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A novel nonlocal four-photon interaction on the deformed spacetime is derived and studied in the three
selected models (I, II, III). The first two models (I, II) are obtained via two distinct second-order θ-exact
Seiberg-Witten maps of the noncommutative U(1) gauge field strength on Moyal space. The third one (III),
inspired by the manifestly gauge invariant structures emerging in the first two, due to the model generality
has been constructed with a different set of freedom parameters. The physical relevancy of all models is
analyzed by evaluating the four-photon-tadpole diagram, which, when combined with the bubble graph,
enables us to fully consider all contributions to the one-loop photon polarization tensor. For an arbitrary
noncommutative matrix θμν, the full quadratic IR divergence cancellation in the one-loop photon two-point
function is obtained with particular combinations of Seiberg-Witten map/gauge-symmetry freedom
parameters in models I and II. Finally, our model III enables complete elimination of all pathological
terms in the photon polarization tensor at one-loop order if a special value for the θ matrix is chosen.
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I. INTRODUCTION

The application of the θ-exact Seiberg-Witten map (SW)
[1] expansions [2–14] represents the current state-of-the-art
in the field of the noncommutative (NC) gauge field
theories [15–21] and the associated particle-physics phe-
nomenology [22–26]. A summation over all orders in the
antisymmetric tensor θμν at tree level is automatically
achieved via this approach, leading to various interesting
results. More importantly, the θ-exact approach allows an
access to nonlocal effects within the perturbative approach,
most pronouncedly the quadratic UV/IR mixing [27–30] in
the two-point functions at one loop [15,21].
A particular topic related to the SW map approach to the

noncommutative gauge theories is the implementation of the
gauge freedoms into the (inter)action. This step is generally
regarded as favorable as far as the control over various
divergences in the perturbative quantum corrections is con-
cerned. The original employment was via a θ-iterative con-
struction [31]. Later on a θ-exact substitutewas suggested [32]
and generalized to a second-order expansion afterwards [33].
While after the first order, it is natural to consider the

second-order SWmap (either in the perturbative or in the θ-
exact approach) in the perturbative quantum field theory,
in the past the second order has been much less inves-
tigated [15,34]. The reason was obviously technical: The
second-order SW map solution is inherently much more

complicated than the first-order one and requires conse-
quently more effort to obtain explicitly the gauge invariant
action and to implement the gauge freedom. Recently the
model building works based on the θ2 order SW map of
non-Abelian gauge fields have received more attention
[18,19,35,36] when the order-θ correction vanishes, yet
studies on quantum corrections are still absent. Going from
the θ expansion to θ exact, the second-order SW map adds
its unique additional difficulties. Two expansion solutions
sharing the identical first order do exist [5,13]. Each
solution involves its own type of 3-products (⋆3 and ⋆30

as in [33]), and while the leading order of these two
solutions with respect to θ can be shown to be connected by
gauge transformation, the full solutions are not [33].
The gauge freedom structure at second order in the θ-exact

approach is considerably more complicated than the first
order, and also more complicated than its θ2-order counter-
part. Besides the existence of two solutions, the field strength
expansion from each solution contains distinct gauge free-
dom structures [33]. Analyzing the θ2 order indicates that
moregauge freedom structureswill showup after performing
the integration-by-part in the action. Performing the same
procedure θ-exactly meets the difficulty from the noncom-
mutativity and/or nonassociativity of the generalized star
products.This issue ismuch less pressing at thee2 order since
the ⋆2 product satisfies the so-called 3-cyclicity [37]

Z
fðxÞðgðxÞ ⋆ hðxÞÞ ¼

Z
hðxÞðgðxÞ ⋆ fðxÞÞ;

Z
fðxÞðgðxÞ ⋆2 hðxÞÞ ¼

Z
hðxÞðgðxÞ ⋆2 fðxÞÞ: ð1Þ
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However, there is no 4-cyclicity in general (⋆2 and ⋆30

products have some cyclicity left, while⋆3 has practically no
cyclicity left.) In this paper we will show that the proper
substitute to integration-by-part in the θ-exact computation
on Moyal space is to Fourier-transforming the whole
computation to themomentum space and achieve the explicit
gauge-invariant action simultaneously with the verification
of the Ward identity of the vertex.
Following the preliminary work in [33], we present in this

paper, for the first time, the full SW-map based/inspired
nonlocally deformed four-photon couplings on Moyal
space, with all reasonable gauge freedom parameters
included, and their quantum correction induced by such
coupling via the one-loop four-photon-tadpole diagram.We
use two distinct second-order θ-exact SW map expansions
for the gauge field strength (which we call model I and II, as
dubbed recently in [33]) with all the freedom/ambiguity/
deformation parameters included. From these field
strengths we then derive the corresponding actions and
show that they can be expressed explicitly in terms of the
commutative U(1) field strength fμν ¼ ∂μaν − ∂νaμ by
working out the integration-by-part procedure required.
Our final form for both SW map based actions further
indicates that the θ-exact freedom parameters we suggested
before [32] would not deplete all the θ-iterative possibilities
in [31]. The two additional gauge freedom/ambiguity/
deformation parameters are thus introduced by hand in turn.
We then determine the four-photon coupling vertices

with all possible gauge freedom/ambiguity/deformation
parameters included from models I and II and write down
the one-loop four-photon-tadpole integrals for these
models. We find that various momentum factors in the
second-order SW map expansion reduce either to unity or
to the common nonlocal factor sin2 pθk

2
=ðpθk

2
Þ2 in the

tadpole, the same as found in the three-photon-bubble
diagram studied previously [21].
It is long known that the massless tadpole integrals

all vanish at the integration dimensions D ≥ 4 under
dimensional regularization [38]. However, this result is
modified by the nonlocal factors [20,29]. In order to
precisely verify this effect, we evaluate the tadpole integral
using two different methods: The first method simply
introduces a pair of identical numerators and denominators
to turn the tadpole into the bubble integral then evaluate the
tadpole using the protocol established for the bubble
diagram, as we did in [21]. The second method generalizes
the n-nested zero regulator [38] for the commutative
tadpole diagram. We compute the four-photon-tadpole
contributions to the photon two-point function as a function
of unspecified number of the integration dimensions D.
Then we specify gauge field theory dimension d by taking
the limits D → d. Next we especially discuss the d ¼ 4
case. In the end, we find that both approaches reveal the
same purely quadratic IR divergent result in the D → 4 − ϵ
limit, verifying the soundness of our computation.

The UV/IR mixing phenomenon, reflecting the inherent
nonlocality of the full theory and arising from the high-
momentum region of integration in the Feynman integrals,
shows up as a IR divergence when the spatial extension of
the NC string of size jθpj gets reduced to a point. A related
anomaly is a nonanalytical behavior in the NC parameter θ,
when the limit θ → 0 is undertaken. In the NC gauge
theory, however, a quadratic IR divergence coexists with
the logarithmic divergence which matches the UV behav-
ior. Our study indicates that the quadratic IR divergence is
clearly connected with tadpole integrals. Therefore the
gauge invariant four photon interaction we found may serve
as counterterms to cancel quadratic IR divergence. For this
purpose the tadpole induced quadratic IR divergence is
summed together with the corresponding contribution from
the photon bubble diagram [21]. We find that while it is
indeed possible to do so in both models I and II, the
procedure requires fixing the first-order gauge freedom
parameter [32] κ ¼ 1. Subsequently, a third possible action
(III), inspired by the structures of the first two, is intro-
duced. It involves a SW-map inspired gauge invariance
deformation in a more general way.
In this action each manifestly gauge invariant four-

photon coupling term starting at θ2 order is assigned an
independent freedom parameter, which is shown to be
sufficient to cancel any quadratic IR divergences from the
bubble diagram for the two typical θ values. (The UV
divergences still require separated fine-tuning.)
This paper is structured as follows: In the first two

sections we describe two θ-exact Seiberg-Witten map
models up to the e3 order and construct the four-photon
self-interaction, as a model definition. Section III is devoted
to the computation, presentation, and discussion of the
θ-exact tadpole in D and four dimensions, while in Sec. IV
we analyze a sum of the bubble and the tadpole diagram to
show elimination of IR divergences for arbitrary θ-matrix.
In Sec. V we introduce a generalized model of the
deformed four-photon interaction and show the elimination
of all divergences from the bubble plus the tadpole diagram
for the special choice of the θ-matrix and freedom
parameters. Sections VI and VII present the discussion
and conclusion, respectively. In this article the capital
letters denote noncommutative objects, while the small
letters denote the commutative ones.

II. A MODEL DEFINITION OF THE THREE-
AND FOUR-PHOTON SELF-INTERACTIONS

A. Definitions and construction of the actions

As usual we consider the formal U⋆ð1Þ NC gauge theory
action

S¼ −
1

4e2

Z
Fμνðeaμ;θμν;κ;η;…Þ ⋆ Fμνðeaμ;θμν; κ;η;…Þ;

ð2Þ
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where the formal NC gauge field strength Fμνðeaμ;
θμν; κ; η;…Þ is regarded as a composite operator built-up
using the commutative gauge field operator aμ and the NC
parameter θμν via the SW map procedure. The set of
parameters ðκ; η;…Þ represents in principle the SW map/
gauge-invariance freedoms. The commutative coupling
constant e is attached to the commutative gauge field
operator aμ due to the charge quantization issue [39]. As a
bonus feature it also serves as the ordering parameter for
the θ-exact SW map expansion, i.e.,

Fμν ¼ efμν þ Fe2
μν þ Fe3

μν þOðe4Þ: ð3Þ

To e2 order, the gauge field strength SW map Fe2
μν

expansion is fairly universal [21,32,33],

Fe2
μν ¼ e2θijðκfμi ⋆2 fνj − ai ⋆2 ∂jfμνÞ: ð4Þ

Note that κ deformation in the settings of this paper (4) and
in a recent works [32,33], corresponds to the κ−1g for the
previous κg-deformation of [21].1 In this paper the κ

deformation is dubbed the κ settings, where we have the
following triple-photon action:

Se ¼ −
e
2

Z
θijfμν

�
κfμi ⋆2 fνj −

1

4
fij ⋆2 fμν

�
; ð5Þ

responsible to the contribution to the photon polarization
tensor arising from the photon bubble diagram [21].
The (profound) structure of the θ-exact SW map of a

U(1) gauge theory is summarized in [33], where two distinct
gauge field SW maps were found and analyzed up to the
e3 ∼ a4μ order. Expanding (2) up to ordera4μwith (3) gives the
following general form for the four-photon interaction

Se
2 ¼ −

1

4e2

Z
Fe2
μνFe2μν þ 2efμνFe3

μν; ð6Þ

where the following two distinct solutions for the e3 order
gauge field strength have been found and given explicitly in
[33]. The first solution is resolved from SW differential
equation [33],

Fe3
μνðIÞ ðxÞκ;κ1;κ2 ¼

e3

2
θijθkl

�
κ1ð½fμkfνiflj�⋆30

þ ½fνlfμifkj�⋆30
Þ − κai ⋆2 ∂jðfμk ⋆2 fνlÞ

− κ2ð½fνlai∂jfμk�⋆30
þ ½fμkai∂jfνl�⋆30

þ ½ak∂lðfμifνjÞ�⋆30
− 2ai ⋆2 ∂jðfμk ⋆2 fνlÞÞ

þ ½ai∂jak∂lfμν�⋆30
þ ½∂lfμνai∂jak�⋆30

þ ½akai∂l∂jfμν�⋆30
−
1

2
ð½ai∂kaj∂lfμν�⋆30

þ ½∂lfμνai∂kaj�⋆30
Þ
�
; ð7Þ

while the second one is obtained by inverting the known solution for the inverted SW map [5] in [33],

Fe3
μνðIIÞ ðxÞκ;κ01;κ02 ¼ e3θijθkl

�
κ01ðfμi ⋆2 ðfjk ⋆2 flνÞ þ flν ⋆2 ðfjk ⋆2 fμiÞ − ½fμifjkflν�⋆3

Þ

− κ02ððai ⋆2 ∂jfμkÞ ⋆2 fνl þ ðai ⋆2 ∂jfνlÞ ⋆2 fμk − ½ai∂jðfμkfνlÞ�⋆3
Þ − κai ⋆2 ∂jðfμk ⋆2 fνlÞ

þ ðai ⋆2 ∂jakÞ ⋆2 ∂lfμν þ ai ⋆2 ð∂jak ⋆2 ∂lfμνÞ þ ai ⋆2 ðak ⋆2 ∂j∂lfμνÞ − ½ai∂jak∂lfμν�⋆3

−
1

2
ðai ⋆2 ð∂kaj ⋆2 ∂lfμνÞ þ ðai ⋆2 ∂kajÞ ⋆2 ∂lfμν − ½ai∂kaj∂lfμν�⋆3

þ ½aiak∂j∂lfμν�⋆3
Þ
�
: ð8Þ

Definitions of generalized star products and the momentum dependent functions f⋆2
ðp; qÞ, f⋆3

ðp; q; kÞ and f⋆30 ðp; q; kÞ are
given in the Appendix A.
In both solutions we have included the following freedom parameters: κ from Fe2

μν, while in Fe3
μν we have ðκ; κ1;2Þ for

model I and ðκ; κ01;2Þ for model II, respectively. From those field strengths we have found the following two actions at the
a4μ order,

Se
2

ðIÞ ¼ −
e2

4
θijθkl

Z
κ2ðfμi ⋆2 fνjÞðfμk ⋆2 fνlÞ − κðfij ⋆2 fμνÞðfμk ⋆2 fνlÞ þ 2κ1fμν½fμifνkfjl�⋆30

þ 2κ2fμνðai ⋆2 ∂jðfμk ⋆2 fνlÞ − ½fμkai∂jfνl�⋆30
− ½aifμk∂jfνl�⋆30

Þ þ ðai ⋆2 ∂jfμνÞðak ⋆2 ∂lfμνÞ

þ 1

2
fμνð2½ai∂jak∂lfμν�⋆30

þ 2½∂lfμνai∂jak�⋆30
þ 2½aiak∂j∂lfμν�⋆30

− ½ai∂kaj∂lfμν�⋆30
− ½∂lfμνai∂kaj�⋆30

Þ ð9Þ

1See also the discussion after Eq. (26) in [32]. We first substitute κg ¼ κ−1, then extract out from all terms in the action a factor κ−2.
That factor is than absorbed as an overall rescaling of the field redefinition [32]. Further on we name this paper settings the κ-settings.

PHOTON SELF-INTERACTION ON DEFORMED SPACETIME PHYSICAL REVIEW D 92, 125006 (2015)

125006-3



and

Se
2

ðIIÞ ¼ −
e2

4
θijθkl

Z
κ2ðfμi ⋆2 fνjÞðfμk ⋆2 fνlÞ − κðfij ⋆2 fμνÞðfμk ⋆2 fνlÞ þ 2κ01f

μνð2fμi ⋆2 ðfjk ⋆2 flνÞ − ½fμifjkflν�⋆3
Þ

− 4κ02f
μνððai ⋆2 ∂jfμkÞ ⋆2 fνl − ½ai∂jfμkfνl�⋆3

Þ þ ðai ⋆2 ∂jfμνÞðak ⋆2 ∂lfμνÞ
þ fμνð2ðai ⋆2 ð∂jak ⋆2 ∂lfμνÞ þ ðai ⋆2 ∂jakÞ ⋆2 ∂lfμν − ½ai∂jak∂lfμν�⋆3

Þ
− ðai ⋆2 ð∂kaj ⋆2 ∂lfμνÞ þ ðai ⋆2 ∂kajÞ ⋆2 ∂lfμν − ½ai∂kaj∂lfμν�⋆3

Þ þ 2ai ⋆2 ðak ⋆2 ∂j∂lfμνÞ − ½aiak∂j∂lfμν�⋆2
Þ:

ð10Þ

One can reduce (9) and (10) to the leading/θ2 order and
perform integration-by-part to obtain

Sθ
2

ðIÞ ¼ Sθ
2

ðIIÞ

¼ −
e2

4

Z
κ2fμifνjfμkfνl − κfμνfμifνjfkl

þ 2κ1fμνfμifνkfjl −
1

4
fμνfμνfikfjl

þ 1

8
fμνfijfklfμν: ð11Þ

We observe two crucial facts from this formula: First, two
more gauge invariant structures fμνfμνfikfjl and
fμνfijfklfμν emerge after the integration-by-part. Second,

these five terms deplete all possible combination of four
U(1) field strength fμν contracted with two θ and two
metric tensors. One would naturally wonder what are the
θ-exact completions of these two terms and if there are
more structures emerging after a θ-exact integration-by-part
procedure performed. This is, however, not an easy task,
since the universal integration-by-part/cyclicity identities
on Moyal space only exist for the two-products/integral
over the product of three functions. Yet it is still possible to
convert both θ-exact interactions (9) and (10) fully in
terms of the commutative field strength fμν by applying a
series of integration-by-part identities resulting from veri-
fication of the Ward identity on the four-photon coupling
vertex. A detailed procedure for model I is given in
Appendix A, while here we only list the final result for
both models I and II:

Se
2

ðIÞ ¼ −
e2

4
θijθkl

Z
κ2ðfμi ⋆2 fνjÞðfμk ⋆2 fνlÞ − κðfij ⋆2 fμνÞðfμk ⋆2 fνlÞ þ 2κ1fμν½fμifνkfjl�⋆30

þ 2κ2fμνðai ⋆2 ∂jðfμk ⋆2 fνlÞ − ½fμkai∂jfνl�⋆30
− ½aifμk∂jfνl�⋆30

Þ − 1

4
fμν½fμνfikfjl�⋆30

þ 1

8
ðfμν ⋆2 fijÞðfkl ⋆2 fμνÞ þ

1

2
θpqfμν½∂ifjkflp∂qfμν�MðIÞ

; ð12Þ

and

Se
2

ðIIÞ ¼ −
e2

4
θijθkl

Z
κ2ðfμi ⋆2 fνjÞðfμk ⋆2 fνlÞ − κðfij ⋆2 fμνÞðfμk ⋆2 fνlÞ

þ 2κ01f
μνð2fμi ⋆2 ðfjk ⋆2 flνÞ − ½fμifjkflν�⋆3

Þ − 4κ02f
μνððai ⋆2 ∂jfμkÞ ⋆2 fνl − ½ai∂jfμkfνl�⋆3

Þ

−
1

4
fμνð3fik ⋆2 ðfjl ⋆2 fμνÞ − 2½fikfjlfμν�⋆3

Þ þ 1

8
fμνð2fij ⋆2 ðfkl ⋆2 fμνÞ − ½fijfklfμν�⋆3

Þ

−
1

4
θpqθrsfμν½∂kfri∂jflp∂q∂sfμν þ ∂i∂rfjk∂sðflp∂qfμνÞ�MðIIÞ

: ð13Þ

The products MðI;IIÞ are defined via the momentum
structures fðI;IIÞ in Appendix A.
As stated above, the five terms of order θ2 deplete all

possible indices arrangements. Also θijθklfikfjlfμν
and θijθklfijfklfμν terms can be easily generated via the

θ-iterative procedure [31]. Therefore it is reasonable to
introduce two additional freedom parameters ðκ3; κ4Þ and
ðκ03; κ04Þ, in (I) and (II) respectively, as the θ-exact com-
pletion of these two freedoms. In this way we produce the
final forms for the a4μ-order actions (I,II):
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Se
2

ðIÞκ;κ1 ;κ2 ;κ3 ;κ4
¼ −

e2

4
θijθkl

Z
κ2ðfμi ⋆2 fνjÞðfμk ⋆2 fνlÞ − κðfij ⋆2 fμνÞðfμk ⋆2 fνlÞ

þ 2κ1fμν½fμifνkfjl�⋆30
þ 2κ2fμνðai ⋆2 ∂jðfμk ⋆2 fνlÞ − ½fμkai∂jfνl�⋆30

− ½aifμk∂jfνl�⋆30
Þ

−
κ3
4
fμν½fμνfikfjl�⋆30

þ κ4
8
ðfμν ⋆2 fijÞðfkl ⋆2 fμνÞ þ

1

2
θpqfμν½∂ifjkflp∂qfμν�MðIÞ

; ð14Þ

and

Se
2

ðIIÞκ;κ0
1
;κ0
2
;κ0
3
;κ0
4

¼ −
e2

4
θijθkl

Z
κ2ðfμi ⋆2 fνjÞðfμk ⋆2 fνlÞ − κðfij ⋆2 fμνÞðfμk ⋆2 fνlÞ

þ 2κ01f
μνð2fμi ⋆2 ðfjk ⋆2 flνÞ − ½fμifjkflν�⋆3

Þ − 4κ02f
μνððai ⋆2 ∂jfμkÞ ⋆2 fνl − ½ai∂jfμkfνl�⋆3

Þ

−
κ03
4
fμνð3fik ⋆2 ðfjl ⋆2 fμνÞ − 2½fikfjlfμν�⋆3

Þ þ κ04
8
fμνð2fij ⋆2 ðfkl ⋆2 fμνÞ − ½fijfklfμν�⋆3

Þ

−
1

4
θpqθrsfμν½∂kfri∂jflp∂q∂sfμν þ ∂i∂rfjk∂sðflp∂qfμνÞ�MðIIÞ

: ð15Þ

Note that κ-terms are identical for both above actions, as they should be in the κ-settings.

B. Feynman rule for the four-photon interaction

Since the triple-photon Feynman rules from action (5) is given previously in [32] it is not necessary to be repeated here.
From the actions (14) and (15) we read out the corresponding four-photon interactions in the momentum space, with all four
momenta pi in Fig. 1 being the incoming ones

Γμ1μ2μ3μ4
ðIÞ ðp1; p2; p3; p4Þ ¼ − i

e2

4
½ðκ2Γμ1μ2μ3μ4

A ðp1; p2; p3; p4Þ þ κΓμ1μ2μ3μ4
B ðp1; p2; p3; p4Þ

þ κ1Γ
μ1μ2μ3μ4
1 ðp1; p2; p3; p4Þ þ κ2Γ

μ1μ2μ3μ4
2 ðp1; p2; p3; p4Þ þ κ3Γ

μ1μ2μ3μ4
3 ðp1; p2; p3; p4Þ

þ κ4Γ
μ1μ2μ3μ4
4 ðp1; p2; p3; p4Þ þ Γμ1μ2μ3μ4

5 ðp1; p2; p3; p4ÞÞ
þ all S4 permutations overfpig and fμig simutaneously�δðp1 þ p2 þ p3 þ p4Þ: ð16Þ

and

Γμ1μ2μ3μ4
ðIIÞ ðp1; p2; p3; p4Þ ¼ − i

e2

4
½ðκ2Γμ1μ2μ3μ4

A ðp1; p2; p3; p4Þ þ κΓμ1μ2μ3μ4
B ðp1; p2; p3; p4Þ

þ κ01Γ0μ1μ2μ3μ4
1 ðp1; p2; p3; p4Þ þ κ02Γ0μ1μ2μ3μ4

2 ðp1; p2; p3; p4Þ þ κ03Γ0μ1μ2μ3μ4
3 ðp1; p2; p3; p4Þ

þ κ04Γ0μ1μ2μ3μ4
4 ðp1; p2; p3; p4Þ þ Γ0μ1μ2μ3μ4

5 ðp1; p2; p3; p4ÞÞ
þ allS4 permutations overfpig and fμig simutaneously�δðp1 þ p2 þ p3 þ p4Þ: ð17Þ

with ΓA, ΓB, Γi and Γ0
i ’s being given in the Appendix B.

III. FOUR-PHOTON INTERACTION
AT ONE LOOP

Following the successful derivation of four-photon self-
coupling vertices we move on to study the simplest
perturbative quantum loop correction induced by this
coupling: the one-loop, four-photon-tadpole diagram con-
tribution to the photon polarization tensor. We first read off
from Fig. 2 the tadpole integral. After some arithmetics we

FIG. 1. Four-photon field vertex Γμ1μ2μ3μ4ðp1; p2; p3; p4Þ with
all incoming momenta.
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find that various nonlocal factors listed in the Appendix A
simplify into two cases: either one or f2⋆2

ðp;lÞ, i.e.,

Tμν
ðI;IIÞðpÞ ¼

1

2
μd−D

Z
dDl
ð2πÞD

−igρσ
l2

Γμνρσ
ðI;IIÞðp;−p;l;−lÞ

¼ e2τμνðI;IIÞμ
d−D

Z
dDl
ð2πÞD

l2

l2

þ e2T μνρσ
ðI;IIÞμ

d−D
Z

dDl
ð2πÞD

lρlσ

l2
f2⋆2

ðp;lÞ: ð18Þ

Since the first integral in the above Eq. (18) vanishes
according to the dimensional regularization prescription
[38], the only remaining integral is the second one. The
tensors τμνðI;IIÞ and T μνρσ

ðI;IIÞ are given in the Appendix C.

A. Tadpole integral

Now we compute our D-dimensional tadpole integral:

Iμν ¼
Z

dDl
ð2πÞD

lμlν

l2
f2⋆2

ðp;lÞ: ð19Þ

We have encounter similar computation in our prior works
[21,39]. Here to ensure the consistency of our methodology
we choose to evaluate the integral in two different ways,
both are extensions of sound methods for commutative
field theories. As shown below these two methods agrees
with each other at the D → 4 limit, as expected.
(1) The first is the conventional method which

multiplies the tadpole integral with an identity 1 ¼
ðlþ pÞ2=ðlþ pÞ2 to turn it into a bubble integral.
We then parameterizing the integral as in our prior
works [21], which ultimately yields the following
expression in D dimensions

Iμν ¼ gμν
1

D − 1

�
4ðθpÞ−D

2K
�
D
2
− 1; 0; 0

�
−

4p2

ðθpÞ2
�
ð1 −DÞK

�
D
2
− 2; 0; 1

�
þ 2DK

�
D
2
− 2; 1; 1

��

− p2

�
ð1 −DÞW

�
D
2
− 1; 0; 1

�
− 2DW

�
D
2
− 1; 1; 1�

��

þ pμpν

�
4

ðθpÞ2
�
ðD − 2ÞK

�
D
2
− 2; 1; 0

�
þ 2ð1 −DÞK

�
D
2
− 2; 1; 1

��

−
�
ð1 −DÞW

�
D
2
− 1; 1; 0

�
þ 2DW

�
D
2
− 1; 1; 1

���

þ ðθpÞμðθpÞν 1

D − 1

�
−4DðθpÞ−1−D

2K
�
D
2
− 1; 0; 0

�
þ 4p2

ðθpÞ4
�
ð1 −DÞK

�
D
2
− 2; 0; 1

�
þ ð2D − 1ÞK

�
D
2
− 2; 1; 1

��

þ p2

ðθpÞ2
�
ð1 −DÞW

�
D
2
− 1; 0; 1

�
þ 2DW

�
D
2
− 1; 1; 1

���
; ð20Þ

where the special function integrals are defined as
follows

K½ν;a; b� ¼ 2νðθpÞ−ν
Z

1

0

dxxað1 − xÞbXνKν½X�;

ð21Þ

W½ν; a; b� ¼
Z

1

0

dxxað1 − xÞbWν½X�: ð22Þ

Here the Kν½X� is the modified Bessel function of
second kind, while

Wν½X�¼ ðθpÞ−2ν
�
X2νΓ½−ν�1F2

�
1

2
;
3

2
;νþ1;

X2

4

�

−
22ν

1−2ν
Γ½ν�1F2

�
1−2ν

2
;1−ν;

3−2ν

2
;
X2

4

��
;

ð23Þ
and

X ¼ ðxð1 − xÞp2ðθpÞ2Þ12: ð24Þ
In the limit D → 4 − ϵ after a lengthy manipulations
the tadpole integral Iμν reduces to the following two
terms

FIG. 2. Four-photon-tadpole contribution to the photon two-
point function TμνðpÞ.

RAUL HORVAT, JOSIP TRAMPETIĆ, and JIANGYANG YOU PHYSICAL REVIEW D 92, 125006 (2015)

125006-6



Iμν ¼ 1

6π2
1

ðθpÞ4
�
gμν − 4

ðθpÞμðθpÞν
ðθpÞ2

�
: ð25Þ

The integrals K½D
2
− 2; 0; 1� and K½D

2
− 2; 1; 0� be-

come UV divergent when D → 2 − ϵ. This hard
1=ϵ divergence occurs at the same place as the IR
divergence when D → 4 − ϵ; i.e., the UV and IR
divergence get “mixed” in the same term now.

(2) As a test a second computation using the n-nested
zero regulator [38] is also performed. In this ap-
proach we first parameterize the integral as follows

Iμν ¼
Z

dDl
ð2πÞD

lμlν

l2
f2⋆2

ðp;lÞ

¼ −2
Z

∞

0

dλλ2
Z

1=λ

0

dy

�
y −

1

λ

�

×
Z

dDl
ð2πÞD

�
l2

D
gμν −

y2

4
ðθpÞμðθpÞν

�

× exp

�
−λl2 −

λy2

4
ðθpÞ2

�
: ð26Þ

Next we introduce the loop momenta integral,
Z

dDl
ð2πÞD exp ½−λl2� ¼ ð4πλÞ−D

2 exp

�
−λf

�
D
2

��
;

ð27Þ
where fðD

2
Þ is the n-nested zero regulator [38] which

satisfies the following properties:
(i) fðD

2
Þ is a nonzero analytic function

(ii) fðD
2
Þ ¼ 0 when D ∈ Zþ

(iii) fðlÞðD
2
Þ ¼ 0 when D ∈ Zþ and l ≤ l0 ∈ N

(iv) ∀ReD ∉ Zþ, ∃ImD, Re½fðD
2
Þ� > 0.

The inclusion of the fðD
2
Þ regulator leads to a planar-

modified Bessel-hypergeometric function combina-
tions similar to the first approach with but a variable
ðfðD

2
ÞðθpÞ2Þ12, instead of ðxð1 − xÞp2ðθpÞ2Þ12, and no

x integration. In the end, we have found

Iμν ¼ I ·

�
−
gμν

D
þ ðθpÞμðθpÞν

ðθpÞ2
�
; ð28Þ

with

I ¼ ð4πÞ−D
2

�ðθpÞ2
4

�−1��
f

�
D
2

��D
2
−1
Γ
�
1 −

D
2

�

−WD
2

��
f
�
D
2

�
ðθpÞ2

�1
2

�

− 2

�
f

�
D
2

��D
4
−1
2

�ðθpÞ2
4

�−1
2
−D

4

× KD
2
−1

��
f

�
D
2

�
ðθpÞ2

�1
2

��
: ð29Þ

The above scalar integral I reduces to a single IR
divergent term− 2

3π2
ðθpÞ−4 whenD → 4 − ϵ, with all

others being suppressed by the fðD
2
Þ regulator. This

matches the result (25) obtained from the othermethod.

B. Four-photon-tadpole contributions
in the limit D → 4 − ϵ

By combining the partial tensor reduction from above
and the master integral in D ¼ 4, we obtain the following
results in the κ-settings,

Tμν
ðI;IIÞðpÞ ¼

e2

ð4πÞ2 f½g
μνp2 − pμpν�T1ðI;IIÞ ðpÞ

þ ðθpÞμðθpÞνT2ðI;IIÞ ðpÞ þ ½gμνðθpÞ2 − ðθθÞμνp2

þ pfμðθθpÞνg�T3ðI;IIÞ ðpÞ
þ ½ðθθÞμνðθpÞ2 þ ðθθpÞμðθθpÞν�T4ðI;IIÞ ðpÞ
þ ðθpÞfμðθθθpÞνgT5ðI;IIÞ ðpÞg; ð30Þ

with model I coefficients

T1ðIÞðpÞ ¼
4

3

�
trθθ
ðθpÞ4 þ 4

ðθθpÞ2
ðθpÞ6

�
ðκ4 − 1Þ;

T2ðIÞðpÞ ¼
16

3

1

ðθpÞ4 ð2κ
2 − 4κ þ 6κ1 þ 2κ2

− 2κ3 þ κ4 − 1Þ;

T3ðIÞðpÞ ¼
16

3

1

ðθpÞ4 ð2κ
2 − 2κ þ κ1 þ κ2Þ;

T4ðIÞðpÞ ¼
32

3

p2

ðθpÞ6 ðκ
2 − 2κ þ κ1 þ κ2Þ;

T5ðIÞðpÞ ¼
16

3

p2

ðθpÞ6 ð2κ − κ1 − κ2Þ; ð31Þ

and model II

T1ðIIÞðpÞ ¼
4

3

�
trθθ
ðθpÞ4 þ 4

ðθθpÞ2
ðθpÞ6

�
ð2κ02 þ κ04 − 3Þ;

T2ðIIÞðpÞ ¼
32

3

1

ðθpÞ4 ðκ
2 − 2κ þ 2κ01 þ 2κ02 − κ03Þ;

T3ðIIÞðpÞ ¼
16

3

1

ðθpÞ4 ð2κ
2 − 2κ þ 2κ02Þ;

T4ðIIÞðpÞ ¼
32

3

p2

ðθpÞ6 ðκ
2 − 2κ þ 2κ02Þ;

T5ðIIÞðpÞ ¼
32

3

p2

ðθpÞ6 ðκ − κ02Þ: ð32Þ

The tensor structure remains exactly the same as for the
photon bubble diagram (Fig. 3), as one would expect.
However, we notice immediately the absence of UV and
logarithmic divergent terms contrary to the photon bubble
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diagram results [21]. In addition, the tadpole diagram
produces no finite terms either. The tadpole contribution
for model I can be made equal to that of model II when
setting

κ1 þ κ2 ¼ 2κ02;

4κ1 − 2κ3 ¼ 4κ01 − 4κ03 − κ04 þ 3;

κ4 ¼ 2κ03 þ κ04 − 2; ð33Þ
and in particular Tμν

ðIÞðpÞ¼Tμν
ðIIÞðpÞ, for κi¼κ0i¼1;∀i. We

also notice that T3, T4, and T5 can only be set to zero

simultaneously if κ ¼ 0. Since the value κ directly affects
the divergences in the bubble diagram [21], we therefore
conclude that the tadpole divergences should be analyzed
only after being summed with the bubble diagram
contribution.

IV. SUMMING OVER BUBBLE AND TADPOLE
DIAGRAMS FOR D → 4 − ϵ

As stated above to complete our analysis for the photon
two-point function we have to sum up the tadpole (Fig. 2)
(18) and the bubble (Fig. 3) contributions, which has the
same structure as (30), but with the coefficients TiðpÞ
replaced with BiðpÞ given below. To do that we express the
bubble contribution BμνðpÞ, in terms of the κ-settings for
the gauge field strength at the e2 order (4), by converting
each Bi-coefficient from the κg-setting [21,32] to the κ-
setting. We first substitute κg ¼ κ−1, then extract out from
all coefficients a factor κ−2 since it is absorbed as an overall
re-scaling factor of the corresponding field redefinition
[32]. Remaining divergent parts of the Bi-coefficients are
then given next in (34) in terms of the κ-settings, so that
they match their tadpole counterparts and could be summed
up with.

B1ðpÞ ∼þ
�
1

3
ð1 − 3κÞ2 þ 1

3
ð1þ 2κÞ2 p

2ðtrθθÞ
ðθpÞ2 þ 2

3
ð1þ 4κ þ κ2Þp

2ðθθpÞ2
ðθpÞ4

��
2

ϵ
þ lnðμ2ðθpÞ2Þ

�

−
8

3
ð1 − κÞ2 1

ðθpÞ6 ððtrθθÞðθpÞ
2 þ 4ðθθpÞ2Þ;

B2ðpÞ ∼þ
�
4

3
ð1 − κÞ2 p

4ðθθpÞ2
ðθpÞ6 þ 1

3
ð1 − 2κ − 5κ2Þp

4ðtrθθÞ
ðθpÞ4 þ 1

3
ð25 − 86κ þ 73κ2Þ p2

ðθpÞ2
��

2

ϵ
þ lnðμ2ðθpÞ2Þ

�

−
8

3
ð1 − 3κÞð3 − κÞ 1

ðθpÞ4 þ
16

3
ð1 − κÞ2 p2

ðθpÞ8 ððtrθθÞðθpÞ
2 þ 6ðθθpÞ2Þ;

B3ðpÞ ∼ −
1

6
ð1 − 2κ − 11κ2Þ p2

ðθpÞ2
�
2

ϵ
þ lnðμ2ðθpÞ2Þ

�
−

4

3ðθpÞ4 ð1 − 10κ þ 17κ2Þ;

B4ðpÞ ∼ −ð1þ κÞ2 p4

ðθpÞ4
�
2

ϵ
þ lnðμ2ðθpÞ2Þ

�
−

16p2

3ðθpÞ6 ð1 − 6κ þ 7κ2Þ;

B5ðpÞ ∼þ 2

3
ð1þ κ þ 4κ2Þ p4

ðθpÞ4
�
2

ϵ
þ lnðμ2ðθpÞ2Þ

�
þ 32p2

3ðθpÞ6 ð1 − κÞð1 − 2κÞ: ð34Þ

All BiðpÞ coefficients are computed for arbitrary κ and ∼
means that we have neglected all finite terms in the above
equations. We observe the presence of the UV divergences
as well as quadratic UV/IR mixing in all Bi’s. The
logarithmic IR divergences from both planar and nonplanar
sources in the bubble diagram appear to have identical
coefficient and combine into a single ln μ2ðθpÞ2 term.
Finally, no single κ value is capable of removing all novel
divergences.

A. θ independent elimination of the bubble plus
tadpole IR divergences

Since tadpole integrals give only a quadratic IR diver-
gence, we perform a sum over the tadpole and quadratically
IR divergent parts of the bubble diagram [21] for an
arbitrary choice of the antisymmetric tensor θμν and
deformation freedom parameters. Working out the arith-
metics, we get for both models I and II in the IR regime the
sum Πμν

ðI;IIÞðpÞIR¼BμνðpÞIRþTμν
ðI;IIÞðpÞIR of the bubble and

FIG. 3. Three-photon-bubble contribution to the photon two-
point function BμνðpÞ.
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the tadpole photon contribution to the photon polarization
tensor. It has again the structure as in (30), but with
coefficients TiðpÞ getting replaced with the following sums:

ΠiðI;IIÞ ðpÞIR¼BiðpÞIRþTiðI;IIÞ ðpÞIR; ∀ i¼ 1;…;5: ð35Þ

Since tadpole produces no UV, log and also has no finite
contributions, we have

ΠiðpÞUV ¼ BiðpÞUV; ∀ i ¼ 1;…; 5: ð36Þ

According to (35), in the rest of this article labelΠμν always
represents the sum of bubble and tadpole contributions to
the photon polarization tensor. A summation over the
leading IR terms in the bubble and tadpole diagrams
provides IR results (for overall UV/IR mixings) in
model I:

Π1ðIÞ ðpÞIR ∼ −
4

3

1

ðθpÞ4
�
trθθ þ 4

ðθθpÞ2
ðθpÞ2

�

× ð2ðκ − 1Þ2 − κ4 þ 1Þ;

Π2ðIÞ ðpÞIR ∼þ 8

3

1

ðθpÞ4 ðκ
2 þ 2κ þ 12κ1 þ 4κ2

− 4κ3 þ 2κ4 − 5Þ

þ 16

3

p2

ðθpÞ4
�

trθθ
ðθpÞ2 þ 6

ðθθpÞ2
ðθpÞ4

�
ðκ − 1Þ2;

Π3ðIÞ ðpÞIR ∼ −
4

3

1

ðθpÞ4 ð9κ
2 − 2κ − 4κ1 − 4κ2 þ 1Þ;

Π4ðIÞ ðpÞIR ∼ −
16

3

p2

ðθpÞ6 ð5κ
2 − 2κ − 2κ1 − 2κ2 þ 1Þ;

Π5ðIÞ ðpÞIR ∼þ 16

3

p2

ðθpÞ6 ð4κ
2 − 4κ − κ1 − κ2 þ 2Þ; ð37Þ

and in model II:

Π1ðIIÞ ðpÞIR ∼ −
4

3

1

ðθpÞ4
�
trθθ þ 4

ðθθpÞ2
ðθpÞ2

�

× ð2ðκ − 1Þ2 − 2κ03 − κ04 þ 3Þ;

Π2ðIIÞ ðpÞIR ∼þ 8

3

1

ðθpÞ4 ðκ
2 þ 2κ þ 8κ01 þ 8κ02 − 4κ03 − 3Þ

þ 16

3

p2

ðθpÞ4
�

trθθ
ðθpÞ2 þ 6

ðθθpÞ2
ðθpÞ4

�
ðκ − 1Þ2;

Π3ðIIÞ ðpÞIR ∼ −
4

3

1

ðθpÞ4 ð9κ
2 − 2κ − 8κ02 þ 1Þ;

Π4ðIIÞ ðpÞIR ∼ −
16

3

p2

ðθpÞ6 ð5κ
2 − 2κ − 4κ02 þ 1Þ;

Π5ðIIÞ ðpÞIR ∼þ 16

3

p2

ðθpÞ6 ð4κ
2 − 4κ − 2κ02 þ 2Þ: ð38Þ

Here we see that IR divergence in the coefficients Π3;4;5

depends only on κ1 þ κ2 in model I or κ02 in model II. A bit
more calculation shows that κ ¼ κ1 ¼ κ2 ¼ κ02 ¼ 1 can
annihilate Π3;4;5ðI;IIÞ ðpÞIR, respectively. Furthermore, κ ¼ 1

also removes the pathological second term in Π2ðI;IIÞ ðpÞIR.
The rest of divergences in (37) and (38) can be readily
removed by an appropriate choice of the rest of freedom
parameters, proving that the elimination of all IR diver-
gences is independent on the choices of θ-matrix elements.

B. UV divergences

Up to now we see that the quadratic IR divergence can be
canceled by selecting the first order gauge freedom
parameter κ ¼ 1 and ∀θ. On the other hand, we also know
that there are various UV (1=ϵ) divergences in the bubble
diagram which are also precisely connected to the loga-
rithmic divergences. Characterizing this part of the behav-
ior requires some simplifications by special θμν choices
which satisfy the condition that ðθθÞμν becomes minus
identity within a suitable subspace of dimension n ≤ 4.
Here we consider two important examples.

1. The subdimension n ¼ 2 and θμν1 matrix

First choice is to set n ¼ 2, as used already in [17]. This
choice has the potential of preserving unitarity when the
NC directions are spatial, and it is manifested in the form of
θμν1 matrix2:

θμν ≡ θμν1 ¼ −θ2

0
BBB@

0 0 0 0

0 0 −1 0

0 1 0 0

0 0 0 0

1
CCCA: ð39Þ

So, for d ¼ 4-dimensional NC field theory and the sub-
space of dimension n ¼ 2, and by noticing that ðθθÞμν is
now a projector into a two-dimensional subspace, we find

−2θ2ðθpÞμðθpÞν ¼ 2½ðθθÞμνðθpÞ2 þ ðθθpÞμðθθpÞν�
¼ ðθpÞfμðθθθpÞνg;

ðθθθpÞμ ¼ −θ2ðθpÞμ;
ðθpÞ2trθθ ¼ −2ðθθpÞ2 ¼ −2ðθpÞ2θ2;

∀p; θ2 ¼ 1=Λ4
NC; ð40Þ

with ΛNC being the scale of noncommutativity. In order to
perform computations in this case, we need to use all above
relations in general decomposition of the photon polariza-
tion tensor, which is the same for both, the bubble and the

2Actually for d ¼ 4 any spacelike θij can be simplified to this
form by a rotation that sends the pseudovector vi ¼ ϵijkθ

jk to the
third axis. Here ϵijk is the totally antisymmetric tensor of the three
spatial dimensions.
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tadpole contribution. A general decomposition, like (30), in
n ¼ 2 with θ1 matrix, simplifies to

ΠμνðpÞjθ1n¼2¼
e2

ð4πÞ2 ½ðg
μνp2−pμpνÞΠ1

þðgμνðθpÞ2−ðθθÞμνp2þpfμðθθpÞνgÞΠ3

þðθpÞμðθpÞνðΠ2−θ2Π4−2θ2Π5Þ�; ð41Þ

where (for general θ matrix) the coefficients are given in
(37) and/or (38), respectively.
The UV part of (34) obtained by using θ1 and/or (41) is

then given below:

ΠμνðpÞjθ1UV
¼ e2

48π2

�
2

ϵ
þ lnðμ2ðθpÞ2Þ

�

×

�
ðgμνp2 −pμpνÞ

�
ð3κ − 1Þ2 − 6κ2

p2θ2

ðθpÞ2
�

þ 1

2
ðgμνðθpÞ2 − ðθθÞμνp2 þpfμðθθpÞνgÞ

×
p2

ðθpÞ2 ½11κ
2 þ 2κ − 1�

þ ðθpÞμðθpÞν
ðθpÞ2 p2

�
73κ2 − 86κþ 25þ ðκ − 1Þ2 p2θ2

ðθpÞ2
��

:

ð42Þ

A simple inspection of the above result shows that there
is not any single κ value which would simultaneously
eliminate IR and UV plus log divergences, thus elimination
of UV pathologies has to be treated more carefully. What is
more, since in the UV regime we have Πi ¼ Bi because of
the absence of the tadpole contributions, the elimination of
pathologies goes beyond choices of freedom parameter.
However, a fine property is that UV part of polarization
tensor (42) in all limits p → 0, θ → 0, separately and/or
simultaneously, behave well enough. This is encouraging
enough to consider that the UV plus log divergences in (42)
may be removed for any point κ via certain proper
subtraction of the linear combinations of dimensionless
nonlocal counterterms, as noted in [17],

Bμν ¼ ξ∂2
trθθ
ðθ∂Þ2 þ ζ∂2

ðθθ∂Þ2
ðθ∂Þ4 ; ð43Þ

with ξ, ζ being free coefficients measuring strengths of the
two terms. Those coefficients could be determined during
the renormalization procedure, which we leave for the
future as a part of the NCGFT renormalization project.

2. The subdimension n ¼ 4 and θμν2 matrix

Second choice is to set n ¼ 4 and selects the following
θμν2 matrix3 [21],

θμν ≡ θμν2

¼ θ2

0
BBB@

0 −1 0 0

1 0 0 0

0 0 0 −1
0 0 1 0

1
CCCA

¼ θ2
�
iσ2 0

0 iσ2

�

≡ ðσ2 ⊗ I2Þθ2; ð44Þ

with σ2 being famous Pauli matrix.This choice, which we
are calling nonunitary, induces following useful relations in
four-dimensional Euclidean space-time:

ðθθÞμν ¼−gμνθ2; ðθθpÞμ ¼−pμθ2;

ðθθθpÞμ ¼−ðθpÞμθ2;
ðθpÞ2trθθ¼−4ðθθpÞ2 ¼−4θ4p2; ∀p; θ2¼ 1=Λ4

NC:

ð45Þ

The general tensor structure (30) then simplifies into two
parts:

ΠμνðpÞjθ2n¼4

¼ e2

ð4πÞ2
�
ðgμνp2 − pμpνÞ

�
Π1 þ 2

ðθpÞ2
p2

Π3 −
ðθpÞ4
p4

Π4

�

þ ðθpÞμðθpÞν
�
Π2 − 2

ðθpÞ2
p2

Π5

��
: ð46Þ

The coefficients Πi are given in (34), (37), and (38),
respectively.
The UV (1=ϵ) divergent and the UV/IR mixing loga-

rithmic terms in the total photon two-point function, come
entirely from the bubble diagram, as one can easily be
convinced by combining Eqs. (34), (36), and (46),

3This condition was used in the renormalizability studies
of four-dimensional NCGFT without the SW map [40,41]. Note
also that this θμν2 is full rank and, thus, breaks in general the
unitarity if one performs Wick rotation to the Minkowski space-
time [42]. It contains also time-space noncommutativity which
breaks causality.
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ΠμνðpÞjθ2UV
¼ e2p2

24π2

�
2

ϵ
þ lnðμ2ðθpÞ2Þ

���
gμν − pμpν

p2

�
ð3κ − 1Þ2

þ ðθpÞμðθpÞν
ðθpÞ2

3

2
ð3κ − 1Þð9κ − 7Þ

�
: ð47Þ

The above two divergences are certainly removable by
selecting the special point κ ¼ 1=3 [21,32]. However, the
UV plus log divergences from bubble diagrams are retained
for any other κ point in the n ¼ 4, θ2 case and could be only
removed by a proper subtraction of a linear combinations of
nonlocal counterterms similar to (43).

3. Photon polarization for the θ2 matrix
and κ ¼ 1=3 deformation

In this case, because of the elimination of the UV
divergences (47), we analyze next the four-dimensional

IR divergences for θμν ¼ θμν2 satisfying ðθθÞμν ¼ −gμνθ2 in
four-dimensional Euclidean spacetime. So, the three-
photon bubble plus four-photon-tadpole one-loop contri-
butions to the photon two-point function, for special choice
for θ2 and κ ¼ 1=3 is being reduced to two IR (UV/IR
mixing) terms from photon tadpole diagram. This is
obtained by using decomposition (46) with (31) and
(32), respectively. Adding two finite terms from the bubble
diagram [21],

Πμν
ðI;IIÞðpÞjθ2κ¼1=3

¼ e2p2

2π2

�
7

27

�
gμν −

pμpν

p2

�
−
1

2

ðθpÞμðθpÞν
ðθpÞ2

�
; ð48Þ

we finally obtain the total photon polarization tensor in
both models as

Πμν
ðIÞðpÞjθ2;κ¼1=3

IR ¼ e2p2

2π2

�
7

27

�
gμν −

pμpν

p2

��
1þ 4

7

1

p2ðθpÞ2
�

−
1

2

ðθpÞμðθpÞν
ðθpÞ2

�
1þ 4

27

1

p2ðθpÞ2 ð31 − 72κ1 − 36κ2 þ 18κ3 − 9κ4Þ
��

;

Πμν
ðIIÞðpÞjθ2;κ¼1=3

IR ¼ e2p2

2π2

�
7

27

�
gμν −

pμpν

p2

��
1þ 4

7

1

p2ðθpÞ2
�

−
1

2

ðθpÞμðθpÞν
ðθpÞ2

�
1þ 4

27

1

p2ðθpÞ2 ð22 − 36κ01 − 72κ02 þ 18κ03Þ
��

: ð49Þ

The “additional” term ðθpÞμðθpÞν=ðθpÞ4 receives multiple
corrections from the tadpole diagram and can be easily
removed by shifting the second-order gauge freedom
parameters. Usual tensor structure ðgμνp2 − pμpνÞ, how-
ever, depends solely on the first order gauge freedom
parameter κ in such a way that no real κ value can set it to
zero in models I and II.
At the end of this section let us summarize what we have

learned about photon polarization tensor pathologies within
models I and II:—Summing over the tadpole and bubble
diagram not only formally completes the one-loop quantum
corrections to the photon polarization tensor, but also
appears to be crucial for the elimination of the quadratic
IR divergences ∀θ.—The quadratic IR divergences can be
removed for arbitrary θ, and for κ ¼ κ1 ¼ κ2 ¼ κ02 ¼ 1,
plus appropriate choices for the rest of the freedom
parameters in both models I and II.—Unfortunately, choice
κ ¼ 1 does not remove UV divergences for arbitrary θ.—
Choice κ ¼ 1=3 and fixing θ ¼ θ2 removes UV but not IR
for both models I and II.—We conclude that to eliminate
simultaneously all divergences from tadpole plus bubble
contributions requires a new extended model/procedure of
deformation freedom parameter selections.

V. EXTENDING SW MAP-BASED MODELS

A. Generalized SW map inspired four-photon
self-interaction model

Our experience in the last two sections suggests that in
order to efficiently eliminate pathological divergences in a
deformed one-loop photon polarization tensor it is neces-
sary to modify the freedom parameter dependence at least
in the four-photon interactions. Here we propose such a
modification to the SW mapped models I,4 which we call
model III, to fulfill this requirement. We start by realizing
that κ2 and κ terms in (9) and/or (12) and/or (14) may be
varied independently due to the manifestly gauge invariant
structure of both terms, so by this means we could assign
independent gauge-symmetry (variation) freedom param-
eters to all five gauge invariant structures starting at θ2

order as found in (11). Proceeding further with this idea, we
get the following action:

4The same could be done also with the model II action (15), but
we choose to discuss only one case for simplicity.
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Se
2

η1;η2;η3;η4;η5

¼ −
e2

4
θijθkl

Z
η1ðfμi ⋆2 fνjÞðfμk ⋆2 fνlÞ

− η2ðfij ⋆2 fμνÞðfμk ⋆2 fνlÞ þ 2η3fμν½fμifνkfjl�⋆30

−
η4
4
fμν½fμνfikfjl�⋆30

þ η5
8
ðfμν ⋆2 fijÞðfkl ⋆2 fμνÞ

þ 2fμνðai ⋆2 ∂jðfμk ⋆2 fνlÞ − ½fμkai∂jfνl�⋆30

− ½aifμk∂jfνl�⋆30
Þ þ 1

2
θpqfμν½∂ifjkflp∂qfμν�MðIÞ

: ð50Þ

Comparing (50) with (14) we see the following replace-
ment rules: κ2 ≔ η1, κ ≔ η2, κ1 ≔ η3, κ2 ≔ 1, κ3 ≔ η4,
κ4 ≔ η5. Here we omitted κ2 because its corresponding
structure starts at θ4.
Interaction (50) leads to the following result for the

tadpole diagram in the η setting,

TμνðpÞη ¼
e2

ð4πÞ2 f½g
μνp2 − pμpν�T1ðpÞη

þ ðθpÞμðθpÞνT2ðpÞη
þ ½gμνðθpÞ2 − ðθθÞμνp2 þ pfμðθθpÞνg�T3ðpÞη
þ ½ðθθÞμνðθpÞ2 þ ðθθpÞμðθθpÞν�T4ðpÞη
þ ðθpÞfμðθθθpÞνgT5ðpÞηg; ð51Þ

with TiðpÞη being

T1ðpÞη ¼
4

3

�
trθθ
ðθpÞ4 þ 4

ðθθpÞ2
ðθpÞ6

�
ðη5 − 1Þ;

T2ðpÞη ¼
64

3

1

ðθpÞ4 ð2η1 − 4η2 þ 6η3 − 2η4 þ η5 þ 1Þ;

T3ðpÞη ¼
64

3

1

ðθpÞ4 ð2η1 − 2η2 þ η3 þ 1Þ;

T4ðpÞη ¼
128

3

p2

ðθpÞ6 ðη1 − 2η2 þ η3 þ 1Þ;

T5ðpÞη ¼
64

3

p2

ðθpÞ6 ð2η2 − η3 − 1Þ: ð52Þ

B. Bubble plus tadpole results in model III

We now consider the divergences from bubble plus
tadpole diagrams in model III for both θ1 and θ2 choices.
As we will see below, the quadratic IR divergence can-
cellation can be achieved for arbitrary κ and both choices of
θ, while UV cancellation is only available for θ2.

1. The IR part for subdimension n ¼ 2 and the θ1 matrix
in the η setting

Substituting (52) into (35) then (41), we obtain
the following conditions for quadratic IR divergence
cancellation:

2ð1 − κÞ2 − ðη5 − 1Þ ¼ 0;

ð1 − 3κÞð3 − κÞ − 2ð2η1 − 4η2 þ 6η3 − 2η4 þ η5 þ 1Þ ¼ 0;

ð1 − 10κ þ 17κ2Þ − 4ð2η1 − 2η2 þ η3 þ 1Þ ¼ 0;

ð3κ2 − 2κ þ 1Þ − 2η1 ¼ 0;

ð53Þ
with solutions

η1 ¼
1

2
ð3κ2− 2κþ 1Þ; η3 ¼ 2η2þ

1

4
ð5κ2− 2κ− 7Þ;

η4 ¼ 4η2 −
1

2
ð11κ2 −4κ− 7Þ; η5 ¼ 1þ 2ðκ− 1Þ2; ð54Þ

which produce the IR free photon polarization tensor for
arbitrary κ, as expected.

2. Subdimension n ¼ 4 represented by the
θ2 matrix and for the η setting

For NCQFTs in d dimensions, equal to the subspace
dimensions n, i.e., in four-dimensional Euclidian spacetime
with the n ¼ 4 case, and by choosing θ2 deformation (44),
we get the following tadpole

TμνðpÞηjn¼4;θ2
IR ¼ e2

3π2
1

ðθpÞ2
��

gμν −
pμpν

p2

�
2η1

þ ðθpÞμðθpÞν
ðθpÞ2 ð2η1 − 8η2 þ 8η3

− 2η4 þ η5 þ 3Þ
�
: ð55Þ

Using the above Eq. (55), together with (30) and (34) for
θ2, we obtain the following bubble plus tadpole contribu-
tions to the photon polarization tensor in the IR regime:

ΠμνðpÞjθ2;κ;ηiIR

¼ e2

6π2
1

ðθpÞ2
��

gμν −
pμpν

p2

�
ð−3κ2 − 2κ þ 1þ 4η1Þ

−
ðθpÞμðθpÞν

ðθpÞ2 ð15κ2 − 26κ þ 7 − 4η1 þ 16η2

− 16η3 þ 4η4 − 2η5 − 6Þ
�
: ð56Þ

Here, due to the η settings the quadratic IR tadpole contri-
butions are clearly disentangled from the well-behaving
remaining contributions. Since the number of free
parameters exceeds the number of tensor structures in a
subspace n ¼ 4, the quadratic IR divergence cancellation
surely exists for arbitrary κ. Furthermore, an interesting
choice,
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κ ¼ 1

3
; η1 ¼ 0; η2 ¼ η3; 2η4 − η5 ¼ 3; ð57Þ

eliminates not only IR but, simultaneously due to (47), also
the hard UV and logarithmic divergences as well.

VI. DISCUSSION

Following recent progress in the e3-order θ-exact
Seiberg-Witten map expansions [13,14,33], in this paper
the resulting four-photon interaction is presented through
the construction of three different models (I, II, III). We
study their impact on the perturbative quantization of the
SW map deformed U(1) gauge field theory via the
corresponding one-loop, four-photon-tadpole contributions
to the (divergent part of the) photon polarization tensor.
Note also that the same term should contribute to the NC
phenomenology at extreme energies, for example, tree-
level NCQED contributions to the γγ → γγ scattering
processes [43].
Quadratic IR divergence in NCQFTon Moyal space was

first found in the original version of UV/IR mixing in the
tadpole integral of the NC ϕ4 QFT on Moyal space [30],
where part of the originally quadratically UV divergent
diagram gets UV regularized from the NC phase factor and
becomes quadratically IR divergent instead. The UV
divergence in the commutative U(1) gauge theory, on
the other hand, is logarithmic under the dimensional
regularization procedure, yet the IR divergence (steaming
from UV/IR mixing) in the NC U⋆ð1Þ gauge theory still
starts from the quadratic order [27–29]. It is shown in our
previous work on the bubble diagram [21] with the first-
order gauge freedom parameter κgð¼ κ−1Þ that the hard UV
(1=ϵ) divergence, the commutative logarithmic divergence
lnðμ2=p2Þ and the NC logarithmic divergence lnp2ðθpÞ2,
share the same dependence on κg, while the quadratic IR
divergence bears a completely different one. Thus, the
quadratic IR divergence may indeed have a separated
origin from “UV/IR mixing” which is logarithmic as it
should be.
By evaluating the photon one-loop tadpole diagramFig. 2

in the first two deformedU(1) gauge theorymodels based on
two distinct gauge field strengths [33] using NC-extended
dimensional regularization techniques, we show that the NC
massless tadpole integrals produce solely quadratic IR
divergence; i.e., there is no UV divergent or finite contri-
butions from tadpole. From this perspective the he result of
this paper suggests that the quadratic IR divergence behavior
could be simply a tadpole effect, especially because it can be
removed by a suitable gauge freedom selection. The two
models give rise to different tadpole contributions to the
photon polarization tensor for general values of the SW/
gauge freedomdeformation parameters κ, κi, and κ0i, yet they
can be made equal by employing certain simple algebraic
relations. In particular, the tadpole integrals from the two
models are equal to each other for κi ¼ κ0i ¼ 1, ∀i. In fact,

this is not surprising as the limited number of momenta
involved in the tadpole evaluation restrict the possible value
for the nonlocal factors to either be unity or sin2 pθk

2
=ðpθk

2
Þ2,

thus severely constraining the possible combinations in the
tensor structure(s).
After summing of bubble and tadpole diagrams in the

above three models, we study the possible choices of
freedom parameters for divergence eliminations. These
choices are expectedly different in the so-called κ-setting
models (I, II) and in the third, η-setting model (III). Of
importance is that κ ¼ 1 stands out as the unique quadratic
IR divergence cancellation point for arbitrary θ and for both
models (I, II), while UV and log/mixing divergence can
only be removed at a different κ ¼ 1

3
point with the special

choice for θ, θ ¼ θ2 matrix. For the third η-setting model,
the quadratic IR divergence removal is available for
arbitrary κ and both θ1;2 choices, as expected. We, thus,
manage to obtain the full divergence cancellation at the
ðκ; η1Þ ¼ ð1

3
; 0Þ, point for θ ¼ θ2 matrix with the help of

extra freedom parameters η2 ¼ η3, 2η4 − η5 ¼ 3 in the
four-photon interaction (57).
From the θ-dependent photon polarization tensor in

the U(1) NCQFT with the special choice for θ2, we raise
one more interesting question: Does our deformation
parameter set ðκ; ηiÞ run between IR and UV divergence-
eliminating points? To be more precise, let us take the
liberty of assuming that there is indeed a possibility that
deformation parameters κ and η are energy/momentum-
dependent quantities.5 As a next point after inspecting (47),
(56), and (57), we notice the fact that starting with
the photon polarization behavior in the deep IR regime,
and moving towards the high UV regime, our divergence
eliminating freedom parameters κ, ηi decreases: κ ¼ 1 → 1

3
,

η1¼1→0, 2η4−η5¼7→3, while η2−η3¼ 0. Now taking
into account the results of the θ1 models [44,45], where in
the NC SU(N) model [45] was explicitly shown that the θ1

parameter runs while having a negative β function, we
conjecture that β functions associated with the parameters
κ, η1, and ð2η4 − η5Þ could be negative too. The ðη2 − η3Þ
difference should have a zero β function. However, a
precise computation of the above β functions goes well
beyond the scope of this paper and, therefore, such
considerations should be left for the future.

VII. CONCLUSION

We introduce three different types of nonlocal four-
photon interactions in a full-fledged θ-exact deformed U(1)
gauge field theory. The first two actions (I,II) are deformed
by the two distinct θ-exact gauge field strength Seiberg-
Witten (SW) maps, and the third one (III) involves a

5That would not be strange at all, since our deformation
parameters are actually quantities similar to coupling constants—
sitting in the actions—of any QFT.
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SW-map inspired gauge invariance deformation in a more
general way.
The four-photon interaction induces the tadpole diagram

which results in a pure quadratic IR divergence. Based on
the computation of that tadpole, we conjecture that the
general origin of the quadratic IR divergence, including
those from the bubble diagram, stems from the tadpolelike
integrals, which although highly UV divergent still vanish
under the dimensional regularization in the commutative
theory [38].
In conclusion, by performing the sum over one-loop

bubble and tadpole diagrams in all three models, we obtain
for arbitrary noncommutative tensors θμν and with suitable
choices of freedom parameters, the quadratic IR divergence
free-photon polarization tensor. A simultaneous UV, quad-
ratic IR, and logarithmic divergences cancellation does
occur only in model III by employing the special θ ¼ θ2
matrix and the deformation parameter set κ ¼ 1

3
;

η1 ¼ 0; η2 ¼ η3; 2η4 − η5 ¼ 3. The most important fact
is definitely a huge freedom due to the SW mapping
and gauge invariance, which at the end of the day allows
elimination of all pathologies in the one-loop two point
function, which is quite aspiring although there is still a
very long way before one could speculate a renormalizable
U(1) theory on Moyal space. The IR improvement we have
achieved till now seems to suggest that there should be
some way out within the SW map approach, therefore we
believe that further investigation along this line could help
reaching an accurate formulation with SWmap and provide
some answers about the renormalizability of the NCQFT in
general.
Besides the splitting of the polarization states driven by

the breaking of Lorentz invariance caused by θμν, the
persistence of a finite additional term/effect (48) of quan-
tum-gravity origin may also affect the low-momentum end
of the spectrum in the photon dispersion relation. The
serious possibility of eliminating all pathological effects in
the photon polarization tensor within NCQFT is our main
motivation to continue searching for the noncommutative-
geometry/quantum-gravity-inspired UV/IR mixing

phenomena and connections between the NCQFT and
holography, black hole horizon physics, etc. [16–18,20,22].
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APPENDIX A: EXPLICIT GAUGE
INVARIANT ACTION

The U(1) gauge invariance of the four-photon interaction
(9) and (10) is quite lengthy to verify by directly evaluating
the infinitesimal gauge transformation. It is convenient to
put them into the same form as (5) but not an easy task
because of the loss of cyclicity. In this appendix we show
that this step is achievable by analyzing the integration-by-
part in the momentum space.
We first notice that the generalized star products based

on the constant Moyal deformation parameter θij bear a
relatively common form in momentum space,

½f1…fn�MðxÞ ¼
Z Yn

i¼1

ddpi

ð2πÞd
Yn
i¼1

~fiðpiÞ exp
�
−i
�Xn

i¼1

pi

�
x

�
F ðp1;…; pn; θ

ijÞ: ðA1Þ

A few examples relevant to this paper include

ðf ⋆ gÞðxÞ ¼
Z

e−iðpþqÞx ~fðpÞ~gðqÞf⋆ðp; qÞ; ðf ⋆2 gÞðxÞ ¼
Z

e−iðpþqÞx ~fðpÞ~gðqÞf⋆2
ðp; qÞ;

½fgh�⋆3
ðxÞ ¼

Z
e−iðpþqþkÞx ~fðpÞ~gðqÞ ~hðkÞf⋆3

ðp; q; kÞ; ½fgh�⋆30
ðxÞ ¼

Z
e−iðpþqþkÞx ~fðpÞ~gðqÞ ~hðkÞf⋆30 ðp; q; kÞ; ðA2Þ

with
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f⋆ðp; qÞ ¼ exp
�
i
pθq
2

�
; f⋆2

ðp; qÞ ¼ sin pθq
2

pθq
2

; f⋆3
ðp; q; kÞ ¼ sin pθk

2
sinðpθq

2
þ pθk

2
Þ

ðpθq
2
þ pθk

2
Þðpθk

2
þ qθk

2
Þ þ

sin qθk
2
sinðpθq

2
− qθk

2
Þ

ðpθq
2
− qθk

2
Þðpθk

2
þ qθk

2
Þ ;

f⋆30 ðp; q; kÞ ¼
cosðpθq

2
þ pθk

2
− qθk

2
Þ − 1

ðpθq
2
þ pθk

2
− qθk

2
Þ qθk

2

−
cosðpθq

2
þ pθk

2
þ qθk

2
Þ − 1

ðpθq
2
þ pθk

2
þ qθk

2
Þ qθk

2

: ðA3Þ

Since F ðp1;…; pn; θ
ijÞ is coordinate independent, one can introduce general integration-by-part transformation

Z
ddxgðxÞ½f1…fn�F 0 ðxÞ ¼

Z
ddxfiðxÞ½f1…fi−1gfiþ1…fn�F ðxÞ ðA4Þ

by setting

F ðp1;…pi−1; qg; piþ1;…; pn; θ
ijÞjqg¼−

P
n
i¼1

pi
¼ F 0ðp1;…; pn; θ

ijÞ; ðA5Þ

because

Z
ddxfiðxÞ½f1…fi−1gfiþ1…fn�F ðxÞ

¼
Z

ddx
Z

ddqg
ð2πÞd

Yn
i¼1

ddpi

ð2πÞd ~gðqgÞ
Yn
i¼1

~fiðpiÞ exp
�
−i
�
qg þ

Xn
i¼1

pi

�
x
�
F ðp1;…pi−1; qg; piþ1;…; pn; θ

ijÞ

¼
Z

ddqg
ð2πÞd

Yn
i¼1

ddpi

ð2πÞd ~gðqgÞ
Yn
i¼1

~fiðpiÞF ðp1;…pi−1; qg; piþ1;…; pn; θ
ijÞð2πÞdδd

�
qg þ

Xn
i¼1

pi

�

¼
Z Yn

i¼1

ddpi

ð2πÞd
Yn
i¼1

~fiðpiÞð~gðqgÞF ðp1;…pi−1; qg; piþ1;…; pn; θ
ijÞÞjqg¼−

P
n
i¼1

pi

¼
Z Yn

i¼1

ddpi

ð2πÞd
Yn
i¼1

~fiðpiÞ~g
�
qg ¼ −

Xn
i¼1

pi

�
F 0ðp1;…; pn; θ

ijÞ

¼
Z

ddqg
ð2πÞd

Yn
i¼1

ddpi

ð2πÞd ~gðqgÞ
Yn
i¼1

~fiðpiÞF 0ðp1;…; pn; θ
ijÞð2πÞdδd

�
qg þ

Xn
i¼1

pi

�

¼
Z

ddxgðxÞ½f1…fn�F 0 ðxÞ: ðA6Þ

Once F 0 equals F we obtain certain level of cyclicity in a slightly generalized sense. For example,

f⋆ðp3; p1Þjp1¼−ðp2þp3Þ ¼ f⋆ðp2; p3Þ; ðA7Þ
gives the 3-cyclicity of the Moyal star product:

Z
fðxÞðgðxÞ ⋆ hðxÞÞ ¼

Z
gðxÞðhðxÞ ⋆ fðxÞÞ: ðA8Þ

Using the same method one can also show the following relations:

Z
fðg⋆2hÞ¼

Z
gðh⋆2fÞ¼

Z
hðg⋆2fÞ;

Z
fðg⋆2 ðh⋆2kÞÞ¼

Z
gðf⋆2 ðh⋆2kÞÞ;

Z
f½ghk�⋆30

¼g½fhk�⋆30
: ðA9Þ

The simple relations above are not yet sufficient to perform the integration-by-part that we want. However, they do indicate
that one should look for more momentum space identities first. We achieve this goal by analyzing the Ward identity
piμi

Γ…μi…; i ¼ 1;…:; 4. Here we consider only the part of the action(s) which is not yet explicitly gauge invariant, for
example from (9),
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Se
2

ðIÞr ¼ −
e2

4
θijθkl

Z
ðai ⋆2 ∂jfμνÞðak ⋆2 ∂lfμνÞ þ

1

2
fμνð2½ai∂jak∂lfμν�⋆30

þ 2½∂lfμνai∂jak�⋆30

þ 2½aiak∂j∂lfμν�⋆30
− ½∂lfμνai∂kaj�⋆30

− ½ai∂kaj∂lfμν�⋆30
Þ: ðA10Þ

From the interaction above we can then read out a vertex

Γμ1μ2μ3μ4
ðIÞr ∝ ð2ððp1p4Þgμ1μ4 − pμ4

1 pμ1
4 Þðð2ðθp3Þμ2ðθp4Þμ3 þ 2ðθp4Þμ2ðθp4Þμ3 − ðp3θp4Þθμ2μ3Þf⋆30 ½p4; p2; p3�

þ ð2ðθp3Þμ2ðθp4Þμ3 − ðp3θp4Þθμ2μ3Þf⋆30 ½p4; p2; p3� þ 2ðθp1Þμ2ðθp4Þμ3f⋆2
ðp1; p2Þf⋆2

ðp3; p4ÞÞ
þ all S4 permutations over fpig and fμig simultaneouslyÞ · δðp1 þ p2 þ p3 þ p4Þ: ðA11Þ

Next we find that the Ward identity is satisfied once we sum over the following four permutations: identity, 2↔3,
1↔4, and the composition of the last two. The rest of the S4 permutations only change the labeling for the
contraction. Two identities emerge in this analysis:

f⋆30 ½p3; p3; p4� þ f⋆30 ½p3; p2;−ðp2 þ p3 þ p4Þ� ¼ 2f⋆2
ðp2; p3 þ p4Þf⋆2

ðp3; p4Þ; ðA12Þ

2ðp2θp3Þf⋆30 ½p4; p2; p3� ¼ ðp3θp4Þf⋆30 ½p2; p3; p4� − ðp3θðp2 þ p4ÞÞf⋆30 ½p2; p3;−ðp2 þ p3 þ p4Þ�
− ðp2θp4Þf⋆30 ½p3; p2; p4� þ ðp2θðp3 þ p4ÞÞf⋆30 ½p3; p2; p1�: ðA13Þ

We can construct the following integration-by-part relations out of these two identities,

2

Z
fðg ⋆2 ðh ⋆2 kÞÞ ¼

Z
f½ghk�⋆30

þ k½hgf�⋆30
; ðA14Þ

and

2θij
Z

f½k∂ig∂jh�⋆30
¼ θij

Z
f½g∂ih∂jk�⋆30

þ k½g∂ih∂jf�⋆30
− f½h∂ig∂jk�⋆30

− k½h∂ig∂jf�⋆30
: ðA15Þ

Now we return to (A10) and rearrange the first term using (A14) and the last term using (A15), getting

Z
θijθklðai ⋆2 ∂jfμνÞðak ⋆2 ∂lfμνÞ ¼

1

2

Z
θijθklð∂jfμν½aiak∂lfμν�⋆30

þ ∂lfμν½akai∂jfμν�⋆30
Þ

¼
Z

θijθkl∂jfμν½aiak∂lfμν�⋆30
; ðA16Þ

Z
θijθklfμν½ai∂kaj∂lfμν�⋆30

¼ 1

4

Z
θijθklðfμν½ai∂kaj∂lfμν�⋆30

þ fμν½ai∂kaj∂lfμν�⋆30

− fμν½aj∂kai∂lfμν�⋆30
− fμν½aj∂kai∂lfμν�⋆30

Þ

¼ 1

2

Z
θijθklfμν½fμν∂kai∂laj�⋆30

: ðA17Þ

One can also use the partial 4-cyclicity of ⋆30 to obtain

Z
θijθklfμν½∂lfμνai∂kaj�⋆30

¼
Z

θijθkl∂lfμν½fμνai∂kaj�⋆30
¼ −

1

2

Z
θijθklfμν½fμν∂lai∂kaj�⋆30

; ðA18Þ

Z
θijθklfμν½∂lfμνai∂jak�⋆30

¼
Z

θijθkl∂lfμν½fμνai∂jak�⋆30
¼ −

1

2

Z
θijθklfμν½fμν∂lðai∂jakÞ�⋆30

: ðA19Þ

Now (A10) boils down to
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Se
2

ðIÞr ¼ −
e2

4
θijθkl

Z
−fμν½∂jaiak∂lfμν�⋆30

−
1

2
fμν½fμνak∂l∂jai�⋆30

þ 1

2
fμνð½fμν∂kai∂laj�⋆30

− ½fμν∂lai∂jak�⋆30
Þ

¼ −
e2

4
θijθkl

Z
−fμν½∂jaiak∂lfμν�⋆30

−
1

2
fμν½fμνak∂l∂jai�⋆30

−
1

4
fμν½fμνfikfjl�⋆30

: ðA20Þ

We then notice that the above first term is

Z
θijθklfμν½∂jaiak∂lfμν�⋆30

¼−
Z

θijθklð∂lfμν½∂jaiakfμν�⋆30
þ fμν½∂jai∂lakfμν�⋆30

þ fμν½∂l∂jaiakfμν�⋆30
Þ

¼−
Z

θijθkl
�
∂lfμν½∂jaiakfμν�⋆30

þ 1

4
fμν½fijfklfμν�⋆30

þ fμν½∂l∂jaiakfμν�⋆30

�
; ðA21Þ

therefore,

Se
2

ðIÞr ¼ −
e2

4
θijθkl

Z
1

2
ð∂lfμν½∂jaiakfμν�⋆30

− fμν½∂jaiak∂lfμν�⋆30
Þ þ 1

2
ðfμν½∂l∂jaiakfμν�⋆30

− fμν½fμνak∂l∂jai�⋆30
Þ − 1

4
fμν½fμνfikfjl�⋆30

þ 1

8
fμν½fijfklfμν�⋆30

: ðA22Þ

The first two parentheses can be put into a common formula,

θijθkl
Z

1

2
ð∂lfμν½∂jaiakfμν�⋆30

− fμν½∂jaiak∂lfμν�⋆30
Þ þ 1

2
ðfμν½∂l∂jaiakfμν�⋆30

− fμν½fμνak∂l∂jai�⋆30
Þ

¼ 1

4
θijθklθpq

Z
fμν½∂p∂jai∂qak∂lfμν�MðIÞ

− ∂lfμν½∂p∂jai∂qakfμν�MðIÞ
þ fμν½∂l∂jai∂pak∂qfμν�MðIÞ

− ∂qfμν½∂l∂jai∂pakfμν�MðIÞ

¼ 1

4
θijθklθpq

Z
−fμν½∂l∂jai∂kap∂qfμν�MðIÞ

þ ∂qfμν½∂l∂jai∂kapfμν�MðIÞ
þ fμν½∂l∂jai∂pak∂qfμν�MðIÞ

− ∂qfμν½∂l∂jai∂pakfμν�MðIÞ

¼ 1

4
θijθklθpq

Z
fμν½∂ifjkflp∂qfμν�MðIÞ

− ∂qfμν½∂ifjkflpfμν�MðIÞ
; ðA23Þ

by using a new 3-product

½fgh�MðIÞ ðxÞ ¼
Z

e−iðpþqþkÞx ~fðpÞ~gðqÞ ~hðkÞfðIÞðp; q; kÞ; ðA24Þ

where

fðIÞðp; q; kÞ ¼ ðpθqÞ−1ðf⋆30 ½p; q;−ðpþ qþ kÞ� − f⋆30 ½p; q; k�Þ

¼ 2

ðpθq
2
− pθk

2
− qθk

2
Þðpθq

2
þ pθk

2
− qθk

2
Þðpθq

2
þ pθk

2
þ qθk

2
Þ þ

cosðpθq
2
− pθk

2
− qθk

2
Þ

2 pθq
2
ðpθq

2
− qθk

2
Þðpθq

2
− pθk

2
− qθk

2
Þ

þ cosðpθq
2
þ pθk

2
− qθk

2
Þ

2 qθk
2
ðpθq

2
− qθk

2
Þðpθq

2
þ pθk

2
− qθk

2
Þ þ

cosðpθq
2
þ pθk

2
þ qθk

2
Þ

2 pθq
2

qθk
2
ðpθq

2
þ pθk

2
þ qθk

2
Þ : ðA25Þ

It is not hard to show that the MðIÞ product satisfies an “anticyclicity,”

Z
f½ghk�MðIÞ ðxÞ ¼ −

Z
k½ghf�MðIÞ ðxÞ; ðA26Þ
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because

fðIÞðp; q; kÞ ¼ −fðIÞðp; q;−ðpþ qþ kÞÞ: ðA27Þ
Consequently,

Se
2

ðIÞr ¼ −
e2

4
θijθkl

Z
−
1

4
fμν½fμνfikfjl�⋆30

þ 1

8
fμν½fijfklfμν�⋆30

þ 1

2
θpqfμν½∂ifjkflp∂qfμν�MðIÞ

: ðA28Þ

Finally, one can use (A14) once more to show

Z
θijθklfμν½fijfklfμν�⋆30

¼ 1

2

Z
θijθklfμνð½fijfklfμν�⋆30

þ ½fklfijfμν�⋆30
Þ

¼
Z

θijθklðfμν ⋆2 fijÞðfkl ⋆2 fμνÞ: ðA29Þ

Thus, in the end we indeed obtain (12) from (9).
Explicit gauge invariance of action (10) can be verified

either by adding the ambiguity terms derived in [33] to
(12), or by repeating the procedure above and obtaining
(13), where a different 3-product ½fgh�MðIIÞ ðxÞ is defined as
below:

½fgh�MðIIÞ ðxÞ ¼
Z

e−iðpþqþkÞx ~fðpÞ~gðqÞ ~hðkÞfðIIÞðp; q; kÞ;

ðA30Þ

fðIIÞðp; q; kÞ ¼
sin ðpθq

2
− qθk

2
Þ sin pθk

2
pθq
2

pθk
2
ðpθq

2
− qθk

2
Þðpθk

2
þ qθk

2
Þ

−
sin ðpθq

2
þ pθk

2
Þ sin qθk

2
pθq
2

qθk
2
ðpθq

2
þ pθk

2
Þðpθk

2
þ qθk

2
Þ : ðA31Þ

(Un)like the MðIÞ product, the MðIIÞ product satisfies a
cyclicity condition,

Z
f½ghk�MðIIÞ ðxÞ ¼

Z
k½ghf�MðIIÞ ðxÞ; ðA32Þ

since

fðIIÞðp; q; kÞ ¼ fðIIÞðp; q;−ðpþ qþ kÞÞ: ðA33Þ

APPENDIX B: VERTICES

In this section we present the detailed definition of each
terms in the four-photon interaction vertex in the momen-
tum space Γμ1μ2μ3μ4

ðI;IIÞ ðp1; p2; p3; p4Þ:

Γμ1μ2μ3μ4
A ðp1; p2; p3; p4Þ ¼ f⋆2

ðp1; p2Þf⋆2
ðp3; p4ÞVμ1μ2μ3μ4

A ðp1; p2; p3; p4Þ;
Γμ1μ2μ3μ4
B ðp1; p2; p3; p4Þ ¼ f⋆2

ðp1; p2Þf⋆2
ðp3; p4ÞVμ1μ2μ3μ4

B ðp1; p2; p3; p4Þ; ðB1Þ

Γμ1μ2μ3μ4
1 ðp1; p2; p3; p4Þ ¼ 2f⋆30 ðp2; p3; p4ÞVμ1μ2μ3μ4

1 ðp1; p2; p3; p4Þ;
Γμ1μ2μ3μ4
2 ðp1; p2; p3; p4Þ ¼ ð2f⋆2

ðp1; p2Þf⋆2
ðp3; p4Þ − f⋆30 ðp2; p3; p4Þ − f⋆30 ðp4; p3; p2ÞÞVμ1μ2μ3μ4

2 ðp1; p2; p3; p4Þ;
Γμ1μ2μ3μ4
3 ðp1; p2; p3; p4Þ ¼ f⋆30 ðp4; p2; p3ÞVμ1μ2μ3μ4

3 ðp1; p2; p3; p4Þ;
Γμ1μ2μ3μ4
4 ðp1; p2; p3; p4Þ ¼ f⋆2

ðp1; p2Þf⋆2
ðp3; p4ÞVμ1μ2μ3μ4

4 ðp1; p2; p3; p4Þ;
Γμ1μ2μ3μ4
5 ðp1; p2; p3; p4Þ ¼ fðIÞðp2; p3; p4ÞVμ1μ2μ3μ4

5 ðp1; p2; p3; p4Þ; ðB2Þ

Γ0μ1μ2μ3μ4
1 ðp1; p2; p3; p4Þ ¼ ð4f⋆2

ðp1; p2Þf⋆2
ðp3; p4Þ − 2f⋆3

ðp2; p3; p4ÞÞVμ1μ2μ3μ4
1 ðp1; p2; p3; p4Þ;

Γ0μ1μ2μ3μ4
2 ðp1; p2; p3; p4Þ ¼ 2ðf⋆3

ðp2; p3; p4Þ − f⋆2
ðp2; p3Þf⋆2

ðp1; p4ÞÞVμ1μ2μ3μ4
2 ðp1; p2; p3; p4Þ;

Γ0μ1μ2μ3μ4
3 ðp1; p2; p3; p4Þ ¼ ð3f⋆2

ðp1; p2Þ − 2f⋆3
ðp2; p3; p4ÞÞVμ1μ2μ3μ4

3 ðp1; p2; p3; p4Þ;
Γ0μ1μ2μ3μ4

4 ðp1; p2; p3; p4Þ ¼ ð2f⋆2
ðp1; p2Þ − f⋆3

ðp2; p3; p4ÞÞVμ1μ2μ3μ4
4 ðp1; p2; p3; p4Þ;

Γ0μ1μ2μ3μ4
5 ðp1; p2; p3; p4Þ ¼ fðIIÞðp2; p3; p4ÞV 0μ1μ2μ3μ4

5 ðp1; p2; p3; p4Þ: ðB3Þ

The Vi tensor structures are listed next

RAUL HORVAT, JOSIP TRAMPETIĆ, and JIANGYANG YOU PHYSICAL REVIEW D 92, 125006 (2015)

125006-18



Vμ1μ2μ3μ4
A ðp1; p2; p3; p4Þ ¼ ðp1p3Þðp2p4Þθμ1μ2θμ3μ4 − ðp1p3Þθμ1μ2ðθp4Þμ3pμ4

2 þ ðp2p4Þθμ1μ2pμ3
1 ðθp3Þμ4

þ ðp3θp4Þθμ1μ2pμ3
1 p

μ4
2 − ðp1p3Þðθp2Þμ1pμ2

4 θ
μ3μ4 þ ðp1p3Þðθp2Þμ1ðθp4Þμ3gμ2μ4

− ðθp2Þμ1pμ2
4 pμ3

1 ðθp3Þμ4 − ðp3θp4Þðθp2Þμ1pμ3
1 g

μ2μ4 þ ðp2p4Þpμ1
3 ðθp1Þμ2θμ3μ4

− pμ1
3 ðθp1Þμ2ðθp4Þμ3gμ2μ4 þ ðp2p4Þgμ1μ3ðθp1Þμ2ðθp3Þμ4 þ ðp3θp4Þgμ1μ3ðθp1Þμ2pμ4

2

þ ðp1θp2Þpμ1
3 p

μ2
4 θ

μ3μ4 − ðp1θp2Þpμ1
3 ðθp4Þμ3gμ2μ4 þ ðp1θp2Þgμ1μ3pμ2

4 ðθp3Þμ4
þ ðp1θp2Þðp3θp4Þgμ1μ3gμ2μ4 ; ðB4Þ

Vμ1μ2μ3μ4
B ðp1; p2; p3; p4Þ ¼ 2ðθp1Þμ1ððp2p3Þpμ2

4 θ
μ3μ4 − ðp2p3Þðθp4Þμ3gμ2μ4 þ pμ2

4 p
μ3
2 ðθp3Þμ4

þ ðp3θp4Þpμ3
2 g

μ2μ4 − ðp2p4Þpμ2
3 θ

μ3μ4 þ pμ2
3 ðθp4Þμ3pμ4

2 − ðp2p4Þgμ2μ3ðθp3Þμ4
− ðp3θp4Þgμ2μ3pμ4

2 Þ; ðB5Þ

Vμ1μ2μ3μ4
1 ðp1; p2; p3; p4Þ ¼ 2ðp1p2Þðpμ1

3 ðθp4Þμ2θμ3μ4 − pμ1
3 ðθp4Þμ3θμ2μ4 þ gμ1μ3ðθp4Þμ2ðθp3Þμ4 þ ðp3θp4Þgμ1μ3θμ2μ4Þ

− 2pμ2
1 ððp2θp4Þpμ1

3 θ
μ3μ4 þ pμ1

3 ðθp4Þμ3ðθp2Þμ4 þ ðp2θp4Þgμ1μ3ðθp3Þμ4 − ðp3θp4Þgμ1μ3ðθp2Þμ4Þ
þ 2ðp1p3Þðpμ1

2 ðθp4Þμ3θμ2μ4 − pμ1
2 ðθp4Þμ2θμ3μ4 þ gμ1μ2ðθp4Þμ3ðθp2Þμ4 þ ðp2θp4Þgμ1μ2θμ3μ4Þ

− 2pμ3
1 ððp3θp4Þpμ1

2 θ
μ2μ4 þ pμ1

2 ðθp4Þμ2ðθp3Þμ4 þ ðp3θp4Þgμ1μ2ðθp2Þμ4 − ðp2θp4Þgμ1μ2ðθp3Þμ4Þ;
Vμ1μ2μ3μ4
2 ðp1; p2; p3; p4Þ ¼ ðθp4Þμ3ððp1p2Þpμ1

4 θ
μ2μ4 − ðp1p2Þðθp4Þμ2gμ1μ4 þ pμ2

1 ðθp2Þμ4pμ1
4 þ pμ2

1 ðp2θp4Þgμ1μ4
− ðp1p4Þpμ1

2 θμ1μ4 þ pμ4
1 p

μ1
2 ðθp4Þμ2 − ðp1p4Þðθp2Þμ4gμ1μ2 − pμ4

1 ðp2θp4Þgμ1μ2Þ;
Vμ1μ2μ3μ4
3 ðp1; p2; p3; p4Þ ¼ −ððp1p4Þgμ1μ4 − pμ4

1 p
μ1
4 Þððθp2Þμ3ðθp3Þμ2 þ θμ2μ3ðp2θp3ÞÞ;

Vμ1μ2μ3μ4
4 ðp1; p2; p3; p4Þ ¼ ððp1p4Þgμ1μ4 − pμ4

1 p
μ1
4 Þðθp2Þμ2ðθp3Þμ3 ;

Vμ1μ2μ3μ4
5 ðp1; p2; p3; p4Þ ¼ −ððp1p4Þgμ1μ4 − pμ4

1 p
μ1
4 Þðθp2Þμ2 · ððθp2Þμ3ðp3θp4Þ þ ðθp4Þμ3ðp2θp3ÞÞ;

V 0μ1μ2μ3μ4
5 ðp1; p2; p3; p4Þ ¼ ððp1p4Þgμ1μ4 − pμ4

1 p
μ1
4 Þ · ððθp2Þμ2ðp1θp2Þððθp2Þμ3ðp3θp4Þ þ ðθp4Þμ3ðp2θp3ÞÞ

− ððθp2Þμ3ðp3θp4Þ þ ðθp4Þμ3ðp2θp3ÞÞ · ððθp3Þμ2ðp2θp4Þ − ðθp4Þμ2ðp2θp3ÞÞÞ: ðB6Þ

APPENDIX C: PARTIAL TENSOR REDUCTION AND INTEGRATION RESULTS

The partial τðT Þ-tensor reduction results are listed below

τμνðIÞ ¼ −
1

2D
f½gμνp2 − pμpν�ðtrθθÞðκ3 − 1Þ þ ½gμνðθpÞ2 − ðθθÞμνp2 þ pfμðθθpÞνg�4ðθpÞ2ðκ1 − κ2Þ

þ ðθpÞμðθpÞνð4þ ð1 − κ3ÞDðD − 1Þ − 16κ þ 8κ2 þ 8ðD − 1Þðκ1 − κ2Þ þ 4κ4Þg; ðC1Þ

τμνðIIÞ ¼ −
1

2D
f½gμνp2 − pμpν�ðtrθθÞ3ðκ3 − 1Þ þ ½gμνðθpÞ2 − ðθθÞμνp2 þ pfμðθθpÞνg�8ðθpÞ2ðκ01 − κ02Þ

þ ðθpÞμðθpÞνð3ð1 − κ03ÞDðD − 1Þ − 16κ þ 8κ2 þ 16ðD − 1Þðκ01 − κ02Þ þ 8κ04Þg; ðC2Þ
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T μνρσ
ðIÞ ¼ −

1

2
fðgμνðθpÞρðθpÞσ þ θμρpνðθpÞσ þ θνρpμðθpÞσ þ θμρθνσp2Þ · 2ððD − 3Þκ2 − 2κ þ κ1 þ κ2Þ

þ ð2gμνpρðθθpÞσ − gμρpνðθθpÞσ − gνρpμðθθpÞσ − pμðθθÞνρpσ − pνðθθÞμρpσ

þ gμρðθθÞνσp2 þ gνρðθθÞμσp2Þ · ð2κ − κ1 − κ2Þ
þ ðgμρðθpÞνðθpÞσ þ gνρðθpÞμðθpÞσ þ θμρðθpÞνpσ þ θνρðθpÞμpσÞ · ð−1 − 2κ3 þ κ4 þ ð2þDÞκ1
þ ðD − 2Þðκ2 − 2κÞ þ 4κ2Þ
þ ðgμνgρσðθpÞ2 þ ðθθÞμνðpρpσ − p2gρσÞ þ ðpμðθθpÞν þ pνðθθpÞμÞgρσ − gμρgνσðθpÞ2 − gμρðθθpÞνpσ

− gνρðθθpÞμpσÞ · 2κ2
þ ðθpÞμðθpÞνgρσ · 4ðκ1 þ κ2 − 2κ þ ðD − 1Þκ4Þ − ½gμνp2 − pμpν�ðθθÞρσðκ4 − 1Þg; ðC3Þ

T μνρσ
ðIIÞ ¼ −

1

2
fðgμνðθpÞρðθpÞσ þ θμρpνðθpÞσ þ θνρpμðθpÞσ − θμρθνσp2Þ · 2ððD − 3Þκ2 − 2κ þ 2κ02Þ

þ ð2gμνpρðθθpÞσ − gμρpνðθθpÞσ − gνρpμðθθpÞσ
− pμðθθÞνρpσ − pνðθθÞμρpσ þ gμρðθθÞνσp2 þ gνρðθθÞμσp2Þ · 2ðκ − κ02Þ
þ ðgμρðθpÞνðθpÞσ þ gνρðθpÞμðθpÞσ þ θμρðθpÞνpσ þ θνρðθpÞμpσÞ · ð−2κ03 − 2ðD − 2Þκ þ 4κ2 þ 2ðD − 2Þκ02Þ
þ ðgμνgρσðθpÞ2 þ ðθθÞμνðpρpσ − p2gρσÞ þ ðpμðθθpÞν þ pνðθθpÞμÞgρσ
− gμρgνσðθpÞ2 − gμρðθθpÞνpσ − gνρðθθpÞμpσÞ · 2κ2
þ ðθpÞμðθpÞνgρσ · ð8κ02 − 8κ þ ðD − 1Þð2κ03 þ κ04 − 3ÞÞ − ½gμνp2 − pμpν�ðθθÞρσð2κ03 þ κ04 − 3Þg: ðC4Þ
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