and
is not good anymore. This asks us to find another
perturbative way to compute the partition function more
effectively and reliably.
In this paper, we propose that in the large interval limit,

we need another way to cut the Riemann surface and
expand the partition function. In Fig. 1(a), there is also a
cycle marked as B which crosses the branch cut and goes
from one sheet to the next one n times before it goes back to
the original sheet. In Fig. 1(b), we translate the interval and
show the cycle B more clearly. We propose to insert a
complete basis at the cycle B and compute the Rényi
entropy perturbatively. As the fields satisfy a certain
monodromy condition from one sheet to the next one,
we may insert a complete basis in the twist sector and
expand the large interval partition function and the Rényi

entropy with respect to e−
2πRTΔi

n order by order, where Δi is
the conformal weight of the primary field of the theory.
After inserting complete twist sector states, the calculation
at each order transforms into a four-point function, two
operators being the twist operator and antitwist operator
respectively, the other two corresponding to the excited
states in the twist sector. In this kind of expansion, the
summation series could converge faster.
In the next section, we study the twist sector of orbifold

CFT. We show that there is an one-to-one correspondence
between the twist sector states and the normal sector states,
with their conformal dimension being related by

htwist ¼
1

n
hnormal þ

c
24

n

�
1 − 1

n2

�
:

We prove this correspondence first for the vacuum module
in a CFT and then a module characterized by an arbitrary
primary field.
To check our proposal, we revisit the Rényi entropy of a

noncompact free scalar at finite temperature in Sec. III. This
case has been discussed before in [13]. It was found that the
partition function could be written in terms of theta
functions. However we notice that the discussion about
the relation between W1

1 and W2
2 functions in [13] is

incorrect. Instead of giving a simple relation between
two W functions, we expand them in the small and large
interval limits and read the partition functions directly. On
the other hand, we recalculate these results by other ways to
support our calculation. For the small interval, we used the
operator product expansion of the twist operators to
compute the partition functions and found a new correction
beyond the universal one found in [11]. We show that this
correction comes from continuous spectrum of this gapless
model. We find complete agreement with the result from
the W function expansion. In the large interval limit, we
need to insert the twist sector states and find that the Rényi
entropy is in agreement with the one from direct W
functions expansion in the first few orders as well.
These good agreements support our treatment on W
functions and our proposal on computing the large interval
limit of Rényi entropy.

FIG. 1 (color online). Riemann surface for finite temperature Rényi entropy. The horizonal line denotes the spatial direction of unit
length, and the vertical line denotes the thermal direction of length β. Part (a) is the Riemann surface for n cylinders connected by a
branch cut which is denoted by a solid line T1T2. In each sheet, there is a cycle AðiÞ along the imaginary time direction. However there
could also be a cycle marked by B, which crosses the branch cut and goes from one sheet to the next one n times until it goes back to the
original sheet. Part (b) is the same as (a), just by shifting the branch cut to the boundary. In (c) we unfold the twist. The diagram is the
example for n ¼ 2. T2T1 (T 0

2T
0
1) denotes the complement of the original interval.
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Our study of the large interval limit of the Rényi entropy
on a torus is motivated by the holographic computation of
entanglement entropy [14–16]. The holographic entangle-
ment entropy of such a case has been discussed in [17,18].
From a holographic point of view, the high temperature 2D
CFT is dual to a Banados-Teitelboim-Zanelli (BTZ) black
hole. The holographic entanglement entropy of one single
interval could be read from the geodesics in the BTZ
background with the end being the end points of the
interval. When the interval is short, there is nothing special
happening, and the geodesic is similar to the one in the
global AdS3 and the entropy is just the length of the
geodesic. However when the interval is large, there could
be two possibilities. One is the usual geodesic length, while
the other one could be the sum of the BTZ black hole
horizon length and the geodesic length of a very short
interval complement to the original one. In other words,
when the interval is large, there could be a phase transition.
Accordingly the gravitational configuration could be
changed from one to the other as the interval increases.
Furthermore, it was suggested from the holographic dis-
cussion that the thermal entropy and entanglement entropy in
2D field theory is related by

Sth ¼ lim
ϵ→0

ðSEEð1 − ϵÞ − SEEðϵÞÞ: ð10Þ

This relation has been checked in the free fermion case [17].
It has also been claimed to be true for the noncompact free
boson in [13].As an application of our proposal,we prove the
relation for a general CFTwith discrete spectrum in Sec. IV.
The key point in our proof is the one-to-one correspondence
between the twist sector state and the normal sector state.
Moreover, we discuss the relation for the noncompact free
scalar. In this case, due to its continuous spectrum, there is a
log-logarithmic divergence on the left-hand side of the
relation, which is absent in the thermal partition function.
This discrepancy could be removed by regularizing the
theory and taking the limits appropriately.
We endwith some discussions in Sec. V. In the Appendix,

we collect some technical details on the W functions.

II. TWIST SECTOR

In this section, we study the twist sector of the orbifold
CFT arising from the replica trick in computing the nth
Renyi entropy. As examples, we discuss the vacuum
module, and a general CFT module characterized by a
primary operator. The discussions could be extended to a
concrete CFT without trouble. There was a similar dis-
cussion for the free scalar and fermion in [19].

A. Vacuum module

To simplify the problem, we consider the case that the
branch cut is from the origin to infinity. From the replica
trick, there are n sheets connected with each other at the

branch cut ½0;∞�, as in Fig. 2. This results in a n-sheeted
Riemann surface. Equivalently, we may consider an orbi-
fold CFT on a full complex plane, with n copies of fields
and twist boundary conditions around the origin and the
infinity. Let us first consider the twist boundary condition
around the origin

ϕðjÞðze2πiÞ ¼ ϕðjþ1ÞðzÞ; ð11Þ
with j ¼ 1;…; n modulo n labeling the sheets. Here ϕ can
be any field in a CFT.
Let us first consider the vacuum module of a CFT, all of

the operators coming from the stress tensor. We have the
boundary condition

TðjÞðze2πiÞ ¼ Tðjþ1ÞðzÞ; ð12Þ
and the OPE

TðiÞðz1ÞTðjÞðz2Þ∼δij
�

1

ðz1− z2Þ4
þ 2TðjÞðz2Þ
ðz1− z2Þ2

þ∂TðjÞðz2Þ
ðz1− z2Þ

�
:

ð13Þ
We can redefine the fields as

Tðt;kÞðzÞ≡Xn
j¼1

TðjÞðzÞe2πi
n kj; k¼ 0;1;…;n−1 ð14Þ

with Tðt;0Þ being the stress tensor for the orbifold CFT,
which is the sum over n copies of the original theory’s
stress tensor. By definition, the monodromy condition is

Tðt;kÞðze2πiÞ ¼ Tðt;kÞðzÞe−2πi
n k; ð15Þ

and the OPE for the redefined operators are

Tðt;k1Þðz1ÞTðt;k2Þðz2Þ ∼ δk1þk2;rn
cn
2

1

ðz1 − z2Þ4

þ 2

ðz1 − z2Þ2
Tðt;k1þk2−rnÞðz2Þ

þ 1

z1 − z2
∂Tðt;k1þk2−rnÞðz2Þ

þ ðnormal orderingÞ: ð16Þ

FIG. 2. One single interval from the origin to the infinity on a
full complex plane.
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In the above relation, we always choose an integer r such
that 0 ≤ k1 þ k2 − rn < n. We can expand the operators
Tðt;kÞ as1

Tðt;kÞðzÞ ¼
X
m∈Z

LðkÞ
m

zmþ2þk
n

: ð17Þ

For convenience, we may define

Lðk−anÞ
mþa ≡ LðkÞ

m ; ð18Þ

where 0 ≤ k < n and a is a nonzero integer, so we can write
the commutating relations in a simple way:

½LðkÞ
m1
;Lð−kÞ

m2
�¼ 1

12
nc

�
m1þ1þk

n

��
m1þ

k
n

�

×

�
m1−1þk

n

�
δm1;−m2

þ
��

m1þ
k
n

�
−
�
m2−k

n

��
Lð0Þ
m1þm2

; ð19Þ

and

½Lðk1Þ
m1

; Lðk2Þ
m2

� ¼
��

m1 þ
k1
n

�
−
�
m2 þ

k2
n

��
Lðk1þk2Þ
m1þm2

;

ð20Þ

for k1 þ k2 ≠ rn. With proper combination, this algebra is
the same as the Virasora algebra on the homogeneous part
but is different on the central extension term.
To study the spectrum, we need to pay attention to the

commutators with Lð0Þ
0 ,

½Lð0Þ
0 ; LðkÞ

m � ¼ −
�
mþ k

n

�
Lk
m: ð21Þ

When the operators LðkÞ
m act on a state, those with

m > 0; 0 ≤ k < n; or m ¼ 0; 0 < k < n ð22Þ

decrease the state’s conformal dimension, so they are
annihilation operators; while those with

m < 0; 0 ≤ k < n ð23Þ

increase the state’s conformal dimension, so they are
creation operators. Therefore we can define the vacuum
for the twist sector to be

LðkÞ
m jti ¼ 0 for m > 0; 0 ≤ k < n; or

m ¼ 0; 0 < k < n; ð24Þ

which is annihilated by all of the annihilation operators and
has the lowest conformal dimension. With the creation
operators acting on the twist vacuum we can get all of the
excited states in the twist sector.
As shown in Fig. 2, besides the origin there is another

branch point at the infinity around which we may define the
antitwist sector. Under a conformal transformation

~z ¼ 1

z
; ð25Þ

this branch point is transformed to the origin of the ~z plane.
Then the monodromy condition on the fields

TðjÞð~ze2πiÞ ¼ Tðj−1Þð~zÞ ð26Þ

define the antitwist sector. Similarly we can introduce new
fields

Tð~t;kÞð~zÞ≡Xn
j¼1

TðjÞð~zÞe2πi
n kj; ð27Þ

with the monodromy condition

Tð~t;kÞð~ze2πiÞ ¼ Tð~t;kÞð~zÞe2πik
n ; ð28Þ

and the modes expansion

Tð~t;kÞð~zÞ ¼
X
m∈Z

~LðkÞ
m

~zmþ2−k
n

: ð29Þ

After defining

~LðkþanÞ
mþa ≡ ~LðkÞ

m ; ð30Þ

where 0 ≤ k < n and a is a nonzero integer, we find the
commutating relations

½ ~LðkÞ
m1
; ~Lð−kÞ

m2
� ¼ 1

12
nc

�
m1 þ 1 − k

n

��
m1 − k

n

�

×

�
m − 1 − k

n

�
δm1;−m2

þ
��

m1 − k
n

�
−
�
m2 þ

k
n

��
~Lð0Þ
m1þm2

;

ð31Þ

and

1To simplify the notation, we use LðkÞ to denote the mode
expansion of the operators Tðt;kÞ in the twist sector. It does not
denote the mode expansion of TðkÞ in the kth replica.
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½ ~Lðk1Þ
m1

; ~Lðk2Þ
m2

� ¼
��

m1 − k1
n

�
−
�
m2 − k2

n

��
~Lðk1þk2Þ
m1þm2

;

ð32Þ

for k1 þ k2 ≠ rn. The commutators with ~Lð0Þ
0 are

½ ~Lð0Þ
0 ; ~LðkÞ

m � ¼
�
−mþ k

n

�
~LðkÞ
m : ð33Þ

The operators ~LðkÞ
m with

m > 0; 0 ≤ k < n; ð34Þ

are the annihilation operators, while those with

m < 0; 0 ≤ k < n or m ¼ 0 0 < k < n ð35Þ

are the creation operators. The vacuum for the antitwist
sector should satisfy

~LðkÞ
m j~ti ¼ 0; for m > 0; 0 ≤ k < n; ð36Þ

and the excited states are generated by ~LðkÞ
m with m < 0,

0 ≤ k < n or m ¼ 0, 0 < k < n acting on the vacuum.
We can define an inner product between a twist sector

state at the origin and an antitwist sector state at the infinity.
Actually, the twist and antitwist boundary condition always
appear simultaneously, and the inner product is only well
defined between a twist sector state and its corresponding
antitwist sector state. From Fig. 2 and the conformal
transformation (25), the fields have the twist boundary
condition (12) at the origin and the antitwist boundary
condition (27) at the infinity. We describe the full Riemann
surface by two coordinate patches z and ~z. Near the origin
of each coordinate patch, we can act the creation operators
on the vacuum to build a full twist and antitwist sector. Note
that the creation operators are different at the origins in
different coordinate patches. Then the correlation function
defines an inner product between the twist sector state and
the antitwist sector state.
Under the conformal transformation (25),

Tð~t;kÞð~zÞ ¼ Tðt;kÞðzÞ
�∂z
∂ ~z

�
2

; ð37Þ

where the Schwarzian term disappears in this conformal
transformation. The modes at the infinity and the ones at
the origin are related by

~LðkÞ
m j~z ¼ LðkÞ−mjz; ð38Þ

where the creation operators at the origin of ~z coordinate
are the annihilation operators at the infinity of the z
coordinate. With these relations, we can define the inner

product between a twist sector state and an antitwist sector
state. The definition of the inner product is actually the
same as the one based on self-conjugation [20].
Up to now, we have built the twist and antitwist sector and

introduced the inner product between the states in two sectors.
With this knowledge, we now show that there is a one-to-one
correspondence between the twist sector state of the orbifold
and the normal sector state in a full complex plane.
To study the relation between the twist sector states and

the normal sector states, we need to take a coordinate
transformation

w ¼ z
1
n; ð39Þ

which unfolds the n-sheeted Riemann surface from Fig. 2
to the complex plane w. Under this transformation the

operator LðkÞ
m has a correspondent in the w coordinate,

LðkÞ
m jz ¼

1

2πi

I
dzTðt;kÞzmþk

nþ1

¼ 1

2πi

I
dz

Xn
j¼1

TðjÞðzÞe2πi
n kjzmþk

nþ1

¼ 1

2πi

I
jn
dzTð1ÞðzÞe2πi

n kzmþk
nþ1

¼ e
2πi
n k

1

2πi

I
dwnwn−1

�
TðwÞ

�∂w
∂z

�
2

þ c
12

fw; zg
�
ðwnÞmþk

nþ1

¼ e
2πi
n k

�
1

n
Lmnþk þ

c
24

n

�
1 − 1

n2

�
δmnþk;0

�
jw; ð40Þ

where jn means taking the integral around the origin n
times. Therefore, for each operator in the twist sector, there
is a corresponding operator in the untwist coordinate. For

LðkÞ
m k ≠ 0 or m ≠ 0, the corresponding operator is Lmnþk,

so the creation or annihilation operators in the z coordinate
correspond to the creation or annihilation operators in the w

coordinate. For Lð0Þ
0 the corresponding operator is L0 plus a

constant term which equals the conformal dimension of the
twist vacuum. This is in accord with the fact that when we
act the corresponding operators on the vacua in two
coordinates,

Lð0Þ
0 jtijz ¼

c
24

n

�
1 − 1

n2

�
jtijz;

�
1

n
L0 þ

c
24

n

�
1 − 1

n2

��
j0ijw ¼ c

24
n

�
1 − 1

n2

�
j0ijw;

ð41Þ
they read the same result. Here jtijz is the twist sector
vacuum, and j0ijw is the normal sector vacuum. Moreover,
there are commutation relations
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½Lð0Þ
0 ; LðkÞ

m � ¼ −
�
mþ k

n

�
LðkÞ
m jz;

½L0; Lmnþk� ¼ −ðmnþ kÞLmnþkjw; ð42Þ

for m ≠ 0 or k ≠ 0. Based on the correspondence between
the operators in the twist sector and the normal sector, we
can build the states in the twist sector and in the normal
sector by acting the corresponding creation operators on the
vacua, with their conformal dimensions being related by

htwist ¼
1

n
hnormal þ

c
24

n

�
1 − 1

n2

�
: ð43Þ

Furthermore, considering the fact that the commutating
relations in two coordinates keep the same form, we can
show that the inner products of corresponding operators on
the two sides are the same, from (40) and (41). When we
take an inner product of two normal states in the vacuum
module, we can always move the creation operators to the
left and the annihilation operators to the right, and finally
find

h0jfðL0Þj0ijw; ð44Þ

where f is a polynomial of the operator L0. On the other
hand, in the z coordinate we can do the similar operation,
because the commutation relations are the same in two
coordinates. Therefore the inner product in the w coor-
dinate can transform into the one in the z coordinate,

h~tjf
�
nLð0Þ

0 − c
24

n2
�
1 − 1

n2

��
jtijz: ð45Þ

Based on (41), the relations (44) and (45) produce the same
answer. In other words, the inner products of the corre-
sponding operators in the twist sector and the normal sector
are actually the same. As a result, the null states in the w
coordinate correspond to the null states in the z coordinate.
Let us show the null states in the twist sector for vacuum

module explicitly. In the vacuum module, the state L−1j0i
and its descendants are null states. Correspondingly in the

twist sector, the state Lðn−1Þ
−1 jti and those with creation

operators acting on it are also null states. To see this, let us
compute the inner product

h~tjLð1Þ
0 Lðn−1Þ

−1 jti¼ h~tjLð1Þ
0 Lð−1Þ

0 jti

¼ h~tj
�
2

n
Lð0Þ
0 þ 1

12
nc

�
1

n
þ1

�
1

n

�
1

n
−1

��
jti

¼ 0: ð46Þ

In the above calculation, we used the fact that the conformal
dimension of the twist vacuum is h ¼ c

24
nð1 − 1

n2Þ. There is
only one state with the same conformal dimension in the
antitwist sector, so we have proved that the inner product

with Lðn−1Þ
−1 jti is always zero, and also for the states with the

creation operators acting on it.
Besides, we would like to point out that there may be

extra primary states in the twist sector. Considering the
operators Lðn−iÞ

−1 acting on the twist vacuum, the resulting
states have conformal dimensions

h ¼ hv þ
i
n
; ð47Þ

where hv is the conformal dimension of the twist vacuum. It
is easy to see all such states can be annihilated by the

operators Lð0Þ
m , m > 0 in Virasoro algebra. So Lðn−iÞ

−1 jti are
the primary states, whose corresponding operators are
primary operators. Such new primary operators in the twist
sector have been discussed before in the free boson
case [20].

B. Other modules

We can extend the previous discussion to other modules
of a CFT. To simplify the discussion, we consider the
module characterized by a primary field ϕðz; z̄Þ with
conformal dimension ðh; h̄Þ. The modular invariance con-
strains the operator content of a CFT. For rational CFT,
including minimal models and Wess-Zumino-Novikov-
Witten models, h − h̄ in a module has to be an integer
[21]. Therefore in the following discussion, we focus on the
primary field with (h − h̄) being an integer. Because of the
appearance of both holomorphic and antiholomorphic
sectors, the discussion is more complicated than the
discussion on the vacuum module. In the twist sector the
monodromy condition is

ϕðjÞðze2πi; z̄e−2πiÞ ¼ ϕðjþ1Þðz; z̄Þ; ð48Þ
and the OPE is

Tðj1Þðz1Þϕðj2Þðz2; z̄2Þ ∼ δj1;j2
�

h
ðz1 − z2Þ2

ϕðj2Þðz2; z̄2Þ

þ 1

z1 − z2
∂ϕðj2Þðz2; z̄2Þ

�
; ð49Þ

and antiholomorphic part

T̄ðj1Þðz̄1Þϕðj2Þðz2; z̄2Þ ∼ δj1;j2
�

h̄
ðz̄1 − z̄2Þ2

ϕðj2Þðz2; z̄2Þ

þ 1

z̄1 − z̄2
∂̄ϕðj2Þðz2; z̄2Þ

�
: ð50Þ

We may redefine the fields

ϕðt;kÞðz; z̄Þ ¼
Xn
j¼1

e
2πi
n kjϕðjÞðz; z̄Þ ð51Þ
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with the monodromy condition

ϕðt;kÞðze2πi; z̄e−2πiÞ ¼ ϕðt;kÞðz; z̄Þe−2πik
n : ð52Þ

The OPEs for the redefined fields are

Tðt;k1Þðz1Þϕðt;k2Þðz2; z̄2Þ ∼
h

ðz1 − z2Þ2
ϕðt;k1þk2−rnÞðz2; z̄2Þ

þ 1

z1 − z2
∂ϕðt;k1þk2−rnÞðz2; z̄2Þ;

ð53Þ

and

T̄ðt;k1Þðz̄1Þϕðt;k2Þðz2; z̄2Þ ∼
h̄

ðz̄1 − z̄2Þ2
ϕðt;k1þk2−rnÞðz2; z̄2Þ

þ 1

z̄1 − z̄2
∂̄ϕðt;k1þk2−rnÞðz2; z̄2Þ;

ð54Þ

with 0 ≤ k1 þ k2 − rn < n.
To find the spectrum of the twist sector, let us start from

the primary field on the complex plane ω. The primary field
is composed of the holomorphic and antiholomorphic parts

ϕðw; w̄Þ ¼ ϕLðwÞϕ̄Rðw̄Þ; ð55Þ

with the mode expansion [22]

ϕLðwÞ ¼
X

m¼−hþs

ϕm

wmþh ;

ϕ̄Rðw̄Þ ¼
X

m̄¼−h̄þs̄

ϕ̄m̄

w̄m̄þh̄
: ð56Þ

Here s and s̄ are integers. The monodromy conditions for
ϕLðwÞ and ϕ̄Rðw̄Þ are trivial. Under the conformal trans-
formations (39), these fields in the z coordinate could be
expanded as

ϕLðzÞ ¼ ϕLðwÞ
�∂w
∂z

�
h
¼ 1

nh
X

m¼−hþs

ϕm

zhþm
n
; ð57Þ

ϕ̄Rðz̄Þ ¼ ϕ̄Rðw̄Þ
�∂̄ w̄
∂̄ z̄

�
h̄
¼ 1

nh̄

X
m̄¼−h̄þs̄

ϕ̄m̄

z̄h̄þm̄
n

; ð58Þ

ϕðz; z̄Þ ¼ ϕLðzÞϕ̄Rðz̄Þ ¼
1

nhþh̄

X
m¼−hþs

ϕm

zhþm
n

X
m̄¼−h̄þs̄

ϕ̄m̄

z̄h̄þm̄
n

ð59Þ

with the monodromy condition

ϕLðze2πinÞ ¼ ϕLðzÞe−2πiðn−1Þh; ð60Þ

ϕ̄Rðz̄e−2πinÞ ¼ ϕ̄Rðz̄Þe2πiðn−1Þh̄; ð61Þ

ϕðze2πin; z̄e−2πinÞ¼ϕðz;z̄Þe2πiðn−1Þðh̄−hÞ ¼ϕðz;z̄Þ: ð62Þ
This shows the single valuedness of the field in the n-
sheeted coordinate. In fact, on an n-sheeted Riemann
surface, the operators should have trivial monodromy when
it goes around the branch point n times. Even though both
ϕL and ϕ̄R do not carry such monodromy, their products do,
provided that h − h̄ is an integer.
We can transform the field theory on the n-sheeted

Riemann surface to a single sheet orbifold CFT, by
rewriting the fields as

ϕðjÞðz; z̄Þ ¼ ϕðze2πiðj−1Þ; z̄e−2πiðj−1ÞÞ: ð63Þ

In this way we can read the expansion for the field in the
twist sector

ϕðt;kÞ ¼ 1

nhþh̄−1 e
2πi
n k

X
m¼−hþs;m̄¼−h̄þs̄

m−m̄¼kþan

ϕmϕ̄m̄

zhþm
n z̄h̄þm̄

n

¼ 1

nhþh̄−1
X

m¼−hþs;m̄¼−h̄þs̄
m−m̄¼kþan

ϕ0
mϕ̄

0̄
m

zhþm
n z̄h̄þm̄

n

; ð64Þ

where we define

ϕ0
m ≡ e2πi

m
nϕm; ð65Þ

ϕ̄0̄
m ≡ e−2πim̄nϕm̄: ð66Þ

Taking into the OPE we get the commuting relations

½Lðk1Þ
m1

;ϕ0
m2
� ¼

��
m1 þ

k1
n

�
ðh − 1Þ −m2

n

�
ϕ0
m1nþk1þm2

;

ð67Þ

½L̄ðk̄1Þ
m̄1

; ϕ̄0̄
m2
� ¼

��
m̄1 þ

k̄1
n

�
ðh̄ − 1Þ − m̄2

n

�
ϕ0
m̄1nþk̄1þm̄2

:

ð68Þ

Under the conformal transformation (39), the operators in
the two coordinates are related by

LðkÞ
m

����
z
→ e

2πi
n k

�
1

n
Lmnþk þ

c
24

n

�
1 − 1

n2

�
δmnþk;0

�����
w
;

ϕ0
mjz → e2πimϕmjw;

ϕ̄0̄
mjz → e−2πim̄ϕm̄jw: ð69Þ

As in the vacuum module we may build a one-to-one
correspondence between the operators in the twist
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coordinate z and the one in the untwist coordinate w. The
first nonzero state is

ϕ0−hϕ̄0
−h̄jti; ð70Þ

with the conformal dimension ðhn þ c
24
ð1 − 1

n2Þ; h̄nþ
c
24
ð1 − 1

n2ÞÞ, which corresponds to the primary state
ϕ−hϕ−h̄j0i. All of the other states can be built from this

state by acting on the creation operators LðkÞ
m and L̄ðkÞ

m . In the
same way as in the vacuum module, we can prove that there
is a one-to-one correspondence between the twist sector
states and the normal sector states in a module of the CFT.
We can also define an inner product between the twist
sector state and antitwist sector state. Similarly the null
states in the twist and normal sectors are also in corre-
spondence. For example, in the w coordinate the state

jψi ¼
�
L−2 − 3

2ð2hþ 1ÞL
2−1
�
ϕ−hj0i ð71Þ

is a null state, if

h ¼ 1

16
ð5 − c�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − cÞð25− cÞ

p
: ð72Þ

Under the conformal transformation, in the z coordinate it
corresponds to

e
−2πi
n ðhþ2Þ

�
nLðn−2Þ

−1 − 3

2ð2hþ 1Þ ðnL
ðn−1Þ
−1 Þ2

�
ϕ0−hϕ̄0

−h̄jti;

ð73Þ

which is also a null state.
Therefore we have shown that for an n-sheeted orbifold

the twist sector states have a one-to-one correspondence
with single field normal sector states. Their corresponding
conformal dimensions are related by (43). This correspon-
dence could be intuitively understood as follows. If we take
a coordinate transformation

u ¼ β

2πi
log z; ð74Þ

transforming the z coordinate into a cylinder of spatial
length β. There are n copies of the field with the boundary
condition

ϕiðuþ βÞ ¼ ϕiþ1ðuÞ: ð75Þ

The energy is [11]

H ¼ 2π

β

�
Ltwist þ L̄twist − nc

12

�

¼ 2π

nβ

�
Lnormal þ L̄normal − c

12

�
¼ Hnormal

n
: ð76Þ

Here in the first equality we have used the fact that the
central charge of the orbifold CFT is nc because there are n
copies of the fields. For the next equality we used the
relation (43). The relation (76) shows that the energy of a
twist sector state is 1

n of the one of the normal sector state on
the cylinder of spatial length β. The energy of a twist sector
state also equals the energy of the normal sector state on a
cylinder of spatial length nβ. Actually we can take a
conformal transformation

v ¼ nβ
2πi

log z; ð77Þ

unfolding the n copies of fields onto a cylinder of spatial
length nβ. The state on this cylinder is a normal sector state
with the energy being 1

n of the one of the state on a cylinder
of length β, as shown in (76). So the twist sector states in
the z coordinate are just the normal states in the v
coordinate, after we unfold the twist boundary condition.
The relation (43) suggests that with respect to the twist

sector states, the thermal correction of a primary field of
conformal weight Δ to the Rényi entropy should be
expanded in terms of e−2πRTΔ=n at high temperature, rather
than e−2πRTΔ. More generally, the correction is proportional
to e−2πRTΔt , where Δt is the conformal weight of the
excitations in the twist sector. We will see this fact
explicitly in the noncompact free scalar case.

III. NONCOMPACT SCALAR AT HIGH
TEMPERATURE

In this section, we study the single interval Rényi entropy
on a circle for noncompact complex scalar at high temper-
ature. The Rényi entropy for the free scalar has been
discussed in [13]. Based on the results obtained in [13], we
carefully calculate the leading order contribution with
respect to high temperature expansion in both small interval
and large interval limits. For the large interval case, we redo
the calculation by inserting the twist sector states at the
twist boundary, and find the agreement. This gives a
consistent check of our recipe.2

There are many discussions on multipoint correlation
functions of twist operators for compact scalar at zero
temperature and finite temperature [19,23–25]. For non-
compact scalar, we just need to set the compact radius to
infinity. Let us first give a brief review and introduce the
strategy to calculate the multipoint twist operator correla-
tion functions.
As we said, the correlation function with only twist

operators equals the partition function of the higher genus
Riemann surface. On the Riemann surface there are non-
trivial cycles. For a compact scalar, going around the
nontrivial cycle, it satisfies the boundary condition

2In this section, we set the spatial length of the worldseet to be
unit, i.e. R ¼ 1, to simplify the notation.
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Φð ~uÞ ¼ ΦðuÞ þmV; ð78Þ

where ~u means that the argument u moves around a
nontrivial cycle and goes back to the original point, m is
an integer-valued complex number, and V is the radius of
target space. For each boundary condition, there is one
classical solution as the saddle point. At each saddle
point, the classical action and its quantum correction
contribute to the partition function. Summing over the
contribution of all saddle points gives the full partition
function. For a free scalar, there is no interaction term, so
the quantum correction is 1-loop exact. Since there is only a
quadratic term in the action, if we decompose the field as

Φ ¼ Φsaddle point þ Φquantum; ð79Þ

the action for the quantum fluctuation is the same as the
original one, insensitive to the boundary condition. In other
words, the quantum correction is the same for every
saddle point.
The quantum part of the partition function can be

computed by using the Ward identity. Since the quantum
fluctuation of the scalar is single valued in the n-sheeted
Riemann surface, it is easy to transform back to n copies of
scalar on a full complex plane with the boundary condition
(11). We can define the scalars as before,

Φðt;kÞ ¼
Xn
j¼1

e
2πi
n jkΦðjÞ; ð80Þ

where 0 ≤ k < n. Each newly defined scalar has a simple
monodromy condition. The scalar gets a phase factor e2πi

k
n

or e−2πikn moving around the branch points, and does not
change around nontrivial cycles, so these new defined
fields do not couple with each other and we can study them
separately. In this section we write Φðt;kÞ as Φ for short. For
each scalar, we have the Green functions

gðu; u0; ui; ūiÞ ¼
1

Zk;n



− 1

2
∂uΦ∂u0Φ̄T ðuiÞ…

�
;

hðū; u0; ui; ūiÞ ¼
1

Zk;n



− 1

2
∂ ūΦ∂u0Φ̄T ðuiÞ…

�
; ð81Þ

“…” means other twist operators. By the monodromy
condition around each branch point and the single-valued-
ness around nontrivial cycles

Δγ ¼
I
γ
du∂Φþ

I
γ
dū ∂̄ Φ ¼ 0; ð82Þ

we can determine the Green function (81). With these
Green functions, we can read the expectation function for
the stress tensor on the Riemann surface

hTðuÞijRS ¼
hTðuÞT ðuiÞ…i

Zk;n

¼ lim
u0→u

�
gðu; u0Þ − 1

ðu − u0Þ2
�
: ð83Þ

Using the Ward identity

TðuÞT ðuiÞ ∼
h

ðu − uiÞ2
þ 1

u − ui
∂uiT ðuiÞ; ð84Þ

we get

∂ui logZ
qu
k;n ¼ lim

u→ui

�
ðu − uiÞhTðuÞi − h

ðu − uiÞ
�
; ð85Þ

where h ¼ 1
2
k
n ð1 − k

nÞ [13]. Solving the differential equa-
tion, we find the partition function Zk;n for the scalar Φðt;kÞ.
Multiplying all the Zk;n for 0 ≤ k < n, we get the full
quantum contribution of the partition function. There is no
contribution from the classical part in the noncompact
scalar.
The partition function and the Rényi entropy for single

interval at finite temperature has been studied in [13]. For a
noncompact scalar, the correlation function of two twist
operators on the torus is [13,23]

hT þðu1ÞT −ðu2Þi

¼Zn

Zn
1

¼
Yn−1
k¼0

2Imτ

jdetWðk;nÞj
����ϑ1ðu2−u1jτÞ

ϑ01ð0jτÞ
����
−2knð1−k

nÞ
; ð86Þ

where u1 and u2 are the branch points and

detWðk; nÞ ¼ W1
1ðk; nÞW2

2ðk; nÞ −W1
2ðk; nÞW2

1ðk; nÞ:
ð87Þ

These W functions are defined in [13]. On the torus, the
modular parameter has been chosen to be

τ ¼ iβ; ð88Þ

such that the W functions are related by

ðW1
1Þ� ¼ W1

1 ¼ W2
1; ðW1

2Þ� ¼ −W1
2 ¼ W2

2: ð89Þ

In the Appendix we list W1
1ðk; nÞ and W2

2ðk; nÞ in 7(a) and
7(b) respectively.
However, our treatment on W1

1 and W2
2 is different from

the one in [13]. Actually we find that the relation (A6)
between W1

1 and W2
2 suggested in [13] is problematic.

Instead, we computeW1
1 andW

2
2 explicitly in both the short

interval and large interval limits. The detailed computation
can be found in the Appendix.
For the noncompact scalar, there is no periodic identi-

fication in the target space, so that the n scalars Φðt;kÞ are
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decoupled and their partition functions Zk;n with the twist
boundary condition could be calculated separately.
Similarly, the twist operator can also be decomposed into
n decoupled ones,

T ¼
Yn−1
k¼0

T ðkÞ; ð90Þ

where T ðkÞ only decide the boundary condition for Φðt;kÞ.
With this definition, we have

hT ðkÞþðu1ÞT ðkÞ−ðu2Þi

¼ Zk;n

Z1

¼ 2Imτ

j detWðk; nÞj
����ϑ1ðu2 − u1jτÞ

ϑ01ð0jτÞ
����
−2knð1−k

nÞ
: ð91Þ

A. Small interval

Let us first consider the short interval case. In this case,
we may expand the functions W1

1 and W2
2 and compute the

correlation function of the twist operators directly.
Alternatively, as the interval is short, we can take the
operator product expansion (OPE) of the twist operators
and calculate each term order by order. We indeed find
good agreement.
Here we set the two twist operators at u1 and u2 with

u2 − u1 ¼ l, as in Fig. 1(a), and the solid line betweenu1 and
u2 is the branch cut. The explicit expansion forW1

1 andW
2
2

has been given in (A10) and (A11) respectively. Substituting
them into the correlation function (86), we obtain

Zn

Zn
1

¼hT þðu1ÞT −ðu2Þi

¼ l−
1
3
nð1− 1

n2
Þ
�
1þ 1

18
n

�
1− 1

n2

�
l2

β2
½3πβ−π2þ24π2e−2π

β �

þOðl3ÞþO

�
e−

4π
β

��
; ð92Þ

and

Sn ¼
nþ 1

3n

�
log lþ 1

6

l2

β2
ðπ2 − 3πβ − 24π2e−

2π
β Þ
�

þOðl3Þ þOðe−4π
β Þ; ð93Þ

SEE ¼ 2

3

�
log lþ 1

6

l2

β2
ðπ2 − 3πβ − 24π2e−

2π
β Þ
�

þOðl3Þ þOðe−4π
β Þ: ð94Þ

From the first line of the correlation function, we can see
that at the leading order of e−

2π
β , it seems to be different from

Cardy and Herzog’s universal thermal correction to the
single-interval Rényi entropy [11]. At low temperature, the
excited states contribute to the partition function. In [11], it

has been shown that for a primary field of dimension Δ in a
CFTwith mass gap, its leading thermal contribution is of a
universal form e−2πβΔ. At high temperature, we can read the

universal correction e−
2π
βΔ by as S-duality. Obviously

besides such a universal term, there are other terms in
(92). The discrepancy actually originates from the con-
tinuous spectrum of the noncompact scalar. Note that the
universal thermal correction found in [11] is based on the
assumption that the CFT has a mass gap, which means that
the vacuum is unique.3 The noncompact scalar obviously
does not belong to this class. For a noncompact scalar, at

each order of e−
2π
β we have to integrate all of the continuous

spectrum, which changes the form of the partition function.
To see this point, we compute the partition function in two
different ways.
In the first way, we take the OPE of the two twist

operator as the interval is small. Because the operator
with nonzero momentum has a zero one-point function
on the torus, we only keep the zero momentum terms in
the OPE,

T þðu1ÞT −ðu2Þ¼cnl−
1
3
ðn−1

nÞ
�
1þ

X
i

1

12

�
1− 1

n2

�
l2TðiÞð0Þ

þ
X
i

1

12

�
1− 1

n2

�
l2T̄ðiÞð0ÞþOðl3Þ

�
;

ð95Þ

where TðiÞ and T̄ðiÞ are the energy-momentum tensors
in the ith replica. We can calculate the expectation
values of TðiÞ from the two-point function on a
torus [21]

hΦðu; ūÞΦ̄ðu0; ū0Þi ¼ −2 log
���� ϑ1ðu − u0jτÞ

ϑ01ð0jτÞ
e−π

ðImðu−u0ÞÞ2
Imτ

����
2

;

ð96Þ

where the factor 2 is because we are considering a
complex scalar. Considering

T ¼ − 1

2
∶∂Φ∂Φ̄∶; ð97Þ

we get the expectation of energy momentum tensor

3Wewould like to thank C.P. Herzog for clarifying the working
assumption in [11].
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hTi ¼ lim
u→u0

− 1

2
h∂Φðu; ūÞ∂Φ̄ðu0; ū0Þi − 1

ðu − u0Þ2

¼ πi
2

τ
− 1

3

ϑð3Þ1 ð0j − 1
τÞ

ϑ01ð0j − 1
τÞ

− π

Imτ

¼ π

β
− π2

3β2
ð1–24e−2π

β Þ þOðe−4π
β Þ: ð98Þ

Taking this into (95), we find

hT þðu1ÞT −ðu2Þi ¼ cnl
−1

3
nð1− 1

n2
Þ
�
1þ l2

6
n

�
1 − 1

n2

�

×

�
π

β
− π2

3β2
þ 8

π2

β2
e−

2π
β þOðe−4π

β Þ
�

þOðl3Þ
�
; ð99Þ

which match with (92) up to l2 and − 2π
β . This suggests

that our treatment on the W functions is correct.
The l2 term in (99) is remarkable. The appearance of

such a term is a general feature for a single interval in a
finite system [5]. This kind of term is absent if we follow
the relation (A6) and the expansion (A11).

Next let us compute the partition function in a different
way. Instead of using the OPE of two twist operators, we
insert a complete basis of n copies of the normal sector to
compute the multipoint functions directly. The strategy is
similar to the one in [11,12], with the difference that the
spectrum for noncompact scalar is continuous. For sim-
plicity, let us consider a real noncompact scalar X, whose
spectrum includes the primary states jki and their descend-
ants. The conformal dimension for the state jki is ðk2

2
; k

2

2
Þ.

At high temperature the theory is quantized along the
spatial direction, then the torus partition function is

Z1 ¼ Tre−H ¼
Z

dke−
2π
β ðk2− 1

12
Þ þOðe−2π

β Þ

¼
�
β

2

�1
2

e
π
6β þOðe−2π

β Þ; ð100Þ

where the spatial direction is of unit length, and theOðe−2π
β Þ

comes from the descendant states. For other partition
functions Zn, the computation is similar to [11,12]. Here
we take Z2 as an example. In this case

Z2 ¼
Z

dk1dk2e
−2π

β ðk21þk2
2
−1

6
Þhk1k2jT þðu1ÞT −ðu2Þjk1k2i þOðe−2π

β Þ

¼ e
π
3βh0jT þðu1ÞT −ðu2Þj0i

Z
dk1dk2e

−2π
β ðk21þk2

2
Þ hk1k2jT þðu1ÞT −ðu2Þjk1k2i

h0jT þðu1ÞT −ðu2Þj0i
þOðe−2π

β Þ; ð101Þ

where u1 ¼ − l
2
, u2 ¼ l

2
. The vacuum correlation function has already been given in finite temperature Réntyi entropy on

infinite space [4]

h0jT þðu1ÞT −ðu2Þj0i ¼
�
β

π
sinh

π

β
l

�−1
4 ¼ l−1

4

�
1 − 1

24

π2l2

β2
þOðl4Þ

�
: ð102Þ

For the correlation function on the state jk1k2i, we can take a conformal transformation,

z ¼ e
2πu
β ; ð103Þ

to a complex plane with two twist operators being at z1 ¼ e−
πl
β ; z2 ¼ e

πl
β . The vertex operators for jki at the origin and the

infinity are respectively

jki → eikXðzÞjz¼0

→ e−ikXðz0Þz0k2 z̄0k2 jz0→∞: ð104Þ

With the vertex operators at the origin and the infinity, we may regard the correlator as a multipoint correlation function on
an n-sheeted Riemann surface connected at the branch cut ½z1; z2�. Under a conformal transformation

y ¼
�
z − z1
z − z2

�1
n

; ð105Þ
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the Riemann surface transforms into a full complex plane. Then we find

hk1k2jT þðu1ÞT −ðu2Þjk1k2i
h0jT þðu1ÞT −ðu2Þj0i

¼ hk1k2jT þðz1ÞT −ðz2Þjk1k2i
h0jT þðz1ÞT −ðz2Þj0i

¼ lim
z0→∞;z→0


Y
j¼1;2

z0k
2
j z̄0k

2
j e−ikjXðjÞðz0;z̄0ÞeikjXðjÞðz;z̄Þ

�
n−sheet

¼ lim
z0→∞;z→0

Y
j¼1;2

z0k
2
j z̄0k

2
j

�∂y0ðjÞ
∂z0

�1
2
k2j
�∂ȳ0ðjÞ

∂z̄0
�1

2
k2j
�∂yðjÞ

∂z
�1

2
k2j
�∂ȳðjÞ

∂z̄
�1

2
k2j

·


Y
j¼1;2

e−ikjXðy0ðjÞ;ȳ0ðjÞÞeikjXðyðjÞ;ȳðjÞÞ
�

¼
�
cosh

πl
2β

�
2ðk1−k2Þ2

: ð106Þ

Here yðjÞ comes from multivaluedness of the transformation (103). In the last equation we have used the scalar field
correlation function [20]. Taking these result into (101), we get

Z
dk1dk2e

−2π
β ðk21þk2

2
Þ hk1k2jT þðu1ÞT −ðu2Þjk1k2i

h0jT þðu1ÞT −ðu2Þj0i
¼ β

2

�
1 − 2β

π
log

�
cosh

πl
2β

��−1
2 ¼ β

2

�
1þ πl2

8β
þOðl4Þ

�
: ð107Þ

Taking these terms into the correlation function, we get

hT þðu1ÞT −ðu2Þi ¼
Z2

Z2
1

¼ l−1
4

�
1 − 1

24

π2l2

β2
þ 1

8

πl2

β
þOðl4Þ þOðe−2π

β Þ
�
: ð108Þ

This is the result for the real scalar. If we consider a complex scalar, we need to take the square of the above result. Then we
find the agreement with (92) valued at n ¼ 2 up to leading order of e−2π

β . From the computation, we see that the third term
proportional to π

β in (108) comes from the continuous spectrum.

B. Large interval

In this subsection, we calculate the correlation function (86) and (91) in the large interval limit. In this limit, with the W

functions given in the Appendix, we obtain the correlation function which is expanded with respect to e−2π
nβ. For simplicity,

we only do calculation for a single field Φðt;kÞ. For the full theory we just need to multiply the contributions from all the
fields together. As in Fig. 1(b), the dashed line between two twist operators is the complement part of the original interval.
Its length is ϵ. We may set the right branch point at u ¼ 0 and the left one at u ¼ −ϵ. For later convenience we also

define x≡ e−
2πϵ
β .

Inserting (A20), (A24) and (A5) into (91), we find for the complex scalar

Z1 ¼ e
π
3β

�
β

2

�
þO

�
e−2π

β

�
; ð109Þ

and

Zk;n ¼ C · e−2π
β ðknð1−k

nÞ−1
6
Þβ−2k

n ð1−k
nÞx−k

nð1 − xÞ−2k
n ð1−k

nÞ ·
1

Fðkn ; 1 − k
n ; 1; 1 − xÞFð1 − k

n ;
k
n ; 1; xÞ

·

�
1þ e−2π

β
k
nx−k

n
Fð− k

n ;
k
n ; 1; 1 − xÞ

Fð1 − k
n ;

k
n ; 1; 1 − xÞ þ e−2π

β ð1−k
nÞxk

n
Fð2 − k

n ;
k
n ; 1; 1 − xÞ

Fð1 − k
n ;

k
n ; 1; 1 − xÞ

þ
�
1 − k

n

�
e−2π

β ð1−k
nÞxk

n
Fðkn ; 2 − k

n ; 2; xÞ
Fðkn ; 1 − k

n ; 1; xÞ
þ k
n
e−2π

β
k
nx1−k

n
Fð1 − k

n ; 1þ k
n ; 2; xÞ

Fðkn ; 1 − k
n ; 1; xÞ

þOðe−2π
β Þ
�
: ð110Þ

We have absorbed other coefficients into the constant C.
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On the other hand, we may compute the partition function
Zn andZk;n by inserting a completebasis fromthe twist sector.
We find that the leading and next leading terms in the
correlation functions via different ways match with each
other. For the twist sector there is no continuous spectrum. For
a complex scalar, the mode expansion for the twist sector is

∂Φ
∂z ¼

X∞
m¼−∞

αm−k
n
z−m−1þk

n

∂Φ̄
∂z ¼

X∞
m¼−∞

ᾱmþk
n
z−m−1−k

n; ð111Þ

where we write the mode expansion in full complex
coordinate

z ¼ e
2π
β u: ð112Þ

The first excited states areα−k
n
jti and ᾱ−ð1−k

nÞjti. Thenwehave

Zk;n ¼
X
i

ht̄; ijT −ð−ϵÞT þð0Þjt; iie−2π
β ðΔi−1

6
Þ

¼ e−
2π
β ðknð1−k

nÞ−1
6
Þ
�
ht̄jT −ð−ϵÞT þð0Þjti

þ
ht̄jᾱk

n
T −ð−ϵÞT þð0Þα−k

n
jti

ht̄jᾱk
n
α−k

n
jti e−2π

β
k
n

þ
ht̄jα1−k

n
T −ð−ϵÞT þð0Þᾱ−ð1−k

nÞjti
ht̄jα1−k

n
ᾱ−ð1−k

nÞjti
e−

2π
β ð1−k

nÞ

þ antiholomorphic termsþOðe−2π
β Þ
�
: ð113Þ

Since we have already transformed to Fig. 1(b), we change
the order of two twist operators. By using the conformal
transformation (112), we can recast the partition function into
the one in the complex plane

Zk;n ¼ e−
2π
β ðknð1−k

nÞ−1
6
Þ
�
2π

β

�2k
n ð1−k

nÞ
x

k
nð1−k

nÞht̄jT −ðxÞT þð1Þjti
�
1þ

htjᾱk
n
T −ðxÞT þð1Þα−k

n
jt̄i

ht̄jᾱk
n
α−k

n
jtiht̄jT −ðxÞT þð1Þjti e

−2π
β
k
n

þ
ht̄jα1−k

n
T −ðxÞT þð1Þᾱ−ð1−k

nÞjti
ht̄jα1−k

n
ᾱ−ð1−k

nÞjtiht̄jT −ðxÞT þð1Þjti e
−2π

β ð1−k
nÞ þ antiholomorphic termsþOðe−2π

β Þ
�
: ð114Þ

Under the conformal transformation, each term in (113) transforms into a four-point function, with two twist operators and
two operators from the twist sector. As shown in [19],

ht̄jT −ðxÞT þð1Þjti ¼ ðxð1 − xÞÞ−2k
n ð1−k

nÞ 1

Fðkn ; 1 − k
n ; 1; xÞFðkn ; 1 − k

n ; 1; 1 − xÞ : ð115Þ

The other terms in (114) can be captured by the two-point functions on the orbifold. Since in the twist sector, αm−k
n
and ᾱmþk

n
can be written as

αm−k
n
¼ 1

2πi

I
dz∂Φzm−k

n;

ᾱmþk
n
¼ 1

2πi

I
dz∂Φ̄zmþk

n; ð116Þ

we find that

ht̄jᾱk
n
T −ðxÞT þð1Þα−k

n
jti

ht̄jT −ðxÞT þð1Þjti ¼ 1

2πi

I
0

dzz−k
n
1

2πi

I
∞
dz0z0knh∂Φ̄ðz0Þ∂ΦðzÞij4 twists; ð117Þ

ht̄jᾱk
n
α−k

n
jti ¼ 1

2πi

I
0

dzz−k
n
1

2πi

I
∞
dz0z0knh∂Φ̄ðz0Þ∂ΦðzÞij2 twists: ð118Þ

Here we relate these two quantities to the two-point functions. The subscript “4 twists” means that we need to impose
the twist boundary conditions at points f0; x; 1;∞g, and “2 twists” means we only have twist conditions at points 0;∞.
The integral over z goes around the origin and the integral over z0 goes around the infinity. In the similar way,
we have
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ht̄jαð1−k
nÞT

−ðxÞT þð1Þᾱ−ð1−k
nÞjti

ht̄jT −ðxÞT þð1Þjti ¼ 1

2πi

I
∞
dzzð1−k

nÞ 1

2πi

I
0

dz0z0−ð1−k
nÞh∂Φ̄ðz0Þ∂ΦðzÞij4 twists; ð119Þ

ht̄jαð1−k
nÞᾱ−ð1−k

nÞjti ¼
1

2πi

I
∞
dzz1−k

n
1

2πi

I
0

dz0z0−ð1−k
nÞh∂Φ̄ðz0Þ∂ΦðzÞij2 twists: ð120Þ

The two-point functions with 4 twists and 2 twists have been computed in [19]

− 1

2
h∂zΦðzÞ∂z0Φ̄ðz0Þij2 twists ¼ z−ð1−k

nÞz0−k
n

�ð1 − k
nÞzþ k

n z
0

ðz − z0Þ2
�
; ð121Þ

and

− 1

2
h∂zΦðzÞ∂z0Φ̄ðz0Þij4 twists ¼ wn−kðzÞwkðz0Þ

��
1 − k

n

�
zðz − 1Þðz0 − xÞ

ðz − z0Þ2 þ k
n
ðz − xÞz0ðz0 − 1Þ

ðz − z0Þ2 þ AðxÞ
�
; ð122Þ

where

wkðzÞ ¼ ½zðz − 1Þ�−k
n½z − x�−ð1−k

nÞ;

wn−kðzÞ ¼ ½zðz − 1Þ�−ð1−k
nÞ½z − x�−k

n;

and

AðxÞ ¼ xð1 − xÞ
�
F0ðxÞ
2FðxÞ −

F0ð1 − xÞ
2Fð1 − xÞ

�
: ð123Þ

We have already set ðz1; z2; z3; z4Þ to ð0; x; 1;∞Þ and x to
be on the real axis. With the above results, we finally obtain

ht̄jᾱk
n
T −ðxÞT þð1Þα−k

n
jti

ht̄jT −ðxÞT þð1Þjtiht̄jᾱk
n
α−k

n
jti ¼ x−k

n

�
x − n

k
AðxÞ

�
; ð124Þ

and

ht̄jαð1−k
nÞT

−ðxÞT þð1Þᾱ−ð1−k
nÞjti

ht̄jT −ðxÞT þð1Þjtiht̄jαð1−k
nÞᾱ−ð1−k

nÞjti

¼ x−ð1−k
nÞ
�
x − n

n − k
AðxÞ

�
: ð125Þ

Inserting them back into (114) and using the recursion
relations (A29), we find that the partition function (114) is

the same as (110) up to orders e−
2π
β
k
n and e−

2π
β ð1−k

nÞ. This
agreement supports our prescription that in the large
interval limit we should insert the complete basis from
the twist sector to compute the partition function.

IV. THERMAL AND ENTANGLEMENT ENTROPY

In this section, we try to study the relation between the
thermal entropy and the entanglement entropy for a 2D
CFT. We show that the relation (10) could be proved if we
insert the complete basis from the twist sector and use the

correspondence (43) between the twist sector for the large
interval case state and the normal sector state. The proof is
very general, we only need to assume that the CFT has a
discrete spectrum.4

At high temperature, we quantize the theory along the
spatial direction of length R. Then we have the partition
function

Z1 ¼
Z

½dϕ�e−SE

¼ Tre−RH

¼ eR
2π
β

c
12

X
i

e−
2πR
β Δi ; ð126Þ

where the summation is over all the excited states with
conformal dimension Δi. For the partition function on n-
sheeted Riemann surface Zn, we can insert in a complete
basis in the twist sector along the B cycle in Fig. 1(b). We
find that the partition function is a sum of the four-point
correlation functions

Zn ¼ e
πc
6n

R
β

X
i

ht; ijT þðu1ÞT −ðu2Þjt; iie−
2πR
nβ Δi ; ð127Þ

where the summation is over all the states in the twisted
sector. We have used the fact that the conformal dimension
of the twist sector state is related to the one of the normal
sector state by the relation (43). For the large interval, the
complement part of the interval is small and we can use the
OPE of two twist operators

T þ
�
uþ l

2

�
T −

�
u− l

2

�
∼cnl−

c
6
ðn−1

nÞð1þOðlÞÞ; ð128Þ

4The main result in this section has been briefly reported
in [26].
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from which we have

Sn ¼ − 1

n − 1
ðlogZn − n logZ1Þ

¼ −
1

n − 1

��
πc
6n

R
β
þ logðcnl−c

6
ðn−1

nÞÞ þ log
�X

i

e−2πR
nβ Δi

�
þOðlÞ

�
− n

�
πc
6

R
β
þ log

�X
i

e−2πR
β

���
; ð129Þ

and the entanglement entropy

SEE ¼ lim
n→1

Sn: ð130Þ

The quantity we are interested in is

lim
l→0

ðSEEðR − lÞ − SEEðlÞÞ ¼
πc
3

R
β
− lim

n→1

1

n − 1

�
logZ

�
R
nβ

�
− n logZ

�
R
β

��

¼ πc
3

R
β
þ logZ

�
R
β

�
þ R

β

Z0½Rβ�
Z½Rβ�

; ð131Þ

with

Z½x� ¼
X
i

e−2πxΔi : ð132Þ

Note that the terms proportional to cn have been canceled.
On the other hand, the partition function at high temper-

ature could be read by a modular transformation

ZCFT ¼ e
cπ
6
R
βZ

�
R
β

�
: ð133Þ

The thermal entropy could be obtained by

Sth ¼ −∂F
∂T ¼ −β2 ∂

∂β
�
1

β
logZCFT

�

¼ 1

3
πc

R
β
−
�
β2

∂
∂β

1

β
logZ

�
R
β

��

¼ 1

3
πc

R
β
þ logZ

�
R
β

�
þ R

β

Z0½Rβ�
Z½Rβ�

; ð134Þ

which is the same as (131). Therefore we prove the relation
(10) for a general CFT. The key point in our proof is the
insertion of the complete basis of the twist sector and the
one-to-one correspondence between the twist sector state
and the normal sector state.
Note that our proof for (10) does not rely on the

temperature. Even for the low temperature, our proof still
works, though the relation (131) is reminiscent of the high
temperature result for a CFTwith holographic dual. As for a
CFT its thermal partition function is modular invariant, we
can always insert a complete basis at a spatial cycle or a
thermal one. In the above discussion, we quantized the

theory along the spatial direction and inserted the basis at
the thermal cycle. Instead, we can also quantize the theory
along the thermal direction and insert a set of complete
basis from normal sector at the spatial cycle. The partition
function now becomes

Z1 ¼ e
πc
6
β
R

X
i

e−2πβ
RΔi ¼ e

πc
6
β
RZ

�
β

R

�
: ð135Þ

For small interval,

T þ
�
− l
2

�
T −

�
l
2

�
∼ cnl

−c
6
nð1− 1

n2
Þð1þOðlÞÞ; ð136Þ

and

Zn ¼
X

i1;i2…;in

�Yn
k¼1

e
πc
6
β
Re−2π

β
RΔik

�

×



i1; i2;…in

����T þ
�
− l
2

�
T −

�
l
2

�����i1; i2;…in

�

¼ cnl
−c

6
nð1− 1

n2
Þe

πc
6
nβ
R

�
Z

�
β

R

�
n
þOðlÞ

�
; ð137Þ

so

Sn ¼ − 1

n − 1
log

Zn

Zn
1

¼ − 1

n − 1
log

�
cnl

−c
6
nð1− 1

n2
Þ
�
þOðlÞ:

ð138Þ

For large interval, to calculate Zn we may also insert a
complete basis at spatial cycles. However, at this time, we
need to clarify the states in different sheets. In Fig. 1(b), the
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upper side and lower side are in the same sheet if they are
connected by the dotted line. However in large interval
limit, the dotted line shrinks to zero size in the leading order
of the OPE of twist operators. In this case the interval
effectively crosses over the whole spatial direction, so the
state at the upper side and the state at the low side are in
different replicas. More precisely, the state at the upper side
of the ith replica changes to the state at the low side of the
ðiþ 1Þth replica. Therefore we need to replace the states
ji1; i2;…ini in the correlation function to ji2; i3;…in; i1i.
So for the large interval the partition function is

Zn ¼
X

i1;i2;…;in

�Yn
k¼1

e
πc
6
β
Re−2π

β
RΔik

�

×



i1; i2;…; in

����T þ
�
− l
2

�
T −

�
l
2

�����i2; i3;…; in; i1

�

¼ cnl
−c

6
nð1− 1

n2
Þeπc

6
nβ
R

�
Z
�
nβ
R

�
þOðlÞ

�
: ð139Þ

Namely, only the states identified in all the replicas
contribute to the leading order partition function.
Consequently

Sn ¼ − 1

n − 1
log

Zn

Zn
1

¼ − 1

n − 1

0
BB@logðcnl−

c
6
nð1− 1

n2
ÞÞ þ log

Z
h
β
R

i
n

Z
h
nβ
R

i
1
CCAþOðlÞ;

ð140Þ

and

lim
ϵ→0

SEEðR − ϵÞ − SEEðϵÞ ¼ logZ

�
β

R

�
− β

R

Z0
h
β
R

i

Z
h
β
R

i : ð141Þ

Similarly, for the thermal entropy,

ZCFT ¼ e
cπ
6
β
RZ

�
β

R

�
; ð142Þ

and

Sth ¼ −∂F
∂T ¼ logZ

�
β

R

�
− β

R

Z0
h
β
R

i

Z
h
β
R

i ð143Þ

which is just the relation (141).
We have already proved (10) from the points of view of

both spatial direction quantization and time direction
quantization. The relations (134) and (143) equal each

other due to modular transformation. Both of them can be
written as the summation over infinite series. For the high
temperature the series from (134) converge faster, while for
the low temperature the series from (143) converge faster.
This is especially clear for the large central charge limit of
the CFT holographically corresponding to pure AdS3
quantum gravity [12]. For low temperature, the leading
order in the large c expansion has only the c0 term from the
expansion (143). This is consistent with the fact that in the
holographic description the dual spacetime is a thermal
AdS and there is no difference between SEEðR − ϵÞ and
SEEðϵÞ at classical order. For the high temperature there is a
term of order c1 from (134), which is just the entropy of the
BTZ black hole. In the holographic description, the bulk
spacetime is a BTZ black hole so the entanglement entropy
of the very large interval is the horizon length plus the
geodesic connecting the complement interval, and therefore
SEEðR − ϵÞ − SEEðϵÞ reproduces exactly the black hole
entropy [17]. The remaining terms in (131) are the quantum
corrections to the black hole entropy.
In the above proof we assume that the CFT has a discrete

spectrum. For a CFTwith continuous spectrum, the situation
is not clear. Actually the noncompact boson presents an
interesting example. This could be seen directly from
the expansion of the W functions (110). Asymptotically
as z → 1 the hypergeometric function behaves:

F

�
k
n
; 1 − k

n
; 1; z

�
∼ − sinðπkn Þ

π
logð1 − zÞ: ð144Þ

So the leading term in the Rényi entropy is

SnðR − ϵÞ ¼ − 1

n − 1
log

�Yn−1
k¼1

Zk;n

Z1

�

¼ −
1

n − 1
log

�
~cnϵ−

1
3nðn2−1Þ

�

− 1

n − 1
log

�
log

�
2πϵ

β

�−ðn−1Þ�
þ finite terms

¼ −
1

n − 1
log ~cn þ

nþ 1

3n
log ϵ

þ logðjlog ϵjÞ þ finite terms; ð145Þ

where the log-logarithmic term logðjlog ϵjÞ is a new kind of
divergence in the large interval limit. This log-logarithmic
term appears also in the small regime of double interval
Rényi entropy for free noncompact boson [27]. It originates
from the continuous spectrum of the theory. It could not be
canceled by any term in the short interval expansion of the
Rényi entropy. Nevertheless, we notice that after removing
this divergence the relation (10) still holds up to a constant.
We can evaluate (86) in both the small interval and large

interval limits. For the small interval, we can use the
relation (A25) and
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ϑ1ðu2 − u1jτÞ ¼ ϑ01ð0jτÞðu2 − u1Þ þOððu2 − u1Þ2Þ;
ð146Þ

to get

Zn

Zn
1

¼ ju2 − u1j−1
3
ðn−1

nÞð1þOðu2 − u1ÞÞ: ð147Þ

For the large interval, we use (A26) and (A27) and the
periodicity of the theta functions to read

Zn

Zn
1

¼ j1− u2 þ u1j−1
3
ðn−1

nÞ
�Yn−1

k¼1

�
2πβηðiβÞ6ϑ1

�
− k
n
jiβ

�−1
ϑ1

×

�
−
�
1− k

n

�
jiβ

�−1
ðlog j1− u2 þ u1jÞ−1

�

þOðð1− u2 þ u1Þ0Þ
�

¼ j1− u2 þ u1j−1
3
ðn−1

nÞ
�
βn−1ð2πÞn−1 ηðiβÞ4n

n2ηðinβÞ4 jlog j1

− u2 þ u1∥−ðn−1Þ þOðð1− u2 þ u1Þ0Þ
�
: ð148Þ

For the second line we have used the relation [28]

Yn−1
k¼1

�
ηðiβÞ−3ϑ1

�
− k
n

����iβ
��

¼ n
ηðinβÞ2
ηðiβÞ2n : ð149Þ

With this relation, we find

lim
l→0

Snð1− lÞ− SnðlÞ ¼ − 1

n− 1
½ðn− 1Þ logð2πβÞ− 2 logn

þ 4n logηðiβÞ− 4 logηðinβÞ
− ðn− 1Þ logðjlog jl∥Þ�; ð150Þ

and for the entanglement entropy

lim
l→0

SEEð1− lÞ−SEEðlÞ

¼− log2πβþ2−4 logηðiβÞþ4iβ
η0ðinβÞ
ηðinβÞ þ log j loglj:

ð151Þ

On the other hand, considering the partition function

Z ¼
�
V
2π

Z
dk

X
fmg;fm̄ge

−2πβðk2þmþm̄− 1
12
Þ
�
2

¼
�
V
2π

�
2 1

2β

1

ηðiβÞ4 ; ð152Þ

and (143), we get the thermal entropy

Sth ¼
4iβη0ðiβÞ
ηðiβÞ − 4 log ηðiβÞ − log β þ log

V2

8π2
þ 1:

ð153Þ

The relation between thermal and entanglement entropy is
modified to be

lim
l→0

SEEð1 − lÞ − SEEðlÞ − log jlog lj ¼ SthðβÞ þ c1; ð154Þ

where

c1 ¼ 1þ log
4π

V2
; ð155Þ

and V is the volume of the target space. In the above
discussion, we have taken the point of view that the
noncompact boson is the large volume limit of the compact
boson, where all of the physical dimensionless observable
is larger than 1

V. The order of taking the limits is essential.
We will go back to this problem later.
We note that the log-logarithmic divergence comes from

the continuous spectrum of the noncompact free boson. We
may use the OPE of the twist operators to reproduce the
result (150). In this part, let us still consider a real scalar for
simplicity. Before the calculation, we need to clarify the
regularization of the continuous spectrum. We regard the
noncompact boson as a large volume limit of a compact
boson, therefore we have

X
k

→
V
2π

Z
dk; δk1;k2 →

2π

V
δðk1 − k2Þ;

δð0Þ ¼ V
2π

: ð156Þ

In the OPE of two twist operator we have

T þ
�
− l
2

�
T −

�
l
2

�

¼ cnl
−1

6
nð1− 1

n2
Þ
��

V
2π

�
n−1 Z Yn

j¼1

dkjδ

�Xn
j¼1

kj

�

×
Yn
j¼1

�
l
n

�
k2j
e−ikjXðjÞðuÞju¼0

·
Y

1≤j1<j2≤n

�
2 sin

π

n
ðj2 − j1Þ

�
2kj1kj2 þOðlÞ

�
; ð157Þ

where V is the regularized volume of target space. We
follow the second proof with time direction quantization,
and insert a complete basis along spatial cycles. For the
small interval, we find
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Zn ¼ cnl
−1

6
nð1− 1

n2
Þ
��

V
2π

�
n−1 Z Yn

j¼1

dkjδ

�Xn
j¼1

kj

�Yn
j¼1

�
l
n

�
k2j
Z

V
2π

dpj

×
X

fmjg;fm̄jg
e−2πβðp2

jþmjþm̄jÞhpj; fmjg; fm̄jgje−ikjXðjÞðuÞjpj; fmjg; fm̄jgiju¼0 ·
Y

1≤j1<j2≤n

�
2 sin

π

n
ðj2 − j1Þ

�
2kj1kj2 þOðlÞ

�

¼ cnl
−1

6
nð1− 1

n2
Þ
��

V
2π

�
n−1 Z Yn

j¼1

dkjδ
�Xn

j¼1

kj

�Yn
j¼1

�
l
n

�
k2j
Z

V
2π

dpj

×
X

fmjg;fm̄jg
e−2πβðp2

jþmjþm̄jÞ 2π
V

δðkjÞ
Y

1≤j1<j2≤n

�
2 sin

π

n
ðj2 − j1Þ

�
2kj1kj2 þOðlÞ

�

¼ cnl
−1

6
nð1− 1

n2
Þ
��

V
2π

�
n
�
1

2β

�n
2

ηðiβÞ−2n þOðlÞ
�
; ð158Þ

where fmjg fm̄jg denote the excitation on the primary states, and for the second equation we have used the momentum
conservation.
For the large interval, the situation is different. The nonzero momentum operators

Q
n
j¼1 e

ikjXðjÞ
can have a contribution to

the partition function in the large interval limit. Taking (157) into the partition function, the partition function transforms
into a summation of n-point correlation on a torus. To the leading order, we obtain

Zn ¼ cnl
−1

6
nð1− 1

n2
Þ
��

V
2π

�
n−1Yn

j¼1

Z
dkjδ

�Xn
j¼1

kj

�Yn
j¼1

�
l
n

�
k2j Y
1≤j1<j2≤n

�
2sin

π

n
ðj2− j1Þ

�
2kj1kj2

·


Yn
j¼1

e−ikjXðujÞ
�
jnβ torusþOðlÞ

�

¼ cnl
−1

6
nð1− 1

n2
Þ
��

V
2π

�
n−1Yn

j¼1

Z
dkjδ

�Xn
j¼1

kj

�Yn
j¼1

�
l
n

�
k2j Y
1≤j1<j2≤n

�
2sin

π

n
ðj2− j1Þ

�
2kj1kj2

·
V
2π

Z
dp

X
fmg;fm̄g

e−2πnβðp2þmþm̄− 1
12
Þhp;mj

Yn
j¼1

e−ikjXðujÞjp;mijuþOðlÞ
�
; ð159Þ

where uj ¼ iðj − 1Þβ. In the large interval limit, l is close to zero, only small k gives a dominant contribution. We can set all
of the momentum except the one on the power of l to zero. Then we read

Zn ¼ cnl
−1

6
nð1− 1

n2
Þ
��

V
2π

�
n 1

ð2nβÞ12 ηðinβÞ
2
Yn
j¼1

Z
dkjδ

�Xn
j¼1

kj

�Yn
j¼1

lk
2
j þOðl0Þ

�

¼ cnl
−1

6
nð1− 1

n2
Þ
��

V
2π

�
n 1

ð2nβÞ12 ηðinβÞ
−2 · π

n−1
2

n
1
2

jlog lj−n−1
2 þOðl0Þ

�
: ð160Þ

Finally we obtain

lim
l→0

Snð1 − lÞ − SnðlÞ ¼ lim
l→0

− 1

n − 1
ðZnð1 − lÞ − ZnðlÞÞ

¼ −
1

n − 1

�
n − 1

2
log 2πβ − log nþ 2n log ηðiβÞ − 2 log ηðinβÞ − n − 1

2
log jlog lj

�
;

which is exactly half of (150), as we are considering a real
scalar.
To support the analytic result, we do some numerical

calculations for the Rényi entropies. In Fig. 3, we plot S2
for different temperatures. In Fig. 4, we plot Sn, n ¼ 2, 3,
4, 5 for a fixed β ¼ 0.3. The divergences in the small
interval and large interval limits are different. For the
small interval,

Sn ¼
nþ 1

3n
log lþOðlÞ ð161Þ

for the large interval

Sn ¼
nþ 1

3n
logð1 − lÞ þ log jlogð1 − lÞj þOðð1 − lÞ0Þ:

ð162Þ
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To check these divergent behaviors, we subtract such
divergences from Sn and plot the subtracted entropies in
Figs. 5(a) and 5(b) and Figs. 6(a) and 6(b). After
subtraction, the remaining entropies are indeed finite.
The presence of log-logarithmic terms in the above

discussion is remarkable. As we have shown and would
like to emphasize, it is due to the continuous spectrum of
the theory. If we regularize the theory by considering a
compact free scalar such that the spectrum becomes
discrete and the theory is gapped, the relation (10) indeed
holds, as checked explicitly in [28]. Actually here is a
subtle order-of-limits issue. We may regard the noncompact
scalar as the large volume limit of compact scalar, namely
V → ∞. However, this limit is not commutative with
the large interval limit l → 0. In fact, in the OPE (157)
of the twist operators the first primary field is e

i
VXðuÞ and the

coefficient for this term is proper to l−
1

V2 . This term goes to
zero in the l → 0 limit, while it goes to 1 in the continuous
spectrum limit when V → ∞. It is clear these two limits do
not commute. In the above discussion, we have taken the
point of view that the V → ∞ limit should be taken first and
then the l → 0 limit, this leads to the above log-logarithmic
divergence. On the contrary, if we take the l → 0 limit first
and finally take the V → ∞ limit, we reproduce the relation
(10). In this order, we actually consider a compact scalar
and take the noncompact limit at the end.
Another remarkable fact on the log-logarithmic term is

that it may exist at the zero temperature limit if we insist on
the noncompact scalar without regularization. Here it

FIG. 5 (color online). The figures for the entropies with divergences being subtracted at one end. These figures confirm the divergent
behaviors at l → 0 and l → 1.

FIG. 6 (color online). The picture for Sn after the divergence being subtracted at one end. For n ¼ 2, 3, 4, 5 and β ¼ 0.3.

FIG. 4 (color online). The picture for Sn. For n ¼ 2, 3, 4, 5,
β ¼ 0.3.

FIG. 3 (color online). The picture for Sn for n ¼ 2 and β ¼ 0.3,
0.5, 0.7, 1. It is divergent near l → 0 and l → 1, but the
divergences are different.
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involves another subtle order-of-limits issue. Let us always
take the V → ∞ limit first to have a theory with continuous
spectrum. As we know, at zero temperature, the entangle-
ment entropy is of a universal form and there is always
SEEðR − lÞ − SEEðlÞ ¼ 0 so that the relation (10) holds.
However, we also notice that the zero temperature limit
T → 0 and the large interval limit l → 0 is not commuta-
tive. If we instead take the l → 0 limit first and then the
T → 0 limit next, we would find the log-logarithmic
divergence again. Generally for a theory with degenerate
vacuum or with a continuous spectrum, the order in taking
the limit is important. Different orders may give different
results, as already shown in [11,29]. This happens in the
case at hand as well.

V. CONCLUSION AND DISCUSSION

In this paper, we studied the large interval Rényi entropy
of 2D CFT at high temperature. We proposed that in the
large interval limit we should insert a complete twist sector
states along the B cycle in Fig. 1(b) to compute the partition
function more effectively. We discussed the twist sector in a
general CFT module and showed that there is a one-to-one
correspondence between the twist sector states and the
normal sector states.
To check our prescription for computing the Rényi

entropy, we revisited the noncompact free boson theory.
We corrected the treatments in [13] and expanded the W
functions explicitly in both the short interval and large
interval limits. In the small interval limit, besides using the
expansion of W functions, we computed the partition
functions in two other ways. First we used the OPE of
the twist operators in the limit and found agreement with
direct expansion. This supports our treatment on the W
functions. The other way is to insert the complete normal
sector basis to compute the correlation functions. In the
large interval limit, using the proposal to insert the
complete twist sector states we calculated the first few
leading terms of the Rényi entropy. We found good
agreement with the result obtained from large interval
expansion of W functions. This strongly supports our
proposal to compute the large interval limit of Rényi
entropy at high temperature.
We discussed the relation between the thermal entropy

and the entanglement entropy. We proved the relation (10)
at any temperature using two different approaches for the
CFTwith a discrete spectrum. The rational CFT belongs to
this class. We note that the proof based on the time direction
quantization seems to be more general. It does not depend
on the modular invariance of the theory. For example, the
free Dirac fermionwith antiperiodic boundary condition has
been discussed in [17], where the relation (10) has been
proved. However, the free fermion with only Neveu-
Schwarz sector is not modular invariant. Nevertheless we
can prove the relation via time direction quantization
formalism. Moreover, we also showed that for the

noncompact free scalar, the relation breaks down, as there
appears a log-logarithmic term in the large interval limit of
the Rényi entropy. Such a divergent term originates from the
continuous spectrum of the theory. However, after properly
regularizing the theory, the relation (10) is recovered. It
would be interesting to study this relation for a generic 2D
quantum field theory or generalize it to higher dimen-
sion [18].
Our proposal could be applied to the study of other

CFTs. For example, it would be interesting to generalize
the study to the compact free scalar. For the compact case,
the Rényi entropy has been given in terms of theta functions
[13]. In this case, the zero modes include both the momenta
and the winding modes. The first excitation may have
conformal dimension ðV2

4α0 ;
V2

4α0Þ for small radius or ð α0
4V2 ; α0

4V2Þ
for a large radius. The leading thermal correction at low
temperature should be

1

n − 1

�
n − 1

n2Δ−1
sin2ΔðπlÞ
sin2ΔðπlnÞ

�
e−2πΔβ

R; ð163Þ

so we need to recalculate the Rényi entropy in this model.
In the short interval case, there is a universal thermal

correction for a primary field [11]. However such universal
behavior is absent in the large interval limit via our
approach. Suppose that there is a light primary operator
with conformal dimension ðh; h̄Þ in the theory, after some
calculation we find that

Zn ¼ e
πc
6nβhtjT −

�
− l
2

�
T þ

�
l
2

�
jti

þ e−
2π
nβðhþh̄Þht;ϕjT −

�
− l
2

�
T þ

�
l
2

�
jt;ϕi: ð164Þ

Let us first consider the first correlator in (164):

htjT −
�
− l
2

�
T
�
l
2

�
jti

¼ cnl
−1

6
cnð1− 1

n2
Þ
�
1þ ð−1Þ2ðh−h̄Þ

�
1

2n

�
4ðhþh̄Þ

×

�
2π

β

�
2ðhþh̄Þ n

2

Xn−1
j¼1

1

ðsin π
n jÞ4ðhþh̄Þ l

2ðhþh̄Þ þ � � �
�
:

ð165Þ

In the OPE of the twist operators, there are contributions
from the primary fields. Such correction really takes a
universal form. For the second correlator in (164), we
obtain
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ht;ϕjT −
�
− l
2

�
T þ

�
l
2

�
jt;ϕi

¼ cnl
−1

6
cnð1− 1

n2
Þ
�
1þ ð−1Þ2ðh−h̄Þ

�
1

2n

�
4ðhþh̄Þ�2π

β

�
2ðhþh̄Þ

×
n
2

Xn−1
j¼1

Fðe2πi
n ðj1−j2ÞÞ

ðsin π
n jÞ4ðhþh̄Þ l

2ðhþh̄Þ þ � � �
�
; ð166Þ

where

FðxÞ ¼ lim
z4→∞

z2h4 z̄2h̄4 hϕð0ÞϕðxÞϕð1Þϕðz4Þi ð167Þ

is a four-point function depending on the theory. It is clear
that the leading correction is at the same order as the one in
(165). Therefore, there is no universal correction. On the
other hand, when the interval is not very large, there does
exist a universal thermal correction which could be read
from a modular transformation on the result in [11].
Our proposal is inspired by the holographic computation

of the entanglement entropy. It would be interesting to
address the issue in the context of AdS3=CFT2 correspon-
dence. From the AdS3=CFT2 correspondence, the bulk
gravitational configuration is the classical solution whose
asymptotic boundary is exactly the Riemann surface in
CFT [30]. In [31,32], it has been proved that for multiple
intervals in two-dimensional (2D) CFT, the leading con-
tributions of their Rényi entropies in the large central charge
limit are given by the classical actions of corresponding
gravitational configurations. Moreover, the 1-loop quantum
correction [30,33] to the gravitational configuration gives
the next-leading order contribution to the Rényi entropy. In
the large central charge limit, the vacuummodule dominates
the partition function. One may wonder if it is enough to
consider only the vacuum module as the genus-1 thermal
partition function of CFT with only vacuum module is not
modular invariant [34]. However, when we calculate the
partition function, we can always cut and insert a complete
basis along some cycles. When we expand the partition
function in this way, the states of large conformal dimension
decay very fast, and in the large c limit, we can only consider
the vacuum module [31,35]. This has been supported from
the study of short intervalRényi entropy at high temperature.
In this case, the holographic result is in good agreement with
the field theory computation [12]. In the large interval case,
the situation ismore subtle. On the field theory side, we need
to study the twist sector of the vacuum module more
carefully. On the bulk gravity side, we need to consider a
different monodromy condition from the one suggested in
[33]. We find good agreement in this context as well [36].
More importantly, the summation series in the expansion
turn out to converge nicely.
One lesson from the investigation in this paper is that in

the large interval limit and at high temperature, we may
have to choose different monodromy to compute the

holographic Rényi entropy. This suggests that the similar
treatment may apply to the study of higher spin entangle-
ment entropy [37–42] and the entanglement negativity [43]
in the large interval limit and at high temperature.
Another interesting question is on the holographic

duality of noncompact scalar discussed in [13]. It is
remarkable that the 1-loop correction in the gravity is in
precise agreement with the field theory computation.
Considering the discrepancy between our results and the
ones in [13], it would be interesting to reconsider this
agreement by introducing appropriate regularization in our
framework.5
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APPENDIX: THE W FUNCTIONS

The functions W1
1 and W2

2 are defined respectively as

W1
1 ¼

Z
1

0

duϑ1ðu − u1jiβÞ−ð1−k
nÞϑ1ðu − u2jiβÞ−k

nϑ1

×

�
u −

�
1 − k

n

�
u1 − k

n
u2jiβ

�

¼
Z

1

0

due
π
β
k
nð1−k

nÞðu1−u2Þ2ϑ1
�
u − u1
iβ

���� iβ
�−ð1−k

nÞ
ϑ1

×

�
u − u2
iβ

���� iβ
�−k

n

· ϑ1

�
u − ð1 − k

nÞu1 − k
n u2

iβ

���� iβ
�
;

ðA1Þ

and

ðW2
2Þ� ¼

Z
iβ

0

duϑ1ðu−u1jiβÞ−k
nϑ1ðu−u2jiβÞ−ð1−k

nÞϑ1

×

�
u− k

n
u1−

�
1− k

n

�
u2jiβ

�

¼
Z

iβ

0

due
π
β
k
nð1−k

nÞðu1−u2Þ2ϑ1
�
u−u1
iβ

���� iβ
�−k

n

ϑ1

×
�
u−u2
iβ

���� iβ
�−ð1−k

nÞ
·ϑ1

�
u− k

nu1− ð1− k
nÞu2

iβ

���� iβ
�
:

ðA2Þ

Here the theta function is defined by

5We would like to thank the anonymous referee for pointing
out this possibility.
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ϑ1ðujτÞ≡ 2e
1
4
πiτ sin πu

Y∞
m¼1

ð1 − qmÞð1 − e2πiuqmÞ

× ð1 − e−2πiuqmÞ; ðA3Þ
where

q ¼ e2πiτ ðA4Þ
and in order to discuss the high temperature expansion, we
already use the S-duality property for theta function [20]

ϑ1

�
u
τ

���� − 1

τ

�
¼ −ið−iτÞ12eπiu2

τ ϑ1ðujτÞ;

ϑ01

�
0j − 1

τ

�
1

τ
¼ −ið−iτÞ12ϑ01ð0jτÞ: ðA5Þ

In [13], it was suggested that the W functions are
related by

W2
2 ¼ τW1

1 ¼ iβW1
1: ðA6Þ

This relation is not true, as shown by the direct expansions
in the short interval and large interval limits below. One
direct way to see this point is to draw the diagrams for the
W functions. The functionW1

1 could be defined by moving
the integral contour such that

W1
1 ¼

Z
1þiy

iy
duϑ1ðu − u1jiβÞ−ð1−k

nÞϑ1ðu − u2jiβÞ−k
nϑ1

×

�
u −

�
1 − k

n

�
u1 − k

n
u2jiβ

�
: ðA7Þ

The integral contour for W1
1 is along z ¼ tþ iy with

t ∈ ½0; 1�, and y can be any number in ½0; β�. The integral
does not depend on y such that it can go around singularity.
In Figs. 7(a) and 7(b) we plot respectively the functionsW1

1

andW2
2 with respect to l ¼ u2 − u1, where r ¼ k

n. TheW
1
1 is

finite everywhere (the line β ¼ 1=4, r ¼ 1=4 is still finite
even though it is out of the picture) but W2

2 is divergent at
l ¼ 1. From these pictures it is clear that the relationW2

2 ¼
iβW1

1 suggested in [13] is wrong. In the equation (3.14) the
term jdetWj contributes the divergence in the large inter-
val limit.

1. Small interval expansion

For short interval, we set u1 ¼ 1
2
ð1 − lÞ, and

u2 ¼ 1
2
ð1þ lÞ. For l ≪ 1 we take an expansion with

respect to l up to l2. Then we find

W1
1 ¼

Z
1

0

due
π
β
k
nð1−k

nÞl2
8<
:1þ k

2n

�
1 − k

n

�
l2

β2

0
@θ001ðu−

1
2

iβ j iβÞ
θ1ðu−

1
2

iβ j iβÞ
−
0
@θ01ðu−

1
2

iβ j iβÞ
θ1ðu−

1
2

iβ j iβÞ

1
A

2
1
AþOðl3Þ

9=
;: ðA8Þ

FIG. 8 (color online). There are two contour integral paths. Under a conformal transformation, they transform into two cycles in the
full complex plane with four twist vertex. We have to stress that the A cycle and B cycle here are different from the ones in Fig. 1(a).

FIG. 7 (color online). TheW functions. It is easy to see thatW1
1 is finite, while W

2
2 is divergent when in the large interval limit l → 1.
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Taking second order derivative of the theta function, we get

∂2

∂u2 logϑ1ðujτÞ ¼
ϑ001ðujτÞ
θ1ðujτÞ

−
�
θ01ðujτÞ
θ1ðujτÞ

�
2

¼ −
π2

sin2πu
þ
X∞
m¼1

4π2e2πiuqm

ð1 − e2πiuqmÞ2 þ
X∞
m¼1

4π2e−2πiuqm
ð1 − e−2πiuqmÞ2 : ðA9Þ

Taking (A9) into (7a), we read

W1
1 ¼ e

π
β
k
nð1−k

nÞl2
�
1þ 1

2

k
n

�
1 − k

n

�
l2

β2
ð−2πβ þOðe−4π

β ÞÞ þOðl3Þ
�
: ðA10Þ

For W2
2, we can find the result from [13]

ðW2
2Þ� ¼ iβe

π
β
k
nð1−k

nÞl2 ½1þOðl3Þ þOðe−4π
β Þ�: ðA11Þ

Then (A10) and (A11) are the small interval expansion forW1
1 andW

2
2 at high temperature. Obviously the relation (A6) does

not hold in this case.

2. Large interval expansion

In this subsection, we calculate the high temperature expansion of W1
1 and W2

2 for the large interval. In this case, we
may set

u1 ¼ ϵ1 u2 ¼ 1 − ϵ2 ðA12Þ
with ϵ1, ϵ2 ≪ 1.
For W1

1, we can transform it into a contour integral.

W1
1 ¼

�Z
u1

0

þ
Z

u2

u1

þ
Z

1

u2

�
duϑ1ðu − u1jτÞ−ð1−k

nÞϑ1ðu − u2jτÞ−k
nϑ1

�
u −

�
1 − k

n

�
u1 − k

n
u2jτ

�

¼
�Z

u1

0

þ
Z

u2

u1

þ
Z

1

u2

�
duϑ1ðu − u1jτÞ−ð1−k

nÞϑ1ðu − u2jτÞ−k
nϑ1

�
u −

�
1 − k

n

�
u1 − k

n
u2jτ

�

¼
Z

ϵ1

−ϵ2
duϑ1ðu − ϵ1jτÞ−ð1−k

nÞϑ1ðu − ð1 − ϵ2ÞjτÞ−k
nϑ1

�
u −

�
1 − k

n

�
ϵ1 − k

n
ð1 − ϵ2Þjτ

�

¼ −
1

1 − e−2πik
n

I
A
duϑ1ðu − ϵ1jτÞ−ð1−k

nÞϑ1ðu − ð1 − ϵ2ÞjτÞ−k
nϑ1

�
u −

�
1 − k

n

�
ϵ1 − k

n
ð1 − ϵ2Þjτ

�
: ðA13Þ

The contour is shown in Fig. 8(a). The reduction to the second line is because the integral in ½u1; u2� vanishes. By studying
the monodromy condition, we can derive the third line.
To obtain a high temperature expansion, we first take an S duality, and expand with respect to e−2π

β ,

ϑ1ðu − ϵ1jiβÞ−ð1−k
nÞϑ1ðu − ð1 − ϵ2ÞjiβÞ−k

nϑ1

�
u −

�
1 − k

n

�
ϵ1 − k

n
ð1 − ϵ2Þjiβ

�

¼ e
π
β
k
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iβ

���� iβ
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�
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���� iβ
�−k

n

ϑ1

�
u − ð1 − k

nÞϵ1 − k
n ð1 − ϵ2Þ

iβ

���� iβ
�

¼ ð−1Þeπ
β
k
nð1−k

nÞð1−ϵ2Þ2e−k
nπie

2πu
β

k
nðe2πu

β − 1Þ−ð1−k
nÞðe2πu

β − e−
2πϵ2
β Þ−k

nf1 − e
2πu
β e−2π

β
k
ne

2π
β

k
nϵ2−e−2πu

β e−2π
β ð1−k

nÞe−2π
β

k
nϵ2 þOðe−2π

β Þg:
ðA14Þ

In the second equation we use the translation relation

ϑ1ðuþ 1jτÞ ¼ −ϑ1ðujτÞ;
ϑ1ðuþ τjτÞ ¼ −

1

e2πiueπiτ
ϑðujτÞ; ðA15Þ
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and in the last equation, we set ϵ1 ¼ 0 for simplicity.
Actually, in the final result it is always the combination
ϵ1 þ ϵ2 appearing in the discussion, so we lose nothing by
just keeping ϵ2.

Under a conformal transformation

z ¼ e
2πu
β ; ðA16Þ

we find that

W1
1 ¼

1

1 − e−2πikn

I
A
dz

β

2π
e
π
β
k
nð1−k

nÞð1−ϵ2Þ2e−k
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n·

× f1 − ze−2π
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ne
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k
nϵ2 − z−1e−2π

β ð1−k
nÞe−2π

β
k
nϵ2 þOðe−2π

β Þg: ðA17Þ

The integral over z goes around 1 and x≡ e−
2πϵ2
β , and leads to hypergeometric functions [19,27]. By the integral form of

hypergeometric function

Fðα; β; γ; zÞ ¼ ΓðγÞ
ΓðβÞΓðγ − βÞ

Z
1

0

tβ−1ð1 − tÞγ−β−1ð1 − ztÞ−αdt; ðA18Þ

we have

I
A
dzz−ð1−k

nÞðz − xÞ−k
nðz − 1Þ−ð1−k

nÞ ¼ 2πiF

�
1 − k

n
;
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n
; 1; 1 − x

�
;

I
A
dzz
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nÞ ¼ 2πiF

�
− k
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�
;
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A
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nðz − 1Þ−ð1−k

nÞ ¼ 2πiF
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n
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n
; 1; 1 − x

�
: ðA19Þ

With all these relations, we have

W1
1 ¼

β

2 sin πk
n

e
π
β
k
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nÞð1−ϵ2Þ2
�
F

�
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n
;
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n
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: ðA20Þ

FIG. 9 (color online). The comparison of W1
1ðl ¼ 1; βÞ between the direct contour integral (A7) and analytic expression (A26).
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We can compute W2
2 in the same way. First, we notice that

ðW2
2Þ� ¼

Z
iβ

0

duϑ1ðu − u1jiβÞ−k
nϑ1ðu − u2jiβÞ−ð1−k
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β Þg: ðA21Þ

Similarly we set ϵ1 ¼ 0 for simplicity. In the last equality, we take a coordinate transformation into the full complex plane.
The integral contour goes around 0 and x. As before, the integrals can be expressed in terms of hypergeometric functions.
The first two terms give

I
dzz−k

nðz − 1Þ−k
nðz − xÞ−ð1−k

nÞ ¼ 2πie−πiknF
�
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n
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I
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n
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�
: ðA22Þ

For the last term, we need to take a transformation ~z ¼ 1
z:

I
dzz−1−k

nðz − 1Þ−k
nðz − xÞ−ð1−k

nÞ ¼
I

d~z
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Taking these relations into (A21), we finally obtain

ðW2
2Þ� ¼ βi exp
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In short, the large interval expansion of W1
1 and W2

2 at
high temperature are given by (A20) and (A24) respec-
tively. The relation (A6) does not hold in this case neither.

3. Small and large interval limit for the W function

In this section, we just list some results from [28] for
small and large interval limits. For the small interval, when
u1 ¼ u2,

W1ðkÞ
1 ¼ 1 W̄2ðkÞ

2 ¼ iβ: ðA25Þ

For the large interval

W1ðkÞ
1 ¼ − 1

2 sin π k
n

ηðτÞ−3ϑ1
�
− k
n

����τ
�
þOðu1 − ðu2 − 1ÞÞ;

ðA26Þ
and

W̄2ðkÞ
2 ¼ i

sin πk
n

π
ηðτÞ−3ϑ1

�
−
�
1 − k

n

�
jτ
�
logðu1

− ðu2 − 1ÞÞ þOðð1 − u2 þ u1Þ0Þ: ðA27Þ

In Figs. 9(a) and 9(b), we plot the dependence of
W1

1ðl ¼ 1Þ on β for different values of r. Both diagrams
are in good agreement. This supports our calculation for
W1

1. Our calculation corrects the coefficient in (B.51) in
[13]. The function ðW2

2Þ� is divergent at l ¼ 1. From (A.26)
we have

FIG. 10 (color online). Subtract the logarithmic divergence
from ðW2

2Þ�. After subtraction, the behavior of the function is
regular and finite.
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ðW2
2Þ � ∼i

sin πk
n

π
ηðτÞ−3ϑ1

�
−
�
1 − k

n

��
jτÞ logð1 − lÞ: ðA28Þ

In Fig. 10 we subtract the divergent term proportional to logð1 − lÞ and plot the expression 1
i ðW2

2Þ� − sinπkn
π ηðτÞ−3ϑ1ð−ð1 −

k
n jτÞ logð1 − lÞ for different β and r. We find that the subtracted function is always finite at l ¼ 1. Therefore, we conclude
that our treatment on the W functions is consistent with the numerical computation.

4. Recursion relations for hypergeometric function

Here we list some recursion relations, which are useful in our calculation:

ðγ − αÞnðγ − βÞn
ðγÞn

ð1 − zÞαþβ−γ−nFðα; β; γ þ n; zÞ ¼ dn

dzn
½ðz − zÞαþβ−γFðα; β; γ; zÞ�;

ðγ − β − 1ÞF þ βFðβ þ 1Þ − ðγ − 1ÞFðγ − 1Þ ¼ 0;

γðα − ðγ − βÞzÞF − αγð1 − zÞFðαþ 1Þ þ ðγ − αÞðγ − βÞzFðγ þ 1Þ ¼ 0;

ðγ − 1ÞFðγ − 1Þ − αFðαþ 1Þ − ðγ − α − 1ÞF ¼ 0;

γð1 − zÞF − γFðβ − 1Þ þ ðγ − αÞzFðγÞ ¼ 0: ðA29Þ
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