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We analyze constraints on parameters characterizing the preinflating universe in an open inflation
model with a present slightly open ΛCDM universe. We employ an analytic model to show that for a
broad class of inflation-generating effective potentials, the simple requirement that some fraction of
the observed dipole moment represents a preinflation isocurvature fluctuation allows one to set upper
and lower limits on the magnitude and wavelength scale of preinflation fluctuations in the inflaton
field, and the curvature of the preinflation universe, as a function of the fraction of the total initial
energy density in the inflaton field as inflation begins. We estimate that if the preinflation
contribution to the current cosmic microwave background (CMB) dipole is near the upper limit
set by the Planck Collaboration then the current constraints on ΛCDM cosmological parameters allow
for the possibility of a significantly open Ωi ≤ 0.4 preinflating universe for a broad range of the
fraction of the total energy in the inflaton field at the onset of inflation. This limit to Ωi is even
smaller if a larger dark-flow tilt is allowed.
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I. INTRODUCTION

There is now a general consensus that cosmological
observations have established that we live in a nearly flat
universe. The best fit of the combined CMBþ HiLþ BAO
fit by the Planck collaboration [1] obtained a closure
content of the universe to be Ω0 ¼ 1.005þ0.0062

−0.0065 implying
a curvature content of Ωk ≡ 1 −Ω0 ¼ −0.0005þ0.0065

−0.0062 .
Similarly, the WMAP 9 yr [2] analysis obtained Ω0 ¼
1.0027þ0.0038

−0.0039 , or Ωk ¼ −0.0027þ0.0039
−0.0038. This is indeed very

close to exactly flatness and there is a strong theoretical
motivation to expect the present universe to be perfectly flat
as a result of cosmic inflation.
Nevertheless, in this paperwe consider the possibility that

the present universe is slightly open, i.e. both CMB analyses
allow Ω0 ≥ 0.994 at the 95% confidence level. That being
the case, then one can entertain the possibility thatwe are in a
slightly open ΛCDM universe. Indeed, it is well known that
a matter-dominated universe must eventually deviate from
perfect flatness since ΩðtÞ ¼ 1 − k=½aðtÞ2HðtÞ2� and the
denominator eventually becomes small. In a ΛCDM cos-
mology, however, as the universe becomes cosmological-
constant dominated, then HðtÞ → constant, and aðtÞ grows
exponentially, so that flatness is eventually guaranteed.
However, since we have only recently entered the dark-
energy epoch, there is still a possibility for a slight deviation
of Ω0 from unity. In this case any curvature that existed
before inflation might now be visible on the horizon.

In this paper, therefore, we explore the possibility
that the universe is slightly open with Ω0 ≈ 0.994. In this
case a glimpse of preinflation fluctuations could just
now be entering the horizon before the universe becomes
totally dark-energy dominated and flat. Our goal,
therefore, is to determine what constraints might be
placed on inhomogeneities and curvature content in the
preinflation universe based upon current cosmological
observations.
There are many possible paradigms for inflation in an

open universe. Most involve models [3] in which there are
two inflationary epochs. For open inflation models [4,5], in
the first epoch the universe must tunnel from a metastable
vacuum state and then in a second epoch the universe
slowly rolls down toward the true minimum. In the string
landscape [6], for example, such tunneling transitions to
lower metastable vacua can occur through bubble nucle-
ation. Other possibilities include “extended open inflation”
[7] in which a nominally coupled scalar field with poly-
nomial potentials exists for which there is a Coleman-de
Luccia instanton, or that of two or multiple scalar fields [8–
11], or a scalar-tensor theory in which a Brans-Dicke field
has a potential along with a trapped scalar field [12]. Of
relevance to the present work is that such multiple field
models of inflation allow for the existence of isocurvature
fluctuations in the inflating universe. That is a fluctuation in
the energy density of the inflaton field is offset by a
fluctuation in another field such that there is no net change
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in the curvature. Isocurvature fluctuations are the main
focus of this work for reasons described below.
We note that preinflation fluctuations in the inflaton field

could appear as a cosmic dark flow [13–15] possibly
detectable as a universal cosmic dipole moment [16].
Indeed, if a detection were made it would be exceedingly
interesting as such apparent large scale motion could be a
remnant of the birth of the universe out of the M-theory
landscape [17], or a remnant of multiple field inflation
[18–20]. Indeed, a recent analysis [21] of foreground
cleaned Planck maps finds a small set of ∼2–4° regions
showing a strong 143 GHz emission that could be inter-
preted as a preinflation residual fluctuation due to inter-
action with another universe in the multiverse landscape.
Of particular interest to the present work, however, is the
possibility that a contribution to the large-scale CMB
dipole moment could also be a remnant of preinflation
isocurvature fluctuations from any source, but just visible
on the horizon now [22] in a nearly flat present universe.
Previously, a detailed Baysian analysis [23] of constraints

on isocurvature fluctuations and spatial curvature has been
made that placed limits on the contribution of such fluctua-
tions to the present CMB power spectrum. Here, however,
our goal is different. We wish to examine constraints on the
preinflation universe. We utilize an analytic model originally
developed in Ref. [22] for an open cosmology with a planar
inhomogeneity of wavelength less than the initial Hubble
scale. We update that model for a ΛCDM cosmology and a
broad class of inflation-generating potentials rather than the
ϕ4 potential considered in that work. In particular, we
generalize that model to consider isocurvature fluctuations.
We show that for a broad class of inflation generating
potentials, one has a possibility to utilize the limits on the
dark-flow contribution to the CMB dipole (and higher
moments) and current cosmological parameters to fix the
amplitude and wavelength of isocurvature fluctuations as a
function of energy content of the inflaton field as the
universe just entered the inflation epoch.
The possibility of scalar isocurvature fluctuations is not

well motivated in the usual inflation paradigm. However, if
more than one field contributes significantly to the energy
density during inflation one can get isocurvature fluctua-
tions. In particular, it is well known [24–26] that for
adiabatic fluctuations, even on the largest scales, a signifi-
cant dipole contribution will also lead to large power in the
quadrupole and higher multipoles. Therefore, the fact that
the observed quadrupole moment is 2 orders of magnitude
smaller than the dipole moment implies that a significant
fraction of the observed dipole could not be due to adiabatic
fluctuations. However, as we summarize below, it is
possible [26] to have a large dipole contribution to the
CMB from a super-horizon isocurvature fluctuations with-
out overproducing the observed quadrupole and higher
moments.

In this context, the recent interest [13–15] and contro-
versy [27,28] over the prospect that the local observed
dipole motion with respect to the microwave background
frame may not be a local phenomenon but could extend to
very large (Gpc) distances is particularly relevant. This
dark-flow (or tilt) is precisely how a preinflation isocurva-
ture inhomogeneity would appear as it begins to enter the
horizon.
Attempts have been made [13–15] to observationally

detect such dark flow by means of the kinetic Sunayev-
Zeldovich (KSZ) effect. This is a distortion of the CMB
background along the line of sight to a distant galaxy
cluster due to the motion of the cluster with respect to the
background CMB. A detailed analysis of the KSZ effect
based upon the WMAP data [2] seemed to confirm that a
dark flow exists out to at least 800 h−1Mpc [15]. However,
this was not confirmed in a follow-up analysis using the
higher resolution data from the Planck Surveyor [27]. This
has led to a controversy in the literature. For example, it has
been convincingly argued in [28] that the background
averaging method in the Planck Collaboration analysis
may have led to an obscuration of the effect.
Moreover, recent work [29] reanalyzed the dark flow

signal in the WMAP 9 yr and the 1st yr Planck data releases
using a catalog of 980 clusters outside the
Kp0 mask to remove the regions around the Galactic plane
and to reduce the contamination due to foreground resid-
uals as well as that of point sources. They found a clear
correlation between the dipole measured at cluster locations
in filtered maps proving that the dipole is indeed associated
with clusters, and the dipole signal was dominated by the
most massive clusters, with a statistical significance better
than 99%. Their results are consistent with the earlier
analysis and imply the existence of a primordial CMB
dipole of nonkinematic origin and a dark-flow velocity
of ∼600–1; 000 km s−1.
In another important analysis, Ma et al. [30] performed a

Bayesian statistical analysis of the possible mismatch
between the CMB defined rest frame and the matter rest
frame. Utilizing various independent peculiar velocity
catalogs, they found that the magnitude of the velocity
corresponding to the tilt in the intrinsic CMB frame was
∼400 km s−1 in a direction consistent with previous
analyses. Moreover, for most catalogs analyzed, a vanish-
ing dark-flow velocity was excluded at about the 2.5σ level.
Similar to the present work they also considered the
possibility that some fraction of the CMB dipole could
be intrinsic due to a large scale inhomogeneity generated by
preinflationary isocurvature fluctuations. Their conclusion
that inflation must have persisted for 6 e-folds longer than
that needed to solve the horizon problem is consistent with
the constraints on the superhorizon preinflation fluctuations
deduced in the present work.
Therefore, even though the constraints set by the Planck

Collaboration are consistent with no dark flow, a dark flow is
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still possible in their analysis [27] up to a (95% confidence
level) upper limit of 254 km s−1. This is also consistent with
numerous attempts (e.g. summary in [16]) to detect a bulk
flow in the redshift distribution of galaxies. Hence, nearly
half of the observed CMB dipole could still correspond to a
cosmic dark-flow component. We adopt this as a realistic
constraint on the possible observed contribution of prein-
flation fluctuations to the CMB dipole. However, based upon
the analyses in Refs. [29,30] a dark flow as large as
∼1000 km s−1 is not yet ruled out. Hence, we also, consider
the constraints based upon this upper value for the dark-flow
velocity.

II. MODEL

We consider isocurvature fluctuations in the scalar field
of the preinflationary universe. For simplicity, we assume
that the fluctuations in the inflaton field will be offset by
fluctuations in the radiation (or some other) field just before
inflation, or that the decay of the inflaton field after it enters
the horizon will produce CDM isocurvature fluctuations
[23]. The energy density of a general inflaton field is

ρϕ ¼ 1

2
_ϕ2 þ 1

2a2
ð∇ϕÞ2 þ VðϕÞ: ð1Þ

Wewill assume that the _ϕ2=2 term can dominate over VðϕÞ
initially, but eventually VðϕÞ will dominate as inflation
commences. The quantity most affected initially by the
density perturbation in the scalar field is, therefore, the
kinetic _ϕ2=2 term as inflation begins.
We consider a broad range of general inflation-generating

potentials VðϕÞ to drive inflation [3] with the only restriction
that they be continuously differentiable in the inflaton field
ϕ, i.e. dV=dϕ ≠ 0. We also restrict ourselves to modest
isocurvature fluctuations in the scalar field with a wave-
length less than the initial Hubble scale. This allows one to
ignore the gravitational reaction to the inhomogeneities.
Moreover, this allows one to describe the initial expan-

sion with fluctuations due to scalar-field perturbations on
top the usual LFRW metric characterized by a dimension-
less scale factor aðtÞ.

ds2 ¼ −dt2 þ aðtÞ2
�

dr2

1 − kr2
þ r2dΩ2

�
; ð2Þ

where we adopt the usual coordinates such that k ¼ −1 for
an open cosmology, and aðtÞ ¼ 1 at the present time.
The particle horizon is given by the radial null geodesic

in these coordinates,

rHðtÞ ¼ aðtÞ
Z

t

0

dt0

aðt0Þ : ð3Þ

This is to be distinguished from the Hubble scale H−1,
which at any epoch is given by the Friedmann equation
to be

1

HðtÞ ¼ aðtÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −ΩðtÞ

p
: ð4Þ

For small inhomogeneities, the coupled equations for the
Friedmann equation and the inflaton field can then be
written

H2 ¼ 8π

3m2
Pl

ðρr þ hρϕiÞ þ
1

a2
; ð5Þ

ϕ̈ ¼ 1

a2
∇2ϕ − 3H _ϕ − V 0ðϕÞ ð6Þ

where H ¼ HðtÞ ¼ _a=a is the Hubble parameter, and ϕ ¼
ϕðt; xÞ is the inhomogeneous inflaton field in terms of
comoving coordinate x. The radiation energy density is
ρr ¼ ρr;iðai=aÞ4 with ρr;i the initial mass-energy density in
the radiation field. The brackets hρϕi denote the average
energy density in the inflaton field. That is, we decompose
the energy density in the inflaton field into an average part
and a fluctuating part.

ρϕ ¼ hρϕi þ δρϕ: ð7Þ

A. Initial conditions

We presume that the initial isocurvature inhomogeneities
are determined at or near the Planck time. Hence, we set the
initial Hubble scale equal to the Planck length,

H−1
i ¼ m−1

Pl : ð8Þ

For simplicity, one can consider [22] plane-wave inhomo-
geneities in the inflaton field.

ϕðt; zÞ ¼ ϕi þ δϕi sin
2π

λi
ðaiz − tÞ: ð9Þ

The wavelength of the fluctuation can then be parametrized
[22] by,

λi ¼ lH−1
i ¼ l

mPl
¼ l

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − Ωi

p
ai; ð10Þ

with l dimensionless in the interval 0 < l < 1.
The energy density in the initial inflaton field, ρϕ;i is

constrained to be less than the Planck energy density. From
Eqs. (5) and (8) this implies

ρϕ;i ≡ fΩi
3m4

Pl

8π
; 0 < Ωi < 1; 0 < f < 1; ð11Þ

where 1 −Ωi is the initial curvature in the preinflation
universe, and f is the fraction of the initial total energy
density in the inflaton field. If the largest inhomogeneous
contribution is from the _ϕ2=2 term, then the amplitude of
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the inhomogeneity in Eq. (9) is similarly constrained to be

δϕi

mPl
¼

�
3fΩil2

16π3

�
1=2

: ð12Þ

Hence, the shorter the wavelength, the smaller the ampli-
tude must be for the energy density not to exceed the Planck
density. The maximum initial amplitude we consider is
therefore

ð3=16π3Þ1=2mPl ¼ 0.078mPl; ð13Þ

for fluctuations initially of a Hubble length.
Hence, our assumption that one can treat the fluctuation

as a perturbation on top of an average LFRW expansion is
reasonable. Fluctuations beyond the Hubble scale can of
course have larger amplitudes, but those are not considered
here. Note also, however, that the assumption of ignoring
the effect of gravitational perturbations on the inflaton field
in Eq. (6) is justified as long as we restrict ourselves to
fluctuations less than the initial Hubble scale Hλ < 1.
At the initial time ti we have Hiλi ≡ l < 1. After that the

comoving wavelength Hλ decreases until inflation begins.
During inflation then Hλ increases until a time tx at which
Hxλx ¼ 1. At this time the fluctuation exits the horizon and
is frozen in until it reenters the horizon at the present time.
How much Hλ decreases during the time interval from ti to
tx depends upon the initial closure parameter Ωi [22].

B. An analytic model

The problem, therefore, has three cosmological param-
eters, Ωi, l, and f, plus parameters related to the inflaton
potential VðϕÞ. We now develop upon a simple analytic
model [22] to show that the inflaton potential can be
constrained [3] from the COBE [31] normalization of
fluctuations in the CMB for any possible differentiable
inflaton potential. We will also show that the initial
wavelength parameter l and the initial closure Ωi can be
constrained for a broad range of scalar-field energy-density
contributions f by two requirements. One is that the
resultant dipole anisotropy does not exceed the currently
observed upper limit to the contribution to the CMB dipole
moment. The other is that the higher multipole components
not contribute significantly to the observed CMB power
spectrum.
To begin with, the equation of state for the total density

in Eq. (5) can be approximated as

ρr þ hρϕi ≈ A

�
ai
a

�
4

þ B; ð14Þ

where A ¼ ρr;i, and B ¼ ð3mpl=8πÞÞVðϕiÞ are constants.
Explicitly, from ti to tx, we invoke the slow-roll approxi-
mation. Another simplifying assumption is that VðϕÞ ∼ B
is initially small compared to the matter density for the

first scale (the one we are interested) to cross the horizon.
This assumption was verified in [22] by a numerical
solution of the equations of motion.
With these assumptions, the solution [22] of Eq. (5) for

the scale factor at horizon crossing is simply,

�
ax
ai

�
¼

�
1 − l2ð1 −ΩiÞ

Bl2

�
1=2

: ð15Þ

This analytic approximation was also verified to be
accurate to a few percent by detailed numerical simulations
in [22].
We are especially interested in the case where the length

scales of these fluctuations were not expanded by inflation
to be to many orders of magnitude larger than the present
observable scales. That is, we have the minimal amount of
inflation such that the preinflation horizon is just visible on
the horizon now.
The energy density in the fluctuating part of the inflaton

field given in Eqs. (1) and (7) can be written as

δρϕ ¼ 1

2
δð _ϕ2Þ þ 1

2a2
δð∇ϕÞ2 þ δρr þ δV; ð16Þ

while the average part of the total energy density plus
pressure can be written

ρþ p ¼ h _ϕ2i þ 1

3a2
hð∇ϕÞ2i þ 4

3
ρr: ð17Þ

Ignoring the gradient term that decays away as a−4 we can
express the approximate amplitude when a fluctuation exits
the horizon to be

δρ

ρþ p

����
x
≈
ð1=2Þδð _ϕÞ2x þ δVx

_ϕ2
x

: ð18Þ

Now using the slow-roll condition

_ϕ ¼ V 0ðϕÞ
3H

; ð19Þ

and Eq. (15), this reduces [22] to

δρ

ρþ p

����
x
≈ K

ffiffiffiffiffiffiffiffi
fΩi

p
l2

½1 − l2ð1 −ΩiÞ�3=2
; ð20Þ

where the constant K is given by:

K ¼
�
1þ 3

2π

�
8π

ffiffiffi
2

p VðϕiÞ3=2
V 0ðϕiÞm3

Pl

: ð21Þ

What remains is to fix the normalization of the inflaton
potential in Eq. (21).
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C. Normalization of inflaton potential

The usual quantum generated adiabatic fluctuations
during inflation are produced from the same inflaton
potential and are responsible for the fluctuations observed
in higher moments of the CMB power spectrum. Hence, the
observed power spectrum of the higher moments of the
CMB can be used to fix the parameters of the inflaton
potential that enters in Eq. (21).
In the slow-roll approximation, the amplitude of the

inflation-generated quantum fluctuations δρQ as they exit
the horizon at t ¼ tx are [3]

δH ≡ δρQ
ρþ p

����
x
¼

�
4

25

�
1=2H

_ϕ

H
2π

; ð22Þ

and for these, one has [3]

δH ≈
�

1ffiffiffiffiffi
75

p
π

�
V3=2ðϕxÞ
m3

PlV
0ðϕxÞ

: ð23Þ

The COBE [31] normalization (δH ¼ 1.91 × 10−5) of the
CMB power spectrum requires [3],

V3=2ðϕxÞ
m3

PlV
0ðϕxÞ

¼ 5.20 × 10−4: ð24Þ

Since the same inflation-generating potential has expanded
the preinflation fluctuation of interest here, we can deduce
the constant K, independently of the analytic form of the
potential,

K ¼ 5.2 × 10−4
�
1þ 3

2π

�
8π

ffiffiffi
2

p
¼ 0.0270: ð25Þ

D. CMB fluctuations

Having deduced the magnitude of the fluctuations in the
cosmic energy density due to the appearance on the horizon
of isocurvature fluctuations from the preinflation era, it still
remains to determine the constraints based upon the
observed CMB dipole and higher moments.
In particular, it must be demonstrated that a large dipole

moment can be invoked without a simultaneous large
amplitude in higher moments [24,25]. This has been
definitively addressed in Ref. [26] where it was demon-
strated that two criteria must be satisfied: (1) one must have
isocurvature fluctuations beyond the current horizon; and
(2) their spectrum must be suppressed on smaller scales. To
derive the constraints based upon the explicit model
considered here, we summarize the isocurvature derivation
for large scales here.
As usual, the CMB temperature fluctuations are decom-

posed into spherical harmonics:

ΔT
T

ðθ;ϕÞ ¼
X∞
l¼1

Xl

m¼−l
almYlmðθ;ϕÞ: ð26Þ

For a random Gaussian field the coefficients of this
expansion relate to the power spectrum in wave number
k via the window function WlðkÞ,

hjalmj2i ¼
4π

9

Z
dk
k
PSðkÞW2

l ðkÞ; ð27Þ

where the power spectrum for the sinusoidal fluctuation
considered here is simply related to the amplitude given in
Eq. (20), i.e.

PSðkÞ ¼
1

8

�
1

3

δρ

ρþ P

�
2

δðk − k0Þ; ð28Þ

where, k0 is the present wave number corresponding to the
preinflation fluctuation. Here and in what follows we treat k
in units of the present hubble scale H−1

0 .
Once the power spectrum is given, the only dependence

upon the various multipoles is given by the window
functions Wl For the case of a flat Ω ¼ 1 cosmology,
the window functions all vanish and there is no contribution
from superhorizon fluctuations as expected. However, for
the case of a nearly flat open cosmology of interest here,
one can expand [26] the relevant window functions in terms
of the parameter

ϵ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −Ω0

p
: ð29Þ

To leading order in ϵ, and for largest scales (k ≪ 1) the
isocurvature window functions at the surface of last
scattering (z ≈ 1300) can be reduced [26] to simple
functions of k and ϵ. The dipole window function becomes

W1k ≈
10

3
kϵþOðϵ3Þ; ð30Þ

while, the quadrupole term becomes,

W2k ≈
ffiffiffiffiffi
24

p

5
ffiffiffi
3

p kϵ2 þOðϵ4Þ; ð31Þ

From this we deduce that the r.m.s. dipole moment
corresponding to a fluctuation at k0 is

hja1j2i1=2 ≈
ffiffiffi
π

2

r
10

9

�
δρ

ρþ p

�
ϵ

ffiffiffiffiffi
k0

p
; ð32Þ

while the quadrupole moment becomes

hja2j2i1=2 ≈
4

3

ffiffiffiffiffiffi
2π

3

r �
δρ

ρþ p

�
ϵ2k0; ð33Þ
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where

hjalj2i≡
X
m

hjalmj2i: ð34Þ

Requiring that the ratio of the quadrupole (and higher
moments) to the preinflation component be less than the
ratio of observed moments places a constraint on the scale
of the fluctuation. Specifically we have

k0 <
1

1 − Ω0

25

48

hja2j2i
hja1j2i

: ð35Þ

The observed CMB temperature is T ¼ 2.7258� 0.00057
[32]. The magnitude of the dipole moment with respect to
the frame of the Local Group is 5.68 mK [33]. From this we
obtain hja1j2i < 32.3 × 106 μK2. However this represents
the net sum of intrinsic tilt plus local proper motion.
If we assume that the Planck Collaboration upper limit
of vDF < 254 km s−1 [27] for a dark flow velocity is in the
same direction as the proper motion. This implies a
preinflation dipole moment tilt of 2.30 mK, or hja1j2i <
5.29 × 106 μK2. However if we adopt an upper limit to the
dark flow velocity of 1000 km s−1 then the dark flow must
be in an opposite direction to the local proper motion and
this would correspond to 9.06 mK, or hja1j2i <
82.0 × 106 μK2.
As is well known, the quadrupole moment is suppressed

in the CMB power spectrum. The WMAP 9 yr data lists

C2 ≡ 1

5

X
m

hja2mj2i ¼ 157 μK2 ð36Þ

from which we obtain hja2j2i ¼ 785 μK2. Therefore, for
1 − Ω0 ¼ 6 × 10−3 we deduce

k0 < 0.013ðvDF ¼ 254 km s−1Þ
< 8.3 × 10−4ðvDF ¼ 1; 000 km s−1Þ: ð37Þ

In an open ΛCDM universe, the largest observable scale,
that of the cosmic microwave background, has the comov-
ing size

rl
a0

¼ 1

H0

Z
1

0

dxffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ΩΛx4 þ ð1 −Ω0Þx2 þ ΩmxþΩγ

q : ð38Þ

For a nearly flat Ω0 ¼ 0.994 cosmology we can adopt
valuesΩΛ ¼ 0.697, andΩm ¼ 0.297, (withΩγ ¼ 0) that are
consistent with the Planck [1] and WMAP [2] results. For
these parameters, then rl=a0 ≈ 3.3=H0. So k0 ¼ 1 would
correspond to the present Hubble scale, and k0 ¼ 0.3
corresponds to the present horizon. Hence, in order for a
preinflation fluctuation to contribute to the dipole moment

while not affecting the quadrupole and higher moments, the
preinflation isocurvature fluctuation corresponding to a dark
flow velocity of 254 km s−1 must reside at >0.013−1 ≈ 77
times the present Hubble scale, or 23 times the present
horizon implying that inflation persisted for 3.1 e-folds
beyond that required to solve the horizon problem. On the
other hand, if a dark flow tilt were as large as 1000 km s−1,
then the preinflation fluctuation would reside at 361 times
the current horizon implying that inflation persisted about 6
e-folds beyond that needed to satisfy the horizon problem.
This is similar to the conclusions in [26,30].

E. Constraints on preinflation parameters

From our deduced values for k0 and adopted contribu-
tions to the CMB dipole, Eq. (32), we can infer the
amplitude of the preinflation fluctuation, i.e.

�
δρ

ρþ p

�
> 0.068ðvDF ¼ 254 km s−1Þ

> 0.27ðvDF ¼ 1; 000 km s−1Þ: ð39Þ

Then, from Eq. (20) we have a relation between the
fraction of energy in the inflaton field and the other
parameters,

f ¼ K2

�
δρ

ρþ p

�
2 ½1 − l2ð1 −ΩiÞ�3

Ωil4
< 1 ð40Þ

Figure 1 summarizes values for Ωi and l that satisfy the
constraint f < 1 based upon vDF ¼ 254 km s−1 from the
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FIG. 1 (color online). Constraints on the preinflation parame-
ters as a function of the fraction f of the initial preinflation energy
density in the inflaton field for a preinflation fluctuation corre-
sponding to a present tilt velocity of 254 km s−1 from the upper
limit to the Planck analysis [27]. Lower shaded region shows
allowed values for the initial closure parameter Ωi. Upper shaded
region shows the allowed values of the wavelength parameter l
for preinflation isocurvature fluctuations in the inflaton field.

G. J. MATHEWS et al. PHYSICAL REVIEW D 92, 123514 (2015)

123514-6



upper limit of the Planck analysis, and that the quadrupole
and higher moments not exceed the value from the
observed power spectrum. Similarly, Figure 2 shows values
for Ωi and l that satisfy the constraint f < 1 based
upon vDF ¼ 1000 km s−1.
The upper region in both figures shows that only values

of l near unity can satisfy this constraint while the upper
limit to the initial closure parameter is Ωi < 0.4
(Ωk;i > 0.6) as f → 1. This value reduces to Ωi < 0.1 if
a dark flow of 1000 km s−1 is allowed.

III. CONCLUSION

Although open inflation models are not particularly
appealing because they imply that only enough inflation

occurred such that the preinflation curvature is just begin-
ning to enter the horizon, they are also interesting because
they suggest that there may be an opportunity to glimpse
the preinflation universe. The current constraints on cos-
mological parameters from the Planck Collaboration [1]
and the WMAP analysis [2] suggest flatness, but are still
consistent with a slightly open (Ω0 > 0.994) nearly flat
ΛCDM cosmology.
Here we have analyzed a chaotic open inflationary

universe characterized by a general inflaton effective
potential, but in which there is a plane-wave isocurvature
fluctuation in the power spectrum. We have shown in a
simple analytic model that such fluctuations are constrained
by the requirement that they not exceed the observed limit
on the preinflation dipole contribution deduced in the
Planck analysis [27] or the magnitude of the quadrupole
and higher moments in the CMB power spectrum. Indeed,
from these constraints alone we find that the preinflation
fluctuation in the power spectrum must reside at least ∼80
times the current Hubble scale. Such fluctuations are also
constrained by the near flatness of the current universe.
Indeed, all together we find that the wavelength of the
preinflation fluctuation must be of order the Hubble scale
as inflation begins. Also, if there is a preinflation compo-
nent to the current cosmic dipole moment, then the initial
preinflation closure parameter could have been as small as
Ωi < 0.4 (Ωk;i > 0.6). This parameter reduces to Ωi < 0.1
if a dark flow as large as 1000 km s−1 is allowed.
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