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We study integrable open boundary conditions for dð2; 1; αÞ2 and psuð1; 1j2Þ2 spin-chains. Magnon
excitations of these open spin-chains are mapped to massive excitations of type-IIB open superstrings
ending on D-branes in the AdS3 × S3 × S3 × S1 and AdS3 × S3 × T4 supergravity geometries with pure
R-R flux. We derive reflection matrix solutions of the boundary Yang-Baxter equation which intertwine
representations of a variety of boundary coideal subalgebras of the bulk Hopf superalgebra. Many of these
integrable boundaries are matched to D1- and D5-brane maximal giant gravitons.
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I. INTRODUCTION

Integrability has been a remarkable discovery in
AdS/CFT, leading to the matching of an infinite tower
of conserved quantities on the gauge and gravity sides of
these dualities [1,2]. In the canonical AdS5=CFT4 [3], the
infinite-dimensional superalgebra underlying integrability
is a Yangian symmetry [4,5] with level-0 Lie superalgebra a
central extension of suð2j2Þ, denoted suð2j2Þc. The
universal enveloping algebra of suð2j2Þc is endowed with
the structure of a Hopf algebra. Massive excitations of the
world sheet of a closed IIB superstring on AdS5 × S5 map
to suð2j2Þc–symmetric magnon excitations of a closed
spin-chain built from states in a representation of
psuð2; 2j4Þ, which is the superisometry algebra of
AdS5 × S5. The integrable S-matrix describing two-
magnon scattering is identified with the R-matrix of the
underlying superalgebra [6]. Three-magnon scattering
factorizes into a succession of two-magnon scattering
processes—a statement of integrability encoded in the
Yang-Baxter equation. Massive excitations of an open
IIB superstring ending on a D-brane in AdS5 × S5 map
to similar magnon excitations of a psuð2; 2j4Þ open spin-
chain with a distinguished boundary site [7]. The symmetry
of the boundary is determined by the superisometries
preserved by the D-brane which are contained in the bulk
magnon symmetry algebra suð2j2Þc. This boundary Lie
algebra may be extended to a coideal subalgebra of
the bulk Hopf superalgebra. The scattering of a single
magnon off an integrable boundary is described by a
boundary S-matrix—the matrix part of which is the
reflection K-matrix [8–11]. Two-magnon reflections fac-
torize into a succession of single-magnon reflections and
bulk two-magnon scattering processes—with this boundary
integrability encoded in the boundary Yang-Baxter
equation, also called the reflection equation [12].

The R-matrix intertwines representations of the bulk
Hopf superalgebra, while the K-matrix intertwines repre-
sentations of a boundary coideal subalgebra of this bulk
superalgebra.
Extensive studies, which were initiated in Ref. [13], have

been made of integrability in AdS3=CFT2. The dual field
theories have been the subject of recent interest [14–17], but
much still remains to be understood. On the string theory
side, the IIB supergravity backgrounds AdS3 × S3 ×M4,
with M4 ¼ S30 × S1 or T4, are known [18,19]. Both back-
grounds are half-BPS, preserving eight left- and eight
right-moving supersymmetries, and have a combination
of NS-NS or R-R 3-form flux—we focus here exclusively
on the case of pure R-R flux. The AdS3 × S3 × S30 × S1

supergravity geometry has AdS3 radius L, and S3 and S30
radii R and R0, which must satisfy [18]

1

R2
þ 1

R02 ¼
1

L2
;

implyingR ¼ L sec β andR0 ¼ L csc β. Hereα≡ cos2 β is a
parameter related to the relative size of the 3-spheres. The
bosonic isometry algebra is

soð2; 2Þ ⊕ soð4Þ ⊕ soð4Þ0 ⊕ uð1Þ
∼ ½suð1; 1Þ ⊕ suð2Þ ⊕ suð2Þ0�L
⊕ ½suð1; 1Þ ⊕ suð2Þ ⊕ suð2Þ0�R ⊕ uð1Þ;

which splits into two copies (left and right) of the bosonic
subalgebra suð1; 1Þ ⊕ suð2Þ ⊕ suð2Þ0 of the Lie super-
algebra dð2; 1; αÞ. The superisometry algebra of AdS3 ×
S3 × S30 × S1 is dð2; 1; αÞ2 ⊕ uð1Þ. The size of the 3-sphere
S30 becomes infinite in the α → 1 limit, and a compactifi-
cation1 of the resulting R3 gives the IIB supergravity
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1Here we ignore complications which arise from neglecting
winding modes.
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background AdS3 × S3 × T4. The radii of AdS3 and S3,
denoted L, are now the same. The bosonic isometry
algebra

soð2; 2Þ ⊕ soð4Þ ⊕ uð1Þ4
∼ ½suð1; 1Þ ⊕ suð2Þ�L ⊕ ½suð1; 1Þ ⊕ suð2Þ�R ⊕ uð1Þ4

contains two copies of the bosonic algebra suð1; 1Þ ⊕
suð2Þ of the Lie superalgebra psuð1; 1j2Þ. The super-
isometry algebra of AdS3×S3×T4 is psuð1;1j2Þ2⊕uð1Þ4.
Massive excitations of the world sheet of a closed IIB

superstring on AdS3 × S3 × S30 × S1 map to suð1j1Þ2c–
symmetric magnon excitations of a closed, alternating
spin-chain built from states in two representations of
dð2; 1; αÞ2 at odd and even sites. There is symmetry
enhancement in the α → 1 limit. Massive world-sheet
excitations of a closed IIB superstring on AdS3×S3×T4

map to ½psuð1j1Þ2 ⊕ uð1Þ�2c–symmetric magnon excita-
tions of a closed, homogeneous spin-chain built from
states in a representation of psuð1; 1j2Þ2. The universal
enveloping algebras of suð1j1Þ2c and ½psuð1j1Þ2 ⊕ uð1Þ�2c
can be endowed with Hopf algebra structures. Integrable
S-matrices describing two-magnon scattering were derived
in Refs. [20,21] (see Ref. [22] for a recent review and
Refs. [23–25] for early work). The R-matrix of the
psuð1; 1j2Þ2 spin-chain is essentially two copies of the
R-matrix of the dð2; 1; αÞ2 spin-chain. A variety of results
for the string sigma model were obtained in Refs. [26–37],
and a proposal for the dressing phases was put forward in
Ref. [38] (see also Ref. [39]). The scattering of massless
excitations of the superstring world sheet was considered in
Refs. [40–44].
Integrability manifests here in the form of infinite-

dimensional Yangian symmetries. Hopf algebra structures
in AdS5=CFT4 were described in Refs. [45,46], and the full
suð2j2Þc Yangian symmetry was introduced in Ref. [47]
and further explored in Refs. [48,49]. Yangian symmetries
in AdS3=CFT2 were explored in Refs. [21,50], but only
recently fully described in Ref. [51]. Since the representa-
tion theory of suð1j1Þ2c is relatively simple, with massive
excitations being vectors in a two-dimensional atypical
(short) representation and the R-matrix intertwining 2 four-
dimensional typical (long) representations, the Yangian is
not needed to obtain the R-matrix (see Ref. [52] for the
situation in AdS5=CFT4). However, it is necessary to know
the full Yangian symmetry to construct the algebraic Bethe
ansatz equations. The Bethe equations for AdS3=CFT2

were proposed in Ref. [53] and later derived using the
coordinate method in Ref. [54]. Boundary Yangian sym-
metry for AdS5=CFT4 has undergone an extensive study in
Refs. [55–60], and the boundary Bethe equations were
constructed in Refs. [11,61–64]. The natural next step in
the exploration of integrability and the spectral problem for

open superstrings in AdS3=CFT2 is to find the boundary
Yangian symmetries and hence derive the Bethe equations.
A comprehensive study of open spin-chains with inte-

grable boundaries in AdS3=CFT2 is presented in this paper.
The dð2; 1; αÞ2 and psuð1; 1j2Þ2 open spin-chains map to
open IIB superstrings ending on D-branes in AdS3 × S3 ×
S30 × S1 and AdS3 × S3 × T4. In particular, half- and
quarter-BPS maximal D1- and D5-brane giant gravitons
[65–67] provide a variety of integrable boundaries. We
derive reflection matrices which describe single-magnon
scattering off singlet and vector boundary states. As for the
bulk R-matrix, the K-matrices of the psuð1; 1j2Þ2 spin-
chain can be built from two K-matrices of the dð2; 1; αÞ2
spin-chain. In the dð2; 1; αÞ2 case, the reflection matrices
intertwine representations of totally supersymmetric, half-
supersymmetric and non-supersymmetric boundary Lie
algebras (symmetries of the D-branes), which can be
extended to coideal subalgebras of the bulk Hopf super-
algebra. Several of our reflection matrices coincide with
certain suð1j1Þ subsectors of the reflection matrices of
psuð2; 2j4Þ open spin-chains. These map to open IIB
superstrings ending on D3-brane Y ¼ 0 and Z ¼ 0 giant
gravitons [8] and D7 branes [9] in AdS5 × S5. We uncover
novel hidden boundary symmetries of a chiral reflection
matrix with a non-supersymmetric boundary Lie algebra—
these have no known analogue in AdS5=CFT4. We also
derive an achiral reflection matrix for a non-supersymmetric
boundary Lie algebra generated by the magnon
Hamiltonian.
The structure of this paper is as follows: D1 and

D5-brane maximal giant gravitons and their symmetries
are described in Sec. II. Sections II A and II B therein focus
on maximal giant gravitons in AdS3 × S3 × S03 × S1 and
AdS3 × S3 × T4, respectively. Sections III and IV describe
the dð2; 1; αÞ2 closed and open spin-chains. Section III
contains a review of the dð2; 1; αÞ2 closed spin-chain and its
R-matrices. Here we choose a different frame for the U-
deformation of the bulk Hopf superalgebra from the one
used in Ref. [20]; this frame is more convenient for the
boundary scattering theory. Section IV presents our novel
results for the dð2; 1; αÞ2 open spin-chain. We derive
various K-matrices and describe the associated boundary
coideal subalgebras. The psuð1; 1j2Þ2 closed and open
spin-chains are the subject of Secs. V and VI. Section V
contains a brief review of the psuð1; 1j2Þ2 closed spin-
chain and its R-matrices. Our new results concerning
psuð1; 1j2Þ2 open spin-chains, K-matrices and boundary
coideal subalgebras are presented in Sec. VI. Concluding
remarks are contained in Sec. VII. Appendix A states our
spinor conventions. Appendix B describes the relevant
representation theory of dð2; 1; αÞ and psuð1; 1j2Þ.
Appendix C shows various useful expressions relating to
the SOð2; 2Þ and SOð4Þ bosonic isometry groups of the
supergravity backgrounds.
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II. MAXIMAL GIANT GRAVITONS

A. Maximal giant gravitons on
AdS3 × S3 × S30 × S1

We start by giving the details of the type-IIB super-
gravity background AdS3 × S3 × S30 × S1 with pure
R-R 3-form flux, and describe D1 and D5-brane maximal
giant gravitons based on Ref. [67].

1. AdS3 × S3 × S30 × S1 with
pure R-R flux

IIB supergravity solution.—The AdS3 × S3 × S30 × S1

background has the metric

ds2 ¼ L2ð−cosh2ρdt2 þ dρ2 þ sinh2ρdφ2Þ
þ R2ðdθ2 þ cos2θdχ2 þ sin2θdϕ2Þ
þ R02ðdθ02 þ cos2θ0dχ02 þ sin2θ0dϕ02Þ
þ l2dξ2; ð2:1Þ

with R ¼ L sec β and R0 ¼ L csc β, where α≡ cos2 β. This
geometry is symmetric under α → 1 − α and an inter-
change of S3 and S30. The 3-form field strength Fð3Þ ¼
dCð2Þ is given by

Fð3Þ ¼ 2L2dt ∧ ðsinh ρ cosh ρdρÞ ∧ dφ

þ 2R2ðsin θ cos θdθÞ ∧ dχ ∧ dϕ

þ 2R02ðsin θ0 cos θ0dθ0Þ ∧ dχ0 ∧ dϕ0 ð2:2Þ

in the case of pure R-R flux. The Hodge dual 7-form field
strength Fð7Þ ¼ dCð6Þ ¼ �Fð3Þ is

Fð7Þ ¼ −
2R3R03l

L
ðsin θ cos θdθÞ ∧ dχ ∧ dϕ

∧ ðcos θ0 sin θ0dθ0Þ ∧ dχ0 ∧ dϕ0 ∧ dξ

−
2L3R03l

R
dt ∧ ðsinh ρ cosh ρdρÞ ∧ dφ

∧ ðsin θ0 cos θ0dθ0Þ ∧ dχ0 ∧ dϕ0 ∧ dξ

þ 2L3R3l
R0 dt ∧ ðsinh ρ cosh ρdρÞ ∧ dφ

∧ ðsin θ cos θdθÞ ∧ dχ ∧ dϕ ∧ dξ: ð2:3Þ

The 3-form and 5-form fluxes couple to D1- and D5-
branes. Dynamically stable giant gravitons with angular
momentum on both 3-spheres were shown to exist in
Ref. [67]. D1- and D5-brane maximal giant gravitons
provide integrable boundary conditions for open IIB super-
strings on AdS3 × S3 × S30 × S1.

Supersymmetry.—The supersymmetry variations of the
dilatino and gravitino are2

δλ ¼ i
4
Fð3ÞðBεÞ�;

δΨM ¼ ∇Mε −
i
8
Fð3ÞΓMðBεÞ�; ð2:4Þ

parametrized by ε ¼ ε1 þ iε2, with the 32-componentWeyl-
Majorana spinors εI satisfying ΓεI¼εI and ðBεIÞ�¼εI , for
I ∈ f1; 2g. The charge conjugation matrix is C ¼ BΓ0.
Also,3

Fð3Þ ¼
2

L
Γ012ðIþ ffiffiffi

α
p

Γ012Γ345 þ
ffiffiffiffiffiffiffiffiffiffiffi
1 − α

p
Γ012Γ678Þ

¼ 4

L
Γ012KþðαÞ; ð2:5Þ

with our gamma matrix conventions shown in Appendix A.
Here

K�ðαÞ≡ 1

2
½I� ð ffiffiffi

α
p

Γ012Γ345 þ
ffiffiffiffiffiffiffiffiffiffiffi
1 − α

p
Γ012Γ678Þ�: ð2:6Þ

The gravitino Killing-spinor equation δΨM ¼ 0 implies
a solution of the form [67]

εðxMÞ ¼ MþðxMÞεþ þM−ðxMÞε−
¼ MþðxMÞð1þ iÞεL þM−ðxMÞð1þ iÞεR; ð2:7Þ

decomposed into left- and right-movers, with

M�ðxMÞ ¼ e�1
2
ρΓ02e

1
2
ðφ�tÞΓ12e�1

2
θΓ45e

1
2
ðϕ∓χÞΓ35

× e�1
2
θ0Γ78e

1
2
ðϕ0∓χ0ÞΓ68 : ð2:8Þ

2The vielbeins ÊA ¼ EA
Mdx

M are given by

Ê0¼Lcoshρdt; Ê1¼Ldρ; Ê2¼Lsinhρdφ;

Ê3¼Rdθ; Ê4¼Rcosθdχ; Ê5¼Rsinθdϕ;

Ê6¼R0dθ0; Ê7¼R0 cosθ0dχ0; Ê8¼R0 sinθ0dϕ0; Ê9¼ldξ:

The supercovariant derivatives ∇M ¼ ∂MþΩAB
M ΓAB, with Ω̂AB ¼

ΩAB
M dxM satisfying dÊA þ Ω̂A

B ∧ ÊB, are

∇t ¼ ∂t þ
1

2
sinhρΓ01; ∇ρ ¼ ∂ρ;

∇φ ¼ ∂φ −
1

2
coshρΓ12; ∇θ ¼ ∂θ;

∇χ ¼ ∂χ þ
1

2
sin θΓ34; ∇ϕ ¼ ∂ϕ −

1

2
cos θΓ35; ∇θ0 ¼ ∂θ0 ;

∇χ0 ¼ ∂χ0 þ
1

2
sin θ0Γ67; ∇ϕ0 ¼ ∂ϕ0 −

1

2
cos θ0Γ68; ∇ξ ¼ ∂ξ:

3Here we use the notation Fð3Þ ≡ 1
3!
Fð3ÞNRSEN

AE
R
BE

S
CΓABC.
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Here iðBε�Þ� ¼ �ε� and Γε� ¼ ε�, with εþ ¼ ð1þ iÞεL
and ε− ¼ ð1þ iÞεR. The left- and right-movers satisfy
ðBεLÞ� ¼ εL and ðBεRÞ� ¼ −εR, with Γεa ¼ εa, for
a ∈ fL;Rg. The Weyl-Majorana spinors are written in
terms of these left- and right-movers as εI ¼ εL − ið−1ÞIεR.
The dilatino Killing-spinor equation δλ ¼ 0 now further

implies KþðαÞεa ¼ 0, which halves the number of left- and
right-moving degrees of freedom from 16 to 8, yielding a
half-BPS geometry.
The spinors εL and εR can be decomposed into eigen-

states εLbβ _β and εRbβ _β, which have eigenvalues ðb; β; _βÞ ¼
ð�;�;�Þ of the Dirac bilinears given in (A6):

iΓ12ε
abβ _β ¼ bεabβ _β; iΓ35ε

abβ _β ¼ −βεabβ _β;

iΓ68ε
abβ _β ¼ −_βεabβ _β: ð2:9Þ

The IIB supergravity background AdS3 × S3 × S30 × S1 is
thus invariant under eight left- and eight right-moving
supersymmetry transformations, parametrized by εabβ _β,
which satisfy

KþðαÞεabβ _β ¼ 0

and so K−ðαÞεabβ _β ¼ εabβ _β: ð2:10Þ

This gives rise to the kappa symmetry condition
KþðαÞΘabβ _βðτ; σÞ ¼ 0 of Ref. [13] when the target space
superfields are pulled back to the superstring world sheet to
give XMðτ; σÞ and Θabβ _βðτ; σÞ. Here the spinors εabβ _β

parametrize translations in these spinor directions in super-
space, which are generated by the superchargesQabβ _β. The
full superisometry algebra is dð2;1;αÞL⊕dð2;1;αÞR⊕uð1Þ,
with the details of the exceptional Lie superalgebra
dð2; 1; αÞ given in Appendix B. It was noted in
Ref. [13] that this is the correct kappa symmetry gauge
choice to allow for comparison between the Green-
Schwarz action and their Z4-graded ðdð2; 1; αÞL ⊕
dð2; 1; αÞRÞ=ðsuð1; 1Þ ⊕ suð2Þ ⊕ suð2ÞÞ integrable coset
model which describes a closed IIB superstring
on AdS3 × S3 × S30 × S1.

2. Maximal giant gravitons and boundary algebras

Massive excitations of a closed IIB superstring on
AdS3 × S3 × S30 × S1 map to magnon excitations of a
dð2; 1; αÞ2 closed spin-chain. Section III discusses how
choosing a vacuum Z breaks the dð2; 1; αÞ2 symmetry to
suð1j1Þ2, centrally extended to suð1j1Þ2c. An open IIB
superstring ending on a D-brane maps to a dð2; 1; αÞ2 open
spin-chain with boundaries. The boundary Lie algebra is a
subalgebra of suð1j1Þ2c determined by the D-brane sym-
metries which survive the choice of spin-chain vacuum.
This can be extended to a coideal subalgebra of the Hopf
superalgebra, as explained in Sec. IV. We classify boundary

Lie algebras for D5 and D1-brane maximal giant gravitons
in AdS3 × S3 × S30 × S1.
Maximal D5-brane giant gravitons.—The D5-brane

giant graviton of Ref. [67] factorizes at maximum size
into two D5-branes, which wrap S1 × S30 × S1 and
S3 × S10 × S1, and move only along the time direction in
AdS3. Each half-BPS D5-brane preserves four left- and
four right-moving supersymmetries on its world volume.
We focus on the first half of the maximal giant (see Fig. 1).
This breaks the bosonic isometry algebra to

ðuð1Þ ⊕ uð1ÞÞ ⊕ ðuð1Þ ⊕ uð1ÞÞ ⊕ soð4Þ0 ⊕ uð1Þ
⊂ soð2; 2Þ ⊕ soð4Þ ⊕ soð4Þ0 ⊕ uð1Þ:

Z ¼ 0 giant.—Let us take the C2 and C02 embedding
coordinates of the 3-spheres to be

ðZ;YÞ ¼ ðx1 þ ix2; x3 þ ix4Þ ¼ ðR cosθeiχ ;R sinθeiϕÞ;
ðZ0; Y 0Þ ¼ ðx01 þ ix02; x

0
3 þ ix04Þ ¼ ðR0 cosθ0eiχ0 ;R0 sinθ0eiϕ0 Þ;

ð2:11Þ

as in Ref. [67]. The maximal D5-brane giant graviton
consists of Z ¼ 0 and Z0 ¼ 0 halves. Let us focus on the
Z ¼ 0 giant which wraps the ϕ great circle in S3 and the
S30 × S1 space. The world-volume metric, obtained by
setting ρ ¼ 0 and θ ¼ π

2
, is

ds2¼−L2dt2þR2dϕ2þR02ðdθ02þcos2θ0dχ02þsin2θ0dϕ02Þ
þl2dξ2:

The bosonic symmetries of this D5-brane include time
translations and rotations in AdS3, rotations in S3 in the
x1x2 and x3x4 planes, and all rotations in S30, generated by

Ja0 ∈ uð1Þa ⊂ suð1; 1Þa; La5 ∈ uð1Þa ⊂ suð2Þa;
fRa8;Ra�g ∈ suð2Þ0a; for a ∈ fL;Rg;

with the splitting of soð2; 2Þ, soð4Þ and soð4Þ0 into
left and right algebras shown in Appendix C. The
Cartan elements of the suð1j1Þ2 superalgebra, denoted
Ha ¼ −Ja0 − αLa5 − ð1 − αÞRa8, are thus included in the
generators of bosonic symmetries of the Z ¼ 0 giant.

FIG. 1 (color online). Half of the D5-brane maximal giant
graviton wrapping S1 × S30 × S1 in AdS3 × S3 × S30 × S1.
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Kappa symmetry on the world volume of the D5-brane
requires

Γ056789ε ¼ −iðBεÞ�; ð2:12Þ

with the pullback of the Killing spinor (2.7) given by

ε ¼ ð1þ iÞMþðt;ϕ; θ0; χ0;ϕ0; ξÞεL
þ ð1þ iÞM−ðt;ϕ; θ0; χ0;ϕ0; ξÞεR: ð2:13Þ

Here KþðαÞεa ¼ 0, for a ∈ fL;Rg. This kappa symmetry
condition reduces to

Γ12ε
a ¼ Γ35ε

a; ð2:14Þ

and hence εabβ _β has labels satisfying −b ¼ β, with _β free.
The 4þ 4 supersymmetries compatible with kappa
symmetry on the world volume of the Z ¼ 0 giant are
generated by

fQa−þþ ≡Qa;Qa−þ−;Qaþ−− ≡Sa;Qaþ−þg:

The symmetries of this D5-brane include the suð1j1Þ2
superalgebra generated by fQa;Sa;Hag, which acts on
magnon excitations of the dð2; 1; αÞ2 spin-chain. The
boundary Lie algebra is the centrally extended suð1j1Þ2c.
We say the Z ¼ 0 giant is completely aligned with the spin-
chain vacuum Z.
Y ¼ 0 giant: An SOð4Þ transformation taking Z to Y

corresponds to simultaneous rotations by θ13 ¼ θ24 ¼ π
2
in

the x1x3 and x2x4 planes, achieved by UL ¼ iσ1 and UR ¼
I (see Appendix C). The 4þ 4 supersymmetries on the
world volume of the Y ¼ 0 giant are hence

fQL−−þ;QL−−−;QLþþ−;QLþþþ;

QR−þþ ≡QR;QR−þ−;QRþ−− ≡SR;QRþ−þg:

Thus fQR;SR;HR;HLg are both world-volume sym-
metries and in the suð1j1Þ2c superalgebra of magnon
excitations, and they generate the right half-supersymmetric
boundary Lie algebra uð1ÞL ⊕ suð1j1ÞR.

Ȳ ¼ 0 giant: An SOð4Þ transformation which takes Z to
Ȳ is obtained by setting θ13 ¼ −θ24 ¼ π

2
, corresponding to

UL ¼ I and UR ¼ −iσ1. The 4þ 4 supersymmetries of the
Ȳ ¼ 0 giant are

fQL−þþ ≡QL;QL−þ−;QLþ−− ≡SL;QLþ−þ;

QR−−þ;QR−−−;QRþþ−;QRþþþg:

Here fQL;SL;HL;HRg generate the left half-supersym-
metric boundary Lie algebra suð1j1ÞL ⊕ uð1ÞR.
Z̄ ¼ 0 giant:An SOð4Þ rotation taking Z to Z̄ is obtained

by setting θ24 ¼ π, which corresponds to UL ¼ iσ1 and
UR ¼ iσ1. The 4þ 4 supersymmetries of the Z̄ ¼ 0 giant
are thus

fQL−−þ;QL−−−;QLþþ−;QLþþþ;

QR−−þ;QR−−−;QRþþ−;QRþþþg;

none of which are in the suð1j1Þ2c superalgebra, although
the Cartan elements Ha remain world-volume symmetries.
The boundary Lie algebra uð1ÞL ⊕ uð1ÞR is therefore non-
supersymmetric.
We also consider the Z0 ¼ 0 giant which is completely

aligned with the spin-chain vacuum Z and has totally
supersymmetric boundary algebra suð1j1Þ2c. Then SOð4Þ0
transformations yield the Y 0 ¼ 0, Ȳ 0 ¼ 0 and Z̄0 ¼ 0 giants,
which give right and left half-supersymmetric, and non-
supersymmetric boundary algebras, uð1ÞL ⊕ suð1j1ÞR,
suð1j1ÞL ⊕ uð1ÞR and uð1ÞL ⊕ uð1ÞR (see Table I).
Maximal D1-brane giant gravitons.—The maximal D1-

brane giant graviton of Ref. [67] wraps a 1-cycle wound
around a torus S1 × S10 made up of two great circles of radii
R and R0 on the 3-spheres. This quarter-BPS D1-brane
preserves two left- and two right-moving supersymmetries
on its world volume. As shown in Fig. 2, the bosonic
isometry algebra is broken by our choice of torus to

ðuð1Þ ⊕ uð1ÞÞ ⊕ ðuð1Þ ⊕ uð1ÞÞ ⊕ ðuð1Þ0 ⊕ uð1Þ0Þ
⊂ soð2; 2Þ ⊕ soð4Þ ⊕ soð4Þ0 ⊕ uð1Þ;

and further by the D1-brane to

TABLE I. Boundary Lie algebras for D5-brane maximal giant gravitons on AdS3 × S3 × S30 × S1.

D5 giant Bosonic generators Supersymmetry generators Boundary algebra

Z ¼ 0 fJa0;La5;Ra�;Ra8g fQa−þ�;Qaþ−�g suð1j1Þ2c
Y ¼ 0 fJa0;La5;Ra�;Ra8g fQL−−�;QLþþ�;QR−þ�;QRþ−�g uð1ÞL ⊕ suð1j1ÞR
Ȳ ¼ 0 fJa0;La5;Ra�;Ra8g fQL−þ�;QLþ−�;QR−−�;QRþþ�g suð1j1ÞL ⊕ uð1ÞR
Z̄ ¼ 0 fJa0;La5;Ra�;Ra8g fQL−−�;QLþþ�;QR−−�;QRþþ�g uð1ÞL ⊕ uð1ÞR
Z0 ¼ 0 fJa0;La�;La5;Ra8g fQa−�þ;Qaþ�−g suð1j1Þ2c
Y 0 ¼ 0 fJa0;La�;La5;Ra8g fQL−�−;QLþ�þ;QR−�þ;QRþ�−g uð1ÞL ⊕ suð1j1ÞR
Ȳ 0 ¼ 0 fJa0;La�;La5;Ra8g fQL−�þ;QLþ�−;QR−�−;QRþ�þg suð1j1ÞL ⊕ uð1ÞR
Z̄0 ¼ 0 fJa0;La�;La5;Ra8g fQL−�−;QLþ�þ;QR−�−;QRþ�þg uð1ÞL ⊕ uð1ÞR
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ðuð1Þ ⊕ uð1ÞÞ ⊕ ðuð1Þσ ⊕ uð1Þ ⊕ uð1Þ0Þ.

Z ¼ Z0 ¼ 0 giant: Let us again make use of the
coordinates (2.11). The maximal D1-brane giant graviton
is specified in Ref. [67] by ρ ¼ 0 and Z ¼ Z0 ¼ 0, which
gives θ ¼ θ0 ¼ π

2
. The world volume is parametrized by

ðt; σÞ, where we define ϕ ¼ ασ and ϕ0 ¼ ð1 − αÞσ. The
D1-brane wraps a 1-cycle on the torus ðϕ;ϕ0Þ. The world-
volume metric is

ds2 ¼ −L2dt2 þ L2dσ2:

The bosonic symmetries of the torus are generated by all
the Cartan elements fJa0;La5;Ra8g. The D1-brane itself
wraps a 1-cycle on this torus. Its symmetries are time
translations and rotations in AdS3, rotations in S3 and S30 in
the x1x2 and x01x

0
2 planes transverse to the torus,

and translations along the 1-cycle in the world-volume
direction σ. These bosonic symmetries of the Z ¼ Z0 ¼ 0
giant are generated by

Ja0 ∈ uð1Þa ⊂ suð1; 1Þa;
LL5 − LR5 ∈ uð1Þ; RL8 −RR8 ∈ uð1Þ0;
− αðLL5 − LR5Þ − ð1 − αÞðRL8 −RR8Þ ∈ uð1Þσ

or, equivalently, by the generators

fJa0; ha;RL8 −RR8g for a ∈ fL;Rg:

Kappa symmetry on the world volume of the D1-brane
requires

Γ0ð
ffiffiffi
α

p
Γ5 þ

ffiffiffiffiffiffiffiffiffiffiffi
1 − α

p
Γ8Þε ¼ −iðBεÞ�; ð2:15Þ

with the pullback of the Killing spinor (2.7) given by

ε ¼ Mþðt; σÞð1þ iÞεL þM−ðt; σÞð1þ iÞεR: ð2:16Þ

Here KþðαÞεa ¼ 0, for a ∈ fL;Rg. This kappa symmetry
condition reduces to

Γ12ε
a ¼ Γ35ε

a ¼ Γ68ε
a: ð2:17Þ

The left- and right-moving supersymmetries preserved on
the D1-brane world volume are parametrized by εabβ _β, with
labels satisfying −b ¼ β ¼ _β. The 2þ 2 supersymmetries

compatible with kappa symmetry on the world volume of
the Z ¼ Z0 ¼ 0 maximal D1 giant are thus generated by

fQa−þþ ≡Qa;Qaþ−− ≡Sag:

The generators of the symmetries of this D1-brane include
all the generators fHa;Qa;Sag of the suð1j1Þ2 super-
algebra of magnon excitations of the dð2; 1;αÞ2 spin-chain,
which is centrally extended to suð1j1Þ2c. The Z ¼ Z0 ¼ 0
giant is thus totally aligned with the spin-chain vacuum Z,
and the boundary Lie algebra is the full superalge-
bra suð1j1Þ2c.
Various giant gravitons and boundary Lie algebras may

again be obtained by SOð4Þ or (and) SOð4Þ transformations
on one (both) 3-spheres. The results are summarized in
Table II. Here uð1Þ� are generated by one Cartan element
HL �HR. In Sec. IV, we will show that totally super-
symmetric, right and left half-supersymmetric and non-
supersymmetric boundary algebras, suð1j1Þ2c, uð1ÞL ⊕
suð1j1ÞR, suð1j1ÞL⊕uð1ÞR, uð1ÞL ⊕ uð1ÞR and uð1Þþ,
provide integrable open boundary conditions for the
dð2; 1; αÞ2 spin-chain; that is, we find reflection matrices
which intertwine representations of these boundary Lie
algebras and satisfy the boundary Yang-Baxter (reflection)
equation. However, the boundary Lie algebras suð1j1ÞL,
suð1j1ÞR, uð1ÞL, uð1ÞR and uð1Þ− will not give rise to
reflection matrices without enhanced boundary symmetry.

B. Maximal giant gravitons on AdS3 × S3 × T4

We now give the details of the type-IIB supergravity
background AdS3 × S3 × T4 with pure R-R 3-form flux,
and discuss D1 and D5-brane maximal giant gravitons
based on Refs. [65,66].

1. AdS3 × S3 × T4 with pure R-R flux

IIB supergravity solution.—The metric of the
AdS3 × S3 × T4 background is

ds2 ¼ L2ð−cosh2ρdt2 þ dρ2 þ sinh2ρdφ2Þ
þL2ðdθ2 þ cos2θdχ2 þ sin2θdϕ2Þ þ l2

i dξ
2
i : ð2:18Þ

The 3-form field strength Fð3Þ ¼ dCð2Þ is given by

Fð3Þ ¼ 2L2dt ∧ ðsinh ρ cosh ρdρÞ ∧ dφ

þ 2L2ðsin θ cos θdθÞ ∧ dχ ∧ dϕ ð2:19Þ

in the case of pure R-R flux. The Hodge dual 7-form field
strength Fð7Þ ¼ dCð6Þ ¼ �Fð3Þ is

FIG. 2 (color online). The D1-brane maximal giant graviton
wraps a 1-cycle on a S1 × S10 in AdS3 × S3 × S30 × S1.
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Fð7Þ ¼ −2L2l1l2l3l4ðsin θ cos θdθÞ ∧ dχ ∧ dϕ

∧ dξ1 ∧ dξ2 ∧ dξ3 ∧ dξ4

− 2L2l1l2l3l4dt ∧ ðsinh ρ cosh ρdρÞ
∧ dφ ∧ dξ1 ∧ dξ2 ∧ dξ3 ∧ dξ4: ð2:20Þ

These 3-form and 5-form fluxes couple to the D5- and
D1-brane giant gravitons of Refs. [65,66] which have
angular momentum on the 3-sphere. Maximal D1- and
D5-brane giant gravitons provide integrable boundaries for
open IIB superstrings on AdS3 × S3 × T4.
Supersymmetry.—The supersymmetry variations of the

dilatino and gravitino (2.4) are now written4 in terms of

Fð3Þ ¼
2

L
Γ012ðIþ Γ012Γ345Þ ¼ 4

L
Γ012Kþ;

where K� ≡ 1

2
ðI� Γ012Γ345Þ: ð2:21Þ

The gravitino Killing-spinor equation δΨM ¼ 0 implies a
solution of the form

εðxMÞ¼MþðxMÞð1þ iÞεLþM−ðxMÞð1þ iÞεR; ð2:22Þ

decomposed into left and right-movers, with

M�ðxMÞ ¼ e�1
2
ρΓ02e

1
2
ðφ�tÞΓ12e�1

2
θΓ45e

1
2
ðϕ∓χÞΓ35 : ð2:23Þ

The dilatino Killing-spinor equation δλ ¼ 0 further implies
Kþεa ¼ 0, which halves the number of left- and right-
moving degrees of freedom. The spinors εL and εR can be
decomposed into eigenstates εLbβ _β and εRbβ _β. This Killing
spinor (2.22) can be seen as the α → 1 limit of (2.7).
The IIB supergravity background AdS3 × S3 × T4 is

thus invariant under eight left- and eight right-moving
supersymmetry transformations, parametrized by εabβ _β,
which satisfy

Kþεabβ _β ¼ 0 and hence K−εabβ _β ¼ εabβ _β: ð2:24Þ

These supersymmetry transformations are generated by
the supercharges Qabβ _β. The superisometry algebra is
psuð1; 1j2ÞL ⊕ psuð1; 1j2ÞR ⊕ uð1Þ4 with the details of
the Lie superalgebra psuð1; 1j2Þ given in Appendix C.

2. Maximal giant gravitons and boundary algebras

A closed IIB superstring on AdS3 × S3 × T4 maps to a
closed psuð1; 1j2Þ2 spin-chain, as described in Sec. V, with
magnon excitations transforming under a centrally
extended ½psuð1j1Þ2 ⊕ uð1Þ�2c superalgebra specified by
our choice of vacuum Z. An open IIB superstring ending
on a D-brane maps to a psuð1; 1j2Þ2 open spin-chain with
the boundary Lie algebra determined by the D-brane

TABLE II. Boundary Lie algebras for D1-brane maximal giant gravitons on AdS3 × S3 × S30 × S1.

D1 giant Bosonic generators Supersymmetry generators Boundary algebra

Z ¼ Z0 ¼ 0 fJa0;Ha;LL5 − LR5g fQa−þþ;Qaþ−−g suð1j1Þ2c
Y ¼ Z0 ¼ 0 fJa0;HL þ 2αLL5;HR;LL5 þ LR5g fQL−−þ;QLþþ−;QR−þþ;QRþ−−g suð1j1ÞR
Z ¼ Y 0 ¼ 0 fJa0;HL þ 2αLL5;HR;LL5 − LR5g fQL−þ−;QLþ−þ;QR−þþ;QRþ−−g suð1j1ÞR
Ȳ ¼ Z0 ¼ 0 fJa0;HL;HR þ 2αLR5;LL5 þ LR5g fQL−þþ;QLþ−−;QR−−þ;QRþþ−g suð1j1ÞL
Z ¼ Ȳ 0 ¼ 0 fJa0;HL;HR þ 2αLR5;LL5 − LR5g fQL−þþ;QLþ−−;QR−þ−;QRþ−þg suð1j1ÞL
Z̄ ¼ Z0 ¼ 0 fJa0;HL −HR;HR þ 2αLR5;LL5 − LR5g fQa−−þ;Qaþþ−g uð1Þ−
Z ¼ Z̄0 ¼ 0 fJa0;HL −HR;HR þ 2αLR5;LL5 − LR5g fQa−þ−;Qaþ−þg uð1Þ−
Y ¼ Y 0 ¼ 0 fJa0;Ha;LL5 þ LR5g fQL−−−;QLþþþ;QR−þþ;QRþ−−g uð1ÞL ⊕ suð1j1ÞR
Ȳ ¼ Ȳ 0 ¼ 0 fJa0;Ha;LL5 þ LR5g fQL−þþ;QLþ−−;QR−−−;QRþþþg suð1j1ÞL ⊕ uð1ÞR
Z̄ ¼ Z̄0 ¼ 0 fJa0;Ha;LL5 − LR5g fQa−−−;Qaþþþg uð1ÞL ⊕ uð1ÞR
Ȳ ¼ Y 0 ¼ 0 fJa0;HL þHR;HR þ 2αLR5;LL5 þ LR5g fQL−þ−;QLþ−þ;QR−−þ;QRþþ−g uð1Þþ
Y ¼ Ȳ 0 ¼ 0 fJa0;HL þHR;HR þ 2αLR5;LL5 þ LR5g fQL−−þ;QLþþ−;QR−þ−;QRþ−þg uð1Þþ
Y ¼ Z̄0 ¼ 0 fJa0;HL;HR þ 2αLR5;LL5 þ LR5g fQL−−−;QLþþþ;QR−þ−;QRþ−þg uð1ÞL
Z̄ ¼ Y 0 ¼ 0 fJa0;HL;HR þ 2αLR5;LL5 − LR5g fQL−−−;QLþþþ;QR−−þ;QRþþ−g uð1ÞL
Ȳ ¼ Z̄0 ¼ 0 fJa0;HL þ 2αLL5;HR;LL5 þ LR5g fQL−þ−;QLþ−þ;QR−−−;QRþþþg uð1ÞR
Z̄ ¼ Ȳ 0 ¼ 0 fJa0;HL þ 2αLL5;HR;LL5 − LR5g fQL−−þ;QLþþ−;QR−−−;QRþþþg uð1ÞR

4The vielbeins ÊA ¼ EA
Mdx

M are

Ê0 ¼ L cosh ρdt; Ê1 ¼ Ldρ; Ê2 ¼ L sinh ρdφ;

Ê3 ¼ Ldθ; Ê4 ¼ L cos θdχ; Ê5 ¼ L sin θdϕ;

Ê6 ¼ l1dξ1; Ê7 ¼ l2dξ2; Ê8 ¼ l3dξ3; Ê9 ¼ l4dξ4;

and the supercovariant derivatives are given by

∇t ¼ ∂t þ
1

2
sinh ρΓ01; ∇ρ ¼ ∂ρ;

∇φ ¼ ∂φ −
1

2
cosh ρΓ12; ∇θ ¼ ∂θ; ∇χ ¼ ∂χ þ

1

2
sin θΓ34;

∇ϕ ¼ ∂ϕ −
1

2
cos θΓ35; ∇ξi ¼ ∂ξi :
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symmetries which survive the choice of vacuum. We
consider D1- and D5-brane maximal giant gravitons which
yield boundary Lie algebras, extended to the coideal
subalgebras in Sec. VI.
Maximal D1- and D5-brane giant gravitons.—Both the

maximal giant gravitons wrap a great circle in S3, with the
D1-brane pointlike in the T4 and the D5-brane wrapping
the entire T4 space [65,66]. We consider these D1- and
D5-brane giants simultaneously. As shown in Fig. 3, the
bosonic isometry algebra breaks to

ðuð1Þ ⊕ uð1ÞÞ ⊕ ðuð1Þ ⊕ uð1ÞÞ
⊂ soð2; 2Þ ⊕ soð4Þ ⊕ uð1Þ4

and

ðuð1Þ ⊕ uð1ÞÞ ⊕ ðuð1Þ ⊕ uð1ÞÞ ⊕ uð1Þ4
⊂ soð2; 2Þ ⊕ soð4Þ ⊕ uð1Þ4:

Z ¼ 0 giants.—Let us take the C2 embedding coordi-
nates of the 3-sphere to be

ðZ; YÞ ¼ ðx1 þ ix2; x3 þ ix4Þ
¼ ðL cos θeiχ ; L sin θeiϕÞ: ð2:25Þ

The Z ¼ 0 giant wraps the ϕ-circle in S3, and is obtained by
setting ρ ¼ 0 and θ ¼ π

2
. The D1- and D5-brane world-

volume coordinates are ðt;ϕÞ and ðt;ϕ; ξiÞ. The world-
volume metrics are

ds2 ¼ −L2dt2 þ L2dϕ2 and

ds2 ¼ −L2dt2 þ L2dϕ2 þ l2
i dξ

2
i :

The bosonic symmetries of these D-branes include time
translations and rotations in AdS3, and rotations in S3 in the
x1x2 and x3x4 planes, generated by

Ja0 ∈ uð1Þa ⊂ suð1; 1Þa;
La5 ∈ uð1Þa ⊂ suð2Þa; for a ∈ fL;Rg;

with the splitting of soð2; 2Þ and soð4Þ in Appendix C.
The Cartan elements of ðpsuð1; 1Þ2 ⊕ uð1ÞÞ2, denoted
Ha ¼ −Ja0 − La5, are thus generators of bosonic sym-
metries of the Z ¼ 0 giants.
Kappa symmetry on the world volumes of the D1- and

D5-branes requires

Γ05ε ¼ −iðBεÞ� and Γ056789ε ¼ −iðBεÞ�; ð2:26Þ

respectively, with the pullback of the Killing spinor (2.22)
to the world volume given by

ε ¼ Mþðt;ϕÞð1þ iÞεL þM−ðt;ϕÞð1þ iÞεR ð2:27Þ

in both cases. Here Kþεa ¼ 0, for a ∈ fL;Rg. This kappa
symmetry condition reduces to

Γ12ε
a ¼ Γ35ε

a: ð2:28Þ

Hence, εabβ _β satisfies −b ¼ β, with _β a free label. The
4þ 4 supersymmetries compatible with kappa symmetry
on the world volume of the D1- and D5-brane Z ¼ 0 giants
are generated by

fQa−þþ ≡Qa1;Qa−þ− ≡Qa2;

Qaþ−− ≡Sa1;Qaþ−þ ≡Sa2g:

The generators of the symmetries of these D1- and
D5-branes include all the generators fHa;Qai;Saig of
the ðpsuð1j1Þ2 ⊕ uð1ÞÞ2 superalgebra of magnon excita-
tions of the psuð1; 1j2Þ2 spin-chain, centrally extended to
ðpsuð1j1Þ2 ⊕ uð1ÞÞ2c. These Z ¼ 0 giants are therefore
aligned with theZ vacuum of the spin-chain. We expect the
boundary Lie algebra to be the full superalgebra
½psuð1j1Þ2 ⊕ uð1Þ�2c.
Y ¼ 0 giants.—An SOð4Þ rotation with θ13 ¼ θ24 ¼ π

2

takes Z to Y, corresponding to UL ¼ iσ1 and UR ¼ I. The
4þ 4 supersymmetries on the world volume of the Y ¼ 0
giants are generated by

fQL−−þ;QL−−−;QLþþ−;QLþþþ;QR−þþ ≡QR1;

QR−þ− ≡QR2;QRþ−− ≡SR1;QRþ−þ ≡SR2g:

The boundary Lie algebra uð1ÞL ⊕ ½psuð1j1Þ2 ⊕ uð1Þ�R
is right half-supersymmetric.
Ȳ ¼ 0 giants.—An SOð4Þ transformation with θ13 ¼

−θ24 ¼ π
2
takes Z to Ȳ, and corresponds to UL ¼ I and

UR ¼ −iσ1. The 4þ 4 supersymmetries of the Ȳ ¼ 0
giants are generated by

FIG. 3 (color online). The D1- and D5-brane maximal giant
gravitons wrapping S1 and S1 × T4 in AdS3 × S3 × T4.
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fQL−þþ ≡QL1;QL−þ− ≡QL2;QLþ−− ≡SL1;

QLþ−þ ≡SL2;QR−−þ;QR−−−;QRþþ−;QRþþþg:

The boundary Lie algebra ½psuð1j1Þ2 ⊕ uð1Þ�L ⊕ uð1ÞR
is left half-supersymmetric.
Z̄ ¼ 0 giants.—An SOð4Þ rotation with θ24 ¼ π takes Z

to Z̄, and corresponds to UL ¼ iσ1 and UR ¼ iσ1. The
4þ4 supersymmetries of the Z̄ ¼ 0 giants are generated by

fQL−−þ;QL−−−;QLþþ−;QLþþþ;

QR−−þ;QR−−−;QRþþ−;QRþþþg:

The boundary Lie algebra uð1ÞL ⊕ uð1ÞR is non-
supersymmetric.
The above results for both D1- and D5-brane

maximal giant gravitons are summarized in Table III.
The totally supersymmetric, right and left half-
supersymmetric, and non-supersymmetric boundary Lie
algebras, ðpsuð1j1Þ2⊕uð1ÞÞ2c,uð1ÞL⊕psuð1j1Þ2R⊕uð1ÞR,
psuð1j1Þ2L ⊕ uð1ÞL ⊕ uð1ÞR and uð1ÞL ⊕ uð1ÞR, are
consistent with reflection matrices that are solutions of
the boundary Yang-Baxter (reflection) equation for the
psuð1; 1j2Þ2 open spin-chain, as described in Sec. VI.

III. INTEGRABLE CLOSED dð2;1;αÞ2
SPIN-CHAIN AND SCATTERING
MATRICES IN AdS3 × S3 × S30 × S1

The bosonic isometry group of the AdS3 × S3 × S30 × S1

supergravity background is

SOð2; 2Þ × SOð4Þ × SOð4Þ0 × Uð1Þ;

whose Lie algebra splits into left- and right-movers

soð2; 2Þ ∼ suð1; 1ÞL ⊕ suð1; 1ÞR;
soð4Þ ∼ suð2ÞL ⊕ suð2ÞR;
soð4Þ0 ∼ suð2Þ0L ⊕ suð2Þ0R:

According to this splitting, the bosonic isometries can be
rearranged into

½suð1; 1Þ ⊕ suð2Þ ⊕ suð2Þ0�L
⊕ ½suð1; 1Þ ⊕ suð2Þ ⊕ suð2Þ0�R ⊕ uð1Þ;

which constitutes the bosonic part of the full superisometry
algebra

dð2; 1; αÞL ⊕ dð2; 1; αÞR ⊕ uð1Þ:

Massive excitations of the world sheet of a closed IIB
superstring propagating on AdS3 × S3 × S30 × S1 can be
identified with the magnon excitations of an alternating
double-row dð2; 1; αÞ2 closed spin-chain which transform
under a centrally extended suð1j1Þ2c algebra [53]. The left-
and right-moving excitations5 decouple in the weak cou-
pling limit. This section contains a review based on
Refs. [20,22,53] of this integrable dð2; 1; αÞ2 closed
spin-chain and the S-matrix describing two-magnon
scattering.

A. dð2;1;αÞ2 spin-chain with suð1j1Þ2 excitations

1. Single-row dð2;1;αÞ closed spin-chain
with suð1j1Þ excitations

Symmetry generators.—The dð2; 1; αÞ superalgebra
shown in Appendix B has bosonic generators

J0;Jb ∈ suð1;1Þ; Lβ;L5 ∈ suð2Þ; R_β;R8 ∈ suð2Þ0

of suð1; 1Þ ⊕ suð2Þ ⊕ suð2Þ0, and fermionic generators
Qbβ _β labeled by b; β; _β ¼ � indices.
Sites.—Two neighboring sites, called odd and even, in

the alternating single-row dð2; 1; αÞ spin-chain are the
modules

MðαÞ ≡M

�
−
α

2
;
1

2
; 0

�
¼ spanCfjϕðnÞ

β i; jψ ðnÞ
_β
ig;

M0ð1−αÞ ≡M

�
−
1 − α

2
; 0;

1

2

�
¼ spanCfjϕðnÞ

_β
i; jψ ðnÞ

β ig:

States at these sites are vectors transforming under
half-BPS representations of dð2; 1; αÞ described in
Appendix B. The odd and even sites together form the
module M ¼ MðαÞ ⊗ M0ð1−αÞ, which carries a quarter-BPS

TABLE III. Boundary Lie algebras for D1- and D5-brane maximal giant gravitons on AdS3 × S3 × T4.

D1/D5 giant Bosonic generators Supersymmetry generators Boundary algebra

Z ¼ 0 fJa0;La5g fQa−þ�;Qaþ−�g ½psuð1j1Þ2 ⊕ uð1Þ�2c
Y ¼ 0 fJa0;La5g fQL−−�;QLþþ�;QR−þ�;QRþ−�g uð1ÞL ⊕ ½psuð1j1Þ2 ⊕ uð1Þ�R
Ȳ ¼ 0 fJa0;La5g fQL−þ�;QLþ−�;QR−−�;QRþþ�g ½psuð1j1Þ2 ⊕ uð1Þ�L ⊕ uð1ÞR
Z̄ ¼ 0 fJa0;La5g fQL−−�;QLþþ�;QR−−�;QRþþ�g uð1ÞL ⊕ uð1ÞR

5These left- and right-movers are not related to the actual left-
and right-moving (clockwise and counterclockwise) modes of a
closed string, but are rather string excitations charged under
generators of different copies of dð2; 1; αÞ.
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representation of dð2; 1; αÞ. The vacuum state is identified
with the highest weight vector

jZi ¼ jϕð0Þ
þ ϕ0ð0Þ

þ i; ð3:1Þ

and the four fundamental excitations jφri ¼
fjϕi; jψi; jϕ0i; jψ 0ig, with r ¼ 1…4, are defined by

jϕi ¼ jϕð0Þ
− ϕ0ð0Þ

þ i; jψi ¼ jψ ð0Þ
þ ϕ0ð0Þ

þ i;
jϕ0i ¼ jϕð0Þ

þ ϕ0ð0Þ
− i; jψ 0i ¼ jϕð0Þ

þ ψ 0ð0Þ
þ i: ð3:2Þ

Here fjϕi; jψig and fjϕ0i; jψ 0ig span modules of a
closed suð1j1Þ subalgebra6 with fermionic generators
Q≡Q−þþ and S≡Qþ−−, and bosonic Cartan element
H ¼ fQ;Sg ¼ −J0 − αL5 − ð1 − αÞR8 the magnon
Hamiltonian. These unprimed and primed modules are
associated with energies α and 1 − α. We note this suð1j1Þ
subalgebra can be extended to a uð1j1Þ ¼ uð1Þ ⋉ suð1j1Þ
algebra

fQ;Sg ¼ H; ½X;Q� ¼ −
1

2
Q; ½X;S� ¼ 1

2
S

by the inclusion of X ¼ − 1
2
L5 − 1

2
R8, which does not

annihilate the ground state.
Spin-chain.—The alternating single-row dð2; 1; αÞ spin-

chain with 2J sites can be identified with the module
M⊗J ¼ ðMðαÞ ⊗ M0ð1−αÞÞ⊗J. The spin-chain vacuum and
fundamental excitations are

j0i ¼ jZJi; jφr
ðnÞi ¼ jZn−1φrZJ−ni: ð3:3Þ

We construct vectors in momentum space using the
standard approach to obtain low-lying single-magnon
excitations

jφr
pi ¼

XJ
n¼1

eipnjφr
ðnÞi: ð3:4Þ

Here fjϕpi; jψpig and fjϕ0
pi; jψ 0

pig are modules of
suð1j1Þ with energies α and 1 − α. The action of the
fermionic generators on the unprimed single-magnon
excitations is given by

Qjϕpi ¼
ffiffiffi
α

p jψpi; Sjϕpi ¼ 0;

Qjψpi ¼ 0; Sjψpi ¼
ffiffiffi
α

p jϕpi; ð3:5Þ

where also

Xj0i ¼ −
J
2
j0i; Xjϕpi ¼

�
−
J
2
þ 1

2

�
jϕpi;

Xjψpi ¼ −
J
2
jψpi;

and similarly for the primed single-magnon excitations
with α → 1 − α. Multimagnon excitations are obtained
using the generalized standard approach

jφr1
p1
φr2
p2
� � �φrk

pki
¼

X
1≤n1<n2<…<nk≤J

eiðp1x1þp2x2þ���þpkxkÞ

× jZn1−1φr1
ðn1ÞZ

n2−n1−1φr2
ðn2Þ � � �φ

rk
ðnkÞZ

J−nki

for 2 ≤ k ≪ J. The individual excitations φri
ðniÞ are known

as impurities or fields in the spin-chain, and are assumed to
be well separated.

2. Double-row dð2;1;αÞ2 closed spin-chain
with suð1j1Þ2 excitations

The alternating double-row dð2; 1; αÞ2 spin-chain is
made up of left- and right-moving dð2; 1; αÞL and
dð2; 1; αÞR spin-chains which decouple in the weak cou-
pling limit.
Sites.—Odd and even sites of the left- and right-moving

spin-chains together form the module ML ⊗ MR ¼
MðαÞ

L ⊗ M0ð1−αÞ
L ⊗ MðαÞ

R ⊗ M0ð1−αÞ
R . The ground state and

fundamental excitations are

jZi¼
����
�
ZL

ZR

��
; jφri¼

����
�
φr
L

ZR

��
; jφ̄ri¼

����
�
ZL

φr
R

��
;

ð3:6Þ

which transform under the uð1j1Þ2 algebra

fQa;Sbg ¼ Haδab; ½Xa;Qb� ¼ −
1

2
Qaδab;

½Xa;Sb� ¼
1

2
Saδab; ð3:7Þ

with a; b ∈ fL;Rg. Notice that X ¼ XL −XR now does
annihilate the ground state, although XL and XR individu-
ally do not. We define H ¼ HL þHR and M ¼ HL −HR,
with H the magnon Hamiltonian. We do not need to
consider excitations for which the left- and right-moving
excitations φr

L and φr
R coincide, since we focus on well-

separated excitations in the J → ∞ limit.
Spin-chain.—The alternating double-row dð2; 1; αÞ2

spin-chain can be identified with themodule ðML ⊗ MRÞ⊗J.
The ground state is

6There are a number of other closed subsectors (see Sec. VI in
Ref. [40]).
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j0i ¼ jZJi ¼
����
�
ZL

ZR

�J�
; ð3:8Þ

and left- and right-moving fundamental excitations are

jφr
ðnÞi ¼ jZn−1φrZJ−ni ¼

����
�
ZL

ZR

�n−1� φr
L

ZR

��
ZL

ZR

�J−n�
;

jφ̄r
ðnÞi ¼ jZn−1φ̄rZJ−ni ¼

����
�
ZL

ZR

�n−1�ZL

φr
R

��
ZL

ZR

�J−n�
;

ð3:9Þ

with low-lying left- and right-moving single-magnon
excitations

jφr
pi ¼

XJ
n¼1

eipnjφr
ðnÞi; jφ̄r

pi ¼
XJ
n¼1

eipnjφ̄r
ðnÞi: ð3:10Þ

The unprimed and primed left- and right-moving
magnon excitations fjϕpi; jψpig and fjϕ̄pi; jψ̄pig, and
fjϕ0

pi; jψ 0
pig and fjϕ̄0

pi; jψ̄ 0
pig have energies α and 1 − α

of the magnon Hamiltonian H. The left/right-movers
have mass eigenvalues �α and �ð1 − αÞ of M. The
nontrivial action of the fermionic generators of the
suð1j1Þ2 algebra on these left- and right-moving magnon
excitations is

QLjϕpi ¼
ffiffiffi
α

p jψpi; SLjψpi ¼
ffiffiffi
α

p jϕpi;
QRjϕ̄pi ¼

ffiffiffi
α

p jψ̄pi; SRjψ̄pi ¼
ffiffiffi
α

p jϕ̄pi; ð3:11Þ

with the nontrivial action of the additional uð1Þ generator of
the uð1Þ ⋉ suð1j1Þ2 algebra, which annihilates the ground
state, given by

Xjϕpi ¼
1

2
jϕpi; Xjϕ̄pi ¼ −

1

2
jϕ̄pi;

and similarly for the primed left- and right-moving magnon
excitations with α → 1 − α. The generalization to multi-
magnon states is again straightforward.

B. dð2;1;αÞ2 spin-chain with centrally extended
suð1j1Þ2c excitations

We have so far considered only the weak-coupling
limit of the dð2; 1; αÞ2 spin-chain in which the left- and
right-moving excitations decouple. Beyond this regime,
interactions must be taken into account by the introduction
of a centrally extended suð1j1Þ2 algebra which links the
two otherwise independent dð2; 1; αÞL and dð2; 1; αÞR
spin-chains. Let us denote this extended algebra by
suð1j1Þ2c.

The algebra suð1j1Þ2c is generated by the fermionic
generators Qa, Sa, and bosonic generators Ha and the
central elements P, P†, where a ∈ fL;Rg, satisfying7

fQa;Sbg ¼ δabHa; fQL;QRg ¼ P;

fSL;SRg ¼ P†; ð3:12Þ

with the remaining relations being trivial. We may further
extend this algebra by the inclusion of the element X,
which annihilates the ground state and has nontrivial
commutation relations:

½X;QL� ¼ −
1

2
QL; ½X;SL� ¼

1

2
SL;

½X;QR� ¼
1

2
QR; ½X;SR� ¼ −

1

2
SR:

A dynamic dð2; 1; αÞ2 spin-chain with suð1j1Þ2c–symmetric
massive excitations was constructed in Ref. [20] and,
subsequently, a nondynamic dð2; 1; αÞ2 spin-chain with
an additional Hopf algebra structure was introduced in
Ref. [21]. We now briefly review these constructions.

1. Finite spin-chain with length-changing effects

Here we allow the additional bosonic central elementsP
and P† of the suð1j1Þ2c algebra to have a length-changing
effect on the spin-chain. Let us introduce some additional
notation: Zþ and Z− denote the insertion or removal of a
vacuum state (if possible) at the specific spin-chain site in
the left-moving magnon excitation jφr

pi:

jZ�φr
pi ¼

XJ
n¼1

eipnjZn−1�1φrZJ−ni;

jφr
pZ�i ¼

XJ
n¼1

eipnjZn−1φrZJ−n�1i;

where we define jZ−1φr � � �i≡ jφr � � �i and j � � �φrZ−1i≡
j � � �φri (that is, if there is no vacuum state before or after
the field φr to remove, then the state remains unchanged).
Imposing periodic boundary conditions eipJjZJφi ¼
jφZJi for a closed spin-chain now gives

jφr
pZ�i ¼ e�ipjZ�φr

pi; ð3:13Þ

and similarly for right-moving magnon excitations. For two
left-moving magnons, we define

7Setting e1 ¼ QL, e2 ¼ SR, f1 ¼ SL, f2 ¼ QR, h1 ¼ HL,
h2 ¼ HR, k1 ¼ P, k2 ¼ P†, the anticommutation relations
(3.12) can be written in a more compact form as follows:
fei; fjg ¼ δijhi þ ð1 − δijÞki (see Sec. II in Ref. [51]).
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jZ�φr
pφ

s
qi ¼

X
1≤n<m≤J

eiðpnþqmÞjZn−1�1φrZm−n−1φsZJ−mi;

jφr
pZ�φs

qi ¼
X

1≤n<m≤J
eiðpnþqmÞjZn−1φrZm−n−1�1φsZJ−mi;

and hence, using the periodic boundary conditions,

jφr
pZ�φs

qi ¼ e�ipjZ�φr
pφ

s
qi; ð3:14Þ

and similarly for two right-moving magnons, or for left-
and right-moving magnon excitations.
Single-magnon excitations.—The action of the fermionic

generators of the suð1j1Þ2c algebra on the left- and right-
moving magnon excitations was proposed in Ref. [20].
Here we will consider a slightly different action,8 with the
insertion or removal of Z from the left side:

QLjϕpi ¼ apjψpi; SLjψpi ¼ bpjϕpi;
QRjψpi ¼ cpjZþϕpi; SRjϕpi ¼ dpjZ−ψpi;
QRjϕ̄pi ¼ āpjψ̄pi; SRjψ̄pi ¼ b̄pjϕ̄pi;
QLjψ̄pi ¼ c̄pjZþϕ̄pi; SLjϕ̄pi ¼ d̄pjZ−ψ̄pi; ð3:15Þ

with the unbarred and barred parameters for left- and
right-movers. The action of the central elements is deduced
from the algebra (3.12). The energy eigenvalues of
H ¼ HL þHR of a left- or right-moving magnon
excitation are

Ep ¼ apbp þ cpdp; Ēp ¼ āpb̄p þ c̄pd̄p;

while the eigenvalues of M ¼ HL −HR, related to the
masses of the magnon excitations, are

m ¼ apbp − cpdp; −m̄ ¼ −ðāpb̄p − c̄pd̄pÞ;

taken to be independent of the momentum p (but dependent
on the unprimed or primed flavor). Here m ¼ m̄ ¼ α and
m0 ¼ m̄0 ¼ 1 − α. Now, for one physical left-moving mag-
non excitation, we require the eigenvalues P and P† to
vanish to return to a representation of the nonextended
suð1j1Þ2 symmetry preserved by the vacuum. This leads to
the conditions apcp ¼ bpdp ¼ 0 and āpc̄p ¼ b̄pd̄p ¼ 0

with solution cp ¼ dp ¼ c̄p ¼ d̄p ¼ 0 resulting again in
decoupled spin-chains.
Two-magnon excitations.—Let us now consider two left-

moving magnon excitations jφr
pφ

s
qi of momenta p and q.

The nontrivial action of the fermionic generators of the
suð1j1Þ2c algebra is

Qajϕpϕqi ¼ δaLapjψpϕqi þ δaLaqjϕpψqi;
Qajϕpψqi ¼ δaLapjψpϕqi þ δaReipcqjZþϕpϕqi;
Qajψpϕqi ¼ δaRcpjZþϕpϕqi − δaLaqjψpψqi;
Qajψpψqi ¼ δaRcpjZþϕpψqi − δaReipcqjZþψpϕqi;
Sajϕpϕqi ¼ δaRdpjZ−ψpϕqi þ δaRe−ipdqjZ−ϕpψqi;
Sajϕpψqi ¼ δaRdpjZ−ψpϕqi þ δaLbqjϕpϕqi;
Sajψpϕqi ¼ δaLbpjϕpϕqi − δaRe−ipdqjZ−ψpψqi;
Sajψpψqi ¼ δaLbpjϕpψqi − δaLbqjψpϕqi; ð3:16Þ

and similarly for primed left-moving magnon excitations.
The action on two right-moving magnon excitations
jφ̄r

pφ̄
s
qi, or a left- and a right-mover, jφr

pφ̄
s
qi or jφ̄r

pφ
s
qi,

is obtained by interchanging L ↔ R indices and using
barred notation for the action on the right-movers. The
energy eigenvalue of the magnon Hamiltonian H is
Ep þ Eq. Now P and P† must annihilate physical two-
magnon states, which implies

apcp þ eipaqcq ¼ hð1 − eiðpþqÞÞ ¼ 0;

bpdp þ e−ipbqdq ¼ hð1 − e−iðpþqÞÞ ¼ 0;

and hence eiðpþqÞ ¼ 1, with our choice of parameters

ap ¼
ffiffiffi
h

p
ηp; bp ¼

ffiffiffi
h

p
ηp; cp ¼ −

ffiffiffi
h

p iηp
x−p

;

dp ¼
ffiffiffi
h

p iηp
xþp

; with η2p ¼ iðx−p − xþp Þ: ð3:17Þ

Exactly the same choice of barred parameters āp, b̄p, c̄p
and d̄p must apply for the right-moving magnon repre-
sentation. Here x�p are the Zhukovski variables which
satisfy

xþp
x−p

¼ eip;

�
xþp þ 1

xþp

�
−
�
x−p þ 1

x−p

�
¼ im

h
: ð3:18Þ

The energy of a single-magnon excitation of momentum p
and mass m is given by

Ep ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ 16h2sin2

p
2

r
: ð3:19Þ

2. Infinite spin-chain with Hopf algebra structure

In the J → ∞ infinite spin-chain limit, we can drop the
Z� symbols on the left, and thus obtain one- and two-
magnon representations of the suð1j1Þ2c algebra. The

8This action is equivalent to that of Ref. [20] with a rescaling
cp → e−ipcp and dp → eipdp for the left-moving excitations, and
a similar rescaling of c̄p → e−ipc̄p and d̄p → eipd̄p for the right-
moving excitations, as can be seen from (3.13), and will be
convenient when we subsequently consider a semi-infinite open
spin-chain with a boundary on the right.
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length-changing effects can be encoded in a U-braided
Hopf algebra structure for the suð1j1Þ2c algebra, similar to
that of Appendix B in Ref. [21].
Single-magnon representations.—We want to rewrite

the action (3.15) in terms of matrix representations of the
suð1j1Þ2c algebra. Let us introduce vector spaces

Vp ¼ spanCfjϕpi; jψpig; V 0
p ¼ spanCfjϕ0

pi; jψ 0
pig

for the left-moving magnons, and

V̄p ¼ spanCfjϕ̄pi; jψ̄pig; V̄ 0
p ¼ spanCfjϕ̄0

pi; jψ̄ 0
pig

for the right-moving magnons. We can identify these vector
spaces with C1j1 in the natural way. Now the action (3.15)
can be defined in terms of the usual supermatrices Eij ∈
EndðC1j1Þ which span the Z2-graded glð1j1Þ Lie super-
algebra,9 and the identity matrix is I ¼ E11 þ E22. The left-
moving representation πp∶ suð1j1Þ2c → EndðC1j1Þ is

πpðQLÞ ¼ apE21; πpðQRÞ ¼ cpE12;

πpðSLÞ ¼ bpE12; πpðSRÞ ¼ dpE21;

πpðHLÞ ¼ apbpI; πpðHRÞ ¼ cpdpI;

πpðPÞ ¼ apcpI; πpðP†Þ ¼ bpdpI; ð3:20Þ

with the parameters given by (3.17). The right-moving
representation π̄p∶ suð1j1Þ2c → EndðC1j1Þ is

π̄pðQRÞ ¼ apE2̄ 1̄; π̄pðQLÞ ¼ cpE1̄ 2̄;

π̄pðSRÞ ¼ bpE1̄ 2̄; π̄pðSLÞ ¼ dpE2̄ 1̄;

π̄pðHRÞ ¼ apbpI; π̄pðHLÞ ¼ cpdpI;

π̄pðPÞ ¼ apcpI; π̄pðP†Þ ¼ bpdpI; ð3:21Þ

obtained by interchanging L ↔ R indices; we have also
replaced the indices 1 → 1̄ and 2 → 2̄ to distinguish left and
right vector spaces. The primed representations are similarly
defined. We will not add subscripts to distinguish the
identity matrices; we hope it will always be clear from
the context in which space the identity matrix lives.
Hopf algebra.—We introduce an additional grouplike

generator U, which is central with respect to the suð1j1Þ2c
algebra. The action on any single-magnon excitation is

Ujφr
pi ¼ ei

p
2jφr

pi; Ujφ̄r
pi ¼ ei

p
2jφ̄r

pi; ð3:22Þ
so that

πpðUÞ ¼ −cpd−1p I ¼ ei
p
2I;

π̄pðUÞ ¼ −c̄pd̄−1p I ¼ ei
p
2I ð3:23Þ

for our left- and right-moving single-magnon representa-
tions. We are now ready to define a Hopf algebra structure
on suð1j1Þ2c. We denote this Hopf superalgebra by A
throughout Secs. III and IV so that

LðAÞ ¼ suð1j1Þ2c
is the associated Lie superalgebra.
Let 1 denote the unit of A. The coproduct ΔL corre-

sponding to the action on the left-moving magnon excita-
tions in this spin-chain frame is given by

ΔLðQaÞ ¼ Qa ⊗ 1þU2δaR ⊗ Qa;

ΔLðPÞ ¼ P ⊗ 1þU2 ⊗ P;

ΔLðSaÞ ¼ Sa ⊗ 1þU−2δaR ⊗ Sa;

ΔLðP†Þ ¼ P† ⊗ 1þU−2 ⊗ P†;

ΔLðHaÞ ¼ Ha ⊗ 1þ 1 ⊗ Ha;

ΔLðU�1Þ ¼ U�1 ⊗ U�1;

and the coproductΔR giving the action on the right-moving
magnon excitations is obtained by interchanging indices
L ↔ R. In the representation πp ⊗ πq, this yields (3.16) in
the infinite spin-chain limit. It is convenient to switch to a
symmetric frame,10 similar to that of Ref. [21], in which the

9The supermatrices Eij ∈ EndðC1j1Þ have matrix elements
ðEijÞab ¼ δiaδjb, with E11 and E22 even elements of degree 0,
and E12 and E21 odd elements of degree 1. These supermatrices
satisfy

⟦Eij;Ekl⟧ ¼ δjkEil − ð−1ÞdegEij degEklδilEkj;

with ⟦·; ·⟧ the supercommutator. The multiplication of the tensor
product of supermatrices is

ðX ⊗ YÞðZ ⊗ WÞ ¼ ð−1ÞdegZ deg YXZ ⊗ YW;

degðX ⊗ YÞ ¼ degX þ degY

for any X; Y; Z;W ∈ glð1j1Þ and, in particular,

ðEij ⊗ EklÞðEpr ⊗ EstÞ ¼ ð−1ÞdegEkl degEprδjpδlsEir ⊗ Ekt:

The graded permutation operator P ∈ EndðC1j1 ⊗ C1j1Þ is

P ¼
X
i;j

ð−1Þðj−1ÞEij ⊗ Eji

¼ E11 ⊗ E11 − E12 ⊗ E21 þ E21 ⊗ E12 − E22 ⊗ E22:

The generalization to supermatrices in EndðC2j2Þ is straightforward.

10In the representation πp ⊗ πq, we twist the left and right
coproducts ΔL → T−1

L ΔLTL and ΔR → T−1
R ΔRTR using the twist

matrices

TL ¼ ei
p
2I ⊗ E11 þ I ⊗ E22; TR ¼ ei

p
2I ⊗ E1̄ 1̄ þ I ⊗ E2̄ 2̄:
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coproduct Δ is the same for both left- and right-moving
sectors11:

ΔðQaÞ ¼ Qa ⊗ 1þU ⊗ Qa;

ΔðPÞ ¼ P ⊗ 1þU2 ⊗ P;

ΔðSaÞ ¼ Sa ⊗ 1þU−1 ⊗ Sa;

ΔðP†Þ ¼ P† ⊗ 1þU−2 ⊗ P†;

ΔðHaÞ ¼ Ha ⊗ 1þ 1 ⊗ Ha;

ΔðU�1Þ ¼ U�1 ⊗ U�1: ð3:24Þ

The central elements of the superalgebra C ∈ fHa;P;P†g
must be co-commutative, ΔðCÞ ¼ ΔopðCÞ, where
ΔopðaÞ ¼ PΔðaÞ for a ∈ A, with P the graded permutation
operator which permutes the elements of the superalgebra
in the coproduct. This is true if12;

P ¼ ν1ð1 −U2Þ and P† ¼ ν2ð1 −U−2Þ;
with ν1; ν2 ∈ Cnf0g; ð3:25Þ

where we choose ν1 ¼ ν2 ¼ h to obtain our previous
unitary representation.
Let μ∶ A ⊗ A → A be the usual associative multipli-

cation of elements of the superalgebra A. Moreover, let
{∶ C → A be the unit, which maps {ð1Þ ¼ 1, and ϵ∶ A →
C the counit, defined by

ϵðU�1Þ ¼ 1 and ϵðJÞ ¼ 0 ð3:26Þ

for all J ∈ suð1j1Þ2c. The antipode S∶ A → A must then
satisfy μðS ⊗ idÞΔ ¼ {ϵ, which gives

SðQaÞ ¼−U−1Qa; SðSaÞ ¼−USa; SðHaÞ ¼−Ha;

SðPÞ ¼−U−2P; SðP†Þ ¼−U2P†; SðUÞ ¼U−1:

ð3:27Þ

This antipode relates left- and right-movers in the repre-
sentations πp and πp̄:

πpðSðaÞÞ ¼ ðπp̄ðāÞÞstr; ð3:28Þ

with the charge conjugation matrix trivial. Here a ∈ A,
with ā ∈ A defined by

Q̄a¼ δaLQRþδaRQL; P̄¼P; H̄a¼ δaLHRþδaRHL;

S̄a¼ δaLSRþδaRSL; P̄†¼P†; Ū�1¼U�1:

ð3:29Þ

The representation πp̄ has Zhukovski variables

x�̄p ¼ 1

x�p
: ð3:30Þ

C. Two-magnon scattering and R-matrices

We are interested in the scattering of magnon excitations.
Let HðinÞ denote the space of all asymptotic incoming
states, and letHðoutÞ be the space of all asymptotic outgoing
states. We consider the limit in which the spin-chain is
infinitely long and the number of excitations n is much
smaller than the number of spin-chain sites L. This allows
us to treat the asymptotic states as well separated and
noninteracting. Integrability implies that any scattering
process factorizes into two-magnon scattering events, in
which the only dynamical process allowed is the inter-
change of magnon momenta and flavors. We need thus only
consider such scattering of two-magnon asymptotic states.
The two-magnon scattering matrix Sðp; qÞ is a map from

HðinÞ to HðoutÞ which takes an incoming two-magnon state
to an outgoing two-magnon state:

Sðp;qÞ∶HðinÞ→HðoutÞ; jΦ1ðinÞ
p Φ2ðinÞ

q i↦ jΦ2ðoutÞ
q Φ1ðoutÞ

p i;

where these asymptotic states can be represented by

jΦ1ðinÞ
p Φ2ðinÞ

q i≡ jΦ1
pi ⊗ jΦ2

qi;
jΦ2ðoutÞ

q Φ1ðoutÞ
p i≡ jΦ2

qi ⊗ jΦ1
pi:

We shall consider integrable two-magnon scattering on the
dð2; 1; αÞ2 double-row spin-chain. Hence the magnons
jΦpi are vectors in one of the spaces

Wp ¼ Vp ⊕ V̄p ¼ spanCfjϕpi; jψpi; jϕ̄pi; jψ̄pig;
W0

p ¼ V 0
p ⊕ V̄ 0

p ¼ spanCfjϕ0
pi; jψ 0

pi; jϕ̄0
pi; jψ̄ 0

pig;

both isomorphic to C2j2. The scattering matrix then acts as

Sðp;qÞ∶Wp ⊗Wq →Wq⊗Wp; with Wp ∈ fWp;W0
pg;

and also Vp ∈ fVp; V 0
pg and V̄p ∈ fV̄p; V̄ 0

pg. This sim-
plifying notation takes into account both primed and
unprimed magnon states. The Zhukovski variables x�p
and x�q satisfy

xþp
x−p

¼ eip ≡ u2p;
xþq
x−q

¼ eiq ≡ u2q; ð3:31Þ

11This coproduct exhibits a Z-grading (see Remark 2.1 in
Ref. [51]).

12To be precise, we extend suð1j1Þ2c by U and its inverse U−1,
and then consider the Hopf algebra over the quotient of the
enveloping algebra of this double-extended algebra by the ideal
hP − ν1ð1 −U2Þ;P† − ν2ð1 −U−2Þi.
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and the mass-shell constraints

�
xþp þ 1

xþp

�
−
�
x−p þ 1

x−p

�
¼ imp

h
;

�
xþq þ 1

xþq

�
−
�
x−q þ 1

x−q

�
¼ imq

h
; ð3:32Þ

where mp;mq ∈ fm ¼ α; m0 ¼ 1 − αg are the masses of
the two magnons with momenta p and q.
The scattering matrix can be written as

Sðp; qÞ ¼ PRðp; qÞ; with Rðp; qÞ ∈ EndðWp ⊗ WqÞ;
ð3:33Þ

in terms of the graded permutation operator P.
Therefore Sðp;qÞ¼PRðp;qÞ with the R-matrix Rðp; qÞ ∈
EndðC2j2 ⊗ C2j2Þ. The S-matrix commutes with all the
symmetries of magnon excitations:

½Sðp; qÞ; ððπp ⊕ π̄pÞ ⊗ ðπq ⊕ π̄qÞÞðΔðaÞÞ� ¼ 0;

for all a ∈ A;

which implies the intertwining equations on the R-matrix:

ððπp ⊕ π̄pÞ⊗ ðπq ⊕ π̄qÞÞðΔopðaÞÞRðp;qÞ
¼Rðp;qÞððπp ⊕ π̄pÞ⊗ ðπq ⊕ π̄qÞÞðΔðaÞÞ; for all a∈A:

ð3:34Þ

We change πp and πq to representations π0p and π0q for
primed magnon excitations. The S-matrix is unitary,
Sðq; pÞSðp; qÞ ¼ I, implying ðRðq; pÞÞopRðp; qÞ ¼ I with
ðRðp; qÞÞop ¼ PRðp; qÞP.

1. Complete and partial R-matrices

We now describe the structure of the R-matrix Rðp; qÞ.
Recall that the 4-dimensional vector spaceWp ¼ Vp ⊕ V̄p

is a direct sum of two 2–dimensional vector spaces
Vp; V̄p ≅ C1j1, so that Wp ≅ C2j2. Thus Wp ⊗ Wq can
be split into four 4–dimensional subspaces, and conse-
quently Rðp; qÞ is a 16 × 16 matrix that can be decom-
posed into 16 sectors. However, conservation of chirality
(the total number of left- and right-moving magnon states)
and mass impose additional constraints [20]. Focusing on
the case of pure transmission (rather than pure reflection)
for the scattering of left and right states, the complete
R-matrix decomposes into a direct sum of four partial
R-matrices:

Rðp; qÞ ¼ RLLðp; qÞ ⊕ RLRðp; qÞ ⊕ RRLðp; qÞ
⊕ RRRðp; qÞ; ð3:35Þ

where Rabðp; qÞ ∈ EndðC1j1 ⊗ C1j1Þ. These four partial
R-matrices depend on Zhukovski variables satisfying mass-
shell constraints which may depend on either primed or
unprimed masses.
The partial R-matrices satisfy intertwining equations

which are the result of the corresponding partial S-matrices
commuting with the generators of the Hopf superalgebraA.
These R-matrices also satisfy unitarity and crossing sym-
metry conditions, and a discrete LR symmetry condition
made manifest by our choice of a symmetric Hopf algebra.
These conditions determine the complete R-matrix up to
overall factors (dependent on dressing phases) and imply
the Yang-Baxter equation.
Left-left and right-right sectors.—We write the partial

R-matrices in the LL and RR sectors as

RLLðp; qÞ ¼
X

i;j;k;l¼1;2

ðRLLðp; qÞÞikjlEij ⊗ Ekl;

RRRðp; qÞ ¼
X

i;j;k;l¼1̄;2̄

ðRRRðp; qÞÞikjlEij ⊗ Ekl;

which depend on the momenta p and q, and on the masses
mp andmq of the two magnons. The intertwining equations
in the LL and RR sectors are

ðπp ⊗ πqÞðΔopðaÞÞRLLðp; qÞ
¼ RLLðp; qÞðπp ⊗ πqÞðΔðaÞÞ;

ðπ̄p ⊗ π̄qÞðΔopðaÞÞRRRðp; qÞ
¼ RRRðp; qÞðπ̄p ⊗ π̄qÞðΔðaÞÞ;

for all a ∈ A. We note that ðπp ⊗ πqÞðΔopðaÞÞ ¼
Pðπp ⊗ πqÞðΔðaÞÞP. These intertwining equations are
linear equations which are relatively easy to solve. They
determine RLLðp; qÞ and RRRðp; qÞ, each up to one
complex factor,13 called sLLðp; qÞ and sRRðp; qÞ:

RLLðp; qÞ

¼ sLLðp; qÞ
�
E11 ⊗ E11 þ

ðxþp − xþq Þ
upðx−p − xþq Þ

E11 ⊗ E22

þ uqðx−p − x−q Þ
ðx−p − xþq Þ

E22 ⊗ E11 þ
uqðxþp − x−q Þ
upðx−p − xþq Þ

E22 ⊗ E22

þ iηpηq
ðx−p − xþq Þ

E12 ⊗ E21 −
iuqηpηq

upðx−p − xþq Þ
E21 ⊗ E12

�
;

ð3:36Þ

13This happens because the tensor product of two atypical,
two-dimensional, irreducible representations is isomorphic to the
typical, four-dimensional, irreducible representation of A (see,
for example, Sec. II. C in Ref. [51]).
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RRRðp; qÞ

¼ sRRðp; qÞ
�
E1̄ 1̄ ⊗ E1̄ 1̄ þ

ðxþp − xþq Þ
upðx−p − xþq Þ

E1̄ 1̄ ⊗ E2̄ 2̄

þ uqðx−p − x−q Þ
ðx−p − xþq Þ

E2̄ 2̄ ⊗ E1̄ 1̄ þ
uqðxþp − x−q Þ
upðx−p − xþq Þ

E2̄ 2̄ ⊗ E2̄ 2̄

þ iηpηq
ðx−p − xþq Þ

E1̄ 2̄ ⊗ E2̄ 1̄ −
iuqηpηq

upðx−p − xþq Þ
E2̄ 1̄ ⊗ E1̄ 2̄

�
:

ð3:37Þ

The unitarity conditions on the R-matrices take the form

ðRLLðq;pÞÞopRLLðp;qÞ¼ I; ðRRRðq;pÞÞopRRRðp;qÞ¼ I;

with ðRabðp;qÞÞop¼PRabðp;qÞP;

implying sLLðp; qÞsLLðq; pÞ ¼ sRRðp; qÞsRRðq; pÞ ¼ 1.

Left-right and right-left sectors.—Wewrite the partial R-
matrices in the LR and RL sectors as

RLRðp; qÞ ¼
X
i;j¼1;2;
k;l¼1̄;2̄

ðRLRðp; qÞÞikjlEij ⊗ Ekl;

RRLðp; qÞ ¼
X
i;j¼1̄;2̄;
k;l¼1;2

ðRRLðp; qÞÞikjlEij ⊗ Ekl:

The intertwining equations are given by

ðπp ⊗ π̄qÞðΔopðaÞÞRLRðp; qÞ
¼ RLRðp; qÞðπp ⊗ π̄qÞÞðΔðaÞÞ;
ðπ̄p ⊗ πqÞðΔopðaÞÞRRLðp; qÞ
¼ RRLðp; qÞðπ̄p ⊗ πqÞÞðΔðaÞÞ;

for all a ∈ A, which determine the transmission R-matrices
in the LR and RL sectors as

RLRðp; qÞ ¼ sLRðp; qÞ½ðxþp xþq − 1Þðx−px−q − 1Þ�−1
2½ðxþp x−q − 1ÞE11 ⊗ E1̄ 1̄ þ upðx−px−q − 1ÞE11 ⊗ E2̄ 2̄

þ u−1q ðxþp xþq − 1ÞE22 ⊗ E1̄ 1̄ þ upu−1q ðx−pxþq − 1ÞE22 ⊗ E2̄ 2̄ þ upηpηqE12 ⊗ E1̄ 2̄ þ ηpηqu−1q E21 ⊗ E2̄ 1̄�;
ð3:38Þ

RRLðp; qÞ ¼ sRLðp; qÞ½ðxþp xþq − 1Þðx−px−q − 1Þ�−1
2½ðxþp x−q − 1ÞE1̄ 1̄ ⊗ E11 þ upðx−px−q − 1ÞE1̄ 1̄ ⊗ E22

þ u−1q ðxþp xþq − 1ÞE2̄ 2̄ ⊗ E11 þ upu−1q ðx−pxþq − 1ÞE2̄ 2̄ ⊗ E22 þ upηpηqE1̄ 2̄ ⊗ E12 þ ηpηqu−1q E2̄ 1̄ ⊗ E21�;
ð3:39Þ

up to the overall factors sLRðp; qÞ and sRLðp; qÞ. The
unitarity conditions are

ðRLRðq; pÞÞopRRLðp; qÞ ¼ I;

ðRRLðq; pÞÞopRLRðp; qÞ ¼ I;

implying sLRðp;qÞsRLðq;pÞ¼sRLðp;qÞsLRðq;pÞ¼1.
We require the parity relation sbað−q;−pÞ ¼ sabðp; qÞ

for the scale factors in the R-matrix, and also impose a
discrete LR symmetry sLLðp; qÞ ¼ sRRðp; qÞ and
sLRðp; qÞ ¼ sRLðp; qÞ as in Ref. [20]. These conditions
will be necessary to derive reflection matrix solutions of the
boundary Yang-Baxter equation in Sec. IV. We note,
finally, that additional bulk crossing symmetry conditions
must be imposed which further constrain the scale factors
sabðp; qÞ. A proposal for the solution to these crossing
symmetry conditions has been advanced in Ref. [38].

2. Yang-Baxter equation

The complete R-matrix Rðp; qÞ must satisfy

R12ðp; qÞR13ðp; rÞR23ðq; rÞ
¼ R23ðq; rÞR13ðp; rÞR12ðp; qÞ; ð3:40Þ

which is the Yang-Baxter equation of an integrable system.
The partial R-matrices then satisfy

Rab
12 ðp; qÞRac

13ðp; rÞRbc
23ðq; rÞ

¼ Rbc
23ðq; rÞRac

13ðp; rÞRac
12ðp; qÞ ð3:41Þ

for all a; b; c ∈ fL;Rg (see Fig. 4). Here we define

Rab
12 ðp;qÞ ¼ Rabðp;qÞ⊗ I; Rab

23ðp;qÞ ¼ I⊗Rabðp;qÞ;
Rab

13 ðp;qÞ ¼ ðI⊗ PÞðRabðp;qÞ⊗ IÞðI⊗ PÞ;

and similarly for R12ðp; qÞ, R13ðp; qÞ and R23ðp; qÞ in
terms of the complete R-matrices, with a change to the
identity matrix in EndðC2j2Þ and the graded permutation
matrix in EndðC2j2 ⊗ C2j2Þ.
We can check that the R-matrices above satisfy (3.41) for

ðabcÞ in the homogeneous (LLL, RRR) and mixed (LLR,
LRL, RLL, LRR, RLR, RRL) sectors. Note that the
discrete LR symmetry means we need only check half
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of these equations. This ensures that the complete R-matrix
satisfies (3.40).

IV. INTEGRABLE OPEN dð2;1;αÞ2 SPIN-CHAIN
AND REFLECTION MATRICES

IN AdS3 × S3 × S30 × S1

In this section, we consider the boundary scattering of
magnon excitations of a dð2; 1; αÞ2 open spin-chain
off an integrable boundary. These correspond to
massive excitations of an open superstring ending on a
D-brane in AdS3 × S3 × S30 × S1, such as one of the
maximal D1- or D5-brane giant gravitons described in
Sec. II A.

A. Open spin-chains and boundary
scattering

1. Double-row dð2;1;αÞ2 open spin-chain
with suð1j1Þ2c excitations

Semi-infinite open spin-chain.—In the infinite J → ∞
spin-chain limit we can consider one end of the spin-chain
at a time—we choose the right end of the open spin-chain.
Thus we obtain a semi-infinite spin-chain with a distin-
guished site at the right end which we call the boundary
site. The vector occupying this site transforms in a
representation of a boundary subalgebra, dictated by
boundary conditions. The ground state of the semi-infinite
open spin-chain is

j0i ¼ jZJFBi; ð4:1Þ

where FB is the right boundary field. This infinitely heavy
state represents the whole D-brane to which the open

superstring is attached (to account for conservation of
momentum).14

We will enumerate the sites of the semi-infinite open
spin-chain by −J;−J þ 1;…;−1; 0, with 0 denoting the
boundary field site. In this notation the fundamental
excitations are described by the spin-chain state vectors

jφr
ðnÞiB ¼ jZJ−nφrZn−1FBi;

jφ̄r
ðnÞiB ¼ jZn−1φ̄rZJ−nFBi; ð4:2Þ

where φr, φ̄r represent the excitations discussed in
Sec. III A 2. The low-lying left- and right-moving single-
magnon excitations are now given by

jφr
piB ¼

XJ
n¼1

e−ipnjφr
ðnÞiB;

jφ̄r
piB ¼

XJ
n¼1

e−ipnjφ̄r
ðnÞiB: ð4:3Þ

The supercharges acting on these states insert or remove a
Z field from the left side. In the J → ∞ limit, in which the
state has infinite length in the left direction, this does not
change the length of the spin-chain or the location of the
excitation. We can identify magnon states of the semi-
infinite open spin-chain with magnon states of the infinite
closed spin-chain, with an extra boundary state,

jφr
piB ¼ jφr

pi ⊗ j0iB; jφ̄r
piB ¼ jφ̄r

pi ⊗ j0iB; ð4:4Þ

where jφr
pi and jφ̄r

pi are bulk magnon excitations in the
vector spaces Vp and V̄p, with the action of the Hopf
superalgebra A defined in the usual way. The boundary
field FB is represented by the boundary vacuum state j0iB.
The generalization for the multimagnon states is
straightforward.
Boundary algebra.—The symmetries of the boundary

site are related to those symmetries of the D-brane which
survive the choice of vacuum Z. These boundary sym-
metries are generated by a subalgebra of the bulk symmetry
algebra, which in our case is Hopf superalgebraA. We will

FIG. 4 (color online). Three-magnon scattering factorizes into a
succession of two-magnon scattering events. The double red and
blue line indicates the direct sum of left- and right-magnon states
with scattering described by the complete R-matrix. The scatter-
ing of individual red or blue lines (left or right magnons) is
described by partial R-matrices. This diagram gives both the
Yang-Baxter equation for the complete R-matrix (treating double
lines as a single composite line) and the Yang-Baxter equation for
the partial R-matrices (choosing a red or blue line from each pair
to give eight possibilities).

14A similar construction is presented in Sec. II .B of Ref. [8], in
which open superstrings on the AdS5 × S5 background are
attached to Y ¼ 0 and Z ¼ 0 maximal giant gravitons. In the
dual CFT4 description, an open superstring corresponds to a
gauge invariant local operator TrðZ…ZÞ, with impurities, at-
tached to a detðYÞ or detðZÞ operator dual to a maximal D3-brane
giant graviton. The full determinant plays the role of the
boundary field FB. Here the CFT2 dual of IIB superstring theory
on AdS3 × S3 × S30 × S1 is not known, although it is conjectured
to arise as the IR limit of the D1-D5-D50 world-volume gauge
theory of Ref. [17]. We expect, however, that an open superstring
attached to our maximal D1- and D5-brane giant gravitons will be
dual to similar determinant-like CFT2 operators.
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denote the boundary symmetry algebra by B with elements
b ∈ B.
Since B ⊂ A, the elements b inherit all the additional

algebraic structures (coproduct, counit, etc.) defined on A.
However, B is not a Hopf subalgebra of A. The integra-
bility assumption requires boundary algebra to be a coideal
subalgebra of the bulk symmetry algebra:

ΔðbÞ ∈ A ⊗ B for all b ∈ B: ð4:5Þ

The boundary vacuum state j0iB is taken to be a vector in
the trivial representation of the coideal subalgebra B,
defined by the counit map ϵ. We call this the singlet
boundary. We will later extend this construction to accom-
modate a vector representation of B—called the vector
boundary.
Boundary integrability.—It is known that integrability is

preserved if the bulk and boundary Lie algebras form a
symmetric pair (see Ref. [5] and references therein for a
review of boundary integrability). Recall that a symmetric
pair of Lie algebras is a pair ðg; hÞ such that g ¼ h ⊕ m,
where h is a subalgebra of g and the following relations
hold:

½h; h� ⊂ h; ½h;m� ⊂ m; ½m;m� ⊂ h: ð4:6Þ

The statement above is true if g is a simple complex Lie
algebra. Integrability is then ensured by the existence of a
twisted Yangian associated with the symmetric pair ðg; hÞ,
the Cartan subalgebra of which is an infinite-dimensional
Abelian algebra. By a quantum extension of the classical
Liouville integrability theorem, this is enough to ensure
that the system is integrable.15 The question of boundary
integrability becomes much more complicated if g is
nonsimple, since both the Yangian and twisted Yangian
(for a given symmetric pair) are not well defined.
Integrability then needs to be examined on a case-by-case
basis. Likewise, the integrable structures associated with
symmetric pairs of Lie superalgebras often require further
investigation. An alternative way of verifying the integra-
bility of boundary scattering is by finding the reflection
K-matrix which is a solution of the reflection equation and
intertwines the boundary symmetries.

2. Boundary scattering and K-matrices

Outgoing single-magnon representations π−p and
π̄−p.—Let us take the states (4.3) to be incoming magnons
with momentum p. To define the boundary scattering
theory, we need a notion of outgoing states with opposite
momentum −p. We will denote the corresponding vector

spaces by V−p and V̄−p. The left- and right-moving
outgoing magnon representations π−p∶ A → EndðC1j1Þ
and π̄−p∶ A → EndðC1j1Þ are parametrized by the labels
a−p, b−p, c−p and d−p, with Zhukovski variables x�−p.
Recall that x�p satisfy (3.18): the first equality implies
x�−p ¼ −fpx

∓
p , for some phase factor fp, while the second

equality sets fp ¼ 1. Thus we obtain

x�−p ¼ −x∓p ; η−p ¼ ηp: ð4:7Þ

The outgoing left-moving representation π−p is (3.20) with
the parameters (3.17) replaced by

a−p ¼
ffiffiffi
h

p
ηp; b−p ¼

ffiffiffi
h

p
ηp; c−p ¼

ffiffiffi
h

p iηp
xþp

;

d−p ¼ −
ffiffiffi
h

p iηp
x−p

; u2−p ¼ x−p
xþp

: ð4:8Þ

The outgoing right-moving representation π̄−p is given
by (3.21) with an identical replacement.
Singlet boundary scattering.—Boundary scattering on

the semi-infinite open spin-chain is described by a boun-
dary scattering matrix SboundaryðpÞ which maps incoming
states to outgoing states, while keeping the boundary fixed.
As for bulk scattering, we denote the space of all asymp-
totic incoming magnon states of the open spin-chain by
HðinÞ, and the space of all outgoing states by HðoutÞ. By the
integrability hypothesis, we need only consider the reflec-
tion of single magnons off the boundary. The boundary
scattering matrix maps HðinÞ to HðoutÞ:

SboundaryðpÞ∶ HðinÞ → HðoutÞ; jΦðinÞ
p i ↦ jΦðoutÞ

−p i:

We can write the incoming and outgoing states as

jΦðinÞ
p i ¼ jΦpi ⊗ j0iB; jΦðoutÞ

−p i ¼ jΦ−pi ⊗ j0iB;

where jΦpi ∈ Wp and jΦ−pi ∈ W−p are bulk magnons,
and j0iB is the singlet boundary state.
For our purposes it will be convenient to introduce the

boundary intertwining K-matrix. Let κ denote the natural
reflection map which acts as the identity map on j0iB and

κ∶ Wp → W−p; jΦpi ↦ jΦ−pi;

which is the canonical isomorphism Wp ≅ W−p.
The boundary scattering matrix SboundaryðpÞ is the
composition16

15There is no analogue of the Liouville-Arnold theorem for
infinite-dimensional quantum systems; thus we consider integra-
bility as the set of constraints that are necessary to ensure
factorized scattering.

16This composition is well defined, since j0iB is a state in a
one-dimensional vector space (≅ C) and Wp ⊗ C ≅ Wp.
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SboundaryðpÞ ¼ κKðpÞ; with KðpÞ ∈ EndðWpÞ: ð4:9Þ

Now Wp ≅ C2j2, so the K-matrix corresponds to
KðpÞ ∈ EndðC2j2Þ. The boundary S-matrix must commute
with all the boundary symmetries, which yields the
boundary intertwining equations for the K-matrix. There
is also a unitary condition on the boundary S-matrix.
Vector boundary scattering.—Let us consider a vector

representation of the boundary algebra. A boundary vector
state is anticipated to have an interpretation as a magnon
state17 jΦBi ∈ WB, with maximum total momentum π,
absorbed by a singlet boundary state j0iB. The boundary
Lie algebra associated with the coideal subalgebra, in this
case denoted BT ⊂ A, is thus the totally supersymmetric
suð1j1Þ2c symmetry of bulk magnon excitations.
In the case of this vector boundary state, the incoming

and outgoing states in HðinÞ and HðoutÞ have the following
tensor product decomposition:

jΦðinÞ
p i ¼ jΦpi ⊗ jΦBi ⊗ j0iB;

jΦðoutÞ
−p i ¼ jΦ−pi ⊗ jΦBi ⊗ j0iB;

where jΦBi ∈ WB is a vector in the boundary space. We
will now denote the boundary scattering matrix by
Sboundaryðp;BÞ. As before, we write this as a composition
of the reflection map κ, which now acts as the identity map
on the boundary vector state, and a reflection K-matrix:

Sboundaryðp;BÞ ¼ κKðp;BÞ;
with Kðp;BÞ ∈ EndðWp ⊗ WBÞ: ð4:10Þ

Now Wp;WB ≅ C2j2, so the K-matrix Kðp;BÞ corre-
sponds to Kðp;BÞ ∈ EndðC2j2 ⊗ C2j2Þ.
We will discuss singlet boundaries in Sec. IV B and the

vector boundary in Sec. IV C. Note that only a vector
representation (not a singlet) of the boundary algebra BT is
possible due to the inclusion of the central elements P and
P†. We will explain this argument in detail in subsequent
sections.

B. Singlet boundaries

Boundary algebras.—There are four boundary subalge-
bras B of the bulk Hopf superalgebra A which describe the
scattering of magnons off singlet boundaries. The

associated Lie algebras LðBÞ can be compared with the
boundary algebras in Tables I and II. We will denote them
as follows:
(1) Left and right half-supersymmetric boundary

algebras BL, BR, corresponding to D-branes pre-
serving half of the bulk supersymmetries, and the
magnon Hamiltonian H and M, implying chiral
boundary scattering. The boundary Lie algebras are
suð1j1ÞL ⊕ uð1ÞR and uð1ÞL ⊕ suð1j1ÞR.

(2) Non-supersymmetric chiral boundary algebra BNC,
corresponding to D-branes which do not respect any
bulk supersymmetries, but preserve both H and M.
The boundary Lie algebra is uð1ÞL ⊕ uð1ÞR. We
will show that scattering off the non-supersymmetric
chiral boundary has a hidden symmetry, denoted BD,
at the level of the Hopf superalgebra.

(3) Non-supersymmetric achiral boundary algebra
BNA, corresponding to D-branes which preserve H
and no bulk supersymmetries. The associated boun-
dary Lie algebra is uð1Þþ.

Boundary intertwining equations.—The K-matrix
KðpÞ ∈ EndðC2j2Þ is the boundary analogue of the bulk
R-matrix and is required to satisfy the boundary intertwin-
ing equations

ððπ−p ⊕ π̄−pÞ ⊗ ϵÞðΔðbÞÞKðpÞ
¼ KðpÞððπp ⊕ π̄pÞ ⊗ ϵÞðΔðbÞÞ ð4:11Þ

for all b ∈ B for a given boundary subalgebra B. For those
b ∈ suð1j1Þ2c, this simplifies to the form

ðπ−p ⊕ π̄−pÞðbÞKðpÞ ¼ KðpÞðπp ⊕ π̄pÞðbÞ; ð4:12Þ

where we have dropped the trivial boundary representation
ϵ, since ϵðbÞ ¼ 0.
The complete K-matrix KðpÞ can have four sectors

which correspond to chiral reflections [left-to-left KLðpÞ
and right-to-right KRðpÞ] and achiral reflections [left-to-
right ALðpÞ and right-to-left ARðpÞ]. We denote these
partial K-matrices by KaðpÞ;AaðpÞ ∈ EndðC1j1Þ. Here the
superscript a denotes the chirality of the incoming magnon
before the reflection. The complete K-matrix is then

KðpÞ ¼
�
KLðpÞ ARðpÞ
ALðpÞ KRðpÞ

�

¼ ðKLðpÞ ⊕ KRðpÞÞ

þ
�
0 I

I 0

�
ðALðpÞ ⊕ ARðpÞÞ; ð4:13Þ

which is also required to satisfy the unitarity condi-
tion Kð−pÞKðpÞ ¼ I.
Constraints from the central elements.—The central

elements of the boundary subalgebra B play a crucial role

17A boundary state is created when the boundary absorbs
magnon excitations via the so-called boundary bootstrap pro-
cedure (see, for example, Sec. III in Ref. [68]). Boundary states
for open superstrings in AdS5 × S5 were considered in
Refs. [52,58,69]. We will give a detailed description of similar
boundary states for open superstrings in AdS3 × S3 × S30 × S1 in
a forthcoming publication.
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in boundary scattering. Let us explain why. A central
element C ∈ B is required to commute with the boundary
scattering matrix and thus must intertwine the K-matrix
KðpÞ trivially. Since B ⊂ A, there are five candidates
for central elements in B. Consider Ha with a ∈ fL;Rg.
Note that

πpðHaÞ ≠ π̄−pðHaÞ; π̄pðHaÞ ≠ π−pðHaÞ;

and thus chirality is conserved if either (or both) HL or HR
are in B. However, chirality is not conserved if only the
linear combinationH ¼ HL þHR, but notM ¼ HL −HR,
is in B, since

πpðHÞ ¼ π̄−pðHÞ; πpðMÞ ≠ π̄−pðMÞ:

Now, let us consider C ∈ fP;P†g. Then

πpðCÞ ≠ π−pðCÞ; π̄pðCÞ ≠ π̄−pðCÞ;

so, if the boundary representation is trivial, then the central
elements P and P† cannot be in the boundary subalgebra.
However, suitable linear and quadratic combinations of P
and P† are allowed. In particular, P� ≡P† �P and K≡
P†P satisfy

πpðPþÞ ¼ π−pðPþÞ; πpðP−Þ ≠ π−pðP−Þ;
πpðKÞ ¼ π−pðKÞ; π̄pðPþÞ ¼ π̄−pðPþÞ;

π̄pðP−Þ ≠ π̄−pðP−Þ; π̄pðKÞ ¼ π̄−pðKÞ;

and thus we may have Pþ, K ∈ B, but P−∉B, if the
boundary representation is trivial. We also note that Pþ,
K ∈ B does not imply any constraints on the chirality of
the reflection.
The last central element we need to consider is U. Since

ϵðUÞ ¼ 1, we should note that

ððπp ⊕ π̄pÞ ⊗ ϵÞðΔðUÞÞ ≠ ððπ−p ⊕ π̄−pÞ ⊗ ϵÞðΔðUÞÞ;

which implies that U cannot be in the boundary algebra B,
if boundary representation is given by the counit ϵ. We will
show in the next section that this is also true for the vector
boundary.

1. Boundary subalgebras and K-matrices

Left and right half-supersymmetric boundary algebras.—
We define the left and right half-supersymmetric boundary
superalgebras, BL and BR, to be coideal subalgebras of
A generated as

BL ¼ hQL;SL;HL;HRi;
BR ¼ hQR;SR;HL;HRi: ð4:14Þ

It remains to check the symmetric pair property. Let

g≡ LðAÞ ¼ suð1j1Þ2c;
hL ≡ LðBLÞ ¼ suð1j1ÞL ⊕ uð1ÞR;
hR ≡ LðBRÞ ¼ uð1ÞL ⊕ suð1j1ÞR ð4:15Þ

denote the associated Lie superalgebras, and mL and
mR denote spaces generated by fQR;SR;P;P†g and
fQL;SL;P;P†g, respectively. Thus g ¼ hL ⊕ mL and
g ¼ hR ⊕ mR as vector spaces, and an easy computation
shows that the property (4.6) indeed holds. The boundary
Lie superalgebra hL is that of an open superstring on
AdS3 × S3 × S30 × S1 ending on the Ȳ ¼ 0 or Ȳ 0 ¼ 0 half
of the D5-brane maximal giant graviton, or the Ȳ ¼ Ȳ 0 ¼ 0

D1-brane giant (which is the intersection of Ȳ ¼ 0 and Ȳ 0 ¼
0 giants). The boundary Lie superalgebra hR is that of an
open superstring ending on the Y ¼ 0 or Y 0 ¼ 0 half of the
D5-brane maximal giant, or the Y ¼ Y 0 ¼ 0 D1-brane
giant. These are analogues of open superstrings attached
to Ȳ ¼ 0 and Y ¼ 0 giant gravitons in AdS5 × S5 [8].
Let us construct the K-matrices KBa

ðpÞ for both
a ∈ fL;Rg. Since HL, HR ∈ Ba, these K-matrices are
chiral:

KBa
ðpÞ ¼ KL

Ba
ðpÞ ⊕ KR

Ba
ðpÞ; ð4:16Þ

where

KL
Ba
ðpÞ ¼

X
i;j¼1;2

ðKL
Ba
ðpÞÞijEij;

KR
BL
ðpÞ ¼

X
i;j¼1̄;2̄

ðKR
Ba
ðpÞÞijEij:

The boundary intertwining equations are given by

π−pðbÞKL
Ba
ðpÞ ¼ KL

Ba
ðpÞπpðbÞ;

π̄−pðbÞKR
Ba
ðpÞ ¼ KR

Ba
ðpÞπ̄pðbÞ ð4:17Þ

for all b ∈ Ba. The unitarity conditions are
KL

Ba
ð−pÞKL

Ba
ðpÞ ¼ I and KR

Ba
ð−pÞKR

Ba
ðpÞ ¼ I. The solu-

tions to these intertwining equations take the form

KL
BL
ðpÞ ¼ kLBL

ðpÞI;
KR

BL
ðpÞ ¼ kRBL

ðpÞðE1̄ 1̄ − u2pE2̄ 2̄Þ; ð4:18Þ

KL
BR
ðpÞ ¼ kLBR

ðpÞðE11 − u2pE22Þ;
KR

BR
ðpÞ ¼ kRBR

ðpÞI; ð4:19Þ

with both kLBa
ð−pÞkLBa

ðpÞ ¼ 1 and kRBa
ð−pÞkRBa

ðpÞ ¼ 1 for
unitarity.
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Non-supersymmetric chiral boundary algebra.—Let us
now consider a boundary algebra containing no super-
charges. We set

BNC ¼ hHL;HRi: ð4:20Þ

The boundary Lie algebra LðBNCÞ ¼ uð1ÞL ⊕ uð1ÞR is
from an open superstring on AdS3 × S3 × S30 × S1 attached
to the Z̄ ¼ 0 or Z̄0 ¼ 0 half of the D5-brane maximal giant
or to the Z ¼ Z̄0 ¼ 0 D1-brane giant. This is analogous to
an open superstring ending on the Z̄ ¼ 0 giant graviton on
AdS5 × S5 [8].
Now the coideal boundary algebra BNC is a subalgebra of

A, and the constraints from the central elements imply that
boundary reflections must be chiral. The K-matrix is thus

KBNC
ðpÞ ¼ KL

BNC
ðpÞ ⊕ KR

BNC
ðpÞ: ð4:21Þ

Since there are no additional constraints coming from the
intertwining equations of BNC, we must solve the boundary
Yang-Baxter equation or reflection equation (4.31), dis-
cussed in the next subsection, directly. The solution to this
reflection equation has

KL
BNC

ðpÞ ¼ kLBNC
ðpÞ
�
E11 þ

ðc − xþp Þ
ðcþ x−pÞ

E22

�
;

KR
BNC

ðpÞ ¼ kRBNC
ðpÞ
�
E1̄ 1̄ þ

ð1þ cxþp Þ
ð1 − cx−pÞ

E2̄ 2̄

�
; ð4:22Þ

where kLBNC
ð−pÞkLBNC

ðpÞ ¼ 1 and kRBNC
ð−pÞkRBNC

ðpÞ ¼ 1

for unitarity. The parameter c ∈ C, which is interpreted
as a free boundary parameter, has several interesting values.
Setting c ¼ tan θ gives

lim
θ→π

2

KBNC
ðpÞ ¼ KBL

ðpÞ; lim
θ→0

KBNC
ðpÞ ¼ KBR

ðpÞ;

whereas, for c2 ¼ −1, the partial K-matrices (4.22) become
identical, since now

ðc − xþp Þ
ðcþ x−pÞ

¼ ð1þ cxþp Þ
ð1 − cx−pÞ

:

Now we want to ask: Does there exist a larger super-
symmetric subalgebra of A which yields this K-matrix as a
solution of the intertwining equations? The answer is yes.
Let us introduce the diagonally supersymmetric boundary
algebra

BD ¼ hqþ; q−; d; ~di; ð4:23Þ

which is a coideal subalgebra of A. Here

qþ ¼ P†QL þ icPSR;

q− ¼ PSL þ icP†QR;

d ¼ ðHL − c2HR þ icðPþP†ÞÞK;

~d ¼ ðHL − c2HR − icðPþP†ÞÞK; ð4:24Þ

with K ¼ PP†. We also introduce the space MD gen-
erated by fsþ; s−;n; ~ng, where

sþ ¼ P†QL − icPSR;

s− ¼ PSL − icP†QR;

n ¼ ðHL þ c2HR þ icðP −P†ÞÞK;

~n ¼ ðHL þ c2HR − icðP −P†ÞÞK: ð4:25Þ

The generators of BD and MD satisfy the following
nontrivial identities:

fqþ;q−g¼d; fqþ;s−g¼n; fqþ;sþg¼0;

fsþ;s−g¼ ~d; fq−;sþg¼ ~n; fq−;s−g¼0; ð4:26Þ

where d, ~d and n, ~n are central elements. Notice that these
relations are identical to those in (3.12). Thus, the asso-
ciated Lie superalgebra LðBD ⊕ MDÞ is isomorphic to
LðAÞ, while LðBDÞ ¼ suð1j1ÞD ⊕ uð1ÞD consists of the
Lie superalgebra suð1j1ÞD generated by the triple
fqþ; q−; dg, and uð1ÞD generated by ~d. Moreover,

g≡ LðBD ⊕ MDÞ ≅ LðAÞ ¼ suð1j1Þ2c;
hD ≡ LðBDÞ ¼ suð1j1ÞD ⊕ uð1ÞD ð4:27Þ

gives a symmetric pair ðg; hDÞ of Lie superalgebras.
Solving the intertwining equations of the superalgebra

BD, with c ∈ C an arbitrary parameter such that c2 ≠ −1,
gives precisely the K-matrix KBNC

ðpÞ obtained above.
Hence, the algebra BD can be understood as a hidden
symmetry of the non-supersymmetric chiral boundary
for c2 ≠ −1.
We note, however, that setting c2 ¼ −1 yields a solution

of the intertwining equations for BD which consists of both
chiral parts, KL

BNC
ðpÞ and KR

BNC
ðpÞ, and achiral parts

AR
BNC

ðpÞ and AL
BNC

ðpÞ. This solution does not satisfy the
reflection equation. There is no obvious hidden symmetry
for c2 ¼ −1.
Non-supersymmetric achiral boundary algebra.—Let us

now consider the possibility of a boundary algebra con-
taining only the magnon Hamiltonian. Let us assume that

BNA ¼ hHi; with H ¼ HL þHR; ð4:28Þ

which allows for both chiral and achiral reflections.
The associated boundary Lie algebra, given by
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LðBNAÞ ¼ uð1Þþ, is that of an open superstring on
AdS3 × S3 × S30 × S1 ending on the Ȳ ¼ Y 0 ¼ 0 or on
the Y ¼ Ȳ 0 ¼ 0 D1-brane maximal giant graviton. We
choose an achiral ansatz for the K-matrix

KBNA
ðpÞ ¼

�
0 AR

BNA
ðpÞ

AL
BNA

ðpÞ 0

�

¼
�
0 I

I 0

�
ðAL

BNA
ðpÞ ⊕ AR

BNA
ðpÞÞ; ð4:29Þ

where

AR
BNA

ðpÞ ¼
X
i¼1;2
j¼1̄;2̄

ðAR
BNA

ðpÞÞijEij;

AL
BNA

ðpÞ ¼
X
i¼1̄;2̄
j¼1;2

ðAL
BNA

ðpÞÞijEij:

There are no constraints from the intertwining equations of
BNA. We must therefore proceed by solving the reflection
equation (4.31) directly—which eventually yields a sol-
ution of the form

AR
BNA

ðpÞ ¼ aRBNA
ðpÞð1þ xþp x−pÞ−1

2½−cu−1p ðiþ xþp ÞE11̄

þ iηpðE12̄ þ E21̄Þ − c−1upði − x−pÞE22̄�;
AL

BNA
ðpÞ ¼ aLBNA

ðpÞð1þ xþp x−pÞ−1
2½c−1u−1p ðiþ xþp ÞE1̄1

þ iηpðE1̄2 þ E2̄1Þ þ cupði − x−pÞE2̄2� ð4:30Þ

for any c ∈ C. Here both aRBNA
ð−pÞaLBNA

ðpÞ ¼ 1 and

aLBNA
ð−pÞaRBNA

ðpÞ ¼ 1 for unitarity.
We can ask the same question as before: does there exist

a coideal subalgebra of A which yields this K-matrix as a
solution of the intertwining equations? We were not able to
find such an algebra, but this does not exclude its existence.

2. Reflection equation

A reflection K-matrix must satisfy the boundary Yang-
Baxter equation, also called the reflection equation [12],

K2ðqÞR21ðq;−pÞK1ðpÞR12ðp; qÞ
¼ R21ð−q;−pÞK1ðpÞR12ðp;−qÞK2ðqÞ: ð4:31Þ

Let us now consider chiral and achiral reflections sepa-
rately. This reflection equation is equivalent, for the partial
R-matrices and partial chiral K-matrices, to

Kb
2ðqÞRba

21 ðq;−pÞKa
1ðpÞRab

12ðp; qÞ
¼ Rba

21 ð−q;−pÞKa
1ðpÞRab

12ðp;−qÞKb
2ðqÞ; ð4:32Þ

and, for the partial R-matrices and the partial achiral K-
matrices, to

Ab
2ðqÞRbā

21 ðq;−pÞAa
1ðpÞRab

12ðp; qÞ
¼ Rb̄a

21 ð−q;−pÞAa
1ðpÞRab̄

12ðp;−qÞAb
2ðqÞ; ð4:33Þ

for all a; b; c ∈ fL;Rg, with L̄ ¼ R and R̄ ¼ L (see Fig. 5).
Here we define

Rab
12 ðp; qÞ ¼ Rabðp; qÞ; Rab

21ðp; qÞ ¼ PRabðp; qÞP;
Ka

1ðpÞ ¼ KaðpÞ ⊗ I; Ka
2ðpÞ ¼ I ⊗ KaðpÞ;

Aa
1ðpÞ ¼ AaðpÞ ⊗ I; Aa

2ðpÞ ¼ I ⊗ AaðpÞ;

and similarly for R12ðp; qÞ and R21ðp; qÞ, and K1ðpÞ and
K2ðqÞ in terms of the complete R-matrices and K-matrices.
All the K-matrices constructed above are found to satisfy
the reflection equation, if we impose the parity and
discrete LR symmetry constraints on the scale factors
sabðp; qÞ in the partial R-matrices, which were described
in Sec. III C 1.

C. Vector boundary

The totally supersymmetric boundary superalgebra BT is
the coideal subalgebra of A generated as

BT ¼ hQL;SL;HL;QR;SR;HR;P;P†i: ð4:34Þ

FIG. 5 (color online). A two-magnon reflection off a singlet boundary factorizes into a succession of single-magnon reflections and
two-magnon scattering events. The double red and blue line again indices the direct sum of left and right magnon states which scatter by
complete R and K-matrices.
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Note that elementsU,U−1∉BT. SinceU andU−1 appear in
the left tensor factor of the coproduct only, the coideal
property ΔðbÞ ∈ A ⊗ BT for all b ∈ BT is satisfied.
The vector boundary state transforms in the left- or right-

moving representation, πB or π̄B, of the boundary Lie
superalgebra LðBTÞ ¼ suð1j1Þ2c. This boundary superal-
gebra arises from an open superstring ending on the Z ¼ 0
or Z0 ¼ 0 half of the D5-brane maximal giant graviton, or
the Z ¼ Z0 ¼ 0 D1-brane giant (the intersection of Z ¼ 0
and Z0 ¼ 0 giants), shown in Tables I and II. This is
analogous to an open superstring attached to the Z ¼ 0

giant graviton in AdS5 × S5 [8].
Boundary representations πB and π̄B.—We define the

vector spaces associated with left- and right-moving
boundary vector states in the same way as for the magnons
in the bulk:

VB ¼ spanCfjϕBi; jψBig ≅ C1j1;

V̄B ¼ spanCfjϕ̄Bi; jψ̄Big ≅ C1j1;

and set WB ¼ VB ⊕ V̄B ≅ C2j2. The left boundary repre-
sentation πB∶ BT → EndðC1j1Þ is given by (3.20), with the
subindex p replaced by B. The right boundary representa-
tion π̄B∶ BT → EndðC1j1Þ is analogous to (3.21) subject to
the p → B replacement. The primed spaceW0

B ¼ V 0
B ⊕ V̄ 0

B
and representations π0B and π̄0B are defined in a similar way.
We will use the notation WB ∈ fWB;W0

Bg.
We may choose the following parametrization of the

boundary parameters:

aB ¼
ffiffiffi
h

p
ηB; bB ¼

ffiffiffi
h

p
ηB; cB ¼

ffiffiffi
h

p iηB
xB

;

dB ¼
ffiffiffi
h

p iηB
xB

; η2B ¼ −ixB; ð4:35Þ

where xB is the boundary Zhukovski variable satisfying the
boundary mass-shell identity

xB þ 1

xB
¼ imB

h
; ð4:36Þ

with mB the boundary mass parameter. This boundary
representation can be obtained from πp by setting the
momentum to p ¼ π (so that xB ≡ xþp¼π ¼ −x−p¼π), defin-
ing the boundary mass parameter to be mB ¼ mp¼π and
rescaling h → h=2. We expect this representation to
describe a magnon state absorbed by the boundary.
Notice that the total bulk and boundary momentum before
and after the reflection sum to pþ π − pþ π ¼ 2π ∼ 0 due
to periodicity—which is conservation of momentum for an
elastic reflection off an infinitely massive boundary. We
will further justify these boundary parameters when we
discuss the constraints from the central elements in BT.

Boundary intertwining equations.—For this case of a
vector boundary, the intertwining equations for the K-
matrix KTðp;BÞ ∈ EndðWp ⊗ WBÞ, corresponding to
KTðp;BÞ ∈ EndðC2j2 ⊗ C2j2Þ, are very similar to those
imposed on the bulk R-matrix in Sec. III. The boundary
scattering involves three states: bulk magnon, boundary
vector state and the boundary singlet vacuum state. Since
the boundary vacuum state is described by the trivial
representation ϵ satisfying ϵðbÞ ¼ 0 for all b ∈ BT, we
can drop it to obtain the boundary intertwining equations
for the vector boundary:

ððπ−p ⊕ π̄−pÞ ⊗ ðπB ⊕ π̄BÞÞðΔðbÞÞKBT
ðp;BÞ

¼ KBT
ðp;BÞððπp ⊕ π̄pÞ ⊗ ðπB ⊕ π̄BÞÞðΔðbÞÞ ð4:37Þ

for all b ∈ BT.
Constraints from the central elements for vector

boundary.—Central elements of BT imply important con-
straints for reflections off a vector boundary and for the
parameters of the boundary representation πB. Recall that
central elements must intertwine the reflection matrix
trivially, which means that, for a chiral reflection,

ðπp ⊗ πBÞðΔðCÞÞ ¼ ðπ−p ⊗ πBÞðΔðCÞÞ;
ðπ̄p ⊗ π̄BÞðΔðCÞÞ ¼ ðπ̄−p ⊗ π̄BÞðΔðCÞÞ

for all C ∈ fHa;P;P†g. Suppose that we do not know the
boundary representation πB. Since the elements P and P†

are central, we must have πBðPÞ ¼ fBI and πBðP†Þ ¼ f†BI
for some fB, f†B ∈ C. Using πpðPÞ ¼ hð1 − u2pÞI and
πpðP†Þ ¼ hð1 − u−2p ÞI, and the boundary intertwining
equations, we obtain

hð1 − u2pÞ þ u2pfB ¼ hð1 − u−2p Þ þ u−2p fB;

hð1 − u−2p Þ þ u−2p f†B ¼ hð1 − u2pÞ þ u2pf
†
B;

giving fB ¼ f†B ¼ h. Now notice that πpðPÞjp¼π;h→h=2 ¼
πðP†Þjp¼π;h→h=2 ¼ hI, which justifies our interpretation of
the vector boundary as a bulk magnon state with momen-
tum p ¼ π. A vector state at the boundary is always
necessary for the boundary algebra BT, since the central
elements P and P† cannot be preserved by a singlet
boundary.
The next step is to check the intertwining equations for

achiral reflections. For example,

ðπp ⊗ πBÞðΔðHaÞÞ ≠ ðπ̄−p ⊗ πBÞðΔðHaÞÞ;
ðπ̄p ⊗ π̄BÞðΔðHaÞÞÞ ≠ ðπ−p ⊗ π̄BÞðΔðHaÞÞ:

However,
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ðπp ⊗ π̄BÞðΔðCÞÞ ¼ ðπ̄−p ⊗ πBÞðΔðCÞÞ;
ðπ̄p ⊗ πBÞðΔðCÞÞ ¼ ðπ−p ⊗ π̄BÞðΔðCÞÞ;

for all C ∈ fHa;P;P†g. This implies that the total number
of left or right states is a conserved quantum number as a
result of the central elements in BT. Scattering off a vector
boundary, which intertwines the representations πp ⊗ π̄B
and π̄−p ⊗ πB or π̄p ⊗ πB and π−p ⊗ π̄B, is forbidden
rather by the intertwining equations for the supercharges.
Thus, the K-matrix KBT

ðpÞ decomposes into the four
sectors (left-from-left, right-from-right, left-from-right
and right-from-left) with Kab

BT
ðpÞ describing the chiral

reflection of a magnon of chirality a from a boundary of
chirality b.

1. Complete and partial K-matrices

The complete K-matrix decomposes into the direct sum

KBT
ðp;BÞ ¼ KLL

BT
ðp;BÞ ⊕ KRR

BT
ðp;BÞ

⊕ KLR
BT
ðp;BÞ ⊕ KRL

BT
ðp;BÞ ð4:38Þ

of partial K-matrices in the LL, RR, LR and RL decoupled
sectors. The partial K-matrices are solutions of the boun-
dary intertwining and reflection equations, and the unitarity
condition.
Left-left and right-right sectors.—We write the partial

K-matrices in the LL and RR sectors as

KLL
BT
ðp;BÞ ¼

X
i;j;k;l¼1;2

ðKLLðp;BÞÞikjlðEij ⊗ EklÞ;

KRR
BT

ðp;BÞ ¼
X

i;j;k;l¼1̄;2̄

ðKRRðp;BÞÞikjlðEij ⊗ EklÞ;

which depend on the magnon momentum p and its mass
mp through the Zhukovski variables x�p , and the boundary
mass parameter mB through xB. The boundary intertwining
equations are

ðπ−p ⊗ πBÞðΔðbÞÞKLL
BT
ðp;BÞ

¼ KLL
BT
ðp;BÞðπp ⊗ πBÞðΔðbÞÞ;

ðπ̄−p ⊗ π̄BÞðΔðbÞÞKRR
BT

ðp;BÞ
¼ KRR

BT
ðp;BÞðπ̄p ⊗ π̄BÞðΔðbÞÞ

for all b ∈ BT. The unitarity condition implies
KLL

BT
ð−p;BÞKLL

BT
ðp;BÞ¼ I and KRR

BT
ð−p;BÞKRR

BT
ðp;BÞ¼ I.

We find the solutions to these boundary intertwining
equations to be

KLL
BT
ðp;BÞ

¼ kLLBT
ðp;BÞ

�
E11 ⊗ E11 þ

ðxþp − u−2p xBÞ
ðx−p − xBÞ

E11 ⊗ E22

þ ðx−p þ u2pxBÞ
ðx−p − xBÞ

E22 ⊗ E11 þ
ðxþp þ xBÞ
ðx−p − xBÞ

E22 ⊗ E22

þ iðup þ u−1p ÞηpηB
ðx−p − xBÞ

E12 ⊗ E21

−
iðup þ u−1p ÞηpηB

ðx−p − xBÞ
E21 ⊗ E12

�
; ð4:39Þ

KRR
BT

ðp;BÞ

¼ kRRBT
ðp;BÞ

�
E1̄ 1̄ ⊗ E1̄ 1̄ þ

ðxþp − u−2p xBÞ
ðx−p − xBÞ

E1̄ 1̄ ⊗ E2̄ 2̄

þ ðx−p þ u2pxBÞ
ðx−p − xBÞ

E2̄ 2̄ ⊗ E1̄ 1̄ þ
ðxþp þ xBÞ
ðx−p − xBÞ

E2̄ 2̄ ⊗ E2̄ 2̄

þ iðup þ u−1p ÞηpηB
ðx−p − xBÞ

E1̄ 2̄ ⊗ E2̄ 1̄

−
iðup þ u−1p ÞηpηB

ðx−p − xBÞ
E2̄ 1̄ ⊗ E1̄ 2̄

�
; ð4:40Þ

where kLLBT
ð−p;BÞkLLBT

ðp;BÞ¼1 and kRRBT
ð−p;BÞkRRBT

ðp;BÞ¼1

for unitarity.
Left-right and right-left sectors.—We write the partial

K-matrices in the LR and RL sectors as

KLR
BT
ðp;BÞ ¼

X
i;j¼1;2
k;l¼1̄;2̄

ðKLRðp;BÞÞikjlðEij ⊗ EklÞ;

KRL
BT
ðp;BÞ ¼

X
i;j¼1̄;2̄
k;l¼1;2

ðKRLðp;BÞÞikjlðEij ⊗ EklÞ:

The left-right K-matrix is a solution of the boundary
intertwining equations

ðπ−p ⊗ π̄BÞðΔðbÞÞKLR
BT
ðp;BÞ

¼ KLRðp;BÞðπp ⊗ π̄BÞðΔðbÞÞ;
ðπ̄−p ⊗ πBÞðΔðbÞÞKRL

BT
ðp;BÞ

¼ KRLðp;BÞðπ̄p ⊗ πBÞðΔðbÞÞ

for all b ∈ BT. The unitarity condition implies
KLR

BT
ð−p;BÞKLR

BT
ðp;BÞ¼ I and KRL

BT
ð−p;BÞKRL

BT
ðp;BÞ¼ I.

The solutions to the boundary intertwining equations take
the form

KLR
BT
ðp;BÞ ¼ kLRBT

ðp;BÞ½ð1− xþp xBÞð1þ x−pxBÞ�−1
2½ðxþp xBþu−2p ÞE11 ⊗ E1̄ 1̄þðx−pxBþ 1ÞE11 ⊗ E2̄ 2̄þðxþp xB − 1ÞE22 ⊗ E1̄ 1̄

þðx−pxB −u2pÞE22 ⊗ E2̄ 2̄− ðupþu−1p ÞηpηBE12 ⊗ E1̄ 2̄þðupþu−1p ÞηpηBE21 ⊗ E2̄ 1̄�; ð4:41Þ

PRINSLOO, REGELSKIS, AND TORRIELLI PHYSICAL REVIEW D 92, 106006 (2015)

106006-24



KRL
BT
ðp;BÞ ¼ kLRBT

ðp;BÞ½ð1− xþp xBÞð1þ x−pxBÞ�−1
2½ðxþp xBþu−2p ÞE1̄ 1̄ ⊗ E11þðx−pxBþ 1ÞE1̄ 1̄ ⊗ E22þðxþp xB − 1ÞE2̄ 2̄ ⊗ E11

þðx−pxB −u2pÞE2̄ 2̄ ⊗ E22− ðupþu−1p ÞηpηBE1̄ 2̄ ⊗ E12þðupþu−1p ÞηpηBE2̄ 1̄ ⊗ E21�; ð4:42Þ

where kLRBT
ð−p;BÞkLRBT

ðp;BÞ¼1 and kRLBT
ð−p;BÞkRLBT

ðp;BÞ¼1
for unitarity.
We note that it is necessary to impose boundary crossing

symmetry conditions on all ourK-matrices, which constrain
the scale factors kaðpÞ and aaðpÞ. We anticipate that these
will be related to the dressing phases of Ref. [38] in the bulk
R-matrix. We leave this for future research.

2. Reflection equation

The reflection equation for the complete K-matrix is

K23ðq;BÞR21ðq;−pÞK13ðp;BÞR12ðp;qÞ
¼R21ð−q;−pÞK13ðp;BÞR12ðp;−qÞK23ðq;BÞ; ð4:43Þ

which is equivalent, for the partial R-matrices and
K-matrices, to

Kbc
23ðq;BÞRba

21 ðq;−pÞKac
13ðp;BÞRab

12 ðp;qÞ
¼Rba

21ð−q;−pÞKac
13ðp;BÞRab

12 ðp;−qÞKbc
23ðq;BÞ; ð4:44Þ

for all a; b; c ∈ fL;Rg (see Fig. 6). Here we define

Rab
12ðp; qÞ ¼ Rabðp; qÞ ⊗ I;

Rab
21ðp; qÞ ¼ ðPRabðp; qÞPÞ ⊗ I;

Kab
13ðp;BÞ ¼ ðI ⊗ PÞðKabðp;BÞ ⊗ IÞðI ⊗ PÞ;

Kab
23ðp;BÞ ¼ I ⊗ Kabðp;BÞ;

and similarly for R12ðp; qÞ, R21ðq; pÞ, K13ðp;BÞ and
K23ðq;BÞ in terms of complete R- and K-matrices.
A direct computation shows that the R-matrices and

K-matrices for the vector boundary satisfy (4.44) for ðabcÞ
in the homogeneous (LLL, RRR) and mixed (LLR, LRL,

RLL, LRR, RLR, RRL) sectors. This ensures that the
complete R-matrix and K-matrix satisfy (4.43).

V. INTEGRABLE CLOSED psuð1;1j2Þ2
SPIN-CHAIN AND SCATTERING
MATRICES IN AdS3 × S3 × T4

The bosonic isometry group of the AdS3 × S3 × T4

supergravity background is

SOð2; 2Þ × SOð4Þ × Uð1Þ4;

with the Lie algebra splitting into left- and right-movers

soð2; 2Þ ∼ suð1; 1ÞL ⊕ suð1; 1ÞR;
soð4Þ ∼ suð2ÞL ⊕ suð2ÞR:

The bosonic isometries can thus be rearranged into

½suð1; 1Þ ⊕ suð2Þ�L ⊕ ½suð1; 1Þ ⊕ suð2Þ�R ⊕ uð1Þ4;

which is the bosonic part of the superisometry algebra

psuð1; 1j2ÞL ⊕ psuð1; 1j2ÞR ⊕ uð1Þ4:

Massive excitations of the world sheet of a closed
superstring on AdS3 × S3 × T4 can be identified with the
magnon excitations of a homogeneous double-row
psuð1; 1j2Þ2 closed spin-chain. These magnons transform
under a centrally extended ½psuð1j1Þ2 ⊕ uð1Þ�2c algebra18

[two copies of suð1j1Þ2c with the Cartan and central
elements identified, respectively]. The left- and right-
moving excitations decouple in the weak coupling limit.
This section contains a review based on Ref. [21] of this
integrable closed psuð1; 1j2Þ2 spin-chain and the S-matrix
describing the scattering of magnon excitations.

A. psuð1;1j2Þ2 closed spin-chain
with ½psuð1j1Þ2 ⊕ uð1Þ�2 excitations

1. Single-row psuð1;1j2Þ spin-chain
with psuð1j1Þ2 ⊕ uð1Þ excitations

Symmetry generators.—The psuð1; 1j2Þ superalgebra
shown in Appendix B has bosonic generators

J0;Jb ∈ suð1; 1Þ; Lβ;L5 ∈ suð2ÞFIG. 6 (color online). A two-magnon reflection off a vector
boundary factorizes into a succession of single-magnon reflec-
tions and two-magnon scattering events. The double red and blue
line again indicates a direct sum of left and right magnons or
boundary vector states.

18Note that here we use psuð1j1Þ2 ⊕ uð1Þ to denote the direct
sum of Lie algebras as vector spaces.
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of suð1; 1Þ ⊕ suð2Þ, and fermionic generators Qbβ _β

labeled by b; β; _β ¼ � indices. There is also a uð1Þ
automorphism R8.
Sites.—A site in this homogeneous single-row

psuð1; 1j2Þ spin-chain is the module

M ≡M
�
−
1

2
;
1

2
; 0
�

¼ spanCfjϕðnÞ
_β
i; jψ ðnÞ

β ig:

A vector at this site transforms in the half-BPS representa-
tion of the psuð1; 1j2Þ superalgebra shown in Appendix B.
The vacuum state is

jZi ¼ jϕð0Þ
þ i; ð5:1Þ

and the four fundamental excitations φβ _β are

jφþ _þi ¼ jϕð0Þ
− i; jφ− _−i ¼ jϕð1Þ

þ i;
jφþ _−i ¼ −jψ ð0Þ

− i; jφ− _þi ¼ jψ ð0Þ
þ i; ð5:2Þ

which transform under a psuð1j1Þ2 ⊕ uð1Þ algebra with
fermionic psuð1j1Þ2 generators

Q1 ≡Q−þþ; Q2 ≡ −Q−þ−;

S1 ≡Qþ−−; S2 ≡Qþ−þ

satisfying fQi;Sjg ¼ Hδij, for i; j ∈ f1; 2g. The addi-
tional bosonic uð1Þ generator H ¼ −J0 − L5 is the mag-
non Hamiltonian. We notice that this psuð1j1Þ2 ⊕ uð1Þ
algebra can, alternatively, be viewed as two copies of
suð1j1Þ2 with the Cartan elements identified. We can
extend this algebra to uð1Þ2 ⋉ ½psuð1j1Þ2 ⊕ uð1Þ� by
introducing X1 ¼ − 1

2
L5 − 1

2
R8 and X2 ¼ − 1

2
L5 þ 1

2
R8,

which satisfy

fQi;Sjg ¼ Hδij; ½Xi;Qj� ¼ −
1

2
δijQi;

½Xi;Sj� ¼
1

2
δijSi; ð5:3Þ

but do not annihilate the vacuum state.
Spin-chain.—The homogeneous single-row spin-chain

with J sites is now identified with the module M⊗J. The
spin-chain vacuum and fundamental excitations are

j0i ¼ jZJi; jφβ _β
ðnÞi ¼ jZn−1φβ _βZJ−ni: ð5:4Þ

Single-magnon excitations are constructed as vectors in
momentum space:

jφβ _β
p i ¼

XJ
n¼1

eipnjφβ _β
ðnÞi: ð5:5Þ

The action of the fermionic psuð1j1Þ2 generators on a
magnon state is

Q1jφþ_β
p i ¼ jφ−_β

p i; S1jφþ_β
p i ¼ 0;

Q1jφ−_β
p i ¼ 0; S1jφ−_β

p i ¼ jφþ_β
p i;

Q2jφβþ
p i ¼ ð−1Þδβ− jφβ−

p i; S2jφβþ
p i ¼ 0;

Q2jφβ−
p i ¼ 0; S2jφβ−

p i ¼ ð−1Þδβ− jφβþ
p i: ð5:6Þ

These low-lying magnon excitations have energy 1 with
respect to the magnon Hamiltonian H. Here also

Xij0i ¼ −
J
2
j0i; Xijφþ _þ

p i ¼
�
−
J
2
þ 1

2

�
jφþ _þ

p i;

Xijφ− _−
p i ¼ −

J
2
jφ− _−

p i;

X1jφþ _−
p i ¼

�
−
J
2
þ 1

2

�
jφþ _−

p i; X2jφþ _−
p i ¼ −

J
2
jφþ _−

p i;

X1jφ− _þ
p i ¼ −

J
2
jφ− _þ

p i; X2jφ− _þ
p i ¼

�
−
J
2
þ 1

2

�
jφ− _þ

p i:

The standard procedure by which single-magnon excita-
tions may be generalized to multimagnon excitations was
described in Sec. III A 1.

2. Double-row psuð1;1j2Þ2 closed spin-chain
with ½psuð1j1Þ2 ⊕ uð1Þ�2 excitations

The homogeneous double-row psuð1; 1j2Þ2 spin-chain
consists of left- and right-moving psuð1; 1j2ÞL and
psuð1; 1j2ÞR spin-chains which decouple at weak
coupling.
Sites.—Sites of the left- and right-moving spin-chains

form the module ML ⊗ MR, with ML and MR the left and
right copies of the module M. The vacuum state and
fundamental excitations are

jZi ¼
����
�
ZL

ZR

��
; jφβ _βi ¼

����
�
φβ _β
L

ZR

��
;

jφ̄β _βi ¼
����
� ZL

φβ _β
R

��
; ð5:7Þ

which transform under the ½psuð1j1Þ2 ⊕ uð1Þ�2 algebra

fQai;Sbjg ¼ Haδabδij; ½Xai;Qbj� ¼ −
1

2
Qaiδabδij;

½Xai;Sbj� ¼
1

2
Saiδabδij

with a; b ∈ fL;Rg and i; j ∈ f1; 2g. Notice that Xi ¼
XLi −XRi do annihilate the vacuum state, although XLi
and XRi individually do not. We defineH ¼ HL þHR and
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M ¼ HL −HR, with H the magnon Hamiltonian. Again,
we will focus on well-separated magnon excitations in the
J → ∞ limit so that the left- and right-moving excitations

φβ _β
L and φβ _β

R do not coincide.
Spin-chain.—The homogeneous double-row spin-chain

is identified with the module ðML ⊗ MRÞ⊗J. The ground
state is

j0i ¼ jZJi ¼
����
�
ZL

ZR

�J�
; ð5:8Þ

and left- and right-moving fundamental excitations are

jφβ _β
ðnÞi ¼ jZn−1φβ _βZJ−ni ¼

����
�
ZL

ZR

�n−1�φβ _β
L

ZR

��
ZL

ZR

�J−n�
;

jφ̄β _β
ðnÞi ¼ jZn−1φ̄β _βZJ−ni ¼

����
�
ZL

ZR

�n−1�ZL

φβ _β
R

��
ZL

ZR

�J−n�
;

ð5:9Þ

with low-lying left- and right-moving single-magnon
excitations given by

jφβ _β
p i ¼

XJ
n¼1

eipnjφβ _β
ðnÞi; jφ̄β _β

p i ¼
XJ
n¼1

eipnjφ̄β _β
ðnÞi: ð5:10Þ

The left- and right-moving magnon excitations jφβ _β
p i and

jφ̄β _β
p i have energy eigenvalue 1 of the magnon Hamiltonian

H, whereas the left/right-movers have mass eigenvalues
�1, with thus a particle/antiparticle interpretation. The
nontrivial action of the fermionic generators of the
½psuð1j1Þ2 ⊕ uð1Þ�2 algebra on these magnon states is

QL1jφþ_β
p i ¼ jφ− _β

p i; SL1jφ−_β
p i ¼ jφþ_β

p i;
QL2jφβþ

p i ¼ ð−1Þδβ− jφβ−
p i; SL2jφβ−

p i ¼ ð−1Þδβ− jφβþ
p i;

QR1jφ̄þ_β
p i ¼ jφ̄− _β

p i; SR1jφ̄−_β
p i ¼ jφ̄þ _β

p i;
QR2jφ̄βþ

p i ¼ ð−1Þδβ− jφ̄β−
p i; SR2jφ̄β−

p i ¼ ð−1Þδβ− jφ̄βþ
p i;

ð5:11Þ

with the nontrivial action of the uð1Þ generators Xi of the
uð1Þ2 ⋉ ½psuð1j1Þ2 ⊕ uð1Þ�2 algebra, which annihilate
the ground state, given by

Xijφþ _þ
p i ¼ 1

2
jφþ _þ

p i; X1jφþ _−
p i ¼ 1

2
jφþ _−

p i;

X2jφ− _þ
p i ¼ 1

2
jφ− _þ

p i; Xijφ̄þ _þ
p i ¼ −

1

2
jφ̄þ _þ

p i;

X1jφ̄þ _−
p i ¼ −

1

2
jφ̄þ _−

p i; X2jφ̄− _þ
p i ¼ −

1

2
jφ̄− _þ

p i:

We again make use of the standard generalization to
multimagnon excitations.

B. psuð1;1j2Þ2 spin-chain with centrally extended
½psuð1j1Þ2 ⊕ uð1Þ�2c excitations

Beyond the weak-coupling limit of the psuð1; 1j2Þ2
spin-chain in which the left- and right-moving excitations
decouple, we must centrally extend the subalgebra of the
massive magnon excitations to ½psuð1j1Þ2 ⊕ uð1Þ�2c. This
centrally extended algebra has fermionic generators Qai,
Sai and bosonic generators Ha, P, P†, with a ∈ fL;Rg
and i ∈ f1; 2g. These generators satisfy

fQai;Sbjg ¼ Haδabδij; fQLi;QRjg ¼ Pδij;

fSLi;SRjg ¼ P†δij: ð5:12Þ

Here P and P† are the new central elements. The dynamic
and nondynamic psuð1; 1j2Þ2 spin-chains were studied in
detail in Ref. [21]. Let us briefly review these constructions.

1. Finite spin-chain with length-changing effects

The bosonic central elements P and P† have length-
changing effects on the closed finite spin-chain above. Here
Zþ andZ− insert or remove a vacuum state, as described in
Sec. III B 1.
Single-magnon excitations.—The action of the fermionic

generators of the ½psuð1j1Þ2 ⊕ uð1Þ�2c algebra on the left-
moving magnon excitations is [21]

QL1jφþ_β
p i¼apjφ−_β

p i; SL1jφ−_β
p i¼bpjφþ_β

p i;
QL2jφβþ

p i¼ð−1Þδβ−apjφβ−
p i; SL2jφβ−

p i¼ð−1Þδβ−bpjφβþ
p i;

QR1jφ−_β
p i¼cpjZþφþ _β

p i; SR1jφþ_β
p i¼dpjZ−φ−_β

p i;
QR2jφβ−

p i¼ð−1Þδβ−cpjZþφβþ
p i;

SR2jφβþ
p i¼ð−1Þδβ−dpjZ−φβ−

p i; ð5:13Þ

and, similarly, on the right-moving magnon excitations,

QR1jφ̄þ_β
p i ¼ āpjφ̄− _β

p i; SR1jφ̄−_β
p i ¼ b̄pjφ̄þ _β

p i;
QR2jφ̄βþ

p i ¼ ð−1Þδβ− āpjφ̄β−
p i;

SR2jφ̄β−
p i ¼ ð−1Þδβ− b̄pjφ̄βþ

p i;
QL1jφ̄−_β

p i ¼ c̄pjZþφ̄þ_β
p i; SL1jφ̄þ_β

p i ¼ d̄pjZ−φ̄− _β
p i;

QL2jφ̄β−
p i ¼ ð−1Þδβ− c̄pjZþφ̄βþ

p i;
SL2jφ̄βþ

p i ¼ ð−1Þδβ− d̄pjZ−φ̄β−
p i: ð5:14Þ

The energy eigenvalues of H ¼ HL þHR on the left- and
right-moving magnons are

Ep ¼ apbp þ cpdp; Ēp ¼ āpb̄p þ c̄pd̄p;
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and the eigenvalues of the mass operator M ¼ HL −HR
are

m ¼ apbp − cpdp ¼ 1; −m̄ ¼ −ðāpb̄p − c̄pd̄pÞ ¼ −1:

Physical single-magnon states should again be annihilated
by the central elements P and P†, which would imply
cp ¼ dp ¼ c̄p ¼ d̄p ¼ 0, so we revert to a magnon state of
the decoupled spin-chain.
Two-magnon excitations. We can write similar excita-

tions for two left-moving magnons of momenta p and q to
those in Sect. III B 1, as well as for two right-moving

magnons, and for left- and right-moving magnons jφβ _β
p φγ _γ

q i,
jφ̄β _β

p φ̄γ _γ
q i, jφβ _β

p φ̄γ _γ
q i, jφ̄β _β

p φγ _γ
q i in terms of these length-

changing effects. We find that, for these two-magnon states
to be annihilated by the central elements P and P†, we
must make use of the same parametrization (3.17) for both
ap, bp, cp, dp and āp, b̄p, c̄p, d̄p, satisfying the same
constraints (3.18), with the unit mass now m ¼ m̄ ¼ 1.

2. Infinite spin-chain with Hopf algebra structure

Now, in the J → ∞ infinite spin-chain limit, we can
encode the length-changing effects rather in a U-braided
Hopf algebra structure for the ½psuð1j1Þ2 ⊕ uð1Þ�2c super-
algebra, as in Appendix B of Ref. [21].
Single-magnon representations.—We will write the

actions (5.13) and (5.14) in terms of matrix representations
of ½psuð1j1Þ2 ⊕ uð1Þ�2c. We must first introduce the vector
spaces

Vp ¼ spanCfjφþ _þ
p i; jφþ _−

p i; jφ− _þ
p i; jφ− _−

p ig;
V̄p ¼ spanCfjφ̄þ _þ

p i; jφ̄þ _−
p i; jφ̄− _þ

p i; jφ̄− _−
p ig

for left- and right-moving magnons. We can identify
these vector spaces with C1j1 ⊗ _C1j1. The action (5.13)
can be encoded in the left-moving representation
πp∶ ½psuð1j1Þ2 ⊕ uð1Þ�2c → EndðC1j1 ⊗ _C1j1Þ:

πpðQL1Þ ¼ apE21 ⊗ I; πpðQL2Þ ¼ apI ⊗ E21;

πpðQR1Þ ¼ cpE12 ⊗ I; πpðQR1Þ ¼ cpI ⊗ E12;

πpðSL1Þ ¼ bpE12 ⊗ I; πpðSL2Þ ¼ bpI ⊗ E12;

πpðSR1Þ ¼ dpE21 ⊗ I; πpðSR2Þ ¼ dpI ⊗ E21;

πpðHLÞ ¼ apbpI ⊗ I; πpðHRÞ ¼ cpdpI ⊗ I;

πpðPÞ ¼ apcpI ⊗ I; πpðP†Þ ¼ bpdpI ⊗ I; ð5:15Þ

and the action (5.14) can be encoded in the right-
moving magnon representation π̄p∶ ½psuð1j1Þ2⊕uð1Þ�2c →
EndðC1j1⊗C1j1Þ:

πpðQR1Þ ¼ apE2̄ 1̄ ⊗ I; πpðQR2Þ ¼ apI ⊗ E2̄ 1̄;

πpðQL1Þ ¼ cpE1̄ 2̄ ⊗ I; πpðQL1Þ ¼ cpI ⊗ E1̄ 2̄;

πpðSR1Þ ¼ bpE1̄ 2̄ ⊗ I; πpðSR2Þ ¼ bpI ⊗ E1̄ 2̄;

πpðSL1Þ ¼ dpE2̄ 1̄ ⊗ I; πpðSL2Þ ¼ dpI ⊗ E2̄ 1̄;

πpðHRÞ ¼ apbpI ⊗ I; πpðHLÞ ¼ cpdpI ⊗ I;

πpðPÞ ¼ apcpI ⊗ I; πpðP†Þ ¼ bpdpI ⊗ I; ð5:16Þ

both with parameters (3.17).
Hopf algebra.—Again we introduce an additional gen-

erator U, which is central with respect to the ½psuð1j1Þ2 ⊕
uð1Þ�2c superalgebra. The action on any single-magnon
excitation is

Ujφβ _β
p i ¼ ei

p
2jφβ _β

p i; Ujφ̄β _β
p i ¼ ei

p
2jφ̄β _β

p i; ð5:17Þ

and hence

πpðUÞ ¼ −cpd−1p I ⊗ I ¼ ei
p
2I ⊗ I;

π̄pðUÞ ¼ −c̄pd̄−1p I ⊗ I ¼ ei
p
2I ⊗ I ð5:18Þ

in the left- and right-moving single-magnon representa-
tions. As in Sec. III B 2, we define a Hopf algebra structure
on ½psuð1j1Þ2 ⊕ uð1Þ�2c, denoting this Hopf superalgebra
by A throughout Secs. V and VI.

LðAÞ ¼ ½psuð1j1Þ2 ⊕ uð1Þ�2c

is the associated Lie superalgebra.
We again choose a symmetric frame in which the

coproduct takes a form similar to that of [21]

ΔðQaiÞ ¼ Qai ⊗ 1þU ⊗ Qai;

ΔðPÞ ¼ P ⊗ 1þU2 ⊗ P;

ΔðSaiÞ ¼ Sai ⊗ 1þU−1 ⊗ Sai;

ΔðP†Þ ¼ P† ⊗ 1þU−2 ⊗ P†;

ΔðHaÞ ¼ Ha ⊗ 1þ 1 ⊗ Ha;

ΔðU�1Þ ¼ U�1 ⊗ U�1; ð5:19Þ

with opposite coproduct ΔopðaÞ¼PΔðaÞ. The central ele-
ments co-commute, ΔðCÞ¼ΔopðCÞ for C∈fHa;P;P†g,
which implies P ¼ ν1ð1 −U2Þ and P† ¼ ν2ð1 −U−2Þ,
again using ν1 ¼ ν2 ¼ h to obtain our representations πp
and π̄p. All the other Hopf algebra structures of Sec. III B 2
generalize in the obvious manner. In particular, the antipode
S∶ A → A is
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SðQaiÞ ¼ −U−1Qai; SðSaiÞ ¼ −USai;

SðHaÞ ¼ −Ha; SðPÞ ¼ −U−2P;

SðP†Þ ¼ −U2P†; SðUÞ ¼ U−1; ð5:20Þ

which relates left- and right-movers in the representations πp
and πp̄ through

πpðSðaÞÞ ¼ ðπp̄ðāÞÞstr; ð5:21Þ

with the charge conjugation matrix trivial. Here a ∈ Awith
ā ∈ A defined by

Q̄ai¼δaLQRiþδaRQLi; P̄¼P;

H̄a¼δaLHRþδaRHL;

S̄ai¼δaLSRiþδaRSLi; P̄†¼P†; Ū�1¼U�1: ð5:22Þ

C. Two-magnon scattering and R-matrices

The two-magnon scattering matrix is

Sðp; qÞ ¼ PRðp; qÞ; with Rðp; qÞ ∈ EndðWp ⊗ WqÞ;
ð5:23Þ

where now

Wp ¼ Vp ⊕ V̄p

¼ spanCfjφþ _þ
p i; jφþ _−

p i; jφ− _þ
p i; jφ− _−

p i;
jφ̄þ _þ

p i; jφ̄þ _−
p i; jφ̄− _þ

p i; jφ̄− _−
p ig:

Again, Rðp; qÞ can be decomposed into a direct sum of four
sectors Rabðp; qÞ corresponding to the partial R-matrices
Rabðp; qÞ ∈ EndððC1j1 ⊗ _C1j1Þ ⊗ ðC1j1 ⊗ _C1j1ÞÞ. Here
the complete R-matrix

Rðp; qÞ ¼ RLLðp; qÞ ⊕ RLRðp; qÞ ⊕ RRLðp; qÞ
⊕ RRRðp; qÞ ð5:24Þ

satisfies the intertwining equations (3.34), with πp and π̄p
now the representations (5.15) and (5.16), and a similar
unitarity condition.
The intertwining equations of Qa1 and Sa1 intertwine

only the C1j1 space nontrivially, and similarly those of Qa2

andSa2 intertwine only _C1j1. The intertwining equations of
Ha may be thought of as acting nontrivially on either space
and trivially on the other, and just ensure the decomposition
of the R-matrix into block diagonal form. Thus, two copies
of the partial R-matrices of the dð2; 1; αÞ2 spin-chain given
in Sec. III C 1,

Rabðp; qÞ ¼
X
i;j;k;l

ðRabðp; qÞÞikjlEij ⊗ Ekl;

_Rabðp; qÞ ¼
X
_i;_j;_k;_l

ðRabðp; qÞÞ_i _k_j _lE_i _j ⊗ E_k _l;

can be used to build an R-matrix Rðp; qÞ for the
psuð1; 1j2Þ2 spin-chain [21]. This decomposes into the
partial R-matrices given by

Rabðp;qÞ¼
X
i;_i;j;_j;
k;_k;l;_l

ðRabðp;qÞÞi_i;k_k
j_j;l _l

ðEij⊗E_i _jÞ⊗ ðEkl ⊗E_k _lÞ;

ð5:25Þ

with19

ðRabðp;qÞÞi_i;k_k
j_j;l _l

¼ð−1ÞðkþlÞð_iþ_jÞðRabðp;qÞÞikjlðRabðp;qÞÞ_i _k_j _l;
ð5:26Þ

where i; _i; j; _j ∈ f1; 2g and f1̄; 2̄g for a ¼ L and a ¼ R,
respectively, and k; _k;l; _l ∈ f1; 2g and f1̄; 2̄g for b ¼ L
and b ¼ R. Now the Zhukovski variables satisfy a mass
shell constraint (3.18) with unit massm ¼ 1. This R-matrix
satisfies the Yang-Baxter equation (3.40) and a unitarity
condition.

VI. INTEGRABLE OPEN psuð1;1j2Þ2
SPIN-CHAIN AND REFLECTION
MATRICES IN AdS3 × S3 × T4

Let us now consider the boundary scattering of magnon
excitations of a psuð1; 1j2Þ2 open spin-chain off an
integrable boundary. These correspond to massive excita-
tions of an open superstring ending on D-branes in
AdS3 × S3 × T4, such as one of the maximal giant grav-
itons discussed in Sec. II B.

A. Open spin-chains and boundary scattering

1. Double-row psuð1;1j2Þ2 open spin-chain
with ½psuð1j1Þ2 ⊕ uð1Þ�2c excitations

Semi-infinite open spin-chain.—Again we consider a
semi-infinite open spin-chain with J → ∞ which has a
boundary site on the right side. The ground state is

j0i ¼ jZJFBi; ð6:1Þ
with FB an infinitely heavy boundary field. Fundamental
excitations now take the form

19We make use of the isomorphism I ⊗ P ⊗ I between
C1j1 ⊗ C1j1 ⊗ _C1j1 ⊗ _C1j1 and C1j1⊗ _C1j1⊗C1j1⊗ _C1j1, which
maps the graded tensor product Rabðp; qÞ ⊗ _Rabðp; qÞ of the R-
matrices in Sec. III C 1 to the R-matrix Rabðp; qÞ here.
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jφβ _β
ðnÞiB ¼ jZJ−nφβ _βZn−1FBi;

jφ̄β _β
ðnÞiB ¼ jZn−1φ̄β _βZJ−nFBi ð6:2Þ

in terms of the left- and right-moving excitations φβ _β and

φ̄β _β of Sec. VA 2. The low-lying left and right single-
magnon excitations of the double-row open spin-chain
are thus

jφβ _β
p iB ¼

XJ
n¼1

e−ipnjφβ _β
ðnÞiB;

jφ̄β _β
p iB ¼

XJ
n¼1

e−ipnjφ̄β _β
ðnÞiB: ð6:3Þ

In the J → ∞ limit, magnon states of the semi-infinite open
spin-chain can again be identified with magnon states of the
closed spin-chain, with an additional boundary state,

jφβ _β
p iB ¼ jφβ _β

p i⊗ j0iB; jφ̄β _β
p iB ¼ jφ̄β _β

p i⊗ j0iB; ð6:4Þ

with jφβ _β
p i and jφ̄β _β

p i bulk magnon excitations in Vp and V̄p.
The length-changing effects of the dynamic spin-chain are
encoded in the Hopf algebraA of Sec. V B 2. The boundary
field FB is represented by the boundary vacuum state j0iB.
We can generalize to multimagnon states.
Boundary algebra.—The boundary algebra B ⊂ A must

be a coideal subalgebra of the bulk Hopf superalgebra A.
The singlet boundary state j0iB transforms in the trivial
representation of B defined by the counit map ϵ. A vector
state jΦiB at the boundary j0iB is also possible.

2. Boundary scattering and K-matrices

Outgoing single-magnon representations π−p and
π̄−p.—Incoming magnons are states in Vp and V̄p, whereas
outgoing magnons are states in the vector spaces V−p and
V̄−p. The incoming single-magnon representations πp and
π̄p are shown in (5.15) and (5.16). The outgoing single-

magnon representations π−p∶ A → EndðC1j1 ⊗ _C1j1Þ and
π̄−p∶ A → EndðC1j1 ⊗ _C1j1Þ are obtained by replacing the
parameters ap, bp, cp, dp with the parameters a−p, b−p,
c−p, d−p given in (4.8).
Singlet boundary scattering.—The boundary scattering

matrix is

SboundaryðpÞ ¼ κKðpÞ; with KðpÞ ∈ EndðWpÞ; ð6:5Þ

with κ the reflection map. The scattering of magnons off a
singlet boundary j0iB was described in Sec. IVA 2. The
vector spaceWp ¼ Vp ⊕ Vp with Vp, V̄p ≅ C1j1 ⊗ _C1j1 is
discussed in Sec. V C.

Vector boundary scattering.—The boundary scattering
matrix is now

Sboundaryðp;BÞ ¼ κKðp;BÞ;
with Kðp;BÞ∈ EndðWp ⊗WBÞ: ð6:6Þ

Here Wp and WB are both modules of BðT;TÞ ¼
½psuð1j1Þ2 ⊕ uð1Þ�2c. The scattering of magnon excitations
of an open spin-chain off a vector boundary jΦBi ⊗ j0iB
was described in Sec. IVA 2.
We will discuss singlet boundaries in Sec. VI B and the

vector boundary in Sec. VI C.

B. Singlet boundaries

Boundary algebras.—There are now more possible coi-
deal boundary subalgebrasB of thebulkHopf superalgebraA
describing the scattering of magnons off singlet boundaries
than in Sec. IV B. The associated Lie algebras LðBÞ can be
compared with the boundary algebras shown in Table III.
(1) Left, right and mixed half-supersymmetric boundary

algebras BðL;LÞ, BðR;RÞ, BðL;RÞ, BðR;LÞ, corresponding
to D-branes preserving half the bulk supersymme-
tries, and the magnon Hamiltonian H and M,
implying chiral boundary scattering. The boundary
Lie algebras associated with these coideal boundary
subalgebras are psuð1j1Þ2L ⊕ uð1ÞL ⊕ uð1ÞR,
uð1ÞL ⊕ psuð1j1Þ2R ⊕ uð1ÞR, and suð1j1ÞL ⊕
suð1j1ÞR.

(2) Non-supersymmetric chiral boundary algebra
BðNC;NCÞ, corresponding to D-branes which preserve
none of the bulk supersymmetries, but do preserveH
and M. The associated boundary Lie algebra is
uð1ÞL ⊕ uð1ÞR. We will show that scattering off this
boundary has a hidden symmetry, denoted BðD;DÞ,
contained in the bulk Hopf superalgebra.

(3) Left and right quarter-supersymmetric boundary
algebras BðL;NCÞ, BðNC;LÞ, BðR;NCÞ, BðNC;RÞ, corre-
sponding to D-branes preserving a quarter of the
bulk supersymmetries, and H and M. The associ-
ated boundary Lie algebras are suð1j1ÞL ⊕ uð1ÞR
and uð1ÞL ⊕ suð1j1ÞR. We will show that these
boundary scattering processes preserve hidden sym-
metries, denoted BðL;DÞ, BðD;LÞ, BðR;DÞ, BðD;RÞ, at the
level of the Hopf superalgebra.

(4) Non-supersymmetric achiral boundary algebra
BðNA;NAÞ, corresponding to D-branes preserving H,
but no bulk supersymmetries. The associated boun-
dary Lie algebra is uð1Þþ.

Boundary intertwining equations.—The K-matrix
KðpÞ ∈ EndðWpÞ again has four sectors: KaðpÞ are chiral
reflections, and AaðpÞ are achiral reflections. The partial
K-matrices KaðpÞ;AaðpÞ ∈ EndðC1j1 ⊗ _C1j1Þ. The com-
plete K-matrix KðpÞ takes the form shown in (4.13). The
boundary intertwining equations (4.11) for all b ∈ B
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simplify to (4.12) for those b ∈ ½psuð1j1Þ2 ⊕ uð1Þ�2c. Here
πp and π̄p are now the representations (5.15) and (5.16),
and similarly for the reflected representations.
Integrable K-matrices satisfying the reflection equa-

tion (4.43) can be built from two of the K-matrices
KB1

ðpÞ and _KB2
ðpÞ given in Sec. IV B 1—which have

partial K-matrices

Ka
B1
ðpÞ¼

X
i;j

ðKa
B1
ðpÞÞijEij; Aa

B1
ðpÞ¼

X
i;j

ðAa
B1
ðpÞÞijEij;

_Ka
B2
ðpÞ¼

X
_i;_j

ðKa
B2
ðpÞÞ_i_jE_i _j; _Aa

B2
ðpÞ¼

X
_i;_j

ðAa
B2
ðpÞÞ_i_jE_i _j:

ð6:7Þ
The result is a complete K-matrix solution of the boundary
intertwining equations associated with a boundary coideal
subalgebra, denoted Bð1;2Þ. The partial K-matrices are
given by

Ka
Bð1;2Þ

ðpÞ¼Ka
B1
ðpÞ⊗ _Ka

B2
ðpÞ¼

X
i;j;_i;_j

ðKa
Bð1;2Þ

ðpÞÞi_i
j_j
Eij ⊗E_i _j;

Aa
Bð1;2Þ

ðpÞ¼Aa
B1
ðpÞ⊗ _Aa

B2
ðpÞ¼

X
i;j;_i;_j

ðAa
Bð1;2Þ

ðpÞÞi_i
j_j
Eij⊗E_i _j;

ð6:8Þ
with

ðKa
Bð1;2Þ

ðpÞÞi_i
j_j
¼ ðKa

B1
ðpÞÞijðKa

B2
ðpÞÞ_i_j;

ðAa
Bð1;2Þ

ðpÞÞi_i
j_j
¼ ðAa

B1
ðpÞÞijðAa

B2
ðpÞÞ_i_j:

We notice that KB1
ðpÞ and KB2

ðpÞ must both be chiral or
must both be achiral for a nonzero reflection matrix
KBð1;2Þ ðpÞ built in this way.
Constraints from the central elements.—Again, boun-

dary subalgebras associated with singlet boundaries may
not contain the central elementsP andP†. The inclusion of
HL or HR in the boundary algebra B once more implies a
chiral K-matrix, although achiral K-matrices are allowed if
only H ¼ HL þHR is contained in B.

1. Boundary subalgebras and K-matrices

Left, right and mixed half-supersymmetric boundary
algebras.—The left, right and mixed half-supersymmetric
boundary superalgebras, BðL;LÞ, BðR;RÞ, BðL;RÞ and BðR;LÞ,
are defined to be coideal subalgebras of A generated as
follows:

BðL;LÞ ¼ hQL1;SL1;QL2;SL2;HL;HRi;
BðR;RÞ ¼ hQR1;SR1;QR2;SR2;HL;HRi;
BðL;RÞ ¼ hQL1;SL1;QR2;SR2;HL;HR; i
BðR;LÞ ¼ hQR1;SR1;QL2;SL2;HL;HRi: ð6:9Þ

That Bða;bÞ is an integrable boundary algebra follows from
the fact that ðg; hða;bÞÞ forms a symmetric pair of Lie
algebras, if we define

g≡ LðAÞ ¼ ½psuð1j1Þ2 ⊕ uð1Þ�2c;
hðL;LÞ ≡ LðBðL;LÞÞ ¼ ½psuð1j1Þ2 ⊕ uð1Þ�L ⊕ uð1ÞR;
hðR;RÞ ≡ LðBðR;RÞÞ ¼ uð1ÞL ⊕ ½psuð1j1Þ2 ⊕ uð1Þ�R;
hðL;RÞ ≡ LðBðL;RÞÞ ¼ suð1j1ÞL ⊕ suð1j1ÞR;
hðR;LÞ ≡ LðBðR;LÞÞ ¼ suð1j1ÞL ⊕ suð1j1ÞR: ð6:10Þ

Here g ¼ hða;bÞ ⊕ mða;bÞ, with mðL;LÞ, mðR;RÞ, mðL;RÞ and
mðR;LÞ generated by fQR1;SR1;QR2;SR2;P;P†g,
fQL1;SL1;QL2;SL2;P;P†g, fQR1;SR1;QL2;SL2;P;P†g
and fQL1;SL1;QR2;SR2;P;P†g. The boundary Lie
superalgebras hðL;LÞ and hðR;RÞ are associated with open
superstrings on AdS3×S3×T4 ending on Y ¼ 0 and Ȳ ¼ 0
D1- and D5-brane maximal giant gravitons, respectively.
The K-matrix solutions of the relevant boundary inter-

twining equations are given by

KBða;bÞ ðpÞ ¼ KL
Bða;bÞ

ðpÞ ⊕ KR
Bða;bÞ

ðpÞ;
with Kc

Bða;bÞ
ðpÞ ¼ Kc

Ba
ðpÞ ⊗ _Kc

Bb
ðpÞ; ð6:11Þ

for a; b; c ∈ fL;Rg, in terms of solutions in Sec. IV B 1.
This satisfies the reflection equation (4.44).
Non-supersymmetric chiral boundary algebra.—A

boundary coideal subalgebra which contains no super-
charges, but leads to boundary scattering processes which
preserve chirality, is

BðNC;NCÞ ¼ hHL;HRi: ð6:12Þ

The boundary Lie algebra LðBðNC;NCÞÞ ¼ uð1ÞL ⊕ uð1ÞR
is that of an open superstring on AdS3 × S3 × T4 ending on
the Z̄ ¼ 0 D1- or D5-brane maximal giant graviton. A
K-matrix solution of the boundary intertwining equation
for BðNC;NCÞ and the reflection equation is

KBðNC;NCÞ ðpÞ ¼ KL
BðNC;NCÞ

ðpÞ ⊕ KR
BðNC;NCÞ

ðpÞ;
with Ka

BðNC;NCÞ
ðpÞ ¼ Ka

BNC
ðpÞ ⊗ _Ka

BNC
ðpÞ: ð6:13Þ

Let us now show that there is a hidden symmetry. A
diagonally supersymmetric boundary algebra is defined by

BðD;DÞ ¼ hqþ1; q−1; qþ2; q−2; d; ~di; ð6:14Þ

which is a coideal subalgebra of A. The K-matrix (6.13)
intertwines representations of these hidden boundary sym-
metries BðD;DÞ. Here
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qþj ¼ P†QLj þ icPSRj; q−j¼ PSLj þ icP†QRj;

d ¼ ðHL − c2HR þ icðPþP†ÞÞK;

~d ¼ ðHL − c2HR − icðPþP†ÞÞK; ð6:15Þ

with K ¼ PP†. The space MðD;DÞ is generated by
fsþ1; s−1; sþ2; s−2;n; ~ng, where we define

sþj ¼ P†QLj − icPSRj;

s−j ¼ PSLj − icP†QRj;

n ¼ ðHL þ c2HR þ icðP −P†ÞÞK;

~n ¼ ðHL þ c2HR − icðP −P†ÞÞK: ð6:16Þ

The generators of BðD;DÞ and MðD;DÞ satisfy

fqþi;q−jg ¼ dδij; fqþi;s−jg ¼ nδij; fqþi;sþjg ¼ 0;

fsþi;s−jg ¼ ~dδij; fq−i;sþjg ¼ ~nδij; fq−i;s−jg ¼ 0;

ð6:17Þ

with d, ~d and n, ~n central elements. These relations are
identical to (5.12). The associated Lie superalgebra
LðBðD;DÞ ⊕ MðD;DÞÞ is isomorphic to LðAÞ, while here

LðBðD;DÞÞ is generated by fqþ1; q−1; qþ2; q−2; d; ~dg. Now
ðg; hðD;DÞÞ defines a symmetric pair, with

g≡ LðBðD;DÞ ⊕ MðD;DÞÞ ≅ LðAÞ
¼ ½psuð1j1Þ2 ⊕ uð1Þ�2c;

hðD;DÞ ≡ LðBðD;DÞÞ
¼ ½psuð1j1Þ2 ⊕ uð1Þ�D ⊕ uð1ÞD: ð6:18Þ

Left and right quarter-supersymmetric boundary
algebras.—The following left and right quarter-
supersymmetric boundary superalgebras can also be
defined:

BðL;NCÞ ¼ hQL1;SL1;HL;HRi;
BðNC;LÞ ¼ hQL2;SL2;HL;HRi;
BðR;NCÞ ¼ hQR1;SR1;HL;HRi;
BðNC;RÞ ¼ hQR2;SR2;HL;HRi: ð6:19Þ

Here the associated boundary Lie superalgebras
are LðBðL;NCÞÞ ¼ LðBðNC;LÞÞ ¼ suð1j1ÞL ⊕ uð1ÞR and
LðBðR;NCÞÞ ¼ LðBðNC;RÞÞ ¼ uð1ÞL ⊕ suð1j1ÞR. The K-
matrices which satisfy the boundary intertwining equations
of Bða;NCÞ and BðNC;aÞ, respectively, and the reflection
equation are

KBða;NCÞ ðpÞ ¼ KL
Bða;NCÞ

ðpÞ ⊕ KR
Bða;NCÞ

ðpÞ;
with Kb

Bða;NCÞ
ðpÞ ¼ Kb

Ba
ðpÞ ⊗ _Kb

BNC
ðpÞ;

KBðNC;aÞ ðpÞ ¼ KL
BðNC;aÞ

ðpÞ ⊕ KR
BðNC;aÞ

ðpÞ;
with Kb

BðNC;aÞ
ðpÞ ¼ Kb

BNC
ðpÞ ⊗ _Kb

Ba
ðpÞ; ð6:20Þ

for a; b ∈ fL;Rg.
There are again hidden symmetries in the Hopf super-

algebra. We define coideal subalgebras ofA which take the
form

BðL;DÞ ¼ hQL1;SL1; qþ2; q−2; d; ~d;HL;HRi;
BðD;LÞ ¼ hqþ1; q−1;QL2;SL2; d; ~d;HL;HRi;
BðR;DÞ ¼ hQR1;SR1; qþ2; q−2; d; ~d;HL;HRi;
BðD;RÞ ¼ hqþ1; q−1;QR2;SR2; d; ~d;HL;HRi: ð6:21Þ

We define MðL;DÞ, MðD;LÞ, MðR;DÞ and MðD;RÞ to be
spaces generated by fQR1;SR1; sþ2; s−2;n; ~ng,
fsþ1; s−1;QR2;SR2;n; ~ng, fQL1;SL1; sþ2; s−2;n; ~ng
and fsþ1; s−1;QL2;SL2;n; ~ng. Here we can construct
symmetric pairs ðg; hða;NCÞÞ and ðg; hðNC;aÞÞ of Lie
algebras:

g≡ LðBða;DÞ ⊕ Mða;DÞÞ ¼ LðBðD;aÞ ⊕ MðD;aÞÞ
≅ LðAÞ ¼ ½psuð1j1Þ2 ⊕ uð1Þ�2c;

hða;DÞ ≡ LðBða;DÞÞ ¼ suð1j1Þa ⊕ suð1j1ÞD;
hðD;aÞ ≡ LðBðD;aÞÞ ¼ suð1j1ÞD ⊕ suð1j1Þa: ð6:22Þ

Non-supersymmetric achiral boundary algebra.—A
boundary algebra which contains no supercharges and
breaks chiral symmetry is

BðNA;NAÞ ¼ hHi: ð6:23Þ

The boundary Lie algebra is LðBðNA;NAÞÞ ¼ uð1Þþ. A K-
matrix solution of the boundary intertwining equation of
BðNA;NAÞ and reflection equation is

KðNA;NAÞðpÞ ¼
 

0 AR
ðNA;NAÞðpÞ

AL
ðNA;NAÞðpÞ 0

!
;

with Aa
ðNA;NAÞðpÞ ¼ Aa

NAðpÞ ⊗ _Aa
NAðpÞ: ð6:24Þ

It is not clear if there is a hidden symmetry in this case.

PRINSLOO, REGELSKIS, AND TORRIELLI PHYSICAL REVIEW D 92, 106006 (2015)

106006-32



C. Vector boundaries

The totally supersymmetric boundary superalgebra
BðT;TÞ is the coideal subalgebra of A generated as

BðT;TÞ ¼ hQL1;SL1;QL2;SL2;QR1;SR1;QR2;

SR2;HR;HL;P;P†i; ð6:25Þ

with U;U−1∉BðT;TÞ.
The vector boundary state transforms in the left- or right-

moving representation, πB or π̄B, of the boundary Lie
superalgebra LðBðT;TÞÞ ¼ ½psuð1j1Þ2 ⊕ uð1Þ�2c. Table III
shows that this is the boundary superalgebra of an open
superstring on AdS3 × S3 × T4 attached to the Z ¼ 0 D1-
or D5-brane maximal giant graviton.
Boundary representations πB and π̄B.—We define the

vector spaces associated with left- and right-moving
boundary vector states in the same way as for the magnons
in the bulk:

VB ¼ spanCfjφþ _þ
B i; jφþ _−

B i; jφ− _þ
B i; jφ− _−

B ig;
V̄B ¼ spanCfjφ̄þ _þ

B i; jφ̄þ _−
B i; jφ̄− _þ

B i; jφ̄− _−
B ig;

both isomorphic to C1j1 ⊗ _C1j1. We set WB ¼ VB ⊕ V̄B.
The left and right boundary representations πB∶ BðT;TÞ →
EndðC1j1 ⊗ _C1j1Þ and π̄B∶ BðT;TÞ → EndðC1j1 ⊗ _C1j1Þ are
given by (5.15) and (5.16), with the subindex p replaced by
B. We choose the parametrization (4.35) for aB, bB, cB and
dB, with mB the boundary mass parameter.
Boundary intertwining equations and K-matrix.—

The K-matrix Kðp;BÞ ∈ EndðWp ⊗ WBÞ decomposes
into a direct sum of K-matrices in four sectors
Kab

BðT;TÞ
ðp;BÞ, which correspond to the partial K-matrices

Kab
BðT;TÞ

ðp;BÞ ∈ EndððC1j1 ⊗ _C1j1Þ ⊗ ðC1j1 ⊗ _C1j1ÞÞ. Here
the complete K-matrix

KBðT;TÞ ðp;BÞ ¼ KLL
BðT;TÞ

ðp;BÞ ⊕ KLR
BðT;TÞ

ðp;BÞ
× ⊕ KRL

BðT;TÞ
ðp;BÞ ⊕ KRR

BðT;TÞ
ðp;BÞ ð6:26Þ

satisfies the boundary intertwining equations (4.37) for all
b ∈ ½psuð1j1Þ2 ⊕ uð1Þ�2c, with πp and π̄p the representa-
tions (5.15) and (5.16), and the reflected representations
π−p and π̄−p and boundary representations πB and π̄B
similarly defined. The complete K-matrix is required to be
unitary.
This K-matrix of a psuð1; 1j2Þ2 spin-chain with a vector

boundary can be built from two copies of the K-matrix of a
dð2; 1; αÞ2 spin-chain with a similar boundary given in
Sec. IV C—which have partial K-matrices of the form

Kab
BT
ðp;BÞ ¼

X
i;j;k;l

ðKab
BT
ðp;BÞÞikjlEij ⊗ Ekl;

_Kab
BT
ðp;BÞ ¼

X
_i;_j;_k;_l

ðKab
BT
ðp;BÞÞ_i _k_j _lE_i _j ⊗ E_k _l:

The K-matrix KBðT;TÞ ðp;BÞ then has partial K-matrices

Kab
BðT;TÞ

ðp;BÞ ¼
X
i;_i;j;_j;
k;_k;l;_l

ðKab
BðT;TÞ

ðp;BÞÞi_i;k_k
j_j;l _l

ðEij ⊗ E_i _jÞ

⊗ ðEkl ⊗ E_k _lÞ; ð6:27Þ

where

ðKab
BðT;TÞ

ðp;BÞÞi_i;k_k
j_j;l _l

¼ ð−1ÞðkþlÞð_iþ_jÞðKab
BT
ðp;BÞÞikjl

× ðKab
BT
ðp;BÞÞ_i _k_j _l ð6:28Þ

and satisfies the reflection equation (4.43).

VII. DISCUSSION

We have derived integrable boundary S-matrices which
describe magnon scattering off vector and singlet
boundaries for dð2; 1; αÞ2 and psuð1; 1j2Þ2 open spin-
chains in AdS3=CFT2. These massive magnon excitations
have suð1j1Þ2c and ½psuð1j1Þ2 ⊕ uð1Þ�2c bulk symmetries,
which are the level-0 Lie superalgebras of bulk
Hopf superalgebras. The matrix parts of these boundary
S-matrices are reflection K-matrices which are solutions of
the boundary Yang-Baxter equation and the boundary
intertwining equations associated with a coideal subalgebra
B of the bulk superalgebra A.
In the case of the dð2; 1; αÞ2 open spin-chain, we find

chiral integrable reflections associated with
(1) A totally supersymmetric boundary algebra, BT.
(2) Left and right half-supersymmetric boundary

algebras, BL and BR.
(3) A non-supersymmetric boundary algebra, BNC.

We also derive an achiral integrable reflection correspond-
ing to a non-supersymmetric boundary algebra BNA gen-
erated by the magnon Hamiltonian only. These all match to
D1- and D5-brane maximal giant graviton boundaries in
AdS3 × S3 × S03 × S1. We uncover a hidden symmetry
which enhances the non-supersymmetric chiral boundary
BNC to a diagonally supersymmetric coideal subalgebra BD
of A. This hidden symmetry BD has no known analogue
in AdS5=CFT4.
In the case of the psuð1; 1j2Þ2 open spin-chain, the

integrable bulk S-matrix was found in Ref. [21] to be
essentially two copies of the bulk S-matrix of the dð2; 1; αÞ2
spin-chain [20]. The same is true for the integrable
boundary S-matrices. We can put together two K-matrices
for the dð2; 1; αÞ2 spin-chain, which are associated with
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boundary coideal subalgebras B1 and B2, to form a K-
matrix for a psuð1; 1j2Þ2 spin-chain corresponding to a
boundary algebra denoted Bð1;2Þ. In this way, we derived
chiral integrable reflections associated with
(1) A totally supersymmetric boundary algebra, BðT;TÞ.
(2) Left, right and mixed half-supersymmetric boundary

algebras, BðL;LÞ, BðR;RÞ, BðL;RÞ and BðR;LÞ.
(3) Left and right quarter-supersymmetric boundary

algebras, BðL;NCÞ, BðNC;LÞ,BðR;NCÞ and BðNC;RÞ.
(4) A non-supersymmetric boundary algebra, BðNC;NCÞ.

Now only BðT;TÞ, BðL;LÞ, BðR;RÞ and BðNC;NCÞ have obvious
interpretations as D1- and D5-brane maximal giant grav-
itons in AdS3 × S3 × T4. There are hidden symmetries
enhancing the quarter supersymmetric and non-supersym-
metric chiral boundary algebras to BðL;DÞ, BðD;LÞ,BðR;DÞ,
BðD;RÞ and BðD;DÞ. There is also an achiral integrable
reflection with a non-supersymmetric boundary algebra
BðNA;NAÞ, which now has no clear D-brane interpretation.
It is well known that suð1j1Þ2c R-matrices can be

identified with certain subsectors of the suð2j2Þc R-matrix
[6,70,71]. We find that our K-matrices for the totally
supersymmetric boundary can be identified with the cor-
responding subsectors of the K-matrix associated with the
Z ¼ 0 giant graviton [8] and the right factor of theK-matrix
associated with the D7-brane [9]. The K-matrices for the
half-supersymmetric boundaries can be identified with the
corresponding subsectors of the K-matrix associated
with the Y ¼ 0 giant graviton [8] and its dual [57]. The
K-matrix for the non-supersymmetric chiral boundary is
essentially two copies of the reflection matrix of Ref. [10],
with its free parameter a identified with our c and − 1

c in
these copies. For certain values of the parameter c, this
K-matrix can also be identified with the corresponding
subsectors of the left factor of the K-matrix associated with
the D7-brane [9]. The remaining K-matrices have no such
analogues.
This work takes the first steps in an exploration of

boundary integrability in AdS3=CFT2. There are many
important questions which may now be addressed. We
expect to present the boundary crossing symmetry relations
and an analysis of boundary bound states in future research.
The underlying boundary Yangian symmetries and the
boundary Bethe equations in AdS3=CFT2 still remain to
be studied. Recently, the authors of Ref. [72] were able to
incorporate massless magnons into the AdS3=CFT2 bulk
scattering picture. It would be interesting to extend our
analysis to include the scattering of massless excitations off
integrable boundaries. The Wilson loop computations of
Refs. [73,74] relied upon results [11] from AdS5=CFT4

boundary scattering, and our work may prove useful should
similar computations be undertaken in AdS3=CFT2 dual-
ities. Finally, it would be interesting to study integrable
boundaries for open superstrings on AdS3 supergravity
backgrounds with mixed NS-NS and R-R flux [72,75–82].
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APPENDIX A: SPINOR CONVENTIONS

Here we use the following 10D gamma matrices20:

Γμ ¼ σ1 ⊗ σ2 ⊗ γμ ⊗ I⊗ I; Γn ¼ σ1 ⊗ σ1 ⊗ I⊗ γn ⊗ I;

Γ _n ¼ σ1 ⊗ σ3 ⊗ I⊗ I⊗ γ _n; Γ9 ¼ σ2 ⊗ I⊗ I⊗ I⊗ I;

ðA1Þ

where we now choose γμ ¼ ðiσ3; σ2; σ1Þ, γn ¼ ðσ1; σ3; σ2Þ
and γ _n ¼ ðσ1; σ3; σ2Þ. Hence,

Γ012 ¼ σ1 ⊗ σ2 ⊗ I ⊗ I ⊗ I;

Γ345 ¼ −iσ1 ⊗ σ1 ⊗ I ⊗ I ⊗ I;

Γ678 ¼ −iσ1 ⊗ σ3 ⊗ I ⊗ I ⊗ I: ðA2Þ

The Weyl condition Γε ¼ ε is written in terms of the
chirality matrix as

Γ≡ Γ0123456789 ¼ σ3 ⊗ I ⊗ I ⊗ I ⊗ I: ðA3Þ

The Majorana condition on left- and right-moving spinors
is ðBεLÞ� ¼ εL and ðBεRÞ� ¼ −εR, with

B≡ Γ2Γ5Γ8Γ9 ¼ −σ3 ⊗ I ⊗ σ1 ⊗ σ2 ⊗ σ2; ðA4Þ

which satisfies BΓMB−1 ¼ ðΓMÞ�, with B−1 ¼ B. The
charge conjugation matrix is defined to be

C≡ BΓ0 ¼ iσ2 ⊗ σ2 ⊗ σ2 ⊗ σ2 ⊗ σ2; ðA5Þ

20We make use of the conventions of Ref. [13] with a
rearrangement of the Pauli matrices.
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satisfying CΓMC−1 ¼ −ðΓMÞ�, with C−1 ¼ −C. We can
compute the bilinears

Γ12 ¼ −iI ⊗ I ⊗ σ3 ⊗ I ⊗ I;

Γ35 ¼ iI ⊗ I ⊗ I ⊗ σ3 ⊗ I;

Γ68 ¼ iI ⊗ I ⊗ I ⊗ I ⊗ σ3: ðA6Þ

We define kappa symmetry projection operators for the
AdS3 × S3 × S3 × S1 background as

K�ðαÞ≡ 1

2
½1� ð ffiffiffi

α
p

Γ012Γ345 þ
ffiffiffiffiffiffiffiffiffiffiffi
1 − α

p
Γ012Γ678Þ�

¼ 1

2
I ⊗ ½I ∓ ð ffiffiffi

α
p

σ3 −
ffiffiffiffiffiffiffiffiffiffiffi
1 − α

p
σ1Þ� ⊗ I ⊗ I ⊗ I;

ðA7Þ

which are dependent on the parameter α, which controls the
relative size of the 3-spheres, and appears also in the
superconformal algebra dð2; 1; αÞL ⊕ dð2; 1; αÞR ⊕ uð1Þ.
In the limit as α → 1, we obtain the kappa symmetry
projectors for the AdS3 × S3 × T4 background

K� ≡ 1

2
ð1� Γ012Γ345Þ

¼ 1

2
I ⊗ ðI ∓ σ3Þ ⊗ I ⊗ I ⊗ I; ðA8Þ

with the superconformal algebra now psuð1; 1j2ÞL ⊕
psuð1; 1j2ÞR ⊕ uð1Þ4.

APPENDIX B: REPRESENTATIONS
OF dð2;1;αÞ AND psuð1;1j2Þ

1. dð2;1;αÞ superalgebra and BPS representations

Let us briefly review the representation theory of the
exceptional Lie superalgebra dð2; 1; αÞ based on
Refs. [13,20,83]. The bosonic subalgebra of dð2; 1; αÞ is
suð1; 1Þ ⊕ suð2Þ ⊕ suð2Þ0. The bosonic generators are
denoted

Jμ ∈ suð1; 1Þ; Lm ∈ suð2Þ; R _m ∈ suð2Þ0;

with μ ∈ f0;�g, m ∈ f5;�g, _m ∈ f8;�g, and the fer-
mionic generators Qbβ _β, with � indices. The full dð2; 1; αÞ
superalgebra is given by

½J0;J�� ¼ �J�; ½Jþ;J−� ¼ 2J0;

½J0;Q�β _β� ¼ � 1

2
Q�β _β; ½J�;Q∓β _β� ¼ Q�β _β;

½L5;L�� ¼ �L�; ½Lþ;L−� ¼ 2L5;

½L5;Qb� _β� ¼ � 1

2
Qb�_β; ½L�;Qb∓ _β� ¼ Qb�β;

½R8;R�� ¼ �R�; ½Rþ;R−� ¼ R8;

½R8;Qbβ�� ¼ � 1

2
Qbβ�; ½R�;Qbβ�� ¼ Qbβ�;

fQ�þþ;Q�−−g ¼ �J�; fQ�þ−;Q�−þg ¼∓ J�;

fQþ�þ;Q−�−g ¼∓ αL�; fQþ�−;Q−�þg ¼ �αL�;

fQþþ�;Q−−�g ¼∓ ð1 − αÞR�;

fQþ−�;Q−þ�g ¼ �ð1 − αÞR�;

fQþ��;Q−∓∓g ¼ −J0 � αL5 � ð1 − αÞR8;

fQþ�∓;Q−∓�g ¼ J0 ∓ αL5 � ð1 − αÞR8: ðB1Þ

The bosonic and fermionic generators fJþ;Lþ;Rþg and
fQþþþ;Qþþ−;Qþ−þ;Qþ−−g are raising operators. The
Cartan subalgebra is generated by fH;L5;R8g, with
H ¼ −J0 − αL5 − ð1 − αÞR8.
Half-BPS representation ð− α

2
; 1
2
; 0Þ.—The module

Mαð− α
2
; 1
2
; 0Þ on which this representation of dð2; 1; αÞ acts

is spanned by bosons jϕðnÞ
� i, which transform in the 2 of

suð2Þ, and fermions jψ ðnÞ
� i, which transform in the 2 of

suð2Þ0, both transforming nontrivially also under suð1; 1Þ.
The nontrivial action of dð2; 1; αÞ on this module is given by

L5jϕðnÞ
� i ¼ � 1

2
jϕðnÞ

� i; L�jϕðnÞ∓ i ¼ jϕðnÞ
� i;

R8jψ ðnÞ
� i ¼ � 1

2
jψ ðnÞ

� i; R�jψ ðnÞ∓ i ¼ jψ ðnÞ
� i;

J0jϕðnÞ
β i ¼ −

�
α

2
þ n

�
jϕðnÞ

β i;

J0jψ ðnÞ
_β
i ¼ −

�
α

2
þ 1

2
þ n

�
jψ ðnÞ

_β
i;

J�jϕðnÞ
β i ¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n

�
n −

1

2
∓ 1

2
þ α

�s
jϕðn∓1Þ

β i;

J�jψ ðnÞ
_β
i ¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n

�
nþ 1

2
∓ 1

2
þ α

�s
jψ ðn∓1Þ

_β
i;

Q−�_βjϕðnÞ∓ i ¼ � ffiffiffiffiffiffiffiffiffiffiffiffi
nþ α

p jψ ðnÞ
_β
i;

Qþ�_βjϕðnÞ∓ i ¼ � ffiffiffi
n

p jψ ðn−1Þ
_β

i;
Q−β�jψ ðnÞ∓ i ¼∓ ffiffiffiffiffiffiffiffiffiffiffi

nþ 1
p jϕðnþ1Þ

β i;
Qþβ�jψ ðnÞ∓ i ¼∓ ffiffiffiffiffiffiffiffiffiffiffiffi

nþ α
p jϕðnÞ

β i: ðB2Þ
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The highest weight state jϕð0Þ
þ i is annihilated by all the

raising operators, as well as by R− and by two of the four
fermionic lowering operators, Q−þþ and Q−þ−. This
representation is therefore half-BPS with the shortening
condition

fQþ−∓;Q−þ�gjϕð0Þ
þ i

¼ ð∓ J0 ∓ αL5 þ ð1 − αÞR8Þjϕð0Þ
þ i ¼ 0; ðB3Þ

which implies Hjϕð0Þ
þ i ¼ 0. The lowering operators act

nontrivially on this highest weight state as

L−jϕð0Þ
þ i ¼ jϕð0Þ

− i; J−jϕð0Þ
þ i ¼ −jϕð1Þ

þ i;
Q−−þjϕð0Þ

þ i ¼ −
ffiffiffi
α

p jψ ð0Þ
þ i; Q−−−jϕð0Þ

þ i ¼ −
ffiffiffi
α

p jψ ð0Þ
− i:
ðB4Þ

Half-BPS representation ð− 1−α
2
; 0; 1

2
Þ.—The module

M0ð1−αÞð− 1−α
2
; 1
2
; 0Þ on which this representation of

dð2; 1; αÞ acts is spanned by bosons jϕ0ðnÞ
� i, which trans-

form in the 2 of suð2Þ0, and fermions jψ 0ðnÞ
� i, which

transform in the 2 of suð2Þ, both transforming nontrivially
under suð1; 1Þ. The nontrivial action of dð2; 1; αÞ on this
module is given by

R8jϕ0ðnÞ
� i ¼ � 1

2
jϕ0ðnÞ

� i; R�jϕ0ðnÞ∓ i ¼ jϕ0ðnÞ
� i;

L5jψ 0ðnÞ
� i ¼ � 1

2
jψ 0ðnÞ

� i; L�jψ 0ðnÞ∓ i ¼ jψ 0ðnÞ
� i;

J0jϕ0ðnÞ
_β

i ¼ −
�
1 − α

2
þ n

�
jϕ0ðnÞ

_β
i;

J0jψ 0ðnÞ
β i ¼ −

�
1 − α

2
þ 1

2
þ n

�
jψ 0ðnÞ

β i;

J�jϕ0ðnÞ
β i ¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n

�
nþ 1

2
∓ 1

2
− α

�s
jϕ0ðn∓1Þ

β i;

J�jψ 0ðnÞ
_β

i ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n

�
nþ 3

2
∓ 1

2
− α

�s
jψ 0ðn∓1Þ

_β
i;

Q−β�jϕ0ðnÞ∓ i ¼ � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nþ 1 − α

p jψ 0ðnÞ
β i;

Qþβ�jϕ0ðnÞ∓ i ¼ � ffiffiffi
n

p jψ 0ðn−1Þ
β i;

Q−� _βjψ 0ðnÞ∓ i ¼∓ ffiffiffiffiffiffiffiffiffiffiffi
nþ 1

p jϕ0ðnþ1Þ
_β

i;
Qþ�_βjψ 0ðnÞ∓ i ¼∓ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

nþ 1 − α
p jϕ0ðnÞ

_β
i: ðB5Þ

The highest weight state jϕ0ð0Þ
þ i is annihilated by all the

raising operators, as well as by L− and by two of the four

fermionic lowering operators, Q−þþ and Q−−þ. This
representation is therefore half-BPS with the shortening
condition

fQþ∓−;Q−�þgjϕ0ð0Þ
þ i

¼ ð∓ J0 − αL5 ∓ ð1 − αÞR8Þjϕ0ð0Þ
þ i ¼ 0; ðB6Þ

which implies Hjϕð0Þ
þ i ¼ 0. The lowering operators act

nontrivially on this highest weight state as

L−jϕ0ð0Þ
þ i ¼ jϕ0ð0Þ

− i; J−jϕ0ð0Þ
þ i ¼ −jϕ0ð1Þ

þ i;
Q−þ−jϕ0ð0Þ

þ i ¼ −
ffiffiffiffiffiffiffiffiffiffiffi
1 − α

p
jψ 0ð0Þ

þ i;
Q−−−jϕ0ð0Þ

þ i ¼ −
ffiffiffiffiffiffiffiffiffiffiffi
1 − α

p
jψ 0ð0Þ

− i: ðB7Þ

Quarter-BPS representation ð−α
2
;1
2
;0Þ⊗ð−1−α

2
;0;1

2
Þ.—

The tensor product representation of the two half-BPS
representations consists of vectors in the module M ¼
Mα ⊗ M0ð1−αÞ. The highest weight state is jϕð0Þ

þ ϕ0ð0Þ
þ i,

which is annihilated by all the raising operators and
one of the four fermionic lowering operators, Q−þþ.
This representation is quarter-BPS with the shortening
condition

fQþ−−;Q−þþgjϕð0Þ
þ ϕ0ð0Þ

þ i
¼ −ðJ0 þ αL5 þ ð1 − αÞR8Þjϕð0Þ

þ ϕ0ð0Þ
þ i

¼ −Hjϕð0Þ
þ ϕ0ð0Þ

þ i ¼ 0; ðB8Þ

and the other elements of the Cartan subalgebra act on the
highest weight state as

L5jϕð0Þ
þ ϕ0ð0Þ

þ i ¼ 1

2
jϕð0Þ

þ ϕ0ð0Þ
þ i;

R8jϕð0Þ
þ ϕ0ð0Þ

þ i ¼ 1

2
jϕð0Þ

þ ϕ0ð0Þ
þ i: ðB9Þ

The nontrivial action of the bosonic lowering operators on
this highest weight state is

J−jϕð0Þ
þ ϕ0ð0Þ

þ i ¼ −jϕð1Þ
þ ϕ0ð0Þ

þ i− jϕð0Þ
þ ϕ0ð1Þ

þ i;
L−jϕð0Þ

þ ϕ0ð0Þ
þ i ¼ jϕð0Þ

− ϕ0ð0Þ
þ i; R−jϕð0Þ

þ ϕ0ð0Þ
þ i ¼ jϕð0Þ

þ ϕ0ð0Þ
− i;

ðB10Þ

and the nontrivial action of the fermionic lowering oper-
ators is
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Q−−þjϕð0Þ
þ ϕ0ð0Þ

þ i ¼ −
ffiffiffi
α

p jψ ð0Þ
þ ϕ0ð0Þ

þ i;
Q−þ−jϕð0Þ

þ ϕ0ð0Þ
þ i ¼ −

ffiffiffiffiffiffiffiffiffiffiffi
1 − α

p
jϕð0Þ

þ ψ 0ð0Þ
þ i;

Q−−−jϕð0Þ
þ ϕ0ð0Þ

þ i ¼ −
ffiffiffi
α

p jψ ð0Þ
− ϕ0ð0Þ

þ i
−

ffiffiffiffiffiffiffiffiffiffiffi
1 − α

p
jϕð0Þ

þ ψ 0ð0Þ
− i: ðB11Þ

2. psuð1;1j2Þ superalgebra and BPS representations

Here we review, based on Ref. [21], the representation
theory of the Lie superalgebra psuð1; 1j2Þ, which has the
bosonic subalgebra of dð2; 1; αÞ is suð1; 1Þ ⊕ suð2Þ. The
bosonic generators are

Jμ ∈ suð1; 1Þ; Lm ∈ suð2Þ;

with μ ∈ f0;�g,m ∈ f5;�g, and the fermionic generators
Qbβ _β, with � indices. The full psuð1; 1j2Þ superalgebra is

½J0;J�� ¼ �J�; ½Jþ;J−� ¼ 2J0;

½J0;Q�β _β� ¼ � 1

2
Q�β _β; ½J�;Q∓β _β� ¼ Q�β _β;

½L5;L�� ¼ �L�; ½Lþ;L−� ¼ 2L5;

½L5;Qb� _β� ¼ � 1

2
Qb�_β; ½L�;Qb∓_β� ¼ Qb�β;

fQ�þþ;Q�−−g ¼ �J�; fQ�þ−;Q�−þg ¼∓ J�;

fQþ�þ;Q−�−g ¼∓ L�; fQþ�−;Q−�þg ¼ �L�;

fQþ��;Q−∓∓g ¼ −J0 � L5;

fQþ�∓;Q−∓�g ¼ J0 ∓ L5: ðB12Þ

The bosonic generators fJþ;Lþg and fermionic gener-
ators fQþþþ;Qþþ−;Qþ−þ;Qþ−−g are the raising oper-
ators. The Cartan subalgebra is generated by fH;L5g, with
H ¼ −ðJ0 þ L5Þ. There is also a uð1Þ automorphism R8

which satisfies

½R8;Qbβ _β� ¼ � 1

2
Qbβ _β: ðB13Þ

This psuð1; 1j2Þ superalgebra can be seen as the α → 1
limit of the dð2; 1; αÞ superalgebra.
Half-BPS representation ð− 1

2
; 1
2
Þ.—This representation

of psuð1; 1j2Þ acts on the module Mð− 1
2
; 1
2
Þ which is

spanned by bosons jϕðnÞ
� i, transforming in the 2 of suð2Þ,

and fermions jψ ðnÞ
� i which are singlets. Both transform

nontrivially under suð1; 1Þ. The superalgebra psuð1; 1j2Þ
acts as

L5jϕðnÞ
� i ¼ � 1

2
jϕðnÞ

� i; L�jϕðnÞ∓ i ¼ jϕðnÞ
� i;

J0jϕðnÞ
β i ¼ −

�
1

2
þ n

�
jϕðnÞ

β i;

J0jψ ðnÞ
_β
i ¼ −ð1þ nÞjψ ðnÞ

_β
i;

J�jϕðnÞ
β i ¼ �

�
nþ 1

2
∓ 1

2

�
jϕðn∓1Þ

β i;

J�jψ ðnÞ
_β
i ¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
nþ 1

2
∓ 1

2

��
nþ 3

2
∓ 1

2

�s
jψ ðn∓1Þ

_β
i;

Q−�_βjϕðnÞ∓ i ¼ � ffiffiffiffiffiffiffiffiffiffiffi
nþ 1

p jψ ðnÞ
_β
i;

Qþ�_βjϕðnÞ∓ i ¼ � ffiffiffi
n

p jψ ðn−1Þ
_β

i;
Q−β�jψ ðnÞ∓ i ¼∓ ffiffiffiffiffiffiffiffiffiffiffi

nþ 1
p jϕðnþ1Þ

β i;
Qþβ�jψ ðnÞ∓ i ¼∓ ffiffiffiffiffiffiffiffiffiffiffi

nþ 1
p jϕðnÞ

β i: ðB14Þ

The highest weight state jϕð0Þ
þ i is annihilated by the raising

operators, as well as by two of the four fermionic lowering
operators, Q−þþ and Q−þ−. This representation is half-
BPS with the shortening condition

fQþ−∓;Q−þ�gjϕð0Þ
þ i ¼∓ ðJ0 þ L5Þjϕð0Þ

þ i
¼∓ Hjϕð0Þ

þ i ¼ 0: ðB15Þ

The lowering operators act nontrivially on this highest
weight state as

L−jϕð0Þ
þ i ¼ jϕð0Þ

− i; J−jϕð0Þ
þ i ¼ −jϕð1Þ

þ i;
Q−−þjϕð0Þ

þ i ¼ −jψ ð0Þ
þ i; Q−−−jϕð0Þ

þ i ¼ −jψ ð0Þ
− i: ðB16Þ

APPENDIX C: BOSONIC SYMMETRIES

1. SOð2;2Þ isometry group

soð2; 2Þ splitting.—Let us specify the Lie algebra split-
ting soð2; 2Þ ¼ suð1; 1ÞL ⊕ suð1; 1ÞR. Here SOð2; 2Þ
group transformations act on xμ ¼ ðx1; x2; x3; x4Þ ∈
AdS3 ⊂ R2þ2. If we combine the vector components into
a quaternion

x≡ xμτμ; with τμ ¼ ðiI; iσ3; σ1; σ2Þ ¼ ðiI; tkÞ; ðC1Þ

then SOð2; 2Þ transformations can be realized as a
SUð1; 1ÞL × SUð1; 1ÞR transformation

x → ULxU−1
R ≈ xþ δx; with UL ¼ eα

ktk ∈ SUð2ÞL
and UR ¼ e−ᾱ

ktk ∈ SUð2ÞR;

where thus
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δx ¼ αktkx − ᾱkxtk ¼ δxμτμ: ðC2Þ

The double-covering nature of this relationship corre-
sponds to the fact that ð�UL;�URÞ generate the
same SOð2; 2Þ rotation. The rotation angles and boost
parameters are

θ12 ¼ −θ21 ¼ α3 − ᾱ3; β14 ¼ β14 ¼ α2 − ᾱ2;

β13 ¼ β13 ¼ α1 − ᾱ1; θ34 ¼ −θ43 ¼ −ðα3 þ ᾱ3Þ;
β24 ¼ β42 ¼ −ðα2 þ ᾱ2Þ; β23 ¼ β32 ¼ α1 þ ᾱ1: ðC3Þ

Here eiα
3σ3 and eiᾱ

3σ3 are in the Cartan subgroups Uð1ÞL ⊂
SUð1; 1ÞL and Uð1ÞR ⊂ SUð1; 1ÞR. The uð1Þ ⊕ uð1Þ
generators of rotations by θ12 and θ34 can be written as
JL0 −JR0 and −ðJL0 þJR0Þ in terms of the left and
right generators, Ja0, of the Cartan subalgebra
uð1ÞL ⊕ uð1ÞR.

2. SOð4Þ isometry group

soð4Þ splitting.—Let us specify the Lie algebra splitting
soð4Þ ∼ suð2ÞL ⊕ suð2ÞR. A SOð4Þ rotation acts on
xK ¼ ðx1; x2; x3; x4Þ ∈ S3 ⊂ R4. If we combine the vector
components into a quaternion

x≡ xKτK; with τK ¼ ðI; iσ3; iσ1; iσ2Þ; ðC4Þ

then any rotation in SOð4Þ can be realized (in two ways) as
a SUð2ÞL × SUð2ÞR transformation

x → ULxU−1
R ≈ xþ δx; with UL ¼ eiα

kσk ∈ SUð2ÞL
and UR ¼ eiᾱ

kσk ∈ SUð2ÞR;

where

δx ¼ iðαkσkx − ᾱkxσkÞ ¼ δxKτK: ðC5Þ

The rotation angles are given by

θ12¼−θ21¼ α3− ᾱ3; θ14¼−θ41¼ α2− ᾱ2;

θ13¼−θ42¼ α1− ᾱ1; θ34¼−θ43¼−ðα3þ ᾱ3Þ;
θ23¼−θ32¼−ðα2þ ᾱ2Þ; θ24¼−θ42¼ α1þ ᾱ1: ðC6Þ

Here eiα
3σ3 and eiᾱ

3σ3 are elements of the Cartan subgroups
Uð1ÞL ⊂ SUð2ÞL and Uð1ÞR ⊂ SUð2ÞR. The uð1Þ ⊕ uð1Þ
generators of rotations by θ12 and θ34 can be written
as LL5 − LL5 and −ðLL5 þ LR5Þ in terms of the left and
right generators, La5, of the Cartan subalgebra
uð1ÞL ⊕ uð1ÞR.

soð4Þ0 splitting.—There is a similar splitting soð4Þ0∼
suð2Þ0L ⊕ suð2Þ0R with the uð1Þ ⊕ uð1Þ generators,RL5 −
RL5 and −ðRL5 þRR5Þ, of rotations by θ012 and θ034 written
in terms of left and right generators, Ra8, of the Cartan
subalgebra uð1Þ0L ⊕ uð1Þ0R.
dð2; 1; αÞ2 spin-chain fields.—This dð2; 1; αÞ2 spin-

chain described in Sec. III contains left- and right-
moving fields which transform under soð4Þ ⊕ soð4Þ0 ∼
ðsuð2ÞL ⊕ suð2ÞRÞ ⊕ ðsuð2Þ0L ⊕ suð2Þ0RÞ.
Let us define Z ¼ x1 þ ix2 and Y ¼ x3 þ ix4, which

transform under SOð4Þ. We notice that

x ¼
�

x1 þ ix2 iðx3 − ix4Þ
iðx3 þ ix4Þ x1 − ix2

�
¼
�

Z iȲ

iY Z̄

�
: ðC7Þ

We can write a similar relation for Z0 ¼ x01 þ ix02 and Y 0 ¼
x03 þ ix04 transforming under SOð4Þ0.
Now ϕð0Þ

Lβ ¼ ðϕð0Þ
Lþ;ϕ

ð0Þ
L−Þ and ϕð0Þ

R _β
¼ ðϕð0Þ

Rþ;ϕ
ð0Þ
R−Þ trans-

form nontrivially under SUð2ÞL and SUð2ÞR, respectively.
Thus Z and Y (and their complex conjugates Z̄ and Ȳ)
transform under the rotational symmetry SOð4Þ ∼
SUð2ÞL × SUð2ÞR as

Z ∼

 
ϕð0Þ
Lþ

ϕð0Þ
Rþ

!
; Z̄ ∼

 
ϕð0Þ
L−

ϕð0Þ
R−

!
;

Y ∼

 
ϕð0Þ
L−

ϕð0Þ
Rþ

!
; Ȳ ∼

 
ϕð0Þ
Lþ

ϕð0Þ
R−

!

in the notation of the fields in our double-row spin-chain.
Similarly, for the primed fields associated with the SOð4Þ0
rotational symmetry group,

Z0 ∼

 
ϕ0ð0Þ
Lþ

ϕ0ð0Þ
Rþ

!
; Z̄0 ∼

 
ϕ0ð0Þ
L−

ϕ0ð0Þ
R−

!
;

Y 0 ∼

 
ϕ0ð0Þ
L−

ϕ0ð0Þ
Rþ

!
; Ȳ 0 ∼

 
ϕ0ð0Þ
Lþ

ϕ0ð0Þ
R−

!
:

The vacuum of the dð2; 1; αÞ2 spin-chain therefore trans-
forms as

Z ¼
 

ZL

ZR

!
¼
 ðϕð0Þ

Lþ;ϕ
0ð0Þ
Lþ Þ

ðϕð0Þ
Rþ;ϕ

0ð0Þ
RþÞ

!
∼ ZZ0;

while the fundamental bosonic excitations transform as
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ϕ ¼
 

ϕL

ZR

!
¼
 ðϕð0Þ

L−;ϕ
0ð0Þ
Lþ Þ

ðϕð0Þ
Rþ;ϕ

0ð0Þ
RþÞ

!
∼ YZ0;

ϕ0 ¼
 

ϕ0
L

ZR

!
¼
 ðϕð0Þ

Lþ;ϕ
0ð0Þ
L− Þ

ðϕð0Þ
Rþ;ϕ

0ð0Þ
RþÞ

!
∼ ZY 0;

ϕ̄ ¼
 
ZL

ϕR

!
¼
 ðϕð0Þ

L−;ϕ
0ð0Þ
Lþ Þ

ðϕð0Þ
Rþ;ϕ

0ð0Þ
RþÞ

!
∼ ȲZ0;

ϕ̄0 ¼
 
ZL

ϕ0
R

!
¼
 ðϕð0Þ

Lþ;ϕ
0ð0Þ
L− Þ

ðϕð0Þ
Rþ;ϕ

0ð0Þ
RþÞ

!
∼ ZȲ 0:

Here a composite state of the ϕ and ϕ0 excitations would
transform as YY 0.

psuð1; 1j2Þ2 spin-chain fields.—The psuð1; 1j2Þ2 spin-
chain described in Sec. V contains left- and right-moving
fields which transform under soð4Þ ∼ suð2ÞL ⊕ suð2ÞR.
Defining again Z¼x1þix2 and Y¼x3þix4, we find that

the vacuum of the psuð1; 1j2Þ2 spin-chain transforms as

Z ¼
 

ZL

ZR

!
¼
 

ϕð0Þ
Lþ

ϕð0Þ
Rþ

!
∼ Z;

while, for the first bosonic excitations,

φþ _þ ¼
 
φþ _þ
L

ZR

!
¼
 

ϕð0Þ
L−

ϕð0Þ
Rþ

!
∼ Y;

φ̄þ _þ ¼
 

ZL

φþ _þ
R

!
¼
 
ϕð0Þ
Lþ

ϕð0Þ
R−

!
∼ Ȳ:
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