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We derive the most general effective low-energy potential to orderOð1=mÞ for slow Dirac fermions with
massm, coupled to gravitational, chameleon and torsion fields in the Einstein-Cartan gravity. The obtained
results can be applied to the experimental analysis of gravitational, chameleon and torsion interactions in
terrestrial laboratories. We discuss the use of rotating coordinate systems, caused by rotations of devices,
for measurements of the torsion vector and tensor components, caused by minimal torsion-fermion
couplings [A. N. Ivanov and M. Wellenzohn, Phys. Rev. D 92, 065006 (2015)]. Using the most general
form of a metric tensor of curved spacetimes in rotating coordinate systems, proposed by Obukhov,
Silenko, and Teryaev [Phys. Rev. D 84, 024025 (2011)], we extend this metric by the inclusion of the
chameleon field and calculate the set of vierbein fields, in terms of which Dirac fermions couple to the
torsion vector and tensor components through minimal torsion-fermion couplings. For such a set of
vierbein fields we discuss a part of the effective low-energy potential for slow Dirac fermions, coupled to
gravitational, chameleon and torsion fields to order Oð1Þ in the large fermion mass expansion.
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I. INTRODUCTION

In terrestrial laboratories [1–7] gravitational and chame-
leon interactions are being investigated in terms of cold
and ultracold neutrons through some effective low-energy
potentials [8–11]. The low-energy torsion-fermion inter-
actions of the pseudoscalar and axial-vector components
of the torsion field have been derived and estimated by
Lämmerzahl [12] and Obukhov, Silenko, and Teryaev [13].
The most general torsion-fermion interactions of constant
torsion fields have been proposed and estimated by
Kostelecky, Russell, and Tasson [14]. The results, obtained
by Lämmerzahl [12], Obukhov et al. [13] and Kostelecky
et al. [14], have been discussed in Ref. [15]. An attempt of
a direct measurement of torsion-fermion interactions with
constant torsion fields, proposed by Kostelecky et al. [14],
has been undertaken by Lehnert, Snow and Yan [16].
In this paper we derive the most general effective low-

energy potential to order 1=m for slow Dirac fermions with
mass m, coupled to gravitational, chameleon and torsion
fields in the Einstein-Cartan gravity.
The chameleon part of such an effective low-energy

potential contains new chameleon-fermion interactions
with respect to those calculated in Refs. [10,15]. These
new chameleon-fermion interactions can be used for more
detailed experimental analysis of the properties of the
chameleon field [17,18]. The chameleon field, changing
its mass in dependence of the mass density of the
environment, has been invented to avoid the problem of

the violation of the equivalence principle [19]. In addition
the chameleon field can be also identified with a quintes-
sence (canonical scalar field) [20,21], which has been
postulated for an explanation of the late-time acceleration
of the Universe’s expansion [22–24]. The laboratory probes
of the chameleon field, coupled to matter in a conformal
way [17,18], may also shed light on dark energy dynamics
[25–28].
Torsion (in addition to the metric tensor) is a natural

geometrical quantity characterizing spacetime geometry
through spin-matter interactions [29,30]. It allows one to
probe rotational degrees of freedom of spacetime in
terrestrial laboratories. Torsion is described by a third-
order tensor T σμν, antisymmetric with respect to indices μ
and ν, i.e. T σμν ¼ −T σνμ [29,30]. It possesses 24 inde-
pendent components, which can be decomposed into four
axial-vector Bμ, four vector Eμ and 16 tensor Mσμν

components [14] [see also Eqs. (6) and (7)]. The torsion
part of the effective low-energy potential, derived in our
paper, is caused by torsion-fermion minimal couplings for
all torsion components only. An importance of this part of
the effective low-energy potential is related to a possible
solution of the following problem. As has been shown in
Ref. [15], only torsion axial-vector Bμ components are
present in the torsion-fermion minimal couplings in the
curved spacetimes with metrics, providing vanishing time-
space (space-time) components of the vierbein fields. Since
these are usual metrics of spacetimes in terrestrial labo-
ratories, in such spacetimes torsion vector Eμ and tensor
Mσμν components, coupled to Dirac fermions, can be
introduced only through nonminimal torsion-fermion
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couplings with phenomenological coupling constants [14]
(see also Ref. [15]). The presence of phenomenological
coupling constants screens real values of the torsion vector
Eμ and tensor Mσμν components. Thus, a search for
possible ways of measuring torsion vector Eμ and tensor
Mσμν components through torsion-fermion minimal cou-
plings is of great importance for understanding the correct
values of the torsion.
We show that these measurements can be in principle

possible in curved spacetimes, described by metric tensors
with nondiagonal components. These metric tensors define
nonvanishing time-space (space-time) components of the
vierbein fields, in terms of which slow fermions couple to
torsion vector Eμ and tensor Mσμν components through
minimal torsion-fermion couplings.
It is well known [31] that in rotating coordinate systems

spacetimes are described by nondiagonal metric tensors. In
terrestrial laboratories spacetimes with nondiagonal metric
tensors can be in principle realized by means of rotating
devices (neutron interferometers) [32,33] (see also a book
by Rauch and Werner [34] for necessary information on
neutron interferometry). Thus, we propose to measure

torsion vector ~E and tensor Mσμν components through
minimal torsion-fermion couplings in rotating coordinate
systems, caused by rotating devices. In our analysis of
curved spacetimes in rotating coordinate systems we follow
the papers by Hehl and Ni [35] and Obukhov, Silenko, and
Teryaev [36,37].
The paper is organized as follows. In Sec. II we derive

the most general Hamilton operator for the Dirac fermions
in the Einstein-Cartan gravity with chameleon and torsion
fields. We adduce the Schrödinger-Pauli equation for slow
Dirac fermions, coupled to the effective low-energy poten-
tial, caused by gravitational, chameleon and torsion fields.
In Sec. III we i) calculate the vierbein fields, related to the
most general metric tensors of the curved spacetimes in
rotating coordinate systems, proposed by Obukhov,
Silenko, and Teryaev [37], ii) derive the effective low-
energy torsion-fermion potential to order Oð1Þ in the large
fermion mass expansion and iii) discuss possible measure-
ments of torsion vector and tensor components in such
curved spacetimes. In the Appendix we give a detailed
derivation of the effective low-energy potential for slow
Dirac fermions, coupled to gravitational, chameleon and
torsion fields in the Einstein-Cartan gravity.

II. SLOW DIRAC FERMIONS IN THE
EINSTEIN-CARTAN GRAVITY WITH

TORSION AND CHAMELEON

In gravitational theories with a chameleon field fermions
couple to the chameleon field ϕðxÞ through the metric
~gμνðxÞ in the Jordan frame related to the metric gμνðxÞ
in the Einstein frame by ~gμνðxÞ ¼ f2ðxÞgμνðxÞ, where
fðxÞ ¼ eβϕðxÞ=MPl is the conformal factor [17,18] (see also

Ref. [11]), β is the chameleon-matter coupling constant
and MPl ¼ 1=

ffiffiffiffiffiffiffiffiffiffiffiffi
8πGN

p ¼ 2.435 × 1027 eV is the reduced
Planck mass and GN is the gravitational coupling [38].
For the derivation of the required effective low-energy

potential we start with the analysis of the Dirac equation
for fermions with mass m, coupled to the chameleon
field in the spacetime with torsion and the metric d~s2 ¼
~gμνðxÞdxμdxν (the Jordan-frame metric). We take the Dirac-
fermion action in the following form [39] (see also
Ref. [15]):

Sψ ¼
Z

d4x
ffiffiffiffiffiffi
−~g

p �
i
1

2
~eμ
λ̂
ðxÞψ̄ðxÞγλ̂D↔μψðxÞ−mψ̄ðxÞψðxÞ

�
;

ð1Þ

where ~eμ
λ̂
ðxÞ and γλ̂ are the vierbein fields, mapping the

curved spacetime onto the Minkowski spacetime [39] (see
also Refs. [11,15]), and the Diracmatrices in theMinkowski
spacetime [40], respectively. The first term in the brackets

of Eq. (1) takes the form ~eμ
λ̂
ðxÞψ̄ðxÞγλ̂D↔μψðxÞ ¼

~eμ
λ̂
ðxÞðψ̄ðxÞγλ̂DμψðxÞ − ðψ̄ðxÞD̄μÞγλ̂ψðxÞ [39], where

DμψðxÞ and ðψ̄ðxÞD̄μÞ are the covariant derivatives
defined by [11,15]

DμψðxÞ ¼ ∂μψðxÞ − ~ΓμðxÞψðxÞ;
ðψ̄ðxÞD̄μÞ ¼ ∂μψ̄ðxÞ − γ0̂ ~Γ†

μðxÞγ0̂: ð2Þ

The spin affine connection ~ΓμðxÞ is given by [15]

~ΓμðxÞ ¼
i
4
~ωμα̂ β̂ðxÞσα̂ β̂; ð3Þ

where σα̂ β̂ ¼ ði=2Þðγα̂γβ̂ − γβ̂γα̂Þ are the Dirac matrices in
the Minkowski spacetime [40] and the spin connection
~ωμα̂ β̂ðxÞ is related to the vierbein fields ~eμλ̂ðxÞ and the affine
connection ~Γα

μνðxÞ ¼ gf α
μνg þ ~Kα

μνðxÞ as follows [15]:

~ωμα̂ β̂ðxÞ ¼ −ηα̂ φ̂ð∂μ ~e
φ̂
ν ðxÞ − ~Γα

μνðxÞ~eφ̂αðxÞÞ~eνβ̂ðxÞ; ð4Þ

where gf α
μνg are the Christoffel symbols [31]

gf α
μνg ¼ 1

2
~gαλ

�∂ ~gλμ
∂xν þ ∂ ~gλν

∂xμ −
∂ ~gμν
∂xλ

�
ð5Þ

and ~Kα
μνðxÞ ¼ − 1

2
ð ~T α

μνðxÞ − ~T μ
α
νðxÞ − ~T ν

α
μðxÞÞ is the

contorsion tensor, expressed in terms of the torsion field
~T α

μνðxÞ ¼ ~gασðxÞ ~T σμνðxÞ [15]. The torsion field ~T σμνðxÞ
can be represented in the following irreducible form [14]
(see also Ref. [15]):
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~T σμνðxÞ ¼
1

3
ð~gσμðxÞ ~EνðxÞ − ~gσνðxÞ ~EμðxÞÞ

þ 1

3
~εσμναðxÞ ~BαðxÞ þ ~MσμνðxÞ; ð6Þ

where the 4-vector ~EνðxÞ and axial 4-vector ~BαðxÞ fields,
possessing four independent components each, are defined
by

~EνðxÞ ¼ ~gσμðxÞ ~T σμνðxÞ; ~BαðxÞ ¼ 1

2
~εασμνðxÞ ~T σμνðxÞ:

ð7Þ

Here ~εσμναðxÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
−~gðxÞp

ϵσμνα and ~εασμνðxÞ ¼ ϵασμν=ffiffiffiffiffiffiffiffiffiffiffiffi
−~gðxÞp

are covariant Levi-Civita tensors in the curved
spacetime with the Jordan metric ~gμνðxÞ and the definition
ϵ0123 ¼ −ϵ0123 ¼ þ1 [31]. For the derivation of the
axial-vector field ~BαðxÞ in terms of the torsion tensor
field ~T σμνðxÞ we have used the relation ϵασμνϵσμνβ ¼
−6δαβ [40].
The residual 16 independent components of the

torsion field ~T σμνðxÞ can be attributed to the tensor field
~MσμνðxÞ, which obeys the constraints ~gσμðxÞ ~MσμνðxÞ ¼
~εασμνðxÞ ~MσμνðxÞ ¼ 0 [14].
We have carried out the derivation of the Dirac

equation in the curved spacetime with the metric tensor
~gμνðxÞ and torsion in the Appendix of Ref. [15]. The
result is

�
i~eμ

λ̂
ðxÞγλ̂Dμ −

1

2
i ~T α

αμðxÞ~eμλ̂ðxÞγλ̂ −
1

2
i ~ωμα̂ β̂ðxÞ~eμλ̂ðxÞ

×

�
ηλ̂ β̂γα̂ þ 1

4
i½σα̂ β̂; γλ̂�

�
−m

�
ψðxÞ ¼ 0; ð8Þ

where ½σα̂ β̂; γλ̂� ¼ σα̂ β̂γλ̂ − γλ̂σα̂ β̂ ¼ 2iðηβ̂ λ̂γα̂ − ηλ̂ α̂γβ̂Þ [15].
The Dirac equation (8) agrees well with that derived
by Kostelecky [see Eq. (18) of Ref. [39]]. The vierbein
fields ~eα̂μðxÞ and ~eμα̂ðxÞ in the Jordan frame are related to
the vierbein fields eα̂μðxÞ and eμα̂ðxÞ in the Einstein frame
by [11]

~eα̂μðxÞ ¼ fðxÞeα̂μðxÞ; ~eμα̂ðxÞ ¼ eμα̂ðxÞ=fðxÞ: ð9Þ

The Dirac equation (8) in its standard form reads

i
∂ψðt; ~rÞ

∂t ¼ Hψðt; ~rÞ; ð10Þ

where ψðt; ~rÞ is the Dirac wave function of the fermion
with mass m. The Hamilton operator H in its nonperturba-
tive form is given by [15]

H¼ ~E0̂
0ðxÞγ0̂m− ~E0̂

0ðxÞ~e0ĵðxÞiγ0̂γĵ
∂
∂t− ~E0̂

0ðxÞ~ejλ̂ðxÞiγ0̂γλ̂
∂
∂xj

þ 1

2
i ~E0̂

0ðxÞγ0̂ð ~T α
αμðxÞ~eμλ̂ðxÞγλ̂ þ ~ωμα̂ β̂ðxÞ~eμλ̂ðxÞηλ̂ β̂γα̂Þ

þ 1

4
~E0̂
0ðxÞ ~ωμα̂ β̂ðxÞ~eμλ̂ðxÞϵλ̂ α̂ β̂ ρ̂γ0̂γρ̂γ5; ð11Þ

where the vierbein field ~E0̂
0ðxÞ is defined by ~E0̂

0ðxÞ¼
~e0̂0ðxÞ=ð1− ~e0̂jðxÞ~ej0̂ðxÞÞ¼ ~e0̂0ðxÞ=ð1− ~e0

ĵ
ðxÞ~eĵ0ðxÞÞ¼1=~e0

0̂
ðxÞ.

The definition for the vierbein field ~E0̂
0ðxÞ follows from

the relations ~eμα̂ðxÞ~eβ̂μðxÞ ¼ δβ̂α̂ and ~eμα̂ðxÞ~eα̂νðxÞ ¼ δμν . In

addition we have used that fσα̂ β̂; γλ̂g ¼ σα̂ β̂γλ̂ þ γλ̂σα̂ β̂ ¼
−2ϵλ̂ α̂ β̂ ρ̂γρ̂γ5 [15] and γ5 ¼ iγ0̂γ1̂γ2̂γ3̂ [40]. For the deri-
vation of the effective low-energy potential it is convenient
to transcribe the Hamilton operator (11) into the form

H ¼ ~E0̂
0ðxÞγ0̂mþ 1

2
i ~E0̂

0ðxÞð ~T α
αμðxÞ~eμ0̂ðxÞ þ ~ωμ0̂ β̂ðxÞ~eμλ̂ðxÞηλ̂ β̂Þ þ

1

4
~E0̂
0ðxÞð ~ωμĵ k̂ðxÞ~eμ0̂ðxÞ þ ~ωμ½0̂ ĵ�ðxÞ~eμk̂ðxÞÞϵĵ k̂ l̂Σl̂

− ~E0̂
0ðxÞ~ej0̂ðxÞi

∂
∂xj − ~E0̂

0ðxÞ~ejĵðxÞiγ0̂γĵ
∂
∂xj − ~E0̂

0ðxÞ~e0ĵðxÞiγ0̂γĵ
∂
∂t

þ 1

2
~E0̂
0ðxÞð ~T α

αμðxÞ~eμĵ ðxÞ þ ~ωμĵ β̂ðxÞ~eμλ̂ðxÞηλ̂ β̂Þiγ0̂γĵ −
1

4
~E0̂
0ðxÞ ~ωμĵ k̂ðxÞ~eμl̂ðxÞϵĵ k̂ l̂γ5; ð12Þ

where we have denoted ~ωμ½0̂ ĵ�ðxÞ ¼ ~ωμ0̂ ĵðxÞ − ~ωμĵ 0̂ðxÞ and used ϵl̂ ĵ k̂ 0̂ ¼ −ϵĵ k̂ l̂ [40]. It is well known [13] that the
Hamilton operator (12) is not Hermitian. This is because of the factor

ffiffiffiffiffiffi
−~g

p
in the definition of the four-dimensional

covariant volume element d4x
ffiffiffiffiffiffi
−~g

p
in the curved spacetime. In order to deal with the Hermitian Hamilton operator we have

to make the following transformation of the fermion wave function and the Hamilton operator [13]:

ψðxÞ ¼
� ffiffiffiffiffiffiffiffiffiffiffiffi

−~gðxÞ
p

~e0
0̂
ðxÞ

�
−1=2

ψ 0ðxÞ;

H0 ¼
� ffiffiffiffiffiffiffiffiffiffiffiffi

−~gðxÞ
p

~e0
0̂
ðxÞ

�þ1=2
H
� ffiffiffiffiffiffiffiffiffiffiffiffi

−~gðxÞ
p

~e0
0̂
ðxÞ

�
−1=2

− i
� ffiffiffiffiffiffiffiffiffiffiffiffi

−~gðxÞ
p

~e0
0̂
ðxÞ

�þ1=2 ∂
∂t

� ffiffiffiffiffiffiffiffiffiffiffiffi
−~gðxÞ

p
~e0
0̂
ðxÞ

�
−1=2

: ð13Þ
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We would like to note that the last term in the Hamilton operator H0 acts on the fermion wave function as a multiplication
operator and does not differentiate it with respect to time. This means that we do not need to add in the definition of the
Hamilton operator H0 a time derivative operator i∂=∂t [41–43]. The Dirac equation for the wave function ψ 0ðt; ~rÞ retains its
standard form

i
∂ψ 0ðt; ~rÞ

∂t ¼ H0ψ 0ðt; ~rÞ; ð14Þ

where the Hermitian Hamilton operator H0 is given by

H0 ¼ ~E0̂
0ðxÞγ0̂mþ 1

2
i ~E0̂

0ðxÞð ~T α
αμðxÞ~eμ0̂ðxÞ þ ~ωμ0̂ β̂ðxÞ~eμλ̂ðxÞηλ̂ β̂Þ þ

1

2
i ~E0̂

0ðxÞ
1ffiffiffiffiffiffiffiffiffiffiffiffi
−~gðxÞp ∂

∂t ð
ffiffiffiffiffiffiffiffiffiffiffiffi
−~gðxÞ

p
~e0
0̂
ðxÞÞ

þ 1

4
~E0̂
0ðxÞð ~ωμĵ k̂ðxÞ~eμ0̂ðxÞ þ ~ωμ½0̂ ĵ�ðxÞ~eμk̂ðxÞÞεĵ k̂ l̂Σl̂ þ

1

2
ið ~E0̂

0ðxÞÞ2 ~ej0̂ðxÞ
1ffiffiffiffiffiffiffiffiffiffiffiffi
−~gðxÞp ∂

∂xj ð
ffiffiffiffiffiffiffiffiffiffiffiffi
−~gðxÞ

p
~e0
0̂
ðxÞÞ

− ~E0̂
0ðxÞ~ej0̂ðxÞi

∂
∂xj − ~E0̂

0ðxÞ~ejĵðxÞiγ0̂γĵ
∂
∂xj − ~E0̂

0ðxÞ~e0ĵðxÞiγ0̂γĵ
∂
∂t

þ 1

2
ð ~E0̂

0ðxÞÞ2 ~ejĵðxÞiγ0̂γĵ
1ffiffiffiffiffiffiffiffiffiffiffiffi
−~gðxÞp ∂

∂xj ð
ffiffiffiffiffiffiffiffiffiffiffiffi
−~gðxÞ

p
~e0
0̂
ðxÞÞ þ 1

2
ð ~E0̂

0ðxÞÞ2 ~e0ĵðxÞiγ0̂γĵ
1ffiffiffiffiffiffiffiffiffiffiffiffi
−~gðxÞp ∂

∂t ð
ffiffiffiffiffiffiffiffiffiffiffiffi
−~gðxÞ

p
~e0
0̂
ðxÞÞ

þ 1

2
~E0̂
0ðxÞð ~T α

αμðxÞ~eμĵ ðxÞ þ ~ωμĵ β̂ðxÞ~eμλ̂ðxÞηλ̂ β̂Þiγ0̂γĵ −
1

4
~ωμĵ k̂ðxÞ ~E0̂

0ðxÞ~eμl̂ðxÞεĵ k̂ l̂γ5̂: ð15Þ

Using the relation [see Eq. (A-9) of Ref. [15]]

1

2
i

1ffiffiffiffiffiffi
−~g

p ∂
∂t ð

ffiffiffiffiffiffi
−~g

p
~e0
0̂
ðxÞÞ ¼ −

1

2
i ~T α

αμðxÞ~eμ0̂ðxÞ −
1

2
i ~ωμ0̂ β̂ðxÞ~eμλ̂ðxÞηλ̂ β̂ −

1

2
i

1ffiffiffiffiffiffi
−~g

p ∂
∂xj ð

ffiffiffiffiffiffi
−~g

p
~ej
0̂
ðxÞÞ ð16Þ

we transcribe the Hamilton operator (15) into the form

H0 ¼ ~E0̂
0ðxÞγ0̂m −

1

2
i ~E0̂

0ðxÞ
1ffiffiffiffiffiffi
−~g

p ∂
∂xj ð

ffiffiffiffiffiffi
−~g

p
~ej
0̂
ðxÞÞ þ 1

2
ið ~E0̂

0ðxÞÞ2 ~ej0̂ðxÞ
1ffiffiffiffiffiffiffiffiffiffiffiffi
−~gðxÞp ∂

∂xj ð
ffiffiffiffiffiffiffiffiffiffiffiffi
−~gðxÞ

p
~e0
0̂
ðxÞÞ

þ 1

4
~E0̂
0ðxÞð ~ωμĵ k̂ðxÞ~eμ0̂ðxÞ þ ~ωμ½0̂ ĵ�ðxÞ~eμk̂ðxÞÞϵĵ k̂ l̂Σl̂ − ~E0̂

0ðxÞ~ej0̂ðxÞi
∂
∂xj

− ~E0̂
0ðxÞ~ejĵðxÞiγ0̂γĵ

∂
∂xj − ~E0̂

0ðxÞ~e0ĵðxÞiγ0̂γĵ
∂
∂tþ

1

2
ð ~E0̂

0ðxÞÞ2 ~ejĵðxÞiγ0̂γĵ
1ffiffiffiffiffiffiffiffiffiffiffiffi
−~gðxÞp ∂

∂xj ð
ffiffiffiffiffiffiffiffiffiffiffiffi
−~gðxÞ

p
~e0
0̂
ðxÞÞ

−
1

2
ð ~E0̂

0ðxÞÞ2 ~e0ĵðxÞiγ0̂γĵ
1ffiffiffiffiffiffiffiffiffiffiffiffi
−~gðxÞp ∂

∂xj ð
ffiffiffiffiffiffiffiffiffiffiffiffi
−~gðxÞ

p
~ej
0̂
ðxÞÞ þ 1

2
~E0̂
0ðxÞð ~T α

αμðxÞ~eμĵ ðxÞ þ ~ωμĵ β̂ðxÞ~eμλ̂ðxÞηλ̂ β̂Þiγ0̂γĵ

−
1

2
ð ~E0̂

0ðxÞÞ2 ~e0ĵðxÞð ~T
α
αμðxÞ~eμ0̂ðxÞ þ ~ωμ0̂ β̂ðxÞ~eμλ̂ðxÞηλ̂ β̂Þiγ0̂γĵ −

1

4
~ωμĵ k̂ðxÞ ~E0̂

0ðxÞ~eμl̂ðxÞϵĵ k̂ l̂γ5̂: ð17Þ

According to the Foldy-Wouthuysen classification [44], the
operators in the first two lines of Eq. (17) are even, whereas
all other operators are odd. For a derivation of a low-energy
effective Hamilton operator of slow fermions all odd
operators should be removed by some unitary transforma-
tions [44]. Skipping standard intermediate Foldy-Wouthuy-
sen calculations, which are given in the Appendix, we
arrive at the Schrödinger-Pauli equation

i
∂Ψðt; ~rÞ

∂t ¼
�
−

1

2m
Δþ Φeffðt; ~r; ~σÞ

�
Ψðt; ~rÞ; ð18Þ

where Ψðt; ~rÞ is the large component of the Dirac wave
function of slow fermions with mass m and Φ effðt; ~r; ~σÞ is
the effective low-energy potential for slow fermions,
coupled to gravitational, chameleon and torsion fields,
and ~σ are the 2 × 2 Pauli matrices [40]. The exact
expression of the potential Φ effðt; ~r; ~σÞ, calculated to order
Oð1=mÞ, is given by Eq. (A15) of the Appendix.

III. CONCLUSIVE DISCUSSION

We have analyzed the low-energy approximation of
the Dirac equation for fermions with mass m in the

A. N. IVANOV and M. WELLENZOHN PHYSICAL REVIEW D 92, 125004 (2015)

125004-4



Einstein-Cartan gravity with torsion and chameleon fields.
Using the Foldy-Wouthuysen transformations we have
derived the most general low-energy potential to order
1=m for slow Dirac fermions, coupled to gravitational,
torsion and chameleon fields. The aim of the derivation of
such an effective low-energy potential is addressed to the

investigation of spacetimes in which torsion vector ~E and
tensorMjkl components, coupled minimally to slow Dirac
fermions, can be in principle observable. As has been
shown in Ref. [15] for metric tensors, yielding vanishing
nondiagonal time-space (space-time) components of the
vierbein fields, in the perturbative regime for gravitational,
torsion and chameleon fields only torsion axial-vector
components survive in the low-energy approximation of
the minimal torsion-fermion couplings.
In the Appendix for the derivation of the effective low-

energy potential Φeffðt; ~r; ~σÞ [see Eq. (A15)] we have
introduced the operators A, B, Cl̂, Dj

ĵ
, Fĵ, Gĵ, K and

Lj, which are defined in Eq. (A2). In the approximation
[15] applied to our approach these operators behave as
follows:

A ¼ 1þOðg;ϕÞ; B ¼ 0;

Cl̂ ¼ 1

4
Bl̂ þOðg;ϕÞ; Dj

ĵ
¼ δj

ĵ
þOðg;ϕÞ;

Fĵ ¼ 0; Gĵ ¼ Oðg;ϕÞ;

K ¼ −
1

4
KþOðg;ϕÞ; Lj ¼ 0; ð19Þ

where Bl̂ ¼ 1
2
ϵl̂ ĵ k̂ðT ĵ k̂ 0̂ þ T k̂ 0̂ ĵ þ T 0̂ ĵ k̂Þ and K ¼

1
2
ϵĵ k̂ l̂T l̂ ĵ k̂ are the torsion axial-vector and pseudoscalar

components [15], and Oðg;ϕÞ are the linear-order contri-
butions of gravitational and chameleon fields. The non-
trivial linear-order contributions of the torsion vector and
tensor components can appear only in spacetimes with
nondiagonal metric tensors, yielding nonvanishing non-
diagonal time-space (space-time) components of the vier-
bein fields. It is well known that in the rotating coordinate
system spacetime is described by a nondiagonal metric
tensor [31] with the nonvanishing time-space (space-time)
components g0jðxÞ proportional to the angular velocity (see
also Refs. [35–37]).
The phase shift induced by a rotational motion of an

optical interferometer was first proposed by Sagnac [45]
and observed by Michelson, Gale, and Pearson [46]. In
spite of the fact that the inertial properties of photons and
neutrons are different, the analogous effect for the phase
shift of slow neutrons was predicted by Page [47] and
measured by Werner et al. [48], Atwood et al. [32] and
Mashhoon [33]. For the measurement of such a phase shift
Atwood et al. [32] and Mashhoon [33] used the rotating
two-crystal neutron interferometer and the neutron inter-
ferometer in the rotating reference frame, respectively.

According to an equivalence between a rotating coordinate
system and a gravitational field or a curved spacetime with
a corresponding metric tensor [31], the experimental setup
of the experiments by Atwood et al. [32] and Mashhoon
[33] should determine metric tensors of curved spacetimes,
created by rotating neutron interferometers in the gravita-
tional field of the Earth.
Following such an equivalence, for the experimental

analysis of fermion-torsion interactions, described by the
effective low-energy potential Φeffðt; ~r; ~σÞ given by
Eq. (A15), we have to determine the metric tensor of the
curved spacetime and calculate the vierbein fields, caused
by the experimental setup of possible experiments. We take
the line element in spacetimes, created by rotating devices
in an arbitrary gravitational field, in the most general form,
proposed by Obukhov, Silenko, and Teryaev [37]:

d~s2 ¼ ~V2ðxÞdt2 þ ηĵ l̂ ~Wĵ
jðxÞ ~Wl̂

lðxÞðdxj − KjðxÞdtÞ
× ðdxl − KlðxÞdtÞ; ð20Þ

where the functions ~V2ðxÞ and ~Wĵ
jðxÞ are defined by an

arbitrary gravitational field. In comparison with Obukhov
et al. [37] they are modified by the chameleon field. In turn,
the functions KjðxÞ are caused by rotations. The compo-
nents of the metric tensor ~gμνðxÞ are equal to

~g00ðxÞ ¼ ~V2ðxÞ þ ηĵ l̂ ~Wĵ
jðxÞ ~Wl̂

lðxÞKjðxÞKlðxÞ;
~g0jðxÞ ¼ −ηĵ l̂ ~Wĵ

jðxÞ ~Wl̂
lðxÞKlðxÞ;

~gjlðxÞ ¼ ηĵ l̂ ~Wĵ
jðxÞ ~Wl̂

lðxÞ: ð21Þ

The vierbein fields ~eα̂μðxÞ are defined by the relation [11,15]

~gμνðxÞ ¼ ηα̂ β̂ ~e
α̂
μðxÞ~eβ̂μðxÞ: ð22Þ

Solving Eq. (22) for ~g00ðxÞ and ~gjlðxÞ we get

~e0̂0ðxÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
~V2ðxÞ þ ð1 − ξÞηĵ l̂ ~Wĵ

jðxÞ ~Wl̂
lðxÞKjðxÞKlðxÞ

q
;

~eĵ0ðxÞ ¼ −
ffiffiffi
ξ

p
~Wĵ
jðxÞKjðxÞ;

~e0̂jðxÞ ¼ 0; ~eĵjðxÞ ¼ ~Wĵ
jðxÞ; ð23Þ

where ξ is a parameter, which can be fixed from Eq. (21) for
~g0jðxÞ. Indeed, using the vierbein fields (23) we obtain

~g0jðxÞ ¼ −
ffiffiffi
ξ

p
ηĵ l̂ ~Wĵ

jðxÞ ~Wl̂
lðxÞKlðxÞ: ð24Þ

From the comparison of Eq. (24) with Eq. (21) we obtain
ξ ¼ 1. This gives the vierbein fields, given by Eq. (23),
equal to
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~e0̂0ðxÞ ¼ ~VðxÞ; ~eĵ0ðxÞ ¼ − ~Wĵ
jðxÞKjðxÞ;

~e0̂jðxÞ ¼ 0; ~eĵjðxÞ ¼ ~Wĵ
jðxÞ: ð25Þ

For the calculation of the vierbein fields ~eμα̂ðxÞ we use the
relations [11,15]

δα̂
β̂
¼ ~eα̂μðxÞ~eμβ̂ðxÞ; δμν ¼ ~eμα̂ðxÞ~eα̂νðxÞ: ð26Þ

Skipping intermediate calculations we obtain

~e0
0̂
ðxÞ ¼ 1

~VðxÞ ; ~e0
ĵ
ðxÞ ¼ 0;

~ej
0̂
ðxÞ ¼ KjðxÞ

~VðxÞ ; ~ej
ĵ
ðxÞ ¼ Wj

ĵ
ðxÞ: ð27Þ

The vierbein fields in Eq. (25) and Eq. (27) have been

calculated under the assumption that the functions Wĵ
jðxÞ

and Wj
ĵ
ðxÞ obey the orthogonality relations

Wĵ
jðxÞWj

l̂
¼ δĵ

l̂
; Wj

ĵ
ðxÞWĵ

l ¼ δjl; ð28Þ

which are fulfilled for the Schwarzschild metric in the weak
gravitational field of the Earth approximation [15]. For the
verification of the correctness of the obtained vierbein
fields we construct the metric tensor ~gμνðxÞ. In terms of the
vierbein fields ~eμα̂ðxÞ it is determined by

~gμνðxÞ ¼ ηα̂ β̂ ~eμα̂ðxÞ~eνβ̂ðxÞ: ð29Þ

Using the vierbein fields (27) for the components of the
metric tensor ~gμνðxÞ we obtain the following expressions:

~g00ðxÞ ¼ 1

~V2ðxÞ ; ~g0jðxÞ ¼ KjðxÞ
~VðxÞ ;

~gjlðxÞ ¼ KjðxÞKlðxÞ
~V2ðxÞ þ ηĵ l̂ ~Wj

ĵ
ðxÞ ~Wl

l̂ðxÞ: ð30Þ

One may show that the metric tensors ~gμνðxÞ and ~gμνðxÞ,
given by Eq. (21) and Eq. (30), respectively, obey the
relation ~gμαðxÞ~gανðxÞ ¼ δμν . Then, because of ~e0̂jðxÞ ¼
~e0
ĵ
ðxÞ ¼ 0 for the vierbein fields (25) and (27) we

get ~E0̂
0ðxÞ ¼ ~e0̂0ðxÞ.

For the vierbein fields (25) and (27) torsion-fermion
interactions are yielded by the operators Cl̂,Gĵ andK only.
Since the contributions of the torsion-fermion interactions,
caused by the operators Gĵ and K, are suppressed by a
factor of 1=m, below we analyze the contributions of the
torsion-fermion interactions, caused by the operator Cl̂,
which appear to order Oð1Þ in the large fermion mass

expansion. We also take into account the contributions of
the operators A, B and Lj in order to derive a complete set
of gravitational, chameleon and torsion interactions with
slow fermions to order Oð1Þ in the large fermion mass
expansion. The analysis of contributions of the operators
Gĵ and K goes beyond the scope of this paper. We are
planning to perform such an analysis in our forthcoming
publication.
For the vierbein fields (25) and (27) the operators (A2)

are given by

A ¼ ~e0̂0ðxÞ;

B ¼ −
1

2
i~e0̂0ðxÞ

1ffiffiffiffiffiffi
−~g

p ∂
∂xj

� ffiffiffiffiffiffi
−~g

p
~ej
0̂
ðxÞ

�

þ 1

2
ið~e0̂0ðxÞÞ2 ~ej0̂ðxÞ

1ffiffiffiffiffiffiffiffiffiffiffiffi
−~gðxÞp ∂

∂xj
� ffiffiffiffiffiffiffiffiffiffiffiffi

−~gðxÞ
p

~e0
0̂
ðxÞ

�
;

Cl̂ ¼ 1

4
~e0̂0ðxÞð ~ω0ĵ k̂ðxÞ~e00̂ðxÞ þ ~ωlĵ k̂ðxÞ~el0̂ðxÞ

þ ~ωl0̂ ĵðxÞ~elk̂ðxÞ − ~ωlĵ 0̂ðxÞ~elk̂ðxÞÞϵĵ k̂ l̂;
Dj

ĵ
¼ −~e0̂0ðxÞ~ejĵðxÞ;

Fĵ ¼ 0;

Gĵ ¼
1

2
~e0̂0ðxÞð ~T α

αlðxÞ~elĵ ðxÞ þ ~ω0ĵ 0̂ðxÞ~e00̂ðxÞ

þ ~ωlĵ 0̂ðxÞ~el0̂ðxÞ þ ~ωlĵ k̂ðxÞ~ell̂ðxÞηl̂ k̂Þ

þ 1

2
ð~e0̂0ðxÞÞ2 ~ejĵðxÞ

1ffiffiffiffiffiffiffiffiffiffiffiffi
−~gðxÞp ∂

∂xj
� ffiffiffiffiffiffiffiffiffiffiffiffi

−~gðxÞ
p

~e0
0̂
ðxÞ

�
;

K ¼ −
1

4
~ωlĵ k̂ðxÞ~e0̂0ðxÞ~ell̂ðxÞϵĵ k̂ l̂;

Lj ¼ −~e0̂0ðxÞ~ej0̂ðxÞ: ð31Þ

For the analysis of interactions of slow Dirac fermions
with gravitational, chameleon and torsion fields, caused by
nondiagonal spacetime components ~ej

0̂
ðxÞ of the vierbein

fields we assume a motion of Dirac fermions with mass m
in the curved spacetime with the Schwarzschild metric,
taken in the weak gravitational field of the Earth approxi-
mation and modified by the contributions of the chameleon
field and rotation. The line element of such a spacetime is
given by

d~s2 ¼ ð1þ 2UþÞdt2 þ 2ð1 − 2U−Þ ~K · d~rdt

− ð1 − 2U−Þd~r2; ð32Þ

where we have neglected the contribution of the terms of

order ~K2 that is well justified in the terrestrial laboratories
and kept the contributions of the chameleon field to linear
order [35]. The potentials U� are equal to [15]
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U� ¼ UE �
β

MPl
ϕðxÞ; ð33Þ

where UE ¼ ~g · ~r is the Newtonian gravitational potential
of the Earth and ~g is the gravitational acceleration [15]. To
linear-order contributions of the gravitational and chame-
leon fields the vierbein fields (25) and (27) read

~e0̂0ðxÞ ¼ 1þUþ; ~eĵ0ðxÞ ¼ −ð1 −U−ÞKĵðxÞ;
~e0̂jðxÞ ¼ 0; eĵjðxÞ ¼ ð1 −U−Þδĵj;
~e0
0̂
ðxÞ ¼ 1 −Uþ; ~ej

0̂
ðxÞ ¼ þð1 −UþÞKjðxÞ;

~e0
ĵ
ðxÞ ¼ 0; ~ej

ĵ
ðxÞ ¼ ð1þ U−Þδjĵ: ð34Þ

The diagonal components of the vierbein fields agree well
with those, calculated in Ref. [15]. In such a spacetime the
operators A, B, Cl̂ and Lj are equal to

A ¼ 1þUþ;

B ¼ −
1

2
idiv ~K;

Cl ¼ −
1

4
ðrot ~KÞl̂ þ 1

4
Bl þ 1

4
ϵljkKjT 00k þ

1

4
ϵljkT jkaKa

¼ −
1

4
ðrot ~KÞl̂ þ 1

4
Bl þ 1

6
KKl þ 1

4
ϵljkKjM00k

þ 1

4
ϵljkMjkaKa;

Lj ¼ −Kj; ð35Þ

where in the linear order approximation ~T αμν ¼ T αμν,
Bl ¼ 1

2
ϵljkðT jk0 þ T k0j þ T 0jkÞ and K ¼ 1

2
ϵabcT abc.

Then, we have used Eq. (6) and
ffiffiffiffiffiffi
−~g

p ¼ 1þUþ − 3U−,
calculated to linear order of the gravitational and chameleon

fields and at the neglect of the contribution of order Oð ~K2Þ.
For the calculation of the operators in Eq. (35) we have not
distinguished indices in the Minkowski and curved space-
time. This is correct, since the operators (35) are defined in
the perturbative regime for gravitational, chameleon and
torsion fields and describe corresponding interactions of
slow Dirac fermions in the Minkowski spacetime.
For curved spacetimes with the metric (32) the contri-

bution of the operators (35) to the effective low-energy
potential Φeffðt; ~r; ~σÞ, calculated to order Oð1Þ in the large
fermion mass expansion, is given by

Φeffðt; ~r; ~σÞ

¼ mUþ −
1

2
idiv ~K − ~K · i ~∇þ 1

4
~σ · rot ~K −

1

4
~σ · ~B

−
1

6
K~σ · ~K þ 1

4
σlϵ

ljkKjM00k þ
1

4
σlϵ

ljkMjkaKa;

ð36Þ

where σj ¼ ð−~σÞj and we have used that ϵjka0 ¼ ϵjka with

ϵ123 ¼ þ1 [40]. It is important to note that torsion vector ~E
components do not couple to slow Dirac fermions to order
Oð1Þ in the large fermion mass expansion and in the linear
order approximation of the torsion field.
For rotating coordinate systems with an angular velocity

~ω the vector functions Kj are equal to Kj ¼ −ð~ω × ~rÞj
[31,35]. This gives div ~K ¼ 0 and rot ~K ¼ −2~ω. As a result,
the effective low-energy potential (36) takes the form

Φeffðt; ~r; ~σÞ

¼ mUþ − ~ω · ~L − ~ω · ~S −
1

4
~σ · ~B þ 1

6
K~σ · ð~ω × ~rÞ

−
1

4
ðð~σ · ~ωÞð ~M · ~rÞ − ð~σ · ~rÞð ~M · ~ωÞÞ

−
1

4
σjϵ

jklMklaϵ
abcωbxc; ð37Þ

where ð ~MÞk ¼ −M00k. The first term mUþ in Eq. (36)
corresponds to the Newtonian gravitational potential of the
Earth ~g · ~r, corrected by the contribution of the chameleon

field [8,9]; the second term −~ω · ~L, where ~L ¼ −~r × i ~∇ is
the orbital momentum operator of slow fermions, and the

third term −~ω · ~S, where ~S ¼ 1
2
~σ is the spin operator of slow

fermions, agree well with the results, obtained by Hehl and

Ni [35]. The interactions −~ω · ~L and −~ω · ~S were analyzed
in the experiments by Werner, Staudenmann, and Colella
[48] and byMashhoon [33]. The fourth term, describing the
torsion-spin-matter interaction of the torsion axial-vector
components, was derived by Lämmerzahl [12] and
Obukhov, Silenko, and Teryaev [13] (see also Ref. [15]).
The other terms in the effective low-energy potential (36)
are new. The fifth term ð1=6ÞK~σ · ð~ω × ~rÞ is a new low-
energy interaction of the torsion pseudoscalar componentK
with slow Dirac fermions. In turn, the last two terms in
Eq. (36) describe new low-energy interactions of torsion
tensor M00k and Mjka components with slow Dirac
fermions, caused by minimal torsion-fermion couplings
without phenomenological coupling constants. According
to estimates by Kostelecky et al. [14], the constant torsion
tensor components M00k and Mjka, multiplied by a

phenomenological coupling constant ξð5Þ5 , are restricted

by jξð5Þ5 M00kj < 10−27 and jξð5Þ5 Mjkaj < 10−26, respec-
tively. Recently the nonminimal torsion-matter couplings
have been also discussed by Puetzfeld and Obukhov [49].

As regards torsion vector components ~E, we have found
that slow Dirac fermions do not couple to them to order
Oð1Þ in the large fermion mass expansion and to linear
order of the torsion field approximation.
The upper bound of the linear superposition of the

constant torsion vector and axial-vector components
jζj < 9.1 × 10−23 GeV, measured by Lehnert, Snow and
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Yan [16] by means of an investigation of a spin rotation of
cold neutrons in liquid 4He, is larger by a factor of 105

compared with the estimate jζj < 10−27 GeV, obtained
in Ref. [15].
Thus, we have shown that to linear order of the torsion

field approximation in spacetimes of rotating coordinate
systems the contributions of only torsion pseudoscalar K
and tensor M00k and Mkla components, caused by
minimal torsion-fermion couplings, appear to order Oð1Þ
in the large fermion mass expansion. The certain steps in
the realization of curved spacetimes in terrestrial labora-
tories by using rotating devices (neutron interferometers)
were made by Atwood et al. [32] and Mashhoon [33].
The measurements of the transition frequencies between

quantum gravitational states of ultracold neutrons in the
qBounce experiments [1–6] as functions of an angular
velocity ~ω of a rotating mirror should provide a new level of
highly precise probes of the properties of the Einstein-
Cartan gravity, dark energy and the evolution of the
Universe. Of course, the measurements of new gravita-
tional, chameleon and torsion interactions in Eq. (37) as
well as other interactions in the effective low-energy
potential (A15) can be carried out by using rotating neutron
interferometers [7,34].
Now we would like to discuss briefly the Foldy–

Wouthuysen method [44], which we use in this paper
for the derivation of the effective low-energy potential for
slow Dirac fermions, coupled to gravitational, chameleon
and torsion fields. Mainly this discussion concerns the
uniqueness and accuracy of the Foldy-Wouthuysen repre-
sentation of the Dirac Hamilton operator, obtained by the
Foldy-Wouthuysen transformation. It is well known that
the Foldy-Wouthuysen method of a transformation of a
Dirac Hamilton operator to a form, containing only even
(diagonal) operators (as regards the definition of odd and
even operators the reader might consult Ref. [44] or look up
in the Appendix to this paper), is not unique and there are
some other methods of transformation of a Dirac Hamilton
operator to a diagonal form. One can find a very nice survey
of possible methods of transformation of a Dirac Hamilton
operator for fermions with mass m to a diagonal form,
containing only even operators, in the paper by de Vries
[50]. The Foldy-Wouthuysen method, removing odd oper-
ators from a Dirac Hamilton operator for fermions with
mass m by Foldy-Wouthuysen unitary transformations,
allows one to reduce a Dirac Hamilton operator to a
nonrelativistic form in the approximation of a large fermion
mass expansion by a set of unitary transformations or by
the iterative Foldy-Wouthuysen method. The obtained
nonrelativistic Hamilton operator is given by an infinite
series of even operators in powers of 1=m, which does not
seem to give hope for a closed-form operator. A problem of
a closed form of a transformed Dirac Hamilton operator,
expressed in terms of only even operators, was investigated
by Eriksen [51]. Eriksen showed that the unitary

transformation eiS ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
γ0H=

ffiffiffiffiffiffi
H2

pq
, where γ0 and H are

the Dirac matrix and a Dirac Hamilton operator, allows
one to transform a Dirac Hamilton operator H to a square
root of an even operator. However, Eriksen’s unitary

operator eiS ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
γ0H=

ffiffiffiffiffiffi
H2

pq
, leading to a closed form of

a transformed Dirac Hamilton operators, suffers from an

ambiguous definition. In order to define the operator eiS ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
γ0H=

ffiffiffiffiffiffi
H2

pq
unambiguously one has to assume that the

square root of a unit operator is a unit operator. For a recent
discussion of a square root operator definition and analyses
of the Dirac Hamilton operators by means of the Eriksen
method we direct the reader to the papers by Silenko [52],
Neznamov and Silenko [41] and Silenko [42,43,53].
According to Eriksen [51], the unitary operator eiS ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
γ0H=

ffiffiffiffiffiffi
H2

pq
, providing an exact diagonalization of the

Dirac Hamilton operator H, can be defined by eiS ¼ffiffiffiffiffiffiffi
γ0λ

p
¼ ð1þ γ0λÞ=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2þ γ0λþ λγ0

p
, where λ ¼ H=

ffiffiffiffiffiffi
H2

p
.

Another problem of the Foldy-Wouthuysen method con-
cerns the accuracy of the Foldy-Wouthuysen representation
of a Dirac Hamilton operator in comparison with a large
fermion mass expansion of an exact form of a transformed
Dirac Hamilton operator. For the first time such a problem
was discussed by Eriksen and Kolsrud [54]. Recently this
problem has been investigated by Neznamov and Silenko
[41] and Silenko [42,43,53]. According to Ref. [54] and
Refs. [41–43,53], the Foldy-Wouthuysen representation of
a Dirac Hamilton operator, obtained by a set of unitary
transformations, cannot coincide with a large fermion mass
expansion of an exact transformed Dirac Hamilton oper-
ator, diagonalized by means of only one unitary trans-
formation (e.g. the Eriksen transformation). As has been
pointed out by Neznamov and Silenko [41] and Silenko
[42,43,53], such a disagreement can be explained by the
noncommutativity of Foldy-Wouthuysen unitary transfor-
mations in the iterative Foldy-Wouthuysen method. For
example, in our case we have diagonalized the Dirac
Hamilton operator (17) by three unitary transformations
of the Dirac wave functions eiS1 , eiS2 and eiS3 (see the
Appendix), respectively. A resulting unitary transformation
is equal to eiS ¼ eiS3eiS2eiS1 . According to Refs. [41–43,53],
a coincidence of our result for the effective low-energy
potential (A15) with a large fermion mass expansion of an
exact diagonalized Hamilton operator, obtained by means of
only one unitary transformation (e.g. by the Eriksen trans-
formation), can be expected only for the validity of the
relation eiS3eiS2eiS1 ¼ eiðS3þS2þS1Þ, which demands the com-
mutativity of the operators ½Si; Sj� ¼ 0 for i ≠ j ¼ 1, 2, 3
[41–43,53]. Since the unitary operators do not commute
½Si; Sj� ≠ 0 for i ≠ j ¼ 1, 2, 3 (see the Appendix), the
relation eiS3eiS2eiS1 ¼ eiðS3þS2þS1Þ is not valid and one may
expect some deviations of the effective low-energy potential
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(A15) from that derived by a large fermion mass expansion
of an exact diagonalized Dirac Hamilton operator. However,
one may show that any deviations can appear only to order
Oð1=m2Þ [53]. The latter can be justified by the observation
that ½S2; S1� ¼ Oð1=m2Þ and ½S3; Sj� ¼ Oð1=m3Þ for j ¼ 1,
2. Hence, to order Oð1=mÞ, which we have kept for the
derivation of the effective low-energy potential Φeff in
Eq. (A15), these two fermion mass expansions should
coincide. A method of the calculation of the corrections
to the Foldy-Wouthuysen representation of a Dirac Hamilton
operator has been discussed in detail by Silenko [53]. For
example, suppose that two Foldy-Wouthuysen unitary trans-
formations with operators eiS1 and eiS2 , performed one after
another, diagonalize a Dirac Hamilton operator, i.e.
H → HFW, where HFW is a Dirac Hamilton operator in
the Foldy-Wouthuysen representation. According to Silenko
[53], an additional Foldy-Wouthuysen unitary transforma-
tion Ucorr ¼ expð− 1

2
½S1; S2�Þ should allow one to cancel an

error of the iterative Foldy-Wouthuysen method in the
leading order. Such a correction is valid if the commutators
½S1; ½S1; S2�� and ½S2; ½S1; S2�� and commutators of higher
orders can be neglected with respect to the commutator
½S1; S2�. Since in our case this constraint is fulfilled, the

correction to the effective low-energy potential (A15) can
be calculated by means of the unitary transformation
Ucorr ¼ expð− 1

2
½S1; S2�Þ. However, in our case ½S1; S2� ¼

Oð1=m2Þ and the effective low-energy potential (A15) is
calculated to order Oð1=mÞ. This might imply that the
effective low-energy potential (A15) should in principle
coincide with a large fermion mass expansion to order
Oð1=mÞ of an exact diagonalized Dirac Hamilton operator
by, for example, the Eriksen method [41–43,51,53].
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APPENDIX: DERIVATION OF THE EFFECTIVE
LOW-ENERGY POTENTIAL Φeffðt;~r;~σÞ IN EQ. (18)

For the derivation of the effective low-energy potential
Φ effðt; ~r; ~σÞ for slow Dirac fermions with mass m in the
Schrödinger–Pauli equation (18) we define the Hamilton
operator (17) as follows:

H0 ¼ Aγ0̂mþ Bþ Cl̂Σl̂ þDj
ĵ
iγ0̂γĵ

∂
∂xj þ Fĵiγ

0̂γĵ
∂
∂tþGĵiγ

0̂γĵ þ Kγ5 þ Lji
∂
∂xj ðA1Þ

where we have denoted

A ¼ ~E0̂
0ðxÞ;

B ¼ −
1

2
i ~E0̂

0ðxÞ
1ffiffiffiffiffiffi
−~g

p ∂
∂xj ð

ffiffiffiffiffiffi
−~g

p
~ej
0̂
ðxÞÞ þ 1

2
ið ~E0̂

0ðxÞÞ2 ~ej0̂ðxÞ
1ffiffiffiffiffiffiffiffiffiffiffiffi
−~gðxÞp ∂

∂xj ð
ffiffiffiffiffiffiffiffiffiffiffiffi
−~gðxÞ

p
~e0
0̂
ðxÞÞ;

Cl̂ ¼ 1

4
~E0̂
0ðxÞð ~ωμĵ k̂ðxÞ~eμ0̂ðxÞ þ ~ωμ½0̂ ĵ�ðxÞ~eμk̂ðxÞÞϵĵ k̂ l̂;

Dj
ĵ
¼ − ~E0̂

0ðxÞ~ejĵðxÞ;
Fĵ ¼ − ~E0̂

0ðxÞ~e0ĵðxÞ;

Gĵ ¼
1

2
~E0̂
0ðxÞð ~T α

αμðxÞ~eμĵ ðxÞ þ ~ωμĵ β̂ðxÞ~eμλ̂ðxÞηλ̂ β̂Þ −
1

2
ð ~E0̂

0ðxÞÞ2 ~e0ĵðxÞð ~T
α
αμðxÞ~eμ0̂ðxÞ þ ~ωμ0̂ β̂ðxÞ~eμλ̂ðxÞηλ̂ β̂Þ

þ 1

2
ð ~E0̂

0ðxÞÞ2 ~ejĵðxÞ
1ffiffiffiffiffiffiffiffiffiffiffiffi
−~gðxÞp ∂

∂xj ð
ffiffiffiffiffiffiffiffiffiffiffiffi
−~gðxÞ

p
~e0
0̂
ðxÞÞ − 1

2
ð ~E0̂

0ðxÞÞ2 ~e0ĵðxÞ
1ffiffiffiffiffiffiffiffiffiffiffiffi
−~gðxÞp ∂

∂xj ð
ffiffiffiffiffiffiffiffiffiffiffiffi
−~gðxÞ

p
~ej
0̂
ðxÞÞ;

K ¼ −
1

4
~E0̂
0ðxÞ ~ωμĵ k̂ðxÞ~eμl̂ðxÞϵĵ k̂ l̂;

Lj ¼ − ~E0̂
0ðxÞ~ej0̂ðxÞ: ðA2Þ

For the elimination of the odd operators we perform the Foldy-Wouthuysen unitary transformation of the wave function
ψ 0ðxÞ ¼ e−iS1ψ1ðxÞ and the Hamilton operator [44]

H1 ¼ eþiS1H0e−iS1 − ieiS1
∂
∂t e

−iS1 ¼ H0 −
∂S1
∂t þ i

�
S1;H0 −

1

2

∂S1
∂t

�
þ i2

2

�
S1;

�
S1;H0 −

1

3

∂S1
∂t

��
þ… ðA3Þ
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The time derivative appears because of a time dependence of the chameleon and torsion fields. Then, following Ref. [44] we
take the operator S1 in the form

S1 ¼ −
i

2mA
γ0̂
�
Dj

ĵ
iγ0̂γĵ

∂
∂xj þ Fĵiγ

0̂γĵ
∂
∂tþ Gĵiγ

0̂γĵ þ Kγ5
�
: ðA4Þ

The time derivative of S1 and the commutators in Eq. (A3) are equal to

∂S1
∂t ¼ 1

2m
∂
∂t

�Dj
ĵ

A

�
γĵ

∂
∂xj þ

1

2m
∂
∂t

�
Fĵ

A

�
γĵ

∂
∂tþ

1

2m
∂
∂t

�
Gĵ

A

�
γĵ −

1

2m
∂
∂t

�
K
A

�
iγ0̂γ5 ðA5Þ

and

i

�
S1;H0 −

1

2

∂S1
∂t

�

¼ −Dj
ĵ
iγ0̂γĵ

∂
∂xj − Fĵiγ

0̂γĵ
∂
∂t −Gĵiγ

0̂γĵ − Kγ5 −
1

2
iγ0̂γĵ

Dj
ĵ

A
∂A
∂xj −

1

2
iγ0̂γĵ

Fĵ

A
∂A
∂t

þ 1

2mA
iγĵDj

ĵ

∂B
∂xj þ

1

2mA
iγĵFĵ

∂B
∂t −

1

2mA
ηĵ l̂Dj

ĵ

∂Cl̂

∂xj iγ
0̂γ5 þ 1

2mA
ϵĵ l̂ k̂γk̂D

j
ĵ

∂Cl̂

∂xj
þ 1

mA
ϵĵ l̂ k̂γk̂D

j
ĵ
Cl̂

∂
∂xj −

1

2mA
ηĵ l̂Fĵ

∂Cl̂

∂t iγ0̂γ5 þ 1

2mA
ϵĵ l̂ k̂γk̂Fĵ

∂Cl̂

∂t
þ 1

mA
ϵĵ l̂ k̂γk̂FĵCl̂

∂
∂tþ

1

mA
ϵĵ l̂ k̂γk̂GĵCl̂ þ

1

mA
γ0̂ηĵ k̂Dj

ĵ
Dk

k̂

∂2

∂xj∂xk

þ 1

2mA
γ0̂ηĵ k̂Dj

ĵ

∂Dk
k̂

∂xj
∂
∂xk þ

1

2m
γ0̂ηĵ k̂Dk

k̂

∂
∂xk

�Dj
ĵ

A

� ∂
∂xj þ

1

2mA
γ0̂iϵĵ k̂ l̂Σl̂D

j
ĵ

∂Dk
k̂

∂xj
∂
∂xk

−
1

2m
γ0̂iϵĵ k̂ l̂Σl̂D

k
k̂

∂
∂xk

�Dj
ĵ

A

� ∂
∂xj þ

1

mA
γ0̂ηĵ k̂FĵD

k
k̂

∂2

∂xk∂tþ
1

2mA
γ0̂ηĵ k̂Fĵ

∂Dk
k̂

∂t
∂
∂xk

þ 1

2m
γ0̂ηĵ k̂Dk

k̂

∂
∂xk

�
Fĵ

A

� ∂
∂tþ

1

2mA
γ0̂iϵĵ k̂ l̂Σl̂Fĵ

∂Dk
k̂

∂t
∂
∂xk

−
1

2m
γ0̂iϵĵ k̂ l̂Σl̂D

k
k̂

∂
∂xk

�
Fĵ

A

� ∂
∂tþ

1

mA
γ0̂ηĵ k̂GĵD

k
k̂

∂
∂xk þ

1

2m
γ0̂ηĵ k̂Dk

k̂

∂
∂xk

�
Gĵ

A

�

−
1

2m
γ0̂iϵĵ k̂ l̂Σl̂D

k
k̂

∂
∂xk

�
Gĵ

A

�
þ 1

mA
iγ0̂Σk̂KDk

k̂

∂
∂xk þ

1

2m
iγ0̂Σk̂Dk

k̂

∂
∂xk

�
K
A

�

þ 1

mA
γ0̂ηĵ k̂Dj

ĵ
Fk̂

∂2

∂xj∂tþ
1

2mA
γ0̂ηĵ k̂Dj

ĵ

∂Fk̂

∂xj
∂
∂tþ

1

2m
γ0̂ηĵ k̂Fk̂

∂
∂t

�Dj
ĵ

A

� ∂
∂xj

þ 1

2mA
γ0̂iϵĵ k̂ l̂Σl̂D

j
ĵ

∂Fk̂

∂xj
∂
∂t −

1

2m
γ0̂iϵĵ k̂ l̂Σl̂Fk̂

∂
∂t

�Dj
ĵ

A

� ∂
∂xj þ

1

mA
γ0̂ηĵ k̂FĵFk̂

∂2

∂t2

þ 1

2mA
γ0̂ηĵ k̂Fĵ

∂Fk̂

∂t
∂
∂tþ

1

2m
γ0̂ηĵ k̂Fk̂

∂
∂t

�
Fĵ

A

� ∂
∂tþ

1

2mA
γ0̂iϵĵ k̂ l̂Σl̂Fĵ

∂Fk̂

∂t
∂
∂t

−
1

2m
γ0̂iϵĵ k̂ l̂Σl̂Fk̂

∂
∂t

�
Fĵ

A

� ∂
∂tþ

1

mA
γ0̂ηĵ k̂GĵFk̂

∂
∂tþ

1

2m
γ0̂ηĵ k̂Fk̂

∂
∂t

�
Gĵ

A

�

−
1

2m
γ0̂iϵĵ k̂ l̂Σl̂Fk̂

∂
∂t

�
Gĵ

A

�
þ 1

mA
iγ0̂Σk̂KFk̂

∂
∂tþ

1

2m
iγ0̂Σk̂Fk̂

∂
∂t

�
K
A

�

þ 1

mA
γ0̂ηĵ k̂Gk̂D

j
ĵ

∂
∂xj þ

1

2mA
γ0̂ηĵ k̂Dj

ĵ

∂Gk̂

∂xj þ
1

2mA
γ0̂iϵĵ k̂ l̂Σl̂D

j
ĵ

∂Gk̂

∂xj
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þ 1

mA
γ0̂ηĵ k̂FĵGk̂

∂
∂tþ

1

2mA
γ0̂ηĵ k̂Fĵ

∂Gk̂

∂t þ 1

2mA
γ0̂iϵĵ k̂ l̂Σl̂Fĵ

∂Gk̂

∂t
þ 1

mA
γ0̂ηĵ k̂GĵGk̂ þ

1

mA
iγ0̂Σk̂KGk̂ þ

1

mA
iγ0̂ΣĵKDj

ĵ

∂
∂xj þ

1

2mA
iγ0̂ΣĵDj

ĵ

∂K
∂xj

þ 1

mA
iγ0̂ΣĵKFĵ

∂
∂tþ

1

2mA
iγ0̂ΣĵFĵ

∂K
∂t þ 1

mA
iγ0̂ΣĵKGĵ þ

1

mA
γ0̂K2

−
1

2mA
γĵDj

ĵ

∂Lk

∂xj
∂
∂xk þ

1

2m
γĵLk ∂

∂xk
�Dj

ĵ

A

� ∂
∂xj −

1

2mA
γĵFĵ

∂Lk

∂t
∂
∂xk

þ 1

2m
γĵLk ∂

∂xk
�
Fĵ

A

� ∂
∂tþ

1

2m
γĵLk ∂

∂xk
�
Gĵ

A

�
−

1

2m
iγ0̂γ5Lk ∂

∂xk
�
K
A

�
ðA6Þ

and

i2

2

�
S1;

�
S1;H0 −

1

3

∂S1
∂t

��

¼ −
1

2mA
γ0̂ηĵ k̂Dj

ĵ
Dk

k̂

∂2

∂xj∂xk −
1

4mA
γ0̂ηĵ k̂Dj

ĵ

∂Dk
k̂

∂xj
∂
∂xk −

1

4m
γ0̂ηĵ k̂Dk

k̂

∂
∂xk

�Dj
ĵ

A

� ∂
∂xj

−
1

4mA
γ0̂iϵĵ k̂ l̂Σl̂D

j
ĵ

∂Dk
k̂

∂xj
∂
∂xk þ

1

4m
γ0̂iϵĵ k̂ l̂Σl̂D

k
k̂

∂
∂xk

�Dj
ĵ

A

� ∂
∂xj −

1

2mA
γ0̂ηĵ k̂FĵD

k
k̂

∂2

∂t∂xk

−
1

4mA
γ0̂ηĵ k̂Fĵ

∂Dk
k̂

∂t
∂
∂xk −

1

4m
γ0̂ηĵ k̂Dk

k̂

∂
∂xk

�
Fĵ

A

� ∂
∂t −

1

4mA
γ0̂iϵĵ k̂ l̂Σl̂Fĵ

∂Dk
k̂

∂t
∂
∂xk

þ 1

4m
γ0̂iϵĵ k̂ l̂Σl̂D

k
k̂

∂
∂xk

�
Fĵ

A

� ∂
∂t −

1

2mA
γ0̂ηĵ k̂GĵD

k
k̂

∂
∂xk −

1

4m
γ0̂ηĵ k̂Dk

k̂

∂
∂xk

�
Gĵ

A

�

þ 1

4m
γ0̂iϵĵ k̂ l̂Σl̂D

k
k̂

∂
∂xk

�
Gĵ

A

�
−

1

2mA
iγ0̂Σk̂KDk

k̂

∂
∂xk −

1

4m
iγ0̂Σk̂Dk

k̂

∂
∂xk

�
K
A

�

−
1

2mA
γ0̂ηĵ k̂Dj

ĵ
Fk̂

∂2

∂t∂xj −
1

4mA
γ0̂ηĵ k̂Dj

ĵ

∂Fk̂

∂xj
∂
∂t −

1

4m
γ0̂ηĵ k̂Fk̂

∂
∂t

�Dj
ĵ

A

� ∂
∂xj −

1

4mA
γ0̂iϵĵ k̂ l̂Σl̂D

j
ĵ

∂Fk̂

∂xj
∂
∂t

þ 1

4m
γ0̂iϵĵ k̂ l̂Σl̂Fk̂

∂
∂t

�Dj
ĵ

A

� ∂
∂xj −

1

2mA
γ0̂ηĵ k̂FĵFk̂

∂2

∂t2 −
1

4mA
γ0̂ηĵ k̂Fĵ

∂Fk̂

∂t
∂
∂t

−
1

4m
γ0̂ηĵ k̂Fk̂

∂
∂t

�
Fĵ

A

� ∂
∂t −

1

4mA
γ0̂iϵĵ k̂ l̂Σl̂Fĵ

∂Fk̂

∂t
∂
∂tþ

1

4m
γ0̂iϵĵ k̂ l̂Σl̂Fk̂

∂
∂t

�
Fĵ

A

� ∂
∂t −

1

2mA
γ0̂ηĵ k̂GĵFk̂

∂
∂t

−
1

4m
γ0̂ηĵ k̂Fk̂

∂
∂t

�
Gĵ

A

�
þ 1

4m
γ0̂iϵĵ k̂ l̂Σl̂Fk̂

∂
∂t

�
Gĵ

A

�
−

1

2mA
iγ0̂Σk̂KFk̂

∂
∂t −

1

4m
iγ0̂Σk̂Fk̂

∂
∂t

�
K
A

�

−
1

2mA
γ0̂ηĵ k̂Dj

ĵ
Gk̂

∂
∂xj −

1

4mA
γ0̂ηĵ k̂Dj

ĵ

∂Gk̂

∂xj −
1

4mA
γ0̂iϵĵ k̂ l̂Σl̂D

j
ĵ

∂Gk̂

∂xj −
1

2mA
γ0̂ηĵ k̂FĵGk̂

∂
∂t

−
1

4mA
γ0̂ηĵ k̂Fĵ

∂Gk̂

∂t −
1

4mA
γ0̂iϵĵ k̂ l̂Σl̂Fĵ

∂Gk̂

∂t −
1

2mA
γ0̂ηĵ k̂GĵGk̂ −

1

2mA
iγ0̂Σk̂KGk̂

−
1

2mA
iγ0̂ΣĵDj

ĵ
K

∂
∂xj −

1

4mA
iγ0̂ΣĵDj

ĵ

∂K
∂xj −

1

2mA
iγ0̂ΣĵFĵK

∂
∂t −

1

4mA
iγ0̂ΣĵFĵ

∂K
∂t

−
1

2mA
iγ0̂ΣĵGĵK −

1

2mA
γ0̂K2 −

1

4mA2
γ0̂ηĵ k̂Dj

ĵ
Dk

k̂

∂A
∂xk

∂
∂xj −

1

8mA
γ0̂ηĵ k̂Dj

ĵ

∂
∂xj

�Dk
k̂

A
∂A
∂xk

�

−
1

8mA
γ0̂iϵĵ k̂ l̂Σl̂D

j
ĵ

∂
∂xj

�Dk
k̂

A
∂A
∂xk

�
−

1

4mA2
γ0̂ηĵ k̂FĵD

k
k̂

∂A
∂xk

∂
∂t −

1

8mA
γ0̂ηĵ k̂Fĵ

∂
∂t

�Dk
k̂

A
∂A
∂xk

�
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−
1

8mA
γ0̂iϵĵ k̂ l̂Σl̂Fĵ

∂
∂t

�Dk
k̂

A
∂A
∂xk

�
−

1

4mA2
γ0̂ηĵ k̂GĵD

k
k̂

∂A
∂xk −

1

4mA2
iγ0̂Σk̂KDk

k̂

∂A
∂xk

−
1

4mA2
γ0̂ηĵ k̂Dj

ĵ
Fk̂

∂A
∂t

∂
∂xj −

1

8mA
γ0̂ηĵ k̂Dj

ĵ

∂
∂xj

�
Fk̂

A
∂A
∂t

�
−

1

8mA
γ0̂iϵĵ k̂ l̂Σl̂D

j
ĵ

∂
∂xj

�
Fk̂

A
∂A
∂t

�

−
1

4mA2
γ0̂ηĵ k̂FĵFk̂

∂A
∂t

∂
∂t −

1

8mA
γ0̂ηĵ k̂Fĵ

∂
∂t

�
Fk̂

A
∂A
∂t

�
−

1

8mA
γ0̂iϵĵ k̂ l̂Σl̂Fĵ

∂
∂t

�
Fk̂

A
∂A
∂t

�

−
1

4mA2
γ0̂ηĵ k̂GĵFk̂

∂A
∂t −

1

4mA2
iγ0̂Σk̂KFk̂

∂A
∂t : ðA7Þ

We decompose the Hamilton operator H1 into two parts H1 ¼ H1 even þ H1 odd, where the operators H1 even and H1 odd are
equal to

H1 even ¼ Aγ0̂mþ Bþ Cl̂Σl̂ þ Lji
∂
∂xj þ

1

2mA
γ0̂ηĵ k̂Dj

ĵ
Dk

k̂

∂2

∂xj∂xk

þ 1

4mA
γ0̂ηĵ k̂Dj

ĵ

∂Dk
k̂

∂xj
∂
∂xk þ

1

4m
γ0̂ηĵ k̂Dk
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ĵ

A

� ∂
∂xj þ

1

2mA
γ0̂ηĵ k̂FĵD
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ĵ

∂Gk̂

∂xj
þ 1

2mA
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ĵ
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ĵ
Dk

k̂

∂A
∂xk

∂
∂xj −

1

8mA
γ0̂ηĵ k̂Dj
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For the calculation of the Hamilton operator H1 ¼ H1 even þ H1 odd we have neglected the contributions of order Oð1=m2Þ.
In order to remove the odd operators we perform the second unitary transformation of the wave function ψ1ðxÞ ¼
e−iS2ψ2ðxÞ and the Hamilton operator H1:

H2 ¼ eþiS2H1e−iS2 − ieiS2
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where the operator S2 is equal to S2 ¼ −ði=2mAÞγ0̂H1 odd. Neglecting the contributions of order Oð1=m2Þ we arrive at the
Hamilton operator H2 ¼ H2 even þ H2 odd, where
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γĵLk ∂

∂xk
�
Fĵ
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We remove the contribution of the Hamilton operator H2 odd by the third unitary transformation of the wave function
ψ2ðxÞ ¼ e−iS3ψ3ðxÞ and the Hamilton operator H2:

H3 ¼ eþiS3H2e−iS3 − ieiS3
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where the operator S3 is given by S3 ¼ −ði=2mAÞγ0H2 odd ¼ Oð1=m2Þ. Neglecting the contributions of order Oð1=m2Þ the
low-energy approximation of the Dirac Hamilton operator for slow fermions is equal to H3 ¼ H2 even, which we denote
H3 ¼ H2 even ¼ HFW. Thus, the Dirac equation in the low-energy approximation takes the form
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∂ψ3ðxÞ

∂t ¼ HFWψ3ðxÞ; ðA13Þ

where ψ3ðxÞ ¼ eiS3eiS2eiS1ψ 0ðxÞ. Following the standard procedure [44] and multiplying both sides of Eq. (A13) by the
matrix ð1þ γ0Þ=2 we arrive at the Schrödinger-Pauli equation
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ψ3ðxÞ is the large component of the slow Dirac fermion wave function and Φeffðt; ~r; ~σÞ is the effective

low-energy potential
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iηĵ k̂Dj

ĵ

∂Fk̂

∂xj þ
1

4A
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Fĵ

A

�
þ 1

4A
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Fĵ

A

� ∂
∂tþ

1

2mA
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ηĵ k̂Gk̂D

j
ĵ
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iσ ĵKFĵ
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ηĵ k̂Dj

ĵ
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∂A
∂t

∂A
∂t ; ðA15Þ

where σâ ¼ ð−~σÞâ and σâ ¼ −σâ. The effective potential
(A15) is the most general effective low-energy potential
for slow Dirac fermions in the Einstein-Cartan gravity
with torsion and chameleon fields, calculated to order
Oð1=mÞ.
We would like to note that the effective low-energy

potential (A15) is derived by using the Foldy-Wouthuysen
method or the Foldy-Wouthuysen unitary transformations
of wave functions of Dirac fermions with mass m, leading
to a nonrelativistic Hamilton operator, expressed in terms of
even operators only in the form of the large fermion mass
expansion in powers of 1=m. It is known that such a method

of the reduction of the Dirac Hamilton operator to a form,
containing only even operators, is not unique and there are
some other methods of unitary transformations such as the
Eriksen method [51] and others, which were well discussed
by de Vries [50]. In Sec. III we give a short comparison
of the Foldy-Wouthuysen with the Eriksen one only, since
other methods of unitary transformations of a Dirac
Hamilton operator to a form, containing only even oper-
ators, seem to be cumbersome when compared to the
Eriksen method [50]. We discuss also the accuracy of the
Foldy-Wouthuysen representation of a Dirac Hamilton
operator.
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