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Analogue Aharonov-Bohm effect in neo-Newtonian theory
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We address the issues of the scattering of massless planar scalar waves by an acoustic black hole in
neo-Newtonian hydrodynamics. We then compute the differential cross section through the use of the
partial wave approach in the neo-Newtonian theory which is a modification of the usual Newtonian theory
that correctly incorporates the effects of pressure. We mainly show that the scattering of planar waves leads
to a modified analogue Aharonov-Bohm effect due to a nontrivial response of the parameters defining the

equation of state.
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I. INTRODUCTION

Since the seminal paper by Unruh [1], the study of
analogue models of gravity [2-4] has been an important
field to investigate the Hawking radiation as well as to
improve the theoretical understanding of quantum gravity.
There exist several examples of such analogues, for
example, gravity wave [5], water [6], slow light [7], optical
fiber [8] and electromagnetic waveguide [9]. Specially in
fluid systems, the propagation of perturbations of the fluid
has been analyzed in many analog models of acoustic
black holes, such as the models of superfluid helium I1[10],
atomic Bose-Einstein condensates [11,12] and one-
dimensional Fermi degenerate noninteracting gas [13] that
were proposed to create an acoustic black hole geometry
in the laboratory. In addition, the study of a relativistic
version of acoustic black holes was presented in [14].

In the study of analogous models, in general, a classical
approach is applied, such as a Newtonian treatment.
However, the standard Newtonian approach is valid only
for pressureless fluids. In spite of this, in a Newtonian
framework, the effect of pressure may appropriately be
introduced into the dynamics. This is called neo-Newtonian
theory which is a modification of the usual Newtonian
theory by correctly considering the effects of pressure.
Since pressure is usually an easily adjustable parameter,
which may play the role of an external field, the neo-
Newtonian theory might provide an interesting way to text
analog effects, such as the Aharonov-Bohm (AB) effect

“anacleto @df.ufcg.edu.br

ines.salako @imsp-uac.org; inessalako@ gmail.com
*fabrito@df.ufcg.edu.br

Spassos @df.ufcg.edu.br

1550-7998,/2015,/92(12)/125010(8)

125010-1

PACS numbers: 11.10.Lm, 04.40.Dg, 11.30.Cp, 98.80.Jk

due to an acoustic geometry of a vortex in the fluid. As we
show later, this indeed happens. The AB phase shift which
depends on the pressure is analogous to a magnetic flux.
McCrea in [15] deduced the neo-Newtonian equations that
were later refined in [16]. In addition, [17] obtained a final
expression for the equation of fluid considering a pertur-
bative treatment of neo-Newtonian equations (see also
[18,19]). The authors in [20] studied acoustic black holes
in the framework of neo-Newtonian hydrodynamics and
[21] analyzed the effect of neo-Newtonian hydrodynamics
on the super-resonance phenomenon.

The AB effect [22] has been used to address several
issues in planar physics. This is an effect that essentially
engenders the scattering of charged particles by a flux
tube. It has been experimentally confirmed by Tonomura
[23]—for a review see [24]. The effect can also be
simulated in quantum field theory as for example by using
a nonrelativistic field theory for bosonic particles which
interact with a Chern-Simons field [25]. More specifically,
[26] investigated the AB effect due to noncommutative
spacetime in the context of quantum field theory.
Furthermore, several other analogues of the AB effect
were found in gravitation [27], fluid dynamics [28], optics
[29] and Bose-Einstein condensates [30]. In the context of
quantum mechanics the noncommutative AB effect has also
been considered in Refs. [31,32]. In particular, [31] has
shown that the noncommutative AB effect, differently from
the commutative case, develops a non-null cross section
for scalar particles scattered by a thin solenoid even with
magnetic field assuming discrete values. Another interesting
system was addressed in [33], where it was shown that
planar waves scattered by a draining bathtub vortex develop
a modified AB effect that has a dependence on two
dimensionless parameters related to the circulation and
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draining rates [34]. The effect presents an inherent asym-
metry even in the low-frequency regime and leads to novel
interference patterns. Furthermore, the acoustic black hole
metrics obtained from a relativistic fluid in a noncommu-
tative spacetime [35] and Lorentz violating Abelian Higgs
model [36] have been considered. More recently in [37], we
extended the analysis made in [33] to a Lorentz-violating
and noncommutative background [38] which allows one to
have persistence of phase shifts even if circulation and
draining vanish.

In this study we apply the acoustic black hole metric in
neo-Newtonian theory [19] to obtain the differential cross
section for scattered planar waves that leads to a modified
AB effect. As we shall see, the obtained cross section is
similar to that obtained in [37] for the analogue Aharonov-
Bohm effect from an idealized draining bathtub vortex and
[31] for the noncommutative AB effect in quantum
mechanics. The result shows that pattern fringes persist
even in the regime where the parameters related to the
circulation vanish. In this limit, the neo-Newtonian back-
ground forms a conical defect that is also responsible for
the analogue AB effect [37].

The paper is organized as follows. In Sec. II we briefly
introduce the acoustic black hole in neo-Newtonian theory.
In Sec. III we compute the differential cross section due
to the scattering of planar waves that leads to a modified
analogue AB effect. Finally in Sec. IV we present our final
considerations.

II. ACOUSTIC BLACK HOLES IN NEO-
NEWTONIAN HYDRODYNAMICS

In this section we briefly review the neo-Newtonian
hydrodynamics and introduce the acoustic black hole
metric obtained in [20].

A. Neo-Newtonian Hydrodynamics

We first consider the standard case of Newtonian
equations. Thus the basic equations of Newtonian hydro-
dynamics are

;i +V - (piv) =0, (1)

dv L -

Pi g = pilvo + (v-V)o] = =Vp, (2)
where p; is the fluid density, p is the pressure and v the
flow/fluid velocity. At this point gravitational interaction is
coupled into Euler’s equation (2) as

X - - \Y
v—i—(v-V)v:—pp—V\I/, (3)
where
V23U = 47Gp,, (4)

and p,, is the gravitational mass density. The expression (1)
is the continuity equation and (3) is the Euler equation
modified due to gravitational interaction.
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B. Including pressure

In neo-Newtonian formalism first we redefine the con-
cept of inertial mass density and gravitational mass density
as follows:

pi=p+p. py—p+3p. (5)
Thus, the neo-Newtonian equations are given by [19,39,40]

Opi +V - (piv) + pV -0 =0. (6)

. - Vp

v+ (0-V)o=-V¥ ———| 7
#-9) T )
V2V = 4z2G(p + 3p). (8)

In [15] this result has been generalized in the presence of
pressure. Moreover, in [16] this approach has been modi-
fied and leads to neo-Newtonian cosmology. Note that
when p = 0 the Newtonian equations are obtained.

C. Acoustic black holes

Let us now consider the fluid is barotropic, i.e. p = p(p),
inviscid and irrotational where the equation of state p = kp”,
with k and n being constants. We write the fluid velocity
as v = -V where y is the velocity potential. Thus,
disregarding the gravitational contribution, we linearize
Egs. (6)—(7) by perturbing p, v and y as follows:

p=po+ep +0(e2), )
P = lpo +epy +0(e)]" = pf + nepy~lpy + -, (10)
D=0y + €0y + 0(?), (11)
W =wo + ew + 0(e?), (12)

where p is the fluid density, p its pressure and v its flow/fluid
velocity. Thus, the wave equation becomes

1 >
- 8,{6’;2,00 {6,1// + (2 + g) UO.VI//:| }

S| /1 -
+V. {—Cs_zl)ovo KE + g) o + }’UO-VW} + pon//}

=0, (13)
which can be given as

0, (f0,y) = 0. (14)

Equation (14) can also be rewritten as the Klein-Gordon
equation for a massless scalar field in a curved (2 + 1)-
dimensional spacetime as follows [19],

1

\/_—gau(\/—_gg"”ayw) =0, (15)
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where

v v p
= magr = | -5
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_(4y) _ {4y
2 Ux 2 Uy
2 2
e O SN
2 2
—YUny Cy — }’Uy

(16)

So in terms of the inverse of ¢*¥ we obtain the effective (acoustic) metric given in the form

—(C% _7/1}2) _(137) v, _(1J2r7) v,
1 —1)2 —1)2
G = Pl =5 1Rl S | (17)
2 + 02 % 2& ; :
_ lerJ/) v _ (7;12) V0, 1+ (74—:%) U%
The effective line element can be written as
ds? = |— P20 —(c2 =yv?)d* = (1 +y)(v- dr)dt + di? —Q—M(v dx — v,dy)? (18)
N2y 7 ! 4cz 7 x|
5 7

In polar coordinates (v = v,# + v,/,qAﬁ and d7 = dr? + rd¢e) we have

ds®> =p |:—[C% —y(v; + v3)lde® = (1 +y)(v,dr + vyrdp)dr + (dr* + r*dp*) + 12

wherep = \/polcs + (07 + v3) (y_41)2]_l/2
transformations:
1 d
dr = ar + LD

2cs =yv7)’

In this way the line element can be written as

e[+ (o7 + 03) (5]

do = d¢ +

dszzﬁ{— c2 —y(v2 + v3)]de* +
=7y @9

Now considering a static and position-independent density,
the flow/fluid velocity is given by

. A, B.
v="F+—¢, (22)
r r

which is a solution obtained from the continuity equa-
tion (1) and the velocity potential is

w(r,¢) =—Alnr — Be. (23)

Thus, considering ¢, =1 and substituting (22) into the metric
(21) we obtain, up to an irrelevant position-independent
factor, the acoustic black hole in neo-Newtonian theory
which is given by [21]

(y—1)°

(vgpdr — v,rd(ﬁ)z} , (19)

N

andy = 1 + knp}~". Atthis pointitis appropriate to apply the following coordinate

y(1 +7y)v,v,dr

A& 1) 20

—1\2
r* = v, (1 4 y)rdedp + r* {14—1}%(7/ ) }d(pz}. (21)

2¢;

[
2 22\ -1
ds®> = B, {—(1 ——;)drz + (1 +ﬂ2)<1 ——g) dr?
r r

2Bp;
r

rdrdg + (1 + ,B;) rquoz} , (24)
r
where

2 _ 2
Pr=(+p)"2 B :—2<%) . (29)

ﬁ3=(1+y>, ﬂ4=<w>2, (26)

2 2

with 7, being the radius of ergoregion and r;, the event
horizon, i.e.,
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R N . with the purpose of studying the AB effect. So we can do the
re=1\/7(A*+ B, rn = VrIAl (27) following variable separation in the above equation:

Thus, the metric (24) can be now written in the form

w(t,r.4) = R(r)e! @), (33)
—f 0 _ BB
r In this way we obtain the following differential equation for
gu=p| 0 O+ p) Q! 0 ., (28) the radial function R(r):
~ 8 0 (1 + ﬂ—;‘)

B\ , 2Bfymw m’f](1+p,)R(r)
B AR R CTTe
and the inverse of the g, is r r r g

1 d d
il —a(l 19— |R(r)=0. 34
(8o 0 ot Ea g e RV=0. (34)
Pi(1+p>) r 40
v __FIN" T P2/ — o) .
g = 0 T O | (29)  We can rewrite Eq. (34) as
Bp !
_r_é 0 Q Ps\ , 2Bpsmw m?
1 + ) w” — 5 —~ R(r)
r r r
where F(A d J
- - 0L frm =0 69)
f=1-73, Q:l—r—’;, (30)
Vs where F(r) = \/=g(1 + f,)"'Q(r). At this point we in-
P (1+5,) /ﬁ Bp3 troduce the coordinated ¢ using the following equation [41],
9="% 1+r2 f+—r2 . (31)
d d
The next step is to consider the Klein-Gordon equation in the do =F(r) dar’ (36)
background (24)
| and now, introducing the new radial function
——8,(/=99"d,)y =0, (32)  G(e) = r'/?R(r), we can obtain the following modified
V=g radial equation,
|
432G 1/2 B -1/272
(Q)+H<1+ﬁ—;‘> P (1+ﬂ—;‘> ] —V(r)}G(g)—O, (37)
do r r r
and the potential V(r) is given by [33,37]
F(r) [4m2f(r) 4Bm (PN dF(r)
V(r) = - ——— 1+ 2 . 38
(r) 4r? [ F(r) Flr)+ r?F(r) te) T (38)

We note that Eq. (38) does satisfy the asymptotic behavior V(r) = 0 as r - co. Again we introduce a new function
X(r) = F(r)">G(g) and we rewrite Eq. (37), which reads

XD [0 b (20) ot { [ (142) "2 (14 2) ™) vt} 20 o

ar | 2F(r) ar 4R\ ar FA(r)
(39)
where
df@)g[_ 1 l]_f{r_gl (y_1)zrg_ﬁggz+rg(1+’j—;)—ﬂ4f] (@0)
dr — r | 144 Q] A2 41+p) I ’
and
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d*F(r) r2y=172 [ri(y—-1)? 3 1 2r2(I, + 1,)  4ry

—=F - R e IRt ( SIS 9 G St S SR VA

dr 2(1+ o) (1 + po)r? ort 2r| 4 (1+pBy)r or

3’% 4}’%12 1 ﬂ4 4,64"2
~ o 307 + [3ﬂ§B2+3r <1 o) i + 36,9 ¢, (41)
|
being with the function y written in the form
;o -1y w(t.r.g) ~e (e + f,(p)e /Vr).  (47)
| = -t

2 R2
13:<1+€;‘>f+ﬁ3r§ : (42)

At this point it is convenient to write (39) as a power series
inl/r,

d*X(r) dam? — 1
02 + {wz R +U(r)|X(r) =0, (43)
where
1
U(r) = o 0(a?, b*) + P O(a*, b*),  (44)

and we have defined

2 2 2
=" aam—22 5T P p=Piea.
a af; a a
- 1)\ ]2 (y—1)>
= A —y(1 (7/— Y LAY
Ps [3 y( + 1 ., a=y|l+ g
(45)

Here a is the circulation parameter and b is the parameter
that describes the draining. The total potential V(r) =
—(4am* — 1)/r* + U(r) in Eq. (43) satisfies the expected
asymptotic behavior V(r) - 0 as r — oo0. Thus, we can
now apply the usual techniques to find the Aharonov-Bohm
effect.

III. ANALOGUE AHARONOV-BOHM EFFECT

In this section we study the analogue Aharonov-Bohm
effect in neo-Newtonian theory. For this purpose we
consider the scattering of a monochromatic planar wave
of frequency w as [42]

Wl g) = 3 Ry (r)e

m=—00

VR ()

where e =3"% "] (wr)e™ and J,(or) is a
Bessel function of the first kind. In this case using the
representation of partial waves scattering amplitude f,,(¢)

reads
1 > ) )
Fold) = \[3— D (0 —nem. (48)

Now we can calculate 6,, by applying the following
expression,

-1 a?, b?).
(50)
Therefore, in this case we have obtained the differential

scattering cross section restricted to small angles ¢ as
follows:

ara*[ (4 2 ¢2 3
PG| (53 5+ 0)
4z weh
_ —1/2 0 3
(giow)
Az o 7’ ﬂq’)
+(1-a )(¢4 37 45 15120 (gb))}
(1—a7'2)2 7472 22 112> 312%¢° 3
A A . o) ).
2w Pt +3¢2 180+ 7560 +0(¢)
(51)
Note that when a@ = 1 in (50), the phase shift is
ar m
Op & ——7—, 52
-G (52)

and for the differential scattering cross section (51) at small
angles ¢ we have
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2.2 2
NQ i_g+£+0<¢3) , (53)

do
@:|fw<¢)|2=2ﬂw 7 3760

so when ¢p — 0, the result for the differential cross section is

2.2
;L" _ra s (54)
¢  27nw
which is the differential scattering cross section for the
analogue AB effect due to the metric of an acoustic black hole.
On the other hand when the parameter associated with
circulation is null, a = 0, Eq. (51) becomes

do
%: |f(u(¢) |2

(1—a”'/2)? (4z*> 22 112* 31z%¢? s
| —F 5+t —— 0 .
27w ¢* +3¢2+ 180 + 7560 +0(#)
(55)
Thus taking ¢ — 0, Eq. (55) now becomes
d 1= —1/2 24 2
c (1—-a'*)*4rn (56)

dp 270 Pt
This shows that we have successfully obtained the analogue
AB scattering in neo-Newtonian theory. We mainly found
that in contrast to the usual Aharonov-Bohm effect, the
differential scattering cross section does not vanish even
if a =0. In addition, for a =1 and a # 0 in (51) the
scattering cross section is symmetric under ¢p — —¢, while
for a #1 and a # 0 the low-frequency scattering cross
section turns out to be asymmetric, with

a(l —a™'/?)n%a?

7 d, .
o, = /_ﬂﬁsm(pdg{) S — . (57)

which is due to contribution 1/¢* in Eq. (51) for the
differential cross section. Recall that @ has a nontrivial
dependence on the parameters of the equation of state of
the fluid.

We mainly notice from Eq. (56) that the pressure
develops an important activity in the AB effect even
in the limit of the circulation a :%a)B and draining
b= %wA parameters vanish or become very small. For
the latter case, we can interpret this result for an infinitely
thin vortex as follows. Now, by making the following
changes of variables ¢ = (3)'/?z and ¢ = (B3)"/?¢ with
B3 = (1 +7y)/2, the metric (24) becomes

2

N\ —
ds*> = f {—ﬁ? <1 —%) dr* + (1 +ﬂ2)<1 —%) ldr2

-2 rdrdp + (1 +%> r2(ﬁ3)‘1d¢2]. (58)
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In such a limit, assuming @ # 0 and f; #0, we have
pr=pr=A=B=r,=r,=0, f; =1 and the metric
(58) can be written as

ds® = = (B)7Nde* + dP? + P(ps) . (59)

The metric clearly describes a conical space with angle
deficit 6 = 2z(1 — (B5)~'/?). If we embed this metric in
3 + 1 dimensions it can be seen as the background of an
infinitely thin low spinning ‘“cosmic” stringlike defect
along the third spatial dimension. Since the equation of
state of the present fluid is p = kp" theny = 1 + knp~! =
1 + npy/po or simply y = 1 + ¢2, where p, and p, are the
pressure and density of the fluid background, we can find
6 ~5npy/po, for npy/py < 1. Similarly, from (45), a~
1 + npy/po and now we can rewrite Eq. (56) as follows:

2

do 21 (60)
dp o

This result easily shows how the fluid pressure affects the
AB effect that comes from a conical defect in the acoustic
geometry due to an infinitely thin vortex. The AB phase
shift ~8 ~ ¢2 which depends on the pressure is analogous
to a magnetic flux. Related reasoning has been considered
in graphene physics [43]. Our study suggests how to
measure such an effect through the scattering of quasi-
particles (phonons) in the fluid due to infinitely thin
filaments in a bulk fluid, playing the role of the infinitely
thin slow spinning stringlike defects. The pattern fringes
could be detected by adjusting the pressure of the fluid
background.

IV. CONCLUSIONS

In summary, in the present study we investigated the
analogue Aharonov-Bohm effect from the metric of an
acoustic black hole in the neo-Newtonian hydrodynamics.
To address the issues concerning this effect we considered
the scattering of a monochromatic planar wave. The
differential cross section is shown to be qualitatively in
agreement with that obtained in [31] for the AB effect
in the context of noncommutative quantum mechanics
and in [37] for an analogue Aharonov-Bohm effect
from an idealized draining bathtub vortex and gravita-
tional Aharonov-Bohm effect from a noncommutative
Barfiados-Teitelboim-Zanelli (BTZ) black hole. The cor-
rection to the differential cross section approaches zero in
the limit & — 1 so that no singularities are found. The
result also shows that pattern fringes can appear even if a
vanishes, differently from the standard AB effect. It is
interesting to notice that the cross section has a nontrivial
dependence on the parameters of the equation of state of
the fluid, encoded in the parameter a. Comparing this
result with that obtained in [37] (third reference) for the
noncommutative BTZ black hole we see that there exists
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an equivalence between a and the product of the cosmo-
logical constant times the noncommutative parameter.
Some further investigations on this relationship should
be addressed elsewhere.
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