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We calculate the T matrices of kaon-nucleon (KN) and antikaon-nucleon (KN) scattering to one-loop
order in SU(3) heavy baryon chiral perturbation theory (HBχPT). The low-energy constants (LECs) and
their combinations are then determined by fitting the phase shifts of KN scattering and the corresponding
data. This leads to a good description of the phase shifts below 200 MeV kaon laboratory momentum. We
obtain the LEC uncertainties through statistical regression analysis and successfully reduce one parameter.
We also determine the LECs through the use of scattering lengths in order to check the consistency of the
HBχPT framework for different observables and obtain a consistent result. By using these LECs, we predict
the KN elastic scattering phase shifts and obtain reasonable results. The scattering lengths are also
predicted, which turn out to be in good agreement with the empirical values except for the isospin-0 KN
scattering length that is strongly affected by the Λð1405Þ resonance. As most calculations in the chiral
perturbation theory, the convergence issue is discussed in detail. Our calculations provide a possibility to
investigate the baryon-baryon interaction in HBχPT.
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I. INTRODUCTION

Chiral perturbation theory (ChPT) is the effective field
theory of quantum chromodynamics (QCD) at energies
below the scale of chiral symmetry breaking Λχ ∼ 1 GeV
[1,2]. As we all know, the relativistic framework for
baryons in ChPT does not naturally provide a simple
power-counting scheme as for mesons because of the
baryon mass, which does not vanish in the chiral limit.
Relativistic (such as infrared regularization [3] and the
extended on-mass-shell scheme [4,5]) and heavy baryon
[6,7] approaches have been proposed and developed to
solve the power-counting problem. Recently, the relativistic
approaches have made some progress. For some observ-
ables, the chiral series even show a better convergence than
the heavy baryon approach [8,9]. However, the heavy
baryon chiral perturbation theory (HBχPT) is still a
reasonable and useful tool in the study of the meson-
baryon scattering. The expansion in HBχPT is expanded
simultaneously in terms of p=Λχ and p=M0, where p
represents the meson momentum or its mass or the small
residue momentum of baryon in the nonrelativistic limit
and M0 denotes the baryon mass in the chiral limit.
Over the years, the low-energy processes have been

widely investigated in the SU(2) HBχPT. Fettes et al. have
investigated pion-nucleon scattering up to the fourth order
[10,11]. The low-energy constants (LECs) of the SU(2)
chiral pion-nucleon Lagrangian were determined by fitting
various empirical phase shifts. The threshold parameters
were also predicted in Refs. [10,11]. Krebs, Gasparyan, and
Epelbaum calculated the chiral three-nucleon force at fifth

order by using the LECs from πN scattering at fourth order
[12], and Entem et al. considered peripheral nucleon-
nucleon scattering at fifth order through using these
LECs [13]. These predictions are in good agreement with
the data.
For processes involving kaons or hyperons, the situation

is more complicated. One has to use the SU(3) HBχPT in
comparison to the SU(2) sector of πN scattering. These
involve several new problems. First, there are more
unknown LECs needed to be determined through exper-
imental data which are insufficient at present. Second, the
kaon mass mK is larger than the pion mass mπ duo to
broken SU(3) symmetry. In fact, the pertinent expansion
parameter mK=Λχ ∼ 1=2 results in a low convergence rate.
Third, the KN and KN scattering are inelastic and elastic at
low energies, respectively. These involve inconsistent
predictions duo to the dynamical differences between
KN and KN scattering. However, Kaiser achieved some
success when analyzing the KN and KN scattering lengths
in SU(3) HBχPT [14]. Then Liu and Zhu generalized this
method to the predictions of meson-baryon scattering
lengths [15–18]. They obtained reasonable results. But
higher-order corrections are needed to consider due to the
complicated convergence. That leads to involving more
LECs and needs more experimental meson-baryon scatter-
ing lengths which are unavailable for now. In this paper, we
will determine the LECs by fitting the phase shifts of the
elastic KN scattering and make predictions up to one-loop
order, as the πN scattering in the framework of SU(2)
HBχPT.
In Sec. II, we summarize the Lagrangians involved in the

evaluation up to one-loop order contributions. In Sec. III,*yndxlyd@163.com
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we present the T matrices of the elastic KN and KN
scattering. In Sec. IV, we explain how we calculate the
phase shifts and the scattering lengths. Section V contains
the results and discussions and also includes a brief
summary. Appendix A contains the amplitudes from
one-loop diagrams. Appendix B contains the threshold T
matrices and the relation between the threshold T matrices
with the s-wave scattering lengths.

II. LAGRANGIAN

Our calculation of the elastic KN and KN scattering is
based on the effective SU(3) chiral Lagrangian in HBχPT

L ¼ Lϕϕ þ LϕB: ð1Þ

Here, the SU(3) matrix ϕ and B represent the pseudoscalar
Goldstone fields (ϕ ¼ π, K, K, η) and the octet baryons
fields, respectively. The lowest-order effective SU(3) chiral
Lagrangians for meson-meson and meson-baryon interac-
tion takes the form [19]

Lð2Þ
ϕϕ ¼ f2

4
trðuμuμ þ χþÞ; ð2Þ

Lð1Þ
ϕB ¼ trðiB½v ·D;B�Þ þDtrðBSμfuμ; BgÞ

þ FtrðBSμ½uμ; B�Þ; ð3Þ

where Dμ denotes the covariant derivative

½Dμ; B� ¼ ∂μBþ ½Γμ; B� ð4Þ

and Sμ is the covariant spin operator à la Pauli-Lubanski

Sμ ¼
i
2
γ5σμνvν; ð5Þ

with

½Sμ; Sν� ¼ iϵμνσρvσSρ; fSμ; Sνg ¼ 1

2
ðvμvν − gμνÞ; ð6Þ

where ϵμνσρ is the completely antisymmetric tensor in four
indices, ϵ0123 ¼ 1. The chiral connection Γμ ¼ ½ξ†; ∂μξ�=2
and the axial vector quantity uμ ¼ ifξ†; ∂μξg contain even
number meson fields and odd number meson fields,
respectively. The SU(3) matrix U ¼ ξ2 ¼ expðiϕ=fÞ col-
lects the pseudoscalar Goldstone fields. The parameter f is
the pseudoscalar decay constant in the chiral limit. The
axial vector coupling constants D and F can be determined
by fitting the semileptonic decays (D ¼ 0.80, F ¼ 0.50)
[20]. The combination χþ ¼ ξ†χξ† þ ξχξ with χ ¼
diagðm2

π; m2
π; 2m2

K −m2
πÞ results in explicit chiral sym-

metry breaking. The complete heavy baryon Lagrangian
at next-to-leading order can be written as

Lð2Þ
ϕB ¼ Lð2;1=M0Þ

ϕB þ Lð2;ctÞ
ϕB ; ð7Þ

where Lð2;1=M0Þ
ϕB denotes 1=M0 corrections of dimension

two with fixed coefficients and stems from the 1=M0

expansion of the original relativistic leading-order
Lagrangian Lð1Þ

ϕB [19]. These read

Lð2;1=M0Þ
ϕB ¼ D2 − 3F2

24M0

trðB̄½v · u; ½v · u; B��Þ

−
D2

12M0

trðB̄BÞtrðv · uv · uÞ

−
DF
4M0

trðB̄½v · u; fv · u; Bg�Þ

−
1

2M0

trðB̄½Dμ; ½Dμ; B��Þ

þ 1

2M0

trðB̄½v ·D; ½v ·D;B��Þ

−
iD
2M0

trðB̄Sμ½Dμ; fv · u; Bg�Þ

−
iF
2M0

trðB̄Sμ½Dμ; ½v · u; B��Þ

−
iF
2M0

trðB̄Sμ½v · u; ½Dμ; B��Þ

−
iD
2M0

trðB̄Sμfv · u; ½Dμ; B�gÞ; ð8Þ

where M0 denotes the baryon mass in the chiral limit. The
remaining heavy baryon Lagrangian Lð2;ctÞ

ϕB proportional to
the low-energy constants can be obtained from the rela-
tivistic effective meson-baryon chiral Lagrangian [21]

Lð2;ctÞ
ϕB ¼ bDtrðB̄fχþ; BgÞ þ bFtrðB̄½χþ; B�Þ

þ b0trðB̄BÞtrðχþÞ þ b1trðB̄fuμuμ; BgÞ
þ b2trðB̄½uμuμ; B�Þ þ b3trðB̄BÞtrðuμuμÞ
þ b4trðB̄uμÞtrðBuμÞ þ b5trðB̄fv · uv · u; BgÞ
þ b6trðB̄½v · uv · u; B�Þ þ b7trðB̄BÞtrðv · uv · uÞ
þ b8trðB̄v · uÞtrðBv · uÞ
þ b9trðB̄f½uμ; uν�; ½Sμ; Sν�BgÞ
þ b10trðB̄½½uμ; uν�; ½Sμ; Sν�B�Þ
þ b11trðB̄uμÞtrðuν½Sμ; Sν�BÞ: ð9Þ

The first three terms proportional to the LECs bD;F;0 result
in explicit symmetry breaking. Notice that the LECs bi
(i ¼ D, F, 0, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11) have
dimension mass−1.
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III. T MATRICES

We are considering only elastic kaon-nucleon and
antikaon-nucleon scattering fKðqÞ; K̄ðqÞg þ Nð−qÞ →
fKðq0Þ; K̄ðq0Þg þ Nð−q0Þ in the center-of-momentum
system (CMS) with q ¼ jqj ¼ jq0j. The T matrix takes
the following form:

TðIÞ
KN;K̄N ¼

�
EN þMN

2MN

�
fVðIÞ

KN;K̄NðqÞ

þ iσ · ðq × q0ÞWðIÞ
KN;K̄NðqÞg; ð10Þ

with MN the nucleon mass, EN ¼ ðq2 þM2
NÞ1=2 the

nucleon energy, and I the total isospin of the kaon-nucleon

system. Furthermore, VðIÞ
KN;KN

ðqÞ refers to the non-spin-flip
kaon-nucleon or antikaon-nucleon amplitude, and

WðIÞ
KN;KN

ðqÞ refers to the spin-flip kaon-nucleon or anti-

kaon-nucleon amplitude.
Now, we calculate the T matrices order by order. Note

that we choose vμ ¼ ð1; 0; 0; 0Þ for the sake of convenience
throughout this paper. The leading-order OðqÞ amplitudes
corresponding to diagrams (1a) and (1b) in Fig. 1 (includ-
ing also the crossed diagram) read

Vð1Þ
KNðqÞ ¼

1

3f2K

�
−3wþ ðD2 þ 3F2Þ q

2z
w

�
; ð11Þ

Wð1Þ
KNðqÞ ¼

D2 þ 3F2

3wf2K
; ð12Þ

Vð0Þ
KNðqÞ ¼

ð2D2 − 6DFÞq2z
3wf2K

; ð13Þ

Wð0Þ
KNðqÞ ¼

2D2 − 6DF
3wf2K

; ð14Þ

Vð1Þ
KN

ðqÞ ¼ 1

2f2K

�
w − ðD − FÞ2 q

2z
w

�
; ð15Þ

Wð1Þ
KN

ðqÞ ¼ −
ðD − FÞ2
2wf2K

; ð16Þ

Vð0Þ
KN

ðqÞ ¼ 1

6f2K

�
9w − ðDþ 3FÞ2 q

2z
w

�
; ð17Þ

Wð0Þ
KN

ðqÞ ¼ −
ðDþ 3FÞ2

6wf2K
; ð18Þ

where w ¼ ðm2
K þ q2Þ1=2 denotes the kaon CMS energy

and z ¼ cosðθÞ the angular variable between q and q0. We
also take the renormalized kaon decay constant fK instead
of f (the chiral limit value).
At next-to-leading order Oðq2Þ, one has the contribution

from the second row diagrams of Fig. 1 (including also
the crossed diagrams) involving the vertices from the

Oðq2Þ Lagrangian Lð2;1=M0Þ
ϕB and Lð2;ctÞ

ϕB . First, for the

vertices from the Lð2;1=M0Þ
ϕB , we have

Vð1Þ
KNðqÞ ¼

1

6M0f2K
ðD2 þ 3F2Þ

�
−w2 þ 2ðzþ 2Þq2

−
3ð1þ zÞ
D2 þ 3F2

q2 − 2zð1þ zÞ q
4

w2

�
; ð19Þ

Wð1Þ
KNðqÞ ¼

1

3M0f2K
ðD2 þ 3F2Þ

�
1 − ð1þ zÞ q

2

w2

�
; ð20Þ

Vð0Þ
KN ¼ 1

3M0f2K
ðD2 − 3DFÞ

�
−w2 þ 2ðzþ 2Þq2

− 2zð1þ zÞ q
4

w2

�
; ð21Þ

Wð0Þ
KN ¼ 1

3M0f2K
ð2D2 − 6DFÞ

�
1 − ð1þ zÞ q

2

w2

�
; ð22Þ

Vð1Þ
KN

¼ −
1

4M0f2K
½ðD − FÞ2w2 þ 2zðD − FÞ2q2

− ð1þ zÞq2�; ð23Þ

Wð1Þ
KN

ðqÞ ¼ −
ðD − FÞ2
2M0f2K

; ð24Þ

Vð0Þ
KN

ðqÞ ¼ −
1

12M0f2K
½ðDþ 3FÞ2w2

þ 2zðDþ 3FÞ2q2 − 9ð1þ zÞq2�; ð25Þ
FIG. 1. Tree diagrams contributing to the first and second chiral
orders. Dashed lines represent Goldstone bosons, and solid lines
represent octet baryons. The heavy dots refer to insertions
from Lð2Þ

ϕB. Crossed diagrams are not shown.
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Wð0Þ
KN

ðqÞ ¼ −
ðDþ 3FÞ2
6M0f2K

: ð26Þ

Second, for the vertices from the Lð2;ctÞ
ϕB , we introduce

αη ¼ 4bDm2
η þ 3b0ðm2

π þm2
ηÞ;

απ ¼ 4bDm2
π þ 3b0ðm2

π þm2
ηÞ ð27Þ

to make the following expressions more compact. The
amplitudes read

Vð1Þ
KN ¼ −

1

f2K
½4ðbD þ b0Þm2

K þ ðC1 þ C2Þw2 − C1zq2�

þ zq2

12w2f2K
½ðDþ 3FÞ2αη þ 3ðD − FÞ2απ�; ð28Þ

Wð1Þ
KN ¼ 1

f2K
C3 þ

1

12w2f2K
½ðDþ 3FÞ2αη

þ 3ðD − FÞ2απ�; ð29Þ

Vð0Þ
KN ¼ 1

f2K
½4ðbF − b0Þm2

K þ ðC4 þ C5Þw2 − C4zq2�

þ zq2

12w2f2K
½9ðD − FÞ2απ − ðDþ 3FÞ2αη�; ð30Þ

Wð0Þ
KN ¼ 1

f2K
C6 þ

1

12w2f2K
½9ðD − FÞ2απ

− ðDþ 3FÞ2αη�; ð31Þ

Vð1Þ
KN

¼ 1

f2K

�
ð2bF − 2bD − 4b0Þm2

K −
1

2
ðC1 þ C2

− C4 − C5Þw2 þ 1

2
ðC1 − C4Þzq2

�

þ zq2

2w2f2K
ðD − FÞ2απ; ð32Þ

Wð1Þ
KN

¼ 1

2f2K
ðC3 þ C6Þ þ

1

2w2f2K
ðD − FÞ2απ; ð33Þ

Vð0Þ
KN

¼ −
1

f2K

�
2ð3bD þ bF þ 2b0Þm2

K þ 1

2
ð3C1 þ 3C2

þ C4 þ C5Þw2 −
1

2
ð3C1 þ C4Þzq2

�

þ zq2

6w2f2K
ðDþ 3FÞ2αη; ð34Þ

Wð0Þ
KN

¼ 1

2f2K
ð3C3 − C6Þ þ

1

6w2f2K
ðDþ 3FÞ2αη; ð35Þ

where

C1 ¼ 4b1 þ 4b3 þ 2b4;

C2 ¼ 4b5 þ 4b7 þ 2b8;

C3 ¼ 4b9 þ b11;

C4 ¼ −4b2 þ 4b3 − 2b4;

C5 ¼ −4b6 þ 4b7 − 2b8;

C6 ¼ −4b10 − b11: ð36Þ

The six combinations of LECs Ci (i ¼ 1, 2, 3, 4, 5, 6) are
introduced in order to reduce the number of LECs.
At the third order Oðq3Þ, we have the one-loop diagram

contributions and the counterterm contributions. The non-
vanishing one-loop diagrams generated by the vertices of
Lð2Þ
ϕϕ and Lð1Þ

ϕB are shown in Fig. 2. The counterterm
contribution estimated from resonance exchange was found
to be much smaller than the chiral loop contribution in the
case of threshold πN scattering [22,23]. Kaiser assumed that
similar features hold for threshold KN and KN scattering
and also achieved some success [14]. Liu and Zhu also
ignored the counterterm contributions when they calculated
meson-baryon scattering lengths [15]. Later, Liu and Zhu
claimed that the counterterm contributions are larger than

FIG. 2. Nonvanishing one-loop diagrams contributing to the
third chiral order. Diagrams for external leg renormalization are
not shown.
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the one-loop diagrams contributions in some T matrices in
Ref. [16]. But Liu and Zhu did not consider the Λð1405Þ
resonance contribution when determining the LECs
and their combinations in Ref. [16]. However, we are
not considering the counterterm contributions when calcu-
lating T matrices at Oðq3Þ in this paper. The nonvanishing
one-loop amplitudes corresponding to loop diagrams
are too tedious; thus, we present these amplitudes
separately in Appendix A. In loop calculations, we use
dimensional regularization and the minimal subtraction
scheme to evaluate divergent loop integrals [24–28].
We use fK in all loops instead of corresponding decay
constants in respective loops. The difference appears at
higher order.

IV. CALCULATING PHASE SHIFTS AND
SCATTERING LENGTHS

The partial wave amplitudes fðIÞl�sðqÞ, where l refers to
the orbital angular momentum and s to the spin, are given in
terms of the invariant amplitudes via

fðIÞl�sðqÞ ¼
EN þMN

16πðwþ ENÞ
Z þ1

−1
dz½VðIÞ

KN;KN
ðqÞPlðzÞ

þ q2WðIÞ
KN;KN

ðqÞðPl�1ðzÞ − zPlðzÞÞ�; ð37Þ

where PlðzÞ are conventional Legendre polynomials. For
the energy range considered in this paper, the phase shifts
δðIÞl�sðqÞ are evaluated from (for discussions about the phase
shifts, see Refs. [10,29])

δðIÞl�sðqÞ ¼ arctanðqRefðIÞl�sðqÞÞ: ð38Þ
Based upon relativistic kinematics, there is a relation
between the CMS on-shell momentum q and the momen-
tum of the incident kaon in the laboratory system qK ,

q2 ¼ M2
Nq

2
K

m2
K þM2

N þ 2MN

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

K þ q2K
p : ð39Þ

Near threshold the scattering length for s waves and the
scattering volume for p waves is given by [30]

aðIÞl�s ¼ lim
q→0

q−2l−1 tan δðIÞl�sðqÞ: ð40Þ

V. RESULTS AND DISCUSSION

Before calculating the phase shifts and the threshold
parameters, we have to determine the LECs. There are 14
unknown LECs in Lð2;ctÞ

ϕB and M0 also need to be deter-
mined. Fortunately, after the regrouping, we determine only
bD, bF, b0, M0 and the six LEC combinations C1;2;3;4;5;6
which were defined by Eq. (36). Throughout this paper, we
use mπ ¼ 139.57 MeV, mK ¼ 493.68 MeV, mη ¼
547.86 MeV, MN ¼ 938.9 MeV, fπ ¼ 92.21 MeV,

fK ¼ 111 MeV, and fη ¼ 1.2fπ [31], and for the axial
vector coupling constants we useD ¼ 0.8 and F ¼ 0.5. We
also take λ ¼ 4πfπ as the chiral symmetry breaking scale.
We first determine M0, bD, bF, and b0 through the

formulas of the octet-baryon masses and σπN given in
Ref. [25]. We take f ¼ fπ;K;η in the π, K, η loops in these
formulas, respectively. The baryon masses MN ¼
938.9� 1.3 MeV, MΣ ¼ 1193.4� 8.1 MeV, MΞ ¼
1318.3� 6.9 MeV, and MΛ ¼ 1115.7� 5.4 MeV and
the pion-nucleon (πN) σ term σπN ¼ 59.1� 3.5 [32] are
used to fit these four parameters. We obtain

M0 ¼ 646.30� 47.72 MeV;

bD ¼ 0.043� 0.008 GeV−1;

bF ¼ −0.498� 0.003 GeV−1;

b0 ¼ −1.003� 0.047 GeV−1 ð41Þ

with χ2=d:o:f: ∼ 1.08. In our fitting, the new σπN from
Ref. [32] is taken; thus, we obtain different values than
those in Ref. [15]. Note that the uncertainty of the ith LEC
(here, refers to one of the M0, bD, bF, and b0) is purely the
statistical uncertainty that is a measure of how much this
particular parameter can change while maintaining a
good description of the fitted data, as detailed in
Refs. [33,34].
We now determine the six LEC combinations C1;2;3;4;5;6

by using the phase shifts of the SP92 solution, GW Institute
for Nuclear Studies, for kaon-nucleon (KN) scattering
analysis [35,36]. Since the SP92 give no uncertainties
for the phase shifts, we set a common uncertainty of �4%
to all values before the fitting procedure. For the parameters
C1;2;3, we use the data of the S11, P11, and P13 waves
between 50 and 90MeV (15 data points in total) to fit. As to
the C4;5;6, we fit the data of the S01, P01, and P03 waves at
qK ¼ 100, 110, 120, 130, 140MeV. The resulting LECs are
given by

C1 ¼ 1.42� 0.12 GeV−1;

C2 ¼ 0.11� 0.12 GeV−1;

C3 ¼ −7.02� 0.09 GeV−1; ð42Þ

with χ2=d:o:f: ∼ 1.06 and

C4 ¼ 4.38� 0.14 GeV−1;

C5 ¼ −6.77� 0.14 GeV−1;

C6 ¼ −6.65� 0.08 GeV−1; ð43Þ

with χ2=d:o:f: ∼ 1.13. For the uncertainties, see the
above description. One can find that the uncertainty
of the parameter C2 is very large when compared to the
C2 value. For this, a more detailed discussion is given
below. The corresponding S- and P-wave phase shifts
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are shown in Fig. 3. For the P01 wave, the description
of the phase shifts is surprisingly good even at higher
and lower energies. The remaining waves are also in
good agreement with the empirical phase shifts below
150 MeV and purely overestimated at large kaon
momentum. However, to sum up, we obtain a good
description for these six lowest partial waves in this
one-loop order calculation of the KN scattering up to
surprisingly large kaon momenta.
Let us look at the LEC C2. We set the C2 ¼ 0 duo to

about 100% uncertainty. We find that the P11 and P13
waves dominated by the LECs C1;2;3 have hardly any
change at all. However, there is a slight change in the
S11 wave, but it still maintains a good description of the
fitted data; see Fig. 4. In this paper, it needs to be
stressed that we make use of well-known methods from
statistical regression analysis to quantify the uncertain-
ties and study the sensitivities at the low-χ2 fit; see
Refs. [33,34]. Thus, we can also obtain a relation,
2b5 þ 2b7 þ b8 ¼ 0, from Eq. (36). With this, we
successfully reduce one parameter through statistical

regression analysis. However, we take the primary C2

value below for consistency.
In order to check the consistency of the ChPT

framework for different observables, we now determine
the low-energy constants by the scattering lengths.
However, there are six LEC combinations C1;2;3;4;5;6,

but only four scattering lengths að0;1Þ
KN;KN

can be used. At

this time, we take the threshold T matrices to calculate
the scattering lengths; see Appendix B. For comparison,

we use the two scattering lengths að1ÞKN ¼ −0.33 and

að0ÞKN ¼ 0.00 from the SP92 [36] to determine the two
LEC combinations C12 ¼ C1 þ C2 and C45 ¼ C4 þ C5.
The resulting LECs are given by

C12 ¼ C1 þ C2 ¼ 1.59 GeV−1;

C45 ¼ C4 þ C5 ¼ −1.99 GeV−1: ð44Þ

The LEC combination C1 þ C2 determined by the phase
shifts from Eq. (42) is 1.53 GeV−1, while the C4 þ C5

from Eq. (43) is −2.39 GeV−1. The results are consis-
tent with the LEC combinations determined by the
scattering lengths from Eq. (44) within the limit of error.
In the following, we make predictions for the KN

scattering through the above LECs determined by the
KN phase shifts and the corresponding data. At present,
the existing empirical phase shifts of the KN scattering
[37–41] are all above the kaon laboratory momentum of
200 MeV (corresponding to the CM energy of around
1460 MeV); thus, the resulting S- and P-wave phase
shifts are shown in Fig. 5 without the empirical phase
shifts. From the plot of Fig. 5, none of the phase shifts
shows the resonant behavior. The recent multichannel
partial-wave analysis for KN scattering KS2013 [40,41]
includes a variety of resonances, such as the S01, S11,

FIG. 3. Fits and predictions for the SP92 phase shifts versus the
kaon laboratory momentum qK in KN scattering. The fits in the
S01, P01, and P03 waves are the data between 100 and 140 MeV
(solid dots), while the S11, P11, and P13 waves between 50 and
90 MeV. For higher and lower energies, the phase shifts are
predicted.

FIG. 4. The S11 wave phase shift versus the kaon laboratory
momentum qK in KN scattering. The solid line denotes the phase
shift from C2 ¼ 0.11, while the dotted line from C2 ¼ 0. As in
Fig. 3, the solid dots are from SP92.
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P01, P03, P11, and P13 wave including the Λð1670Þ,
Σð1620Þ, Λð1710Þ, Λð1890Þ, Σð1770Þ, and Σð1730Þ
resonances, respectively. But all the resonances consid-
ered by the KS2013 do not contribute to the phase shifts
below the CM energy of 1460 MeV, because they are so
far away. Thus, the predictions for the phase shifts of

the partial waves in the KN scattering are reasonable.
However, as we all know, there exists the Λð1405Þ
resonance as a quasibound KN state below the threshold
energy in a S01 wave. To solve this problem, the
solution is given by the nonperturbative resummation
approach with a phenomenologically successful descrip-
tion of the scattering amplitude [42–45] (for a review on
this issue, see Ref. [46]).
Now let us apply the above LECs to estimate the

kaon-nucleon and antikaon-nucleon scattering lengths.
We have two approaches to predict the scattering
lengths. One is through the use of Eq. (40) and the
LECs from Eqs. (42) and (43). As before, we do not fit
data below qK ¼ 50, 100 MeV (for C1;2;3, C4;5;6); hence,
the scattering lengths are predictions. The scattering
lengths are obtained by using an incident kaon momen-
tum qK ¼ 10 MeV and approximating its value at the
threshold. As a result, no errors are provided. We
present the values of the scattering lengths as
“Prediction A” in Table I. The other is through the
use of the formalism in Appendix B and the LECs from
Eq. (44). We show the values of the scattering lengths as
“Prediction B” in Table I. The values purely have
slightly difference than Ref. [15] because different data
are taken. In addition, for comparison, the various
empirical values are also shown in Table I. We success-
fully predict the isospin-1 scattering lengths. For the
isospin-0 KN scattering length, we obtain very small
negative values differing from the empirical values.
However, the error will cover the difference. As
expected, we fail to predict the isospin-0 KN scattering
length that is dominated by the Λð1405Þ resonance. The
situation is the same as the prediction for the phase
shifts of the KN scattering. From this, it would be more
reliable to predict the πΣ et al. scattering, although no
empirical data are available. These works will be
presented in our next publication.
Finally, we discuss the convergence. This issue is

addressed for KN scattering in Fig. 6. For S01, the leading

FIG. 5. The antikaon-nucleon (KN) phase shifts versus the
kaon laboratory momentum qK . The solid lines denote our
predictions through the LECs determined by the KN phase shifts
and the corresponding data.

TABLE I. Values of the scattering lengths for our predictions in comparison to the various empirical values. The scattering lengths are
in units of femtometers.

Sca. len. Prediction A Prediction B SP92a Martinb KamanoAc KamanoBc TWd TWBd NLOd

að1ÞKN −0.32 −0.33 −0.33

að0ÞKN −0.007 0.00 0.02

að1Þ
KN

0.39 0.41þ i0.39 0.37þ i0.60 0.07þ i0.81 0.33þ i0.49 0.29þ i0.76 0.27þ i0.74 0.57þ i0.73

að0Þ
KN

1.57 1.61þ i0.23 −1.70þ i0.68 −1.37þ i0.67 −1.62þ i1.02 −2.15þ i0.88 −2.15þ i0.96 −1.97þ i1.05

aPurely obtaining KN scattering lengths, from Ref. [36].
bFrom Ref. [47].
cFrom models A and B (denoted KamanoA and KamanoB) of Ref. [48].
dFrom the three different schemes of Ref. [49], the determination of the scattering lengths included the recent precise measurement of

the kaonic hydrogen by the SIDDHARTA Collaboration [50].
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order is zero. The second-order contribution is much
bigger than the third order and describes well the partial
wave. For S11, we find that there is sizeable cancellation
between the second and the third orders. This feature
has also occurred in the chiral expansion of a threshold
T matrix [14]. For P waves, the second order is much
more important than the others in all partial waves and
nearly describes well the empirical phase shifts. The
situation is simpler than the πN scattering [10].
According to these results, a higher-order Oðq4Þ calcula-
tion is needed.
In summary, we have calculated the T matrices for KN

and KN scattering to one-loop order in SU(3) HBχPT.
We then fit the σπN , the SP92 phase shifts of KN
scattering, and the corresponding data to determine the
LECs. This leads to a good description of the phase shifts
below 200 MeV kaon momentum in the laboratory
frame. We also discuss the LEC uncertainties through
statistical regression analysis and find a constraint among
the LECs. In order to check the consistency of the ChPT
framework for different observables, we determine the
LECs by the scattering lengths, make a comparison with

the LECs determined by the phase shifts, and obtain a
consistent result. By using these LECs, we predict the
KN scattering phase shifts and obtain a reasonable result.
The s-wave scattering lengths are predicted with the
energy-dependent solution (Prediction A) and in the case
of the threshold T matrices (Prediction B). As expected,
we fail to predict the isospin-0 KN scattering length
which is dominated by the Λð1405Þ resonance. This issue
can be successfully solved by the nonperturbative resum-
mation approach, and that is not the focus of this paper.
Finally, we check the convergence of the KN scattering
and find that the large cancellations occurred between the
second and third orders in the S11 wave. In order to
determine accurately the LECs and make better predic-
tions, higher-order Oðq4Þ calculations are needed in SU
(3) HBχPT. In addition, the prediction for the octet
meson and octet baryon interaction (such as πΣ
and πΛ scattering) will be calculated in the next
publication. We also expect our calculations to provide
a possibility to investigate the baryon-baryon interaction
in HBχPT.
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APPENDIX A: ONE-LOOP AMPLITUDES

In this Appendix, we present the nonvanishing
amplitudes from nonvanishing one-loop diagrams. The
amplitudes are shown one diagram by one diagram (but
similar diagrams are grouped together) due to the
expressions being too tedious. For giving the expressions
as many details as possible, we use several functions
in the following expressions. The normal unit step
function

θðxÞ ¼
�
1 x > 0;

0 x < 0
ðA1Þ

is used. We also define

Q2 ¼ 2q2ð1 − zÞ; ðA2Þ

rðmÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi����1 − 4m2

Q2

����
s

: ðA3Þ

Figures 2(a)–2(d):

FIG. 6. Convergence properties as exemplified by our predic-
tions for the KN phase shifts. The dashed, dotted, and dashed-
dotted lines denote the first, second, and third order, respectively.
The solid lines give the sum of the first-, second-, and third-order
contributions.
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where

αDF
π ¼ −6D4 − 9D3F − 3D2F2 þ 9DF3 þ 9F4;

αDF
K ¼ −2D4 − 6D3F − 18D2F2 þ 6DF3 þ 36F4;

αDF
η ¼ −D4 þ 7D3F − 3D2F2 − 27DF3;

βDF
π ¼ 27D3F − 27D2F2 − 27DF3 þ 27F4;

βDF
K ¼ −4D4 þ 6D3F þ 6D2F2 − 6DF3 − 18F4;

βDF
η ¼ −5D4 þ 23D3F − 39D2F2 þ 45DF3;

γDF
π ¼ −2D4 þ 6D3F − 10D2F2 − 6DF3 þ 12F4;

γDF
K ¼ −2D4 − 4D2F2 þ 6F4;

γDF
η ¼ −2D4 þ 10D3F − 14D2F2 þ 6DF3;

δDF
π ¼ −9D4 − 27D3F þ 9D2F2 þ 27DF3;

δDF
K ¼ D4 − 8D3F − 30D2F2 þ 24DF3 þ 45F4;

δDF
η ¼ 5D4 − 5D3F − 21D2F2 − 27DF3: ðA12Þ

Figures 2(e)–2(h):
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Figures 2(i) and 2(j):
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αDF
π ¼ 12D4 þ 6D3F − 6D2F2 þ 18DF3 þ 18F4;

αDF
K;1 ¼ 13D4 − 42D2F2 þ 48F4;

αDF
K;2 ¼ −4D4 − 24D2F2 − 36F4;

αDF
η ¼ D4 − 6D3F þ 12D2F2 − 18DF3 þ 27F4;

βDF
π ¼ 9D4 þ 18D3F þ 36D2F2 þ 54DF3 þ 27F4;

βDF
K;1 ¼ −11D4 þ 54D2F2 − 27F4;

βDF
K;2 ¼ −16D4 þ 96D3F − 144D2F2;

βDF
η ¼ 2D4 − 18D3F þ 54D2F2 − 54DF3;

γDF
π ¼ 21D4 þ 24D3F þ 30D2F2 þ 72DF3 þ 45F4;

γDF
K;1 ¼ 2D4 þ 12D2F2 þ 18F4;

γDF
K;2 ¼ −20D4 þ 96D3F − 168D2F2 − 36F4;

γDF
η ¼ 3D4 − 24D3F þ 66D2F2 − 72DF3 þ 27F4;

δDF
π ¼ 36D4 − 72D2F2 þ 36F4;

δDF
K;1 ¼ 50D4 − 180D2F2 þ 162F4;

δDF
K;2 ¼ 4D4 − 96D3F þ 72D2F2 − 108F4;

δDF
η ¼ D4 − 18D2F2 þ 81F4: ðA29Þ

Figures 2(k) and 2(l):
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Vð1Þ
KN ¼ 1

576πf4K

�
3ðDþ FÞ2

�
3m3

π þ 3mπQ2 − 12πm2
πQ2K0ðmπÞ þ

2w
π

H0ðmπÞ
�
þ 2ð7D2 − 6DF þ 15F2Þ

×

�
m3

K þmKQ2 − 4πm2
KQ

2K0ðmKÞ þ
w
π
H0ðmKÞ

�
þ ðD − 3FÞ2½3m3

η þ 4mηm2
K þ 3mηQ2

− 4πð8m2
K þ 3Q2Þm2

ηK0ðmηÞ� þ ðDþ FÞð3F −DÞ
�
1

2
ðmπ þmηÞð15m2

π þ 21m2
η − 18mπmη þ 3Q2Þ

þ 2πð12m4
η − 60m2

πm2
η − 18m2

πQ2 − 6m2
ηQ2 þ 3Q4ÞHðmπ; mηÞ þ 2πð12m4

π − 36m2
πm2

η − 18m2
ηQ2

− 6m2
πQ2 þ 3Q4 − 24m4

ηÞHðmη; mπÞ
�	

; ðA62Þ

Vð0Þ
KN ¼ 1

576πf4K

�
3ðDþ FÞ2

�
3m3

π þ 3mπQ2 − 12πm2
πQ2K0ðmπÞ −

6w
π

H0ðmπÞ
�
þ 18ðD − FÞ2

×

�
m3

K þmKQ2 − 4πm2
KQ

2K0ðmKÞ þ
w
π
H0ðmKÞ

�
þ ðD − 3FÞ2½3m3

η þ 4mηm2
K þ 3mηQ2

− 4πð8m2
K þ 3Q2Þm2

ηK0ðmηÞ� þ 3ðDþ FÞðD − 3FÞ
�
1

2
ðmπ þmηÞð15m2

π þ 21m2
η − 18mπmη þ 3Q2Þ

þ 2πð12m4
η − 60m2

πm2
η − 18m2

πQ2 − 6m2
ηQ2 þ 3Q4ÞHðmπ; mηÞ þ 2πð12m4

π − 36m2
πm2

η − 18m2
ηQ2

− 6m2
πQ2 þ 3Q4 − 24m4

ηÞHðmη; mπÞ
�	

; ðA63Þ

Vð1Þ
KN

¼ 1

576πf4K

�
3ðDþ FÞ2

�
3m3

π þ 3mπQ2 − 12πm2
πQ2K0ðmπÞ þ

2w
π

H0ðmπÞ
�
þ 8ð2D2 − 3DF þ 3F2Þ

×

�
m3

K þmKQ2 − 4πm2
KQ

2K0ðmKÞ −
w
π
H0ðmKÞ

�
þ ðD − 3FÞ2½3m3

η þ 4mηm2
K þ 3mηQ2

− 4πð8m2
K þ 3Q2Þm2

ηK0ðmηÞ� þ ðDþ FÞðD − 3FÞ
�
1

2
ðmπ þmηÞð15m2

π þ 21m2
η − 18mπmη þ 3Q2Þ

þ 2πð12m4
η − 60m2

πm2
η − 18m2

πQ2 − 6m2
ηQ2 þ 3Q4ÞHðmπ; mηÞ þ 2πð12m4

π − 36m2
πm2

η − 18m2
ηQ2

− 6m2
πQ2 þ 3Q4 − 24m4

ηÞHðmη; mπÞ
�	

; ðA64Þ

KAON-NUCLEON SCATTERING TO ONE-LOOP ORDER IN … PHYSICAL REVIEW D 92, 114033 (2015)

114033-17



Vð0Þ
KN

¼ 1

576πf4K

�
3ðDþ FÞ2

�
3m3

π þ 3mπQ2 − 12πm2
πQ2K0ðmπÞ −

6w
π

H0ðmπÞ
�
þ 12ðD2 þ 3F2Þ

×

�
m3

K þmKQ2 − 4πm2
KQ

2K0ðmKÞ −
w
π
H0ðmKÞ

�
þ ðD − 3FÞ2½3m3

η þ 4mηm2
K þ 3mηQ2

− 4πð8m2
K þ 3Q2Þm2

ηK0ðmηÞ� þ 3ðDþ FÞð3F −DÞ
�
1

2
ðmπ þmηÞð15m2

π þ 21m2
η − 18mπmη þ 3Q2Þ

þ 2πð12m4
η − 60m2

πm2
η − 18m2

πQ2 − 6m2
ηQ2 þ 3Q4ÞHðmπ; mηÞ þ 2πð12m4

π − 36m2
πm2

η − 18m2
ηQ2

− 6m2
πQ2 þ 3Q4 − 24m4

ηÞHðmη; mπÞ
�	

; ðA65Þ

where

K0ðmÞ ¼ 1

16π
ffiffiffiffiffiffi
Q2

p �
ln
2m −

ffiffiffiffiffiffi
Q2

p
2mþ

ffiffiffiffiffiffi
Q2

p �
θð4m2 −Q2Þ þ 1

16π
ffiffiffiffiffiffi
Q2

p �
ln

ffiffiffiffiffiffi
Q2

p
− 2mffiffiffiffiffiffi

Q2
p

þ 2m
þ iπ

�
θðQ2 − 4m2Þ; ðA66Þ

H0ðmÞ ¼ m2 −
Q2

6
− 4m2 ln

m
λ
þ
�
2m2 þQ2

4

��
1 − 2 ln

m
λ
− 2rðmÞ

�
arctan

1

rðmÞ
�
θð4m2 −Q2Þ

−
�
rðmÞ ln

���� 1þ rðmÞ
1 − rðmÞ

���� − iπrðmÞ
�
θðQ2 − 4m2Þ

�
; ðA67Þ

Hðm1; m2Þ ¼
1

32π2
ffiffiffiffiffiffi
Q2

p ½F1ðy1Þ þ F1ðy2Þ þ F2ðx1Þ þ F2ðx2Þ − F3ðz1Þ − F3ðz2Þ�; ðA68Þ

with

F1ðxÞ ¼ Li2

�
z0 − 2Q2

z0 − 2
ffiffiffiffiffiffi
Q2

p
x

�
− Li2

�
z0

z0 − 2
ffiffiffiffiffiffi
Q2

p
x

�
; F2ðxÞ ¼ −Li2

�
z0 − 2Q2

z0 − 2
ffiffiffiffiffiffi
Q2

p
x

�
−
1

2
ln2
�
z0 − 2

ffiffiffiffiffiffi
Q2

p
x

λ2

�
;

F3ðxÞ ¼ −Li2
�

z0
z0 − 2

ffiffiffiffiffiffi
Q2

p
x

�
−
1

2
ln2
�
z0 − 2

ffiffiffiffiffiffi
Q2

p
x

λ2

�
; z0 ¼ m2

2 −m2
1 þQ2; x1;2 ¼

ffiffiffiffiffiffi
Q2

p
� im2;

z1;2 ¼ �im1; y1;2 ¼ −
1

2
ffiffiffiffiffiffi
Q2

p ðm2
1 −m2

2 þQ2 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½Q2 − ðm1 þm2Þ2�½Q2 − ðm1 −m2Þ2�

q
Þ: ðA69Þ

The dilogarithm or Spence function (polylogarithm function) is defined by

Li2ðxÞ ¼ −
Z

1

0

dt
lnð1 − xtÞ

t
: ðA70Þ

External leg (wave function) renormalization (including the contributions resulting from renormalizing f to fK in the
leading-order terms)

Vð1Þ
KN ¼ 1

3f2K

�
−3wþ ðD2 þ 3F2Þ zq

2

w

�
ðδZN − 2δZKÞ; ðA71Þ

Wð1Þ
KN ¼ 1

3wf2K
ðD2 þ 3F2ÞðδZN − 2δZKÞ; ðA72Þ

Vð0Þ
KNðqÞ ¼

ð2D2 − 6DFÞq2z
3wf2K

ðδZN − 2δZKÞ; ðA73Þ
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Wð0Þ
KNðqÞ ¼

2D2 − 6DF
3wf2K

ðδZN − 2δZKÞ; ðA74Þ

Vð1Þ
KN

ðqÞ¼ 1

2f2K

�
w−ðD−FÞ2q

2z
w

�
ðδZN−2δZKÞ; ðA75Þ

Wð1Þ
KN

ðqÞ ¼ −
ðD − FÞ2
2wf2K

ðδZN − 2δZKÞ; ðA76Þ

Vð0Þ
KN

ðqÞ ¼ 1

6f2K

�
9w − ðDþ 3FÞ2 q

2z
w

�
ðδZN − 2δZKÞ;

ðA77Þ

Wð0Þ
KN

ðqÞ ¼ −
ðDþ 3FÞ2

6wf2K
ðδZN − 2δZKÞ; ðA78Þ

where

δZN ¼ −
1

96π2f2K

�
9ðDþ FÞ2m2

π

�
1þ 3 ln

mπ

λ

�

þ ð10D2 þ 18F2 − 12DFÞm2
K

�
1þ 3 ln

mK

λ

�

þ ðD − 3FÞ2m2
η

�
1þ 3 ln

mη

λ

��
;

δZK ¼ 1

32π2f2K

�
m2

π ln
mπ

λ
þ 2m2

K ln
mK

λ
þm2

η ln
mη

λ

�
:

ðA79Þ

APPENDIX B: THRESHOLD T MATRICES

We take the relations between the threshold T matrices

and the scattering lengths: Tð0;1Þ
KN;th ¼ 4πð1þmK=MNÞað0;1ÞKN

and Tð0;1Þ
KN;th

¼ 4πð1þmK=MNÞað0;1ÞKN
. The threshold T

matrix can be obtained through ~q ¼ 0 when the corre-
sponding diagrams are calculated. Here, the one-loop order
threshold T matrices indicated by Oðq3Þ are the same as in
Ref. [15] and not given obviously. The resulting threshold
T matrices are given by

Tð1Þ
KN;th ¼ −

mK

f2K

�
1þ mK

6M0

ðD2 þ 3F2Þ þmKð4bD þ 4b0 þ C1 þ C2Þ
�
þOðq3Þ; ðB1Þ

Tð0Þ
KN;th ¼

m2
K

f2K

�
D

3M0

ð3F −DÞ þ ð4bF − 4b0 þ C4 þ C5Þ
�
þOðq3Þ; ðB2Þ

Tð1Þ
KN;th

¼ mK

f2K

�
1

2
−

mK

4M0

ðD − FÞ2 þmKð2bF − 2bD − 4b0Þ −
mK

2
ðC1 þ C2 − C4 − C5Þ

�
þOðq3Þ; ðB3Þ

Tð0Þ
KN;th

¼ mK

f2K

�
3

2
−

mK

12M0

ðDþ 3FÞ2 − 2mKð3bD þ bF þ 2b0Þ −
mK

2
ð3C1 þ 3C2 þ C4 þ C5Þ

�
þOðq3Þ: ðB4Þ
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