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We have shown coherent state quantization of a particle in a maximally symmetric curved space-time i.e.
in de Sitter space. As the coherent states are eigenvectors of the lowering operators, we have constructed the
raising and lowering operators with the help of recurrence relation satisfied by the associated Legendre
polynomial. These lowering operators have been used to describe an explicit form of coherent states
followed by coherent states quantization in two-dimensional de Sitter space. Coherent states and their
quantization are also generalized in D-dimensional de Sitter space.
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I. INTRODUCTION

De Sitter space is a unique maximally symmetric curved
space-time and it has been widely discussed [1–6]. This
space is the simplest vacuum solution to the Einstein
equation with a positive cosmological constant and it is
characterized by constant positive curvature (cosmological
constant). Quantization of a particle in curved space [7–9]
is not simple because relativistic quantum theory is not
constructed as one particle theory. In fact, it is a theory of
one or more quantized fields for the system of many
particles. Various approaches for solving the quantization
problem have been proposed [10–13]. Positive frequency
solutions of the Klein-Gordon equation in the de Sitter
space-time in arbitrary dimensions for massless scalar field
and quantization using field theory approach have been
shown by Lokas [14].
Quantization associates an algebra of classical observ-

ables with an algebra of quantum observables. There
exists superposition of quantum states which have many
features analogous to their classical counterparts called
coherent states, studied by Schrödinger [15]. Later on,
further investigations of coherent states were undertaken
[16,17]. In a seminal work, Glauber [18,19] has shown
that coherent states provide an adequate means for a
quantum description of coherent laser light beams.
Coherent states in quantum physics, generalized coherent
states and their applications are widely discussed [20–22].
Quantization through coherent states and its various
generalizations have also been discussed [23–27]. In
the present study, we derived coherent states by using
the properties of the associated Legendre polynomial
and generalized these states and their quantization in
D-dimensional de Sitter space. The coherent state quan-
tization we present is equivalent to the usual construction
with the so-called Bunch-Davies vacuum [1].
The paper is organized as follows. In Sec. II, we review

the characteristics of a higher dimensional de Sitter space.
Section III is devoted to the solution of the Klein-Gordon

equation in D-dimensional space. We obtain this equation
as the associated Legendre differential equation i.e. a
hypergeometric equation. The study of the hypergeometric
equation is important because the hypergeometric function
contains all of the orthogonal polynomials. Since each of
the orthogonal polynomials defines a complete basis in
which the wave function of any quantum mechanical
system can be expanded, the applications of these poly-
nomials are quite important in any algebraic study of a
quantum mechanical system. In Sec. IV, some recurrence
relations of the associated Legendre polynomial have been
used to construct the raising and lowering operator. The
analysis has been carried out to obtain raising and lowering
operators for the associated Legendre polynomial much
like the creation and annihilation operators for the har-
monic oscillator. Since coherent states are the eigenstates
of the lowering operator, it can be expanded in terms of a
complete set of basis. Therefore, we have used the lowering
operator to obtain coherent states for two-dimensional de
Sitter space given by the SOð2; 1Þ symmetry group.
Explicit systems of associated Legendre polynomials
and corresponding coherent states have been shown in
Sec. V. Lorentz boosts, rotations and their coherent state
quantization have been described in Sec. VI. In Sec. VII,
we have obtained coherent states and quantization in three-
dimensional de Sitter space. Generalization of coherent
states and quantization in D-dimensional space is presented
in Sec. VIII.

II. DE SITTER SPACE

De Sitter space is a unique maximally symmetric curved
space-time.D-dimensional de Sitter space can be represented
as a hyperboloid, which is placed into (Dþ 1)-dimensional
Minkowski space. If ηpq ¼ diagð1;−1;−1;…;−1Þ and a is
the de Sitter radius, then we have the following relation,

ηpqXpXq ¼ −a2 ð1Þ
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with metric

ds2D ¼ ηpqdXpdXq: ð2Þ

Here ds2D is defined as a de Sitter metric in a D-dimensional
hyperboloid embedded in flat (Dþ 1)-dimensional space-
time. A convenient choice of coordinates for satisfying
Eq. (1) is

X0 ¼ a sinh

�
t
a

�
; Xi ¼ wia cosh

�
t
a

�
; i ¼ 1; 2;…; D

ð3Þ

where −∞<t<−∞ and wi satisfies the following property,

XD
i¼1

ðwiÞ2 ¼ 1 ð4Þ

which corresponds to

w1 ¼ cosθ1; 0≤ θ1 < π;

w2 ¼ sinθ1 cosθ2; 0≤ θ2 < π;

..

.

wD−2 ¼ sinθ1 cosθ2…sinθD−3 cosθD−3; 0≤ θD−3< π;

wD−1 ¼ sinθ1 cosθ2…sinθD−2 cosθD−1; 0≤ θD−2< π;

wD ¼ sinθ1 cosθ2…sinθD−2 sinθD−1; 0≤ θD−1< 2π:

ð5Þ

Now, in terms of these coordinates, metric (2) becomes

ds2D ¼ dt2 − a2cosh2
�
t
a

�
dΩ2

D−1 ð6Þ

where dΩ2
D−1 is a (D− 1)-dimensional solid angle given by

dΩ2
D−1 ¼

XD−1

j¼1

�Yj−1
i¼1

sin2θi

�
dθ2j

¼ dθ21 þ sin2θ1dθ22 þ � � � þ sin2θ1…sin2θD−2dθ2D−1:

ð7Þ

In these coordinates, dsD looks like a (D− 1) sphere which
starts out infinitely large at t → −∞, then shrinks to aminimal
finite size at t ¼ 0 andgrows again to infinite size as t → þ∞.

III. SOLUTION OF THE KLEIN-GORDON
EQUATION FOR D-DIMENSIONAL

DE SITTER SPACE

The Klein-Gordon equation in D-dimensional space
[1,28,29] is given by

ð□þm2Þψðt;ΩÞ ¼ 0 ð8Þ

where D’Alembertian □ ¼ ∂2
∂t2 þ

ðD−1Þ
a tanhð taÞ ∂

∂t − L2
D−1

cosh2ð taÞ
in which L2

D−1 denotes the Casimir operator of
SO ðD − 1Þ, ψðt;ΩÞ ¼ fðtÞYðΩÞ, and YðΩÞ are spherical
harmonics [30] on SD−1 obeying

L2
D−1YðΩÞ þ nðnþD − 2ÞYðΩÞ ¼ 0: ð9Þ

where n denotes the eigenvalue of the angular momentum
operator. By using separation of variable in Eq. (8) and
using Eq. (9), we can write Eq. (8) as

f00ðtÞ þ ðD − 1Þ
a

tanh

�
t
a

�
f0ðtÞ

þ
�
m2 þ nðnþD − 2Þ

a2cosh2ð taÞ
�
fðtÞ ¼ 0: ð10Þ

To find the solutions of differential equation (10), we
introduce a new independent variable x ¼ i sinhð taÞ and let
fðxÞ denote the solution of the resultant equation; then
Eq. (10) changes to

�
ð1 − x2Þ ∂2

∂x2 −Dx
∂
∂x −m2a2 −

nðnþD − 2Þ
ð1 − x2Þ

�
fðxÞ ¼ 0:

ð11Þ

In order to simplify the solution of the above differential
equation, we substitute fðxÞ ¼ ð1 − x2Þ2−D4 yðxÞ, which
converts the differential equation (11) into an associated
Legendre equation as

�
d
dx

ð1−x2Þ d
dx

þDðD−2Þþ4m2a2

4
−
ð2nþD−2Þ2
4ð1−x2Þ

�
×yðxÞ¼ 0: ð12Þ

The solutions of Eq. (12) are associated Legendre functions
Pμ
νðxÞ and Qμ

νðxÞ as

yðxÞ ¼ C1P
μ
νðxÞ þ C2Q

μ
νðxÞ ð13Þ

with νðνþ 1Þ ¼ 1
4
ðDðD − 2Þ þ 4m2a2Þ, where the coeffi-

cients ν and μ are given by

ν ¼ 1

2

�
−1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðD − 1Þ2 þ 4m2a2

q �
;

μn ¼ μ ¼ 1

2
ð2nþD − 2Þ: ð14Þ

Equation (13) contains two linearly independent solutions
Pμ
νðxÞ and Qμ

νðxÞ. The Pμ
νðxÞ functions are bounded within

the interval −1 ≤ x ≤ 1 while the Qμ
νðxÞ are unbounded at
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x ¼ �1. Divergences of Qμ
νðxÞ are nonsquare integrable

ones. Therefore, we proceed with Pμ
νðxÞ to obtain raising

and lowering operators. Thus, we have seen that the
D-dimensional Klein-Gordon equation has the solution
in the form of the associated Legendre polynomial.
Recently, recurrence relations of hypergeometric function
have been used to obtain raising and lowering operators
[31]. In what follows, we obtain raising and lowering
operators for the associated Legendre polynomial.

IV. RAISING AND LOWERING OPERATORS FOR
THE ASSOCIATED LEGENDRE POLYNOMIAL

Raising and lowering operators for associated Legendre
polynomials play the same role for this system as the
Hermite polynomials for the standard boson oscillator.
With the help of recursion relations for the associated
Legendre polynomials [32], we can determine the raising
and lowering operators. We obtain the following recursion
relation for associated Legendre polynomials,

AνP̄
μ
ν ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðνþ μþ 1Þðν − μþ 1Þ

p
P̄μ
νþ1;

A†
νþ2P̄

μ
νþ1 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðνþ μþ 1Þðν − μþ 1Þ

p
P̄μ
ν ; ð15Þ

where P̄μ
ν ¼

ffiffiffiffiffiffiffiffiffiffiffiffi
μðν−μÞ!
ðνþμÞ!

q
Pμ
ν is the normalized associated

Legendre polynomial, and Aν and A†
νþ2 are raising and

lowering operators with respect to ν, defined as

Aν ¼ ðz2 − 1Þ d
dz

þ ðνþ 1Þz;

A†
νþ2 ¼ −ðz2 − 1Þ d

dz
þ ðνþ 1Þz: ð16Þ

The vacuum state of a system is the state with the lowest
energy, and can be calculated by using the definition of the
annihilation operator. The annihilation operator defined in
Eq. (16) yields a differential equation for the vacuum state as

�
−ðz2 − 1Þ d

dz
þ ðνþ 1Þz

�				0



¼ 0; ð17Þ

which gives the following vacuum state

j0i ¼ Cðz2 − 1Þðνþ1Þ
2 ; ð18Þ

where C is a normalization constant.
Our goal is to describe coherent states with the help of

the associated Legendre polynomial. We can see from
Eq. (15) that μ is fixed and ν is changing. Therefore, we
expand coherent states in terms of μ; to do this we need the
lowering operator independent of μ. Therefore, consider
operators aν and a†ν such that these satisfy the following
properties [33,34],

aν ¼ AνU−1
ν ; a†ν ¼ UνA

†
ν ð19Þ

where Uν is the unitary operator obeying

UνP̄
μ
ν ¼ e−iϵðλνþ1−λνÞP̄μþ1

νþ1 ð20Þ

with λν ¼ νðνþ 1Þ and ϵ being real number. By using
Eqs. (19)–(20), we see that the lowering operator given in
Eq. (15) satisfies the following relation:

aνþ1P̄
μ
ν ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðνþ μ − 1Þðν − μþ 1Þ

p
eiϵðλν−λν−1ÞP̄μ−1

ν : ð21Þ

If we consider μ ∈ N and P̄μ−ν
ν ¼ jμi then Eq. (21)

becomes

aνþ1jμi ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðμ − 1Þð2ν − μþ 1Þ

p
eiϵðλν−λν−1Þjμ − 1i: ð22Þ

Here aνþ1 denotes the lowering operator for μ. We use this
relation to determine the coherent states for our system in
the next section.

V. COHERENT STATES USING THE ASSOCIATED
LEGENDRE POLYNOMIAL

Coherent states are defined as eigenvectors of the low-
ering operator, i.e. for a coherent state jαi we have

aνþ1jαi ¼ αjαi ð23Þ
where α can be any complex number. To find the coherent
states, i.e. the solution of Eq. (23), let us expand the state
jαi in terms of the basis jμi as

jαi ¼
X∞

μðμnÞ¼μ0

cμjμi ð24Þ

where cμ ¼ hμjαi. Applying the annihilation operator aνþ1

to Eq. (24) and using Eq. (23), we get

cμ ¼ c0αμe−iϵeν

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Γð2ν − μþ 1ÞΓð2νþ 1Þ

Γðμþ 1Þ

s
ð25Þ

where eν ¼ ðλν − λν−1Þ. Thus, we have an eigenstate of
annihilation operator aνþ1 as

jαi ¼ c0
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Γð2νþ 1Þ

p
e−iϵeν

X∞
μðμnÞ¼μ0

αμ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Γð2ν − μþ 1Þ

Γðμþ 1Þ

s 					μ
+
:

ð26Þ
For simplicity let us assume c0 ¼ 1. Coherent states are not
orthogonal but it is possible to expand coherent states in
terms of a complete basis. The completeness relation con-
dition for coherent state is given by
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Z
dσðαÞjαihαj ¼ 1 ð27Þ

where dσðαÞ is the weight function which is determined
below. In the coherent state quantization method [35], a
quantum operator is defined by

f ↦ AϵðfÞ ¼
Z

dσðαÞfðαÞjαihαj: ð28Þ

Let dσðαÞ ¼ σðrÞdrdθ and α ¼ reiθ. If jfi and hgj are two
arbitrary vectors, then we can write Eq. (27) as

hfjgi ¼
Z

σðrÞdrdθhfjαihαjgi: ð29Þ

Now using jαi from Eq. (26), Eq. (29) becomes

hfjgi ¼ 2πΓð2νþ 1Þ
X∞
μ¼0

Z
∞

0

r2μσðrÞdrΓð2ν − μþ 1Þ
Γðμþ 1Þ

× hfjμihμjgi: ð30Þ

To determine σðrÞ, we must have

2πΓð2νþ 1Þ
Z

∞

0

r2μσðrÞdr ¼ Γðμþ 1Þ
Γð2ν − μþ 1Þ : ð31Þ

The explicit form of σðrÞ is determined with the help of the
following relation [32],

2

Z
∞

0

rAJBð2rÞdr ¼
Γ ð1þAþBÞ

2

Γ ð1−AþBÞ
2

ð32Þ

where JBð2rÞ is the Bessel function of the first kind.
Choosing A ¼ 2μ − 2ν and B ¼ 2νþ 1 in Eq. (32) we get

2

Z
∞

0

r2μ−2νJ2νþ1ð2rÞdr ¼
Γðμþ 1Þ

Γð2ν − μþ 1Þ : ð33Þ

Thus comparing Eq. (31) and Eq. (33), we obtain the desired
function σðrÞ as

σðrÞ ¼ J2νþ1ð2rÞr−2ν
πΓð2νþ 1Þ : ð34Þ

With the help of coherent state jαi given in Eq. (26) and using
Eq. (28), we describe quantization in two-dimensional de
Sitter space in the next section.

VI. ROTATION AND BOOST IN
TWO-DIMENSIONAL DE SITTER SPACE

If we consider two-dimensional de Sitter space, which
is embedded in three-dimensional Minkowski space, the
symmetry group is SOð2; 1Þ with the following spherical
coordinates:

X0 ¼ a sinh

�
t
a

�
;

X1 ¼ a cosh

�
t
a

�
cos θ;

X2 ¼ a cosh

�
t
a

�
sin θ: ð35Þ

In this case, the de Sitter generators are given by

J1 ¼ apt cos θ − tanh

�
t
a

�
sin θpθ;

J2 ¼ apt sin θ þ tanh

�
t
a

�
cos θpθ;

J0 ¼ pθ: ð36Þ

where J1 and J2 represent boosts and J0 represents rotation
in two-dimensional de Sitter space. In this case, the metric
tensor has the form

ds2 ¼ dt2 − a2cosh2
�
t
a

�
dθ2: ð37Þ

This metric provides the constraints gμνpμpν −m2 ¼ 0.
Therefore, with the help of Eq. (36), this constraint
provides the following relation,

J21 þ J22 − J20 − λ2 ¼ 0 ð38Þ

where λ ¼ ma. If we consider r ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
J20 þ λ2

p
, then we can

write Eq. (38) as follows:

ðaptÞ2 þ tanh2
�
t
a

�
p2
θ ¼ J20 þ λ2 ¼ r2: ð39Þ

If we define cos β ¼ ðaptÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðaptÞ2þtanh2ð tαÞp2

θ

p , cos θ ¼ J0ffiffiffiffiffiffiffiffiffi
J2
0
þλ2

p ,

θ þ β ¼ ϕ, it gives Eq. (36) in a simplified form as

J1 ¼ r cosðθ þ βÞ ¼ r cosϕ;

J2 ¼ r sinðθ þ βÞ ¼ r sinϕ;

J0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 − λ2

p
: ð40Þ

From Eq. (40), we see that Eq. (38) defines a circle of
radius r. J1, J2 and J0 form a hyperboloid and satisfy
following relations:

J21 þ J22 ¼ λ2 þ J20 ¼ r2: ð41Þ

Now we quantize J1, J2 and J0 with the help of coherent
states given in Eq. (26). By using the definition (28) and
taking ϵ ↦ 0, we can obtain
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AϵðreiϕÞ¼AϵðJþÞ¼
X∞

μðμnÞ¼μ0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðμþ1Þð2ν−μÞ

p
jμihμþ1j;

Aϵðre−iϕÞ¼AϵðJþÞ¼
X∞

μðμnÞ¼μ0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðμÞð2ν−μþ1Þ

p
jμihμ−1j;

ð42Þ

where J� ¼ J1 � J2. Equation (42) provides

½AϵðJþÞ; AϵðJ−Þ� ¼ −2 X∞
μðμnÞ¼μ0

ðμ − νÞjμihμj ¼ −2AϵðJ0Þ;

ð43Þ

and from Eqs. (26), (28), (42), and (43), one can obtain the
following commutation relation of the observables

½AϵðJ1Þ; AϵðJ2Þ� ¼ −iAϵðJ0Þ;
½AϵðJ0Þ; AϵðJ1Þ� ¼ −iAϵðJ2Þ;
½AϵðJ0Þ; AϵðJ2Þ� ¼ iAϵðJ1Þ. ð44Þ

In the next section, we follow the same steps to obtain
the quantization in three-dimensional de Sitter space.
Subsequently we generalize quantization of rotations and
boosts for D-dimensional de Sitter space.

VII. QUANTIZATION IN THREE-DIMENSIONAL
DE SITTER SPACE

Three-dimensional de Sitter space embedded in four-
dimensional space satisfies the following relation,

X2
1 þ X2

2 þ X2
3 − X2

0 ¼ a2 ð45Þ

where X0, X1, X2, X3 represent the coordinates of four-
dimensional space. We choose these coordinates as global
coordinates given by

X0 ¼ a sinh

�
t
a

�
;

X1 ¼ a cosh

�
t
a

�
cos θ1;

X2 ¼ a cosh
�
t
a

�
sin θ1 cos ζ;

X3 ¼ a cosh

�
t
a

�
sin θ1 sin ζ: ð46Þ

In these coordinates, the metric tensor has the form

ds2 ¼ dt2 − a2cosh2
�
t
a

�
ðdθ21þ sin2θ1dζ2Þ: ð47Þ

Boosts and rotations are given by

M01 ¼ a cos θ1pt − sin θ1 tanh

�
t
a

�
pθ1 ;

M02 ¼ a sin θ1 cos ζpt − tanh

�
t
a

�

×

�
sin ζ
sin θ1

pζ − cos θ1 cos ζpθ1

�
;

M03 ¼ a sin θ1 sin ζpt þ tanh

�
t
a

�

×

�
cos ζ
sin θ1

pζ þ cos θ1 sin ζpθ1

�
;

M12 ¼ cos ζpθ1 − cot θ1 sin ζpζ;

M13 ¼ sin ζpθ1 þ cot θ1 cos ζpζ;

M23 ¼ pζ; ð48Þ

where M12, M13 and M23 are rotations and M01, M02, M03

are boosts. The metric equation (47) provides the following
constraint,

a2p2
t − p2

θ1
sech2

�
t
a

�
− p2

ζsech
2

�
t
a

�
cosec2θ1 − λ2 ¼ 0

ð49Þ

where λ ¼ ma. From Eq. (47) and Eq. (49), we can see that

M2
01 þM2

02 þM2
03 − ðM2

12 þM2
13 þM2

23Þ ¼ λ2: ð50Þ

Equation (50) can be viewed as a sphere whose radius is
λ2 þ ðM2

12 þM2
13 þM2

23Þ. If we redefine M01, M02 by Y1,
Y2 and M2

12 þM2
13 þM2

23 −M2
03 by Y2

0 then Eq. (50)
becomes

Y2
1 þ Y2

2 − Y2
0 ¼ λ2: ð51Þ

If Y1, Y2 and Y0 are defined in such a way,

Y1 ¼ R sin ϑ1 sinφ;

Y2 ¼ R sin ϑ1 cosφ;

Y0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2 − λ2

p
: ð52Þ

This represents a circle of radius R sinϑ1 and we can write
this circle in complex form as α ¼ R sin θ1eiφ. With the
help of Eq. (27) and using the value of α, we obtain the
weight factor dσðαÞ as
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dσðαÞ ¼
J2νþ3

2
ð2RÞR−2νþ1

2 sinϑ1dϑ1dRdφ

ðπÞ3=2Γð2νþ 1Þ : ð53Þ

Using Eqs. (52)–(53), the quantization in three-dimensional
de Sitter space is done by following the same procedure as
defined in Sec. VI and we get

AϵðR sinϑ1eiφÞ ¼
X∞

μðμnÞ¼μ0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2ν − μÞðμþ 1Þ

p
jμihμþ 1j;

AϵðR sin ϑ1e−iφÞ ¼
X∞

μðμnÞ¼μ0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
μð2ν − μþ 1Þ

p
jμihμ − 1j:

ð54Þ

We can see that this is the same quantization as obtained in
two-dimensional de Sitter space. Furthermore, we general-
ize such a quantization in D-dimensional de Sitter space in
the next section.

VIII. GENERALIZATION OF QUANTIZATION IN
D-DIMENSIONAL DE SITTER SPACE

Let us consider a D-dimensional de sitter space
embedded in (Dþ 1)-dimensional Minkowski space which
has the symmetry group SOðD; 1Þ. In this space we have
DðD−1Þ

2
rotations and D boosts. Keeping in mind the metric

given in Eq. (6) and constraint gμνpμpν −m2 ¼ 0, boosts
and rotations in D-dimensional de Sitter space form a circle
with radius ðR sinϑ1 sinϑ2… sin ϑD−1). Such a generaliza-
tion in D-dimensional space is represented by

Y1
D ¼ R sinϑ1 sinϑ2… sin ϑD−1 sinφ;

Y2
D ¼ R sinϑ1 sinϑ2… sin ϑD−1 cosφ;

Y0
D ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðR sinϑ1 sinϑ2… sin ϑD−1Þ2 − λ2

q
; ð55Þ

which forms a circle as�
Y1

D

�
2

þ
�
Y2

D

�
2

¼ ðR sin ϑ1 sinϑ2… sinϑD−1Þ2; ð56Þ

or α ¼ ðR sinϑ1 sin ϑ2… sin ϑD−1Þeiφ. In D-dimensional
space we have weight factor

dσðαÞ ¼ σðRÞ sinϑD−2…sinD−2ϑ1dϑD−2…dϑ2dϑ1dφdR:

ð57Þ

Now with the definition of coherent states given in Eq. (26)
and the weight factor given in Eq. (57), we can determine
the σðRÞ by the following relation:

2ðπÞ1þD−2
2 Γð2νþ 1Þ

Z
∞

0

R2μσðRÞdR ¼ Γðμþ D
2
Þ

Γð2ν − μþ 1Þ :

ð58Þ

With the help of Eqs. (32) and (58), we get the generalized
σðRÞ in D-dimensional de Sitter space as

σðRÞ ¼ J2νþD
2
ð2RÞR−2νþðD−2Þ

2

ðπÞ1þD−2
2 Γð2νþ 1Þ : ð59Þ

Now, using the definition of quantization given in Eq. (28),
and the coherent states in Eq. (26) along with Eqs. (58)–(59)
we get

AϵðR sinϑ1 sinϑ2… sinϑD−2eiφÞ

¼ AϵðYDþÞ ¼
X∞

μðμnÞ¼μ0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2ν − μÞðμþ 1Þ

p
jμihμþ 1j;

AϵðR sinϑ1 sinϑ2… sinϑD−2e−iφÞ

¼ AϵðYD−Þ ¼
X∞

μðμnÞ¼μ0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
μð2ν − μþ 1Þ

p
jμihμ − 1j; ð60Þ

where YDþ ¼ Y1 þ iY2 and YD− ¼ Y1 − iY2. Thus we can see
that these relations are the same as we obtained in
two- and three-dimensional de Sitter space. It shows that
we have the same quantization in any arbitrary dimen-
sional space.
To conclude, starting with some recurrence relations

satisfied by the associated Legendre Polynomial, we have
described the raising and lowering operator. Since coherent
states are the eigenstates of the annihilation operator, with
the help of these operators we have obtained coherent states
in two-dimensional de Sitter space which is embedded in
three-dimensional Minkowski space and generalized in
D-dimensional de Sitter space. Coherent state quantization
in D-dimensional space has also been generalized.
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